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Entanglement, Quantum Correlators, and Connectivity in
Graph States

Arthur Vesperini* and Roberto Franzosi*

This work presents a comprehensive exploration of the entanglement and
graph connectivity properties of Graph States (GSs). Qubit entanglement in
Pseudo Graph States (PGSs) is quantified using the Entanglement Distance
(ED), a recently introduced measure of bipartite entanglement. In addition, a
new approach is proposed for probing the underlying graph connectivity of
genuine GSs, using Pauli matrix quantum correlators. These findings also
reveal interesting implications for measurement processes, demonstrating
the equivalence of some projective measurements. Finally, the emphasis is
placed on the simplicity of data analysis in this framework. This work
contributes to a deeper understanding of the entanglement and connectivity
properties of GSs, offering valuable information for quantum information
processing and quantum computing applications. The famous stabiliser
formalism, which is the typically preferred framework for the study of this type
of states, is not used in this work; on the contrary, this approach is based
exclusively on the concepts of expectation values, quantum correlations, and
projective measurement, which have the advantage of being very intuitive and
fundamental tools of quantum theory.

1. Introduction

Besides being one of the most striking properties of quantum
mechanics, entanglement is a primary resource for quantum
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cryptography, quantum computation, and
for quantum-based technologies. In the last
decades, the quantum information commu-
nity has developed several approaches to
characterize its abundant phenomenology
and various properties.[1,2] The entangle-
ment of multipartite states proves to be a
more difficult concept to understand, than
that of bipartite states.
In fact, entangled bipartite pure states are

such that a measurement on a subsystem
completely determines the state of the com-
plementary subsystem. In this case, there
exists a subsequent local measurement for
the latter subsystem, for which the outcome
is certain.
On the contrary, in the case of puremulti-

partite entangled states, ameasure on a sub-
system, although it modifies the rest of the
system, can leave the latter in a maximally
entangled state, so no local measurement
on the latter has a certain outcome.
In light of the above considerations,

the importance of understanding and
characterizing the connectivity properties of multipartite quan-
tum states is evident.
We will denote with 𝜎

𝜇

k , where k = x, y, z, the Pauli matrices

operating on the qubit𝜇, andwith 𝜎Q
k the tensor product

⨂
𝜈∈Q 𝜎𝜈

k
for any setQ of qubits. We call Pauli observable any operator that
can be written as a tensor product of Pauli matrices.
Graph States (GSs) constitute a class of maximally entan-

gled pure quantum states that have emerged as a powerful re-
source for quantum information processing.[3–6] Indeed, they are
valuable for realizing quantum gates and enabling fault-tolerant
quantum computation. Additionally, GSs serve as the foundation
for various quantum computing protocols, especially for the one-
way quantum computer, also known as the measurement-based
quantum computer.[4–7] It can be shown[7] that any quantum cir-
cuit can be efficiently simulated using a GS, on which appropri-
ate measurements are performed; as such, GSs represent a uni-
versal resource for quantum computing. Therefore, any result
obtained for the GS model can, in principle, be extrapolated to
other models of quantum computation. GSs are complex high-
dimensional superpositions of states of N qubits, prepared as
follows.
Let V be the set of indices that identify a set ofN qubits and let

E be a set of pairs of indices (a, b), with a, b ∈ V . Let’s start with
the initial product state |Ψ⟩ = |+⟩V :=

⨂
𝜇∈V |+⟩𝜇 , where every|+⟩𝜇 = 1√

2
(|0⟩𝜇 + |1⟩𝜇) is the eigenstate of 𝜎𝜇

x with eigenvalue+1,
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for 𝜇 ∈ V . For each pair (a, b) ∈ E, we consider the fine-tuned
unitary operator

Uab(𝜑ab) = e−i
𝜑ab
4 ei

𝜑ab
4

𝜎az ei
𝜑ab
4

𝜎bz e−i
𝜑ab
4

𝜎az𝜎
b
z (1)

where 𝜑ab ∈ ℝ. The Pseudo Graph States (PGS) is defined as

|G(𝜑)⟩ = ∏
(a,b)∈E

Uab(𝜑)|Ψ⟩ (2)

while the genuine GS correspond to the case 𝜑 = 𝜋

|G⟩ = ∏
(a,b)∈E

Uab(𝜋)|Ψ⟩ (3)

Note that all the operators (1) commute with each other. For sake
of simplicity we assume here ∀(a, b), 𝜑ab = 𝜑.
Each of the operators (1) entangles a pair of qubits.[8]

It has been shown that a general GS does not correspond to
the ground state of a physical system. However, a GS can be ob-
tained artificially in a physical system that allows the activation of
Ising-like interactions 𝜎a

z𝜎
b
z . In this case, the time duration of the

interaction determines the value of 𝜑 (hereinafter referred to as
interaction strength). Physical implementations of such systems
were performed on some of the quantum computer prototypes
developed by IBM.[9,10] In practice, any physical device for uni-
versal quantum computing, can be used to realise GS in the way
described above.[5]

Since a graph-state is uniquely defined by a couple of sets
(V, E), it is uniquely defined by a undirected graphG(V, E), where
each qubit (associated with an element of V) is a vertex, and each
pair in E is an edge (or a link) of the graph. In most of the litera-
ture, the preferred terminology is to refer to GSs defined on lat-
tices as cluster states. However, in the present work, we address
the study of GS in the general case and therefore associated with
generic graphs.
The genuine GS |G(𝜋)⟩ = |G⟩ of a given graph G(V, E) is the

unique common eigenvector with eigenvalue +1 of the operators

K𝜇 = 𝜎𝜇
x 𝜎

N(𝜇)
z (4)

where 𝜇 ∈ V and N(𝜇) denotes the set of neighbors of 𝜇. The
group  generated by the set {K𝜇}𝜇∈V is called the “stabilizer”
of the graph-state. Clearly, ∀g ∈  , g|G⟩ = |G⟩, and the projector
onto a GS can be expressed as |G⟩ ⟨G| = 1

2N

∑
g∈ g.

GS vectors are thus in one-to-one correspondence with their
stabilizer  , and any operation applied to |G⟩ can be mapped to
an operation applied to  . For example, for any unitary opera-
tion U (i.e., any quantum gate), if  stabilizes |G⟩, then UU†

stabilizes U|G⟩.[11]
The group  is completely determined by its N generators

{K𝜇}𝜇∈V (which belong to the Pauli group and thus have a simple
algebra). On the other hand, to write explicitly the corresponding
state vector, it is necessary to determine the 2N amplitudes. For
this reason, the stabilizer formalism usually provides a signifi-
cant computational advantage.
Furthermore, the stabilizer formalism is often used as a pre-

ferred framework to compare different models of quantum com-
putation, for example, for implementing error-correcting codes

or examining the effects of quantum gates and measurement
processes.[7,11]

However, we believe that, while the stabilizer representation
is more useful for studying known initial states and how they
transform under the action of such operations, it proves to be an
unnecessary complication in other contexts, such as the probing
and tomography of unknown states. This is because the calcula-
tion of correlations and expectation values requires taking into
account all elements of  rather than its mere generators.
Thus, in this work, we do not resort to the stabilizer formalism

but rather employ the more intuitive notion of correlation and
expectation values.
We start by quantifying the entanglement in the general case

of PGS using the Entanglement Distance (ED), a measure of en-
tanglement recently introduced in Ref. [12]. Subsequently, we ex-
plore a novel approach to investigate the underlying graph con-
nectivity of genuine GS using correlators of Pauli matrices. In
particular, we compute correlations between pairs of qubits (i.e.,
two-qubit correlators) and demonstrate that these quantities de-
pend exclusively on the relation between their neighborhoods
(i.e., in graph theory language, whether they are twins, adjacent
twins, leaf vertices, etc.). We discuss the possibility of a more com-
prehensive exploration of graph properties through the use of
higher-order correlators (involving more than two qubits). Fur-
thermore, we show that our approach can highlight when two
projective measurements are equivalent. Also, we emphasise the
simplicity of data analysis offered by our approach in this con-
text, as all correlators can only assume the values of −1, 0, or
1. We conclude this work by summarising the advantages of
our method with respect to the stabilizer formalism, by showing
that these two approaches offer a complementary characteriza-
tion of GS.

2. Entanglement in Pseudo Graph States

The ways of quantifying entanglement in multipartite states are
manifold.[1,2] In this work, we will solely refer to qubit-wise en-
tanglement, that is entanglement of bipartitions (𝜇,𝜇C), where 𝜇
is a qubit, and 𝜇C is its complement relative to the set of all qubits
in the system.
The ED, first defined in Ref. [12], is an entanglement mea-

sure for general multipartite pure states; it has been adapted
in Ref. [13] to the more general framework of multipartite
mixed states. It has already found since then some interesting
applications.[14–16] It finds its theoretical grounds on the Fubini-
Study metric associated to the local-unitary invariant projective
Hilbert space, called in this context the Entanglement Metric,
of which deep geometric meaning has been further explored in
Ref. [17].
The single-qubit ED is defined as

E𝜇(|s⟩) := 1 −
∑
j=x,y,z

| ⟨s| 𝜎𝜇

j |s⟩ |2 (5)

which equates 1 if 𝜇 is maximally entangled with the rest of the
system, and 0 if it is fully factorizable. Equation (5) thus stems as
a measure of bipartite entanglement on the bipartition (𝜇,𝜇C).
We choose here to use the latter definition of entanglement,

which possesses the advantage of being very easy to compute,
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relative to the von Neumann entropy. We further define the total
entanglement of a state as

∑
𝜇∈Q

E𝜇(|s⟩).
From the anticommutation relations of the Pauli matrices

{𝜎𝜇

i , 𝜎
𝜈
j } = 2𝕀𝛿ij𝛿𝜇𝜈 + 2𝜎𝜇

i 𝜎
𝜈
j (1 − 𝛿𝜇𝜈) (6)

we straightforwardly derive

𝜎a
xUab(𝜑) = e−i

𝜑

2
𝜎az ei

𝜑

2
𝜎az𝜎

b
zUab(𝜑)𝜎

a
x

𝜎a
yUab(𝜑) = e−i

𝜑

2
𝜎az ei

𝜑

2
𝜎az𝜎

b
zUab(𝜑)𝜎

a
y

𝜎a
zUab(𝜑) = Uab(𝜑)𝜎

a
z

𝜎𝜈
j Uab(𝜑) = Uab(𝜑)𝜎

𝜈
j , ∀j = x, y, z, ∀𝜈 ≠ a, b

(7)

Defining U
G
(𝜑) =

∏
(a,b)∈E Uab(𝜑), we obtain

𝜎a
xUG

(𝜑) = U
G
(𝜑)

( ∏
b∈N(a)

e−i
𝜑

2
𝜎az ei

𝜑

2
𝜎az𝜎

b
z

)
𝜎a
x

𝜎a
yUG

(𝜑) = U
G
(𝜑)

( ∏
b∈N(a)

e−i
𝜑

2
𝜎az ei

𝜑

2
𝜎az𝜎

b
z

)
𝜎a
y

𝜎a
zUG

(𝜑) = U
G
(𝜑)𝜎a

z

(8)

The expectation values of the first Pauli matrix hence write

⟨G(𝜑)|𝜎𝜈
x|G(𝜑)⟩ = ⟨Ψ|U†

G
(𝜑)𝜎𝜈

xUG
(𝜑)|Ψ⟩

= ⟨Ψ|U†
G
(𝜑)U

G
(𝜑)

( ∏
𝜇∈N(𝜈)

e−i
𝜑

2
𝜎𝜈z ei

𝜑

2
𝜎𝜈z𝜎

𝜇
z

)
𝜎𝜈
x |Ψ⟩

= ⟨Ψ|e−i n𝜈𝜑2 𝜎𝜈z

( ∏
𝜇∈N(𝜈)

ei
𝜑

2
𝜎𝜈z𝜎

𝜇
z

)|Ψ⟩
= cos(n𝜈𝜑∕2) cosn𝜈 (𝜑∕2)

(9)

whereN(𝜈) is the set of the first neighbors of 𝜈, and n𝜈 = |N(𝜈)| is
its cardinality.We used the fact that all the terms including a Pauli
matrix 𝜎𝜇

z acting on some 𝜇 ∈ N(𝜈) vanish, since they appear only
once and ∀𝜇, ⟨Ψ|𝜎𝜇

z |Ψ⟩ = 0.
The expectation values of the second Pauli matrix write

⟨G(𝜑)|𝜎𝜈
y |G(𝜑)⟩ = ⟨Ψ|U†

G
(𝜑)𝜎𝜈

yUG
(𝜑)|Ψ⟩

= −i⟨Ψ|( ∏
𝜇∈N(𝜈)

e−i
𝜑

2
𝜎𝜈z ei

𝜑

2
𝜎𝜈z𝜎

𝜇
z

)
𝜎𝜈
y |Ψ⟩

= −i⟨Ψ|e−i n𝜈𝜑2 𝜎𝜈z

( ∏
𝜇∈N(𝜈)

ei
𝜑

2
𝜎𝜈z𝜎

𝜇
z

)|Ψ−
𝜈
⟩

= − sin(n𝜈𝜑∕2) cosn𝜈 (𝜑∕2)

(10)

where |Ψ−
𝜈
⟩ = |+⟩V⧵{𝜈} ⊗ |−⟩𝜈 , that is, the pure product state with

every qubit in the state |+⟩ except for qubit 𝜈 which is in the

Figure 1. The ED of a single qubit, as a function of the interaction strength
(or duration), for different numbers n𝜈 of nearest neighbors. The numeri-
cal results agree perfectly with the analytical one of Equation (12).

state |−⟩. The final result stems from the fact that the only non-
vanishing terms are the ones including one and only one Pauli
matrix 𝜎𝜈

z acting on 𝜈, since ∀𝜇, ⟨Ψ|𝜎𝜇
z |Ψ−

𝜈
⟩ = 𝛿𝜇𝜈 .

Finally, the commutation relations (8) trivially imply

⟨G(𝜑)|𝜎𝜈
z |G(𝜑)⟩ = ⟨Ψ|U†

G
(𝜑)𝜎𝜈

zUG
(𝜑)|Ψ⟩

= ⟨Ψ|𝜎𝜈
z |Ψ⟩ = 0

(11)

It result that the single-qubit ED of a given qubit 𝜈 in a PGS
depends on both the interaction strength 𝜑 and on the number
n𝜈 of its nearest neighbors

E𝜈(|G(𝜑)⟩) = 1 − cos(𝜑∕2)2n𝜈 (12)

The numerical confirmation of this result is displayed inFigure 1.
As stated before, the value 𝜑 = 𝜋 corresponds to the genuine

GS, in which every non isolated qubit is maximally entangled,
regardless of the number of its neighbors. Consider a PGS close
to the genuine GS, i.e., where this typical interaction strength is
added with a small error 𝛿𝜑, we retrieve

E𝜈(|G(𝜋 + 𝛿𝜑)⟩) ≈ 1 −
(
𝛿𝜑

2

)2n𝜈

(13)

hence the qubits in a quasi GS get exponentially closer to the
maximal value of entanglement as the number of their nearest
neighbors increases; this is in agreement with previous results
presented in the literature, where it has been found that the en-
tanglement of single qubits in GS depends on the degree of the
corresponding vertex (i.e., on n𝜈).

[9,10] The only non trivial case
where the small error could be relevant is the one of a qubit with
only one link, where the correction is of o(𝛿𝜑2).
It results, as Figure 2 emphasizes, that the limit for a large

number of bounds writes

E𝜈(|G(𝜑)⟩) ←→
n𝜈→∞

{
0 if𝜑 = 2n𝜋, ∀n ∈ ℕ
1 else.

(14)

i.e., up to a null measure set of values of 𝜑, the ED of a single
qubit approaches onewhen the number of its neighbors becomes

Adv. Quantum Technol. 2023, 2300264 2300264 (3 of 8) © 2023 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH

 25119044, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/qute.202300264 by C

ochraneItalia, W
iley O

nline L
ibrary on [27/12/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

http://www.advancedsciencenews.com
http://www.advquantumtech.com


www.advancedsciencenews.com www.advquantumtech.com

Figure 2. The ED of a single qubit, as a function of the interaction strength
(or duration), for different numbers n𝜈 of nearest neighbors.

very large. In other words, even if the pairwise interaction is very
weak, the qubit-wise entanglement, in the sense of (5), can be
very close to its maximal value.
Note that, as can be seen in Figure 3 the entropy of entangle-

ment shows the same behavior and scaling as the ED, suggesting
that the later stems as a valid alternative to the former as a mea-
sure of bipartite entanglement. It also has the benefit of being
easier to compute, both numerically and analytically, as it only
requires the calculation of expectation values, in contrast with
the entropy of entanglement, which requires to compute partial
trace and matrix logarithms.

3. Correlators and the Effects of Measurement in
Graph States

We now focus on the case of genuine GS, i.e., when 𝜑 = 𝜋. In
particular, we want to compute the various two-point correlators.
We denote

U
G
:=

∏
(a,b)∈E

Uab(𝜑 = 𝜋) =
∏
(a,b)∈E

𝕀 + 𝜎a
z + 𝜎b

z − 𝜎a
z𝜎

b
z

2
(15)

Figure 3. The entropy of entanglement for a bipartition (𝜈, 𝜈C), as a func-
tion of the interaction strength (or duration), for different numbers n𝜈 of
nearest neighbors, numerically computed. The scaling and behavior of this
well known measure of bipartite entanglement is evidently very similar to
that of the ED.

From (8), we derive the commutation relations

𝜎a
xUG

= U
G
𝜎
N(a)
z 𝜎a

x

𝜎a
yUG

= U
G
𝜎
N(a)
z 𝜎a

y

𝜎a
zUG

= U
G
𝜎a
z

(16)

Note that, for two ensembles A and B, we have

𝜎A
z 𝜎

B
z = 𝜎A∪B

z = 𝜎AΔB
z (17)

where AΔB = (A ∪ B) ⧵ (A ∩ B) is the symmetric difference be-
tween sets A and B.
This operation is commutative and associative. Remark

that AΔB = ∅ if and only if A = B. Furthermore, Δ
i
Ai :=

A0ΔA1Δ⋯ΔAkΔ⋯ = ∅ if and only if ∀𝜈, there is an even num-
ber k of sets Ai containing 𝜈.
We can now calculate the correlators, taking advantage of the

fact that ∀A ≠ ∅, ⟨Ψ|𝜎A
z |Ψ⟩ = 0.

3.1. Two-Points Correlators

We start here by computing pairwise correlations.

⟨G|𝜎𝜈
x𝜎

𝜇
x |G⟩ = ⟨Ψ|U

G
𝜎𝜈
x𝜎

𝜇
x UG

|Ψ⟩
= ⟨Ψ|𝜎N(𝜈)

z 𝜎
N(𝜇)
z |Ψ⟩

= ⟨Ψ|𝜎N(𝜈)ΔN(𝜇)
z |Ψ⟩

=
{
1 if N(𝜈) = N(𝜇),
0 else

(18)

since (N(𝜈) ∪ N(𝜇)) ⧵ (N(𝜈) ∩ N(𝜇)) = ∅ if and only if N(𝜈) =
N(𝜇). In terms of graph theory, ⟨G|𝜎𝜈

x𝜎
𝜇
x |G⟩ = 1 if and only if 𝜇

and 𝜈 are twins (see Figure 4 for a visual example.).

⟨G|𝜎𝜈
x𝜎

𝜇
y |G⟩ = ⟨Ψ|U

G
𝜎𝜈
x (−i𝜎

𝜇
z 𝜎

𝜇
x )UG

|Ψ⟩
= −i⟨Ψ|𝜎N(𝜈)

z 𝜎
N(𝜇)
z 𝜎𝜇

z |Ψ⟩
= −i⟨Ψ|𝜎N(𝜈)ΔN(𝜇)Δ{𝜇}

z |Ψ⟩
= 0

(19)

because, the graph being undirected, if 𝜈 ∈ N(𝜇) then also 𝜇 ∈
N(𝜈), henceN(𝜈)ΔN(𝜇) ≠ {𝜇}, where {𝜇} is the singleton set con-
taining the qubit 𝜇 only.

⟨G|𝜎𝜈
x𝜎

𝜇
z |G⟩ = ⟨Ψ|U

G
𝜎𝜈
x𝜎

𝜇
z UG

|Ψ⟩
= ⟨Ψ|𝜎N(𝜈)

z 𝜎𝜇
z |Ψ⟩

= ⟨Ψ|𝜎N(𝜈)Δ{𝜇}
z |Ψ⟩

=
{
1 if N(𝜈) = {𝜇}
0 else

(20)
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Figure 4. Example of a graph. Here, vertices 3 and 5 are twins, 1 and 2 are
adjacent twins and 4 is a leaf.

In terms of graph theory, ⟨G|𝜎𝜈
x𝜎

𝜇
z |G⟩ = 1 if and only if 𝜈 is a leaf

vertex (or pendant vertex) attached to G through 𝜇 (see Figure 4
for a visual example.).

⟨G|𝜎𝜈
y𝜎

𝜇
y |G⟩ = ⟨Ψ|U

G
(i𝜎𝜈

x𝜎
𝜈
z )(−i𝜎

𝜇
z 𝜎

𝜇
x )UG

|Ψ⟩
= ⟨Ψ|𝜎N(𝜈)

z 𝜎𝜈
z𝜎

𝜇
z 𝜎

N(𝜇)
z |Ψ⟩

= ⟨Ψ|𝜎N(𝜈)Δ{𝜈}ΔN(𝜇)Δ{𝜇}
z |Ψ⟩

= ⟨Ψ|𝜎(N(𝜈)∪{𝜈})Δ(N(𝜇)∪{𝜇})z |Ψ⟩
=
{
1 if N(𝜈) ∪ {𝜈} = N(𝜇) ∪ {𝜇}
0 else

(21)

In terms of graph theory, ⟨G|𝜎𝜈
y𝜎

𝜇
y |G⟩ = 1 if and only if 𝜇 and 𝜈

are adjacent twins (see Figure 4 for a visual example.).

⟨G|𝜎𝜈
y𝜎

𝜇
z |G⟩ = ⟨Ψ|U

G
(i𝜎𝜈

x𝜎
𝜈
z )𝜎

𝜇
z UG

|Ψ⟩
= i⟨Ψ|𝜎N(𝜈)

z 𝜎𝜈
z𝜎

𝜇
z |Ψ⟩

= i⟨Ψ|𝜎(N(𝜈)∪{𝜈})Δ{𝜇}z |Ψ⟩
= 0,

(22)

⟨G|𝜎𝜈
z𝜎

𝜇
z |G⟩ = ⟨Ψ|𝜎𝜈

z𝜎
𝜇
z |Ψ⟩ = 0 (23)

For two arbitrary measurements, performed in the directions
determined by the unitary vectors v𝜈 and v𝜇, the correlation then
writes

⟨G|𝜎𝜈
v𝜎

𝜇
v |G⟩ = ∑

i,j=x,y,z
v𝜈i v

𝜇

j ⟨G|𝜎𝜈
i 𝜎

𝜇

j |G⟩
= v𝜈xv

𝜇
x if N(𝜈) = N(𝜇)

+ v𝜈xv
𝜇
z if N(𝜈) = {𝜇}

+ v𝜈zv
𝜇
x if N(𝜇) = {𝜈}

+ v𝜈y v
𝜇
y if N(𝜈) ∪ {𝜈} = N(𝜇) ∪ {𝜇}

(24)

where we denoted 𝜎
𝜇
v =

∑
j=x,y,z v

𝜇

j 𝜎
𝜇

j . It is fairly obvious that any
such correlator can henceforth be fully determined by a quick in-
spection of the adjacencymatrixAG associated toG. For instance,
the condition N(𝜈) = N(𝜇) is equivalent to A𝜈 = A𝜇 .
This result makes it clear that non-vanishing pairwise corre-

lations arise only for very specific connectivity properties of the
sites being considered. More precisely, graphs, which contain
neither twins, nor adjacent twins, nor leaf vertex, have only van-
ishing pairwise correlations. This is for instance the case for reg-
ular lattices.
Quite interestingly, this also implies that, in GS, most mea-

surements that can be performed on one qubit yields no infor-
mation on other qubits, and leaves the rest of the system entan-
gled. Such entangled states hence contain persistent entangle-
ment: a relatively big number of measurements are necessary to
completely break their entanglement.
One can also exploit the properties of these correlators to probe

the connectivity properties of a graph. Such a procedure could be
for instance useful to check that, in a physical apparatus realizing
the GS, the implementation of the link operators Uab was suc-
cessful and free of errors (that would be, the unwanted presence
or absence of some of them).
From the above results, checking for twins, adjacent twins and

leaf vertices will follow a fairly obvious measurement procedure.
Yet it is possible to go further and check for instance for mere
pairwise neighborhood, by removing irrelevant vertices from the
graph. To do this, we can use the well-known fact that projective
measurement of a single qubit in the direction z effectively re-
moves it from the graph, i.e., isolates it.[5] Formally,

Pa
z±|G⟩ = Pa

z±UG
|Ψ⟩ = U

G
Pa
z±|+⟩a ⊗ |+⟩V⧵{a}

=
⎧⎪⎨⎪⎩

1√
2
U

G
|0⟩a ⊗ |+⟩V⧵{a} = 1√

2
|0⟩a ⊗ |G ⧵ {a}⟩

1√
2
U

G
|1⟩a ⊗ |+⟩V⧵{a} = 1√

2
|1⟩a ⊗ 𝜎

N(a)
z |G ⧵ {a}⟩

(25)

Since 𝜎N(a)
z |G ⧵ {a}⟩ is local-unitary equivalent to |G ⧵ {a}⟩, such

projective measurement results in an equivalent statistics as the
desired GS with graph G ⧵ {a}, up to some rotations of the mea-
surement axis.
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With a few computations, it can easily be checked that

⟨G|(∏
𝜇≠a,b

P𝜇
z±

)
𝜎a
y𝜎

b
y

(∏
𝜇≠a,b

P𝜇
z±

)|G⟩
=
{
±1 if b ∈ N(a)

(
↔ a ∈ N(b)

)
0 else

(26)

It is hence enough, in order to examine the existence of a given
link (a, b), to perform a projective measurement on the rest of the
graph, or at least on the sites that may be linked to a or b, prior
to measuring the correlator ⟨𝜎a

y𝜎
b
y ⟩.

3.2. Higher Order Correlators

The inspection of higher order correlators can be used to retrieve
informations on more general properties of the graph.

3.2.1. Neighborhood Probing

Given an educated guess Ñ(𝜈) for the neighborhood of 𝜈, one can
check its validity by computing the correlator

⟨G|𝜎𝜈
x𝜎

Ñ(𝜈)
z |G⟩{1 if Ñ(𝜈) = N(𝜈)

0 else
(27)

3.2.2. Topological Probing

The correlator

⟨G|𝜎V
x |G⟩ =

{
1 if Δ𝜇∈VN(𝜇) = ∅
0 else

(28)

results in 1 if and only if every site has an even number of neigh-
bors.
Furthermore,

⟨G|𝜎V
y |G⟩ =

{
i|V| if Δ𝜇∈V

(
N(𝜇) ∪ {𝜇}

)
= ∅

0 else
(29)

results in±1 if and only if every site has an odd number of neigh-
bors. It is 1 if |V| mod 4 = 0, −1 if |V| mod 4 = 2.
Euler’s handshaking lemma states that, in any undirected graph,

there is always an even number of vertices 𝜈 such that n𝜈 is
odd. This guarantees that, as expected, this correlator never takes
imaginary values.
In particular, if both (28) and (29) are null, G is not a regular

graph (i.e., for which ∃k ∈ ℕ such that ∀𝜈, n𝜈 = k). For instance,
it can’t be a lattice with periodic boundary conditions.

3.3. Relation to Measurement Processes

As already mentioned in the introduction, GS were proposed as
a support for measurement-based quantum computation. To this

aim, the system is first prepared in a GS of which the associated
graph G(V, E) is a regular lattice (usually, a finite square lattice).
Then, a quantum circuit is built from this state by performing
series of local projective measurements.
Hereafter, we thus investigate the effects of such measure-

ments on the overall state, in the light shed by the above results.
As noticed in Ref. [16], if the expectation value of a product of

Pauli observables (i.e., any product of Pauli matrices) on a given
pure state |s⟩, i.e., a generalized correlator, equates 1, then these
observables are equivalent with respect to this state. Namely, they
act on the state in the same fashion, and the associated projective
measurements are themselves equivalent.
Formally, for any couple of observables A, B such that A2 =

B2 = 𝕀, ⟨s|AB |s⟩ = 1 implies

AB |s⟩ = |s⟩
B |s⟩ = A |s⟩
PB |s⟩ = PA |s⟩
PB |s⟩ = PBPA |s⟩

(30)

where PO = 1
2
(𝕀 +O) are projectors onto the eigenstates of O of

eigenvalue +1.
The projective measurement of A is thus equivalent to that of

B.
For instance, Equation (18) implies that, if 𝜇 and 𝜈 are twin

vertices, the projective measure of 𝜎𝜈
x is equivalent to that of 𝜎

𝜇
x .

The case of higher order correlators leads to somewhat less
trivial observations. Consider a measurement of 𝜎𝜈

x with an out-
come of +1. Formally, this corresponds to applying the projector
P𝜈
x =

1
2
(𝕀 + 𝜎𝜈

x ) to the GS |G⟩, up to renormalization. Yet Equa-
tion (27) together with Equation (30) tell us that this is in fact
equivalent to applying PN(𝜈)

z = 1
2
(𝕀 + 𝜎

N(𝜈)
z ). Notice that the latter

projector is a non-local one, as it can’t be written as the product
of local single-qubit projectors; its effect is to project |G⟩ onto the
subspace {|𝜑⟩s.t. 𝜎N(𝜈)

z |𝜑⟩ = |𝜑⟩}.
Non-locality implies that it does not correspond in itself to any

physical measurement process, and rather stems as an entan-
gling operation. It may indeed map a product state to an entan-
gled state.
Let us examine further the effect of this projector on a GS.

Omitting the renormalization factor, we obtain

P𝜈
x |G⟩ = PN(𝜈)

z |G⟩ = PN(𝜈)
z U

G
|Ψ⟩ = U

G
PN(𝜈)
z |Ψ⟩

= 1
2
U

G
|+⟩V⧵N(𝜈) ⊗ (|+⟩N(𝜈) + |−⟩N(𝜈)) (31)

It results that, as can also be seen by considering the commu-
tation relations (8), the operation U

G
P𝜈
xUG

effectively entangles
every qubit 𝜇 ∈ N(𝜈) in a state local-unitary equivalent to the
Greenberger–Horne–Zeilinger state of n𝜈 qubits, a prototypical
case of maximally entangled state.

3.4. Remarks on the Simplicity of Data Analysis

In an ideal setting, relatively few measurements should, in prin-
ciple, be enough to compute all of these correlators.

Adv. Quantum Technol. 2023, 2300264 2300264 (6 of 8) © 2023 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH
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This is due to the fact that, for perfect GS, their outcomes can
only be 1, −1, or 0. Yet the measurement of a Pauli observable
can only result in outcomes of ±1, whether it is a single-qubit or
a multi-qubit (i.e., correlator) observable.
Hence if the statistics yields, for a given Pauli observable P,

an expectation value of ⟨G|P|G⟩ = 1, we expect to measure only
ones. It is thus enough to have measured a single −1 to conclude
that ⟨G|P|G⟩ = 0. The same reasoning obviously applies to the
case of opposite value ⟨G|P|G⟩ = −1.
Conversely, if the statistics yields an expectation value of 0,

the probability of a measurement outcome ±1 is 1
2
, hence a uni-

form series of measurement outcomes becomes exponentially
less likely as the number of measurement M grows. Precisely,
if the value 1 has been measuredM times in a row (and the value
−1 has never been measured) the statistics yields ⟨G|P|G⟩ = 1
with a probability of 1 − 1

2M
. Hence one would need at most

M = − log2 (𝜖) measurement samples to retrieve the true statis-
tics with a confidence of 1 − 𝜖.
In a quasi GS (i.e., 𝜑 = 𝜋 + 𝛿𝜑), the link operators write

Uab(𝜋 + 𝛿𝜑) = Uab 𝛿Uab, with

𝛿Uab = 𝕀 − i
𝛿𝜑

4

(
𝕀 − 𝜎a

z − 𝜎b
z + 𝜎a

z𝜎
b
z

)
(32)

up to o(𝛿𝜑2). The resulting commutation relations write

𝜎a
kUab 𝛿Uab = Uab 𝛿Uab

(
𝜎b
z + i

𝛿𝜑

2
𝜎a
z − i

𝛿𝜑

2
𝜎a
z𝜎

b
z

)
𝜎a
k (33)

for k = x, y, while [𝜎a
z , Uab 𝛿Uab] = 0.

Yet expectation values are always real, thus only even powers
of i𝛿𝜑 can appear in their final expression.
It results that the error on the correlators computed above is at

most of order o(𝛿𝜑2).

4. Conclusion

Throughout this work, we have developed a new approach to
characterize GS. This approach is complementary to the stabi-
lizer formalism widely used in the quantum computing commu-
nity. While the stabilizer approach is a powerful tool for the anal-
ysis and construction of quantum algorithms with GS, the ap-
proach we propose relies on quantities, such as correlators, with
a more straightforward interpretation.
Formally, a pure quantum state constitutes a statistical distri-

bution for all possible measurement outcomes. As such, it is
entirely determined by its statistical moments. In other words,
knowing all possible expectation values and correlators of a state
is equivalent to knowing thewhole state. Although characterizing
a pure state solely through expectation values may seem unrea-
sonable from a computational point of view, a number of relevant
partial informations can be obtained this way.
Correlators possess the desirable property of being both eas-

ily calculable and physically meaningful. In fact, they allow en-
coding the complexity of a graph state in terms of experimen-
tally accessible quantities, revealing the structure of interactions
between the composing qubits. Using this framework, we have
been able to highlight simple relations between correlators and
the connectivity properties of the graph defining a given graph

state. The presented results offer a toolbox to investigate the topo-
logical structure of GS that can be used to verify the presence of
local errors in their physical implementation.Moreover, since GS
represents a universal resource for quantum computations, these
results can be exported to any other universal resource, provided
the appropriate mapping is carried out.
Furthermore, we have showed that correlators have the addi-

tional advantage of highlighting when pairs of projective mea-
surements are equivalent with respect to a given state. This pro-
vides a new approach to understanding the effects of projective
measurements on GS, revealing how multipartite entanglement
emerges from simple binary interactions. Additionally, it could
potentially enable determining simpler ways to implement quan-
tum gates.
A follow-up to this work would be to thoroughly examine

the formal connections between stabilizer-based and correlator-
based approaches to improve the characterization of GSs and
their structure.
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