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1 | INTRODUCTION

We consider a boundary controllability problem for a system modeling the bending vibrations of a degenerate beam of
length L = 1. Denote by u the deflection of the beam and assume that the left end of the beam is fixed, while a suitable
shear force f is exerted on the right end of the beam; thus, the motion describing beam bending is given by the following
problem

uy(t,x) + Au(t,x) =0, (t,x) € Qr,
u(t,0) =0, u,(t,0) =0, te (0,7, 11
u(t,1) =0, uy(t,1) = f(), te(0,7), a1

u(0,x) = up(x), u(0,x) = ui;(x), x € (0,1),

where Q7 :=(0,T) X (0,1), T > 0, and Au : = Qlyey.

An equation similar to the one of (1.1) can be found, for example, in models that describe the vibrations of a bridge.
Indeed, a suspension bridge may be seen as a beam of given length L, with hinged ends and whose downward deflection
is measured by a function u(t, x) subject to three forces. These forces can be summarized as the stays holding the bridge
up as nonlinear springs with spring constant k, the constant weight per unit length of the bridge W pushing it down, and
the external forcing term f(¢,x). This leads to the equation

Ust + Ylpoe = —kU™ + W + f(t,%),
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where y is a physical constant depending on the beam, on Young's modulus and on the second moment of inertia. If y is
a function that depends on the variable x and the external function acts only on the boundary, then we have exactly the
equation of (1.1) (see, e.g., Camasta & Fragnelli [1] for other applications of (1.1)).

The novelty of this paper is that a : [0,1] — R is such that a(0) = 0 and a(x) > 0 for all x € (0, 1]. If there exists a
boundary function f that drives the solution of (1.1) to 0 at a given time T > 0, in the sense that

u(T,x) =u (T,x)=0

for all x € (0, 1), then the problem is said null controllable.

Boundary exact controllability on linear beam problems has been studied for many years by a lot of authors; see, for
example, earlier studies [2-9] and the references therein. For quasilinear beams or nonlinear beams, we refer to Yao and
Weiss [10] and previous research [11, 12], respectively.

In all the previous papers, the equation is always nondegenerate. The first results on boundary controllability for degen-
erate problems can be found in earlier work [13, 14] and in [15]. In particular, in [15] considers the equation in divergence
form

Upr — (XU =0

for « € (0,1), and the control acts in the degeneracy point x = 0. In the same period, Alabau-Boussouira et al. [13]
consider the equation
Uy — (@()ux)x = 0, (1.2)

where a ~ xX, K > 0. In this case, the authors establish observability inequalities when K < 2; if K > 2, a negative
result is given. We remark that in Gueye [15], the observability inequality, and hence null controllability, is obtained via
spectral analysis, while in Alabau-Boussouira et al. [13] via suitable energy estimates. In Boutaayamou et al. [14], the
same problem of (1.2) in nondivergence case with a drift term is considered. Clearly, the presence of the operator in
nondivergence form as well as the presence of a drift term leads the authors to use different spaces with respect to the ones
in Alabau-Boussouira et al. [13] or in Gueye [15] and gives rise to some new difficulties. However, thanks to some suitable
assumptions on the drift term, the authors prove some estimates on the energy that are crucial to prove an observability
inequality and hence null controllability for the initial problem.

As far as we know, this is the first paper where the boundary controllability for a degenerate beam equation is considered.
For the function a, we consider two cases: the weakly degenerate case and the strongly degenerate one. More precisely,
we have the following definitions:

Definition 1.1. A function a is weakly degenerate at 0, (WD) for short, if a € C[0,1] n C'(0,1], a(0) = 0, a > 0 on
(0,1] and if
x|a’ (x)]

u
xe©0,1] a(x)

K:= (1.3)

thenK € (0, 1).

Definition 1.2. A function a is strongly degenerate at 0, (SD) for short, if a € C'[0,1], a(0) = 0,a > 0 on (0,1] and
in (1.3) we have K € [1, 2).

We underline that, contrary to degenerate wave equations for which null controllability fails if K > 2, for degenerate
beam equations null controllability is an open problem if K > 2 is an open problem; indeed, the assumption K < 2 is
essential in this paper just for technical reasons.

Clearly, the presence of the degenerate operator Au := au,. leads us to use different spaces with respect to the ones
in the previous papers [13, 14] or [15], and in these new spaces, we prove an estimate similar to the following one

T
E0)<C / ya(t, Ddt,

0

where y and E, are the solution and the energy of the homogeneous adjoint problem associated to (1.1), respectively, and C
is a strictly positive constant. Then, thanks to the introduction of the solutions by transposition for (1.1), we prove that (1.1)
is null controllable for T sufficiently large. Actually, in Komornik [16], null controllability is proved for nondegenerate
beam equations also for arbitrary short times. We expect that this result still holds for degenerate beam equations, but it
will be the subject of a forthcoming paper.
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We underline also that, as for wave equations or for parabolic models, in this paper we consider the same boundary
conditions in the weakly and in the strongly degenerate case since here we consider the operator in nondivergence form.
Different boundary conditions are considered if the operator is in divergence form; see Camasta and Fragnelli [17]. Observe
that one can rewrite the operator in divergence form using the operator in nondivergence form in the following way

(@)Yt X)x = @ ()Yt X) + 20" () Yo (£, %) + Q) Proe(£, X).

But in order to apply the results of this paper to the same problem in divergence form, one has to make stronger assump-
tions on the function a. For this reason, the null controllability for a degenerate beam equation in divergence form is
studied in Camasta and Fragnelli [17].

The paper is organized in the following way: in Section 2, we consider the homogeneous problem associated to (1.1)
and we prove that this problem is well-posed in the sense of Theorem 2.2; in Section 3, we consider the energy associated
to it and we prove two estimates on the energy from below and from above. In Section 4, thanks to these estimates and to
the boundary observability (see Corollary 4.1), we prove that the original problem has a unique solution by transposition
and this solution is null controllable. Section 5 presents some open problems. The paper ends with the Appendix where
we give two proofs to make the article self-contained.

We underline that in this paper, C denotes universal positive constants which are allowed to vary from line to line.

2 | WELL-POSEDNESS FOR THE PROBLEM WITH HOMOGENEOUS
DIRICHLET BOUNDARY CONDITIONS

In this section, we study the well-posedness of the following degenerate hyperbolic problem with Dirichlet boundary
conditions

ylt(t’ x) + ayxxxxx(t’ x) = 0’ (t’ x) € (0’ +00) X (O’ 1)’

y(t,0) =y, 1) =0, t € (0,+00),

¥x(t,0) = yx(t,1) =0, t € (0, +0), (2.5)
¥(0,x) = y3.(x), x€(0,1),

y1(0,%) = yL(x), x€(0,1).

We underline the fact that the choice of denoting initial data with T-dependence is connected to the approach for null
controllability used in the next sections.
As in earlier work [1, 18] or [19], let us consider the following weighted Hilbert spaces:

1
2
12(0,1) := MELZ(O,l):/u—dx<+oo
- a

0

and

H(0,1) :=L3(0,1) n Hy(0,1), i =1,2,
with the related norms
1
2 = [ Y vuerroa
”u”Lzl(O,l) T ; ue ﬁ( 0 )
“ 0
and

i
2 . 2 k)12 i
el oy 2= Ml o) + kZ P12, YU € HL(O,D),
a a =1 a

i = 1,2, respectively. We recall that H.(0,1) := {u € H'(0,1) : u®(j)=0,j=0,1,k =0, ... ,i — 1}, with u® =y and
i =1,2. Observe that forall u € Hil (0, 1), using the fact that u®(j) = 0forallk =0, ... ,i—1and j = 0,1, it is easy to

a
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2
H, (01)

a

prove that ||ul| is equivalent to the following one

2 . 2 2 .
Ml 2= HullZy )+ IUC g0 = 1.2

Ifi = 1, the previous assertion is clearly true.
Moreover, under an additional assumption on a, one can prove that the previous norms are equivalent to the following
one
lullie = U@z, 0= 1,2.

Indeed, assume the following.

Hypothesis 2.1. The functiona : [0,1] - R is continuous in [0, 1], a(0) = 0, a > 0 on (0, 1], and there exists K € (0, 2)

such that the function
K

X

is nondecreasing near x = 0.

Observe that if a is weakly or strongly degenerate, then (1.3) implies that the function

xV

a(x)
is nondecreasing in (0, 1] for all y > K; in particular, (2.6) holds globally. Moreover,

4
lim =X— =0 (2.7)
x—0 a(x)

for all y > K. The properties above will play a central role in the next sections.
Thanks to Hypothesis 2.1, one can prove the following equivalence.
Proposition 2.1. Assume Hypothesis 2.1. Then for allu € Hil (0,1) the norms ||u||H,-1 o1y llulli and |lull;~, i = 1,2, are

a a

equivalent.

Proof. By Cannarsa et al. [20, Proposition 2.6], one has that there exists C > 0 such that

1 u2 1
/ “dx<C / )2dx,
0 0

forallu € LZl 0,1)n HS(O, 1). Thus, the thesis follows immediately if i = 1.

Now, assumei = 2. Proceeding as for i = 1 and applying the classical Hardy inequality (see, e.g., Fragnelli & Mugnai
[21]) to z := u’ (observe thatz € Hé(O, 1)), we have

1 1 1 1 1
2 2
/%dxs C/(u’)zdxs C/)%dx§4C/(z’)2dx:4C/(u”)zdx
0 0 0 0 0

and the thesis follows. O
Hence, assuming Hypothesis 2.1 in the rest of the paper, we can use indifferently || - ||; or ||u]|;~ in place of || - || H (0.1)
i=1,2. ’

Using the previous spaces, it is possible to define the operator (A, D(A)) by

Au :=au'" forall u € D(A) := {u € H(0,1) : au”” € L} (0, 1)} .

a
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Moreover,
1
(Au, v)Lz1 o1 = / u"v"dx,
‘ 0
that is,
1 1
/u””vdx:/u”v”dx (2.8)
0 0
for all (u,v) € D(A) x Hf (0,1) (see Camasta & Fragnelli [18, Proposition 2.1]).
Another important Hilbert space, related to the well-posedness of (2.5), is the following one
Ho :=H3(0,1)x L} (0,1),
endowed with the inner product
1 1
~ o~ 1"ett v
((W,v), (@, D))y, = / u'"i" dx + / de
0 0
and with the norm
1 1
v2
w3, = / W")dx + / —dx
0 a
0 0
for every (u,v), (ii,7) € Hy. Then, consider the matrix operator A : D(A) C Hy — H, given by
0 Id )
A= , D(A) :=D(A) x H2(0,1).
—A 0 1
Using this operator, we rewrite (2.5) as a Cauchy problem. Indeed, setting
t 0
V() := < y()> and VUp := <le>’
yi(t) Yr
one has that (2.5) can be formulated as
{ Uty = AU ®), t 20, 29

U (0) = V5.

Theorem 2.1. Assume Hypothesis 2.1. Then the operator (A, D(A)) is nonpositive with dense domain and generates a

contraction semigroup (S(t))e>o-

Proof. According to Engel and Nagel [22, Corollary 3.20], it is sufficient to prove that A : D(A) — H, is dissipative

and I — A is surjective, where
7. Id 0
\omd)’
A is dissipative: Take (u,v) € D(A). Then (u,v) € D(A) X HZl (0,1) and so (2.8) holds. Hence,

(AW, ), W, )3, = (v, —Au), U, V)3,
1 1

=/u”v”dx—/vAuldx:O.
a
0

0

By Engel and Nagel [22, Chapter 2.3], the operator A is dissipative.
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T — A s surjective: Take (f,g) € Hyo = H i (0, 1)><L2l (0,1). We have to prove that there exists (i, v) € D(A) such that
u f v=u-—f,
1- = 2.1
( A)<v> <g>(:){Au+u:f+g. (2.10)

Thus, define F : H}(0,1) - Ras

a

1
F(z) = /(f +g)z%dx,
0

for all z € H?(0,1). Obviously, F € <Hi (0, 1)> , being (Hi (0, 1)) the dual space of H3 (0,1) with respect to the

a

pivot space L? (0, 1). Now, introduce the bilinear form L : H3(0,1) X H3 (0, 1) — R given by

1 1
L(u,z) ::/uz%dx+/u”z”dx
0 0

forallu,z € H i (0,1). Clearly, thanks to the equivalence of the norms given before, L(u, z) is coercive. Moreover, L(u, Z)

is continuous. Indeed, for all u, z € Hi (0,1), we have

a

|L(u, 2)| < ||L‘||L21 (0,1)||Z||L21 ©1n T+ ||u”||L2(0,1)||Z"||L2(0,1),

and the conclusion follows again by the equivalence of the norms.
As a consequence, by the Lax-Milgram Theorem, there exists a unique solution u € H i (0,1) of

a

L(u,z) = F(z) forall z € H7(0,1),

namely,
1 1 1
/uz%dx+/u"z”dx=/(f +g)z%dx 2.11)
0 0 0

forallz € Hi 0,1).
Now, take(;) :=u- f;thenv e Hi (0,1). We will prove that (4,v) € D(A) and solves (2.10). To begin with, (4.38)
holds for every z € C°(0, 1). Thus, wg: have
1

1
/ W7 dx = / f+g- u)z‘%dx
0

0

for every z € C(0,1). Hence, (u”)’ = (f +g—u)§ a.e.in (0,1), thatis, Au = f+g—ua.e.in (0, 1). Thus, as in Camasta
and Fragnelli [18, Theorem 2.1], u € D(A); hence, (u,v) € D(A) and u + Au = f + g. Recalling thatv = u — f, we
have that (u, v) solves (2.10). O

Now, if Uy € Hy, then U'(t) = S(t) U, is the mild solution of (2.9). Also, if U € D(A), then the solution is classical and
the equation in (2.5) holds for all ¢ > 0. Hence, by Bensoussan et al. [23, Propositions 3.1 and 3.3], one has the following
theorem.

Theorem 2.2. Assume Hypothesis 2.1. If ( y(}, le) € H, then there exists a unique mild solution

yecC! <[o, +00); L3 (0, 1)> ncC <[0, +00); H (0, 1)>
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of (2.5) which depends continuously on the initial data (5., y1.) € Ho. Moreover, if (5., y1.) € D(A), then the solution y
is classical in the sense that

y€eC? <[0, +00); L3 (0, 1)) nct ([0, +00); H7 (0, 1)) N C([0, +00); D(A))

and the equation of (2.5) holds for all t > 0.

Remark 1.

1. Due to the reversibility (in time) of the equation, solutions exist with the same regularity also for ¢ < 0.
2. Observe that the proofs of Theorems 2.1 and 2.2 are independent of (2.6).

3 | ENERGY ESTIMATES

In this section, we prove some estimates of the energy associated to the solution of (2.5). To this aim, we give the next
definition.

Definition 3.1. Let y be a mild solution of (2.5) and consider its energy given by the continuous function defined as

1 2
E,(t) :=%/(yt(t’x)+yfoc(t,x))dx Vi>0.

a(x)
0

The definition above guarantees that the classical conservation of the energy still holds also in this degenerate situation.

Theorem 3.1. Assume Hypothesis 2.1 and let y be a mild solution of (2.5). Then

E,(t)=E,0) Vt>0. (3.12)

Proof. First of all, suppose that y is a classical solution. Then multiplying the equation
ye+Ay=0

by % integrating over (0, 1) and using the formula of integration by parts (2.8), one has

1 1 1
2 2
_1 (% _1d Ty 4
0—2/<a>tdx+/ymxy,dx—2dt /(a +yxx>dx =7 ().
0 0 0

Consequently, the energy E,, associated to y is constant.
If y is a mild solution, we approximate the initial data with more regular ones, obtaining associated classical
solutions for which (3.12) holds. Thanks to the usual estimates, we can pass to the limit and obtain the thesis. O

In the next results, we establish some inequalities for the energy from above and from below; these inequalities will
be used in the next section to establish the controllability result. First of all, we start with the following theorem, whose
proof is based on the next lemma.

Lemma 3.1. Assume Hypothesis 2.1.
1. Ify € H}(0,1), then lirrégyz(x) =0.
= X—
2. Assumea (SD)at 0. Ify € D(A), then y"" € WH1(0,1).
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The previous results are proved in Boutaayamou et al. [14, Lemma 3.2.5] and Camasta and Fragnelli [1, Proposition
3.2], respectively; anyway, we rewrite their proof in the Appendix to make the paper self-contained.

Theorem 3.2. Assumea (WD) or (SD)at 0. If yis a classical solution of (2.5), then y(-,1) € L?>(0, T) forany T > 0 and

T 1

1 P 1 [x
—/yix(t, 1)dt=/ [yt—yx] dx+—/ 2 <2— —> dxdt+3/xyfcxdxdt, (3.13)
2 A A a2 2 a a

Qr

x.Vx

Proof. Multiply the equation in (2.5) by —=

xz)’x 2
0= Vit dxdt+ | X°yxyeodxdt
a
Qr Qr

1
2. t=T

[ X%y x?
_ / pE N e / v e + / Xyt
| 1t=0 QT QT

and integrate over Qr. Integrating by parts, we obtain

2. t=T

0
1 —
2
/ y[xayx dx—/lx—(yf)xdxdt+/x2yxymdxdt (3.14)
o - = Qr
1 T
- xzyx- 1 , 1 2 /2
/ _yt P | dx—E/[ t] dt+§/<z> ythdt
0 0

Qr

+/x2yxymdxdt.
Qr

/ ! ’
Now, (%Z) = 2axd ;—‘ (2 - %) Hence, (3.14) reads

a2

1 T
2
/[y,x—yx] dx—l/ [x— 2] dt+1/ X2 <2——> dxdt+/x2yxymxdxdt=0. (3.15)
a 2 a = 2 a a
0 0 0

T QT

Furthermore, by the regularity of the solution, y, € H i (0,1)cH 1 (0,1), thus,

a a

X2
hm ﬂyt (t x)

by Lemma 3.1; therefore, by the boundary conditions of y, one has Eyt 2(t,1) = 0. Now, consider the term

/QTx YxVxoocdxdt, which is well-defined; indeed, using the fact that 72_ is nondecreasing, we have that there exists a
a

positive constant C such that

1
2y Vayoo| < Clyl

\/E

By hypothesis, y, and \/Eym belong to L2(0, 1); thus, by the Holder inequality, x?yx e € L0, 1).

Let 6 > 0 and write
T & T 1
/xzyxymdxdt=//xzyxymdxdt+//x2yxymdxdt. (3.16)
Qr 0 o 0 s

\/EYJoooc| .
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Obviously, by the absolute continuity of the integral,

T 6
lim / / X2y Yroocdxdt = 0. (3.17)
0 0

Now, we will estimate the second term in (3.16). By definition of D(A), setting I := (8, 1], we have yy. € L*(I);
thus, y € H*(I) by Camasta and Fragnelli [18, Lemma 2.1]. Hence, we can integrate by parts

T 1 T T 1

/ / Xy Yroadx dt = / Py oy dt — / / (O Y )xyocdxdt

0 6
T
/[xzyxym] dt—//(nyx+x Yroo) Voocdx dt
0

T 1

T

x= 1
/ Py ) dt / / 2y yeadxdt -
0
T
0

s3]
/

1
/ X2 (y2) dedt
é

0
T T

[sz’xYxxx]z:; dt — /[zx}’xYxx]x_ldt + 2/ (cyx)xyocdxdt
0 0

T T 1
L[S ] [ [ oot
0 0 6
T T
/ [y, Lt - / [2xyxyeisidt — % / [x? yxx]x_l dt (3.18)

0
+2//yxyxxdxdt+2//xyxxdxdt+//xyxxdxdt
/[X yxyxxx] dt—/[ZXnyxx x_ldt— —/ [x dt

T 1
+ / / (12) dede + 3 / / Xy, dxdt
0 s 05
T T T
= = 1 =
z/[xzyxym]izz dl‘—/[nyxym]x:};dt—E/ xzyJZOC];C:; dt
0 0 0

T

T 1
+ / [ dt+3 / / Xypdxdt.
0 3

0

But xy2, € L(0,1) and using the absolute continuity of the integral, we obtain

T 1 T 1
}sin(l)//xyicdxdt://xyixdxdt.
0 s 0 "o
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Now, we evaluate the boundary terms that appear in (3.18). To this aim, observe that thanks to the boundary conditions
of y,

=1 - 1 =1 =1
[Py — [2XpayTs — > vl s + DAL, = —07yx(t, )yt 8)

1 1
+ 28Yu(t, 8)yuelt, 8) — Eyixa, 1+ zézyixa, 8) — yx(t, ).

Hence, we have to estimate the following quantities:

82 u(t, 8)yrue(t, 8),

6yx(t, 6)yxx(t, 6),
5y, 6),
yx(t, 6)
as 6 goes to 0. Naturally, since y € HS(O, 1), yx is a continuous function. This implies that
lim y3(t, 8) = yx(1,0) = 0. (3.19)

Thanks to Lemma 3.1,
lim 8% yx(t,6) =0 = lim 6yx(t, 6)yx(t, 6).
It remains to prove that
3 }Sirré 52ye(t, 8)yo(t, 8) = 0. (3.20)

By (3.19), it is sufficient to prove that 3 }Sina 6yuu(t, 8) € R. To this aim, we rewrite 5y (t, ) as

1 1 1

O0Yxox(t, 6) = Youx(t, 1) — / (Yo (8, X)) dX = yrox(t, 1) — / Yo (£, x)dx — /xJ’)oooc(tax)dx- (3.21)
1) ) 1)

Note that Xy (t,X) = v/ a00)Veeee(t, X) \/% € L*0,1) € L'(0,1) (indeed, \/Eym € L*(0,1) and ;‘(x) € L*(0,1),
1 1

thanks to (2.6)). Hence, by the absolute continuity of the integral %irré / XYoo (X)dx = / XYoo (X)dx. On the other
5 0

hand,
1 1

1
é

é X

11
=1 - 8)yex(t,1) — / / Yo (L, S)ds dx.
5 X

Now, we estimate the last term in the previous equation

1 1

1 s 1
//ym(t,s)dsdxz//ym(t,s)dxds=/ym(t,s)(s—é)ds

5 5

1

oox e (3.22)

:/sym(t,s)ds—é/ym(t,s)ds.

3 o
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1 1

As before, %irr& / SYroc(t, S)ds = / Syeoee (L, S)ds. Moreover, as far as the second term in the last member of (3.22) is

s 0
concerned, we have

1
Iymx(t S)I
0<5/|ym<t,s>|ds— /v
5 vais)

1
<6 / —ds
a(s)

1

K K
=52 /5—d
a(s)

1)

1
X K
<2 /S—ds
a(s)
B

K

||x/'ym

1

|| \/EJ’Jocxx

L2(0,1)

%)

L2(0,1)

S

[V
\/—Y)oooc '

L2(0,1)

NI

—5):

12(0,1)°
1

for a positive constant C. Thus, since K < 2, it follows that %in(}é / Yxoee(t, 8)ds = 0. Consequently,
5

1 1 1 1

(lsina//yxm(t,s)dsdx=}sir%/yxm(t,s)(s—é)ds=/syxm(t,s)ds
6 X 3

0

As a consequence, coming back to (3.21),
3 }silr(l) 0yox(t,6) € R,

and, in particular, (3.20) is proved.

Thus, by (3.18), one has
T 1 T T 1
%irr&//xzyxymdxdt=—%/y,2cx(t, 1)dt+3//xyfcxdxdt.
0 s 0 00

By the previous equality, (3.15)-(3.17), the thesis follows.

O

As a consequence of the previous equality on % /OT y2.(t, 1)dt, we have the next estimate from below on the energy.

Theorem 3.3. Assume a (WD) or (SD) at 0. If y is a mild solution of (2.5), then

T
2 4

/yxx(t, 1)dt < <12T + 4 max { ﬁ, 1}) E,(0)

0

(3.23)

Proof. As a first step, assume that y is a classical solution of (2.5); thus, (3.13) holds. Now, set z(t,X) : = y«(t,X); since

¥x(t,0) = 0, by the classical Hardy inequality, for any T > 0 we obtain

/ 2dx = /zdx /—xzdx</ dx<4/z§dx 4/yxxdx

(3.24)
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Thus, applying (2.6), one has

for all = € [0, T]. By Theorem 3.1, we get

Clearly,

CAMASTA and FRAGNELLI
1 1 1
/xzyx(r,x)yt('r,x) < 1/ Plede+ L /yt(r x)dx
a(x) -2 2 a(x)
0 0 0
2%
1 [ yi(z.x
= 2D / (e, x)de + 5/ aw
0 0
1 1 ( )
2 y[ T,X
< @ Ym0+ 3 / a0 &
0
1 1 1 5
/ [x (T, 0)yi(z, x)] il <2 [ x)dx+1/ Y{(T.x)
a(x) o (1) Vel & 2 a(x)
1 2(0,%)
2 yy (U, x
+ rl) Y0, 0)dx + 2/ a(x) (3.25)
0
< max { T 1} (Ey(T) + E,(0))
=2maxd =1L E (0
B a(1)’ v
Moreover, using the fact that x|a’| < Ka, we find
/—y, <2—7> dxdt </§y§(z+1<)dxdt
Qr 0 (3.26)
yZ
5(2+K)/E‘dxdt.
Qr
/ xyrdxdt < / y2.dxdt (3.27)

Qr

Qr

and from (3.13), (3.25), (3.26), and (3.27), we get (3.23) if y is a classical solution of (2.5). Now, let y be the mild solution
associated to the initial data (yo, y1) € Hy. Then, consider a sequence {(yo, YD }Inen C D(A) that converges to (yo, y1)
and let y" be the classical solution of (2.5) associated to (yg, y7). Clearly, y" satisfies (3.23); then, we can pass to the

limit and conclude.

T

O

Now, we will prove an inequality on the energy from above. To this aim, we need on / y2.(t, 1)dt an equality different

from (3.13).

0

Theorem 3.4. Assumea (WD) or (SD) at 0. If yis a classical solution of (2.5), then y(-,1) € L*>(0, T) forany T > 0 and

T 1

t=T
1/y§x(t,1)dt:/[%] dx+1/yf <1——>dxdt+ /y,%xdxdt,
2 a l=0 2 a a 2
0 0

Qr Qr

(3.28)
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)ny

Proof. Multiplying the equation in (2.5) by == and integrating over Qr, we obtain

1

t=T
o:/[@] dx—/——(y )xdxdt+/xyxyxmdxdt
a t=0

0 Qr Qr
) . (3.29)
X t=T x=1 !
= / [M] dx — 1/ [fyf] dt + 1/ (5) Ydxdt + /xyxyxmdxdt.
a le=0o 2 a’ " Ix=o0 2 a
0 0 QT QT
4 ’
Now, (J—C> =axe 2 <1 X ) Hence, (3.29) reads
a a a
1 T 2
X = T x=1
/ yxyt _ 1/ [Eyg] di+ 1 / Ll1-=)adxdt+ /xyxyxxxxdxdt =0. (3.30)
t 0 2 a’ " Ix=o0 2 a a
0 0 Qr Qr
As before,
lim myt H(tx) =
T
x=1
and ﬁ yA(t,1) = 0, so that / [)—C yf] dt = 0. In addition, the term fQTxyxymdxdt is well-defined since Xy, Vo =
a x=0

0
% Vx \/Eymx € L(0,1). Thus, we take § > 0, and as in the proof of Theorem 3.2, we rewrite

T & T 1
/xyxyxmdxdtz//xyxymdxdt+//xyxymdxdt.
Qr 0 "o 0 s

T ¢

Since xy, Yo € L0, 1), we have %irr& / / XYxYrooxdxdt = 0. Moreover, integrating by parts the second term of the

00
previous equality and thanks to the boundary conditions on y, we have

T

//XYXY)ooocdxdt /[x)’xy;ooc]x ldt_//(xJ’x)xyxxdedt
1
/6yx(t 8) Vrx (L, 5)dt—//yxymdxdt——//x dxdt

é

T T 1

/ 8yx(t, 8)yruc(t, 6)dt — / xyeciogdt + / / Yaedxdt — = / [xyix]ﬁZ};dH% / / Yacdxdt
0 0 s

T T

0 0 0

T T 1
+%/5y,2“(t, 5)dt+%//y,2cxdxdt.
0 0 6

Proceeding as in the proof of Theorem 3.2, one can prove that 3 }Sir%éym(t, 8) € R; hence,

}Sin(l) 0yx(t, 6)yxu(t, 6) = 0
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Moreover, by Lemma 3.1, we get
lim (£, 6)yc(t. 8) = 0, lim 6y%(¢, 5) =

Hence,
T 1 T
lim / / xyxyxmdxdtz—% / Y, 1)dt+§ / Vadxdt.
0 & 0 Qr
Coming back to (3.30), it follows that
1 2 T
x)’xyt 1 2 3 2
dx = 1—=— |dxdt—= t,dt+ = dxdt=0
/ +2/a< a) Z/yxx(,)+2/yxx
0 Qr 0 Qr
and (3.28) holds. O

Thanks to (3.28), we can prove the following estimate on the energy from above.
Theorem 3.5. Assume a (WD) or (SD) at 0. If y is a mild solution of (2.5), then

T

2 _K) - 4 4K
/ yxx(t,l)dt2<T(2 K) 4max{1, a(l),a(l)}>Ey(0)

0

forany T > 0.

Proof. Multiplying the equation in (2.5) by and integrating over Qr, we have

O:—IE{/y"ydxdt—g/yymdxdt———/ X K/y‘dxdt /yixdxdt,

Qr Qr

thanks to (2.8). Summing the previous equality to (3.28) multiplied by 2 and using the degeneracy condition (1.3), we
have

T 1
t=T
/y?cx(t,ndt:z/[%] dx+/yt <1——>dxdt+3/y§xdxdt
a It=0 a a

0 0 N 0,

! 2

t=T
—E/[y&] dX+E/&dxdt K/yxxdxdt
2 ale=o 2 a
0 QT QT

+<1—I§) %‘dxdt+<1—%<>/y§xdxdt

Qr Qr
1 1
t=T t=T
=2/ [M] dx—E/ [y&] dx + (2 — K)TE,(0).
a l=o 2 ale=o
0 0
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Now, we analyze the boundary terms that appear in the previous relation. By (3.25),

1
Xyx(t, X)yi(7, X) 4
/ [ e ]f=o dx| < 4max{ﬁ,1}Ey(0).

Furthermore, by (2.6),

<1 yi(z,X) 1 (1,x)

‘y(r,x)yt(r,x)
~2 alx) 2a(1) x2?

a(x)

for all r € [0, T]; in particular, by Theorem 3.1 and (3.24), we have

1

1 1
/ e |1 / yf(r,x)dx+ 1 / Yex)
a(x) 2 a(x) 2a(1) x2
0 0

0
1 2( ) 1
1 [ yx 4 ,
< —
=3 / 200 X 220 / Yx(T, X)dx
0 0
1

1
2
1 [ y(T.x) 16 )
<= dx ,X)dx
=3 / a0 T 2am | Y

0 0

16
< max { 1, Tl) } E(0),

for all = € [0, T]. Hence,

K Wt =T 16

K Rl <K 1,28 lp

2 /[ya]ﬁodx = max{ ’a(1)} /0.
0

and the thesis follows if y is a classical solution. If y is a mild solution, then we can proceed as in Theorem 3.3. []

4 | BOUNDARY OBSERVABILITY AND NULL CONTROLLABILITY

Inspired by Alabau-Boussouira et al. [13], we give the next definition.
Definition 4.1. Problem (2.5) is said to be observable in time T > 0 via the second derivative at x = 1 if there exists

a constant C > 0 such that for any ( y(}, le) € H,, the classical solution y of (2.5) satisfies

T
CE,(0) < / y2.(t, 1dt. (4.31)
0
Moreover, any constant satisfying (4.31) is called observability constant for (2.5) in time T.

Setting
Cr :=sup{C > 0 : C satisfies (4.31)},

we have that problem (2.5) is observable if and only if

T
) Vet Ddt

Cr=
05 y,)#(O 0) E,(0)
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The inverse of Cr, that is, cr := Ci is called the cost of observability (or the cost of control) in time T.
T
Theorem 3.5 admits the following straightforward corollary.

Corollary 4.1. Assume that a is (WD) or (SD) at 0. If

4 4 4K
T > max< 1, —,—— ;,
2—-K { a(l) a(1)}

then (2.5) is observable in time T. Moreover,

T(2—K)—4max{1,i,£} <Cr.
a(l) a(1)

In the following, we will study the problem of null controllability for (1.1). As a first step, we give the definition of a
solution for (1.1) by transposition, which permits low regularity on the notion of solution itself. Precisely, we have the
following:

Definition 4.2. Let f € L [0,+00)and (uo,u1) € L3 (0,1)X <H 10, 1)) . We say that u is a solution by transposition
of (1.1) if ’

uec (([o, +00); <H§ o, 1)) > nc <[0, +00); L7 (0, 1>>

a

and forall T > 0,

1

0 . — [ Lurptdx = .
<ul(T)’vT><H21(o,1)> o / Sy dx <u1’v(o))<H1(o,1)> #00

‘ ‘ ‘1’ . ‘ (4.32)
- / %uovz(O,x)dx - / S (v, dt
0 0
for all (v}, v}) € Ho, where v solves the backward problem
vlt(ts -x) + a(x)vxxxx(t, x) = 09 (t’ x) € (Os +00) X (05 1)3
V(t,0) = 0, v, (£,0) =0, t>0,
v(t,1) =0, ve(t,1) =0, t>0, (4.33)

W(T, x) = vx), v(T,x) = vi.(x), x € (0, 1).

Observe that, by Theorem 2.2, there exists a unique mild solution of (4.33) in [T, +o0). Now, setting y(t,x) := v(T —t, x),
one has that y satisfies (2.5) with yJ.(x) = v}.(x) and y;.(x) = —v1.(x). Hence, we can apply Theorem 2.2 to (2.5) obtaining
that there exists a unique mild solution y of (2.5) in [0, +o0). In particular, there exists a unique mild solution v of (4.33)
in [0, T]. Thus, we can conclude that there exists a unique mild solution

vect <[o,+w);L§(o, 1)) nc <[0,+oo);H2l (0, 1))

of (4.33) in [0, +c0) which depends continuously on the initial data Vy := (v, v]) € Ho.
By Theorem 3.1, the energy is preserved in our setting, as well, so that the method of transposition done in
Alabau-Boussouira et al. [13] continues to hold thanks to (3.23). Therefore, there exists a unique solution by transposi-

tionu € C! <[0, +00); HIZ(O, 1)> nC <[O, +00); LZl (o, 1)) of (1.1), that is, a solution of (4.32). To prove this fact, consider

85U8017 SUOLILLOD BAE81D 3|cedl|dde ayy Aq pausenob 8. sajoie VO ‘88N JO Sa|nJ 0} Akeid 18Ul |UO A8]1AN UO (SUOIPUOD-PUR-SLLIBILIOD" A3 1M AleIq Ul |Uo//:SdnL) SUORIPUOD PUe SWB | 8U1 89S *[720zZ/0T/80] Uo AriqiT8uljuo A|1M ‘ceusly I 1011q1g SIS BuaIS JO AISBAIUN AQ 2696 BWI/ZO0T OT/I0P/L00" A3 1M ARIq 1 BUIUO//SANY WO} papeojumod ‘Z ‘¥20Z ‘9LyT660T



CAMASTA and FRAGNELLI WI L EY 923

the functional G : Hy — R given by

1

- / luovt(O,X)dx— / f(Ovu(t, Ddt, (4.34)
H? (o,1)> LH? (0,1) a
0

a a 0

G (v}, vy) = (ul,v(0)><

for all T > 0, where v solves (4.33). Clearly, G is linear. Moreover, it is continuous. Indeed, for all T > 0, we have

T
‘Q (V(%,VlT)‘ < ||1«11||<H2 o 1)>*||V(0)||H1(0,1) + ||u0||L2l(o,1)||Vz(0)||L2l(o,1) + 1 f llz20.1) /v)zcx(t’ 1)dt
% ? a a a 0
By (3.23) and Theorem 3.1, there exists a positive constant C such that
T
V2.(t,1)dt < CE,(0) = CE,(T) = AU +2(T, %) dx=9“(v° v1)|
Xx\%s — v a(x) XX s 2 T YT HO.
0 0

Hence,

G (V. vy ’s u
|6 (1) <1 o

o IO+ Bl IOl + 1 o | (55|,
g a a a 0

Using again Theorem 3.1, we have [[vi(0)l;2 1) < Eu(T); thus, [vi(O)ll2 o1) < C “ (v9.v1) ”H . Analogously, thanks to
2 : 0

Proposition 2.1, there exists C > 0 such that ||[v(0)]| o1 < C ” (v‘% vlT) HH . Thus, we can conclude that there exists C > 0
a 0

so that
16 (1) 1 < | ()],

that is, G is continuous.

Being G € (Hy)* = <H% (0, 1)> X Li (0,1), we can use the Riesz Theorem obtaining that for any T > 0, there exists a

a

unique (@9, ) € (Ho)* such that

H? (0, 1) H2 0,1)

a

a

1
vl
G (vp.vr) = (a3 ir) . (vT’vT)>(H ) Hy = (dy., T>< +/ ~dx. (4.35)
0

Moreover, i19, @i}, depend continuously on T, so there exists a unique u € € <[O, +00); L21 (0, 1)) nct ([O, +00); H IZ(O, 1))

a

such that u(T) = —ﬁT and u,(T) = ﬁT. By (4.34) and (4.35), we can conclude that u is the unique solution by transposition
of (1.1).
Now, we are ready to examine null controllability. To this aim, consider the bilinear form A : Hy X Hy — R defined as

T

AV, Wrp) 1= /vxx(t, Dwx(t, 1)dt,
0

where v and w are the solutions of (4.33) associated to the data V; := (vT,v ) and Wr = (wT,w ) respectively. The
following lemma holds.

Lemma 4.1. Assume a (WD) or (SD) at 0. The bilinear form A is continuous and coercive.
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Proof. By Theorem 3.1, E, and E,, are constant in time, and due to (3.23), one has that A is continuous. Indeed, by
Holder's inequality and (3.23),

T T % T %
|A(Vr, Wr)| < / [Vee (£, D (£, 1| di < / ve(t, 1)dt / wi(t, 1)dt
0 0 0

1 2

1
1 1 1\2
< CEX(T)EX(T) = C / vr) (x)dx+ / (V)] (x)dlx
0

a
0

1 2

1
12
/wdx+/[(w(})xx]2(x)dx
0

0
= CllO(T), vi(T) I3, WD), we(T) I3, = ClIVrll24, [ Wrll34,

for a positive constant C independent of (V, Wr) € Hy X H.
In a similar way one can prove that A is coercive. Indeed, by Theorem 3.5, one immediately has that there exists

C > 0 such that
T

A(Vr, Vr) = /Vix(t, Dydt > CrE,(0) = CrEW(T) > CllVTlli[O
0
for all Vi € H,. O

Function A is used to prove the null controllability property for the original problem (1.1). To this aim, let us start
defining Ty as the lower bound found in Corollary 4.1, that is,

Tozzimax{l,i,ﬁ}. (4.36)
2—-K a(l) a(l)

Theorem 4.1. Assume a (WD) or (SD) at0. Then, forall T > T, and for every (ug, u;) € L2l 0,1) XHIZ(O, 1), there exists
a control f € L*(0, T) such that the solution of (1.1) satisfies ’ ’

u(T,x) =u(T,x) =0 Vxe(,1). (4.37)

Proof. Consider the map £ : Hy — R given by

1
uov(0,x) d

LV7) :={u1,v(0 . _ | = :
Vi) 1= (uy <>><H21 o) s an / {
a a 0

where v is the solution of (4.33) associated to the initial data Vy := (v‘%, vlT) € H,. Clearly, L is continuous and linear
and, thanks to Lemma 4.1, we can apply the Lax-Milgram Theorem. Thus, there exists a unique V1 € H, such that

AV, Wr) = L(Wr) ¥ Wr € H,.

Set f(t) := vk (t, 1), where v is the unique solution of (4.33) associated to V1. Then

T 1

T

_ — 0
/ F(OWe(t, Dydt = / Tt DWac(t, 1)dt=A<VT,WT> = L(Wy) = (uy, w(0)) (v «m)*m o / %(’x)dx
0 0 i) 0

(4.38)
for all Wy € H,.
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Finally, denote by u the solution by transposition of (1.1) associated to the function f introduced above. We have
that

1

T
u(T)wl
/f(t)wm(f’l)dt = —(u(T), wr) +/ O e+, w() : _/de.
(H21 (o,1)> H? (0.1) a (Hz1 (0,1)) H? (0.1) A a
0 a a a a

0

(4.39)
Combining (4.38) and (4.39), it follows that

7 uTw,

u(T)w

(u(T), W) : —/ Tdx =0
(HZ1 (0,1)) H2 (0.1) a
a a 0
for all (w9, w.) € Ho. Hence, we have (4.37). |

5 | CONCLUSIONS AND OPEN PROBLEMS

In this paper, we have proved that if the function a is weakly or strongly degenerate and T > T,, where Ty is given in (4.36),
then (1.1) is boundary null controllable, that is,

u(T,x) =u(T,x)=0

for all x € (0,1). However, in contrast to wave equations, nondegenerate beam equations can be generically controlled
in arbitrary short times since there is no finite speed of propagation (see Komornik [16]). Hence, one would expect to
obtain null controllability for (1.1) also for short times using the same technique proposed in Komornik [16], where
nondegenerate variable coefficients are considered.

Another open problem is to prove null controllability for (1.1) or to show that it fails when K > 2. Indeed, for degenerate
wave equations, we know that, if K > 2, null controllability fails; on the other hand, for degenerate beam equations, we
do not know anything in this case: the assumption K < 2 is made here only for technical reasons.
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APPENDIX A:

Proof of Lemma 3.1.1. If K < 1, where K is the constant of Hypothesis 2.1, then the assertion follows immediately
by (2.7) with y = 1. Thus, assume K > 1. Set z(x) := %yz(x). Then z € L'(0,1). Indeed,

Moreover, 7/ = ya—2 + Z’WTy' - % y?; thus, for a suitable £ > 0 given by Hypothesis 2.1,

2

1 1
2 2 2 2
/Izldx</ dx+2/ (y) /%dx +K/%dx
0 0

1 1 2 1
e 2¢ o y?
s<1+K>/—dx+—_ /(y)dx /—dx
0 a4 a(f) 0 0 °

This is enough to conclude that z € W1(0, 1), and thus, there exists lim,_oz(x) = L € R. If L # 0, sufficiently close
2 2
to x = 0 we would have that VT(X) > % ¢ L1(0,1), while yz e L'(0,1).

S

Proof of Lemma 3.1.2. In order to prove the lemma, fixed y € D(A), we will establish that )"’ is absolutely continuous

in [0, 1]. To this aim, let 6 > 0. Clearly,
1

y'(©e)=y"'1) - / V" (x)dx; (A1)
)
thus,
1 1 1 1
Y"(5)=y"(1)—/ y”'(l)—/y”"(s)ds dx=y”(1)—(1—5)y'"(1)+/ /y"”(s)ds dx
) X ) ) X X (AZ)

=Y () -y" D+ + / / y"()dxds =y"(1) = y"(1) + 6y (1) + / Y"($)(s = &)ds.
6 6

8

Trivially, }sin% §y"""(1) = 0 and, proceeding as in Theorem 3.2, we have

1 1
(lsirré/y””(s)(s—é)ds=/sy””(t,s)ds.
5 0

Thus, if we pass to the limit as § — 0 in (A2), we conclude that

1

3lim y"'(8) =" (1) =y () + / sy (s)ds € R.
0

By continuity, it is possible to define y"(0) : = lims_0)" (). In particular, by (A1),

1

/ Y x)dx =y"(1) - y"(0)

0

and the thesis follows.
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