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THE LEADING COEFFICIENT OF LASCOUX POLYNOMIALS

ALESSIO BORZI, XIANGYING CHEN, HARSHIT J. MOTWANI, LORENZO VENTURELLO,
AND MARTIN VODICKA

ABSTRACT. Lascoux polynomials have been recently introduced to prove polynomiality of the maximum-
likelihood degree of linear concentration models. We find the leading coefficient of the Lascoux polyno-
mials (type C) and their generalizations to the case of general matrices (type A) and skew symmetric
matrices (type D). In particular, we determine the degrees of such polynomials. As an application, we
find the degree of the polynomial §(m,n,n — s) of the algebraic degree of semidefinite programming,
and when s = 1 we find its leading coefficient for types C, A and D.

1. INTRODUCTION

In statistics, a multivariate Gaussian distribution is an important family of parametric statistical
models, whose parameters are given by a mean vector u € R™ and covariance matrix 3 which is
positive definite. The inverse ! is called the concentration matriz. The problems studied in this
paper are motivated by linear concentration models, introduced by Anderson [And70]. In these models,
the concentration matrix 7! is assumed to be in a d-dimensional linear subspace £ of symmetric
matrices, in particular ¥ should belong to the set £~1 of the inverse matrices of L.

An important invariant that measures the complexity of a linear concentration model is the mazimum
likelihood degree (ML-degree), which is the number of critical points of the rational score equations
coming from generic data points. If the linear space L is generic, the ML-degree is the degree of
the Zariski closure of £~ (see [SU10, Theorem 1] or [MMW?21, Corollary 2.6]). In this case, the
ML-degree depends just on the size n of the symmetric matrices and the dimension d of £, and it will
be denoted by ¢(n,d).

In [MMW?21] a new connection of the ML-degree with enumerative geometry was found. This allowed
new techniques and tools to study the ML-degree. For instance, ¢(n,d) can be defined in pure
enumerative terms, as being the number of nondegenerate quadrics in n variables, passing through
(";rl) — d general points and tangent to d — 1 general hyperplanes. Such problems can be solved
by performing computations in the cohomology ring of the variety of complete quadrics. In light
of this connection, later in [MMM™'20] the following polynomiality result, previously conjectured by
Sturmfels and Uhler [SU10, p. 611] (see also [MMW21, Conjecture 2.8]) was settled:

Theorem 1. [MMM*20, Theorem 1.3] For any d > 0 fized, the function n — ¢(n,d) is polynomial.

The proof of the previous theorem boils down to show the polynomiality of certain functions [MMM™ 20,
Theorem 4.3], called Lascoux polynomials, after Alain Lascoux [LLT89]. There are several equivalent
ways to define Lascoux polynomials. For instance, in Section 3 we will give a definition in terms
of Schur polynomials. Here we describe Lascoux polynomials in a more elementary manner. First,
consider the infinite Pascal triangle matrix

—_ =
w = oo
_— o O O

w N = O

where F;; = (;) For every pair of finite subsets I,J C N, let E; ; be the submatrix of E with
rows indexed by I and columns indexed by J. The Lascouzx coefficient 1y of a finite subset I C N of
cardinality r, is defined by

1/1[ = Z det(E[“]).

JCN, |J|=r
1
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Observe that the sum above has only finitely many non-zero terms. For every nonnegative integer
n >0, let [n] ={0,1,...,n — 1}. The Lascoux polynomial of a finite subset I C N, is the function

0 otherwise.

Two proofs of the polynomiality of LP; were provided in [MMM™*20]. The first uses two recursive
formulas of the Lascoux polynomials. In the second, the authors dive in to the properties of the
minors of the Pascal triangle matrix. Although the techniques used in the second proof are longer
and more technical, they allow to find the degree and leading coefficient of the Lascoux polynomials:

Theorem 2. [MMM 20, Theorem 4.12] (Type C, Theorem 3.3) Let [ = {i; < --- < 4,} C N. The
polynomial LP; has degree ), ix + |I|. Its leading coefficient is equal to

15k (i —ir)
(il + 1)! cee (ir + 1)! Hj>k(ij + 1 + 2)
Our first main contribution is to provide a more direct proof of the previous theorem, starting from
the recurrence relations of the Lascoux polynomials.
Further, all the results mentioned above have natural analogues if we replace the space of symmetric
matrices (“type C”, Section 3) with the space of general matrices (“type A”, see Section 4) or with
the space of skew-symmetric matrices (“type D”, Section 5). This point of view was already taken in

[MMM*20]. We continue in this direction, finding formulas for the degree and leading coefficient of
Lascoux polynomials for type A and D, which were not previously known.

Theorem 3 (Type A, Theorem 4.3). For sets I = {i1,...,ir}, J = {j1,..-,Jr}, the degree of the
Lascouz polynomials of type A is given by the following expression on I, J:

deg(LP;(n)) = 1|+ > T+ J
and the leading coefficient of LP?{J 18
[ThsiGie — ) Tjsi Gk — t)
Hz,l:1(ik + 1+ 1) HZ=1(ik)! H2=1(jk)!

Theorem 4 (Type D, Theorem 5.2). Let [ = {i; < --- < i,} C N be a set of nonnegative integers.
Then

- Ifiy > 0, LPP(2n) and LPP(2n+1) are polynomials inn of degree S I and leading coefficient

equal to
22 T (i — i)

[les (i + i) TTe (k)
- Ifiy =0, then LPP(n) = LP?\{O}(n) if n — |I| is even, and LPP (n) =0 if n — |I| is odd.

Lascoux coefficients also appear in the context of semidefinite programming (SDP), a subject in
optimization theory that concerns the problem of optimizing a linear function over the cone of positive
semidefinite matrices. An important invariant that addresses the complexity of these problems is
the algebraic degree of semidefinite programming. For more information about the algebraic degree
of SDP, we refer to [NRS10]. Following [MMM™20, Definition 1.4], here we provide the following
definition of the algebraic degree of SDP in the language of algebraic geometry. Let £ C S?C™ be a
general linear space of symmetric matrices of affine dimension m + 1, and let SDy;,"* C P(L£) denote
the projectivization of the cone of matrices of rank at most r in £. The algebraic degree of SDP,
denoted 6(m,n,r), is the degree of the projective dual of SDy;" if this dual is a hypersurface, and
zero otherwise.

In [GvBRO9] the authors found a formula that expresses d(m,n,r) in terms of Lascoux coefficients.
In addition, in [MMM*20] the authors proved that the function n + 6(m,n,n — s) for fixed m, s > 0
is a polynomial, and provided another formula for é(m,n,n — s) previously conjectured in [NRS10,
Conjeture 21]. Similarly for Lascoux polynomials, the results in [MMM*20] were also proved for type
A and D (see Section 6 for the related definitions). As an application of our previous results for the
Lascoux polynomials, we find the degree of the polynomials 6(m,n,n—s), and their leading coefficient
for s =1, in type C, A and D.
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Theorem 5. Let s > 0.
- ‘ +1
- (Type C, Theorem 6.2) The polynomial §(m,n,n — s) has degree m, for every m > (32 )

Moreover
2m—1
LC(6(m,n,n—1)) = —
for every m > 0.
- (Type A, Theorem 6.3) The polynomial §4(m,n,n — s) has degree m, for every m > s°.
Moreover,
1 /2(m—1)
LC(6 -1))=—
(0a(m,n,n 1)) m!< m—1 >’

for every m > 0.
- (Type D, Theorem 6.4) The polynomial dp(m,n,n — s) has degree m, for every m > (225).

Moreover,
2m=2 (1 (2(m —1)
LC(6p(m,n,n—1)) = — <E< 1 >+1>,

for every m > 0.

This paper is organized as follows. In Section 2 we prove some technical lemmas that will be used
throughout the paper, in Section 3, 4 and 5 we find the degree and the leading coefficient of the
Lascoux polynomials for type C, A and D respectively. Finally, in Section 6 we find the algebraic
degrees of §(m,n,n — 1) for type C, A and D.

Remark 1.1. We would like to point out that the terminology “Lascoux polynomials” appears in
the literature in more than one context not necessarily related to our setting. Our choice is motivated
by the definitions in [MMM™20].

Acknowledgements. This project originated during the online workshop REACT. The authors
would like to express their gratitude to the organizers and to the lecturers. The authors are especially
grateful to the lecturers Mateusz Michalek and Tim Seynnaeve for suggesting this topic and for
several helpful discussions. H.J. Motwani was partially supported by UGent BOF/STA /201909/038
and FWO grant GOF5921N. L. Venturello was funded by the Goran Gustafsson foundation.

2. FOUR IDENTITIES

In this paper we will need the following four identities of rational functions. All the identities are
thought to be in k(x1,...,2,y1,...,Yyr), where k is a field of characteristic zero. We start with a
“Double Sum Lemma”, expressing the sum of two sets of r variables as a certain sum of rational
functions.

Lemma 2.1 (Double Sum Lemma). The identity

T T T T T T
-+ lyroety +1 Ye—Ym+t 1yt ym +1
dowity yitr=> w][=—— == ——+> w ]l ==
i=1 =1 =1 kg CRT T S U m=1  hgm JETYm g T Ym
(1)

holds for every r > 1.
Proof. We write the right-hand side of (1) with a common denominator

Lotk =)Ao ze g1, ye) + s (e — 20) B2, ooy, 9152, Y)
[isi(zr — 20 (yk — wr) H271:1($k + 1)

; (2)

with
T T T
A(x17"'7x7"7y17"'7y7’) :Z(_l)t_lwt H(wk_xl) H(xk_xt+1) H(xt+yl+1) H (xk+yl)
t=1 k>l k#£t =1 k,l=1

Kt ftt
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and
T T T
By, .z yt- o y) = 3 (D" Yy [T We—w) [] we—vm+ D [[(@itym+1) I @tw).
m=1 k>l k#m =1 k=1
kyl#m l#m

Claim 1: If we swap the role of x, and xp, for some 1 < a < b < r, then

ATy o Ty e oy Ty e oy Ty YLy Yp) = —A(T1, oo T Y1y oo Y )

We analyze each summand in A(z1,...,2.,y1,...,y,) separately. If t ¢ {a,b}, then the only factor in
the ¢-th summand which is affected by the swap is [[ x>; (zx — 7). More precisely, the linear forms
kit

(xx — x4), with a < k < b and the linear forms (z, — x;), with a < [ < b change sign. As there are
2(b — a) — 1 many such factors, there is a change of sign in [] x>; (zx — x;). If t = a, then the only
k,l#t

changes of sign are given by the linear forms (z, — zx) with a <k< b, as each becomes —(zy — xq).
This accounts for a factor of (—1)°~%"1. Together with (—1)!"! = (=1)*"! we obtain —(—1)""1.
Hence the a-th summand of A(x1,...,Zp, ..., Zqy...,Tr,Y1,...,Yr) is equal to the b-th summand of
A(xy,... 2, Y1, .., Yr), with the sign changed. The case ¢t = b is analogous. We then have that

A(,Il, ey Ty Y1, e e ayT’) = H('Tk; - fEl)A/(Cﬂl, sy Ty Y1y - e ayT’)a
k>l

for some polynomial A'(x1,...,%r,y1,...,y,) which is invariant under the transposition of any two
z-variables. In the same way we can show that

B(I’l,... 7xT‘7y17"'7y7’) - H(yk - yl)B/(xla-" y Lry Y1y - - - 7y7")7

k>1
with B'(x1,...,2,y1,...,y,) invariant under the transposition of any two y-variables.
Claim 2: The evaluation of the numerator of (2) in x, = —y; is equal to 0, for every 1 < a,b < 7.
Let us fix a and b. Observe that (z, + yp) is a factor in all summands of A(z1,...,2p,y1,...,y,) With

t # a, and it is a factor in all summands of B(z1,..., 2, y1,...,Yy,) with m # b. We then have that,
with 2, = —yp, the numerator of (2) equals to:

[T —w) [ —Dwe [T @r—2) [[@e+vo+ 1) [T —wo+1) T (@ +w0) [J (2 —2a) | +

k>l k>l k#a l#b k,l=1 k=1
k,l#a k+#a k#a
l#b

e =20 | 0"y [T @k —w) [[we —ve+ 1) [[@+w+1) T e+ w0) [0 —w)

k>l k>l k#b l#a k,l=1 =1
k,l#b 1#b 1#b
k#a

Here we have highlighted in bold the factors which are common to the two summands. To conclude
the proof of claim 2 we observe that

T

e =20 =0 I @e—2) [[(@r — 2a)

k>1 k>1 k=1
k,l#a k#a

and
T

Tk =9 = 0" TT k=) [T (o = w)-
k>l k>l I=1
ke i#b 1#b
This implies that the two summands above contain precisely the same factors in absolute value. As
the first is multiplied by (—1)2"! = —1 and the second is multiplied by (—1)?*=2 = 1, those cancel
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out.
We conclude that the numerator of (2) equals

T

[TGx =20 [T —w) 11 @+ w)Qr, sz, ye),

k>l k>l kei=1

for some polynomial Q(x1,...,%y,y1,...,y,) invariant under the transposition of any two z-variables

and any two y-variables. A simple counting of the factors in (2) shows that the degree of Q(x1,..., 2y, y1,. ..

is at most 1. The vector space of polynomials of degree at most 1 with this symmetry is 3-dimensional,
and therefore we can write

T s
Q(T1, - Ty Y1y Yr) :)\in+u2yj+u,
i= =1

for some A, u, v € R. We first show that A = u = 1. If we order the variables as y,. > --- > y; > x, >

- > x1, we obtain that the leading term of the numerator of (2) is y1y§+1 ygr 11‘21‘% a3
while the leading term of the denominator equals to ylyrJrl 2 1x2m§ 27~ +. The ratio of their
coefficients, which is clearly equal to 1, is the coefficient of z, in Q(x1,...,zr,y1,...,¥r), namely A.

If we order the variables as x, > --- > 21 >y, > --- > y; we obtain in the same way that u = 1.
Finally, to conclude that v = r we substitute y; = —xp — 1 for every 1 < k < r in the RHS of (1). It
is immediate to see that it vanishes, as both summands have (z; +y; + 1) as a factor, for some t. We
deduce that 37/, z; + > _(~2; — 1) +v=—r+v =0, and hence v =r. O
As a corollary, we obtain the following “Sum Lemma”.

Corollary 2.2 (Sum Lemma). For all posz’tz’ve z’ntegers r the following identity holds:

1)

— ]#l x]—xl —|—xl—1)
Proof. On substituting y; = 2; — 1 for all [ in (1) we get

T — 2t + 1 Tt + 1] : T — T + 1 ! T+
sz’ thH T — T4 th+xl—1+z(xm_1)n xk—n;cm Hxl—i-ﬂcmnil

=1 k#t 1=1 m=1 k#m 1=1

:Z 272 H (g — x¢ + 1) (x¢ + k) N i 22, (0, —11) H (g — zm + 1) (Tg + )

S (2 — ze)(xr + a2, — 1) L= 2y i (g — zm)(xf + T, — 1)

:ithH (g —x¢ + 1) (24 —|—xk).

= s (xp — ze)(xt + x5, — 1)
On cancelling 2 from both sides we get the desired identity. (]
Next, we prove a “Double Product Lemma”, involving the product of two sets of variables.
Lemma 2.3 (Double Product Lemma). The identity

H2:1 Lk H2:1 Yk
[Tzi @k + D 1T (g + 1)

:1_i 1 ﬁxl+yk+1 ﬁ _Z Ty o+l ﬁ Y —y— 1
Sutli oty t+2 52 T yl+1 St TR t2 7 YU

(4)

holds for every r > 1.

Proof. First, we multiply both sides of (4) by [[;_;(xr + 1) [1;—1(yx + 1). Thus, we are proving the
following identity:

T T T T T
oty +1 T —x;— 1
ka][yk—][xk+1><yk+1>—§: [T G+ [T+ 0[] 2220 ] -
T+ Yk +2 T — I
k=1 k= k=1 =1 l#£k=1 k=1 k=1 I#£k=1

_ZH +1Hx+1Hyl+$k+1 ﬁyk—yl—l
Uk k yl+$k+2

=1 I#k=1 ith=1 JET U

Yr)
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We can put everything on the right-hand side to the common denominator to obtain

A(xla"'axrayly""yr)
H1§k<z§r($k —z1)(Yk — Y1) H1§k,zgr(yl + a1 +2)’

where A(x1,...,20,91,...,y) = A(T,7) is a polynomial of degree at most 2r% + r.

The next step is to see what happens when we exchange the values of z; and x;. Clearly, the right-hand
side does not change its value. However, the denominator in the equation above changes sign, thus
also polynomial A(Z,7) must change sign. That means that A(Z,7) is divisible by [],;;<, (xx —x7)
and after dividing we obtain a symmetric polynomial in x1,...,z,.

Analogously, the same holds when we exchange y; and y;, and we can write

Az = [ (@r—=)wk—w) B@D),
1<k<I<r

RHS =

where B(Z,7) is a polynomial of degree at most r2 + 27, symmetric in both x1,...z, and y1,...,y,.
Now we multiply the RHS by (1 +y1 +2) and plug in 21 +y; +2 = 0 . Clearly all summands except
those corresponding to [ = 1 vanish. Moreover for the two summands left we have

_(m1+y1+1)ﬁ(mk+1)ﬁ(yk+1)ﬁ (1 +ye+ D@ —21—1)

k=2 k=1 i @1t 2)(ze — o)

T r r

itz + Dy —y1— 1)
— (@1 4+ +1) kl_[z(yk +1) kl_[l(xk ) ]]]2 (y1 + 2+ 2)(ye — y1)

After substituting y; = —2 — 1, we obtain

— (D=1 = 1) [ + D+ ]
k=2 k=2

Vs ! . T(ar - — Dkt a1+ 1)
(=1)( 1+1)]£[2( k+1)(yk+1)}g (@k — 21) (Y + 21 +2)

(@1 +ye + D(@g —21 = 1)
(x1 +yr +2) (2 — 21)

=0.

This implies that polynomial B(Z,y) must be divisible by (z1 + y1 + 2). From symmetry it is also
divisible by (x; +y; + 2) for any 1, j.
Hence,

1<k,I<r
where C(7,7) is a polynomial of degree at most 2r, symmetric in T and y. We then have that
RHS = C(7,79).
Next we plug in 1 = —1. Again, every term, except the one from the first sum for [ = 1 is 0. Thus,
we get
4 4 LT+ Y + 1 S T 1
k k— &1 —
C’(—l,xQ,...,x,yl,...,y):— (CEk—|—1) (yk+1) -
T s T y T T
k k
= JTG+ DT +1) I1
k=2 k=1 el Ll e R
T s T
= — 1o [T = [T @run)
=2 k=1 k=1
Therefore, for 1 = —1, the desired equality holds. Analogously, the same is true for any z; = —1 or

y; = —1. This means that C(Z,y) — [[,_, (zxyx) is a polynomial divisible by [[;_;(zr + 1)(yx + 1).

Furthermore, the only term of degree 2r in RHS is the first term [],_(zx + 1)(yx + 1), as all other
summands have degree at most 2r — 1. In particular, the degree 2r part of C(Z,y) is equal to
[T;—; (zxyr), and the difference C(zZ,y) — [[_; (zryk) is of degree at most 2r — 1. Since it is divisible
by a degree 2r polynomial, it must be 0, which proves the lemma. O

We conclude this section with a “Product Lemma” derived from Lemma 2.3, in a similar way as
Corollary 2.2 was obtained from Lemma 2.1.
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Corollary 2.4 (Product Lemma). For every positive z'nteger r the following identity holds:

(x; —x—1)(zj + 2+ 2)
e = [Tty 2 -23° T 2 |
et = i x]—xl)(x]—i-xl—i-?))

Proof. For every 1 < i < r, we specialize the identity in Lemma 2.3 with y; = x; + 1. The left hand

side of the identity is then equal to 1_1’2:71% For the right-hand side, we obtain
[Tr=1(zx+2)

1_i 1 ﬁxl—i-xk—i-Q ﬁ mk—xl—l_i 1 ﬁxl—i-xk—l—Q ﬁ rp—x;— 1
l:lxl+1k:1xl+xk+3l;ﬁk:1 T — X l:1x1+2k:1xl+mk+3l#k:1 T — Xy

g +1 2x;4+3 x;+2 2x;+3 (xk—xl)(xl—i-xk—i—?))

:1_i< 1 2 +2 1 .2m1+2> 11[ (v — 2 — 1) (2 + 21 + 2)

k=1

T

:1_2 2 ﬁ (mk—xl—l)($l+$k+2).

= +2 I#k=1 (xp — 21) (21 + 28 + 3)

Multiplying both sides by [[,;_;(z; + 2) yields the desired identity. O

3. TypeE C

The Lascoux polynomials play an essential role in proving the polynomiality of the MIL-degree of linear
concentration models. In this section we study the leading coefficient of these polynomials. Following
[MMM*20], we start by setting the notation and recalling the definition of Schur polynomials, Lascoux
coefficients and Lascoux polynomials.
A partition X\ is a nonincreasing sequence of nonnegative integers (A1,...,\;). The length of the
partition is the length of the sequence, the weight is > X\ = Y. | A\;. For a set I = {iy,...,4,} of
nonnegative integers with i; < iy < -+ < i,, we denote with |I| its cardinality and with I =
22:1 ij. We associate to I the corresponding partition
)\(I) = (Zr — (7“ — 1),ir_1 — (7" — 2), ,ig - 1,i1).
For a partition A of length k its associated Schur polynomial s is defined as follows:
( det( Ait+k— Z)zj

sa(z1, ..., xE) = —

’ det( jiz)ij

Note that the denominator of s, is the Vandermonde determinant [, ;(2; —

equal to the weight >~ A of the partition. As an example, the elementary symmetric polynomial in k

variables of degree r is the Schur polynomial with partition A = (1,...,1,0,...,0) of length k:
——

sa(zy, ... xp) = Z Ty e T

11 <<l

xj). The degree of sy is

Throughout the paper, the leading coefficient of a polynomial p will be denoted by LC(p).
Definition 3.1. The Lascouz coefficients are the numbers 7 such that the following identity holds:

S@o..0)({mi+z 1<i<j<k}) = Y dusyp(@,....w).
=
2 A)=d

The Lascouz polynomial is the following function:

0 otherwise

Remark 3.2. Notice that the previous definition differs from the one given in the introduction. In
fact, there are many equivalent ways of defining the Lascoux coefficients. While the one given in the
introduction may be easier to state, the definition used here has the advantage of being naturally
extended also for types A and D. However, in this article we will just make use of the recurrence
relations from [MMM*20], without worrying too much about which definition we use. There is also
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a geometrical way of defining Lascoux coefficients. More precisely, they are the Segre classes of the
second symmetric power of the universal bundle over the Grassmannian. For more definitions and
formulas about Lascoux coefficients we refer the reader to [LLT89, Appendix].

The authors in [MMM ' 20] give different proofs that the Lascoux polynomials are indeed polynomials.
The first is the simplest one, and is based on the following recurrence relations:
Fix I ={iy <ig<---<i} CN.

(1) If 43 = 0, then

LPr(n) = (n —r+1)LPpo3(n) — 2 Z LP rugi+13\{0,i,1 (1) (5)

i1
141>1+1

(2) If 43 > 0, then

LP;(n) —LP;(n—1)= Y LP; (n—1), (6)
€€{0,1}7\0
where I — e :={iy —€1,...,i, — €.} and LP;_. = 0 if there is a repeated element in I — e.

The degree and leading coefficient of the Lascoux polynomials is also known:

Theorem 3.3. [MMM*20, Theorem 4.12] deg LP; = |I| + >_ I, the leading coefficient is

Hj>k(ij — i)
(i + D) (4 + 1)! Hj>k(ij + i + 2)'

However, the proof of this theorem in [MMM™'20] does not use the recurrence relations (5), (6), but
a completely different approach, where the Lascoux coefficients 1; are expressed as a sum of minors
of the Pascal triangle matrix, using the definition given in the introduction. Here instead, we provide
a direct proof of this theorem, by using just the recurrence relations (5), (6). Moreover, this method
will be also useful in computing the degree and leading coefficient of Lascoux polynomials in types A
and D, which is a new result in this article.

Proof of Theorem 3.3. We proceed analogously as in the first proof of polynomiality of Lascoux poly-
nomials in [MMM™20]. Thus, we proceed by induction, first on |I|, then on 3 I.

The base case is I = (), when LP; = 1 and the statement holds.

For set I we define £p; to be the coefficient of n//I*21 in LP;(n). Next, we fix I and assume that the
statement is true for all I’ with [I'| < |I| or |[I'| = |I| and Y I’ < > I. we consider two cases.

Case 1: i1 = 0. Then

LP;(n) = (n—r+1)LPngy(n) =2 > LPrug 11y 03 (n)

s
i1 >0 +1

By the induction hypothesis, all terms on the right-hand side are polynomials of degree |I| + > 1.
Also from induction hypothesis we know their leading coefficients. Moreover, in the sum we can ignore
the condition for 4,41 > 4; simply by defining LP; := 0, if I’ has repeated elements. Note that the
formula for the leading coefficient holds in this case, since it is 0. Thus, by comparing the coefficients
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of nI+21 on both sides we get:

pr =Cppqoy — 2D P1ogie 10 {0}
>1

_ Hj>k>1(ij - Zk) B
(Z'Q + 1)! cee (ir + 1)! Hj>k>1(ij + 1 + 2)

T

_ 22 Hj>k>1(ij - Zk) 1 i (ij -1 — 1)(ij + 1+ 2)
(ig—i—l) (Zr—i-l) Hj>k>1 Zj +Zk+2 Zl+2 (ij—il)(ij+il+3)

=2 1#§=2
_ [Tk (% — i) ﬁ (ij — a1 — 1)(i5 + i1+ 2)
(i + D (G + D s ps1 (6 + ik +2) Zl +2 00, G-a)+ia+3)
_ [Tk (i — i) Hl+2 _22 H (i +2)( —iu = 1) +i+2)
(i + D)1 i+ Do (g + ik +2) |4 < ~ 2t G- ti+3)
Hj>k>1(ij ) . . Hj>k(ij - Zk)

= ; ; Tl = : - - )
(i2 + Dl (i + D s (@5 + ik +2) (i + Dl (i + D isp (65 + ik +2)
where we applied Corollary 2.4 for ia,...,4, with r = k, 21 = 0 and x; = i; for 2 < j < k. This
proves the theorem in this case.
Case 2: i1 > 0. Then

LP;(n) —LP;(n—1)= Y  LP/_(n—1)
e€{0,1}"\0
By induction hypothesis, all terms on the right-hand side are polynomials of degree [I|+> I—>""_, ¢
with positive leading coefficients. Thus, the right-hand side is a polynomial of degree |I| 4+ > 1 —1,
and to the coefficient of nl/l[*221=1 contribute only terms for Y€ =1

It follows that LP; is a polynomial of degree |I|+3 I and the coefficient of nl/IH+2X 1=V is (|1|+3 I)lp;.
Using the induction hypothesis we can compare the leading coefficients of both sides and get:

i Ve — J [Tk (i —ix) ; (G — i+ 1) (G + i+ 2)
(-t t )Epl_;(il+1)!---(ir+1)!nj>k(ij+ik+2)(l+1)l;é1j—£1 (i, — i) (i + i1 + 1)
N [Lsk (i — i) . T (i — i+ D) (i + i+ 2)
(i D (e + Do g (G 4+ 2) ;(’H)l};{l (i — @) (15 + 4 + 1)

B [T;or (i —ix)
(A D G+ Do g (G 4 i+ 2)

where we used Corollary 2.2 with z; = ¢; + 1 for 1 < j < r. Then the statement follows by cancelling
(i1 + -+ +14,) from both sides. O

(i 4 i),

4. TYPE A

In [MMM™*20, Section 6], the authors have defined the Type A Lascoux functions. They have also
proved that these functions are indeed polynomials in . The aim of this section is to find a formula
for the leading coefficient and the degree of these polynomials using the recurrence relations given in
[MMM ™20, Lemma 6.10, Theorem 6.11]. The proof is very similar to the one for type C given in
Section 3.

Definition 4.1. For X = (z1,...,2%) and Y = (y1,...,y) two sets of indeterminates, denote by
X +Y the set of indeterminates {z; +y;,1 < i < k,1 < j <1}. The Lascouz coefficients of type A
are the numbers d; ; such that the following identity holds:

8(d0,..00(X +Y) = > dr.gsxa)(X)sx (V).
I |=Fe,| J| =L
A3 A(J)=d
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The Lascouzx polynomials of type A are given by

' -
LP}L{J(n) = {d[n}\ﬂ[n}\J if 1,J C [n]

0 otherwise.

The Lascoux polynomials of type A are indeed polynomial functions in n [MMM 20, Theorem 6.11].
These polynomials satisfy the following two recurrence relations [MMM™' 20, Lemma 6.10, Theorem
6.11]. Fix I ={i1 <ig<---<i}CNand J={j1 <jo<---<jp} CN.

(1) If iy = 0 and j; = 0, then
LP7 5(n) = (n =7 + 1) LP 1\ (o) 1\ (0} (1)

A 7
- Y LPluaguienam® = Y PRy noiugen®- 0
Liigy1>ip+1 L:jer1>G0+1
(2) Otherwise, if i1 > 0 or j; > 0,
n) = STLPA (0 —1) ®)

r,J
where the sum is over all pairs (I', J') of the form ({i1 —ey1,... i — €}, {J1 — p1, - -, Jr — pir }),
where ¢, 1; € {0,1}.

Remark 4.2. The degree of the Lascoux polynomials of type A satisfies the following inequality:

deg(LP{;(n)) < 1|+ > T+ J

Theorem 4.3. For sets [ = {iy,...,1,}, J = {j1,...,jr }, the degree of the Lascoux polynomials of type
A is given by the following expression on I, J:

deg(LP;(n)) = 1|+ > T+ _J
and the leading coefficient of LP?{J 18

[T~ Gie = 40) Tlisi Uk — 1)
Hz,l=1(ik ++ 1) HZ=1(ik)! H2=1(jk)!.

Proof. We will proceed by induction, first on |I| and then on > I + > J. The proof is analogous
to the proof of Theorem 3.3 in Type C case. We denote {; ; to be the coefficient of 21+ 7
in LP7 s(n). As LP; ; have two recurrence relations given in (7) and (8), we will get corresponding
recurrence relations for ¢ ;.

First recursion:

From the first recursion (7) by comparing the coefficients of degree |I| + > I+ > J we get

Uy = Lig,g0 — E , (r,00 — Z Cro, 0y

. I>1 e
11 >0 +1 Ji+1>51+1

where Ip = I\ {0}, Jo = J\ {0}, I, = TU {i; + 1} \ {0,4;} and J, = JU {j; + 1} \ {0, 5;}. Now write

0 5 = Hk>t>1( K — it) Hk>t>1(]k Jt)
0 TThma (i + G + 1) TTha (i) T Tiea (G1)!

)
[Tisio1 (e = i) TTpsisr Uk — Je) 1 ﬁwjml H i — i — 1
)

Crp = —— . — —
P Tkima i + Gt + 1) TTieo (i) T Lo 2Ge)! i+ 1 hep T IR t2 57, T
tr 5 = Ak O = 1) Tes o Uk — i L qpdetintl H k== 1
o Hkt 2(ik "’Jt"’l)Hk 2 (1) T 1o (Gk)! jl+1k:2jl+ik+21¢k , Jk—Ji
Note that

(1= ey ik [ 1 i A .
7 LG+ DILm Ge + 1) 77
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Now write

Wt +l oy odk—i—1 Jgitik+1l yr dk—qi—1
lrg = Lry,J e
00 ;Zz+1H%l+Jk+217£IZ i — U ;JH- H]l+lk+2l7y2 Jk — Ji

and apply Lemma 2.3 with xy = i and yp = ji for every 1 < k <r.
Second recursion:
From the second recursion (8) by comparing the coefficients of degree |I| +> I+ > J — 1 we get

T T
degLPy ;b1 ;= Z lr, g+ Z Oy,
t=1 t=1

where I, = {i1,...,it — 1,... i} and J, = {j1,...,jt — 1,...,jr}. Now write

lr.g

_ LGk — @) [si (e — t) itHik_it+1ﬁit +a+1
Tk =1 Gk + g0+ 1) Ty (@) TTh— () i s B ’

0, = [lesi G — i) [Tpsg (G — ij—JH-lHiH-JH-l
o sz Wi+ 50+ ) T G )'Hk, Jk)! e v 1+ Jt
Therefore,
i =i Al ppietil : Gk — Jm + 1y i+ Jm + 1
deg(LP7 ;(n Zzt]—[ — H Tt +> im [] — H A
t=1 k#t I=1 m=1  k#m ™= m

which is equal to |I| + > I + > J by Lemma 2.1 with z; = i and y = ji for every 1 <k <r.
O
5. TypeE D

In this section, we turn our attention to the type D case, and proceed in a way analogous to the
previous sections. The Lascoux functions for type D were first defined in [MMM 20, Section 7]. Here
we provide a formula for their degree and their leading coefficients.

Definition 5.1. The Lascoux coefficients of type D are the numbers «; which verify the identity

§(d,0,..0)({Ti +2j: 1 <i<j<n}) = Z arsxn) (1, ..., Tn).
[|=n
EA(I):d
For any increasing sequence I = {iy,...,is} of nonnegative integers the Lascouz quasipolynomial of

type D is
LP (n) = {aw\f IS Inl,

0 otherwise

In [MMM™*20, Theorem 7.10] it was proved that LPP(n) is a quasipolynomial of period 2, in other
words, LPP(2n) and LPP(2n — 1) are polynomials in n. The proof of this result uses the following
recursive relations. Fix [ = {i; < iy <--- <i,} CN.

(1) If 43 = 0, then

LP?(n) _ LP?\{O}(H) ?f n— |I| %s even, o)
0 if n — || is odd.
(2) If iy > 0, then
LPY(n) ~LPP(n—1)= > LPP (n-1), (10)
e€{0,1}™\0
where I — € := {iy —€1,...,i, — &} and LP? _ = 0 if [T — ¢| < r. In the main result of this

section we compute degree and leading coefficient of the quasipolynomials LP? (n).

Theorem 5.2. Let [ = {iy < --- <i,} C N be a set of nonnegative integers. Then
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- Ifiy > 0, LPP(2n) and LP?(2n+1) are polynomials inn of degree S I and leading coefficient

equal to
22 W ik — )

[Tesi (i + ) TT (i)
- Ifiy = 0, then LPP(n) = LP?\{O}(n) if n— |I| is even, and LPP (n) =0 if n — |I| is odd.

Proof. We fix aset I = {i; < --- <i,} C N. For the case iy = 0, the statement follows from induction
hypothesis.

In the case i; = 0, the statement is nothing but the recurrence relation (9). Now we consider the case
i1 > 0 and proceed by induction.

Assume that the statement holds for all I’ with |I'| < |I| or |I’| = |I] and >, I’ < > I. By applying
(10) we obtain

LPP(2n) —LPP(2(n—1))= > LPP . (2n—1)+ >  LPP (2n-2). (11)
ec{0,1}7\0 €€{0,1}7\0

On the right-hand side we get sum of polynomials of degree at most Y I—1. Moreover, the polynomials
with this degree are only those with €; +--- 4+ ¢, = 1. Let f? be the coefficient of n2-7 in LP?(2TL),
and let e; € {0,1}"™ be the i-th vector of the canonical basis of Z". Comparing the coefficients of
n2=1=1 of both sides of (11) and using the induction hypothesis on EI e; W obtain

D
deg(LPP(2n))¢? —2261 ¢

zzi i (i — )22 I T G+ ) (i =i 4 1)
[T Cir + i) [T Gr)! 7 Py (i — i) (i +i5 — 1)

J=1

_Hk>l(ik‘_zl I—-|1] Z": H (i + i) (g — 35 + 1)

[ @i Cir +d0) [T (2r)! ot (i) — 15) (ik —i—zj—l)
Notice that if i1 = 1, one of LPyg;, . ;3(2n — 1) and LP{O,i27...7iT}(2n — 2) is zero and the other is
equal to LP{Z ir}(Zn —1) (or LP?Z.2 ir}(Zn — 2)) whose leading coefficient is also the same as the

term included in the expression above. By Corollary 2.2, the last expression is equal to

[l — )21 (S
[Tesi G + i) T (@) \ &=

7j=1

As this quantity is not zero for any set I, we have that ¢P # 0, and hence deg(LPP(2n)) = > 1. Tt
follows that n +— LPP(2n) is a polynomial function in n with degree 3 I and leading coefficient

[Tjsy (i — ig)22 1711
[Ty Gire + 0) TT )

The case of the polynomial function for n LP? (2n — 1) is completely analog. This concludes the
proof.

O

6. THE ALGEBRAIC DEGREES d(m,n,n — 1), 4(m,n,n — 1) AND ép(m,n,n — 1)

One of the applications of the results in [MMM*20] establishes polynomiality of a sequence of positive
integers attached to semidefinite programming. This is the problem of optimizing a linear function
over the cone of positive semidefinite matrices. In [NRS10] the authors study the complexity of
computing an exact solution for this optimization problem, and they quantify this complexity via the
degree of a projective variety. Similar degrees can be defined for optimization problems related to
the space of general and skew-symmetric matrices. We recall that for a variety X C P" the projective
dual X* C (P™)* is the closure of the set of hyperplanes tangent to X at a smooth point. In the next
definition we follow the notation in [MMM*20].

Definition 6.1 ([MMNM™20, Definition 1.4, 6.2 and 7.2]). We define the following three numbers:
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Type C Let SDy* C P(S2C") be the intersection of the variety of n x n symmetric matrices of rank
at most r with a general linear space of projective dimension m. We define §(m,n,r) as the
degree of (SDy;")* if it is a hypersurface, and zero otherwise.

Type A Let D" C P(C" ® C") be the intersection of the variety of n x n matrices of rank at most r
with a general linear space of projective dimension m. We define d4(m,n,r) as the degree of
(Dy")* if it is a hypersurface, and zero otherwise.

Type D Let ADZ" C P( /\2 C™) be the intersection of the variety of 2n x 2n skew-symmetric matrices
of rank at most 2r with a general linear space of projective dimension m. We define ép(m,n,r)
as the degree of (AD?,:’%)* if it is a hypersurface, and zero otherwise.

Using Lascoux polynomials, in [MMMT"20] it is proved that §(m,n,n — s), da(m,n,n — s) and
dp(m,n,n — s) are polynomials in n. We determine their degrees using our results on the leading
coefficient of Lascoux polynomials. Moreover, we compute the leading coefficients of §(m,n,n — s),
da(m,n,n —s) and dp(m,n,n — s) in the case when s = 1 combining the formulas obtained in
the previous sections together with the results in [MMM*20]. These results should be regarded as
asymptotic degrees.

Here and in the rest of the section we denote with LC(f) the leading coefficient of a univariate
polynomial f.

Theorem 6.2 (Type C). For every s > 0 and m > (8;1), the polynomial 6(m,n,n — s) has degree

m. Moreover
2m—1

LC(6(m,n,n—1)) =

m!
for every m > 0.

Proof. By [GvBR09, Theorem 1.1] we have that

d(m,n,n —s) = Z Y1 LPr(n),
IC[n]
|]|=s
S I=m—s

where 11 are the Lascoux coefficients as in [MMM 20, Definition 2.5]. Observe that the last sum is not
empty if and only if there exists I C [n| with > T > (lgl). This happens if and only if m > (8;1). By
Theorem 3.3 for every fixed m, s satisfying this inequality, §(m, n,n—s) is a positive finite linear combi-
nation of polynomials of degree |I|+ > I = m, which proves the first claim. For the second statement
we have 6(m,n,n — 1) = ¥p,_1y LP,_13(n) and LC(6(m,n,n — 1)) = g,y LC(LP g, _13(n)).
In [MMM™"20, Lemma 2.7] it is proved that Vim-1} = 2m=1 and by Theorem 3.3 we have that
LC(LP,—13(n)) = L. This concludes the proof. O

m—1

Hence, for large values of n we have that 6(m,n,n — 1) ~ 2m! n™

Theorem 6.3 (Type A). For every s > 0 and m > s% the polynomial 64(m,n,n — s) has degree m.
Moreover,

LC(Sa(m,nym — 1)) = — (2(m - 1)>.

m!'\ m-—1

Proof. By [MMM 20, Theorem 6.8] we have that

da(m,n,n —s) = Z dLJLPf{J(n),
I,JC|n]
[|=|J|=s
S I+> J=m—s

where dj ; are the type A Lascoux coefficients as defined in [MMM™'20, Definition 6.7]. The last
sum is not empty if and only if the condition > I + > J > ('g') + (Ig‘) is satisfied by some I,.J C
[n]. This is equivalent to m — s > 2(;), that is m > s?. Hence by Theorem 4.3 for fixed m, s
satisfying this inequality, d4(m,n,n — s) is a positive finite combination of polynomials of degree
|[I|+> 14> J = m. For the second statement we specialize to r = n—1 and obtain d4(m,n,n—1) =
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Z;ZBI dgiy fm—1-i} LP?x’},{m—l—z‘} (n). As by Theorem 4.3 all the m polynomials on the right-hand side
have the same degree we have that

m—1
LC((SA(m’ n,n — 1)) = Z d{i},{m—l—i}LC(LPI{%L{m—l—i} (’I’L))
=0
By [MMM 20, Proposition 6.9] we have that diiy fm-1-i} = (mfl) and by Theorem 4.3 we have that
LC(LP’{“Z} (m—1-13(n)) = m Combining the two results we obtain

m—1

LE©a(m,n,n—=1)) = ;0 <mz_ 1> m-i!(ml— 1—0) %mg: <m2— 1>2 - %(2(::—_11))

Theorem 6.3 implies that for large values of n, d4(m,n,n — 1) ~ — (Q(mjl))nm.

Finally, we present analog results for the type D case.

Theorem 6.4 (Type D). For every s > 0 and m > (225), the polynomial dp(m,n,n — s) has degree

m. Moreover,
2m=2 (1 (2(m — 1
LC(Sp(m,n,n—1)) = (—( (:;_ X )> + 1> .

m)! m

Proof. In [MMM™"20, Theorem 7.8] it is proved that

op(m,n,r) = Z oy LPP(2n).
IC[2n]
[I|l=2n—2r

S I=m

The sum on the right-hand side is not empty if and only if > I > (g‘), that is m > (228). When

this inequality holds, by Theorem 5.2 we have that dp(m,n,n — s) is a positive finite combination of
Lm—l

polynomials of degree Y I = m. Moreover, ép(m,n,n —1) = Z,‘:()TJ i m—i} LP?Z. m_i}(Qn) and we
obtain

=]
LC(0p(m,n,n—1)) = > agim-iy LC(LPY,, 5 (2n)).
i=0
By [LLT89, A.16.5] we have that ay; j) = (i+jlz_1) — (ZJZ” 11) so in particular a; ,—; = (ml._l) — (7?711)'
Using Theorem 5.2 we conclude that
m—21 .
Ty >0
2m-il(m—1)! -

As a polynomial in n, the degree of LPg7m_i}(2n) is equal to m and its leading coefficient is then
2mLC(LP€m i1(2n)). We obtain

|zt ]
gm=1 2 m— 1 m— 2m2(m — 2i)
LC(6p(m,n,n —1)) = ml + Zzl << i ) < -1 >> m- 2' —1)!
2m71 2m72 T m 2
T + m2 - m)! Z %) < >

e o)
R )
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Hence, for large values of n we have that dp(m,n,n — 1) ~ 2:1—7,2 (%(2(7;”__11)) + 1) nm.

It is of course possible to follow the same idea to compute the leading coefficients of §(m,n,n — s),

da(m,n,n — s) and op(m,n,n — s) for higher values of s, even though the calculation becomes
significantly more involved. We conclude this article with a natural question.

Problem 6.5. Find formulas in m and s for the leading coefficients of 6(m,n,n —s), da(m,n,n —s)
and dp(m,n,n — s).
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