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Introduction
Duccio Pianigiani

Proof theory begins where recursion
theory ends.

Georg Kreisel

These lecture notes constitute an excerpt of the contents of the course ‘Formal Systems’ taught
by me for the master’s degree course ‘Applied Mathematics’ and partly for the ’Language and Mind’
master’s degree course at the University of Siena, so it was created with an educational purpose,
albeit for second-level courses. They are mainly oriented towards applications of Proof Theory
(one of the macro-areas into which Mathematical Logic is divided) to Computability Theory and
Computational Complexity Theory, albeit with inevitable entanglements with Model Theory and
with Category Theory. Preliminary, I focus on some classical results concerning formal arithmetic,
dating back to the classical era of the 1930s and 1940s, then in subsequent chapters inviting
a comparison with more recent results. In this regard, I strongly emphasise the acceleration
imparted also to logical study by the development of computer science: in addition to decidability
in principle, indeed, computer science has forced attention to be paid to the classification of
mathematical problems according to their degree of difficulty and the computational means that
can be used in practice. I share the view that sees a continuity with Hilbertian foundational
research, i.e. his finitism, or more broadly the various trends of the constructive mathematics (i.e.
which requires a more explicit characterisation of proofs than classical mathematics) and these
most recent developments which led to a narrower form of finitism, although only a few so-called
’ultraintuitionists’ such as van Dantzig, Mannoury or Yessenin-Volpin had previously gone indeed
so far as to consider exponentiation problematic before the contributions, between the 70s and the
80s, notably by Rohit Parikh and Edward Nelson. These led to the creation of the research area of
Bounded Arithmetic and to the discovery of important connections to Computational Complexity.
Central has become the (unsolved) question of whether P = NP, already formulated in nuce in the
1950s independently by Kurt Gödel and John Nash. Lastly, I outline some (in my opinion) relevant
developments in the approach to classical problems such as incompleteness, that have provided a
bridge to other areas of science beyond Mathematical Logic, as the emergence of the phenomenon
of incompleteness in specifically mathematical (and not metamathematical) contexts, and in the
field of information theory and algorithmic randomness. Far from thinking that this would be
an exhaustive introduction, I also devote space to the deep connections between constructive
(intuitionistic) logic, type theory (i.e. programming) and that great unifying theory of mathematics
constituted by Category Theory. For reasons of space, I have not been able to go into all the
topics in depth, but each chapter contains extensive bibliographical references and suggestions
for independent study. The text could not be entirely self-contained and presupposes a certain
familiarity with the first-order logic. For all preliminary notions I invite the reader to consult the
very comprehensive, collective, free online handbook https://openlogicproject.org/

This publication was made possible thanks to the specific contribution of the University of Siena
for its support of Open Access.
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1. From decidability to feasibility

1.1. Prerequisites: the language of first-order logic

We can introduce first-order languages through the concept of signature. Once the logical
symbols ¬ = not, ∧ = and, ∨ = or, →= if...then, ∃ = for some, ∀ = for all have been
established. The signature is essentially the list of non-logical symbols of the language; more
formally, it is a quadruple 〈F ,P, C, ar〉, where F is the set of functional symbols of the language,
P is the set of relational symbols, C is the set of constant symbols, and ar is a function that
assigns each functional or predicative symbol its arity. For example, in the theory of ordered rings
F = {+,−, ·}, P = {≤} and C = {0, 1}; in Peano’s first-order arithmetic theory, F = {S,+, ·},
R = {≤} and C = {0}; in Zermelo-Fraenkel first order set theory, R = {∈} and no constant or
function symbols occurs. With regard to a particular relation, namely identity (or equality) =,
there are two options:

1. (More common) Include this relation among the logical symbols and always interpret t = s as
“t and s denote the same object”, considering the identity axioms as logical rules (theories
with identity).

2. Consider = as a binary relation of the signature, interpretable as a set of pairs of elements of
the domain, adding, however, axioms that specify that this relation must be an equivalence
and a congruence (theories without identity).

Terms are builded from function symbols, constant symbols and variables. Thus, any constant
c and variable x are terms, and if t0, ..., tn are terms and f is a symbol of -arity n, then f(t0, ..., tn)
is a term. Atomic formulas are defined to be of the form P (t0, ..., tn) where P is a k -ary relation
symbol of the signature. In particular, for t, s terms, t = s is an atomic formula. More complex
formulas are inductively defined from atomic formulas and logical constants; hence any atomic
formula is a formula, and if α and β are formulas, then so are (¬α), (α ∧ β), (α ∨ β), (α → β), ∀xα
and ∃xα.

We therefore introduce Tarski’s semantics for first-order logic in a somewhat pedantic manner,
starting from the notion of realisation. A realisation is a pair U = 〈A, ρU 〉, where:

1. A is a non-empty domain of objects (the universe of discourse).

2. ρU is function that assigns a meaning to every constant of the language, whether individual,
functional or predicative, while assigning to variables only a domain of variation, i.e. A.

Logics that admit empty domains and terms that do not denote any object are called ‘free logics’.
They also admit terms t that denote objects outside the (non-empty) domain for which, clearly,
the principle ∀xφ(x) → φ(t) is not acceptable in the aforementioned domain. More precisely, a
classical realisation satisfies these conditions:

1. For each individual constant ci of the language,ρU (ci) is an object of A, which we will denote
by cUi .

2. For each functional symbol fi, ρU (fi) is an operation of the same -arity as fi on A, which we
also denote by fU

i .
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3. For each predicative symbol Pi, ρU (Pi) is a relation of the same -arity as Pi on A, which we
denote by PUi . In particular, if ρU (=) is precisely the set of pairs < a, a > of elements of A,
we say that it is a normal realisation.

4. For each variable xi, ρU (xi) = A.

Other presentations can be found in the scientific literature. For example, we can consider the
structure (of the same signature as the language) obtained by explicitly writing, instead of ρ,
the interpretations of the relational and functional symbols and constants according to ρ. If
ρ(Ri) = RUi , ρ(fi) = fUi , ρ(ci) = cUi . We will denote the realisation as follows:

U = 〈A,RU0 , ..., RUn , fU0 , ..., fUm, cU0 , ..., cUk 〉

Hence, many presentations start from the concept of an algebraic-relational structure of a certain
signature and a language for this structure, i.e. a language of the same type of similarity. Notice that
so far, having established a realisation, we are only able to interpret closed terms and statements
in the strict sense. Open formulas are defined as those containing free variables. They are either
satisfied or not, depending on how the free variables are interpreted in a given domain. Following
the most orthodox approach, we give a simultaneous interpretation σ of all variables: by evaluation
in A we mean a function σ : V ar −→ A, i.e. an infinite sequence σ = 〈σ(x0), σ(x1), σ(x2), ......〉
of objects of A. Since we do not know in advance which variables might appear in a formula,
the simplest solution is in fact to require that an assignment assigns values to all variables. By
xi-variant of σ we mean a sequence:

σ(a/xi) = 〈σ(x0), σ(x1), σ(x2), ...σ(xi−1), a, σ(xi+1)...〉

that is, a function that differs from σ only in the value it assigns to xi. The evaluation of terms,
induced by σ in a realisation U is the following:

1. ρσU (ci) = ρU (ci) = cUi , for every constantci.

2. ρσU (xi) = σ(xi), for every variablexi.

3. ρσU (f(t0, ..., tn)) = ρU (f)(ρσU (t0), ..., ρσU (tn)).

To formally define the notion of truth, we must first establish the meaning of the variables.
At this point, however, we are able to evaluate the formulas; we arrive at the notion of truth,
following Tarski, by passing through the relation of satisfaction. Some key notions of semantics
will be the following:

1. Satisfiability: φ is satisfiable in U if there exists some assignment σ to the variables that
satisfies φ in U (notation U |=σ φ)

2. Truth: φ is true in U if and only if it is satisfied by every σ (notation U |= φ).

3. Validity : φ is universally valid if and only if it is true in every realisation (notation |= φ).

The statements, which in this context are properly thoseformulas that are free of variables, will
have the characteristic of being satisfied by all assignments, or not satisfied by any assignment of
value to the variables, with respect toa certain realisation. A statement will be said to be true in
ρU , or false in ρU .

We define the satisfaction relation σ satisfies φ in U(notation ρσU |= φ, or more commonly
U |=σ φ), inductively, through the following clauses:

1. U |=σ Pi(t0, ..., tn) if and only if 〈ρσU (t0), ..., ρσU (tn)〉 ∈ ρσU (Pi)
2. U |=σ ¬ψ if and only if U 6|=σ ψ
3. U |=σ φ ∧ ψ if and only if U |=σ φ and U |=σ ψ (similarly for ∨)
4. U |=σ φ→ ψ if and only if U |=σ ¬φ or U |=σ ψ
5. U |=σ ∃xjφ if and only if U |=σ(a/xj) φ for some a ∈ U .

8



From decidability to feasibility

6. U |=σ ∀xjφ if and only if U |=σ(a/xj) φ for every a ∈ U .
By the Coincidence lemma, if σ, τ are two assignments that coincide on the free variables of t.

Then ρσU (t) = ρτU (t). Furthermore, if σ, τ are two assignments that coincide on the free variables of
a formula φ, then U |=σ φ if and only if U |=τ φ. In particular, if φ is a statement, i.e. it has no
free variables, then if U |=σ φ for some σ, then U |=σ φ for every σ. Note that two assignments
σ, τ clearly coincide in assigning values to all variables in the set X, if X è empty. A statement
is therefore true in all evaluations associated with a given realisation, or it is not true in any of
them (“true in ρU ”, or “false in ρU ”). A formula φ can be satisfied by all the evaluations associated
with a given realisation (we will write U |= φ and say that it is true in that realisation), by none
of them, or only by some of them. A formula φ is universally (or logically) valid if it is true in all
realisations. As regards deductive systems, in this volume we will introduce those most commonly
used in Proof Theory, i.e. those à la Gentzen (many rules and few axioms). However, it is useful to
recall a typical axiomatic presentation (in Frege-Hilbert style), consisting of many logical axioms
and few deduction rules. In axiomatic derivations, a sequence of sentences counts as a correct
derivation from a set of hypothesis, if every sentence in it either is an axiom, or is an element
of the given set of hypothesis, or come from previous formulas of the sequence by a rule of the
calculus. Let us give a typical example of axiomatisation:

1. p0 → (p1 → p0)
2. (p0 → (p1 → p2))→ ((p0 → p1)→ (p0 → p2))
3. (p0 ∧ p1)→ p0

4. (p0 ∧ p1)→ p1

5. p0 → (p1 → (p0 ∧ p1))
6. p0 → (p0 ∨ p1)
7. p1 → (p0 ∨ p1)
8. (p0 → p2)→ ((p1 → p2)→ ((p0 ∨ p1)→ p2)
9. (p0 → p1)→ ((p0 → ¬p1)→ ¬p0)
10. ¬¬p0 → p0

Propositional rules:
φ φ→ ψ

ψ

φ

φσ

namely Modus Ponens and uniform substitution, where σis a substitution: 1) pσ = σ(p); 2)
⊥σ = ⊥; 3) (φ ∧ ψ)σ = φσ ∧ ψσ (analogously for other connectives). Alternatively, due to the
fact that every formula derivable from 1)-10) can be derived by applying the substitution rule
only to the axioms, axioms are very often given as axiom schemes, i.e. replacing propositional
variables with metavariables to represent infinitely many individual axioms, incorporating, so to
speak, the substitution rule, which will therefore be omitted. By removing axiom 10, we obtain
the Intuitionistic Propositional Calculus IPC.

First-order extension. In this case, we add some additional axioms and rules to the axiomatic
basis of propositional calculus:

∀xφ(x)→ φ(t) φ(t)→ ∃xφ(x)

and rules:
φ→ ψ(z)

φ→ ∀xψ

universal generalization where where z does not appear among the free variables of φ.

φ(z)→ ψ

∃xφ→ ψ

existential generalization where z does not appear among the free variables of ψ. In fact, there
are many (obviously equivalent) ways to axiomatise classical first-order logic. Often, only axioms

9
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for implication and negation are given, plus those for the universal quantifier, since connectives,
like quantifiers, are interdefinable. This is not the case for intuitionistic logic, where the above-
mentioned logical operators are all independent and that is why we have reported an axiomatisation
for the full language. We use the symbology “Γ ` φ” to indicate derivability from hypothesis in
the set Γ (perhaps empty) in a given deductive system, of the formula φ. For systems that satisfy
axioms 1. and 2., the deduction theorem holds:

Γ ∪ {γ} ` ψ ⇒ Γ ` γ → ψ

In this volume, we will also discuss classical modal logic systems, i.e., extensions of this logic with
operators � = necessarily and ♦ = possibly. The semantics for this logic are those of Kripke
models. The prerequisites will be provided at the time.

1.2. The concept of formal system

The discovery of antinomies in naïve set theory led many matematicians in the early 20th
century to abandon Cantor’s idea of the actual infinite and set-theory. On the contrary, the eminent
logician and mathematician David Hilbert, one of the most remarkable figures in mathematics of
the entire century, believed that “Cantorian paradise” (i.e. set theory) had to be defended, and
considered it his personal duty to defend mathematics against skeptics, clarifying and justifying the
mathematician’s use of the infinite. Hilbert’s reaction to the antinomies concerning the existence
of certain sets, was to claim that a set of mathematical objects (e.g. set of all real numbers)
exists only if we can prove that the corresponding axiom system for them is free of contradictions,
and a proof of this has to be done combinatorially or constructively. Infinitary mathematics
must be based on safe finitary mathematics, but what is the finitary, in some sense (essentially
kantian) intuitive mathematics? Skolem’s Primitive Recursive Arithmetic PRA, for example, was
a candidate to embody the finist methods. Actually there are many different versions of this
theory. Among the most common is this one: the first-order language of PRA contains symbols
for any primitive recursive function and the relative recursive defining axioms. In this extended
language, the theory allows for induction over open formulas. We will see also that we may think
of it as the theory IΣ1 in the more restricted language of Peano Arithmetic. In Tait (1968),
the author argues that finitist arithmetic coincides with PRA, even though this identification is
largely conventional and disputable. However, after the discovery of Gödel’s incompleteness results,
wanting to keep the core of this programme, as we will see, it was necessary to expand Hilbert’s
finististic standpoint. Many issues we will deal with have arisen during the controversy around the
legitimacy of abstract objects as the infinite sets, which led on the other hand to the clarification
of the concept of finite, effective, algorithmic procedures. Hilbert never formulated his program
exactly, however, in a nutshell, we can say that it consisted of the following steps:

1. Formalize all infinitistic mathematics in an higher-order formal system of mathematical logic.

2. Show the consistency of this system with finitist tools, which have purely combinatorial
character. We will see that this implies the elimination, in principle, of the ideal objects (e.g.
uncountable sets) from the proof of concrete, “real” statements (certain universal sentences
∀xψ(x), where ψ(x) is a decidable predicate): the justification for the infinitary mathematics
lies in its conservativity over real, finitisitically meaningful mathematics.

Gödel’s second incompleteness theorem (1931) showed that this program was unattainable: no
consistent, recursively axiomatized system that contains sufficient mathematics proves its own
consistency. The first incompleteness theorem, on the other hand, showed that for a wide class of
formal theories, there are true sentence that can be expressed in the language of these theories,
but that are neither provable, nor refutable in them. Lastly, Hilbert and Ackermann in 1928 also
formulated the Entscheidungsproblem (thet means “decision problem”), i.e. the problem of devising
an algorithm for deciding the validity of statements of first-order logic, but in 1936, Alonzo Church
and Alan Turing independently showed that a general solution to this problem is impossible. To
show this, they gave a deep formal treatment of the intuitive notion of “effectively computable
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method” which gave rise to the modern abstract models of computation, which we will account
for in the book. This section is devoted to recalling some fundamental metatheoretical concepts
related to formalised mathematical theories.

Formal mathematical theories. A formal mathematical (first order) theory is given by the
following ingredients:

1. A first order language L.
2. A set of logical axioms (formulas of L).
3. A set of inference rules.
4. A set T of formulas containg the logical axioms and closed under the inference rules, i.e. if

Γ ⊆ T and φ is a formula of the language derivable from Γ by means of the logical axioms
and the inference rules (write Γ ` φ), then φ ∈ T.

5. If a set Γ exists such that T = {φ|Γ ` φ}, then Γ is a set of non-logical axioms for T and T is
the set of theorems. As usual, we will write T ` φ to mean that φ is derived from the axioms
of T by means of logical axioms and inference rules of the theory.

In this book we will actually favour formal systems in the style of Gentzen, i.e. many rules and few
axioms (see on p. 174). For an axiomatic theory T, let Thm(T) = {φ|T ` φ} the set of theorems
and Ref(T) = {φ|T ` ¬φ} the set of refutable sentences. We say that the theory T is consistent
iff Thm(T) ∩ Ref(T) = ∅. We say that T is syntactically complete if for each sentence φ of the
language of T, either φ ∈ Thm(T), or φ ∈ Ref(T). We say that T is decidable, if the set Thm(T)
is algorithmically decidable. Lastly, we say that S is an extension of T iff the language of T is a
subset of the language of S and all theorems of T are also theorems of S.

Among the various meanings in logic of the word “completeness” it is worth remembering the
following:

1. Syntactic completeness. An axiomatic theory is complete in this sense, if for all sentence of
its language φ, either φ, or ¬φ is a theorem of it.

2. Completeness with respect to the truth. If for instance T = PA, then, if φ is true in the
standard (intendend) model N of natural numbers, then it is a theorem of T.

3. Semantic completeness. A sentence φ is a theorem of a certain theory, if and only if it is true
in all models M of that theory. First order theories are complete in this third sense.

Gödel’s first theorem states that for many theories, even weaker than PA, properties 1. and 2. do
not apply.

Decidability . A theory is called decidable if the set of its theorems, i.e. the sentences derivable
in it, is decidable, that is, there is a mechanical procedure which enables one to decide whether an
arbitrary given sentence of the language of the theory is a theorem or not. A theory is axiomatizable
if there is a decidable set of axioms for it. If a theory is axiomatizable and syntactically complete,
then it is decidable, although the converse does not always hold: there are incomplete theories
which are decidable (for instance, the theory ACF of algebraically closed fields is decidable, but not
complete: it becomes complete when we fix the characteristic and we get an ACFp). All theories
which contain Robinson arithmetic Q (see below) or that interpret it are both incomplete and
undecidable. Contrasting with the undecidability of Q we have Tarski’s decidability result of the
theory of ordered Real Closed Fields.

Axiomatizability. The theory Q is finitely axiomatized. However, the set of axioms of our
formal systems will be often infinite, but we will be able to determine by an effective (algorithmic)
procedure whether a certain formula is an axiom or not, namely, the theory will be recursively
axiomatizable. Or, at least, we will be able to enumerate all and only the axioms: we say in
this case that the theory has a recursively enumerable set of axioms. Craig’s theorem (see p. 69)
clarifies the connection among these alternatives.

Theorem 1. If a theory T is recursively axiomatizable (often called simply “axiomatizable”) and
syntactically complete, then is decidable.

Proof. Recall that if a theory is axiomatizable, then the set of its theorems is recursively (or
“computably”) enumerable (see e.g. Enderton (2001) 156-57). Suppose now T is complete and has
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a computable set of axioms. If T is inconsistent, it is clearly computable (Algorithm: “just say
yes”). If T is consistent, to decide whether or not a sentence φ is in T, simultaneously search for a
derivation of φ from T and a derivation of ¬φ. Since T is complete, you are bound to find one or
the other; and since T is consistent, if you find a derivation of ¬φ, there is no derivation of φ.

QED

The complete theory of a model.
As we have already mentioned in the prerequisites, a structure (or model) U for a first-order

language consists of a non-empty domain equiped with distinguished relations, functions and
designed individuals on it, that interpret respectively the relational, functional and constant
symbols of the language. We denote Th(U) the so-called complete theory of the model U , namely
the set of true sentences defined on it. Clearly, if L is the language of the model, then for any
φ ∈ L, either φ ∈ Th(U), or ¬φ ∈ Th(U). It is typical in this regard to contrast these two historical
results:

1. First order theory of Real Closed Ordered Fields RCOF is recursively (or effectively) axioma-
tizable and complete in the first sense. For a celebrated theorem due to Tarski:

RCOF = Th(〈R,+,−, ·, 0, 1, <〉)

2. The first Gödel theorem, states at the opposite that no consistent, effectively axiomatizable
and sufficiently powerful theory of arithmetic is complete in the first two senses. Hence
Th(〈N,+, ·, S, 0〉), although complete, is not effectively axiomatizable.

The First Incompleteness Theorem can be actually formulated as follows.

Theorem 2. (Gödel 1931) There is no decidable set of axioms for the complete theory of the
standard model.

Proof. If a theory is consistent and represents (or binumerates) all computable functions1, then
is undecidable. If a theory is axiomatizable and complete then is decidable. Then if a theory
is consistent, axiomatizable and represents all recursive functions, it cannot be complete. Now
consider that the complete theory of the standard model is complete and represents all computable
functions: hence cannot be axiomatizable. QED

For “sufficiently powerful theories”, we will mean extensions of the theory of formalized arithmetic
theory Q (Robinson Arithmetic), a finitely axiomatized theory in the language L = {0, S,+, ·}
whose axioms are2:

1. Sx 6= 0
2. Sx = Sy → x = y

3. x+ 0 = x
4. x+ Sy = S(x+ y)

5. x · 0 = 0
6. x · Sy = x · y + x

7. x 6= 0→ ∃y(Sy = x).

In we replace axiom 7. with the axiom scheme of induction:

φ(0) ∧ ∀x(φ(x)→ φ(Sx))→ ∀xφ(x)

we get the theory (not finitely axiomatizable) called “first-order Peano arithmetic”, denoted by PA.
Strong fragments of Peano Arithmetic. Recall this classification of formulas (here of the

language of PA), called Arithmetical Hierarchy. A formula is called a bounded formula if it
contains only bounded quantifiers ∀x ≤ t or ∃x ≤ t. The set of bounded formulas is denoted ∆0.
For n ≥ 0 the classes Σn and Πn of first-order formulas are inductively defined by:

1 For instance, Odifreddi (1989-1999), 40-1 uses the terminology “represents, weakly represents“ , while in Hájek
and Pudlák (1993), 155 is used the terminology “binumeratess, numerates”.

2 Hoping not to cause confusion, and to avoid further burdening the notation, we will use in all the book the
symbol “=” for equality, for conversion and to mean equal by definition. We hope the reader will grasp the
different meanings intuitively.

12



From decidability to feasibility

1. Σ0 = Π0 = ∆0,
2. Σn+1 is the set of formulas obtained by prepending an arbitrary block of existential quantifiers

and bounded universal quantifiers to Πn-formulas.
3. Πn+1 is the set of formulas obtained by prepending an arbitrary block of universal quantifiers

and bounded existential quantifiers to Σn-formulas.

We want to point out that the correct notation would be for example Π0
n and Σ0

n where the
superscript “0” means that we are talking about first-order formulas (while the superscript “1”
would mean that we are talking about second-order formulas). If we do not write anything it
will be implicit that we are talking about first-order formulas. Recall that in classical logic it
is possible to rewrite formulas to bring all quantifiers to the front (prenex normal form), hence
each formula is in one of the above form. A formula is ∆n in the considered theory (e.g. PA) if
it is provably equivalent in the theory to both a Σn formula and a Πn formula. Note that if a
formula is in Πn, then is also in Σn+1. A corresponding hierarchy of subtheories of PA is defined
by restricting the induction axiom to a fixed level of the arithmetic hierarchy. We denote IΣn

Peano Arithmetic with induction restricted to the class Σn.
The so called strong fragments of Peano Arithmetic, denoted by IΣn, or IΠn, for n > 1,

are obtained by restricting the induction schema to the classes Σn, resp. Πn. These fragments
are finitely axiomatizable (see Hájek and Pudlák (1993), 77-81) because there exists a universal
formula for them (this is not the case for the full PA). A universal formula for Σn is a Σn−formula
Ψ(x, y) such that for each Σn− formula θ(x) there exists a number e such that:

IΣ1 ` θ(x)↔ Ψ(x, e)

where e =

e−times︷ ︸︸ ︷
SSS...S0. Hence we can collapse infinitely many instances of induction in a unique

axiom:
∀y(Ψ(0, y) ∧ ∀x(Ψ(x, y)→ Ψ(x+ 1, y))→ ∀xΨ(x, y))

Why the theory Q? This theory was introduced by Raphael Robinson in 1950 and in fact, it
is not adequate to the formalization of arithmetic, due to the absence of the induction principle.
However we will see what is the tecnical reason of interest: it binumerates the recursive functions
(see 1). We will see that Q, although very weak, still is essentially undecidable (all consistent
extensions of it are also undecidable).

It should be remarked that we can go much weaker in complexity, e.g. by considering a theory
named R, introduced in Tarski, Mostowski and Robinson (1953) which is strictly weaker than Q, is
still essentially undecidable, binumerates the recursive functions, but is not finitely axiomatizable.
In some way Q is a minimal finitely axiomatizable theory in which every recursive function is
“binumerable” or (“representable”). The importance of this theory is also due to foundational
reasons in the current debate on constructive mathematics, where some go beyond the traditional
finitist or intuitionist positions. For them, it represents a sort of paradigm. In this respect, it is
worth mentioning the influential Nelson (1986) where the interpretability in Q is synonymous
with safety . The author’s radical finitism poses a barrier in the totality of exponentiation, a fact
he didn’t believe in. His strictly finitist program implies the denial of the existence of certain
large natural numbers as 265536 and claims that we should try to develop mathematics under the
assumption of the denial of the totality of exponentiation. We will see (Parikh’s theorem 111) that
the totality of exponentiation cannot be proved in very weak theories.

A theory is essentially incomplete if all its recursively axiomatizable extensions are incomplete.
Gödel (Rosser) theorem in fact says that a certain weak base theory Q is essentially incomplete (i.e
also incompletable) in the first two sense. Robinson proved that Q is also essentially undecidable, i.e.
that any consistent theory that extends (or interprets) Q is undecidable. A proof of incompleteness
that uses these properties of recursively enumerable and recursive sets rather than self-reference
can be called structural.

No axiomatic subtheory of Q obtained by removing any one of its axioms remains essentially
undecidable (see Tarski, Mostowski and Robinson (1953)). Let us remove for example the axiom
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S(x) = S(y)→ x = y. Call Q− the theory thus obtained and consider the structure:

M = 〈{0, 1}, 0, S,+, ·〉

where 0 and · have their usual meaning, but S(0) = S(1) = 1; 0 + 0 = 0 and

x+ y =

{
0 if x = y = 0

1 if x = 1 or y = 1
(1)

Note that all the other axioms are true in this structure. Let Th(M) the set of sentences true
in this structure, observing that it is an extension of Q− and it is decidable: indeed it proves

∀xφ(x)↔ φ(0) ∧ φ(1), ∃xφ(x)↔ φ(0) ∨ φ(1)

The statement that first Incompleteness theorem by Gödel holds for the consistent axiomatizable
theory T is actually equivalent to the each of the statements: “T is essentially incomplete” and “T is
essentially undecidable”. The equivalence depends in particular on the facts that every incomplete
decidable theory has a consistent, decidable complete extension in the same language, and that it
is well known that every consistent axiomatizable and complete theory is decidable (if the theory
is not consistent, the algorithm tha decides it is the one that says always YES; otherwise, being
the theory axiomatizable, we can effectively make a list of its correct derivations: if a sentence
does not appear in the list, since the theory is complete, it will appear its negation) .

In more recent years (see, among others, Visser (2009)), attention has also been paid to the
“other” Robinson arithmetic R, axiomatized by the following schemes (where the language is
0, S,+, ·,≤ and the numerals n are defined by means of the successor S):

1. m+ n = m+ n
2. m · n = m · n
3. m 6= n, if m 6= n.
4. ∀x(x ≤ n→ x = 0 ∨ ... ∨ x = n)
5. ∀x(x ≤ n ∨ n ≤ x)

If we remove the axiom 5. the remaining theory R0 is no longer essentially undecidable. However,
if ≤ is not assumend as primitive and x ≤ y is defined as ∃z(z + x = y), then the theory R0 is
still essentially undecidable. If in axiom 4. we put ↔ in place of the implication, the theory is
essentially undecidable, but not minimal essentially undecidable (for a more detailed discussion,
see Jones (1983)).

The theory R is intepretable (in the sense of the definition on p. 112) in Q, but not viceversa:
if Q were interpretable in R, then it would be intepretable in a finite fragment of R, but finite
fragments of R have finite models (“locally finitely satisfable”) where, on the contrary, Q has only
infinite models.

Theorem 3. (Ryll-Nardzewski 1952) There is no finite set of axioms S of the language of PA,
such that S ` φ if and only if PA ` φ.

Proof. A direct argument appeals to Gödel’s second result: reasoning by contradiction if PA
were finitely axiomatizable, and therefore had finite instances of theinduction axiom, then would
be equivalent to some IΣ0

k, i.e. PA, with the induction restricted to formulas of the form
∃x0∀x1∃x2...Qxk−1θ for some fixed k. However it is provable that PA ` Con(IΣ0

k), for all k.
Hence we would have IΣ0

k ` Con(IΣ0
k), in other words PA ` Con(PA), against Gödel’s second

theorem. QED

The first order logic has earned only with time the fame of “standard logic”. From a famous
theorem in Lindström (1969), we now know that countable compactness and downwards Löwenheim-
Skolem characterize first-order logic, in the sense that it is the strongest logic to fulfils both,
where:
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1. Compactness (K. Gödel 1930, A. I. Malčev 1937)): “Γ has a model iff each of its finite subset
Σ ⊆ Γ has a model”, and

2. Löwenheim-Skolem theorems (L. Löwenheim 1915, T. Skolem 1920):

(a) (Löwenheim-Skolem downwards). Let Σ a set of sentencese of the first order language L
and let its cardinality |L| = κ; let κ < λ. If Σ has a model of cardinality λ, then Σ has a
model of cardinality κ ≤ α < λ.

(b) (Löwenheim-Skolem upwards). Let Σ a set of sentences of the first order language L and
let its cardinality |L| = κ. If Σ has a model of cardinality λ ≥ κ then Σ has also a model
of cardinality µ, for all µ ≥ λ.

It is worth making a comparison with the second order Peano arithmetic PA2 (in the language
with the only functional symbol S, the successor, were Sn = n+ 1, and a constant 0), a finitely
axiomatizable theory with axioms:

1. ∀x¬(Sx = 0)

2. ∀x∀y(Sx = Sy → x = y)

3. ∀X((X(0) ∧ ∀x(X(x)→ X(Sx))→ ∀yX(y)))

The privileged interpretation consists of the second-order structure:

N = 〈N,P(N), 0, S〉

From a theorem due to Dedekind (1887), it follows that all principal models 〈U,F, a, g〉 of this
theory (i.e. those models in which the second-order variables vary over all the power-set of the
domain U , namely F = P(U)) are isomorphic: that is to say, with respect to this semantics, PA2

is categorical . It is well known that (because of compactness theorem and Löwenheim-Skolem
theorems) categoricity does not hold if we formulate Peano arithmetic in the First Order Logic,
and that there exist non standard models, besides the standard one. But the categoricity of PA2is
strictly dependent from the choice of the above semantic of principal models. A more general
interpretation of the second-order language is a structure:

U = 〈{Fi|i ∈ N}, P0, ..., Pij , {ai|i ∈ I}〉

where, for all i, Fi is a family of i− ary relations on Ai = A× ...×A, where are interpreted the
relational variables. If for all i, Fi coincides with the whole-power set P(Ai), then we say that the
interpretation is principal. For general interpretations, Leon Henkin (1950), showed the semantic
completeness (i.e. the compactness) and Löwenheim-Skolem and thus the non-categoricity. So,
what is second order logic with general semantic? The “nothing but” thesis says: Second-order
logic with the general semantics is nothing but first-order logic (many-sorted) together with the
comprehension axioms. Thus a sentence is valid in the general semantics iff it is logically implied
(in first-order logic) by the set of comprehension axioms:

∃P∀u0...∀un(P (u0, ..., un)↔ φ)

where φ is a second order formula not containing P . These tell us what sets exist. The second
order language is therefore treated often as a two-sorted first order language and in this case a
model consists of two sets, where the elements of the first domain are interpreted as numbers and
the elements of the second domain are interpreted as sets.

1.3. Models of computation: Turing machines

The computational model proposed by Alan Turing has some highly intuitive features. Com-
paring the various approaches that emerged at the time, Gödel stated the following:
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I was completely convinced only by Turing’s paper (K. Gödel, 1968).

In Turing (1936) a computation model is introduced, obtained by analyzing the activity of an
idealized human agent (“computator”) that performs computations with pencil and paper writing
symbols on a squared paper, running operations “so elementary, which is not easy to imagine
that they can be further broken down”. It is assumed (finiteness conditions) that the number
of symbols, as well as the number of squares observed at any one moment, and the number of
“mental states” of computator are finite. The operations which the idealized human runs are
change the symbol in the observed square and move to a different set of squares; operations depend
only on the internal state of computator and the symbol scanned. Turing suggested that any
computable function, in an informal way, was “computorable” (Turing Thesis). In fact he proved
with a rigorous argument (although not in a formal system) that every function “computorable”
is computable by a Turing machine (Turing theorem). Important matematicians immediately
accepted Turing’s analysis. Within a very short time, the various models of computation proposed
at the time (Turing machines, recursive functions, lambda calculus...) were shown to be equivalent
(see Soare (2014) for an historical reconstruction), but in an interview with W. Aspray, in 1985,
Kleene declared:

Turing’s definition of computability was intrinsically plausible, whereas with the other
two [recursive functions and λ-definability], a person became convinced only after he
investigated and found, much by surprise, how much could be done with the definition.

The Turing machine was shortly thereafter taken as a model for many things: in Gödel’s
opinion, Turing’s definition fulfils all defining properties of a formal mathematical system (see
Feferman (2006)). According to some exponents of the computationalist theory of mind, starting
from McCulloch and Pitts (1943), the Turing machine might even provide a model for the mind.
Other, starting from Lucas (1961), on the contrary, claim that Gödel’s first theorem refutes the
mechanistic thesis that the human mind is, or can be accurately modeled as a Turing machine.
However, as regards this discussion, Gödel himself was cautious, and wrote that from his theorem
actually simply followed this dichotomy:

Either mathematics is incompletable ... that is to say, the human mind (even within
the realm of pure mathematics) infinitely surpasses the powers of any finite machine,
or else there exist absolutely unsolvable diophantine problems (Gödel (1951), 310).

The Turing model has been used also to study the computational complexity of problems and
to define complexity classes. This, we will see, among other things, provides a formal definition
to the intuitive notion of “feasible” computation as polynomial time computation. We consider
first a very simple example of one-tape machines. The machine’s tape is potentially infinite. This
corresponds to an assumption that the memory of the machine is (potentially) infinite. The cells
are all marked with a symbol. In each instant the machine is in a state qi and after writing
something, the head can slide to the right (= R) or left (= L).

Formally, a deterministic Turing machine, in the simplest version presented here, is a set of
instructions based on this alphabet:

1. Tape symbols {α0, ..., αn, ∗}. The symbols which are different from ∗ (“the blank”) are called
the alphabet of the machine (or input alphabet).

2. Internal states {q0, ..., qn}. We distinguish an initial state q0.

3. Action symbols L,R, standing for “left” and “right”.

· · · ∗ ∗ 0 1 1 0 1 1 ∗ · · ·

q0

Figure 1. Tape of a Turing machine.
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The tape is divided into cells, and each cell contains one symbol from the tape alphabet. There
is a special blank symbol ∗. At any instant, all but finitely many cells hold ∗. The tape alphabet
contains the blank symbol in addition to the alphabet of inputs, but may contain other symbols
as well. However, the tape alphabet cannot be the same as the input alphabet. The tape alphabet
always contains the blank symbol, but the input alphabet cannot contain this symbol. Indeed, if
the blank symbol were part of the input alphabet, the Turing machine would never know when
the input actually ends. At the beginning the head is positioned on the first symbol on the left
different from ∗ and the machine is in the state q0. Instructions are often given by quadruples.
Quadruple Turing machines have three kinds of instructions, namely qiαβqj (“if You are in the
state qi reading α, print β in its place and go in state qj”) or qiαAqj (“if You are in state qi reading
α, go in direction A (= L,R) and change the state in qj”), where α and β are tape symbols. Pure
erasing is a special kind of printing ∗. A set of instructions = is consistent, if for all quadruples
we have that if qiαAqj ∈ = and qiαBqk ∈ =, then A = B and qj = qk. If at a given instant the
machine is in a state qj reading α, but there is no instruction on how to proceed, the computation
ends. We can distinguish states with a special role called final states. Turing’s original formalism of
instructions actually used quintuple, whereas the quadruple approach is due to Post: the quintuple
variation prints and moves at each step, while the quadruple variation does one or the other but
not both. Post’s version of Turing machine, when in a given state, either prints or moves and so
its rules are more elementary. However a quadruple program can be converted into an equivalent
quintuple program. There are just two kinds quintuple instructions and the sequence qiαβAqj
must be read: “in state qi read α, write in its place β, go in direction A and change the state in
qj”, where A can be R =“go right”, L =“go left”(sometimes also the istruction I =“do not move”
is added, that does not add power). A more general definition of a single-tape Turing machine
M can therefore be that it is a sequenceM = 〈Γ,Σ, Q, ∗, F, qo, δ〉 where Γ is the tape alphabet,
Σ ⊂ Γ is the inputs alphabet (a subset of tape symbols), ∗ 6∈ Σ is a special symbol (“blank”) in Γ,
Q is a finite set of states, F ⊆ Q is a set of final states (e.g. F = {qf0 , ..., qfn}), δ is the trasition
function. and q0 is the initial state. An instantaneous configuration of the machine is a string of
the form a0a1...aiqai+1ai+2...an where a0a1...aiai+1ai+2...an is the portion of the tape between
the leftmost and rightmost nonblanks (the remaing cells are blank), q is the state of the machine
and ai+1 is the symbol scanned by the tape head. If Cj , Ci are configurations, then Cj −→ Ci
denotes the transition from the first to the second configuration (one step of the computation).
Instead we denote with Cj −→∗ Ci a finite sequence of configurations that begins with Cj and
ends with Ci. A computation is just a finite sequence of such configurations. Turing machines can
be used either to calculate functions (transducers), or to decide “YES” or “NO”problems. In the
latter case, when at some point we reach a configuration Cn such that we can not go any further,
we have these possible cases:

1. Cn = ...αqfβ..., where qf is a final state, then the computation accepts.

2. Cn = ...αqjβ..., where qj is not a final state, then the computation rejects.

Recall that, in general, the computation may also not terminate and go on forever; therefore it is
necessary to distinguish between recognition and acceptance3 Let Σ∗ be the set of all finite strings
(words) of an alphabet Σ. We call language (or problem) a subset of Σ∗:

1. A machineM recognizes (i.e. decides) a language L ⊆ Σ∗, if for all σ ∈ Σ∗ there is a maximal
computation (i.e. such that we can no longer go on) q0σ −→∗M wqjz such that qj = qf iff
σ ∈ L.

2. A machine accepts a language L ⊆ Σ∗ if for every σ ∈ L it is able to establish this membership;
but if σ 6∈ L, although it do not says incorrectly that σ ∈ L, it can give a negative answer, or
go on to calculate forever. In other words, this machine accepts L iff L = {σ ∈ Σ∗|q0σ −→∗M
wqfz}, where qf is a final state.

3 The the terminology of the literature is not uniform and the meaning of these terms often does not coincide
with ours.
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Figure 2. A multitape Turing machine

A language is called decidable, if there is a machine that recognizes it; is called semidecidabile
(or computably enumerable) if there is a machine that accepts it. We say the partial function
f : Σ∗ −→ Σ∗ is computable, if there exists a machineM such that if σ ∈ Σ∗ and f(σ) = y, then
the machine halts on σ and the final configuration has the form εqfy, where qf is a final state and
ε is the empty string and the machine does not halt on any string not in the domain of f .

Alternative definitions of Turing machines abound, all having the same power. For example, a
multitape Turing machine is like an ordinary Turing machine, but with several tapes. Each tape
has its own head for reading and writing. Every multitape Turing machine has an equivalent
single-tape Turing machine (see Ausiello, Gambosi and d’Amore (2002) 181-92). A multitape
machine (see fig.2) working in time t(n) has an equivalent one-tape machine working in time
O(t(n)2).

Definition 1. With writing f(n) ∈ O(g(n)) we mean that there are n0, c such that for all n ≥
n0, f(n) ≤ c · g(n) (f is asymptotically bounded by g). If the other way round does not hold, we
say that g grows faster than f . The set O(g(n)) is the order of growth of g.

The Turing machine model perhaps may seem unrealistic. In 1971, for example, Hartmanis,
Cook and Reckhow defined the model of random-access register machine (RAM model), for the
purpose of introducing a theoretical model much closer in spirit to the design of Von Neumann
architecture of modern computers. Actually all reasonable models define the same set of computable
functions. We will show that also deterministic and indeterministic machines are equivalent about
what they can calculate, but in this case not for the amount of resources used. However, if we
consider deterministic machines, it is widely believed that all effective classical deterministic
“sequential” (i.e. the instructions are executed in a sequence) models are polynomially- related
with regard to the resources required to compute:

Invariance Thesis. There exists a standard class of (deterministic) machine models,
which includes among others all variants of Turing Machines and all variants of RAM
machine models that simulate each other with Polynomially bounded overhead in time,
and constant factor overhead in space (see Van Emde Boas (1990)).

More precisely, let us define the worst-case time complexity tM (n) of a machine (see 6 for the
definition), which essentially means that for any w of length n the machine M take at most tM (n)
steps to halt and return an output, and the worst space complexity sM (n), which means that
for any w of length n the machine M needs to visit at most sM (n) cells to halt and return an
output. In particular a machineM1 run faster than a machineM2, if tM1(n) ∈ O(tM2(n)) but
not conversely.

A model of computation C simulates a model of computation D with time overhead αt(x) and
space overhead αs(x), if for every machine Mi ∈ D there exists a machine Mi∗ ∈ C such that
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Mi∗ simulates Mi and when a function f(x) is computed by Mi in time t(n) and space s(n) then
Mi∗ requires αt(t(n)) time and αs(s(n)) space for computing it. It can be shown, for instance,
that there exists a simulation of the RAM model by the Turing machine model with cubic time
overhead and constant space overhead: αt(t(n)) ∈ O(t(n)3) and αs(s(n)) ∈ O(s(n)) (Slot and
Emde Boas 1988). Hence these models can be simulated each other with a limited (polynomial)
use of space and time. Without taking into account the cost of mutual simulation, many other
models of computation are equivalent in power to Turing Machines. We deepen here the case of
non-deterministic machines. Although simulable, the non-deterministic model is not simulable
efficiently. Other models, as Randomized computation, Parallel computation, Analog computers,
DNA computers, Quantum computers are excluded as well.

Deterministic Turing machines cannot include two or more quintuples (or quadruples) with the
same first two elements: now let’s drop this restriction. In his seminal 1936 paper, Turing also
defined an extension of his “automatic machines” that he called “choice machines”, which are now
more commonly known as nondeterministic Turing machines. The execution of a nondeterministic
Turing machine is not determined entirely by its input and its transition function; rather, at
each step of its execution, the machine can (so to speak) choice the next move. Hence, a
nondeterministic Turing machine allows for the possibility of more than one next move from a
given configuration. In other words the non-deterministic machines are obtained by dropping
the requirement of coherence. A non-deterministic algorithm can be interpreted as an algorithm
that has the additional ability to guess a continuation in the scope of a finite set of possible
continuations. This is the nondeterministic move. Hence every configuration may yield more than
one next configuration. In contrast to the deterministic Turing machines, for which a computation
is a sequence of configurations, a computation of a nondeterministic TM is a tree of configurations
that can be reached from the initial configuration. The root of the tree is the initial configuration
of the machine. The children of a node are the configurations that can follow in one move. The
highest number of quintuples of the machine having the same first two elements is called the degree
of nondeterminism. A node is a leaf if there is no next move. A path from the root to a leaf
is an accepting computation if and only if the leaf is an accepting configuration. A deterministic
computation corresponds to a particular sequence of choices. If some branch is an accepting
computation (i.e. leads to a configuration of the form xqy with q ∈ F ), then the machine accepts its
input. It rejects its input, if all branches (i.e. for every choice of steps) are rejecting computations
(i.e lead to a final configuration xqy with q 6∈ F ).

A frequent and more intuitive presentation of the ”physical model“ of these machines, is indeed
the one that adds the unit of reading and writing of the deterministic machine, a peripherial
called guessing-module having it own write-only head. Suppose that the tape cells are numbered
with integers ... − 3,−2,−1, 0, 1, 2, 3... at the beginning the input is written starting from cell
1 to the right, the read-write head is scanning cell 1, the write-only head is scanning cell −1,
and the finite state control is inactive. The guessing module writes, from right to left, a symbol
at a time starting from the cell -1, then halts (guessing stage, actually the process may or may
not terminate). At this point the control unit enters into play (checking stage) and the guessed
string can be examined during the (purely deterministic) checking stage. The machine adopts
the initial state q0 and works as ordinary machine with the combination of the ”guessed word“
and the original input word, now as its input. During this second stage the guessing module and
its guessing head are passive. An alternative way to consider a non-deterministic machines is
therefore to say that a machine has the task of guessing the right solution to a problem.

The intuitive idea behind this approach to non-deterministic model is to provide a solution-
verifier model, rather than a problem-solver : given a guessed solution to an instance of the problem,
the algorithm can deterministically verify that it is a correct solution to the problem. Formally, a
verifier for a language L is a deterministic Turing machine V such that L = {σ|∃c(V accepts 〈σ, c〉)}.
In other words, a verifier for L is a deterministic Turing machine that takes in an input x and an
evidence c, and checks if c witnesses that x is in L. The additional information provided by c is
also called proof or certificate. A nondeterministic computation can be therefore considered as
divided into two phases: guess+verify. The non-deterministic moves guess a solution; then there
is a deterministic subroutine which checks if there is a computation that accepts input. We call
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verifier the above model,

Theorem 4. The following are quivalent:

1. L is recursively enumerable (i.e. accepted by a deterministic Turing machine).

2. L is accepted by a non-deterministic Turing machine.

3. there exists a verifier for L.

Proof. 1⇒ 2 because a deterministic machine is a fortiori an indeterministic one. 2⇒ 3: let us
consider an accepting sequence of configurations of a nondeterministic machine; we encode this
sequence and let c be a code of it. Let V be the verifier that uses c as a certificate. It imitates
the nondeterministic machine by consulting c to know the next move to do. Clearly there exists
c such that V accepts 〈x, c〉 if there exists a computation of the nondeterministic machine that
accepts x. 3⇒ 1: let V be a verifier for a language L ⊆ Σ∗ and let us consider the algorithm A
that, on input x ∈ Σ∗, for each k = 1, 2, 3... simulates V on the pair 〈x, c〉 for all c ∈ Σ∗ of length
less or equal to k, for k steps and accepts if V accepts within this time. Now, if if the algorithm A
on input x accepts, then this means that V itself accepts 〈x, c〉 and therefore x ∈ L. On the other
hand, if x ∈ L, then V , being a verifier for L, accepts 〈x, c〉 for some c within t steps, for some t.
Then the above program A accepts x at stage k = max{|c|, t}. Hence L is the language accepted
by a deterministic algorithm A. QED

Actually we can simulate the nondeterministic model by the deterministic model, but with
an exponential cost. If this loss of efficiency is inherent in some way, or due to the limits of our
current knowledge, is a very important and unresolved issue. Essentially, it is the famous problem
P = NP we will discuss below.

Remark 1. We remark that complexity classes that we will see, as P and NP, are defined with
reference to the model Turing machines. However this does not imply a restriction, as the the
most important complexity classes are invariant with respect to the computation model considered.

We now show how to simulate a non deterministic computation with a deterministic machine.
Let d be the degree of indeterminism of the machine. If for instance d = 3, then a computation is
a subtree of the complete ternary tree as the following:

0

1

11 12

121 122 123

13

2

21

3

31 32

321 322

Figure 3. A nondeterministic computation

Each node is labelled with a string denoting a branch of nondeterministic computation. To
prove the equivalence between nondeterministic and deterministic machine, we use a deterministic
machine with three tapes. Suppose that in the nondeterministic machine each node in the
computation tree has at most d children: in tape 1 of the deterministic machine we copy the initial
configuration of the nondeterministic machine, in tape 2 we simulate the computation tree, typing
in lexicographic order all finite strings of numbers from 1 to d that code nodes of the complete
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d-ary tree, recalling that the computation tree is actually a subtree of this tree, and in tape 3 we
perform the computation. The algorithm works in phases, one phase for each string of numbers
j1, ..., jk:

1. generates j1, ..., jk on the second tape.
2. Copy the input from the first to the third tape,
3. Set n = 1 and let q the actual state of the nondeterministic machine and a the symbol scanned

on tape 3:
(a) if δ(q, a) = ∅ or the number of elements of the set δ(q, a) is less than jn, STOP (negative

outcome).
(b) Otherwise, take the jn−-th triple and apply the transition to the third tape.

Now, if there is a path of length k in the nondeterministic computation leading to a final
configuration, that is to say a configuration ...xqy... where q ∈ F , then there is surely a phase of
the simulation associated with a sequence of length k on the second tape that identifies this path
and the simulation of this sequence will lead to a final state. If, on the other hand, such a path
does not exist, then the associated deterministic machine can never reach a final state. But if
the nondeterministic machine accepts a string in k steps then the deterministic machine requires
≤ k · dk steps. Actually, if there is a branch of the nondeterministic machine that accept in k steps,
and d is the degree of indeterminacy, then the deterministic machine has to process at most

k∑
j=0

dj = 1 + d+ d2 + ...+ dk =
dk+1 − 1

d− 1
≤ k · dk

strings for simulating the computation.
Universality . A key property of Turing’s model is universality: there is a machine capable

of simulating any other machine. The possibility of a “universal“ machine, was once considerd
counterintuitive, because the parameters of the universal machine are fixed (alphabet size, number
of states, and number of tapes), while the corresponding parameters for the machine being
simulated could be much larger. The method by which the problem has been overcome is that of
coding. We start here by considering a very simple deterministic one-tape kind of machines, with
input alphabet {0, 1} and tape alphabet {0, 1, ∗}. Since each machineM with a finite alphabet can
be simulated by a machineM with tape alphabet {0, 1, ∗}, nothing is lost if therefore we consider,
in our simple example, only machines whose input language is a binary language (see e.g. Du, Ko
(2014) pp. 25-32 or Hopcroft, Motwani and Ullman (2000) pp. 377-81) and this argument may be
extended to any fixed alphabet to get a binary encoding of a k− tapes machine over this alphabet
and also to nondeterministic machines. As we will see in the following chapters, the method of
assigning a unique, unambiguously decodable numerical code to each symbol of a formal language,
assigning natural numbers to symbols and then combining them into a single number to encode a
string of symbols, was devised by Kurt Gödel in view of his incompleteness theorems, and has had
wide applications. In our case, we can assign a numerical code to each state, tape symbol and
direction and simply write each quintuple or quadruple as a sequence of five or four codes separated
by some symbol between one code and another and between one string representing an instruction
and another. Even better, identifying binary strings with natural numbers, such encoding can
actually be done by means of binary strings4. Hence Turing machines can ultimately be coded as
binary strings. Let thereforeM =< Π,Σ, Q, q0, δ, {qf} >, where Π = {0, 1, ∗}, Q = {q0, ..., qk+1},
qf = qk+1. Let us consider this encoding:

p0q = 0, p1q = 00, p∗q = 000, pqiq = 0i+1, pLq = 0, pRq = 00

A quintuple qi01Rqk will be coded by the binary string 0i+11010010010k+1. If the instructions of
M are α0, ..., αn, then, if pαjq is the code of αj , we set

pMq = 111pα0q11pα1q11...11pαnq111

4 We identify a binary string σ with the natural number n s.t. the base-two representation of n+ 1 is 1σ.
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Each string encodes at most one machine. However, note that there can be many encodings
of this kind for the same Turing machine: actually, since different orderings of the istructions
give different codes, there are m! equivalent codes for a machine of m istructions. We have
coded all Turing machines in binary, but not all finite binary strings have the shape of a code.
However, we can associate a Turing machine to every binary string, simply by associating the
trivial machine that rejects all inputs, to the binary strings not having the shape of a code. In
this way we can enumerate all Turing machines according to the lexicographic order of their index
Mε,M0,M1,M00,M01,M000.... We have an enumeration of the one tapes machine, i.e. that
every binary string codes a Turing machine and each machine is coded at least by one string.

We describe now a three-tapes machine U that simulatesM, where the first tape5 contains
the input code pMq _ σ, the second tape is used to simulate the tape ofM and is initialized to
contain the binary string σ and the third tape contains the current state code, say 0i ofM. The
machine U works as follows:
1. preliminary check the first tape content, to see e.g. if it has a prefix of the form of a legal

code of a deterministic machine. If no, STOP, reject. Otherwise:
2. Initialize the first, the second and the third tapes. Copy σ in the second tape pq0q in the third

tape. The first tape head is positioned on the first symbol of pMq, that of the second tape
on the first symbol of σ and the third on the pq0q’s leftmost symbol as well.

3. If the third tape contains pqfq, STOP and accept. Otherwise:
(a) if the symbol currently scanned in second tape is for example 1 and the content of the

third tape is pqiq, then the first tape head scans pMq_σ starting from the left up to the
second block 111, searching for a substring starting with 110i+11001; if it is not found
STOP, reject. Otherwise:

(b) let e.g. that substring be 110i+11001010010k+1: then write pqkq in the third tape, replace
the content of the second tape with p0q, move this head to the right and go back to step
3.

It is immediate to verify thatM accepts σ, then U accepts pMq _ σ. IfM does not converge
on σ (i.e. goes on forever), then U does not converge on pMqσ. Lastly, ifM converges on σ but
does not accept, the same does U on pMq _ σ.

Halting problem. It would be useful to have an algorithm able to decide, given a program
and given a particular input, if the program terminates on that input. We have seen that an
algorithm U exists that halts (accepting or rejecting) on pMq _ σ, when M halts (accepting
or rejecting) on σ. But M could also loop: is there an algorithm U that also halts and reject
pMq _ σ, whenM loops on σ? Alan Turing proved in 1936 that a general algorithm to solve the
halting problem for all possible program-input pairs cannot exist (it also follows the unsolvability
of Enscheidungsproblem. Many problems indeed are proved to be unsolvable by reducing to them
the Halting Problem). Indeed, suppose that there is a machine V that decides the set:

HALT = {pMq _ σ|M halts on σ}

i.e. that on input pMq _ σ, halts and accepts, ifM halts on σ, or halts and rejects, ifM does
not halt (loops) on σ.

Build another machine D such that on input σ write σ_σ on its tape and runs V on pMσq
_σ,

and accepts, if V rejects, or loops, if V accepts. Hence:

D halts on σ iff V rejects σ _ σ iffMσ loops on σ

Hence D behaves differently from every machine on at least one input. However, being in the
above enumeration, D is in turn someMσ∗ , so that D(σ∗) =Mσ∗(σ

∗) halts iffMσ∗(σ
∗) does

not halt (contradiction). Hence, the machine V cannot exist.

1.4. Refinements of the Church-Turing thesis

In 1934, Church stated an early version of the “Church thesis”:

5 We use here the symbol _ for concatenation of strings.
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A function is effectively calculable if and only if it is λ-definable.

Influenced by Gödel’s lectures on recursive functions, Church later reformulated his thesis, replacing
the λ−definable functions with general recursive functions. Actually Church proposes his thesis as
a “correct definition of effective computability”. On this line were also Turing and Gödel, that
is to provide a correct definition of effective computability. In this regard Post says that Church
initially proposed the following:

A function of positive integers is effectively computable only if recursive.

as a “working hypothesis”, but criticize Church for having later transformed it in a definition,
because “to mask this identification under a definition ... blinds us to the need of its continual
verification” (Post (1936), p. 105). Only Kleene in 1943 started to use the expression “Church
thesis”, that is, as a hypothesis that needs further evidence to ascertain the truth:

Thesis I. Every computable function (effectively decidable predicate) is general
recursive.

In Kleene (1967), p. 232 he summarized:

...this claim we call Turing’s thesis. It was shortly shown by Turing 1937 that his
computable functions are the same as the λ-definable functions, and hence the same as
the general recursive functions. So Turing’s and Church’s theses are equivalent. We
shall usually refer to them both as Church’s thesis, or in connection with that one of
its three versions which deals with “Turing machines” as the Church-Turing thesis.

As for the use of the thesis of Church-Turing, a distinction can be made (see Odifreddi
(1989-1999) vol. I, p. 103) between:

1. essential use in metamathematics: for example, if I show that a function is not recursive,
then the Church-Turing thesis says it is not computable by any means. To demonstrate the
unsolvability of a problem, I can therefore translate into a function, demonstrating that this
is not recursive (from the recursive unsolvability is deduced the unsolvability in an absolute
sense).

2. Non essential use. For example when, as a shortcut, we give an algorithm and then we resort
to the thesis of Church-Turing to say that it corresponds to a recursive function (“proof by
Church thesis”). Instead of producing a rigorous recursive definition, we prefer an informal
argument, when the possibility of its formalization is evident.

Although this thesis is highly corroborated today, having withstood numerous attacks, it is
worth seeing the development of its interpretation. Today, have been proposed some variants of
Church’s thesis. Kreisel (1971) drew a distinction between the Church’s thesis and a stronger
thesis:

He called Church’s Superthesis a stronger version of Church’s Thesis, in which one
not only claims that certain mathematical tasks are equivalent to recursive ones, but
rather that each such task is equal to some program for an idealized computer: to each
mechanical rule or algorithm is assigned a more or less specific programme, modulo
trivial conversions, which can be seen to define the same computation process as the
rule (Odifreddi (1996), p. 403).

In Kreisel’s opinion, Turing established a version of the superthesis for the notion of mechanically
computable function. Circumscribing the analysis to deterministic discrete mechanical devices,
Gandy (1980) recommended to distinguish the thesis of Church and Turing from what he called
’Thesis M ’:

Thesis M : Whatever can be calculated by a machine is Turing-machine-computable.
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The Church-Turing thesis does not imply the thesis M . Turing in fact started from the analysis of
a computation performed by a human being, but a thesis concerning procedures executable by a
human has no implication concerning the extent of the procedures that machines are capable of
carrying out “since, for example, there might be, among a machine’s repertoire of atomic operations,
operations that no human being who is working effectively is able to perform” (Copeland (2000)).
To justify the thesis M , in order to specify what is meant by ’mechanically computable’, Gandy
considered only discrete machines with restrictions specified by a set of axioms (the most important
are local causation and unique assembly) motivated on the basis of considerations drawn from
special relativity and quantum mechanics.

Gandy’s thesis. Each computable function from a machine that satisfies the axioms of
Gandy is Turing-computable.

A stronger version of the Church-Turing thesis states that any algorithmic process is simulated
efficiently by a Turing machine. In the 1970s Robert Solovay and Volker Strassen worked out,
however, a probabilistic primality test using an efficient algorithm, which was the first of its kind.
They used randomness as an essential part of the algorithm. No efficient deterministic test for
primality was known in that time, thus:

it seemed as though computers with access to a random number generator would
be able to efficiently perform computational tasks with no efficient solution on a
conventional deterministic Turing machine (Nielsen, Chuang (2010) p. 6).

The probabilistic Turing machine began to look to many as the reference model. It is in
particular provable that if it is possible to calculate a function with k elementary operations in a
model of computation, then it is possible to calculate the function with a probabilistic machine by
p(k) elementary operations, for some polynomial p(x). From which this modification of the strong
version of the Church Turing thesis (see Nielsen, Chuang (2010) p. 140):

Strong Church–Turing thesis: Any model of computation can be simulated on a
probabilistic Turing machine with at most a polynomial increase in the number of
elementary operations required.

In the early 80s of the 20th century Feynman highlights some essential difficulties in simulating
quantum systems on classical computers and proposes as a program to develop computers based
on the principles of quantum physics. In the 80’s David Deutsch poses the question of whether a
quantum computer can efficiently solve computational problems that have no efficient solution
even with probabilistic Turing machines. In 1994 Peter Shor gave a significant response to this
problem, creating a quantum algorithm that can factor a compound integer N in polynomial
time in the number of digits O(log N) of N. Whereas the computations are also physical processes
implemented by a physical system Deutsch poses the question of whether the laws of physics can
be used to prove a version of the thesis of Church-Turing and proposed this variant (although very
different from the original thesis, which speaks of effective methods, rather than finitely realisable
physical systems):

CDT Thesis (Church, Turing, Deutsch). Every finitely realisable physical system
can be simulated by a universal model computing machine operating by finite means.

where Deutsch suggests that the reference computation model is, however, the Quantum
Computer, but according to Nielsen, Chuang (2010) it is not clear whether Deutsch’s notion of a
Universal Quantum Computer is sufficient to efficiently simulate an arbitrary physical system. In
the following chapters, we will be mainly interested in this thesis, known as Edmonds-Cobham-
Cook-Karp thesis:

A function is feasibly computable if and only if it is computed by some deterministic
machine in polynomial time. A problem is feasibly decidable in case it is decidable by
a deterministic Turing machine using a polynomial amount of computation time.
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The seminal work Hartmanis and Stearns (1965) provided for the first time a precise definition of
the time and space complexity of an algorithm, defining the concept of a complexity class. This
statement is similar in form to Church’s Thesis6, however, it must be emphasised that effective
computability it is not practical or feasible computability.

1.5. Turing on incomputability and the undecidability

In these two sections, we wish to establish a comparison between the proof of the undecidability
theorem given in Turing (1936) on the one hand, and Cook (1971) and Levin (1973) independently
proved unfeasibility theorem, on the other hand, as a paradigmatic example of the transition
between two phases in the development of logic and at the same time emphasise a trait-d’union
in the idea of logical formalisation of the computation of a Turing machine, taking a cue from a
famous letter from Gödel to Von Neumann, in which research into feasibility is presented as a
natural continuation of research into decidability, after the negative results of Church and Turing.
In order to do this, without loss of generality, in both cases we adopt the simplest deterministic
machine model, i.e. the one-tape, in which instructions are given à la Post by quadruples following
Davis, Sigal and Weyuker (1994) pp. 451-57. For other proposals see e.g. Sipser (2006) pp.
276-82 or, for a more detailed version of it Ausiello, Gambosi and d’Amore (2002) pp. 329-35 and
with regard to the Turing theorem, the Open Logic Project (2015) pp. 501-09. To show that the
decision problem (Entscheidungsproblem) is unsolvable, Turing applied its famous result on the
halting problem in this form:

Unsolvability of the halting problem. There is no algorithm that, given a description
of an arbitrary program Φ that computes a partial numerical function and a number n,
decides whether Φ with input n halts in finitely many steps.

This result has a wide range of applications and we will show that many problems are
algorithmically unsolvable by “coding” the halting problem into these problems. A problem A is
reduced to a problem B, when a solution to B can be used to solve A; we prove that the solution
to the Entscheidungsproblem could be used to find a solution for the halting problem (that is
unsolvable!).

Strategy : given a Turing machine and a natural number n we want to build a set of first-order
formulas Γ and a first-order formula ψ such that Γ ` ψ if and only if the machine halts on input n.
If it were possible to decide whether Γ ` ψ, we could also decide the halting problem. Since the
latter is unsolvable, then there are Γ and ψ for which we are not able to decide whether ψ follows
from Γ.

Preliminary will be an approproate description of the machine:

1. consider the boxes of the tape as numbered with integers:

...− 2,−1, 0, 1, 2, ...

2. instants of discrete time will be denoted by natural numbers: at 0 instant, the machine scans
the square 0.

3. the alphabet of the machine will have symbols S0, S1, ..., Sr, where S0 is the blank.

4. The predicative language chosen to describe the machine will contain predicative symbols
Qi(t, x) =“ at time t, in the state qi, it is scanned the square x”; Sj(t, y); =“ at the instant
t, the contents of the square y is the symbol Sj”. In particular there will be the successor
function symbol S(x) = x+ 1, the constant 0 and the relational symbols = and < and relative
axioms. In particular axioms for < say that this relation is transitive, antireflexive and that
S is total, injective and that x < S(x).

6 Beware that in some texts the Edmonds-Cobham thesis means another statement, namely: the time com-
plexities in any two reasonable and general models are polynomially related, and it is also known as extended
Church-Turing thesis.
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We denote from n the numeral

n−times︷ ︸︸ ︷
S(S(S(...(S(0))...))). Since we dont have subraction, the negative

integers may be formalized as follows:

Qi(t,−p)↔ ∃z(Qi(t, z) ∧
p−times︷ ︸︸ ︷

S(S(S...S(z)...))) = 0)

Representation of the initial conditions. in the initial state q0 the machine observes a sequence
of n symbols S1 (so we represent the input n); the rest of the tape is white:

Q0(0, 0) ∧
∧

0≤i<n

S1(0, i) ∧ ∀y(n < y → S0(0, y))

Representation of the final conditions.
I want a formula ψ such that ψ is true in the moment in which the machine halts. Note that

the machine halts if there is a time t in which the machine, lying in state qi, reads Sj , but no
instruction begins with qiSj . Since both the number of states and symbols is finite, we can form
the disjunction: ∨

i,j

∃t∃x(Qi(t, x) ∧ Sj(t, x))

of the qi, Sj such that no instruction starts with qiSj . This will be our ψ.
Representation of instructions.
The instruction qiSjSkqm is formalized as follows:

∀t∀x(Qi(t, x) ∧ Sj(t, x)→ (Qm(t+ 1, x) ∧ Sk(t+ 1, x)∧

∧∀y(y 6= x→
∧
i≤r

(Si(t, y)→ Si(t+ 1, y))

The instruction qiSjRqm is formalized as follows:

∀t∀x(Qi(t, x) ∧ Sj(t, x)→ (Qm(t+ 1, x+ 1) ∧ ∀y
∧
i≤r

(Si(t, y)→ Si(t+ 1, y))

We leave it as an exercise to the reader to formalise the instruction qiSjLqm. The set Γ will contain
all these axioms relative to the instructions and to the initial conditions, moreover the axioms for
successor, and preorder and identity. Note that according to the intended interpretation Γ ` ψ
implies that the machine halts on input n. The reverse will be demonstrated by induction. It will
follow the equivalence between (a) Γ ` ψ and (b) “ The machine halts on input n ”, but being
(b) undecidable, it will also undecidable (a). First of all we represent the state of the machine at
instant s as the conjunction of these three formulas:

1. Qi(s, p)

2. Sj0(s, p0) ∧ ... ∧ Sj(s, p) ∧ ... ∧ Sjv (s, pv)

3. ∀y((y 6= p0 ∧ ... ∧ y 6= p ∧ ...y 6= pv)→ S0(s, y))

Suppose the machine halts at instant s reading Sj in square p and lying in state qi; the
description of this situation is Qi(s, p) ∧ Sj(s, p), that implies ψ. In essence, to demonstrate that
from Γ follows ψ is enough therefore to show that for every s ≥ 0, if the machine does not halts
before s, then from Γ follows a description of the machine at stage s.

Induction If s = 0, then it is obvious, since Γ contains the initial state of the machine. For
the inductive step, suppose that at s the machine has not stopped; for (IH) we are able to derive
from Γ a description of the machine at instant s. Suppose, then, that at s, the machine scans the
square p containing the symbol Sj , and is in the state qi. Because the machine does not stop, the
possible continuations will be as follows:
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1. if the instruction is qiSjSkqm, then Γ will contain the formula:

∀t∀x(Qi(t, x) ∧ Sj(t, x)→ (Qm(t+ 1, x) ∧ Sk(t+ 1, x)∧

∧∀y(y 6= x→
∧
i≤r

(Si(t, y)→ Si(t+ 1, y))

But this, together with the inductive hypothesis, that is, that at s the machine is described
by 1., 2., 3., and the axioms for <,= and successor, implies:

(a) Qm(s+ 1, p) ∧ Sj0(s+ 1, p0) ∧ ... ∧ Sk(s+ 1, p) ∧ ... ∧ Sjv (s+ 1, pv)

(b) ∀y(y 6= p0 ∧ ...y 6= p ∧ ...y 6= pv)→ S0(s+ 1, y)

That is, a description of the machine at stage s+ 1.

2. If the instruction is qiSjRqm, then Γ will contain the axiom:

∀t∀x(Qi(t, x) ∧ Sj(t, x)→ (Qm(t+ 1, x+ 1) ∧ ∀y
∧
i≤r

(Si(t, y)→ Si(t+ 1, y))

similarly to the previous case, we obtain:

(a) Qm(s+ 1, p+ 1) ∧ Sj0(s+ 1, p0) ∧ ... ∧ Sk(s+ 1, p+ 1) ∧ ... ∧ Sjv (s+ 1, pv)

(b) ∀y(y 6= p0 ∧ ...y 6= p+ 1 ∧ ...y 6= pv)→ S0(s+ 1, y)

That is, a description of the machine at s+ 1.

3. If the instruction is qiSjLqm, we leave this case as an exercise for the reader.

In any case, Γ implies a description of the machine at s+ 1. Thereby ends the inductive step.
We conclude by induction that for all non-negative number s, if the machine does not stop before
s, then Γ implies a description of it at instant s. Therefore, if the machine halts at s, then its
description will contain the expression Qi(s, p) ∧ Sj(s, p), that implies ψ. That is, if the machine
halts on input n, then from Γ follows ψ.

1.6. Cook and Levin’s theorem and the unfeasibility

Computability in polynomial time has become synonymous with feasibly decidability. Church’s
Thesis concerns the concept of effective computability. Analogously, the thesis put forward
by Cobham, Edmonds and Cook concerns the feasible computations, by identifying efficient
computablility with computable in polynomial time. Note that, like the Church–Turing thesis, this
is not a theorem. For the continuation of the discussion on this topic, it is necessary to specify the
notion of computational efficiency and the complexity measures we will adopt to quantify it. We
consider one-tape machines and we define:

1. the running time of a deterministic machineM on an input x is the number of steps timeM (x)
made by the machine until it halts (note that it can also be infinite7).

2. The working space of a deterministic machine M on an input x is the number of cells
spaceM (x) visited at least once by the head during the computation (note that it can also be
infinite and that can be finite although the machine runs forever).

3. the time complexity of the machine is:

tM (n) = max{timeM (x)||x| = n}

i.e. the maximum number of steps that M makes for inputs of lengths n, before halting.

7 A single step of computation is composed by the following actions: read the input symbol from the active cell,
look up the transition rule associated with the current state and input symbol, overwrite the input symbol
with the new symbol and change the current state according to the transition rule.
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4. the space complexity of the machine is:

sM (n) = max{spaceM (x)||x| = n}

As for nondeterministic Turing machines, timeM (x) and spaceM (x) are defined as the minima
among the accepting paths. Moreover:

(a) tM (n) = max{timeM (x)||x| = n and M accepts x} and
(b) sM (n) = max{spaceM (x)||x| = n and M accepts x}
In case no x of length n is accepted by M , some convention is added to these measures. In
case of time complexity, add n + 1, the time needed just for reading the input. In case of
space, if no x of length n is accepted by M , put sM (n) = 1. If no accepting path exist, these
functions are undefined (we follow Du, Ko (2014) pp. 19-21).

1. DTIME(f(n))=set of languages decided by a deterministic Turing machineM in time tM (n) ≤
f(n),

2. NTIME(f(n))= set of languages accepted by a nondeterministic Turing machine in time
tM (n) ≤ f(n),

3. DSPACE(f(n))=set of languages decided by a deterministic Turing machine M in space
sM (n) ≤ f(n),

4. NSPACE(f(n))= set of languages accepted by a nondeterministic Turing machine in space
sM (n) ≤ f(n),

Theorem 5. The following relations hold:

DTIME(f(n)) ⊆ NTIME(f(n)) ⊆ DSPACE(f(n)) ⊆ DTIME(2c·f(n))

Proof. See e.g. Ausiello, Gambosi and d’Amore (2002), 300-03. QED

Now we define the complexity classes:

1. P = ∪∞k=0DTIME(nk) (or DTIME(Poly)) is the set of languages that can be decided by a
deterministic Turing machine in polynomial time in the dimension of the input,

2. NP = ∪∞k=0NTIME(nk) (or NTIME(Poly)) is set of languages that can be accepted by a
nondeterministic machine in polynomial time in t he dimension of the input.

3. (PSPACE and NPSPACE are defined analogously).

By definition, any language in P or NP is decidable. However some problems are hard to solve,
but easy to check. We consider P the set of decision problems solvable quickly and NP the set of
problems verifiable quickly: however, even today, it is not known whether P 6= NP.

Definition 2. A total function f is said to be polynomial-time computable if there is a Tur-
ing machine M that computes f , and a polynomial p(n), such that the number of steps in the
computation by the machine with input x is bounded by p(|x|).

We say that Q is polynomial-time reducible to L (in symbols Q ≤p L) if and only if there
exists a function f computable in polynomial time such that for each x, x ∈ Q iff f(x) ∈ L.
Furthermore L is said NP− hard if for all Q ∈ NP, Q ≤p L. If also L ∈ NP, then we say that L
is NP-complete.

A popular NP-complete problem is the so-called traveling salesman problem. Remember that
a Hamiltonian cycle is a cycle through a graph that visits all the nodes of the graph once and
only once. Let us suppose we have n cities and their distances: we are asked to find the shortest
tour that touches all cities exactly once (with a final return to the starting point). In another
version, given a number B, the question is whether there is a tour that touches all cities at most
once, shorter than or equal to B. In a more mathematical terms, given a complete, undirected
and weighted graph (complete means that each pair of graph vertices is connected by an edge
and weighted means that a weight is associated with each edge), it is asked to find a Hamiltonian
circuit with the least weight (or, in the second version, less weight or equal to B). The problem is
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solvable by brute force by considering ∼ n! possible permutations, but are not known algorithms
that work in polynomial time. Little hope to find: the traveling salesman problem is NP -complete.
On the other hand, however, it is obvious that the problem can be verified in polynomial time: if
you give me a tour, I reckon its cost by adding up the cost of all their edges; then I check if it is
less than or equal to B.

Intuitively, the NP-complete problems are the most difficult in the class NP. Clearly P ⊆ NP,
but the problem P = NP is still unsolved. However if there is a language L that is NP-complete
and belong to P, then P = NP. Schematically, we prove this second statement by showing that,
under the hypothesis that there exist a language L that is NP-complete and also belong to P, it
follows that for any Q, if Q ∈ NP, then Q ∈ P.

It actually suffices that the number of steps be bounded by c · |x|r for some r (see Davis, Sigal
and Weyuker (1994), 441-43). Now, being L an NP-complete set, then if Q ∈ NP, also we have
Q ≤p L, namely, Q = {x|f(x) ∈ L} for some polynomial-time computable function f(x). Still by
hypothesis L ∈ P. Then we show that Q = {x ∈ Σ∗|f(x) ∈ L} is also in P. LetM be a machine
that decides L in time (say) bounded by c · |x|r (where |x| denotes the length of x) and let V a
machine that computes f(x) in time bounded by a · |x|s. Let us consider the composition W of
these machines: first run V on x to compute f(x), then runM to decide whether f(x) ∈ L.

Note that the machine V cannot print more symbols that steps in the computation; hence
|f(x)| ≤ |x|+ a · |x|s and then W needs less than b · |x|rs steps (for some b) to decide Q. It follows
that Q ∈ P.

Let us consider now the set SAT of satisfable propositional formulas (in conjunctive normal form).
Although to analize the full truth-table has an exponential cost (in the number of propositional
variables), it is not hard, thinking to the check+guess method, to realise that if somebody gives me
a line of the truth table, I can rapidly check whether or not this line satisfies a formula. Actually
SAT ∈ NP, because a nondeterministic algorithm that accept a formula φ can be defined, that
works in time a · |φ|2 Cook’s and Levin’s theorem (1971) says that actually SAT is NP-complete.
From the previous result it follows therefore that

P = NP iff SAT ∈ P

Therefore, if someone found an efficient method to establish whether a formula of propositional
calculus is satisfable, she would have solved this famous problem.

The first “formulation” of the problem if P = NP, a key issue in computational complexity,
albeit implicitly, dates back to Kurt Gödel, in a letter to Von Neumann in 1956, although the
importance of the problem raised was clear only with the work of Stephen Cook in the 1970s. In
short, this is Gödel’s argument: the unsolvability of the Entscheidungsproblem implies that the
problem whether a formula φ of first order language has a proof is undecidable: but what, if we
consider the problem whether φ has a proof of at most n symbols? This in principle is decidable,
but at what cost? Actually Gödel considered that a proof of his conjecture would constitute a
refinement of Hilbert’s Entscheidungsproblem:

Despite the unsolvability of the Entscheidungsproblem, the mental effort of the
mathematician in the case of yes/no questions could be completely replaced by machines.
One would indeed here to simply select an n so large that, if the machine yields no
result, there would then also be no reason to think further about the problem. (Gödel’s
Collected Works (1986-2005) vol. V, 135).

Let us write `n φ for “the formula φ is provable in the predicate calculus with at most n
symbols”. Gödel asked what is the complexity of the set:

T = {〈φ, n〉| `n φ}

In particular, whether it is decidable by a Turing machine in time n2. According to a widespread
opinion, the polynomial-time computation is a good formalization of practical, realistic, feasible
(by humans or computers) computability, a narrower requirement than the decidability in principle.
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Figure 4. Let t = p(|u|).

However Gödel was thinking of linear and quadratic time as corresponding to feasibility. Note that
if our language contains k-symbols the problem is solvable brutally making a list of all proofs with
at most n symbols, then see which is right for us; but this procedure has obviously a complexity
of order kn. T is in NP since a nondeterministic algorithm for verifying it consists of guessing
a proof of ≤ n symbols and then verifying in polynomial time if the guessed proof is valid (see
Buss (1995)). Today we know that the problem is NP-complete: hence if the hypothesis of Gödel
was right, therefore, it would also be in P and as a result we would have P = NP. Indeed, Cook
showed that the satisfability problem SAT can be reduced to it: let un consider a boolean formula
Φ(p0, .., pn) and replace each propositional variable pi with xi = y. Call Φ∗(x0, ..., xn, y) this new
formula. It is provable that the boolean formula is satisfable if and only if the formula:

∃y(∃z(z 6= y)→ ∃x0, ...,∃xnΦ∗(x0, ..., xn, y))

is provable with a proof of length |Φ|c, for some constant c.
But what is the length of proofs? There are infinitely many proofs of fixed number of lines,

but finitely many proofs with fixed number of occurrences of symbols; in the above argument we
considered the total amount of occurrences of symbols in a proof (its size). For instance, a variable
xn can be considered as a symbol x followed by n−marks and therefore of size n+ 1. If we adopt
the number of formulas as a measure of the length of proofs, it is undecidable for sequent calculus
(see Buss (1991)). In general, many results in the study of complexity of proofs are established
only for the case of symbol-length and it is not known whether those results can be transferred to
the case of step-length.

We now come to the proof of the result discovered independently by Cook and Levin. The time
required for a precise proof that the problem SAT is in NP is O(|x|2). This is shown for instance in
Davis, Sigal and Weyuker (1994), 448, which we also follow in the precise exposition of hardness.

Theorem 6. (Cook and Levin 1971) SAT is NP hard.

Proof. Let L ∈ NP and M be a nondeterministic Turing machine accepting L in time p(|x|) on
input x ∈ L (for some polynomial p(n)). We show that there is a polynomial time computable
function that translates each input u into a propositional formula in conjunctive normal form δu
such that:

M accepts u iff δu ∈ SAT

This δu will be a simulation of the computation of M on input u. To simplify matter, let
us assume that an accepting computation halts exactly after P (|u|) steps. To do this, we allow
repetitions of the same configuration C ⇒ C. After p(|u|) steps the scanned squares are at
most p(|u|) (going left or right). In the following we consider therefore a matrix (or array) of
2 · p(|u|) + 1× p(|u|) cells, sufficient to exibit all information needed (see fig.4).
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The first row of this array represents the initial configuration of the machine, in state q1,
scanning the symbol blank immediately to the left of the first symbol of u:

t+1−times︷ ︸︸ ︷
∗...q1∗ su1 ....suz

t−|u|−times︷︸︸︷
∗...∗

where z = |u| and u = s1....sz and t = p(|u|). Let the set of states of L be Q = {q1, ..., qm} where q1

is the initial state and qm an accepting state and let the set of tape symbols be S = {s0, s1, ..., sr},
where ∗ = s0. We use a set of propositional atoms ph,j,k and wi,j,k, where 1 ≤ h ≤ m, 0 ≤ i ≤ r,
1 ≤ j ≤ 2 · p(|u|) and 1 ≤ k ≤ p(|u|) and we consider an assignement of values such that:

1. ph,j,k is true iff M is in state qh scanning the jth cell at step k.

2. wi,j,k is true iff the symbol si is in the jth cell at step k.

Let us say that the length of each of these atoms is of the order of complexity8 O(t). Lastly, it
will be useful this abbreviation:

Θ{xi|1 ≤ i ≤ e} =
∧

1≤l<f≤e

(¬xl ∨ ¬xf ) ∧
∨

1≤l≤e

xl

which is true iff exctly one of x1, ..., xe is true. Since there are e(e − 1)/2 pairs (l, f) with
1 ≤ l < f ≤ e and the second conjunct contains e literals, the whole formula has O(e2t) symbols.

We formalize now the computation (where for “length”we mean the number of symbols):

1. The machine in state q1 scans s0 immediately to the left of u (the first row of the array):∧
j

w0,j,1 ∧
∧
j

wuj ,p(|u|)+j+1,1 ∧
∧

w0,p(|u|)+|u|+j+1,1 ∧ p1,p(|u|)+1,1

The length of this formula is O(t2).

2. At each step k there is a unique state and a unique scanned symbol:

Θ{ph,j,k|1 ≤ h ≤ m, 1 ≤ j ≤ 2 · p(|u|) + 1}

The length is O(t4).

3. Each entry on the array contains exactly one symbol:∧
k

∧
j

Θ{wi,j,k|0 ≤ i ≤ r}

This formula is of length O(t3).

4. Each configuration after the first is obtained by applying the istructions. Let us assume that
the program is made of the following istructions:

(a) qiasjaskaqea (a = 1, 2, 3...ra)
(b) qibsjbRqeb (b = 1, 2, 3...rb)
(c) qicsjcLqec (c = 1, 2, 3...rc)

8 This bound depends on how we encode the index sequences and therefore the variables. In later editions the
authors modified it, but with an efficient (binary) encoding, the length of these variables can be kept of order
O(t). However, here this constitutes a minor point.
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Let moreover:
NOTHEAD(j, k) =

∨
i

(wi,j,k ∧ wi,j,k+1) ∧
∧
h

¬ph,j,k

(M is not scanning the jth cell at the k step) and let:

IDENT (j, k) =
∨
h

∨
i

(ph,j,k ∧ ph,j,k+1 ∧ wi,j,k ∧ wi,j,k+1)

(M scans the jth cell at kth and k + 1th steps; the state and the symbol scanned is the same
in both these successive configurations). Moreover let:

α(j, k) =
∨
a

(pia,j,k ∧ wja,j,k ∧ wka,j,k+1 ∧ pea,j,k+1)

(The k + 1th step comes from the k step applying one istruction from the group (a)).
Analogously define β(j, k) and γ(j, k) relative to the groups (b) and (c)). Thus (4.) is defined
as: ∧

k

∧
j

(NOTHEAD(j, k) ∨ IDENT (j, k) ∨ α(j, k) ∨ β(j, k) ∨ γ(j, k))

This formula has length O(t3).

5. The p(|u|)-th configuration is terminal (recall that qm is an accepting state):∨
j

pm,j,p(|u|)

This formula has length O(t2).

Now take δu as the conjunction of (1.)-(5.) and note that if M accepts u, then δu ∈ SAT,
because the above assignement of truth values to the propositional atoms makes δu true. Conversely,
if there is an interpretation that makes δu true, then we can reconstruct our array: by (3.) for
each j, k there is a unique i such that wh,j,k is true: from this we can uniquely reconstruct the
array in figure. By (2.) there are unique qh and j such that ph,j,k is true. Hence each row can
be made into a configuration of the machine. By (1.), the configuration corresponding to the
first row of the array is an initial configuration. By (4.), for each row of the array after the first,
the corresponding configuration is identical to it or results from it using one of the quadruples
of the program. Finally, by (5.) the entire sequence of configurations constitutes an accepting
computation. Thus, u is accepted by M .

We now shown that there is a polynomial-time computable function that maps each string
u onto the corresponding CNF formula δu. Observe that the CNF formulas of (2.)-(5.) do not
depend on u: a Turing machine can be constructed to write these on a tape in a number of steps
proportional to the length of the expression, which is O(t4), and hence polynomial in |u|. As for
(1.) some of its atoms do not depend directly on u; producing this part simply involves writing
O(t2) symbols. The remaining atoms correspond in a one-one manner to the symbols making up
u and can be produced in a number of steps proportional to |u|. This completes the proof of the
Cook-Levin theorem as presented in Davis, Sigal and Weyuker (1994). QED

The Cook-Levin theorem allows one to prove that many other important problems are NP-
complete, by showing that SAT can be efficiently reduced to them. A proof that an NP problem
is NP-complete is a proof that the problem is far from feasible, unless every NP problem is in
P, which is not known, but which is unlikely and which, if proved, would constitute a shocking
novelty for computer science.
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2. Abstract views of incompleteness

2.1. Models of computation: recursive functions

Computability and recursion are often identified. However in principle they are different concepts
(see Soare (1996)): computability is a more general term, whereas the primary mathematical
meaning of recursion has always been definition by induction (i.e., by recursion), namely defining
a function f at an argument x using its own previously defined values. In the seminal paper
Gödel (1931) the great Czech logician used the notion of a primitive recursive function (called
rekursive Funktion) because these functions were easily representable in formal system PA for
arithmetic, and were sufficient to enable him to code all the syntactic objects so that he could
obtain self-reference and thereby incompleteness. The main property of this class of functions is
the primitive recursion scheme, which yields an inductive definition of f(n+1) using the preceding
value f(n) and previously defined functions g and h. Gödel realised, however, that the primitive
recursive functions did not include all effectively computable functions, and in 1934 he proposed a
wider class of functions based on an earlier suggestion of Herbrand. Gödel called these the general
recursive functions.

Actually in the initial study of computability from 1931 to 1937 researchers considered only total
computable functions. It was Kleene in 1938 who first proposed considering partial computable
functions. Hence Kleene extended the class of primitive recursive functions adding a scheme of
Unbounded Search, to introudce µ− recursive partial functions, i.e. the computation model whose
fundamental concepts we will illustrate in this chapter (see again Soare (1996)).

Definition 3. A function f from natural numbers to natural numbers is said partial if Dom(f) ⊆
N; if in particular Dom(f) = N, then the function is total.

Definition 4. A set X ⊆ N is called recursive iff its characteristic function is recursive:

χX(x) =

{
1 if x ∈ X

0 if x �∈ X

is total recursive (that is computable). Moreover, X is called recursively enumerable (or com-
putably enumerable) if either X = ∅, or coincides with the set of values of a total recursive
function.

Examples of recursive sets are N, 2N, finite sets, cofinite sets; moreover. if X,Y are recursive,
then also X, X ∩ Y , X ∪ Y , X � Y are recursive. Note the following difference:

1. The set of numbers n for which there exists a sequence of exactly n occurrences of the number
“7” in the expansion of π is recursively enumerable: we generate the expansion π; every time
we see a string of a certain number of digits “7”, we count it and add the number to the list.

2. The set of numbers n for which there exists a sequence of at least n occurrences of the
number “7” in the expansion of π is recursive: if n is in this set, then we know that at least n
occurrences of “7” in π appears and therefore every k < n is in turn in this set. It follows that
such a set, either is all N, or an initial segment of it. In both cases it is recursive.
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The class of primitive recursive functions has several fathers and mothers, from Dedekind
to Skolem to Gödel. However it was Péter (1932) who defined primitive recursive the class of
functions introduced by Gödel and studied this class of functions in depth.

Definition 5. The class of primitive recursive functions is generated by the following axioms:

1. (Zero) Z(x) = 0
2. (Successor) S(x) = x+ 1

3. (Projections) Pn+1
i (x0, ..., xn) = xi

4. (Composition) f(x0, ..., xm) = g(h0(x0, ..., xm), ..., hn(x0, ..., xm)), where g, h0, ..., hn are
primitive recursive.

5. (Primitive recursion)

(a) f(x0, ..., xm, 0) = g(x0, ..., xm)

(b) f(x0, ..., xm, n+ 1) = h(x0, ..., xm, n, f(x0, ..., xm, n))

where g, h are primitive recursive.

Many of the most familiar functions are primitive recursive. For example the famous Fibonacci
function:

1. f(0) = 0
2. f(1) = 1
3. f(n+ 2) = f(n+ 1) + f(n)

Although at first glance it does not seem (to step 3. we have used two previous values of f ,
and not one), it is primitive recursive: the recursion scheme “on the course of values” used there,
does not get out of primitive recursive functions.

Often are thus considered most complicated scheme of recursion, that however does not get out
of primitive recursive functions. Strange as it may seem, the following scheme of double recursion
is primitive recursive:

1. φ(0, n) = g(n)
2. φ(m+ 1, 0) = h(m)
3. φ(m+ 1, n+ 1) = ψ(m,n, φ(m, γ(m,n)), φ(m+ 1, n))

where g(x), h(x), ψ(x, y, u, v) and γ(u, v) are given primitive recursive functions. However,
note that in the right side of the definition, at point 3 in the first occurrence of φ(x, y) has been
substituted in place of y a function γ(u, v) given at the beginning. Compare this case with the
next case (Ackermann-Péter function). The scheme (“nested recursion”) applied in the definition
of this function is not reducible to the primitive recursion (note that in the third clause of the
definition, the A occurs twice, in two nested occurrences):

1. A(m, 0) = m+ 1
2. A(0, n+ 1) = A(1, n)
3. A(m+ 1, n+ 1) = A(A(m,n+ 1), n)

For instance, A(0, 1) = 1, A(3, 3) = 61, A(4, 4) = 22265536

... The function A(x, y) majorizes each
primitive recursive function, i.e., for each f primitive recursive function, there exists a number
n such that: f(x0, ..., xk) < A(max{x0, ..., xk}, n). It follows that the Ackermann function is not
primitive recursive: in fact, if it were, it would be primitive recursive also f(n) = A(n, n) + 1;
therefore, there would exist a k such that f(m) < A(m, k), hence A(k, k) + 1 = f(k) < A(k, k),
a contradiction. After the discovery of this function, a problem arose for Hilbert’s school: is
Ackermann’s function finitist?

We may however admit certain extensions of the scheme of recursion as well as
the induction schema, without taking away what is characteristic of the method of
recursive number theory (Hilbert and Bernays (1934) vol. I, p. 325).
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The nested recursion...appear to me to be finite in the same sense as primitive
recursion, i.e. of one regards them as a statement of a computation procedure where
one can recognize that the function defined by the respective process satisfies the
recursion equations (Bernays (1970))

Subsequently, important logicians as Simpson and Tait have proposed to identify the finitary
mathematics with Skolem’s Primitive Recursive Arithmetic PRA. Kreisel proposed instead the
identification of finitist functions with those provably total in PA. The detailed historical analysis
conducted by Zach (1998) showed how Hilbert and Bernays regarded finitist arithmetic as partially
but not necessarily completely formalised by primitive recursive arithmetic.

Here some example of primitive recursive functions.

1. Sum.

(a) x+ 0 = x

(b) x+ (S(y)) = S(x+ y)

2. Predecessor.

(a) P (0) = 0

(b) P (y + 1) = y

3. Truncated difference.

(a) x−̇0 = x

(b) x−̇(S(y)) = P (x−̇y)

4. Multiplication.

(a) x · 0 = 0

(b) x · (S(y)) = (x · y) + x

5. Exponentiation.

(a) x0 = 1

(b) xy+1 = xy · x
6. Absolute value. |x− y| = (x−̇y) + (y−̇x)
7. Factorial.

(a) 0! = 1

(b) (y + 1)! = y! · (y + 1)

8. Minimum min{x, y} = x−̇(x−̇y) and Max-
imum max{x, y} = x+ (y−̇x).

9. Sign functions:
(a) sg(0) = 0

(b) sg(x+ 1) = 1

sg(x) = 1− sg(x).

1. Remainder Rem(x, y) “the remainder of the divisione of y by x”:
(a) Rem(x, 0) = 0

(b) Rem(x, y + 1) = S(Rem(x, y) · sg(|y − S(Rem(x, y))|)
2. Quotient qt(x, y) =“quotient of the divisione of y by x”:

(a) qt(x, 0) = 0

(b) qt(x, y + 1) = qt(x, y) + sg(|x− S(Rem(x, y))|)
3. Limited sum:

(a)
∑
y≤0 f(x, y) = f(x, 0)

(b)
∑
y≤z+1 f(x, y) =

∑
y≤z f(x, y) + f(x, z + 1)

4. Limited product : Πy≤xf(x, y) (analogous).

A relation is primitive recursive, if its characteristic function is. Let χ(φ) = 1 iff φ is true. Some
examples of such relations are the following:

1. Characteristic function of equality : χ=(x, y) = sg(|x− y|)
2. Characteristic function of the relation <: χ<(x, y) = sg(y−̇x)
3. The relations obtained from the primitive recursive relations by means of connectives and

bounded quantifiers in turn primitives recursive:

(a) Propositional connectives: χ(¬φ) = 1− χ(φ), χ(φ ∧ ψ) = χ(φ) · χ(ψ).
(b) Bounded quantifiers: χ(∀y ≤ xθ(x, y)) = Πy≤xχ(θ)(x, y)

(c) Exercise. Define the characteristic function of ∨ and of the bounded existential quantifier.
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4. Divisibility (“x divides y”): x|y ↔ ∃z ≤ y(x · z = y)
5. Prime numbers (“x is a prime number”):

x ≥ 2 ∧ ∀y ≤ x(y|x→ y = 1 ∨ y = x)

6. Operator of bounded minimization (“the minumum y less or equal to x such that...”):

µy ≤ z.R(x, y) =

{
min y.R(x, y) if ∃y ≤ zR(x, y)

0 otherwise

where R(x, y) is primitive recursive.
Observe that: µy ≤ z.R(x, y) =

∑
y≤z(y · g(x, y)), where:

g(x, y) =

{
1 if R(x, y) ∧ ∀z < y¬R(x, z)

0 otherwise

7. Definition by cases. Let g0, g1, h be primitive recursive. Then also the following is primitive
recursive:

f(x) =

{
g0(x) if h(x) = 0

g1(x) otherwise

Just take f(x) = g0(x) · sg(h(x)) + g1(x) · sg(h(x)).
8. The sequence of prime numbers, where p(x) = px = the x− th prime in increasing order:

(a) p0 = 2

(b) px+1 = µy ≤ px! + 1(“y prime ∧ y > px”)

The bound to the minimization operator is essential, and is obtained from the proof of Euclid’s
theorem on the infinity of the prime numbers.

To encode finite sequences of numbers by single numbers, we will apply this well-known result:

(Fundamental theorem of arithmetic or unique prime-factorization theorem). Every
integer greater than 1 either is prime itself or is the product of prime numbers, and
that this product is unique, up to the order of the factors.

There are actually many methods to encode the finite sequences in primitive recursive way;
a possible coding is as follows (see Odifreddi (1989-1999), Vol. I, pp. 88-90) and exploits the
notions and results just introduced:

1. Sequence. x = 〈x1, ..., xn〉 = pn0 · p
x1
1 · ... · pxnn . Note that the first exponent n, gives the length

of the sequence.
2. Projection. (x)i = exp(x, pi) = µv ≤ x(pvi |x ∧ ¬(pv+1

i |x))
3. Length. lh(x) = (x)0

4. Seq(x)=“is a sequence”. Seq(x)↔ ∀i ≤ x(i > 0 ∧ (x)i 6= 0→ i ≤ lh(x))

5. Concatenation. If Seq(x) and Seq(y), then: x∗y = p
lh(x)+lh(y)
0 ·Πi<lh(x)p

(x)i+1

i+1 ·Πi<lh(y)p
(y)i+1

lh(x)+i+1.
Otherwise x ∗ y = 0.

In a similar way we can encode the notion of initial segment x of a sequence y (Exercise).
Notice that Seq(x) says that the code of a finite sequence has the form:

x = pn0 · p
x1
1 · ... · p

xn
n · p0

n+1 · p0
n+2 · p0

n+3 · ...

where n = lh(x) says that the sequence ends at xn and all non-zero exponents (i.e. the elements
of the sequence) occur among x1, ..., xn.

We now have the tools to prove (Péter) the closure of the set of primitive recursive functions
under recursion on the course of the values.
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Theorem 7. The following schema of recursion on the course of the values is primitive recursive:

1. F (0, y) = g(y)

2. F (x+ 1, y) = h(
−→
F (x, y), x, y)

Proof. Let us show that the history of F , namely
−→
F (x, y) = 〈F (0, y), ..., F (x, y)〉, is primitive

recursive, for g, h primitive recursive. It follows that also the recursion on the course of values is
primitive recursive: In fact just define

−→
F as follows:

1.
−→
F (0, y) = 〈g(y)〉

2.
−→
F (x+ 1, y) =

−→
F (x, y)∗ < h(

−→
F (x, y), x, y) >

Therefore F (x, y) = (
−→
F (x, y))x+1.

QED

Recall that the primitive recursive functions are total. Not only, but we can say more about
their totality.

Definition 6. Let f(x0, ..., xk) be a total function and T an extension of Robinson arithmetic Q.
We say that f(x0, ..., xk) is provably total in T, if there is a formula ψ(x0, ..., xk, y) such that:

1. ψ(n0, ..., nk, f(n0, ..., nk))) is true, for all numbers n0, ..., nk (where n is the numeral

n−times︷ ︸︸ ︷
SSS...S0

denoting n).
2. T ` ∀x0...∀xk∀y∀z(ψ(x0, ..., xk, y) ∧ ψ(x0, ..., xk, z)→ y = z).
3. T ` ∀x0...∀xk∃yψ(x0, ..., xk, y)

Theorem 8. (Parsons 1970) Let IΣ0
1 be the subtheory of Peano Arithmetic, obtained by restricting

the induction schema to the Σ0
1 formulas. Hence f(x0, ..., xk) is primitive recursive if and only iff

it is provably total in IΣ0
1.

Proof. In Parsons (1970). See also Buss (1998), where this theorem is proved using the “witnessing”
method, which we will illustrate in ch.7.4. QED

We have seen that not all computable total functions are primitive recursive. However,
Ackermann’s function, for instance, can be obtained by further expanding the class of recursive
functions with the regular minimization scheme:

f(x) = µy.(g(x, y) = 0)

as long as g is total computable and ∀x∃y(g(x, y) = 0). Note that without this clause we go out
from total functions. We calculate g(x, 0), g(x, 1), g(x, 2)... If a value y exists for which g(x, y) = 0,
the computation sooner or later ends; but if we do not put this clause, the computation might
never end. This is another way of incorporating induction, the minimum principle being equivalent
to complete induction. Gödel and Kleene actually showed that this class, the total recursive
functions, can be characterized also without the primitive recursion.

Theorem 9. The class of total recursive functions is the smallest class containing sum, product,
projections, the characteristic function of equality and is closed under composition and under
µ-recursion.

We have so exhausted the notion of computability? Not really. We aim at a formalization of
computable functions such that:

1. we can give an effective list f0, f1, f2, ... of their programs, containing all and only the programs
of the computable functions
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2. Such a list must be uniformly effective, in the sense that there is an algorithm Φ such that
for all e, n:

Φ(e, n) = fe(n)

Now we will see that this cannot be done, if we limit ourselves to total functions, because of
the phenomenon of diagonalization: for total recursive functions there is no universal function Φ
as above. This method is applicable to any case where the sets of instructions can be effectively
listed. Suppose that the above claims are satisfied by the total computable functions and take
h(x) = Φ(x, x) + 1. Also h is total, hence corresponds to some fe in the list. But then we have a
contradiction, since fe(e) = h(e) = Φ(e, e) + 1 = fe(e) + 1. Hence h cannot be a member of the
above list, which cannot be therefore exaustive. We must therefore abandon one of the above
conditions. The problem does not arise if, while maintaining conditions 1. and 2., we admit partial
functions. Let us admit therefore partial functions, i.e. that are not defined on some numbers.
With the notation φ(x) ↓ we mean that the function is defined on x, while the notation φ(x) ↑
mean that the function is not defined at x. With writing φ(x) ' ψ(x) we understand now that
either φ(x) ↑ and ψ(x) ↑, or φ(x) ↓ and ψ(x) ↓ and φ(x) = ψ(x). The minimization scheme is now
as follows. If φ(x, y) is partial recursive:

ψ(x) ' µy(φ(x, y) ' 0 ∧ ∀z ≤ yφ(x, z) ↓)

It is undefined if there is no such y. Adding this scheme to the primitive recursive functions (where
equality has to be intended between partial functions) we have the model of Kleene’s µ−recursive
functions1.

The above definition can also be reformulated as follows: the partial recursive functions can be
obtained by adding this minimization scheme, rather than what we added before:

φ(x0, ..., xn) ' µy.R(x0, ..., xn, y)

where R(x0, ..., xn, y) is a recursive relation and φ(x0, ..., xn) ↑ if does not exist y satisfying
R(x0, ..., xn, y). The partial recursive functions are not closed with respect to this scheme, if
R(x0, ..., xn, y) is only recursively enumerable. Actually, if R(x, y) is recursive, we can define

φ(x0, ..., xn) ' µy.((sgχR(x0, ..., xn, y)) ' 0)

Theorem 10. (Kleene 1936) Let n > 0; there are primitive recursive relations Tn(x, x0, ..., xn−1, z)
and U(z) such that, for each recursive n-ary partial function ψ, there exists e ∈ N such that:

ψ(x0, ..., xn−1) ' U(µz.Tn(e, x0, ..., xn−1, z))

ψ(x0, ..., xn−1) ↓ iff ∃z(Tn(e, x0, ..., xn−1, z))

The relation Tn(e, x0, ..., xn−1, z) must be read as: “z encodes a computation of the function whose
code is e on input x0, ..., xn−1“.

Proof. The proof is very laborious and we refer to Odifreddi (1989-1999) pp. 90-6 for a detailed
account. The basic idea is as follows: first of all, we associate numbers to the initial functions
and to all scheme generating the recursive functions, encoding them à la Gödel. Then we define
a computation tree, whose nodes are labelled by triples 〈e, 〈x0, ..., xn〉, b〉 where e is the code of
a function f , the sequence 〈x0, ..., xn〉 represents its argument and b is the value of f(x0, ..., xn).
Internal nodes tell us inductively through which scheme, applied to the function that labels the
children of a node, we arrived at the function that labels that node. Leaves correspond to initial
functions and the root is labelled by the triple corresponding to the function whose computation

1 In Odifreddi (1989-1999) p. 128 is made clear that the set of partial recursive functions is not closed under
the simplified scheme φ(x) ' µy.(ψ(x, y) ' 0).
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tree we are defining. The whole tree will be encoded like this: suppose that the node k has
n+ 1 children, which are the roots of subtrees T0, ..., Tn; then the tree generated by k has code
z = 〈k, pT0q, ..., pTnq〉. Finally, we define Tn(e, x0, ..., xn−1, z) iff e encodes ψ(x0, ..., xn−1) and z
encodes the computation tree whose root is labelled by k = 〈pψq, 〈x0, ..., xn−1〉, b〉. With the use
of the projections also define U(z) = b. Indeed, note that (z)1 = k; but k = 〈pψq, x0, ..., xn−1, u〉,
hence ((z)1)1 = pψq, ((z)1)2 = 〈x0, ..., xn−1〉 and so on. To translate this representation into
a primitive recursive predicate that says that a given number encodes a computation tree, we
in fact only need primitive recursive predicates and functions, mainly codes of sequences and
projections. QED

We have in fact obtained the enumeration theorem: for each n, there exists a universal function
concerning the class of partial recursive functions in n variables:

Kn(e, x0, ..., xn−1) ' U(µzTn(e, x0, ..., xn−1, z))

Moreover, if we define φne (x0, ..., xn−1) ' Kn(e, x0, ..., xn−1), then for all e each φne is partial
recursive and each n− ary partial recursive function correspond to some φne in the list. But we
can also omit the reference to n-arity and see from the above that there is an universal function
K(u, x) that generates all partial functions, that is, such that, for each arity and for each partial
recursive function φ(x0, ..., xn−1), exists a code e for which we have:

φ(x0, ..., xn−1) ' K(e, 〈x0, ..., xn−1〉)

Observes that Tn(e, x0, ..., xn−1, y) implies ((y)1)1 = e and ((y)1)2 = 〈x0, ..., xn−1〉. Then we
place:

K(e, x) ' U(µy.T (y) ∧ ((y)1)1 = e ∧ ((y)1)2 = x)

where T (y) is the primitive recursive predicate formalizing “ y is a computation tree ”, according
to the previous construction. It has thus:

K(e, 〈x0, ..., xn−1〉) ' U(µy.T (y) ∧ ((y)1)1 = e ∧ ((y)1)2 = 〈x0, ..., xn−1〉)

' φn(x0, ..., xn−1)

We write φne (x0, ..., xn−1) for K(e, 〈x0, ..., xn−1〉).
A universal Turing machine is essentially a machine that computes a similar function. It is also

concluded from the above that there are exactly ℵ0 partial recursive functions and exactly ℵ0 total
recursive functions: by the Church’s thesis constant functions cn(x) ' n are total recursive and
therefore there are at least ℵ0 total recursive functions. Moreover, they cannot be more than ℵ0,
by the normal form theorem. It is also known that, being the set of functions (computable or not)
from N to N of cardinality 2ℵ0 . This means that the computable functions are a small minority.
We must make a few remarks about the indices. First of all each recursive partial function has
infinite indices; for instance:

ψe(x) ' ψe(x) + Z(Pm0 (x))

And yet the indices of the two functions are different. The index for ψe(x) +Z(Pm0 (x)) is given by
the sequence code 〈3, e, 〈3, 〈2,m, 1〉, 〈0〉〉, e+〉, where e+ is the index of +.

Theorem 11. (“Padding lemma”) There is a total function f(e,m,w) such that φe(x) ' φf(e,m,n)(x),
where f(e,m, 0) < f(e,m, 1) < f(e,m, 2) < ... are all indexes of the same function.

Proof. If z = 〈3, 〈2,m, 1〉, 〈0〉〉 = pZ(Pm0 (x))q,
let g(e,m) = 〈3, e, z, e+〉 = pψe(x)+Z(Pm0 (x))q; observe that φe(x) ' φg(e,m)(x). Let therefore

f(e,m, 0) = e and f(e,m, n+ 1) = g(f(e,m, n),m).
QED

Theorem 12. (Theorem of parameters, or s-m-n-theorem) Given m,n ∈ N there exists a
function s(e, x0, ..., xn−1) such that:

φe(x0, ..., xn−1, w0, ..., wm−1) ' φs(e,x0,...,xn−1)(w0, ..., wm−1)
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Proof. We want constant functions φf(0)(w0, ..., wm−1) = 0, φf(1)(w0, ..., wm−1) = 1 etc. Thus, let
us define:

1. f(0) = 〈3, 〈2,m, 1〉, 〈0〉〉
2. f(n+ 1) = 〈3, f(n), 〈1〉〉
Then observe that:

1. φf(0)(w0, ..., wm−1) = Z(Pm1 (w0, ..., wm−1))

2. φf(n)(w0, ..., wm−1) =

n−times︷ ︸︸ ︷
SSS...S(Z(Pm1 (w0, ..., wm−1)) = n

Hence, abbreviating w = w0, ..., wm−1 and x = x0, ..., xn−1:

φe(x,w) ' φe(φf(x0)(w), ..., φf(xn−1)(w), Pm1 (w), ..., Pmm (w))

Let therefore:

s(e, x0, ..., xn−1) = 〈3, f(x0), ..., f(xn−1), 〈2,m, 0〉, ..., 〈2,m,m− 1〉, e〉

And therefore we have φe(x,w) ' φs(e,x)(w) QED

Many results that have been proved so far (enumeration theorem, s-m-n theorem, padding
lemma) mention indices in their statements or in their proofs: do these results depend on the
particular way in which indices were defined? We call acceptable a system that resemble the
standard one, i.e. if it is possible to go effectively from the one to the other. More precisely, if ψe
is the standard one, then a system of indices ζe is acceptable if there are computable functions
g, f such that ψe = ζf(e) and ψg(e) = ζe. In this respect we have this result:

Theorem 13. An enumeration of the partial recursive functions {φe}e∈N is an accettable indexing
if and only if:

1. for every partial recursive function ψ exists an index e such that ψ ' φe.
2. There is a universal function.
3. The parameter theorem is fulfilled..

It follows that every acceptable system of indices satisfies the Recursion Theorem.

Theorem 14. (Recursion Theorem) Let f be total recursive; then there exists n ∈ N such that
φn(x) ' φf(n)(x), namely n and f(n) compute the same function: we say that n is a fixed point
of f .

Proof. Let u ∈ N and let φ(x) be defined by the following instructions: apply the set of instructions
Pu coded by u, to the input u; if the computation terminates and gives output w, then take the
set Pw of the instructions encoded by w and apply it to x. If Pw applied to x halts and returns
output z, put φ(x) ' z. More formally, whereas the instructions to φ depends on u, let g the
function that, given u, returns the code for these instructions:

φg(u)(x) '

{
φφu(u)(x) if φu(u) ↓
↑ otherwise

Let φe(x) = f(g(x)) and n = g(e); then φn ' φg(e) ' φφe(e) ' φf(g(e)) ' φf(n) QED

Example. There is an index e such that for all n, φe(n) ' e, that is, this function prints its name.
Let f(x, y) = x; by the s−m−n theorem there exists a function g such that f(x, y) ' φg(x)(y) = x.
For the theorem of fixed point exists n such that φg(n)(x) ' φn(x). Thus:

n = f(n, y) ' φg(n)(y) ' φn(y)

Example. We can use the theorem of fixed point and the s −m − n theorem to prove the
Ackermann function. Let K(e, x) a universal function and define by cases:
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1. g(n, 0, y) ' y + 1
2. g(n, x+ 1, 0) ' K(n, 〈x, 1〉)
3. g(n, x+ 1, y + 1) ' K(n, 〈x,K(n, 〈x+ 1, y〉)〉)
For the fixed point and for s-m-n, we find an n such that:

g(n, x, y) ' φh(n)(x, y) ' φn(x, y)

Thus:

1. φn(0, y) ' φh(n)(0, y) ' g(n, 0, y) = y + 1
2. φn(x+ 1, 0) ' φh(n)(x+ 1, 0) ' g(n, x+ 1, 0) ' K(n, 〈x, 1〉) ' φn(x, 1)
3. φn(x+ 1, y + 1) ' φh(n)(x+ 1, y + 1) ' g(n, x+ 1, y + 1) '

' K(n, 〈x,K(n, 〈x+ 1, y〉)〉) ' φn(x, φn(x+ 1, y))

As to the first example, functions that prints their own code as in that case are called quines.
A quine is an easy example self-replicating computer program which takes no input and produces a
copy of its own source code as its only output. The name “quine” was coined by Douglas Hofstadter,
in his popular science book Hofstadter (1979), in honor of the philosopher Willard Van Orman
Quine (1908-2000). There is a famous anecdote that when Descartes presented Christina of Sweden
with the hypothesis that animals constitute a form of mechanical automaton, she pointed to a clock
and exclaimed: “Let’s see if it produces a child”. Organisms, unlike machines, are self-organising
systems that self- reproduce. The view of animals as machines (la bête machine), in other words,
ran into serious difficulties in the face of the objection that living organisms, in general, unlike
machines (as has long been assumed), have the capacity to reproduce themselves. Speaking more
abstractly, self-replication is any behaviour of a dynamic system that leads to the construction
of a copy of itself. Since the time of Descartes and La Mettrie, many things (starting with the
concept of “machine” itself) have changed, but the opposition between vitalistic, organicistic
and mechanistic conceptions of life is still strong. Certain mechanistic tenets conceive of living
organisms as very complex machines programmed by genetic software, just as, conversely, attempts
are made to describe living organisms in terms of self-replicating automatons. Anti-mechanistic
conceptions instead emphasise the irreducible diversity between organisms and machines. The
fixed point theorem and the diagonalization technique shed light on this problem (see also Rogers
(1987) pp. 188-90 and Odifreddi (1989-1999) pp. 170-74 for a more in-depth discussion) and
thanks to them it can be demonstrated that there must be a machine that, regardless of the input,
constructs its own replica. The problem of self-replication of machines began to become a concrete
and “engineering” problem with Von Neumann, who formalized the idea of cellular automata in
order to create a theoretical model for a self-reproducing machine. He drew a general outline of
his self-replicating automaton that anticipated some concepts of current cell biology, such as those
of translation and transcription (the two fundamental stages of the protein synthesis process). In
fact, the insights behind Von Neumann’s original model anticipated some of Watson and Crick’s
(1953) discoveries concerning the functioning of DNA. At the Hixon Symposium in Pasadena,
California on September 1948 he compared the functions of genes to self-reproducing automata;
its universal constructor is a self-replicating machine in a cellular automata (CA) environment.
Cellular automata are mathematical models he used to simulate complex systems representing
real-world phenomena studied in physics and biology. In this research he made use of some
concepts introduced by Turing, for example the Universal constructor, that is, able to build any
machine starting from a its description, and in particular to self-reproduce, a concept inspired by
the Universal Turing Machine (see Von Neumann (1951)).

2.2. Recursively enumerable sets

Informally, a set is computably enumerable (o recursively enumerable), if there is a computable
procedure to list its elements.

Definition 7. A set X ⊆ N is recursively enumerable (or computably enumerable) iff either
X = ∅, or X = Range(f) = {f(0), f(1), f(2), ...}, for some f total recursive.
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Note that if X is recursive, then it is also recursively enumerable; in case of X = ∅, it is obvious;
in case of X finite, e.g. X = {k0, ..., kn}, take f total recursive defined as follows:

f(x) '

{
kx if x ≤ n
kn otherwise

It is clear that X is the range of f . If X is infinite and χX is the characteristic function:

1. f(0) ' µy.(χX(y) = 0)
2. f(n+ 1) ' µy.(χX(y) = 0 ∧ f(n) < y)

Note that Range(f) = X.

Lemma 1. The following are equivalent:

1. Either A = ∅ or A = Range(f) for some f total recursive.
2. A = Dom(ψ), for ψ partial recursive.
3. A = Range(φ), for φ partial recursive.

Proof. 1. ⇒ 2. if A = ∅, then A = Dom(φ), where φ is the function everywhere divergent. If
A 6= ∅, A = Range(f), then define ψ using the following instructions:

1. generate Range(f)

2. when y appears, put ψ(y) ' y

So we get Dom(ψ) = Range(f) = A.
2.⇒ 3. Let A = Dom(ψ), let moreover φ(x) ' x+ 0 · ψ(x); note that A = Range(φ).
3.⇒ 1. Let A = Range(φ), let therefore:

f(〈x, t〉) '

{
z if φ(x) ↓ in at most t steps with output z
a ∈ A otherwise

Then A = Range(f). QED

Remark 2. Note that if we had omitted the bound t we would not have guaranteed the total
character of f ; the reason is that we can not recursively decide whether φ(x) ↓ ( unsolvability of the
“halting problem”), but on the contrary we can decide whether φ(x) ↓ in at most t steps. Moreover,
in 1. the function f can be taken primitive recursive: suppose that A 6= ∅; if f(x) = φe(x) = y,
then ∃sT (e, x, s) ∧ U(s) = y. So, define g(z) = U((z)1), if T (e, (z)0, (z)1), and an element a ∈ A
otherwise. Show that the range of g is A.

There is another interesting characterization of the computably enumerable sets which will
come in handy in sections 2.4 and 8.3.

Theorem 15. The following are equivalent:

1. A is computably enumerable.

2. There is a total computable binary function f(x, s) (i.e. with values 0, 1) such that for every
x, f(x, 0) = 0, there is at most one s such that f(x, s + 1) 6= f(x, s), and lims f(x, s) =
χA(x) =characteristic function of A.

3. There is a computable sequence of finite sets As, s ∈ N, such that for all s,As ⊆ As+1 , and
A = ∪sAs .

Lemma 2. X is recursive iff X and X are both computably enumerable
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Proof. ⇒ Let χX(x) be te characteristic funcion of X (by hypothesis computable) and let us
consider the following:

φ(x) '

{
0 if χX(x) = 0

↑ otherwise

ψ(x) '

{
1 if χX(x) = 1

↑ otherwise

and observe that X = Dom(ψ) and X = Dom(φ).
⇐ If X and X are computably enumerable not empty, are then generated respectively by f ,

g total recursive, i.e. X = {f(0), f(1), f(2)...}, X = {g(0), g(1), g(2), ...}. To find out whether a
number belongs to X just generate both sets. QED

It is worth pointing out the difference with this result:

Lemma 3. The following statements are equivalent:

1. X is recursive.

2. Either X = ∅ or X is the range of a non decreasing recursive function f (i.e. if a > b then
f(b) ≥ f(a))

Proof. ⇒ Let X 6= ∅ recursive; let a its smallest element and let f(0) = a,

f(n+ 1) '

{
n+ 1 if n+ 1 ∈ X
f(n) otherwise

Note that f is non-decreasing.
⇐ Let X infinite and range of f non decreasing recursive; to know if x ∈ X, the test is as follows:

Search the minimum n such that f(n) > x. We will have that x ∈ X iff x ∈ {f(0), ..., f(n)} QED

Definition 8. With notation We we mean the computably enumerable set Dom(φe). Hence every
computably enumerable set can be written in this form.

Moreover, from the normal form theorem:

We = {〈x0, ..., xn−1〉|∃yT (e, x0, ..., xn−1, y)}

It follows that X is computably enumerable iff there exist a recursive relation R such that:

X = {〈x0, ..., xn−1〉|∃vR(x0, ..., xn−1, v)}

A direction follows from the above; for the other direction, suppose:

X = {〈x0, ..., xn−1〉|∃vR(x0, ..., xn−1, v)}

Then we take ψ(x0, ..., xn−1) ' µz.R(x0, ..., xn−1, z). Note that X = Dom(ψ).
We now propose again, in this different context, the fundamental result about the unsolvability

of the halting problem, already highlighted in the chapter on Turing machines.

Theorem 16. The problem “x ∈Wx” is undecidable.
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Proof. Let us suppose that the following function is computable:

f(x) =

{
1 if φx(x) ↓
0 φx(x) ↑

Then take:

g(x) =

{
0 if f(x) = 0

↑ f(x) = 1

Observe that g is partial recursive; let g = φe, for some e. Hence e ∈We iff φe(e) ↓ iff g(e) = 0
iff e 6∈ We (contradiction). Hence f cannot be computable. It follows that also the following is
incomputable:

h(x, y) =

{
1 if φx(y) ↓
0 otherwise

If it were, then it would also be f(x) = h(x, x). Hence also the problem “y ∈Wx” is unsolvable.
QED

Corollary 1. The following (“diagonal set” or “halting set”) is computably enumerable but not
recursive:

K = {n ∈ N|φn(n) ↓} = {n ∈ N|n ∈Wn}

Proof. Let indeed ψ(x) = φx(x), and note that it converges, namely is defined, on x iff x ∈ K, i.e.
x ∈ Dom(ψ) iff x ∈ K; hence K = Dom(ψ) and therefore K is computably enumerable But is not
recursive: indeed its complement K is not computably enumerable Note that x ∈ K iff φx(x) ↑
iff x 6∈Wx. Since each computably enumerable set is of the form Wx, this means that K differs
from each of them in at least one element. Hence is different from all computably enumerable
sets. QED

Example. There is no effective way of deciding, given x if φx is total. It is observed that the set
Tot = {x|φx totale} is not computably enumerable For if it were, there would be some f recursive
of which would be the range:

φf(0), φf(1), φf(2), ....

But then we could take g(x) = φf(x)(x)+1 noting that g 6= φf(x), for all x. For if we had g = φf(e),
for some e, then g(e) = φf(e)(e) = φf(e)(e) + 1

Index set. Let F a set of partial recursive functions; the set F∗ of all the indices of the functions
in F , assuming that if x ∈ F∗ and φx ' φy then y ∈ F∗, is called “index set”. Note that the set
Tot of the previous example is an index set, but K is not; take indeed f(n) = index of {n}. For the
fixed point theorem there exists e such that Wf(e) = We, whereby e ∈We iff e ∈Wf(e) iff e ∈ {e}.
If now we take a different index j of {e}, then j 6∈ Wj = {e}, i.e. φj(j) ↑ and therefore j 6∈ K.
Note that an index set F contains all possible “programs” to calculate the functions contained in
F .

Theorem 17. (Rice theorem) Each nontrivial property of programs is undecidable: if F is a class
of partial recursive functions and F∗ is its index set, then F∗ is recursive iff either is empty, or
coincides with the class of all partial recursive functions.

Proof. Reduces K to F∗; we exclude cases in which F∗ = ∅ and F∗ = N; we exclude also the case
everywhere undefined function φ∅. Let therefore a ∈ F∗ and let:

ψ(x, y) =

{
φa(y) if x ∈ K
↑ otherwise

by parametrization we obtain ψ(x, y) ' φh(x)(y). Then:
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1. If x ∈ K, then ψ(x, y) = φa(y), from which φa ' φh(x) and h(x) ∈ F∗.
2. If x 6∈ K, then ψ(x, y) ↑, from which φ∅ ' φh(x) and h(x) 6∈ F∗

If therefore F∗ would be recursive, also K would be. QED

An index-set is intended to code properties of functions, not of programs, i.e. not depending
on the particular algorithm used for computing that functions; but Rice’s theorem says that all
nontrivial properties of index-sets are undecidable.

Lastly, an important characterisation of computably enumerable sets is that connected to the
negative solution of Hilbert’s X problem. A Diophantine equation is a polynomial with integer
coefficients for which we seek integer solutions. In general they have the form: f(x0, ..., xm) = 0,
or f(x0, ..., xm) = g(x0, ..., xm) where f, g are polynomials with integer coefficients.

2.3. Hilbert’s tenth problem

The tenth on the list of mathematical problems that Hilbert posed in 1900 asks: “given a
Diophantine equation with any number of unknowns and integer coefficients, define a process
that could end in a finite number of operations, to determine whether the equation has integers
solutions” . We consider families of Diophantine equations D(a0, ..., ak, x0, ..., xm) = 0, where:

1. the variables a0, ..., ak are called parameters.

2. the variables x0, ..., xm are called unknowns.

By setting the parameters we obtain an equation; on the basis of the parameters, the equation
may or may not have solutions for the unknowns (that is to say values which replaced the unknowns
make it true). A set of the form:

X = {〈a0, ..., ak〉|∃x0...∃xm(D(a0, ..., ak, x0, ..., xm) = 0)}

i.e. a set consisting of k + 1-tuples of natural numbers 〈a0, ..., ak〉 for which there exist solution
vectors for the unknowns, x0, ..., xm, is called Diophantine. Indeed, the expression “integers
solutions” , il Logic books, is sometimes replaced with “solutions in natural numbers”. This is due
to a Lagrange’s theorem which states that every non-negative integer is the sum of four squares of
integers. Considers, therefore f(x0, ..., xm) = 0 and suppose that we are looking for solutions in the
naturals. Then we take f(a2

0 +b20 +c20 +d2
0, ..., a

2
m+b2m+c2m+d2

m) = 0. From Lagrange’s four-square
theorem, this is guaranteed to be possible. Substituting a2

0 + b20 + c20 + d2
0, ..., a

2
m + b2m + c2m + d2

m
in place of x0, ..., xm into f(x0, ..., xm), we obtain a Diophantine equation in 4m variables, all of
which are integers.

Theorem 18. The problem of determining the existence or nonexistence of solutions to a Dio-
phantine equation in natural numbers is reducible to the problem of determining the existence or
nonexistence of solutions to a Diophantine equation with integer values, and the opposite is also
true.

In 1934 Godel shows that the undecidable statement of his 1931 theorem can be expressed
in the form: Q0x0...Qnxn(f(x0, ..., xn) = 0) where f is a polynomial with integer coefficients and
Q0, ..., Qn are quantifiers. subsequently Gödel shows that every statement of the form ∀xφ(x) with
φ(x) primitive recursive is equivalent to one of the form:

∀x0...∀xm∃y0...∃yn(f(x0, ..., xm, y0, ..., yn) = 0)

In 1950 Martin Davis conjecture that a set is computably enumerable iff it is Diophantine. It also
shows that every computably enumerable set X has the form:

X = {〈a0, ..., an〉|∃z∀y ≤ z∃x0...∃xkf(a0, ..., an, y, z, x0, ..., xk) = 0}

It will take another two decades to eliminate the bounded quantifier “∀y ≤ z”. In 1952 Julia Robin-
son shows that there is a polynomial f such that ab = c if and only if ∃z0...∃zm(f(a, b, c, z0, ..., zm) =
0) under a sufficient condition that a Diophantine set of pairsX = {〈u, v〉|∃y0, ...,∃ykg(u, v, y0, ..., yn) =
0} exists, such that:
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1. if 〈u, v〉 ∈ X, then u < vv

2. for all k exists 〈u, v〉 ∈ X such that u > vk.

If we call (JR) this hypothesis, the result is that if (JR) is true, then exponentiation is
Diophantine. In 1959 Davis, Putnam and Robinson showed that each computably enumerable set is
exponential Diophantine. Hence (JR) implies that every computably enumerable set is Diophantine.
Remember that the exponential diophantine equations are f(x0, ..., xm, y0, ..., yn) = 0 where the f
is an exponential polynomial, i.e. constructed by addition, multiplication and exponentiation, e.g.

(x+ 1)y+2 + x3 = y(x+1)x + y4

Lastly, in 1970 Y. Matiyasevich find the required equation (JR) demonstrating that the Fibonacci
sequence F0 = 1, F1 = 1 and Fn = Fn−1 + Fn−2 is definable by a set of ten Diophantine equations
and that the set X = {〈u, v〉|u = F2v ∧ v > 2} satisfies (JR).

Theorem 19. (Matiyasevich 1970, Robinson 1950, Davis 1949, Putnam 1959) Each computably
enumerable set is Diophantine.

Note that for the theorem of normal form P (x0, ..., xk) is computably enumerable iff there exist
a recursive relation R(x0, ..., xk) such that:

P (x0, ..., xk)↔ ∃yR(x0, ..., xk)

Hence also the converse of Matiyasevich theorem holds and it follows:

Corollary 2. Computably enumerable sets coincide with the Diophantine sets.

Corollary 3. Hilbert’s tenth problem has a negative solution.

Proof. The halting set K can be written in Diophantine form:

K = {x|∃y0...∃yn(f(y0, ..., yn, x) = 0)}

But K is not computable, then there is no algorithm for deciding whether the equations:

f(y0, ..., yn, 0) = 0, f(y0, ..., yn, 1) = 0, f(y0, ..., yn, 2) = 0...

have solutions in naturals: if there was a solution to the tenth Hilbert problem, such an algorithm
would exist, so we could also decide K. QED

We believe it is useful to indicate some recent developments in the research on this issue. The
MRDP theorem is provable in the Elementary Aritmetic, namely the theory obtained from I∆0

(the theory obtained from Peano Arithmetic restricting the induction to the bounded formulas)
by adding ∀x∃y2x = y and therefore in this theory and all its extensions, each Σ1 formula is
equivalent to a diophantine one of the form:

∃x(t(x, y) = s(x, y))

where t, s are terms of the language of Peano Arithmetic. By the well known essential undecidability
results, for all consistent extensions of Q, the set of Σ1 provable sentences and the set of Σ1sentences
consistent with the theory are both undecidable. Hence also the set of Diophantine formulas
provable in extensions of Elementary Arithmetic and the set of those consistent with these theories
are undecidable too. Let us call now DT the set of Diophantine formulas consistent with the
theory T. Or, in other word the set of Diophantine equations solvable in some models of T. We
now ask: when DT is decidable? See Jeřábek (2016) for some positive and negative answers.

2.4. Creative sets and productive sets

According to Gödel, truth in the standard model cannot coincide with provability, because, as
he states in a unsent letter to Yossef Balas (see Dawson (1997), p. 61):
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It follows from the correct solution of the semantic paradoxes that ‘truth’ of the
propositions of a language cannot be expressed in the same language, while provability
(being an arithmetical relation) can.

However, he adds:

in consequence of the philosophical prejudices of our time [...] a concept of mathematical
truth as opposed to demonstrability was viewed with greatest suspicion and widely
rejected as meaningless.

Truth cannot be expressed because otherwise the liar paradox would be reproducible: a version
of Tarski’s theorem before Tarski (see Krajewski (2004) for a general analysis on the relationship
between Gödel and Tarski). Once we know that provability is definable and truth is not, then
assuming that provable sentences are true, i.e. that Pr ⊆ Tr, we get Pr ⊂ Tr and we conclude that
there must be some undecidable sentence, only we have no concrete example (see Grattan-Guinness
(1979)). So, why Gödel didn’t publish the indirect proof of incompleteness? The explanation is
seen in the fact that Gödel was unusually cautious. He feared that relying on the concept of truth
would compromise the possibility of acceptance of his results from the scientific world, because it
would cause suspicion on the part of Hilbert, and of scientific and philosophical context dominated
by finitists, logical positivists, formalists. In a letter to Hao Wang (see Wang (1974), p. 6), Gödel
expresses his doubts:

formalists considered formal demonstrability to be an analysis of the concept of
mathematical truth and, therefore, were of course not in a position to distinguish the
two.

Mathematical truth is just provability: this was the opinion of most matematicians in that time.
Due to his cautious attitude, in his famous paper of 1931 Gödel mentions “truth” only in the
introductory section, and the proof itself is made without the notion of truth. Truth was suspicious,
provability wasn’t.

The aim of this section is to account for Gödel’s original intuition with the means of modern
computability theory, showing the different complexity of the theorems of a theory of formal
arithmetic with certain properties, and of the set of true propositions of the language of this
theory. For this purpose, we refine the notion of computably enumerable set through the concept
of creative set, introduced by Emil Post:

The conclusion is unescapable that even for such a fixed, well defined body of
mathematical propositions, mathematical thinking is, and must remain, essentially
creative (Post (1944), 295).

Hence this terminology emphasises a consequence of Gödel’s incompleteness theorems, namely the
proof of an inherent creativity of the human mind.

Creative sets are those computably enumerable sets whose complement fails to be computably
enumerable in a rather strong way. In some sense are those which can be shown effectively to be
incomputable. Dekker’s notion of productivness, that we will use in this version of incompleteness
theorem, was based on the eralier notion of creativeness. Post gave versions of Gödel’s theorem
based on his concept of creative set. In some way Post, denying the mechanizability of human
reason, anticipated the argument that human mind cannot be reduced to any set of computational
rules:

The logical process is essentially creative. This conclusion ... makes of the mathe-
matician much more than a kind of clever being who can do quickly what a machine
could do ultimately. We see that a machine would never give a complete logic; for once
the machine is made we could prove a theorem it does not prove (Post (1941), 55)

To characterize the notion of creative set, it will be necessary to further explore the concept of
reducibility.
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Definition 9. (Many-one riducibility) Let X,Y ⊆ N:

1. X ≤m Y , i.e. X is “many-one” reducible to Y, means that x ∈ X iff f(x) ∈ Y , for some f
total computable. In case f is injective we speak of 1−reducibility (we write X ≤1 Y ).

2. We say that X is m-complete, if it is computably enumerable and for all Y computably
enumerable , Y ≤m X.

3. X =m Y iff X ≤m Y and Y ≤m X.

Observe that if X ≤m Y and Y is computable, then also X is computable: indeed, suppose
that X ≤m Y through f ; let therefore χX(z) = χY (f(z)), where χA is the characteristic function
of A.

Theorem 20. (Post 1944) X is computably enumerable iff X ≤m K, where K is the halting set.

Proof. ⇒ Let X computably enumerable and let:

ψ(x, y) =

{
1 if x ∈ X
↑ otherwise

By parametrization , there exists f such that φf(x)(y) = ψ(x, y). Thus

Wf(x) =

{
N if x ∈ X
∅ otherwise

Note that:

1. if x ∈ X, then Wf(x) = N, whereby f(x) ∈Wf(x) and therefore f(x) ∈ K

2. if f(x) ∈ K then f(x) ∈Wf(x), and thus Wf(x) 6= ∅ and finally x ∈ X

Hence X ≤m K.
⇐ If X ≤m K, then X is computably enumerable; if X ≤m Y and Y is computably enumerable,

then also X is. Let indeed g : X ≤m Y and let Y computably enumerable; then Y = Dom(φ).
Hence let h(x) = φ(g(x)) whereby x ∈ X iff g(x) ∈ Dom(φ) iff φ(g(x)) ↓ iff x ∈ Dom(h), namely:

X = Dom(φ(g(x)) = Dom(h(x))

Hence X is the domain of a partial computable function. QED

Definition 10. X is productive, if there exists a total computable function f such that:

We ⊆ X ⇒ (f(e) ∈ X rWe)

The f is called productive function. Note that if X is productive , then is not computably enu-
merable (otherwise X = We and we would have a contradiction).

We say that X is creative , if it is computably enumerable and its complement X is productive .
For instance, the halting set K is creative , because is computably enumerable and its complement
is productive :

Wx ⊆ K ⇒ id(x) ∈ K rWx

where id(x) = x. Suppose that this does not hold and that id(x) = x ∈ Wx, namely φx(x) ↓ and
therefore x ∈ K (contradiction, since Wx ∩K = ∅)
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Hence a productive set can be “effectively” distinguished from any given computably-enumerable
set. Gödel’s incompleteness theorem implies that every attempt to effectively enumerate the truths
of arithmetic is bound to fail: in any attempt to enumerate truth, either some falsehood is included
or some truth is missed and in this case the construction permits to effectively produce the missing
truth. The above definition expresses this phenomenon as a general, recursion theoretic property
of sets2.

Theorem 21. If X is productive e X ≤m Y , then Y is productive .

Proof. Let ψ the productive function of X and let f : X ≤m Y . It holds that Wg(x) = f−1[Wx] =

{z ∈ X|f(z) ∈Wx}, Wx ⊆ Y , namely f−1[Wx] is uniformly computably enumerable in x. Hence
f(ψ(g(x))) is the productive function for Y ; indeed:

We ⊆ Y ⇒Wg(e) ⊆ X

⇒ ψ(g(e)) ↓ ∧ψ(g(e)) ∈ X rWg(e)

But ψ(g(e)) 6∈Wg(e) implies ψ(g(e)) 6∈ {z ∈ X|f(z) ∈We}, i.e. f(ψ(g(e)) 6∈We and then:

f(ψ(g(e)) ↓ ∧f(ψ(g(e)) ∈ Y rWe

QED

Theorem 22. Every productive set contains an infinite computably enumerable set.

Proof. Let X be productive and let be the productive function. Enumerate an infinite subset as
follows:

1. let e0 such that We0 = ∅; since We0 ⊆ X, we will have f(e0) ∈ X rWe0 , namely f(e0) ∈ X.
Put y0 = f(e0).

2. Suppose we have defined {y0, ..., yn} ⊆ X; let en+1 such that {y0, ..., yn} = Wen+1
⊆ X; put

yn+1 = f(en+1) ∈ X rWen+1 and therefore yn+1 6= y0, ..., yn.

It is observed that there is an h such that Wx ∪ {f(x)} = Wh(x). For consider the function:

fh(x)(y) ' θ(x, y) =

{
1 if either y ∈Wx or y = f(x)

↑ otherwise

Let Wen+1
= Wen ∪ {yn} = Wen ∪ {f(en)} = Wh(en). The sequence of indices en is therefore

given computablely: en+1 = h(en) and therefore the sequence yn = f(en). It follows that B =
{y0, y1, y3...} = {e0, f(h(e0)), f(h(h(e0))), ...} is the range of a total computable function. QED

An infinite set is called immune if it does not contain infinite recursively enumerable sets. A
set is simple if it is recursively (or computably) enumerable and its complement has this property.
Post proved the existence of such sets. Simple sets are in intermediate between recursive and
creative sets. Indeed, since a productive set contains an infinite recursively enumerable subset, a
simple set is neither recursive nor creative. Now we show the equivalence between the two notions
of creativeness and m-completeness.

Theorem 23. If X is m-complete, then is creative .

2 In some textbooks the productive function is given as a total function, while in others it is given as partial.
We follow in this exposition Odifreddi (1989-1999).
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Proof. Let g : K ≤m X and let Wh(x) = {z|g(z) ∈ Wx}, with X computably enumerable. Note
that if g(z) ∈ Wx ⊆ X, then z ∈ K. Hence, if Wx ⊆ X, then Wh(x) ⊆ K. In particular
h(x) 6∈Wh(x) and then h(x) ∈ K. In conclusion:

Wx ⊆ X ⇒ h(x) ∈ K rWh(x)

⇒ g(h(x)) ∈ X rWx

Note that g(h(x)) ∈Wx ⇒ h(x) ∈Wh(x). QED

Theorem 24. (Myhill 1955) If X is creative, then X is m− complete.

Proof. Let X creative ; then X is productive . Let h the productive function and let Y computably
enumerable; let us define, for m,n fixed, the following algorithm: given r as input, look for this n
in Y :

1. if n appears, compute h(m),

2. if h(m) = r, output = 0.

Otherwise the algorithm does not give output. Because it depends uniformly from m and n, we
can express it as φf(m,n) for some f total computable. Hence we have:

Wf(m,n) =

{
{h(m)} if n ∈ Y
∅ otherwise

Now we use this version of the second recursion theorem: for every f there exist a function
νf such that φνf (x) ' φf(νf (x),x). Let therefore νf be such that Wνf (x) = Wf(νf (x),x), and then,
returning to our case:

Wνf (n) = Wf(νf (n),n) =

{
{h(νf (n))} if n ∈ Y
∅ otherwise

Hence:

1. n ∈ Y ⇒ hνf (n) ∈Wνf (n) ⇒Wνf (n) 6⊆ X ⇒ hνf (n) ∈ X

2. n 6∈ Y ⇒Wνf (n) = ∅ ⇒ hνf (n) ∈ X

Hence n ∈ Y iff hνf (n) ∈ X, and therefore hνf : Y ≤m X. QED

Let us now return to logic, with the aim of arriving at the proof of versions of the incompleteness
theorem that emphasise Gödel’s original insights we mentioned at the beginning of this section
on the different complexity of the set of true statements and the set of theorems, but saying
something more precise about the complexity of these sets. We consider the classes of ∆0 and
Σ1 formulas of the language L = {+, ·, S, 0,≤} defined at p. 13. The following properties hold
already in Robinson’s theory Q:

1. If φ is un ∆0-sentence, then:

(a) if N |= φ then Q ` φ
(b) If N |= ¬φ then Q ` ¬φ

2. If φ is a Σ1-sentence, then:

(a) if N |= φ then Q ` φ
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(b) Here the “negative part” is not valid. Indeed, Gödel’s undecidable sentence is just a
Π1-sentence of the form ¬∃xφ(x).

In its constructive (syntactic) version of the first incompleteness theorem, Gödel introduces
the concept of ω-consistency, a property stronger than consistency, and proves that if T is an
extesion of Robinson’s arithmetic, then there exists a sentence φ of its language such that, if T
is consistent, then φ is not provable in T; if it is ω-consistent, then also ¬φ is unprovable. The
ω-consistency is the property that if T ` φ(n) for all n, then T 6` ∃x¬φ(x). However we will see
that in Rosser’s version the ω-consistency can be dispensed, and replaced by mere consistency. We
will see later with all the details that all computable relations have their “counterpart” formalized
in the language L, such that if the relation holds, then that counterpart is true. In fact, we can
say more: if the relation holds, its counterpart is provable in Q and if the relation does not hold,
then its counterpart is refutable. More formally, we will see that in all extension of Robinson’s
Q, all recursive (or computable) relations are representable (or binumerable) and all recursively
enumerable (or computably enumerable) relations are weakly representable (or numerable). Those
representing formulas are in Σ1. Let therefore τ(x, y, z) be the “counterpart” of Kleene’s T (x, y, z)
in the language L and let T be an extension Σ1-sound of Q; then the following holds:

1. n ∈ K iff for all m ∈ N, T(n, n,m) is false, iff N 6|= τ(n, n,m), for all m ∈ N, iff
p¬∃yτ(n, n, y)q ∈ Th(N).

2. n ∈ K iff for all m ∈ N, we have that T (n, n,m) is false and therefore by representability
T ` ¬τ(n, n, k) for all k and by Σ1−soundness (or equivalently, the 1-consistency, see at p.
108) T 6` ∃yτ(n, n, y), from which p∃yτ(n, n, y)q ∈ ThmT (the set-theoretical complement of
the set of theorems).

Theorem 25. Let T an axiomatizable extension and Σ1−sound of Q; then:

1. the set ThmT is creative ;

2. the set Th(N) is productive (hence not axiomatizable).

Proof. Let f(n) = p∃yτ(n, n, y)q and g(n) = p¬∃yτ(n, n, y)q. What we have before verified is
that:

1. n ∈ K iff f(n) ∈ ThmT;

2. n ∈ K iff g(n) ∈ Th(N)

Recall that K is productive, and that is true in general that if a set is productive and is
m-riducible to another set, also this will be productive. But f : K ≤m ThmT and g : K ≤m Th(N);
therefore Th(N) will be productive. In addition, if T is axiomatizable then ThmT is computably
enumerable, and if its complement is productive, it will be creative. QED

So the two sets: the set of true statements and the set of theorems cannot coincide since they
are of different complexities. Using these tools of computability theory again, we can also give a
theorem of essential incompleteness and essential undecidability in Rosser’s style (see Smullyan
(1961), pp. 47-55). Now we work on pairs of sets:

1. X,Y ⊆ N are called computablly inseparable if there is no computable set U such that X ⊆ U
and U ∩ Y = ∅, namely, that separates them.

2. X,Y ⊆ N are called effectively inseparable, if there exists a partial computable function ψ
such that, if X ⊆Wu, Y ⊆Wy and Wu ∩Wv = ∅, then ψ(u, v) ↓∈Wu ∪Wv)
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It holds that X,Y ⊆ N are effectively inseparable, then they are computably inseparable. Also
it is true that X,Y ⊆ N are effectively inseparable, then they are creative. Such sets exists: for
instance, the following sets A = {x|φx(x) ' 0} and B = {x|φx(x) ' 1} are effectively inseparable.
We define indeed a χ(u, v, z) which lists simultaneouslyWu andWv and gives output 1, if z appears
first inWu, while giving output 0, if z appears first inWv. This done, we place χ(u, v, z) ' φh(u,v)z.
Suppose that A ⊆Wu and B ⊆Wv, where Wu ∩Wv = ∅. Then

h(u, v) ∈Wu ⇒ χ(u, v, h(u, v)) ' 1

⇒ φh(u,v)h(u, v) ' 1

⇒ h(u, v) ∈ B
Absurd, since B ∩Wu = ∅. Analogous, if h(u, v) ∈Wv.

Theorem 26. (Rosser’s essential undecidability) Each consistent and axiomatizable extension T
of Robinson’s arithmetic has an undecidable sentence.

Proof. Let A,B effectively inseparable computably enumerable. Hence A = Wa, B = Wb; recall a
theorem, due to Gödel (which will be discussed in greater detail later on), saying that computable
relations are representable (or binumerable) in T, namely, in our specific case, that we can find a
formula τ(x, y, z) that represents Kleene’s predicate T (x, y, z), i.e. such that:

1. if T (a, n,m) holds then T ` τ(a, n,m)

2. if T (a, n,m) does not hold, then T ` ¬τ(a, n,m)

Now let (A ≺ B)(n) be the formula:

∃z(τ(a, n, z) ∧ ∀y ≤ z¬τ(b, n, y))

The following applies:

1. if n ∈ A, then for some m, T (a, n,m) is true and therefore it follows that T ` τ(a, n,m) by
binumerability. But A and B are disjoint, hence n 6∈ B and therefore the relation T (b, n, r) is
false for all r ≤ m and for all s ≤ m, T ` x = s→ ¬τ(b, n, s) and hence:

T `
∨
s≤m

x = s→ ¬τ(b, n, s)

Now let us consider that Q ` x ≤ m↔ x = 0∨ ...∨x = m. It follows T ` x ≤ m→ ¬τ(b, n, x).
Hence we have proved in T:

∃y(τ(a, n, y) ∧ ∀z ≤ y¬τ(b, n, z))

2. Analogously, if n ∈ B, then there is an r such that T (b, n, r) and therefore T ` τ(b, n, r).
Since A and B are disjoint we also have that T (a, n,m) is false for all m, from which follows
T ` ¬τ(a, n,m). But in Q is provable y ≤ r ∨ r < y. If y ≤ r then T ` ¬τ(a, n, y); if r < y,
then T ` ∃z < yτ(b, n, z). We have proved T ` ¬(A ≺ B)(n), namely:

∀y(¬τ(a, n, y) ∨ ∃z < yτ(b, n, z))

Let Å = {n|T ` (A ≺ B)(n)} and B̊ = {n|T ` ¬(A ≺ B)(n)}.
Note that Å and B̊ are computably enumerable sets: actually, for any θ and axiomatizable

theory T, the relation: “there is a proof in T of θ”, can be expressed by a Σ1−formula. Moreover,
if T is consistent, then these are disjoint sets. Let therefore Å = Wȧ e B̊ = Wḃ. Since A,B are
effectively inseparable we will have a function h(ȧ, ḃ) ∈Wȧ ∪Wḃ, i.e. h(ȧ, ḃ) 6∈ Å and h(ȧ, ḃ) 6∈ B̊
and therefore T 6` (A ≺ B)(h(ȧ, ḃ)) and T 6` ¬(A ≺ B)(h(ȧ, ḃ)).

QED

52



Abstract views of incompleteness

Using the terminology of Smullyan (1961) we can say that such a se sentence (A ≺ B)(h(ȧ, ḃ))
separates A and B in T. Smullyan calls “Rosser theory” a theory in which every pair of computably
enumerable sets is separable in it and all axiomatizable theories that consistently extend Robinson
Arithmetic actually meet this requirement. Above, in fact we have shown that this property
implies essential undecidability. This further property applies to these theories T.

Corollary 4. The sets ThmT and RefT of (Gödel numbers of) provable sentences and of refutable
sentences of T are effectively inseparable.

Proof. Recall that if (A,B) and (X,Y ) are disjoint pairs of computably enumerable sets and
(A,B) is effectively inseparable and either (A,B) ⊆ (X,Y ) or (A,B) ≤m (X,Y ), then also (X,Y )
is effectively inseparable, where (A,B) ≤m (X,Y ) means that for some computable f , f [A] ⊆ X
and f [B] ⊆ Y . Indeed, let h(x, y) the “productive” function for (A,B). Recall that in general
there is a g such that Wg(x) = f−1[Wx] and define:

h∗(x, y) = f(h(g(x), g(y)))

Let therefore X ⊆ Wi and Y ⊆ Wj for disjoint computably enumerable sets Wi,Wj . Hence
A ⊆ f−1[Wi] and B ⊆ f−1[Wj ] where f−1[Wj ] = Wg(j), f−1[Wi] = Wg(j) are disjoint. Thus,
h(g(i), g(j)) 6∈Wg(i) ∪Wg(j), from which h∗(i, j) 6∈Wi ∪Wj .

Now, we have that the above effectively inseparable A,B satisfy A ⊆ Å and B ⊆ B̊. Moreover
(Å, B̊) ≤m (ThmT, RefT) via the function f(n) = p(A ≺ B(n))q. QED

Some further refinement is possible. For instance, Bernardi (1981) shows that if T 6` φ↔ ψ,
then the equivalence classes [φ] = {σ|T ` φ ↔ σ} and [ψ] = {σ|T ` ψ ↔ σ} are effectively
inseparable. Indeed, if [φ] ⊆ Wi and [ψ] ⊆ Wj and Wi ∩Wj = ∅, take a formula α(x) which
separates Wi and Wj , i.e. such that T ` α(n) if n ∈Wi and T ` ¬α(n) if n ∈Wj . The take the
fixed point:

τ ↔ ((α(pτq) ∧ ψ) ∨ (¬α(pτq) ∧ φ))

Now observe that if pτq ∈Wi, then T ` α(pτq) and by the logic this implies T ` τ ↔ ψ. However
pψq ∈Wj , a contradiction. A specular argument applies if pτq ∈Wj .

From the effective inseparability of the sets of theorems and of refutable formulas of T clearly
follows the essential undecidability of T. Indeed, suppose by contradiction that a theory T
(consistent and r.e.) is effectively inseparable, but not essentially undecidable. Hence let S a
axiomatizable consistent extension of it and suppose that ψ is the “productive function” for the
pair (ThmT, RefT). Let Wi = ThmS and Wj its complement. Hence ThmT ⊆Wi and RefT ⊆Wj .
It follows that ψ(i, j) 6∈Wi ∪Wj = N, which is a contradiction (for an in-depth analysis of these
topics, see, for example, Cheng (2023)). The connection between the effective inseparability of
theorems and inseparable statements and the incompleteness theorem can also be highlighted by
resorting to the notion of effective extensibility, equivalent equivalent to effective inseparability,
introduced in Boykan Pour-El (1968). Let us consider the axioms of a computably enumerable
theory as a set We of index e. A theory T is said to be effectively extensible if there exists a
computable function f such that, if e is an index of a computably enumerable extension S of T,
then f(e) 6∈ ThmS ∪ RefS. The connection between the effective inseparability of theorems and
refutable sentence, on the one hand, and the incompleteness theorem, on the other, can also be
highlighted by resorting to the equivalent notion of effective extensibility, introduced in Boykan
Pour-El (1968). Let us consider the axioms of a computably enumerable theory as a set We of
index e. A theory T is said to be effectively extensible if there exists a computable function f such
that, if e is an index of a computably enumerable extension S of T, then f(e) 6∈ ThmS ∪RefS.

The issue of the different complexity between the set of true statements and the set of provable
statements in certain theories can be further investigated by considering a more general notion of
reducibility. Many modern computer processes are online interactive processes, in the sense that
they interact with the environment or consult external databases (e.g. the web). In 1939 Turing

53



Lectures in Proof Theory and Complexity

sketched a formalization of this idea, through the description of an oracle machine (“o-machine”)
and in so doing invented relativisation and, in essence, the Turing jump (see Cooper (2004) and
Soare (2009) for an historical overview). This idea was later considerably developed in Post
(1944) and Post (1948). An oracle is a kind of black box (not necessarily a program) able to
solve some problems and to produce an answer to question like: “is the element a in X?” These
machines represent an attempt to extend the power of ordinary machines and to overcome the
incomputable, since they can compute something that ordinary Turing machines cannot compute.
The oracle machine is a relativised model very useful in order to compare and classify degrees of
undecidability of problems, and to define the Arithmetical Hierarchy.

We introduce a more general concept of reducibility, based on a model of machine that allows
the consultation of an oracle during the course of computation. A limitation of the notion of
m-reducibility that requires a correction can be derived from this example. If B ≤m A, it seems
natural to ask that A encompasses the information contained in B. In some sense A contains
also the information about A, yet there is no computably enumerable not recursive set such that
A ≤m A. Suppose, on the contrary, that such a set exists, i.e. that there exist an f such that
n ∈ A iff f(n) ∈ A. If A is computably enumerable, then A = We; hence φe(f(n)) ↓ iff f(n) ∈ A
iff n ∈ A; therefore A = Dom(φe(f(x)) and A would be computably enumerable and therefore A
would be recursive, against the hypothesis.

To introduce this new model, let us consider for example our first very basic model of a Turing
machine, where we made these conventions.

1. Input convention: To input n, place n+ 1 consecutive 1’s on the tape.
2. Output convention: If a computation halts — which only happens when there is no applicable

quadruple in the program — output the number f(n) of 1’s left printed on the tape.

We can think of a machine with oracle for A as equipped, in addition of the input tape, of a further
read-only tape, which contains the characteristic function χA(x) of A – substantially a binariy
string, and the oracle tape head begins on the cell containing χA(0).

The oracle machine is based on instructions of the type qiαqjqe (“You are in the state qi reading
α, count the number n of 1 on the input tape and ask the oracle if n ∈ A; if the answer is yes, go
in the state qj , otherwise, go in the state qe”).

Definition 11. Let B,A ⊆ N; we say that B is computable from A if we can answer the question
“n ∈ B?” by means of an algorithm that may have available a finite number of answers to questions
about the membership of A, i.e. to questions of this form:

n0 ∈ A?, ..., nk ∈ A?

We write B ≤T A (“A computes B”).

Note that if B ≤m A, then B ≤T A. Since any description of an oracle Turing machines is
finite, it is possible to effectively encode them with natural numbers. We write, using uppercase
(to emphasise that they are functional, rather than functions) Greek letters, ΦA(x) to denote the
computation of the e− th oracle Turing machine with oracle A on input x. The m-reducibility
can be seen as a Turing-reducibility in which we are allowed to ask A just once “f(n) ∈ A?”. Note
that now A ≤T A: indeed, let ΦA(n) the function that outputs 1 if n ∈ A, and 0 if n 6∈ A, noting
that χA ' ΦA.

Definition 12. We say that:

1. ψ is A− recursive, iff there exist an e such that ψ ' ΦAe

2. X is recursive in Y , i.e. X ≤T Y , iff the characteristic function χX is Y − recursive,
i.e. there is an e such that χX(y) ' ΦY

e (y). For simplicity we will write X(y) ' ΦY (y),
identifying X with its characteristic function.

3. X is computably enumerable in Y , if X is empty, or X = Cod(f) and f ' ΦY
e , for some e

(equivalently, X = WY
e , for some e).
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4. The degree of a set A is the equivalence class deg(A) = {X|X =T A}.

We can now formulate a relativised version of the Church-Turing thesis which has this shape:

Post-Turing thesis : B is effectively computable from A iff B is computable by a Turing
machine with oracle in A.

Degrees are ordered by the relation deg(A) 4 deg(B) iff A ≤T B. Let < D,4> the set of
degrees with this relation. In particular, there is a minimum degree (that of recursive sets deg(∅),
denoted by 0, but there is no maximum degree, < D,4> is not linearly ordered and it is an upper
semilattice: that is to say, given two elements, exists the supremum, but there are pairs of degrees
that do not have the infimum.

Definition 13. The jump A′ of A is defined as follows:

1. A′ = {x|ΦAx (x) ↓} = KA.
2. An+1 = (An)′

3. Aω = {〈m,n〉|m ∈ An}

Let an = deg(An); the level 0′ is therefore that of K, of creative sets as the theorems of
axiomatizable theories of formal arithmetic (e.g. Peano arithmetic). We will see that the set of
the true statements of these theories is 0ω. Given two degrees a = deg(A) and b = deg(B), always
exists sup{a, b} and is defined as a∨b = deg(A⊕B), where A⊕B = {2x|x ∈ A}∪{2x+ 1|x ∈ B}.
This does not apply for the infimum.

In fact, for a result of Kleene, Post and Spector, the sequence 0, 0′, 0′′, ... has an “exact pair”,
that is, a couple of degrees a and b such that:

1. for all n ∈ N, 0n 4 a and 0n 4 b

2. for all d, d 4 a and d 4 b implies that exists n ∈ N, d 4 0n.

It follows that a and b can not have an infimum.
In Post (1944) the Polish-American logician posed the problem od determining if there are

sets A,B computably enumerable incomparable with respect to ≤T , i.e. A 6≤T B and B 6≤T A.
After in 1954 Kleene and Post had proved that there exist sets A,B (not necessarily computably
enumerable) incomparable and such that A,B ≤T ∅′, in the mid-1950s the following theorem was
finally proved.

Theorem 27. (Friedberg-Muchnik 1956-1957) There are sets A,B computably enumerable in-
comparable (hence ∅ ≤T A,B ≤T ∅′ = K, and being A,B incomparable, actually we have <T ).

Proof. (see Cooper (2003), pp. 238-41 for a proof). QED

In what follows, we must investigate the relationships between computability and definability
(in the standard model). For this reason, we must first dwell on the Arithmetical Hierarchy, more
than we have already anticipated. Let us consider formulas of the language of a first order theory
of formal arithmetic. We start with the following classification3.

Arithmetical hierarchy of formulas. Let us return briefly to the hierarchy of formulas introduced
at p. 13, pointing out only that some authors use a different, extended, definition of the arithmetical
hierarchy, in which bounded quantifiers are considered immaterial when counting the complexity
of a formula: for example, Σn+1 is the set of formulas obtained by prepending an arbitrary block
of existential quantifiers and bounded universal quantifiers to Πn -formulas.

A relation R is arithmetical if there is a formula θ of the language of Peano (and of Robinson)
arithmetic which defines it in the standard model, i.e. such that:

N |= θ(n0, ..., nk) if and only if 〈n0, ..., nk〉 ∈ R

3 The correct notation would be Σ0
n, Π0

n, where the superscript 0 means “first order”; as we deal only with these
formulas, we omit this symbol for simplicity.
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where nj is the term which denotes the number nj . Accordingly, a relation R is Σn−definable,
if it is definable by a formula of complexity Σn and so on. However, we would like to warn the
reader against possible misunderstandings, because in the scientific literature there are different
conventions with regard to the level ∆0 = Σ0 = Π0 in the hierarchy of sets:

1. In computability theory : at this level there are just the computable relations. In Odifreddi
(1989-1999) pp. 363-73 this convention is adopted: extend the language with symbols for
every recursive relation; the intended model is the standard model expanded with all recursive
relations. Being the computable relations first-order definable in the language of arithmetic,
we may suppose that, for each computable relation, the language contains a relation symbol.

2. In formalized in arithmetic: at the zero-level there are the relations definable by formulas in
which the quantifiers that are allowed to appear are only bounded quantifiers. Hence, what
there is actually depends on the language.

Some closure properties allow to simplify the definition. Since in the standard model
〈N,+, ·, S, 0, <〉 holds the collection (or replacement) scheme:

∀x ≤ t∃yθ(x, y)↔ ∃z∀x ≤ t∃y ≤ zθ(x, y)

saying that a bounded quantifier can be ’pushed inside’ an unbounded quantifier, the above
definitions (with or without bounded quantifiers interpsersed) are equivalent in the model. If
the theory in which we work is strong enough to prove it, the equivalence holds in the theory
too. We can also ∆0-define the pairing relation 〈x, y〉 = z in the language of Peano arithmetic
as 2z = (x + y + z)(x + y) + 2x. With this, we can contract two quantifiers of the same sort
into one, e.g. ∃x∃yθ(x, y) becomes ∃v∀x ≤ v∀y ≤ v(2v = (x+ y + z)(x+ y) + 2x→ θ(x, y)). In
conclusion, in definability, the alternations of quantifiers can be be understood as alternations of
blocks of universal or existential quantifiers and each block of quantifiers of the same species can
be contracted to only one quantifier of that species. The relativised arithmetic hierarchy ΣAn , ΠA

n is
defined as above, except that the matrix R of a formula in prenex form Q0x0...QnxnR(x0, ..., xn)
instead of being recursive, is A−recursive, i.e. R ≤T A. More exactly:

1. ΣA0 = ΠA
0 = ∆A

0 = sets recursive in A.
2. ΣAn+1 =sets definable by formulas of the form ∃xR(x, y) with R ∈ ΠA

n .
3. ΠA

n+1 =sets definable by formulas of the form ∀xR(x, y) with R ∈ ΣAn .
4. ∆A

n+1 = ΣAn+1 ∩ΠA
n+1

Many results “relativise” by substituting the concept of recursiveness with its version relativised
to a given set. For instance B ∈ ΣA1 if and only if B = WA

e .
We now come to an important result for the purpose of this section, namely Post’s theorem.

Though Post did not publish this theorem with a proof, Kleene (1952) credits Post with the idea.

Theorem 28. (Post’s Theorem) The following relations hold:

1. B ∈ Σn+1 iff B is computably enumerable in some A ∈ Σn.

2. ∅n+1 is Σn+1-complete, namely is itself Σn+1 and for all A ∈ Σn+1, A ≤m ∅n+1.

3. B ∈ Σn+1 iff B is computably enumerable in ∅n.

4. A ∈ ∆n+1 iff A ≤T ∅n.

5. Hence, in particular:

(a) A ∈ ∆1 iff A ≤T ∅.

(b) A ∈ ∆2 iff A ≤T ∅
′
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Proof. The proof requires some preliminary lemma, which we will see now. First let’s make these
simple observations:

1. If A is computably enumerable in B and B ≤T C, then A is computably enumerable in C.
Indeed, since B ≤T C iff B(x) ' ΦC

e (x), then, if A = WB
a , we can consider C as another

oracle that we can consult to know if n ∈ B and then A = WC
j .

2. B is computably enumerable in A iff B is ΣA
1 . This is a relativised version of a well-known

result.

3. B is computably enumerable in A iff B is computably enumerable in A. It follows from the
first point, and from the fact that A ≤T A.

QED

Lemma 4. B is computably enumerable in A, iff B ≤m A′.

Proof. ⇐ If f : B ≤m A′, then x ∈ B iff f(x) ∈ A′ iff ΦA
f(x)(f(x)) ↓' ψA(x). Ergo B =

Dom(ψA(x)). ⇒ Let B = WA
e ; let us remember that if B = W ∅e then B ≤m ∅′ = K (completeness

of di K). More generally, relativizing, B = WA
e implies B ≤m A′. QED

Lemma 5. B ≤T A iff B,B are computably enumerable in A.

Proof. ⇐ If B = WA
e and B = WA

i , take the algorithm ξ(e, i, n) that runs simultaneously ΦAe (n) e
ΦAi (n). One of the two halts and answers the question if n ∈ B, hence B ≤T A. ⇒ Exercise. QED

Definition 14. . φe,s(x) = y iff x, y, e < s and y is the output of φe(x) obtained in less than s
steps.

Theorem 29. B ∈ Σn+1 iff B is computably enumerable in some set Σn iff B is computably
enumerable in some set Πn.

Proof. We follow Cooper (2003) pp. 154-57 in proposing rather a sketch of the proof to highlight
the key points. ⇒ x ∈ B iff ∃yA(x, y) is true, for some A ∈ Πn (notation: B ∈ ΣA

1 ), namely is
computably enumerable in A; but A ≤T A and therefore B is computably enumerable also in A
and A ∈ Σn. ⇐ If B = WA

e for A ∈ Σn, then x ∈ B iff:

1. “there exists an s.
2. there exist finite positive answers y0 ∈ A, ..., ym ∈ A,
3. there exist finite negative answers x0 ∈ A, ..., xk ∈ A,

that allow us to determine whether x ∈WA
e,s“.

We remark that 2. is Σn, 3. is Πn, e.g. for n = 3 the conjunction of 2. and 3. has the form
∃y0...∃ym[∃∀∃ ∧ ... ∧ ∃∀∃] ∧ ∃x0...∃xk[∀∃∀ ∧ ... ∧ ∀∃∀] that is equivalent to ∃∀∃∀.

Lastly, ”x ∈WA
e,s“ is a computable relation and the entire expression in quotes is Σn+1 QED

Theorem 30. For all n > 0, ∅n is Σn−complete.

Proof. For n = 1 obvious, because ∅′ = K; if n > 1 suppose by induction hypothesis that
∅n is Σn−complete; note that e ∈ ∅n+1 iff Φ∅

n

e (e) ↓ iff e ∈ W ∅
n

e , namely ∅n+1 is computably
enumerable in ∅n, that by hypothesis is Σn complete. Hence from the previous theorem it
follows that ∅n+1 is Σn+1. In addition, it is complete: in fact suppose that B ∈ Σn+1, hence
is computably enumerable in Σn and by the induction hypothesis ∅n is Σn−complete; it follow
that B is computably enumerable in ∅n; but for the above lemmas we have that this is true iff
B ≤m (∅n)′ = ∅n+1. QED

Theorem 31. B ∈ Σn+1 iff B is computably enumerable in ∅n.
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Proof. ⇐ If B is computably enumerable in ∅n, then, being ∅n ∈ Σn, B is computably enumerable
in a set Σn. But this means that B ∈ Σn+1. ⇒ if B ∈ Σn+1, then B is computably enumerable in
some A ∈ Σn; but ∅n is Σn−complete and therefore A ≤T ∅n e B is computably enumerable in
∅n. QED

Theorem 32. B ∈ ∆n+1 iff B ≤T ∅n.

Proof. B ∈ ∆n+1 iff B ∈ Σn+1 and B ∈ Πn+1, namely B,B ∈ Σn+1, iff B,B are computably
enumerable in ∅n, iff B ≤T ∅n. QED

We give another indirect version of Gödel theorem, from which the distance, in terms of
complexity, between the set of true statements and the set of theorems of an axiomatisable theory
becomes even more evident, considering that the set of theorems is placed at the level of the first
jump of the empty set.

Theorem 33. ∅ω ≡T Th(N).

Proof. 1. ∅ω ≤T Th(N). Remember that A′ is computably enumerable in A, in particular
∅n+1 = W ∅

n

e . For E. Post theorem we have then ∅n+1 is Σn+1-definable:

m ∈ ∅n+1 ⇔ N |=
n+1−times︷ ︸︸ ︷
∃x0∀x1∃x2... R(x0, ..., xn,m)

Take therefore h(m) = p

n+1−times︷ ︸︸ ︷
∃x0∀x1∃x2... R(x0, ..., xn,m)q. Clearly 〈m,n〉 ∈ ∅ω iff m ∈ ∅n iff

h(m) ∈ Th(N), i.e. ∅ω ≤T Th(N).

1. ∅ω ≥T Th(N). Consider a formula in the prenex form Q0x0, ..., Qnxnθ, where each Qj is a
quantifier. We transform it in a Σn+1-formula in this way:

∃yQ0x0, ..., Qnxn(θ ∧ y = y ∧ z = z)

Let now B = {c|∃yQ0x0, ..., Qnxn(θ ∧ y = y ∧ c = c)}. Note that:

(a) If Q0x0, ..., Qnxnθ is true, then B = N
(b) If Q0x0, ..., Qnxnθ is false, then B = ∅

We give a sketch of the proof (see Rogers (1987) p. 318 for further details). Since B ∈ Σn+1,
then for Post’s results it is computably enumerable in ∅n, namely B = W ∅

n

e . Moreover we know
that if B is computably enumerable in A, then B ≤T A′: more exactly , we can uniformly find
an index e of B as a set computably enumerable in ∅n, and from this an index f(e) such that
φf(e) : B ≤m A′. Hence, if B = W ∅

n

e , then φf(e) : B ≤m ∅n+1. Lastly, N |= Q0x0, ..., Qnxnθ iff
0 ∈ B iff φf(e)(0) ∈ ∅n+1 iff 〈φf(e)(0), n+ 1〉 ∈ ∅ω, namely Th(N) ≤T ∅ω.

QED

2.5. Guide for further studies: trial-and-error machines

The positions of Alan Turing and Kurt Gödel appear somewhat paradigmatic in the debate
about the relationships between computability and the mind. While reiterating his unconditional
admiration for the work of the English mathematician, Gödel attributed a “philosophical error”
to Turing, which in his view consisted in the belief that mental procedures cannot go beyond
mechanical procedures. Turing’s argument rested - according to Gödel - on the assumption that a
finite mind is only capable of a finite number of distinguishable states. If we admit an infinity of
mental states - says Turing - some of them will be arbitrarily close and therefore confused (see
Turing (1936), p. 250), whereas on the contrary, according to Gödel, “the mind, in its use, is not
static, but in continuous development”:
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Therefore, although at each stage of the mind’s development the number of its possible
states is finite, there is no reason why this number should not converge to infinity in
the course of its development (Letter to Hao Wang, in Wang (1974), p. 325).

A closer examination, however, reveals how Gödel’s criticism of Turing is misleading, especially
if one takes into account his post-war writing on mind (see Copeland and Shagrin (2013) for a
thorough discussion), where Turing began to deepen the idea of learning :

What we want is a machine that can learn from experience. The possibility of letting
the machine alter its own instructions provides the mechanism for this. One can
imagine that after the machine had been operating for some time, the instructions
would have altered out of all recognition (Turing (1947), p. 393).

He conceived a Multi-Machine theory of mind, or the transformation of one Turing machine
into another. A machine with the ability to learn is able to modify its table of instructions,
transforming itself into a different Turing machine. The notion of mind change was later used by
Putnam in developing his notion of “trial and error predicates”. Trial-and-error machines where
introduced in Putnam (1965) and in Gold (1967), and based on the idea of computability in the
limit, i.e. a type of computation performed by an ideal model which proceeds by changing its
opinion a finite number of times about the membership of a number to a set, but stabilized to
the limit (hence going so far beyond the classical boundaries of computability) with the aim to
represent a cognitive phenomenon like language learning and actually these writings had a strong
influence on the development of the formal study of the process of gaining information through
observation (the Formal Learning Theory, see Osherson, Stob and Weinstein (1986) and Kelly
(2023)). Some researchers in cognitive science and philosophy of mind, even go so far as to claim
that humans are automata of this sort, namely trial-and-error machines (see e.g. Kugel (1986)).
The trial-and-error model transcends the Church-Turing thesis; indeed a similar machine solves
the halting-problem: let for example U be a machine that, when receives as input the code e of
another machine φe and a number n, returns immediately 0 (to say that φe(n) ↑), then it starts to
compute φe(n). If later, at a computation step φe(n) ↓, U then change its minds and writes 1.
Sets calculated from these kind of machines turn out to be the ∆2, and not only the ∆1, (i.e. the
recursive ones). However, it must be emphasised that this is a purely ideal model, since we have
no way to know at any given time whether the latest output is the correct output.

In the 1970s, Magari (1974) and Jeroslow (1975) proposed two further formal counterparts
of the concept of “trial and error theory”; in particular, Magari’s so-called dialectical sets form a
strict subclass of the ∆2 sets. Thinking of Gödel’s limitative results, Magari’s purpose, in the light
of Lakatos (1976) dialectical reconstruction of history of mathematics, influenced by Popper’s
fallibilism, was in particular that of introducing a kind of formal systems, consisting of two actions:
on the one hand removing contradictions when they arise, by removing some axioms, and on the
other hand adding axioms until they do not give rise to contradictions. In more recent years, this
idea has been developed in a series of works (see Amidei, Pianigiani, San Mauro, Simi and Sorbi
(2016) and the other articles by these authors, cited in the bibliography).

Here we just want to demonstrate a major achievement in this area, as a starting point for the
study of this topic. A set A will be identified by its characteristic function, that is with the infinite
binary sequence A(0), A(1), A(2), ..., where A(n) = 1 iff n ∈ A. We denote A � y the restriction of
the characteristic function of A to the initial segment of elements z < y, A(0), A(1), ..., A(y − 1)
To say that a set A is computably enumerable is to say that it has a computable approximation
(see p. 15), namely that there exists a computable function f such that A(x) = lims→∞ f(x, s),
f(n, 0) = 0 and for at most a s, we have that f(n, s) 6= f(n, s+ 1), i.e. the function, changes its
mind about n at most once. Note that if we put f(n, s) = As(n) this means that that As ⊆ As+1

(monotonicity of the sequence). Now we generalise this definition, admitting that f may change
its mind a finite number of times (thus abandoning the monotonicity). Let’s say that {As}s is a
∆2-approximation of A, if A = lims→∞As, that is approximated by a computable sequence, where
an element can enter and exit a certain finite number of times. Call modulus of convergence for
such a sequence, a function m(x) such that, for all x and all s ≥ m(x), A�x+1 = As�x+1. That is
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to say, after the stage m(x) the initial segment of A until x does not change any more. In what
follows we shall consider in particular the minimum modulus:

m(x) = µ(s).∀t ≥ s(A�x+1 = At�x+1)

Note that if A = lims→∞As, then A ≤T m; actually A(x) = Am(x)(x). On the other hand, if
we consider the computably enumerable set (called the set of changes):

B = {〈x, s〉|∃t > s(As(x) 6= At(x))}

then clearly m ≤T B. In fact, also m ≤T B holds. So ultimately m =T B, namely, the minimum
modulus has Turing degree computably enumerable.

Lemma 6. (Shoenfield’s Limit Lemma 1959) A is computable in the limit iff A ≤T ∅
′
(iff, by

Post’s results, A ∈ ∆2).

Proof. ⇐ suppose that A = Φ∅
′

; let g a function with values 0 − 1 such that g(n, s) = 1 iff
Φ∅
′

s (n) = 1. Let z = µx.Φ∅
′
�x(n) ↓ the so-called use of the computation (i.e. the length of the

minimal initial segment of the oracle sufficient for computing the function on n). Recall that the
Use Principle says: if z is the use of ΦA(n) and B is such that B � z = A � z, then ΦA(n) = ΦB(n).
But ∅′ is computably enumerable and therefore can be approximated by a sequence ∅′s ⊆ ∅

′

s+1.
Let therefore s be a sufficiently large stage, for which ∅′ � z = ∅′s � z. For the “Use Principle”, this
means that g(n, t) = Φ∅

′

(n) = Φ∅
′
t(n), for all t ≥ s. Take A(x) = limt g(x, t).

⇒ Suppose that A(x) = limt g(x, t), where g(x, 0) = 0. Notes that this means that, if I count
the number k of changes of opinion by g, the function returns value 1 only when k is odd. Consider
now the set B of pairs 〈n, k〉 such that the numbers s of stages in which g(n, s) 6= g(n, s+ 1) is
greater or equal to k and note that it is computably enumerable (therefore B ≤T ∅

′
). Consider a

ΦB working as follows. On input n, look for the minimum k such that 〈n, k〉 6∈ B: if you find it,
output 0 in case k is even, and output 1 in case is odd. Note that A(x) = ΦB(x) and therefore
A(x) = Φ∅

′

(x). QED
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3. Church’s formal system of lambda-calculus

3.1. Models of computation: introduction to β-reduction

A. Church in 1936 introduced a formal system based on the operations of function abstraction
and application, called the lambda calculus and defined the notion of computable function in this
system. Church’s original goal was to construct a formal system for the foundations of mathematics
based on functions together with a set of logical notions. When this system was discovered to
be inconsistent, Church then separated out the consistent subsystem that is now called lambda
calculus and concentrated on it. The language of untyped λ-calculus consists of an infinite set
of variables, the abstraction operator λ, parentheses, the application operator · (usually(t · s) is
written (ts)). If there is also a set of constants, the calculus is applied. We will deal with calculus
without constants, called pure.

Terms. The variables are terms; if t, s are terms, also (ts) is a term. If t is a term and x
is a variable, then (λx.t) is a term. We shorten (((...(ts)r)...)p) with tsr...p, and we shorten
(λx(λy(...(λz.(t))))) with λxy...z.t. Moreover, to avoid confusion with other types of equality, we
still use the symbol = to denote the meta-linguistic syntactic identity. Following Barendregt
(1984) p. 26 we make this convention:

1. Terms so-called α−equivalent, i.e. such that λx.t =α λy.t[y/x] are identified.

2. We will always assume without loss of generality that in a certain context (proof, definition
ecc.) bounded variables have been renamed to be distinct, and distinct from free variables.

This convention is called Barendregt’s variables convention. Thanks to it, the substitution operation
can be defined quite simply as follows:

1. x[s/x] = s
2. y[s/x] = y x �= y
3. (tr)[s/x] = t[s/x]r[s/x]
4. (λx.t)[s/x] = λx.t
5. (λy.t)[s/x] = λy.(t[s/x])

Lemma 7. (Substitution lemma) Let x �= y and x is not among the free variables of s. Then:

t[r/x][s/y] = t[s/y][r[s/y]/x]

Proof. Induction on t. For instance, if t = λz.V , where z is a new variable, for the above convention;
from the definition we have:

(λz.V )[r/x][s/y] = λz.(V [r/x][s/y]) =

= λz.(V [s/y][r[s/y]/x]) (inductive hypot.) =

= (λz.V )[s/y][r[s/y]/x]

Exercise. Verify the other cases. If t is a variable (a) if t = x, the we have r[s/y] = r[s/y]; (b) if
t = y, then we get s = s and (c) if t = z variable different from y and from y we get z = z. QED
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For redex we mean a term like (λx.t)s; it can be simplified by repalcing all occurence x in t,
with s, that we denote t[s/x] (its contractum); the fundamental operation of the λ-calculus, called
β-contraction, is the following:

(λx.t)s→β t[s/x]

We write t →1 s, meaning that s is obtained by contracting a single redex of t. We say that
t converts in a term s, if the latter results from a finite number of 1−contractions and inverse
1−contractions (retractions) from t. A term is in normal form, if it cannot be further reduced,
because it does not contain any redex . shall we say that the “reduction”, that we denote with ⇒,
constitutes the reflexive and transitive closure of →1, while the “conversion” = is the reflexive,
transitive and symmetric closure. We get an extensional calculus, by adding the η-rule λx.Ux = U ,
for x 6∈ FV ar(U). Observe that the equality between functions is extensional:

∀x(f(x) = g(x))→ f = g

But if f = y and g = λx.yx, we get fU = gU . However f 6= g. The η-rule allows to overcome the
obstacle.

The following is easily shown.

Lemma 8. The following holds:

1. if t⇒ s, then r[t/x]⇒ r[s/x].

2. if t = s then t[r/x] = s[r/x].

3. if t = s then r[t/x] = r[s/x].

4. if t→1 s then t[r/x]→1 s[r/x]

The original theory introduced by Church (called λI -calculus) was different from that we have
illustrated, called λK-calculus. A term of the λI-calculus has the property that in all its subterms
of the form λx.s, the variable x must occur free in s at least once. Hence K = λxy.x is not a
well-formed term of this language. To highlight the main difference, consider the term KIΩ of
the λK-calculus, where I = λx.x and Ω = (λx.xx)(λx.xx). Depending on the order in which we
perform the reduction, the term KIΩ can be reduced either to normal form I, or produce an infinite
reduction KIΩ → KIΩ → ..... This cannot happen in Church’s original calculus, where a term t
has normal form iff each its subterm also has normal form.

Confluence. A binary relation ≺ is called confluent iff:

∀xyz∃w(x ≺ y ∧ x ≺ z ⇒ y ≺ w ∧ z ≺ w)

We claim that the relation ⇒ is confluent and we show this beginning, as is usually done, by
demonstrating that it is fulfilled by the relation of parallel reduction due to Tait and Martin-Löf
(see for instance Barendregt (1984) pp. 60-3), but in the elegant simplified version of Takahashi
(1995). We cannot start with the one-reduction because it is known not to be confluent.

Definition 15. (Parallel reduction)

1. x→p x

2.
t→p s

λx.t→p λx.s

3.
t→p s r →p w

tr →p sw

4.
t→p s r →p w

(λx.t)r →p s[w/x]

In presence of η-rule, add:
t→p s

λx.tx→p s

We show that there exists a term tT , dependent from t, but not from s, such that if t→p s,
then s→p t

T and follows the confluence for →p. Since ⇒ is the transitive closure of →p, it follows
the confluence also for this relation.

Definition 16. The term tT is inductively defined as follows:
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1. xT = x

2. (λx.t)T = λx.(t)T

3. (rs)T = rT sT (rs non redex)

4. ((λx.t)s)T = tT [sT /x]

Theorem 34. If t→p s, then s→p t
T .

Proof. Induction on the complexity of t.

1. If t = x, i.e. x→p s, then s = x = tT .

2. If t = λx.r and λx.r →p s, then take s = λx.u, where r →p u and apply the induction
hypothesis, obtaining u→p r

T , from which λx.u→p λx.r
T ; take finally tT = λx.rT .

3. If t = ru and ru ⇒ s (ru non redex), this means that s = r′u′ and r →p r
′, u →p u

′. By
induction hypothesis there are rT and uT such that r′u′ →p t

T , where tT = rTuT .

4. If t = (λx.r)u→p s we will have these possibilities: either s = (λx.r′)u′, or s = r′[u′/x]. In
both cases r →p r

′ and u →p u
′. By induction hypothesis r′ →p r

T and u′ →p u
T . In the

first case take tT = rT [uT /x]. Clearly s→p t
T . Similarly in the second case.

QED

Corollary 5. If a normal form for t exists, this is unique.

Proof. If there were two n1, n2, where t⇒ n1 and t⇒ n2, for Church-Rosser there will be a term
s to which both n1 and n2 converge: being in normal form we will have s, n1 and n2 are the same
term. QED

In the type-free calculus we have fixed points operators. A fixed point operator is a term Fix
such that, for all term s, Fixs = s(Fixs). For instance:

Y = λf.(λx.f(xx))(λx.f(xx))

is a fixed point. Observe that, if W = λx.F (xx), we have :

YF ⇒WW ⇒ F (WW) = F (YF )

For instance, if we want to build a term F such that FXY = FY XF , we can argue as follows:
we need an F such that F = (λfxy.fxyf)F ; therefore we define F = Y(λfxy.fxyf). In general
we have the following.

Theorem 35. (Fixed point theorem) Given a term C[f, x], with free variables f and x, there is
a term F such that for all T , FT = C[F, T ]

Proof. As we have seen, take F = Y(λfx.C[f, x])).
To ensure that those terms, defines the required function, we reason as follows: let W =

λfxy.fxyf (and then YW = W (YW )); then F = Y(W ) = W (YW ) = (λfxy.fxyf)(YW ) =
(λfxy.fxyf)F . QED

Exercise. Let A = λxy.y(xxy) and Θ = AA; show that Θ is a fixed point operator. It is
observed that, while it is not valid Y ⇒ f(Yf), It is valid instead Θ⇒ f(Θf).

Remark 3. A fundamental difference between the calculus without types and the calculus with
types is that in the former the conversion is undecidable, whereas in the latter (as satisfying
normalisation) it is decidable.

The lambda calculus can be presented as an equational theory; we introduce therefore the
theory λ̃ , defined by the following axioms and rules:
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1. λx.U = λy.U [y/x], y 6∈ FV ar(U)
2. (λx.U)V = U [V/x]
3. U = U

4.
U = V

ZU = ZV

5.
U = V

UZ = V Z

6.
U = V V = Z

U = Z

7.
U = V
V = U

8.
U = V

λx.U = λx.V

So, we want to show taht the theory λ̃ is undecidable. Recall that two sets X,Y are called
recursively separable if there is a recursive set C such that X ⊆ C and Y ∩ C = ∅. A pair of
sets of terms is called recursively separable iff the corresponding sets of Gödel numbers are
recursively separable. We say that a set of λ-terms X is closed with respect to β- conversion, iff
t ∈ X and t = r implies r ∈ X.

Second fixed point theorem. We write, to simplify the notation, X#, meaning by this pXq, the
numeral of Gödel number of X and we observe that these functions are definable by terms of our
calculus APP (M#N#) = (MN)#, NUM(M#) = (M#)#.

Theorem 36. Let W = λx.F (APPx(NUMx)) and ‹X = WW#; then‹X = WW# = F (APPW#(NUM(W#)) = F (WW#)# = F ‹X#

Hence: ∀F∃X : FX# = X

Proof. Immediate. QED

Theorem 37. (Scott and Curry) Let X,Y 6= ∅ sets of terms, closed with respect to β-conversion.
Hence X,Y are not recursively separable.

Proof. Let t ∈ X, r ∈ Y . Let C a recursive set such that X ⊆ C e Y ∩ C = ∅. Let F the term that
defines the characteristic function of C, and then Fpuq = 0 if u ∈ C and Fpuq = 1 if u 6∈ C. Let
finally:

G = λx.δ(ZERO(Fx))rt

where ZEROn is the test for zero (see below at p. 65) which returns λxy.x, if n = 0, and λxy.y,
if n > 0. Observe that, if u ∈ C, then Gpuq = r; if instead u 6∈ C, then Gpuq = t. But for the
previous fixed point theorem, there exists X such that GpXq = X. Hence we finally have:
∗ X ∈ C ⇒ X = GpXq = r ⇒ X 6∈ C, because r ∈ Y .
∗ X 6∈ C ⇒ X = GpXq = t⇒ X ∈ C, because t ∈ X. QED

Corollary 6. If X is closed for the relation “=”, then it is not recursive.

Proof. In previous theorem take Y = X (the complement of X); it follows that if X is closed for
β-conversion, then X is not recursive. QED

Corollary 7. The set Xnf of terms that have a normal form is recursively enumerabile, but not
recursive.

Proof. Recall that a set is computably enumerable iff can be defined by a formula of the form ∃xP ,
for P recursive. Hence Xnf is recursively enumerabile because M has a normal form iff ∃U∃p(“U
is in normal form and p is a proof of M = U ”). But it is not recursive (Exercise). This is one of
the first examples of computably enumerable but not recursive sets. QED

Corollary 8. The relation “=” is undecidable.

Proof. TakeX = {r| ` r = (λx.x)}. It is closed for β-conversion and therefore not recursive. QED
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It follows the undecidability of the Entscheidungsproblem: When terms are given Gödel
numbers, then “=” corresponds to a relation between natural numbers, i.e. once goedelized, terms
become numbers and “=” become a relation between numbers; the numbers can also be represented
in a very simple predicative language, for example 0 = x, 1 = f(x), 2 = f(f(x)).... Axioms of the
equational theory of λ− calculus can thus be translated into formulas α0, ..., αn of the predicate
calculus, in such a way that (α0 ∧ ... ∧ αn) → E(m,n) is provable in the predicate calculus, if
m = psq, n = ptq e t = s. But if we could decide this formula, we could also decide “=”. Indeed, if
we could decide all questions of provability in pure predicate logic, then we could decide whether
arbitrary lambda-terms are convertible.

Theorem 38. (Böhm’s separability theorem 1968) It t and s are βη-normal forms, and u,v are
arbitrary terms, the it is possible to construct terms r0, ..., rn and find variables x0, ..., xk such
that λx0...λxk.tr0...rn = u and λx0...λxk.sr0...rn = v.

Proof. (See Krivine (1993), p. 88) QED

A consequence is that if t = s is not provable and it is added to the calculus, the calculus
crashes.

Let us now begin to assess the expressive power of this calculus. There are many ways in which
we can represent numbers, using appropriate terms (“numerals”), in λ-calculus. For instance, these
are the Church numerals:

n =def λxy.

n−times︷ ︸︸ ︷
x(x(x(...(xy)...)

with these numerals, we can define the basic arithmetic operations as follows:

1. (sum) ⊕ = λxyzu.xz(yzu)

2. (multiplication) ⊗ = λxyz.x(yz)

3. (exponentiation) EXP = λxy.yx

If we abbreviate

n−times︷ ︸︸ ︷
x(x(x(...(xy)...))) with xny, we see for example that:

nuz = (λwv.wnv)uz = (λv.unv)z = unz

from which follows:
⊕nm = (λxyzu.xz(yzu))nm = λzu.nz(mzu) =

λxyzu.zn(zmu) = λzu.(zm+nu) = m+ n

The reader can verify by exercise that with respect to Church numerals, the followings are
respectively the predecessor function and the test for zero:

1. P = λxfy.x(λpq.q(pf))(Ky)I, K = λxy.x and I = λx.x.

2. Zero = λx.x(λy.K∗)K, where K∗ = λxy.y.

3. > = K, ⊥ = K∗.

That of Church is not the only system of numerals. More abstractly a system of numerals is a
sequence N = n0, n1, n2... of closed terms such that there exist terms S and Zero for which it
Snk = nk+1, Zero n0 = >, Zero nk+1 = ⊥ (where > and ⊥ are truth-values, see below).

Definition 17. A partial recursive function ψ is definable with respect to N, iff there exists a
term F of the lambda claculus such that for all r0, ..., rk,

Fnr0 ...nr0 = nψ(r0,...,rk)

We say that N is adequate, if with respect to it we can define all partial recursive functions;
equivalently: if we can define the predecessor P (nk+1) = nk.
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Here we choose the approach to the numbers and functions of the classical Barendregt (1984).

1. Booleans. > = λxy.x = K, ⊥ = λxy.y = K∗

2. Discriminator. An operator δXPQ such that:

δXPQ =

{
P if X = >
Q if X = ⊥

Take δ = λxyz.xyz. Actually >PQ = XPQ = P , ⊥PQ = XPQ = Q.
3. Pair and projections. 〈P,Q〉 = λx.xPQ, π0 = λxy.x = K, π1 = λxy.y = K∗.

Clearly 〈P,Q〉π0 = P and 〈P,Q〉π1 = Q
4. Barendregt’s numerals. 0 = λx.x, n+ 1 = 〈⊥, n〉. For instance 3 = 〈⊥, 2〉 = 〈⊥, 〈⊥, 1〉〉 =

〈⊥, 〈⊥, 〈⊥, 0〉〉〉
5. Successor. Sn = (λx.〈⊥, x〉)n
6. Predecessor. Pn = (λx.x⊥)n
7. Test for zero. ZERO = λx.x>.

Observe that
ZERO0 = (λx.x>)0 = >

ZEROn+ 1 = (λx.x>)〈⊥, n〉 = ⊥

Recall that in general 〈Xπ0, Xπ1〉 = X does not hold; pair is not “surjective” (C.Mann 1972).
We now obtain the total recursive functions in this way:

1. Initial functions. (projections) Ui = λx0, ..., xp.xi (successore) λx.〈⊥, x〉 (zero) λx.0
2. Closure under composition. Let g, h0, .., hm be defined by terms G,H0, ...,Hm; we define

composition as followe:
F = λ−→x .G(H0

−→x )...(Hm
−→x )

3. Closure under primitive recursion. Suppose that:

(a) f(0, n) = g(n),

(b) f(k + 1, n) = h(f(k, n), k, n)

and let h, g be defined respectively by H,G.
By Fixed point theorem, given a term C[f, x], there is a term F such that for all T, FT = C[F, T ].
As we have seen, we can take F = Y(λfx.C[f, x])). Hence, applying this theorem, we have
that we can define F such that:

Fx−→y = δ(ZEROx)(G−→y )(H(F (Px)−→y )(Px)−→y )

4. Minimalization. Let f(n) = µm(g(n,m) = 0) and let g be defined by G. Let then:

Hxy = δ(ZERO(Gxy)y(Hx(Sy))

Let finally F = λx.Hx0. Observe that Fn = 0, if Gn0 = 0 and Fn = Hn1 otherwise; Fn = 1,
if Gn1 = 0 and Fn = Hn2 otherwise, etc. if moreover Gn2 = 0, then:

Hn0 = Hn1 = Hn2 = δ(ZERO(Gn2)2(Hn2) = 2

Let us now address the problem of of representing partial functions. We will say that ψ is
λ−definible with respect to a set of terms X, if there exists a term F of the λ− calculus such that:

1. if ψ(n) ↓, then Fn = ψ(n)

2. If ψ(n) ↑, then Fn ∈ X
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The elements of X constitutes the formalization of the concept of “meaningless” terms. But what
set X we have to choose? Various purposes are admitted. Church took the terms without normal
form, for instance Ω = (λx.xx)(λx.xx). Barendregt take the unsolvable terms: a closed term M is
solvable, iff for some n and terms T0, ...Tn, MT0, ..., Tn = (λx.x). There are terms without normal
form but with head normal-form λx0...λxn.yM0...Mn. A term does not convey any information,
if not even possess this normal form. We will see that a term is solvable if and only if it has a
head normal form. In this regard, there are general results.

Theorem 39. (Statman 1970) A set of closed terms X is said “co-Visser set”, if X is computably
enumerable and it is closed for =, i.e. if t ∈ X and t = s, then s ∈ X. If X is a “co-Visser set” ,
then all partial recursive functions can be defined using it as a representative of undefined terms.

Proposals of Church and Barendregt satisfy this theorem (see Barendregt (1992)). The two
different choices by these logicians are actually related:

1. in λI calculus: meaningless=unsolvable= no normal form.

2. In λK calculus: meaningless=unsolvable= no head normal form.

3.2. Solvability and head normal forms

Let us begin by defining more formally the notion of “solvable term”.

Definition 18. A closed term t is called solvable iff there exists a number n and terms s0, ..., sn
such that ts0, ..., sn = I. An arbitrary term t(x0, ..., xk) is solvable iff its closure λx0...xk.t is
solvable.

For instance, if Y is the above-mentioned fixed point operator, then it is solvable: Y(KI) =
(KI)(Y(KI)) = I.

Lemma 9. Let t be a term: t is solvable iff there exists a closed substitution instance t∗ of it and
closed terms s0, ..., sn such that t∗s0, ..., sn = I.

Proof. ⇒ Consider the closure λx0...λxk.t, that, by hypothesis, is solvable, i.e. for some s0, ..., sn,
(λx0...λxk.t)s0, ..., sn (assume n > k, perhaps by adding copies of I), Hence t[s0/x0, ..., sk/xk]sk+1...sn =
I, Put t∗ = t[s0/x0, ..., sk/xk].
⇐ If t∗ = t[s0/x0, ..., sk/xk] is solvable, then clearly also λx0...λxk.t is solvable. QED

Lemma 10. t is solvable iff λx0.t is solvable.

Proof. (Sketch) Let λx0...λxk.t be the closure of t. By previous lemma t is solvable iff there exist
closed terms s0, ..., sk, sk+1, ..., sn such that:

t[s0/x0, ..., sk/xk]sk+1...sn = I

iff
((λx0.t)s0)[s1/x1, ..., sk/xk]sk+1, ..., sn = I

iff
(λx0.t)[s1/x1, ..., sk/xk]s0sk+1, ..., sn = I

iff λx0.t is solvable. QED

Corollary 9. t is unsolvable iff for all s, we have that ts, t[s/x], λx.t are unsolvable.

One can prove by an easy induction that each term is either of the form
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1. λx0...λxn.yt0...tk, or of the form

2. λx0...λxn.(λy.s)rt0...tn

where the sequences x0, ..., xn and t0, ..., tk might be empty. The redex (λy.s)r is called head redex.
A contraction of a term t to a term u that eliminates a head redex is called head reduction and
denoted t →h u. If in a reduction sequence t0 →h t1 →h t2 → ... there is a term tn of the form
λx0...λk.ys0...sm (called head normal form h.n.f.) such a reduction sequence terminates at tn. If
t = s and s is in h.n.f. then we say that t has an h.n.f. It holds that t has an h.n.f. iff its head
reduction path of terminates.

Lemma 11. λx.t has an h.n.f. iff t has an h.n.f.

Proof. Clearly if λx.t⇒ s then s has the form λx.u, where t⇒ u. QED

Lemma 12. If t[s/x] has an h.n.f. also t has an h.n.f.

Proof. Suppose on the contrary that t has no head normal form. It is not hard to show that
the following substitution holds: if t →h s, then t[r/x] →h s[r/x], hence t[s/x] has an infinite
head-reduction path and therefore has no h.n.f. itself. QED

Theorem 40. If ts has an h.n.f. then t has an h.n.f too.

Proof. Let t→h t0 →h t1 →h t2... be the head reduction of t and consider these cases:

1. If no term of this sequence has form λx.u, the an head-reduction of ts has the form ts→h

t0s→h t1s→h t2s... and by hypothesis it is finite; hence also t→h t0 →h t1 →h t2... is finite
and then t has an h.n.f.

2. If some term of this sequence has form λx.u, let tk the first of such terms. Hence the head
reduction has the form:

ts→h t0s→h t1s→h t2s...→h tk−1s→h (λx.u)s→h u[s/x]→h ...

However, if ts has an h.n.f. also u[s/x] has an h.n.f., as well as u and λx.u and t, by previous
lemmas. QED

Theorem 41. A term t has an h.n.f. iff its head reduction path terminates.

Proof. ⇒ Recall that the Church-Rosser theorem holds also for β-equality (conversion), by
“composing the boxes”: if t = s then there exists r such that t⇒ r and s⇒ r. Let us suppose that
t = λx.yU . Hence, by Church-Rosser theorem there exists z such that both t⇒ z and λx.yU ⇒ z.
Hence z must be of the form λx.yV where U ⇒ V and by the Standardization Theorem at p. 70
there will be a standard reduction t = t0 →δ0 t1 →δ1 t2 → ... → λx.yV . Now, if all redexes δj
contracted in this reduction are head redexes, then this is a terminating head reduction. Otherwise,
let δi the first internal redex reduced at step ti →δi ti+1. Then ti must be in head normal form,
because otherwise the head redex would remain: but the reduction of ti to λx.yV in this case
would not be standard. Then t→h ...→h ti is a terminating head reduction.
⇐ Trivial.

QED

Theorem 42. (Wadsworth 1971) The term t is solvable iff it has an h.n.f.

Proof. By previous results being solvable is true for a term as well as for its closure. The same
equivalence holds for the property of having a head normal form. Hence we can assume that t is
closed. ⇒ If ts0...sn = I then I is its h.n.f. Hence by previous lemmas t also has itself an h.n.f. ⇐
If t has an head normal form λx0...λxn.yt0...tk, let y = xi. Observe that:

(λx0...λxn.yt0...tk)

n+1−times︷ ︸︸ ︷
(Kk+1I)(Kk+1I)...(Kk+1I)

reduces to (Kk+1I)t∗0...t
∗
k and therefore to I (KmI abbreviates K(K(K(...(KI)...))) m-times). QED
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Corollary 10. Unsolvable terms have no normal form.

Proof. If t is in normal form, then has also an head normal form and therfore is solvable. QED

Theorem 43. A term t is unsolvable iff it is hereditarily without normal form, i.e. for all
substitution t∗ and all s0, ..., sn, t∗s0...sn ha no normal form.

Proof. ⇒ If t∗s0...sn has a normal form, then it is solvable. Therefore there exists a closed
substitution instance (t∗s0...sn)∗ of it and terms r0, ..., rk such that (t∗s0...sn)∗r0, ..., rk = I. Thus
(t∗∗s∗0...s

∗
n)r0, ..., rk = I and therefore t is solvable. ⇐ If t is solvable, then (t∗s0...sn) = I for some

s0...sn. QED

Definition 19. A partial recursive function φ is lambda-definable, iff there exists a term F such
that for all natural numbers n:

Fn =

{
φ(n) if φ(n) ↓
no h.n.f otherwise

Lemma 13. (Solvability of numerals) mKII = I.

Proof. Recall that 0 = I and n+ 1 = 〈K∗, n〉. Hence 0KII = IKII = I.
Moreover n+ 1KII = 〈K∗, n〉KII = KK∗nII = K∗II = I. QED

Lemma 14. If F defines a partial function φ, then:

1. FnKII = I, if φ(n) ↓.

2. FnKII is unsolvable, otherwise.

Proof. If φ(n) ↓, then Fn = φ(n); but φ(n)KII = I. If φ(n) ↑, then Fn is unsolvable. Then it
Fns0...sn is unsolvable for all s0, ..., sn. QED

Theorem 44. (Closure under composition) Suppose:

φ(n) ' χ(ψ0(n), ..., ψm(n))

and suppose that G,H0, ...,Hm respectively define χ, ψ0, ..., ψm. Then:

F = λx(H0xKII)...(HmxKII)(G(H0x)...(Hmx))

defines φ.

Proof. If some ψi(n) ↑, then HinKII (the “jamming factor”) is unsolvable, by the previous lemma,
and therefore the whole term F is unsolvable. In case all ψi(n) ↓, then all HinKII = ψi(n)KII = I
and therefore Fn = (G(H0n...Hmn)). QED

To prove closure under minimisation, we must now focus on reduction strategies. We will show
in particular that leftmost reductions are normalizing, that is, when t has a normal form, then
there exists n such that applying n-times the strategy to it leads to the normal form.

Definition 20. (Leftmost reduction) Call the lambda of a redex (λx.t)s the first occurrence of λ
in it. Let δ0, δ1 be two occurrences of redex in t. We say that δ0 is to the left of δ1, if the λ of δ0
is to the left of the λ of δ1. A redex occurrence si called the leftmost redex of a term, if it is to
the left of all other redexes.
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Example. In this case δ0 is the leftmost :

(λx.

δ1︷ ︸︸ ︷
(λz.z)xx)u︸ ︷︷ ︸

δ0

(λu.V )

To sum up, we write:

1. t→l s if s is obtained by contraction of the leftmost redex.
2. t→h s if s is obtained by contraction of the head redex.
3. t →i s if s is obtained by contraction of an internal redex (we will write t →pi s for a

contraction, both parallel and internal).

The Standardization theorem. Let us call a number p the position of a redex δi in the reduction
step ti →δi ti+1, if the first symbol of δi in ti is the p − th, starting from the left. We denote
p = pi. Then the reduction

t0 →δ0 t1 →δ1 t2 →δ2 t3....

is standard if p0 ≤ p1 ≤ p2 ≤ ..., i.e. the sequence of redexes contracted in the reduction moves
from left to right. In other words, in this reduction sequence, once a redex is contracted, all redexes
whose first symbol is at its left become “frozen”. For example, this is a standard reduction:

λa.

1︷ ︸︸ ︷
(λb.(λc.c)bb)d→ λa.

2︷ ︸︸ ︷
(λc.c)d d→ λa.dd

On the contrary, this is not a standard reduction:

λa.(λb.

1︷ ︸︸ ︷
(λc.c)b b)d→ λa.

2︷ ︸︸ ︷
(λb.bb)d→ λa.dd

In particular, leftmost reductions →` and head reductions →h are standard.

Theorem 45. (Standardization theorem) If t⇒ s, then there is a standard reduction from t to s.

We omit the proof, which is performed with the same techniques we will use later in this
paragraph (see Sørensen, Urzyczyin (2006) pp. 13-7 and especially Takahashi (1995) p. 124).

Lemma 15. If there is a standard reduction of t to s and s is in normal form, then all its
reductions are leftmost.

Proof. Suppose that t is reduced to s in standard way, but, by contradiction, at some step a
leftmost redex (λx.p)q is not reduced. Hence, since the reduction is standard, this redex is frozen
(perhaps p is reduced to p′ and q is reduced to q′, but (λx.p′)q′ is never reduced). Hence s cannot
be in normal form. QED

Definition 21. Let us write tB s iff t = t0 →h t1 →h ...→h tn →pi s and ti →p s for all i ≤ n.

Lemma 16. The following hold:

1. If tB s then λx.tB λx.s

2. If tB s and r →p q, then tr B sq.

3. If tB s and r B q, then t[r/z]B s[q/z].

Proof. 1. Recall that t B s iff t = t0 →h t1 →h ... →h tn →pi s and ti →p s for all i ≤ n.
But tn →pi s implies tn →p s and by definition this implies λx.tn →pi λx.s. Moreover, if
ti →h ti+1, then λx.ti →h λx.ti+1.
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2. Now let t = t0 →h t1 →h ... →h tn →pi s and ti →p s for all i ≤ n. If at least one tk is an
abstraction, take the first with this property. Hence tkr →pi sq and tr = t0r →h t1r →h

...→h tkr →pi sq, where each tir →p sq. If no tk is an abstraction, keep k = n.

3. Lastly let us first assume that t→pi s and r B q. We want to show that t[r/x] B s[q/x] by
considering two subcases:

3.1 if t = λz.(λy.P )Qr0...rn and s = λz.(λy.P ′)Q′r′0...r
′
n, where for each i ≤ n, ri →p r

′
i,

P →p P
′, Q →p Q

′. But t[r/x] →pi s[q/x] (recall that substitution holds for →p and
that if r B q, in particular r →pi q).

3.2 If t = λz.yr0...rn, then s = λz.yr′0...r
′
n.

(a) If x 6= y, then t[r/x]→pi s[q/x].
(b) If x = y, notice that r →p q might be a contraction and we don’t want a head

reduction. Then argue by applying substitution for parallel reduction, (2) and (1):

t[r/x] = λz.rr0[r/x]...rn[r/x]B λz.qr′0[q/x]...r′n[q/x] = s[q/x]

More precisely:

...
r0 →pi r

′
0 r →p q

r0[r/x]→pi r
′
0[q/x] r B q

rr0[r/x]B qr′0[q/x] r1[r/x]→pi r
′
1[q/x]

rr0[r/x]r1[r/x]B qr′0[q/x]r′1[q/x]

...
rr0[r/x]...rn[r/x]B qr′0[q/x]...r′n[q/x]

λz.rr0[r/x]...rn[r/x]B λz.qr′0[q/x]...r′n[q/x]

Hence t[r/x] B s[q/x]. Now let us consider the general case t B s. Notice now that in the
general case we have:

t[r/x] = t0[r/x]→h t1[r/x]→h ...→h︸ ︷︷ ︸
substitution for h−reduction

points 3.1 and 3.2︷ ︸︸ ︷
tm[r/x]→h ...→h tn[r/x]→pi s[q/x]

Observe that for each i, still by substitution in parallel reduction, ti[r/x] →p s[q/x]. Hence
t[r/x] B s[q/x]. QED

Lemma 17. (Factorization) If t→p s then t = t0 →h t1 →h t2 →h ...→h r →pi s, for some r.

Proof. Show that t→p s implies tB s (notice that this is a stronger statement) by induction on
the structure of t, using properties 1,2,3 above:

• If t→p t, nothing to prove.

• If t = vr →p uq, and by IH v B u, then apply 2.

• If t = λx.v →p λx.u = s, where v →p u, then by IH v B u and apply 1.

• If t = (λx.v)r →p u[q/x] = s and v →p u and r →p q, then by IH obtain v B u and r B q. Now
apply 3.

QED

Lemma 18. (Inversion) If t→pi r →h s, for some r, then t→h t
′
0 →h t

′
1 →h t

′
2 →h ...→h v →pi

s, for some v.
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Proof. We must have t = λz.(λx.P )Qr0...rn, since the second step is a head reduction, r =
λz.(λx.P ′)Q′r′0...r

′
n where P →p P

′, Q →p Q
′ and for all i ≤ n, ri →p r

′
i. This means that

s = λz.P ′[Q′/x]r′0...r
′
n. Now put v = λz.P [Q/x]r0...rn. Clearly this is obtained from t by head-

reduction, and in turn is reducible to s by parallel reduction (P could be a redex) and therefore,
since v →p s, the previous lemma apply and the parallel reduction can be factorized in two blocks:
first a sequence of head reductions, then a parallel internal reduction. QED

Theorem 46. If t has a normal form s, then there is a leftmost reduction from t to s.

Proof. By induction on s. Thanks to the previous lemma we can decompose each step ti →p ti+1

of the parallel reduction of t to s in this way: ti →h ...r →pi ti+1 for some r. Hence we have a
reduction of this form:

t =

1©︷ ︸︸ ︷
t0 →h ...r0 →pi

2©︷ ︸︸ ︷
t1 →h ...r1 →pi

3©︷ ︸︸ ︷
t2 →h ...r2 ...→pi s

But by the previous result the head reduction can be brought at the beginning, so that t = t0 →h

...→h rk →pi ...→pi s. Hence rk = λx.yP0...Pn and s = λx.yP ′0...P
′
n where P ′i is the normal form

of Pi and by induction hypothesis is obtained by leftmost-reduction. But head-reduction too is a
kind of leftmost-reduction. Hence t reduces to s by leftmost-reduction. QED

Now, it is important to point out that similar result holds also for quasi-leftmost reductions:

t0 →d0 t1 →d1 t2 →d2 ...

where for all n there exists an m ≥ n such that the redex dm is leftmost in tm (where di is the
redex eliminated at step i).

Theorem 47. If t has an infinite quasi leftmost reduction, then t has no normal form.

So we are ready to demonstrate the closure under minimalisation (Barendregt (1984) pp.
178-83).

Definition 22. Let Θ = (λxy.y(xxy))(λxy.y(xxy)) be the Turing fixed point operator; then let
H = Θ(λuz.If Pz, then z, else uz+) and µP = H0.

The above fixed-point operator has the property that ΘX ⇒ X(ΘX). Recall that “if x then y,
else z” is simply λxyz.xyz. Note that Hn means “If Pn then n, else Hn+ 1”. Hence µP is “If P0
then 0 else H1”.

Theorem 48. Let P be a term such that Pn⇒ ⊥, for all n, where ⊥ = K∗. Then:

1. µP has no normal form.

2. µP is unsolvable.

Proof. 1. Hn⇒ If Pn, then n, else Hn+ 1. Now, if Pn⇒ ⊥, for all n, we have the infinite
sequence of reduction H0 ⇒ H1 ⇒ H2 ⇒ .... In the passage Hn ⇒ Hn+ 1 at least one
head redex is contracted. Hence µP has an infinite quasi-leftmost reduction. Hence it has no
normal form.

2. Let (µP )∗ a closed substitution instance of (µP ). This has the form µ(P ∗) and by 1. has no
normal form. Hence it is hereditarily without normal form and therefore µP is unsolvable.

QED

Theorem 49. (Closure under minimalization) Let φ(n) ' µm(χ(n,m) = 0) and suppose that G
defines a total function χ. Take P = λy.Zero(Gxy)). Hence F = λx.µ(λy.Zero(Gxy)) defines φ.

Proof. Consider two cases:
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1. if φ(n) ↓, then this means that for some m (say, the minimum), χ(n,m) = 0. Hence φ(n) = m

and therefore Fn = φ(n) = m
2. if φ(n) ↑, then for all m, Zero(Gnm)⇒ ⊥ and therefore Fn = µ(λy.Zero(Gny)) is unsolvable.

To see that all partial recursive functions are representable, recall now this results of character-
ization: the class of the partial recursive functions is the least class of partial numeric functions
containing all primitive recursive functions and closed under composition and this schema of
unbounded minimalization:

Suppose g(x, y) is a total function. Then f is defined by minimization from g if
and only if

f(x) = µb(g(x, b) = 0)

or f(x) ↑ if there is no such b.

(The total recursive functions are obtained by replacing this schema by the regular minimization,
where g is regular iff µb(g(x, b) = 0) ↓). QED

3.3. The simply typed lambda calculus λ×,→

First developed by Bertrand Russell in the early 1900s to avoid paradoxes, typed calculus was
later develped by Church and Curry. In the approach à la Church all terms are furnished with
type information: if a term is typeable, it has a unique type. In the approach à la Curry, types are
assigned to existing untyped terms, using typing rules. Thinking terms as algorithms/programs,
type as specification, these two approaches reflect two different paradigms in programming
languages. We consider here as constructors → and ×. In this case, among the terms, in addition
to abstraction and application, we will also have pairs and projections.

Definition 23. 1. (Set of types T)

(a) A set of base types τ0, τ1, τ2...
(b) if σ, τ are types, also σ → τ , σ × τ are types
(c) these are the ony types.

2. (Typed terms in Church’s style) The set of typed terms
⋃
{λσ|σ ∈ T} is defined as follows:

(a) σ ∈ T, x ∈ V ar ⇒ xσ ∈ λσ
(b) t ∈ λσ→τ , s ∈ λσ ⇒ (ts) ∈ λτ
(c) t ∈ λτ ⇒ (λxσ.t) ∈ λσ→τ
(d) t ∈ λσ, s ∈ λτ ⇒ 〈t, s〉 ∈ λσ×τ
(e) if t ∈ λσ×τ , then π0t and π1t are respectively in λσ and in λτ .

As already remarked, sometimes the calculus à la Church is introduced by means of rules of
assignement of types in a similar way to Curry’s style. Instead of assuming that the set of variables
is partitioned into disjoint sets indexed by types one uses environments Γ to declare types of free
variables, and says that a judgement Γ ` t : σ holds1, if it is derivable from a certain set of typing
rules.

1. Environments. Are set of the form Γ = {x0 : τ0, ..., xn : τn}

1 Rules are often given ’in sequential form’. Below we present them in the form of rules of natural deduction in
the Gentzen-Prawitz style, so that the relation to Proof Theory is immediately clear. The reader accustomed
to natural deduction in the style of Gentzen-Prawitz may think of this expression as denoting a derivation t
of σ from hypotheses not discharged in Γ.
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2. Judgements. Γ ` t : σ whose meaning is: t is of type σ in the environment Γ.

We say that a term t is typable, if there are Γ and σ such that Γ ` t : σ. Typical problems of
study are the followings:

1. Type checking. Given Γ, t and σ, decide whether Γ ` t : σ.

2. Typability. To decide whether a term is typable.

3. Type inhabitation. To decide, for a given type τ , whether there exists a closed term t such
that ` t : τ .

The first two problems are decidable in polynomial time; the last is PSPACE complete (see
Statman (1979))). Type derivations are built up from assumptions of the form x : σ by using the
following inference rules.

t : σ s : τ

〈t, s〉 : σ × τ
t : σ × τ
π0(t) : σ

t : σ × τ
π1(t) : τ

[x : σ]

...
t : τ

λxσ.t : σ → τ
t : σ → τ s : σ

(ts) : τ

Example. Notice that the types assigned to combinators K = λxy.x and S = λxyz.xz(yz), as
formulas, correspond to well known tautologies, also intuitionistically valid. Write “t : α” to mean
“t ∈ λα”.

x : α→ β → γ z : α

xz : β → γ

y : α→ β z : α

yz : β

xz(yz) : γ

λz.xz(yz) : (α→ γ)

λyz.xz(yz) : (α→ β)→ (α→ γ)

λxyz.xz(yz) : (α→ β → γ)→ (α→ β)→ (α→ γ)

Analogously:

x : α
λy.x : (β → α)

λxy.x : α→ (β → α)

in analogy with natural deduction, think to an empty application of the introduction rule for
implication. Recall that K = λxy.x is not a term of λI -calculus and α→ (β → α) is not accepted
in linear as well as relevant logic.

Exercise. Show that Church’s numerals have types (α→ α)→ (α→ α).
Proofs as programs. The expert reader will recognize the similarity between these rules and the

Gentzen-Prawitz natural deduction propositional rules for the fragment ∧,→ of the intuitionistic
logic. The Curry-Howard isomorphism states that for any derivation in intuitionistic logic there
exists a typable λ-term (à la Church) and conversely. Actually le language can be exended with
an empty type and further constructors in order to reach a full correspondence between typed
lambda calculus and intuitionistic logic, where the lambda terms are an appropriate notation for
intuitionistic proofs, according to the Brouwer- Heyting-Kolmogorov interpretation of intuitionistic
operators. This is the basis of the so-called proofs-as-programs paradigm, or Curry-Howard
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correspondence.

Lambda− calculus Natural Deduction

V ariables Assumptions

Terms Proofs

Types Formulas

Constructors Connectives

Redex Detours

Contraction step Reduction step in normalization

(1)

The correspondence between β − contraction and elimination of detours in the normalization
algorithm for Natural Deduction is evident:

[x : φ]
····
D

t : ψ
I

λx.t : φ→ ψ p : φ
E

(λx.t)p : ψ

Reduces to (where D∗ = D[p/x]):

p : φ
····
D∗

t[p/x] : ψ

Unlike the case of untyped calculus, in the calculus with types any term can be reduced to
normal form. By the confluence theorem (Church-Rosser) if the normal form exists, this is unique.
A term is said to strongly normalizzabile when there is no infinite sequence of reductions that
starts with it. Regarding the fragments of the typed lambda calculus considered above, both of
these two results apply: weak normalization, i.e. there is at least one strategy reduction leading
to the normal form, and strong normalization, which means that all reduction sequences are finite
(so you get a normal form regardless of the order of application of the rules of contraction). Here
we show the strong normalization of λ×,→.

This proof is due to Tait and Girard (see Girard, Lafont and Taylor (1989) pp. 41-5 and
Troelstra and Schwichtenberg (2000) pp. 157-59) and starts by introducing the notion of reducibility.
The set Redα (“reducible terms of type α”) is defined inductively with respect to α as follows:

1. If α is atomic and t is a term of type α, then: t ∈ Redα if there is no infinite reduction
sequence starting with t (i.e. t is strongly normalizable).

2. If α = σ × τ is t a term of type α, then t ∈ Redα if π0t ∈ Redσ and π1t ∈ Redτ
3. If α = σ → τ and t a term of type α, then t ∈ Redα if ∀u ∈ Redσ we have tu ∈ Redτ .

Now we introduce the notion of neutrality, due to Girard.

Definition 24. A term t is neutral, if it is neither of the form 〈u, v〉, nor λx.t.

We show a preliminary result, based on König’s lemma (“An infinite tree finitely ramified, has
at least an infinite branch”).

Lemma 19. If t is strongly normalizable, then exists a number nt ∈ N such that the length of all
reduction sequences starting with t is less than nt (the inverse is clear).

Proof. Consider the tree T of all possible reductions of t. Since t has a finite number of subterms
the tree is finitely ramified. But if t is strongly normalizable, the tree has no infinite branchs.
Hence, by König, T is finite and therefore there exist an nt as required. QED
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Theorem 50. The following holds:

(a) if t ∈ Redα, then t is strongly normalizable
(b) if t ∈ Redα and t⇒ s, then s ∈ Redα.
(c) if t is neutral and if contracting a redex r of t we always obtain a term t′ ∈ Redα, then also

t ∈ Redα.

Proof. Induction α. In the atomic case (a) follows by definition; as regards instead (b), if t ∈ Redα,
then t is strongly normalizable; hence, all s such that t⇒ s is strongly normalizable and therefore
s ∈ Redα; to show (c) we need the previous lemma: each reduction of t goes, by hypothesis,
through an s ∈ Redα and such an s is by definition strongly normalizable; So each branch of the
tree representing the possible reductions of t is finite. It follows that nt = max{ns|t⇒1 s}+ 1,
and therefore that t is strongly normalizable.

As for the compelx cases:
If α = σ × τ ; as regards to (a), suppose that t ∈ Redα; then by (IH), since π0t ∈ Redσ and

π1t ∈ Redτ , we will have that π0t e π1t are strongly normalizable. Then exists in particular
nt ≤ nπ0t and so t is strongly normalizable.

As regards to (b), if t ⇒ s, then π0t ⇒ π0s and π1t ⇒ π1s. Suppose that t ∈ Redσ×τ . By
definition this means that π0t ∈ Redσ and π1t ∈ Redτ . By (IH) π0s ∈ Redσ and π1s ∈ Redτ and
therefore by definition s ∈ Redσ×τ . As regards to (c), if t is neutral and all s accessible from t in
one step are reducible, then we consider π0s obtained reducing from inside π0t: this is the only
possible reduction, not being (for neutrality) π0t a redex and therefore t 6= 〈t0, t1〉. By hypothesis
s ∈ Redσ×τ and therefore π0s ∈ Redσ. Hence we have that π0t is neutral and all π0s obtained
from it in one step is reducible of type σ. Hence we apply (IH) with respect to (c), and conclude
that also π0t is reducible of type σ. The proof for π1t is symmetric. Hence we have that π0t is
reducible of type σ and π1t is reducible of type τ and therefore t ∈ Redσ×τ .

Let us see the most complex case, namely that in which α = σ → τ . As regards to (a) , if
t ∈ Redσ→τ and x is of type σ, we use the inductive hypothesis (on the type) relative to (c): being
x neutral and normal, we will have x ∈ Redσ. But if t ∈ Redσ→τ and x ∈ Redσ, then by definition
tx ∈ Redτ . By applying (IH) on the type relative to (a), we conclude that there exist a ntx finite
as in the lemma; henche must exist also nt ≤ ntx and therefore t is strongly normalizable We now
quickly see (b); if t⇒ s and t is reducible, take a term r ∈ Redσ, so that we have tr ∈ Redτ and
tr ⇒ sr: from (IH) on the type concerning (b), we have that sr ∈ Redτ and therefore by definition
s ∈ Redσ→τ .

The proof relative to (c) requires more attention: let t neutral and suppose that all s accessible
from t in one step is reducible of type σ → τ ; let u ∈ Redσ and consider by (IH) on the type
relative to (a), that u can be assumed strongly normalizable and therefore there exist nu as in the
lemma. Now we perform a subinduction on nu: let us see the possible one-step reductions of tu.

1. if tu⇒1 su, from initial hypothesis s ∈ Redσ→τ and by definition su ∈ Redτ .

2. if tu ⇒1 tw, where u ⇒1 w, then by (IH) on the type relative to (b), we have w ∈ Redσ;
moreover nw < nu, and therefore by (IH) on nw we have that tw ∈ Redτ .

We remark that there are no other alternatives, since by neutrality of t, tu cannot be a redex and
therefore t 6= λx.v. Summarizing, tu is neutral and reduces in one step only to terms in Redτ . By
(IH) on the type relative to (c), we obtain that tu ∈ Redτ and by definition t ∈ Redσ→τ . QED

Now we consider non-neutral terms, and the following holds.

Lemma 20. If t, s are reducible, the so is also 〈t, s〉.

Proof. By (a), t and s are strongly normalizable. Then we use the numbers nt and ns and perform
an induction on nt + ns, showing that π0〈t, s〉 and π1〈t, s〉 are reducible, from which follows that
also 〈t, s〉 is reducible. Indeed, notice that π0〈t, s〉 contracts as follows:

1. π0〈t, s〉 ⇒1 t and t is by hypothesis reducible.
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2. if t ⇒1 r, then from (b), r is reducible. Moreover nr < nt, hence we can apply (IH) to
nr + ns < nt + ns and conclude that π0〈r, s〉 is reducible.

3. if s⇒1 w, analogously we obtain that π0〈t, w〉 ⇒1 t is reducible.

With the same criterium we analize π1〈t, s〉 , concluding that π0〈t, s〉 and π1〈t, s〉 reduces in
one step to a reducible term and therefore by (c) are reducible. Hence 〈t, s〉 is reducible. QED

Lemma 21. If for all reducible s ∈ Redσ we have that t[s/x] is reducible, then λx.t is reducible.

Proof. Induction on nt + ns; we show that (λx.t)s is reducible, if s is reducible. Observe that
(λx.t)s is reducible in one step to the following terms:

1. t[s/x], that by hypotesis is reducible.
2. (λx.r)s, where t⇒1 r. Given that t is reducible (from (b)), also r is, and nr < nt. By (IH)

we have that (λx.r)s is reducible.
3. (λx.t)w, where s⇒1 w. Argue as in previous case.

Hence (λx.t)s reduces in one step only to reducible terms, and by (c) is itself reducible. Hence
λx.t is reducible, if t[s/x] is, for all s reducible. QED

We obtain the strong normalization result, proving that all the terms are reducible (and
therefore, strongly normalizable!). To obtain this additional result, we show that t[s0/x0, ..., sn/xn]
is reducible, for s0, ..., sn reducible. In particular, for si = xi, we have that t(x0, ..., xn) is reducible.

Lemma 22. t[s0/x0, ..., sn/xn] is reducible, for s0, ..., sn reducible.

Proof. Induction on the complexity of t:

1. If t = xi, obvious, because t[si/xi] = si and si is reducible by hypothesis.
2. t = π0w and by (IH) w[si/xi] is reducible, by definition also π0w[si/xi] = t[si/xi] is reducible.

(the case of π1 is symmetric).
3. If t = 〈r, s〉 and by (IH) r[si/xi] s[si/xi] are reducible, then 〈r[si/xi], s[si/xi]〉 is reducible,

from the above results.
4. If t = rs (Exercise).
5. If t = λx.s and by (IH) s[v/x, si/xi] is reducible, for all v reducible, the previous emma states

that λx.s[si/xi] is reducible.

QED

Corollary 11. All terms are strongly normalizzabile.

Proof. Taking si = xi in the previous result, we have that all terms are reducible. QED

Corollary 12. The relation t = s, in the typed calculus, is decidable.

Proof. The normal forms of t and s are effectively computable.
QED

However the decision method is not elementary, i.e. there is no fixed k such that its complexity
is on the order:

222
...

2

iterated k − times, as shown in Statman (1979). This is the content of the following theorem (in
this version taken from Nerode and Odifreddi (1990) pp. 249-50 and Troelstra and Schwichtenberg
(2000) pp. 161-63).

Theorem 51. For infinitely many terms t any normalizing procedure takes at least a superexpo-
nential number of steps.

Proof. Let us define:
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1. Exp0(n) = n

2. Expk+1(n) = nExpk(n)

3. Superexp(n) = Expn(n) = nn
n}
n+ 1− times

Let us consider a Church’s numeral n and recall that nn = nn. Recall also that nfx = fnx

and therefore
n+1−times︷︸︸︷
n...n x = fSuperexp(n)x

Notice that at each reduction step a term at most squares its length, e.g. t = (λx.xnr)s of
length about n + |r| + |s| reduces to snr on the order n · |s| + |r| < |t|2. How many steps are
needed for going from a term of length n2 to a term of length Superexp(n)? Notice that at each
step the length increases as follows:

n2, n22

, n23

...n2k ...

Hence to get at step k a value n2k of the order of Superexp(n) such a k (the number of steps)
must be of the order of Expn−2(n). Notice that:

Expn−2(n) ≥ Expn−2(n− 2) = Superexp(n− 2)

QED

The strong normalization and therefore the decidability, highligt the fact that the typed calculus
is weaker than the untyped calculus. Actually, not all computable functions are definable in the
typed version. The extended polynomials (generated by projections, constants, sg, sg, +, ×,
composition) are definable in this calculus. In Schwichtenberg (1976) it is proved that exactly
the extended polynomials are definable in it (with numerals expressed à la Church and typed as
above, where α is a base type). Hence primitive recursion cannot be defined (in fact not even the
predecessor function).

A sensitive enrichment in power is represented by the system T of functionals of finite type,
dating back to Gödel, that provides a higher type analogue of the notion of primitive recursive
computation. Already in Zilsel’s lecture of 1938, Gödel had proposed to extend the finitistic
mathematics with higher type functionals. This extension comes to light in the context of a
proof of consistency of arithmetic and is part of the so-called “Dialectica interpretation”, from the
name of the journal where appeared the article Gödel (1958) at the 70◦ of Paul Bernays. The
author, however, was not fully satisfied and continued in work there during the next decade (see
Gödel (1972) for a later revision). Gödel describes a hierarchy of systems which he calls ‘finitary’.
These include not only finitary number theory, which he calls the lowest level of the hierarchy,
but systems which extend beyond this, involving functions of higher type. Following Bernays, he
actually distinguished two components in the finitary attitude: the constructive component, for
which we are allowed to speak of mathematical objects in so far as we can produce them by means
of a construction, and the properly finitistic component, for which the objects of our statements
and our constructions are intuitive, spatio-temporal arrangements of elements in a precise sense:

What Hilbert means by Anschauung is substantially Kant’s space-time intuition con-
fined, however, to configurations of a finite number of discrete objects (Gödel (1972)).

He argued that the second, too restrictive requirement, must be dropped and certain abstract
notions must be admitted in finitistic mathematics, as the primitive recursive functionals of
finite types, that generalize the primitive recursive functions. This opens up the possibility of
a constructive (although not finitistic) proof of the consistency of arithmetic; what is proposed,
is the interpretation of intuitionistic arithmetic HA in a in a quantifier-free theory theory of
functional type called sytem T (via the so-called Gentzen-Gödel interpretation, the same goes
for PA). Already in fragments of arithmetic, it is provable that the consistency of T, implies the
consistency of HA and PA. The modern definition of the system T, as a purely typed lambda
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calculus, has been given later. This system also provided a point of departure for modern type
theory (see e.g. Bishop (1970)). It is confluent and strongly normalizzabile, although, unlike
the case of λ→,×, the strong normalization theorem uses methods that transcend PA and not
formalized in it.

The system has a base-type Int. As regards to terms t of type Int→ Int, they induce a function
ft : N −→ N such that tm⇒∗ n if and only if ft(m) = n. A function f for which there exist such
an tf , is called definable in T.

Theorem 52. The class of functions definable in T by terms of type Int → Int coincides with
those provably total in PA.

Adding an operation of abstraction on types, as in Girard and Reynold system F, greatly
increases the class of representable functions to the class of functions provably total in second
order Peano arithmetic (See Girard, Lafont and Taylor (1989) pp. 61-3 and pp. 89-102). This
system had a strong influence on the development of type theory.

3.4. The Curry-Howard-Lambek “computational trinitarianism”

In this chapter, we will discuss the three-way isomorphism between type theory, intuitionistic
Proof Theory and category theory, widely used in Computer Science, sometimes referred as the
computational trinitarianism, all three theories being “manifestations of one divine notion of
computation” (Harper (2011)). To show this correspondence, it will be necessary to introduce
some basic concepts of category theory. This mathematical theory starts with the observation
that many properties of mathematical systems can be unified and simplified by a presentation
with diagrams of arrows, functors, natural transformations, adjointness etc. Many properties of
mathematical constructions may be represented by universal properties of diagrams. It is therefore
a sort of universal mathematical language, like set theory, that highligts surprising connections
among different fields. Category theory started in 1945 with Eilenberg and Mac Lane and has
many applications, e.g. in 1950s Grothendieck found applications to algebraic geometry. Eilenberg
and Mac Lane actually claimed that category theory should have been considered a generalization
of Klein’s Erlangen program, that placed emphasis on the role of transformation groups and their
invariants to classify geometries. According to some authors (see Awodey (1996)) category theory
support a form of mathematical structuralism, based on the primitive concept of morphism and
distinct from the set-theoretic structuralism of the mathematicians of the Bourbaki group. In 1960s
Lawvere applied this theory to logic (see Lawvere (1970) and Lawvere (1969)) and subsequently,
Lambek showed in the early 1970s that the proofs of intuitionistic propositional logic and the
combinators of typed combinatory logic share a common equational theory which is the one of
cartesian closed categories (see Lambek and Scott (1986)). The expression Curry–Howard–Lambek
correspondence refers to the three way isomorphism between intuitionistic logic, typed lambda
calculus and cartesian closed categories, with objects being interpreted as types or propositions
and morphisms as terms or proofs, so that a morphism f : α −→ β is interpreted as a proof of
β from the assumption α. Beyond the below most famous example of correspondence between
Intuitionistic Logic and Cartesian Closed Categories, an interesting development and a suggestion
for further study is in the direction of categorical semantic for Linear Logic and of the categorical
counterpart to linearity. However in that case Cartesian Closed Categories are not an adequate a
categorical counterpart anymore, but a better choice is that of the so-called symmetric monoidal
closed categories (see Abramsky and Tzevelekos (2011)). In fact, this paradigm is the basis for two
wide-ranging research programmes: Girard’s Linear Logic and Martin-Löf’s Intuitionistic Type
Theory. Without attempting to provide an introduction to category theory, we will limit ourselves
here to recalling some fundamental concepts that will be useful in the rest of this discussion.

Definition 25. A category C consists of:

1. a collection Obj(C) of objects,
2. for each objects A,B of Obj(C), a collection C(A,B) (if this collection is a set, the category

is called locally small) of morphisms f : A→ B, satisfying the following properties:
(a) there is a distinguished morphism IdA ∈ C(A,A) for any object A of C
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(b) for each object A,B,D of C there is an associative mapping ◦ such that if f : A → B
and g : B → D, then g ◦ f : A→ D (arrows are composable, see figure below),

(c) in particular, if f : A→ B, then IdB ◦ f = f = f ◦ IdA.

A

B D

g ◦ f
f

g

All constructions are given as properties of morphisms between objects. Here some examples
of categories:

Category Objects arrows

Set Sets functions

Top Topological spaces continuous functions

Vect V ectos spaces linear transformations

Pos Posets monotone functions

(2)

By generalising certain properties of functions (injectivity, surjectivity), we obtain the definition
of the following properties of arrows: an arrow (or morphism) f : A → B is an isomorphism, if
there is another arrow g : B → A such that g ◦ f = IdA and f ◦ g = IdB . Since inverses are unique,
we write g = f−. Moreover we have an abstract characterizations of injectivity and surjectivity: an
arrow f : A→ B is monic, iff given g, h : C → A we have that f ◦g = f ◦h implies g = h. An arrow
f : A→ B is instead epic , iff given g, h : B → D we have that g ◦ f = h ◦ f implies g = h. Every
isomorphism is both mono and epic. In Set the epic (right cancellable) arrows are the surjective
functions and monic (left cancellable) are the injective arrows. Hence arrows both monic and epic
are isomorphisms. In other categories this may not be true (il holds in general only that every iso
is monic and epic). Rather informally, categories whose objects are sets and arrows are functions
are called concrete and categories whose class of objects are (perhaps structured) sets and the
class morphisms are (structure-preserving) in turn sets, are called small. In the terminology of
category theory, functors are mapping between categories that map objects to objects in such a
way that they preserve domain and codomain, identity arrows and composition, and as categories
have morphisms between them –i.e. functors– analogously functors have morphisms between them
too, the so-called natural transformations. The following are some very basic constructions:

1. Initial objects. An object 0 is initial in the category C, if for any object A of the category,
there is only an arrow 0→ A. For example, in the category of sets and functions, since there
is only a subset f ⊆ ∅×A = ∅, for each set A, also there is only one function ∅ → A, which is
∅, and therefore the empty set is the only initial object.

2. Terminal objects. An object 1 is terminal in the category C, if for any object A of the category,
there is only an arrow A→ 1. For example, in the category of sets and functions the terminal
objects are all singletons {x}: given a set A the function f(x) = a, for all x ∈ A, is the only
function f : A → {a}. In the particular cases of Mon and Grp (respectively monoids and
groups with homomorphisms as arrows), initial objects as well as terminal objects are of
the form 〈{a}, ∗, a〉 with a ∗ a = a. In general, in all categories any two initial objects are
isomorphic and the same holds for terminal objects.

3. Elements. In categories with a terminal object 1, there may be several arrows 1→ A, that
are called global elements, or points.

4. Products. A category has binary products if for all pairs of objects X,Y , there is an object
X×Y in the category and projections πX , πY such that for all objects S and arrows fx : S → X
and fy : S → Y there is a unique map 〈fx, fy〉 such that the following diagram commutes:
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S

X X × Y Y

fx
f
y〈fx,fy〉

πX πY

namely πX ◦ 〈fx, fy〉 = fx and πY ◦ 〈fx, fy〉 = fy and this operation is called the pairing of
fx and fy (dashed arrow means “there is a unique arrow”). A terminal object 1 is a nullary
product, so, having binary and nullary product we also have unary product, since A× 1 is
isomorphic to A.

In the above we say that 〈πX , πY 〉 is universal among pairs arrows from some object, re-
spectively to X and Y , in the sense that any other fX and fY factor uniquely via 〈fX , fY 〉
through 〈πX , πY 〉. We can therefore say that products are defined by a universal mapping
property. Other examples of universal mapping properties: terminal and initial objects are
defined by how any other object has a unique arrow to or from them.

5. Coproducts.

For any category C the dual (or opposite) category is the category Cop where the objects are
the same and the arrows are reversed in direction. The dual notion of product, is the coproduct
with iniections ιX , ιY . If X,Y are objects in a category, a coproduct is an object X ⊕ Y with
arrows ιX : X −→ X ⊕ Y and ιY : Y −→ X ⊕ Y such that for any triplet X fx−→ S

fy←− Y we
have a unique morphism [fx, fy] such that [fx, fy] ◦ ιX = fx and [fx, fy] ◦ ιY = fy:

S

X X ⊕ Y Y

fx

ιX

[fx,fy ] f
y

ιY

For example, in Set the coproduct is:

X ⊕ Y = {〈a, 0〉|a ∈ X} ∪ {〈b, 1〉|b ∈ B}

i.e. the disjoint union and the injections ιX(a) = 〈a, 0〉 and ιY (b) = 〈b, 1〉 and [f, g](a, 0) = f(a),
[f, g](a, 1) = g(a). We will not encounter this concept again, but it is important to emphasise
one fact. We have decided to deal only with the typed lambda calculus with constructors ×
and →, corresponding to the fragment of intuitionistic propositional calculus with conjunction
and implication. We could have extended the Curry-Howard-Lambek isomorphism by adding
a type constructor +, corresponding to disjunction, i.e. to the coproduct, dual to the product.
The correspondence actually extends to coproducts in bicartesian closed category, rather than
cartesian, namely in cartesian closed categories with the addition of finite coproducts.

6. Exponentials. Let us consider for example the category of sets and functions, and the function
f(x, y) : A×B → C. Now fix x = a, so that we have a function f(a, y) : B → C i.e. an element
of the set CB of the functions from B to C. We associate to it a map Λ(f) : A→ CB defined
as a 7→ f(a, y) and uniquely determined by the equation Λ(f)(a)(b) = f(a, b). Actually
any map A → CB is of this form, coming from some f as above and Λ(f) is called the
transpose of f. Associated to it, there is a map called evaluation App : CB ×B → C defined
as App(f, b) = f(b). In any category having binary products, an exponential for B and C,
consists in an object CB and an arrow App as above, such that the following universal property
holds: given A and f : A×B −→ C, there is a unique Λ(f) such that App ◦ (Λ(f)× IdB) = f .
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A×B

CB ×B C

f
Λ(f)× IdB

App

where the product of morphisms, for f : A −→ B and g : C −→ D, is the morphism
f × g : A×C −→ B×D defined as f × g = 〈f ◦πA, g ◦πC〉, where πA and πC are respectively
the first and the second projection of A× C. The process of transforming a function of two
arguments into a function of one argument is known as currying.

The notion of products can be generalised to arbitrary arities. A category is said to have all finite
products if it has a terminal object and products of any finite cardinality. Actually a terminal
object can be seen as a zero-ary product: indeed, a zero-ary product is an object t without
projections and for any object S there is a unique S −→ t; hence t = 1. A unary product of A
is an object t with a unique projection t −→ A such that for any f : S −→ A there is a unique
u : S −→ t such that π ◦ u = f . Take t = A and π = IdA. For a formal proof of this, see Mac
Lane (1971), p. 73.

Definition 26. A category is cartesian closed (CCC) if it has all finite products and exponen-
tials (i.e. exponent object, evaluation and transposes such that the diagram in the figure above
commutes).

Examples of CCC. Consider a single poset 〈P,≤〉 as a category in itself, where a→ b iff a ≤ b.
A terminal object is a largest element 1, product is the infimum a ∧ b and the exponential, usually
written a⇒ b satisfies:

x ≤ (a⇒ b) iff x ∧ b ≤ a
that is, a ⇒ b is the largest element x ∈ P such that x ∧ b ≤ a. If the poset has also an initial
object 0 and coproducts a ∨ b, it is an Heyting algebra, i.e. a model of intuitionistic propositional
logic, where p⇒ 0 is called pseudo-complement of p and denoted ¬p. If moreover ¬p∨ p = 1, then
it is a boolean algebra, i.e. a model of classical propositional logic. Another example of CCC is
just the category Pos of posets and monotone functions. We consider:

1. the poset P ×Q has pairs as its elements, orderd as follows 〈a, b〉 ≤ 〈c, d〉 iff a ≤ c and b ≤ d.
Show by exercise that if f : X → P and g : X → Q are monotone, also the projections are
monotone.

2. The poset QP = {f |f : P → Q, f monotone} whose elements are ordered pointwise: f ≤ g
iff for all a, f(a) ≤ g(a).

3. App and Λ(f) defined as above are monotone. Let p ≤ q and 〈f, p〉 ≤ 〈g, q〉, we have:

App(f, p) ≤ f(p) ≤ f(q) ≤ g(q) = App(g, q)

If x ≤ y, then Λ(f)(x)(p) = f(x, p) ≤ f(y, p) = Λ(f)(y)(p)

4. Terminal objects are singleton posets 〈{a}, {〈a, a〉}〉. Note that for any poset P there is a
unique map P → {a}.

Reflexive objects. An object A of a CCC is called reflexive, if there are F : A → AA and
G : AA → A such that F ◦G = IdAA

A AA
F

G
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Scott (1980) proved that models of the untyped calculus may be defined as reflexive objects in
cartesian closed categories. We address this topic later. Rather, we deal here with calculus with
types.

Categorical semantic of simply typed lambda calculus. Based on the concepts introduced, we
are able to establish a correspondence between Logic, Computability and Categories. We are
going to define a model of the language of typed lambda-calculus in a cartesian closed category:
let therefore C be a cartesian closed category ; let us fix an interpretation JτK of base types τ as
objects of the category. For the purposes of an interpretation in cartesian closed categories let
us add a unit type 1 and a unit value a. The unit value is the only term of type unit (similar to
void type in certain programming languages). We see that the models of the simply typed lambda
calculus with product type and unit are exactly the cartesian closed categories. We say that it
is the internal language of CCC’s. First, we formulate a formal system for the calculus of the
βη-conversion as a set of rules. Judgements are expressions of the form Γ ` t : α, whose meaning
is “t is a term of type α in the context Γ”; this relation is inductively defined by the following rules:

1. Rules that say that the conversion = is an equivalence (i.e. reflexivity, transitivity and
simmetry).

2. Unit type
Γ ` t : 1

Γ ` t = a : 1.

3. Product rules:

(a)
Γ ` t = s : α Γ ` r = h : β

Γ ` 〈t, r〉 = 〈s, h〉 : α× β

(b)
Γ ` s = t : α× β
Γ ` π0s = π0t : α

Γ ` s = t : α× β
Γ ` π1s = π1t : β

(c)
Γ ` t : α Γ ` u : β

Γ ` π0〈u, t〉 = u : α

Γ ` t : α Γ ` u : β

Γ ` π1〈u, t〉 = t : β

4. η−extensional rules:

(a)
Γ ` t : α→ β

Γ ` λx : α.tx = t : α→ β, where x is not among the free variables of t.

(b)
Γ ` t : α× β

Γ ` t = 〈π0t, π1t〉 : α× β

5. β−conversion and application rules:

(a)
Γ, x : α ` t = u : β

Γ ` (λx : α.t) = (λx : α.u) : α→ β

(b)
Γ ` s = t : α→ β Γ ` u = v : α

Γ ` su = tr : β

(c)
Γ, x : α Γ ` s : α

Γ ` (λx : α.t)s = t[s/x] : β

These rules are valid under the below interpretation in arbitrary cartesian closed category. Fix
therefore a CCC and suppose we are given an assignment of an object to each base type. Then we
define by induction:

1. Jα→ βK = JαK→ JβK (hence, a morphism between the objects that interpret α and β).

2. Jα× βK = JαK× JβK.
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3. J1K = 1C (where 1C is a terminal object of the category)

A judgement Γ ` t : α, where Γ has the form x0 : α0, ..., xn : αn will be interpreted as a morphism:

Jα0K× Jα1K× ...× JαnK→ JαK

We now list the various terms formation rules (in sequential style) together with their interpre-
tations.

1. Variables. x0 : α0, ..., xn : αn ` xi : αi will be intepreted in CCC as projections:

πi : Jα0K× Jα1K× ...× JαnK→ JαiK

2. Unit. Γ ` a : 1 is intepreted as the unique morphism from JΓK to 1C .
3. Abstraction.

Γ, x : α ` t : β

Γ ` λx.t : α→ β

Let f the morphism that inteprets the premiss; then the conclusion is intepreted as the
traspose Λ(f), so that App ◦ (Λ(f)× IdJαK) = f . Note that, if A,B,C are the objects that
intepret respectively α, β,Γ, then:

C ×A Λ(f)×IdA−−−−−−→ BA ×A App−−→ B

and that f : C ×A −→ B and Λ(f) : C → BA.
4. Application.

Γ ` t : α→ β Γ ` s : α

Γ ` ts : β

If f : C −→ BA and g : C −→ A are the interpretations of the premisses, then the conclusion
is intepreted as App ◦ 〈f, g〉:

C
〈f,g〉−−−→ BA ×A App−−→ B

Recall that we are in CCC, and therefore if h : C −→ P and k : C −→ Q, there exists a unique
map 〈h, k〉 : C −→ P ×Q, such that π0 ◦ 〈h, k〉 = h and π1 ◦ 〈h, k〉 = k.

5. Product.
Γ ` t : α Γ ` s : β

Γ ` 〈t, s〉 : α× β

If f : C −→ A and g : C −→ B are the interpretations of the premisses, take 〈f, g〉 : C −→
A×B as the intepretation of conclusion.

6. Projections.
Γ ` t : α× β
Γ ` π0t : α

If f : C −→ A×B inteprets the premiss, then π0 ◦ f : C −→ A inteprets the conclusion:

C
f−→ A×B π0−→ A

(Analogously for the second projection)

Substitution as composition of morphisms. Let us consider a context x0 : α0, ..., xn : αn, interpreted
as the product A0 × ...×An. A substitution of terms t0, ..., tn for the variables x0, ..., xn, where
for all i ≤ n, ∆ ` ti : αi and these are interpreted as morphisms gi : C −→ Ai, is a morphism:

C
〈g0,...,gn〉−−−−−−→ A0 × ...×An
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Lemma 23. If f : A0× ...×An×A −→ B interprets Γ, x : α ` t : β, and g : A0× ...×An −→ A
the interpretation of Γ ` s : α; then the interpretation of Γ ` t[s/x] : β is f ◦ 〈IdA0×...×An , g〉:

A0 × ...×An
〈IdA0×...×An ,g〉−−−−−−−−−−→ A0 × ...×An ×A

f−→ B

Proof. By structural induction on t. QED

Theorem 53. (Soundness of the categorical semantic) The interpretation is sound, namely, if
Γ ` t = s : α is provable, then JΓ ` t : αK = JΓ ` s : αK.

Proof. We will actually show the most significant cases, leaving the others as exercises.

(i) As for the unit case, the result follows from the fact that there is a unique morphism JΓK −→ 1.

(ii) The case 5.a is proved arguing by induction on the hight of derivation: suppose by inductive
hypothesis the theorem holds for the premiss, i.e. that JΓ, x : α ` t : βK = JΓ, x : α ` u : βK;
hence:

JΓ ` λx : α.u : α→ βK = Λ(JΓ, x : α ` u : βK) =

= Λ(JΓ, x : α ` t : βK) = JΓ ` λx : α.t : α→ βK

The case 5.b is proved in a similar way, reasoning again by induction. As for β−conversion
5.c, let Γ = x0 : α0, ..., xn : αn and suppose that Γ, x : α ` t : β and Γ ` s : α are intepreted
resp. by f : A0 × ...×An ×A −→ B and g : A0 × ...×An −→ A. By definition:

JΓ ` (λx : α.t)s : βK = App ◦ 〈Λ(f), g〉

But this is equal to App ◦ (Λ(f)× IdA) ◦ 〈IdA0×...×An , g〉:

A0 × ...×An
〈IdA0×...×An ,g〉−−−−−−−−−−→ A0 × ...×An ×A

Λ(f)×IdA−−−−−−→ BA ×A App−−→ B

Since in CCC App ◦ (Λ(f)× IdA) = f , lastly we get f ◦ 〈IdA0×...×An , g〉, namely:

JΓ, x : α ` t : βK ◦ 〈IdA0×...×An , g〉

But from the substitution lemma it follows that this is equal to JΓ ` t[s/x] : βK. Hence
JΓ ` (λx : α.t)s : βK = JΓ ` t[s/x] : βK.

(iii) As for η − reduction 4.a, observe that:

JΓ ` λx : α.txK = Λ(JΓ, x : α ` txK) = Λ(App(JΓ ` tK× IdA) = JΓ ` tK

As regards 4.b, just observe that:

JΓ ` 〈π0t, π1t〉 : α× βK = 〈π0 ◦ JΓ ` t : α× βK, π1 ◦ JΓ ` t : α× βK〉 =

= JΓ ` t : α× βK

(iv) As regards to product case 3.c. note that:

JΓ ` π0(〈u, v〉) : αK = π0 ◦ JΓ ` 〈u, v〉 : α× βK =

= π0 ◦ 〈JΓ ` u : αK, JΓ ` v : βK〉 = JΓ ` u : αK

(v) Analyse the other cases by exercise.

QED
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With regard to completeness, we provide a sketch of the proof, which the reader can find in
more detail in Abramsky and Tzevelekos (2011), 62-64, which reproduces and simplifies the one
in ch.4.8 of Crole (1994). We just sketch the basic intuition. Our aim is to find a category in
which true equalities correspond precisely to provable conversions between terms in the calculus.
Such a categorical model is the term model, or classifying category, the “free category” generated
by the syntax of the calculus:

1. the objects of this category C are types, plus a terminal object 1;

2. the morphisms α −→ β are equivalence classes of pairs variable-term x, t such that x, t and
y, s are considered equivalent if both x : α ` t : β and y : α ` s : β are provable and t can
be converted in s[x/y]. It is not hard to show that this actually is an equivalence. Special
cases are considered, when the first element of the pair is empty: hence we say that −, t and
−, s are equivalent if ` t : β and ` s : β are provable and t can be converted in s. We denote
with (x|t) the equivalence class of the couple x, t. Hence C(α, β) will be the set of equivalence
classes (x|t) such that x : α ` t : β is provable. In particular C(1, β) is the set of equivalence
classes (−|t) such that ` t : β is provable and C(β, 1) is the singleton of the terminal arrow
1α : α −→ 1.

3. Identities are Idα = (x|x), if α 6= 1, and Idα = 1α, if α = 1.

4. The composition of arrows is defined as (x|t) ◦ (y|u) = (y|t[u/x]), with the special cases of
(−|t) ◦ 1α = (y|t), if α 6= 1, and (−|t) ◦ 1α = (−|t), if α = 1, and of 1β ◦ f = 1α, where
f ∈ C(α, β).

Some facts:

1. Composition is associative. Indeed, for the substitution lemma at p. 61, the the following
terms (a) and (b) are equal:

(a) (x|t) ◦ ((y|u) ◦ (z|y)) = (x|t) ◦ (z|u[v/y]) = (z|t[u[v/y]/x])

(b) ((x|t) ◦ (y|u)) ◦ (z|v) = (y|t[u/x]) ◦ (z|v) = (z|t[u/x][v/y])

So what we have defined is a category. It is actually a cartesian closed category:

2. The category C has binary products. We define projections πi in α
π0←− α × β π1−→ β as

πi = (x|πix) and, given a triple α
(x|t)←−−− µ

(x|u)−−−→ β, we define the morphism 〈(x|t), (x|u)〉 :
µ −→ α×β as (x|〈t, u〉). Hence, for instance we have π1 ◦ 〈(x|t), (x|u)〉 = (u|π1y)◦ (x|〈t, u〉) =
(x|π1, u〉) = (x|t). Readers can practise demonstrating uniqueness.

3. The category C has exponentials too. Let us define App as (x|(π0x)(π1x)) and, given
(x|t) : σ × α −→ β, let us define Λ((x|t)) = (x0|λx1.t[〈x0, x1〉/x]), so that:

App ◦ Λ((x|t))× Id = App ◦ 〈Λ((x|t) ◦ π0, Id ◦ π1〉
= App ◦ 〈(x0|λx1.t[〈x0, x1〉/x]) ◦ (y|π0y), (y|π1y)〉
= App ◦ 〈(y|λx1.t[〈π1y, x1〉/x]), (y|π1y)〉
= (z|(π0z)(π1z)) ◦ (y|〈λx1.t[〈π1y, x1〉/x], π1y〉)
= 〈y, (π0X)(π1X)〉 = (y|(λx1.t[〈π0y, x1〉/x](π1y)

= (u|t[〈π0y, π1y〉/x]) = (y|t[y/x]) = (x|t)

(3)

where X = 〈λx1.t[〈π0y, x1〉/x], π1u〉, and Λ((x|t)) : σ −→ βα; moreover App : βα × α −→ β
and Id = Idα. Note that we have used η−reduction at the penultimate step. Uniqueness and
other cases left to the reader.
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Now, using the interpretation of lambda terms in categories that we used in the soundness
theorem, we can easily verify that:

JΓ ` t : τK = (x|t[π0/x0, ..., πn/xn])

where x does not occur in Γ = {x0 : τ0, ..., xn : τn} and x : τ0 × ...× τn. From this follows that if
JΓ ` t : αK = JΓ ` s : αK holds in it, then Γ ` t = s : α is provable and together with soundness,
this implies that in this model true equalities coincide with provable conversions.

3.5. Categorical models for untyped lambda calculus

Various semantics for the untyped lambda calculus have been studied. Of these, in particular,
the Scott continuous semantics is based on the class of reflexive objects in the cartesian closed
category CPO whose objects are complete partial orders and morphisms are Scott continuous
functions. This category actually has reflexive objects. More in general, a categorical model of the
untyped λ-calculus is a reflexive object of a Cartesian closed category. Since in untyped lambda
calculus self-application xx is admitted, terms can be seen both as objects as well as functions,
so in the study of models we will address the so-called domain equation D ∼= (D → D). Clearly,
by Cantor’s theorem (D → D) cannot be the whole space of functions from D to D (the only
case in which holds is when D is a singleton). We will illustrate now Scott’s method for the
concrete cartesian closed category CPO of complete partial orders. However the method works for
all concrete cartesian closed categories.

Definition 27. Let 〈P,≤〉 be a poset. A subset X ⊆ P is directed iff for all x, y ∈ X there exists
z ∈ X such that x ≤ z and y ≤ z. The poset is a cpo iff:

1. there is a bottom element ⊥, i.e. for all x ∈ P , ⊥ ≤ x.

2. If X ⊆ P is directed, then the supremum tX ∈ P exists.

Definition 28. (Scott topology) The Scott topology on a cpo 〈P,≤〉 is defined as follows. A
subset O ⊆ P is open, iff:

1. x ∈ O and x ≤ y, then y ∈ O (closure upwards).

2. If X is directed and tX ∈ O, then X ∩ O 6= ∅ (inaccessibility by directed joins).

Since according to this definition the empty set and P are open, and opens are closed under
arbitrary unions and if O,O′ are opens, then O ∩O′ is open, we have that this definition actually
determines a topology in the usual sense. Moreover the sets Ux = {z|z 6≤ x} are clearly opens.

Continuous maps.

Theorem 54. . Let D,D′ be two cpo’s and f : D → D′. Hence f is continuous in the usual
sense (i.e. f−1(Y ) = {x ∈ D|f(x) ∈ Y } is open, when Y is open), iff for all directed X ⊆ D,
f(tX) = tf(X), where f(X) = {f(x)|x ∈ X}.

Proof. . ⇒ Let f be continuous. We see that it is also monotonic: actually, if x ≤ y, but
f(x) 6≤ f(y), then f(x) ∈ Uf(y) = {z|z 6≤ f(y)}. Since Uf(y) is open and f is continuous, by
definition f−1(Uf(y)) is open too, and x belong to it. Hence by closure upwards, also y belong
to it and f(y) ∈ Uf(y) (contradiction). So f is monotonic. It follows that x ∈ X, f(x) ≤ f(tX)
and therefore tx∈Xf(x) ≤ f(tX). Now suppose that the other way round does not hold. Hence
f(tX) ∈ Utf(X) by definition, and therefore tX ∈ f−1(Utf(X)). Now, since X is directed and
f−1(Utf(X)) is open, then X∩f−1(Utf(X)) is not empty. Take x in this intersection. It follows that
f(x) ∈ Utf(X) (contradiction). ⇐ Let f(tX) = tf(X). Since x ≤ y implies y = x t y, we have
f(y) = f(x t y) and by hypothesis f(x t y) = f(x) t f(y), from which monotonicity, f(x) ≤ f(y).
Observe that if X ⊆ D is directed and tX ∈ f−1(O), then (since by hypothesis f(tX) = tf(X))
we have tf(X) ∈ O. But f(X) is directed and therefore by definition f(X) ∩ O 6= ∅, from which
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follows X ∩ f−1(O) 6= ∅. But f−1(O) is also upwards closed. It follows that f−1(O) is open and
therefore f is continuous.

Remarks. Continuous maps in cpo’s are always monotone.
We now show that the category CPO of cpo’s and continuous maps is cartesian closed. To this

purpose, it is necessary to show some facts, but first we make two further remarks. QED

Now we show that CPO, the category of cpo’s and continuous maps as arrows, is cartesian
closed. We need these results:

Theorem 55. The set [D → D′] of continuous maps from D to D′ is a cpo, where:

1. it is ordered pointwise:
f ≤ g iff ∀d ∈ D(f(d) ≤ g(d))

2. ⊥ = D × {⊥D′} is the function x 7→ ⊥D′ ,

3. If X ⊆ [D → D′] is directed, then tX is the map x 7→ t{f(x)|f ∈ X}.

Proof. We just show that in 3. if X ⊆ [D → D′] is directed, then tX is continuous. Note that
if X is directed, then for all f, g ∈ X there is an h such that for all a ∈ D, f(a) ≤ h(a) and
g(a) ≤ h(a). Let f(p) = t{fi(p)|fi ∈ X} = tX(p). Hence:

f(tjpj) = tifi(tjpj) = ti tj fi(pj) = tj ti fi(pj) = tjf(pj)

Theorem 56. If D,D′ are cpo’s, then D ×D′, is a cpo, where:

1. the bottom is 〈⊥,⊥〉
2. 〈a, b〉 ≤ 〈c, d〉 iff a ≤ c and b ≤ d,
3. if X ⊆ D ×D′ is directed, then tX = 〈tX0,tX1〉, where:

(a) X0 = {x ∈ D|〈x, a〉 ∈ X, for some a ∈ D′}
(b) X1 = {x ∈ D′|〈a, x〉 ∈ X, for some a ∈ D}

Theorem 57. Let D,D′, B be cpo’s. Hence f : (D ×D′)→ B is continuous iff it is continuous
in both arguments separately, i.e. iff both d 7→ f(d, d′) and d′ 7→ f(d, d′) are continuous.

We omit the proofs of these results, rather standard (see Barendregt’s handbook pp. 10-3).

Theorem 58. (Continuity of application) Let BA = [A→ B] and A,B,C cpo’s. Hence the map
App : BA ×A→ C defined as App(f, a) = f(a) is continuous.

Proof. Let us consider the components λf.f(x) (namely the function f 7→ App(f, x)) and λx.f(x)
(namely the function x 7→ App(f, x)). The latter is clearly continuous, as for the former, we argue
as follows. Let X ⊆ BA be directed and let h = λf.f(x); hence:

h(tX) = λf.f(x)(tX) = (tX)(x) =

= t{f(x)|f ∈ X} = t{h(f)|f ∈ X} = th(X)

Hence App is continuous in both components and by the previous result, it is continuous itself.
QED

Theorem 59. (Continuity of abstraction) Let f ∈ [B ×A→ C] and Λ(f)(x) = λy.f(x, y) (i.e.
the map that send x in y 7→ f(x, y)). It follows that Λ(f) is continuous.
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Proof. Observe that Λ(f) : A→ [B → C]. Let X ⊆ A be directed; hence:

Λ(f)(tX) = λy.f(tX, y) = λy. tx∈X f(x, y) =

= tx∈X(λy.f(x, y)) = tx∈XΛ(f)(X)

QED

Theorem 60. Also the mapping f 7→ Λ(f) is continuous.

Proof. Let H = λf.Λ(f). Then for X ⊆ [B ×A→ C] directed. Hence:

H(tX) = λxλy.(tX)(x, y) = λxλy.(tf∈Xf(x, y)) =

= tf∈Xλxλy.f(x, y) = tH(X)

QED

So we have that if A,B are cpo’s, also A×B and BA are cpo’s. The singleton cpo 〈{a}, {〈a, a〉}〉
works as terminal object. Moreover App is continuous and for every continuous f : A×B → C,
there is a unique continuous Λ(f) : A → [B → C] such that the diagram of CCC. commutes.
Hence we have the followiung result:

Corollary 13. CPO is cartesian closed.

We now consider reflexive cpo’s A, namely equipped with continuous maps:

A AA
F

G

Such that F ◦G = IdAA , where AA = [A→ A]. We say that [A→ A] is a retract of A.
We define an interpretation of terms JtKσ on the basis of an evaluation σ : V ar → A of variables:

1. JxKσ = σ(x)

2. JtsKσ = F (JtKσ)(JsKσ)

3. Jλx.tKσ = G(d 7→ JtKσ[d/x])

This definition is correct, only if we prove the following:

Lemma 24. The function λd.JtKσ[d/x], namely d 7→ JtKσ[d/x] is continuous.

Proof. Induction on t. The only interesting case is when t = λy.s. By (IH) we have that
h(d, c) = JsKσ[d/x,c/y] is continuous separately in d and c; hence by previous a result also h(d, c) is
continuous. Hence:

Jλy.sKσ[d/x] = G(c 7→ h(d, c)) = G(Λ(h)(d))

namely the composition of continuous maps, itself continuous. QED

Also by induction on the complexity of terms it is provable the following substitution result:

Jt[s/x]Kσ = JtKσ[JsKσ/x]

From which follows the main result:

Theorem 61. If t⇒ s, then JtKσ = JsKσ.

89



Lectures in Proof Theory and Complexity

Proof. . We see just the case of contraction:

J(λx.t)sKσ = F (J(λx.t)Kσ)(JsKσ) =

= F (G(d 7→ (JtKσ[d/x]))(JsKσ) = (d 7→ (JtKσ[d/x])(JsKσ) =

= JtKσ[JsKσ/x] = Jt[s/x]Kσ

QED

The extensionality axiom λx.tx, where x 6∈ FV ar(t), holds only if G ◦ F = IdA also holds,
namely if we have an isomorphism A ∼= [A→ A]. In 1969 Dana Scott introduced the model D∞
satisying this isomorphism. In the 70s Scott and Plotkin introduced the easier, but non extensional
graph model 〈P(ω),⊆〉 of subsets of natural numbers ordered by set-theoretical inclusion. Both
models can be constructed in the category CPO. Here we illustrate some property of the graph-
model. Actually, this is a cpo, with ∪ as supremum. Being a complete lattice, supremum and
infimum exist for any set. We start showing some basic properties.

Theorem 62. A function f : P(ω)→ P(ω) is continuous iff for every A ⊆ ω:

f(A) =
⋃

D⊆finiteA

f(D)

Proof. ⇒ by monotonicy if D ⊆ A, then f(D) ⊆ f(A), hence f(A) ⊇
⋃
D⊆finiteA f(D). For the

other way round, consider An = A ∩ {0, ..., n}, so that A =
⋃
nAn. Hence by continuity:

f(A) = f(
⋃
n

An) =
⋃
n

f(An)

Since the An ’s are finite, it follows f(A) ⊆
⋃
D⊆finiteA f(D)

⇐ Suppose that f(A) =
⋃
D⊆finiteA f(D). Note that if A ⊆ B and D ⊆finite A, then

D ⊆finite B, from which f(A) ⊆ f(B). Take a directed set of sets A0, A1, A2.... Hence:

f(
⋃
n

An) =
⋃
{f(D)|D ⊆finite

⋃
n

An} =

=
⋃
n

⋃
{f(D)|D ⊆finite An} =

⋃
n

f(An)

Retraction pair. Now we define the retraction pair F,G as follows:

P(ω) [P(ω)→ P(ω)]

F

G

Let Dx = {x0, ..., xn}, where x = 2x0 + ...+ 2xn and x0 < ... < xn. Let us define:

1. F (S)(X) = {m|∃n(Dm ⊆ X ∧ 〈n,m〉 ∈ S)}

2. G(f) = {〈n, x〉|x ∈ f(Dn)}
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Lemma 25. F ◦G = Id[P(ω)→P(ω)]

Let f ∈ [P(ω)→ P(ω)]. Hence:

F (G(f))(X) = {x|∃n(〈x, n〉 ∈ G(f) ∧Dn ⊆ X)} =

= {x|∃n(x ∈ f(Dn) ∧Dn ⊆ X)} =

=
⋃
{f(Dn)|Dn ⊆ X} = f(X)

Proof. By the previous result. QED

Now we show that F and G are continuous.

Theorem 63. The maps F and G, defined as above, are both continuous.

Proof. 1. Let X ⊆ [P(ω)→ P(ω)]. Then:

G(
⊔

X) = {〈n,m〉|m ∈ (
⊔

X)(Dn)} = (by definition of sup.)

= {〈n,m〉|m ∈
⋃
f∈X

f(Dn)} =

=
⋃
f∈X

{〈n,m〉|m ∈ f(Dn)} =

=
⋃
f∈X

G(f) =
⊔

G(X)

2. Let X ⊆ P(ω). Then:

F (Z)(
⋃
i

Xi) = {a|∃n(〈n, a〉 ∈ Z ∧Dn ⊆
⋃
i

Xi)} =

= {a|∃i∃n(〈n, a〉 ∈ Z ∧Dn ⊆ Xi)} =

=
⋃
i

{a|∃n(〈n, a〉 ∈ Z ∧Dn ⊆ Xi)} =

=
⋃
i

F (Z)(Xi)

QED

Corollary 14. 〈P(ω),⊆〉 with the retraction pair F,G and the interpretation JxK is a model of
the type free lambda calculus.

Note the disparity between the countable amount of terms of the language, and the uncountable
amount of object of the model. An interesting development is to restrict the model to the set E of
recursively enumerable sets.

Definition 29. A continuous f : P(ω)→ P(ω) is effective iff G(f) is recursively enumerable.

Theorem 64. Continuous effective f ’s, maps E in E.

Proof. x ∈ f(A) iff ∃n(〈x, n〉 ∈ G(f) ∧Dn ⊆ A) (where Dn is the already mentioned coding of
finite sets). Note that if G(f) and A are r.e. the whole formula, being Σ1 is r.e. Continuous
effective f as above are called enumeration operators. QED
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Theorem 65. For all interpretations of variables in E, JtK is an r.e. set, for all t.

We remark that the graph model is not extensional (i.e. does not satisfies the η − rule). Scott
introduced another extensional model in 1969. It was the first non-trivial model of the untyped
Lambda-calculus. We conclude just sketching the basic steps of the construction of Scott’s model
named D∞. The equation D = D −→ D is solved not as an equality, but as an isomorphism.
Let D0, D1, D2... be a countable sequence of cpo’s with Scott’s topology, defined as D0 = D
and Dn+1 = [Dn −→ Dn] and let jn : Dn+1 −→ Dn be continuous maps. Each Dn is a finer
approximation to a limit than each of the preceding and each Dn will be embedded in Dn+1

preserving its structure. The elements of this limit set are infinite sequences of functions. The
application of an element b = 〈b0, b1, b2...〉 to an element a = 〈a0, a1, a2...〉 is defined as:

b · a = 〈b1(a0), b2(a1), b3(a2)...〉

so that self-application is made possible a · a = 〈a1(a0), a2(a1), a3(a2)...〉. The sequence 〈Dn, jn〉 is
called projective (or inverse) system and its limit is a cpo called inverse limit, also denoted D∞,
where:

D∞ = {x ∈ (
⋃
n

Dn)N|∀n(x(n) ∈ Dn) ∧ jn(x(n+ 1)) = x(n)}

is a set of infinite sequences of functions (we can write xn in place od x(n)), orderd pointwise:
x ≤ y if an only if ∀n(x(n) ≤ y(n)). For directed X ⊆ D∞ the supremum is defined as
tX = λn.t {x(n)|x ∈ X}. Scott characterises this embedding by means of pairs of functions (i, j)
where i is injective and j is surjective.

Definition 30. A pair of mappings (i, j) is called projection (or embedding-projection, or retrac-
tion pair) of D′ on D if:

1. i : D −→ D′ and j : D′ −→ D are both continuous.
2. j ◦ i = IdD and i ◦ j ≤ IdD′ .

The function j is properly called projection and the function i is called embedding.

The function i (embedding) is injective, while the function j (projection) is suriective and
these functions determine uniquely each other. Embedding-projection pairs are weakening of the
concept of isomorphism: point 2. means that going in the direction D i−→ D′

j−→ D all information is
completely preserved and we are back exactly where we started, while, on the contrary, going in the
direction D′ j−→ D

i−→ D′ we may lose some information, i.e. i(j(x)) ≤ x. Let us start by considering
the projection (i0, j0) where i0 : D0 −→ D1 and j0 : D1 −→ D0 are defined as i0(x)(y) = x and
j(f) = f(⊥). Now, suppose a projection (in, jn) has been defined, where in : Dn −→ Dn+1 and
jn : Dn+1 −→ Dn. Hence it is provable that the following pair (in+1, jn+1) is a projection too,
where:

1. in+1(f) = in ◦ f ◦ jn

2. jn+1(g) = jn ◦ g ◦ in

for f ∈ Dn+1 and g ∈ Dn+2. Our D∞ is the inverse limit of the sequence 〈Dm, jn〉n∈N, where
⊥ = 〈⊥0,⊥1,⊥2....〉, where ⊥n is the least member of Dn and tX = 〈tX0,tX1,tX2...〉 with
directed X ⊆ D∞ and Xn = {x(n)|x ∈ X}. In particular the projection (φn,∞, φ∞,n) which
embeds Dn into D∞ is considered, where φn,∞ = 〈φn,k(x)〉k∈N and φ∞,n(x) = xn and:

φn,m =


jm ◦ φn,m+1 if n > m

im−1 ◦ φn,m−a if n < m

Id otherwise
(4)

92



Church’s formal system of lambda-calculus

In other words, if n < m, then φn,m = im−1 ◦ im−2 ◦ im−3 ◦ ... ◦ in+1 ◦ in and if on the contrary
n > m, then φn,m = jm ◦ jm+1 ◦ jm+2 ◦ ... ◦ jn−2 ◦ jn−1. Hence φn,∞ has the form y0, y1, y2....
where:

y0 = j0(j1(j2(...(yn−1(x)...)
y1 = j1(j2(...(yn−1(x)...)
...
yn−k = jn−k(...(yn−1(x)...)
...
yn−1 = jn−1(x)
yn = x
yn+1 = in(x)
yn+2 = in+1(in(x))
...
yn+k = in+k−1(...(in(x)...)
...

For instance, φ2,∞(x) has the form 〈j0(j1(x)), j1(x), x, i2(x), i3(x), i4(x)...〉, where j0(j1(x)), j1(x)
are approximations of x and i2(x), i3(x), i4(x)... are copies of it. Since the range of φn,∞ is an
isomorphic copy of Dn in D∞ we can think of φn,∞(x) just as x. Under this convention, since it is
not difficult to prove that φn,∞(xn) ≤ φn+1,∞(xn+1) and x = tnφn,∞(x(n)), then we can look at
the sequence x0, x1, x2.... as a series of successive approximations to x and (up to isomorphisms)
D0 ⊆ D1 ⊆ D2 ⊆ ... ⊆ D∞. Notice that φ∞,n+1 = in ◦ φ∞,n and φn+1,∞ = φ∞,n ◦ jn, where
φn,∞ : Dn −→ D∞ and φ∞,n : D∞ −→ Dn. Hence if we consider the category of cpo’s with
projective (or retraction) pairs as morphisms, we see that the following diagram commutes:

D∞ Dn+1

Dn

φ∞,n+1

φ∞,n

φn+1,∞

jn

φn,∞
in

It follows that D∞ is an upper bound for the sequence D0, D1, D2... Without investigating
in depth the interesting structure of D∞, let us emphasise a few facts. The first fact is that if
x ∈ Dn, then in(x) ∈ Dn+1, hence this second element has in D∞ the form:

〈φn+1,0(x), φn+1,1(x), ..., φn+1,n+1(x), ...〉

However φn+1,m = φn,m ◦ jn, so the above sequence actually is:

〈φn,0(x), φn,1(x), ..., x, in(x), ..., φn,m(x), ...〉

which is just x. It follow that if x ∈ Dn, then in(x) = x. With similar arguments we also obtain
that if x ∈ Dn+1, then jn(x) ≤ x. The second fact to which we would like to draw attention
is that if n ≤ k, x ∈ Dn+1 and y ∈ Dk, then x(yn) = xk+1(y). Actually this is immediate for
k = n+ 1, since in+1(x) = in ◦ x ◦ jn and therefore in+1(x)(y) = in(x(jn(y)) = in(x(yn)) = x(yn)
by definition of projection and of the structure of D∞. Analogously if n ≤ k, x ∈ Dk+1 and
y ∈ Dn, then xn+1(y) = (x(yk))n. We will use these remarks in what follows. The next step
consist in defining the application as follows, for x, y ∈ D∞:

x · y = tnφn,∞(xn+1(yn))

and F (x)(y) = x · y and its inverse G, where G(f) = tnGn(f), where Gn(f)(y) = (f(y))n.
Application is continuous in both variables, i.e. x·tX = t{x·y|y ∈ X} and tX ·y = t{x·y|x ∈ X}.
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Theorem 66. The maps F and G are inverse isomorphisms.

Proof. In these arguments we use, without explicitly mentioning it, the continuity of the functions
involved:

1. G ◦ F = Id. This follows from the fact that if y ∈ Dn, then (x ◦ y)n = xn+1(y) and this is a
consequence of the second of the previous remarks:

(x ◦ y)n = (tk(xk+1(y)k)n = tk(xk+1(y)k)n = tk≥n(xk+1(y)k)n = tk≥nxn+1(y) = xn+1(y)

Hence G(F (x)) = tnxn+1 = x.
2. F ◦G = Id. First observe that, thanks to the above remarks:

(G(f)) · x = ti(G(f))i(xi) = ti≥n(G(f))((xi)n) = (G(f))(xn)

Hence by definition G(f) · x = tn(f(xn))n. Still by using continuity of f we obtain:

G(f) · x = tn(f(xn))n = tp≥n(f(xn))p = f(x)

QED

Hence we have obtained a “solution” to the equation D = [D −→ D], as desired. The functions
F and G are used to interpret terms, as in the cases we have already analysed. Moreover, this
model is extensional, in the sense that if a ·c = b ·c, for all c, then a = b. We show that an+1 = bn+1,
that is, for all x ∈ Dn, an+1(x) = bn+1: take c = φn,∞(x), so that φr,n(x) = cn; but we have
seen that (a · c)n = an+1(x) and (b · c)n = bn+1(x) and therefore if a · c = b · c we conclude that
an+1(x) = bn+1(x), for all x ∈ Dn. In particular a0 = j0(a1) = j0(b1) = b0 (see Amadio and
Curien (1996) 67-76, Hindley and Seldin (2008) 256-270 and Barendregt (1984) 477-486 for a
more detailed argument).

3.6. Feasibility in lambda calculus: guide for further study

So far we have talked mainly of definability in untyped lambda calculus of computable functions,
but we have established little with regard to lower complexity and to the main complexity classes,
only that the functions that can be defined in the simply typed lambda calculus are the extended
polynomials. What about the polynomial time computable functions? In line with the purpose
of these lecture notes we indicate now some research developments in this area more specifically
oriented in the direction of computational complexity. This research has developed mainly in two
directions. The first one comes from the area of (second order) Linear Logic: Light Linear Logic,
Light Affine Logic, Soft Linear Logic etc. (see among others Girard (1998), Asperti (1998), Baillot
and Mogbil (2004), Lafont (2004), Asperti and Roversi (2002)) propose different characterisations
of functions computable in polynomial time. Such functions are representable by proofs within the
proofs-as-programs correspondence and strategies are found which normalize them in polynomial
time. These logics are intrinsically polytime in that any proof expressed in the so-called proof
nets, or term of a lambda-calculus, can be converted into a normal (cut-free) one in polynomial
time in the dimension of some parameter relative to the proof or term. Gentzen’s sequent calculus
contains, in addition to the logical rules, the so-called structural rules, in particular weakening
and contraction (see sections 7.1 and 7.2 for an introduction to this calculus, of cut-elimination
and the role of structural rules). Both, although perfectly plausible from a classical point of view,
clash with the principles of Linear Logic, which is a resource-sensitive logic, where two resources
do not count as one. Furthermore, the unrestricted use of the contraction rule actually causes
an exponential explosion of complexity of the process of computation, i.e. of cut-elimination. In
Linear Logic, contracting or weakening a formula is not permitted unless it is authorised by means
of two operators ! (of course) and ? (why not). The !-modality corresponds to contraction and
weakening on the left hand side, and the ?-modality corresponds to contraction and weakening on
the right hand side. However, the cut-elimination complexity is still superexponential, but this
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idea of controlling contraction through modal operators can be further developed, resulting in the
Light Linear Logic that, unlike another variant, called Bounded Linear Logic, does not use explicit
parameters such as ! ≤ n, which makes the system not purely logical. Rather, a new modality §
(”neutral“) is in this case added which refers to the unary cases of ! and ?. The associated calculus
no longer allows certain laws of Linear Logic to be derived, such as !α =⇒ α (”dereliction “) or
!α =⇒!!α (”digging“), which are, however, compensated for by other laws as a weak version of the
former !α =⇒ §α or §α =⇒?α. This ends up being sufficient to prevent the uncontrolled explosion
of computational complexity. Every polynomial time function is representable by an proof of this
calculus, and every proof is normalizable in polynomial time.

Light Affine Logic is a variant of the Light Linear Logic that was introduced in Asperti (1998)
by admitting the full weakening rule. This move does not undermine progress in complexity, but
greatly simplifies the calculus. In Baillot (2004) it is shown that Intuitionistic Light Affine Logic
provides a typing for lambda-calculus which guarantees that a well-typed program is executable
in polynomial time. Echoing an observation by Girard that normalisation in polynomial time
is largely independent of types, Terui (2007) introduces instead an untyped light affine lambda
calculus, which embodies the essentials of this logic, with the remarkable strong normalization
property that each term is normalizable in polynomial time regardless the strategy applied. Logic
is then re-introduced as a Curry-style type assignment system for this calculus.

We will not deal with this here because of the large number of prerequisites that we would
have to set in advance to address this issue in detail. Rather, we conclude by broadly stating
what are the insights behind the second direction of the research, that proposes restrictions such
that the functions definable thus obtained are those of PTIME and it is more accessible with the
tools we have introduced so far: this is for instance the approach that originated in Bellantoni and
Cook (1992). In Leivant (1990) and Leivant and Marion (1993) the underling idea is that data
are used computationally at different levels of abstraction and this is called data ramification, or
data tiering. The proposal consists of an implicit characterisation of complexity classes, i.e. by
language restrictions rather than by explicit resource bounds. The first paper proposes a particular
formalism in which the arguments of a function on binary strings are divided into two blocks
separated by a semi-colon f(x0, ..., xn; y0, ..., yk). Those occurring to the left of the semi-colon are
called normal, and variables to the right are called safe. Performing a recursion, the previous step
value must be placed in safe position:

1. f(0, x; y) = g(x; y)

2. f(z ∗ i, x; y) = hi(z, x; y, f(z, x; y)) (i = 0, 1)

The composition scheme ensures that the recursive value will stay in a safe position and will not
be copied into a normal position:

f(x; y) = h(g0(x; ), ..., gm(x; );h0(x; y), ..., hk(x; y))

This is an example of use of tiering techniques. The polynomial time functions will be exactly
those functions which have all normal inputs, i.e. no safe inputs. As for the lambda calculus, the
second paper introduce a notion of “tiering” in the framework of a typed lambda-calculi with a
base type o, by extending the set of terms of the typed calculus we have considered in the strong
normalization theorem with new operators 0, 1 and predecessor p(cx) = x (for c = 0, 1), all of type
o→ o and discriminator function d of type o× o× o× o→ o and an operator ε (the empty string)
of type o, and show that the polynomial-time functions are precisely the functions representable
with abstract input (Church-like numerals) and concrete output (represented by binary strings).
To explain this idea, let us consider the set of binary strings {0, 1}∗ (the free algebra generated
by 0, 1 and ε). Observe that a word e.g. w = (0(1(1ε))) can be also represented abstractly à
la Church as w∗ = λx0λx1λxε.x0(x1(x1xε))). The reader can check that this is a term of type
ω[τ ] = (τ → τ)→ (τ → τ)→ τ → τ .

When w∗ has type ω[oq], where oq =

q−times︷ ︸︸ ︷
o× ...× o, we will write w∗,q. A function f : {0, 1}k →

{0, 1}r is explicitly defined in this calculus by a term E of type ok → or, if Ew0...wk−1 =
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f(w0...wr−1). It is instead 2-tiers definable by a term E of type ω[oq0] → ... → ω[oqk−1] → o,
for some q0, ..., qk−1, if Ew∗,q00 ...w

∗,qk−1

k−1 = f(w0...wr−1). Well, it is provable that a function over
{0, 1}∗ is polynomial time computable if and only if it is 2-tier definable in this calculus.
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4. First and second Gödel’s theorems and related results

4.1. Definability and representability

We discussed the definability of the sets, so let’s begin this section by talking in particular
about the definability of functions, to come next to their representability, as in Gödel’s original
approach, when he proved that every computable function and computable set is representable in
Robinson’s Arithmetic Q. Roughly speaking, the notion of definability is semantic, given in terms
of the notion of truth, while representability is a corresponding tighter syntactic notion. We will
later see the close relationship between these two concepts. To our pourpose, it will be necessary
to investigate the Σ1 definability in the standard model. Saying that φ(x0, ..., xk) is Σ1-definable
e.g. in the standard model we mean therefore to say that its graph:

Gφ = {〈x0, ..., xk, y〉|φ(x0, ..., xk) � y}

is Σ1-definable in it. We will see later the relationship with the notion of representability.

Theorem 67. Consider the language of PA. The following holds:

1. If a set X is ∆0-definable in the standard model, then X is primitive recursive.

2. X is Σ1-definable in the standard model, iff X is computably enumerable

3. φ is Σ1-definable in the standard model, iff φ is partial recursive.

Proof. The proof is articulated in several passeges. As for 1., note that all terms of the language
based on +,×, S, 0,≤ denote primitive recursive functions. In addition the bounded quantifiers
do not get out of this level. Regarding point 2., we have already seen at p. 43. Finally 3. ⇒, if
Gφ = {〈x, z〉|φ(x) � z} is Σ1, then is r.e and therefore is the domain of a partial recursive function
φe(x, z). Hence 〈x, z〉 ∈ Gφ iff ∃yT (e, x, z, y). Let therefore:

φ(x) � (µu.u = 〈z, y〉 ∧ T (e, x, (u)0, (u)1))1

The crucial direction is ⇐: all partial recursive functions are Σ1-definable in the language of PA.
We associate to any function φ(x), a Σ1-formula ψφ(x, y) defining its graph Gφ, that is to say:

ψφ(x, y) is true iff 〈x, y〉 ∈ Gφ iff φ(x) � y

1. Initial functions:

Function Definition

Z(x) � 0 (x = x ∧ y = 0)

S(x) � x+ 1 (y = S(x))

Um
i (x0, ..., xn) = xi

∧
0≤j≤n xj = xj ∧ xi = y

(1)
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2. Composition: Suppose ψg, ψh0 , ..., ψhk let Σ1-definitions of the functions g, h0, ..., hk and let
φ(x) ' g(h0(x), ..., hk(x)).
Let therefore ψφ(x, z) the Σ1-formula:

∃y0...∃yk(ψh0(x, y0) ∧ ... ∧ ψhk(x, yk) ∧ ψg(y0, ..., yk, z))

3. Minimization: let φ(x) ' µz.g(x, z) ' 0 where ∀v < z(g(x, v) ↓ ∧g(x, v) 6= 0) and let ψg a
Σ1-definition of g; let then ψφ(x, z) the following Σ1-formula:

ψg(x, z, 0) ∧ ∀v < z∃w(ψg(x, v, w) ∧ ¬(w = 0))

4. Primitive recursion: let φ defined as follows:

(a) φ(x, 0) ' h(x)

(b) φ(x, y + 1) ' g(x, y, φ(x, y))

Intuitive idea. Gödel’s idea was to formalize the steps of computation of φ(x, y) ' z as a
sequence 〈s0, ..., sy〉, where:

(a) s0 = h(x)

(b) si+1 = g(x, i, si)

(c) sy = z

To this goal, we need to develop functions that handle sequences. When we had primitive
recursion, we could define things like the n − th prime and code finite sequences by means
of primes and factorization. But here we do not have primitive recursion: in fact we want
to show that we can do primitive recursion. Hence Gödel used the machinery based on the
so-called Chinese remainder theorem:

“Givenm0, ...,mk pairwise coprime (that is, each pair of them has no common divisors
> 1), if s0 < m0, ..., sk < mk, then there exist a unique B such that B < Πi≤kmi

and Rem(B,mi) = si (i.e. si is the remainder of the division of B by mi)”.

But how to obtain a succession of y + 1 numbers pairwise coprime? Given s0, ..., sy let us
define ν = max{s0, ..., sy, y+ 1} and A = ν!. Hence the numbers 1 +A, 1 + 2A, ..., 1 + (y+ 1)A
are pairwise coprime (and clearly, for all i ≤ y, si < 1 + (i+ 1)A). To check it, suppose that it
is not true: let then p prime that divides both 1 + rA and 1 + r′A; but then it will divide also
their difference (r − r′)A. Also applies in general that if p|ab (with p prime), then either p|a,
or p|b. Thus in our case, either p|(r − r′), or p|A. Since A is a multiple of r − r′ (considering
that r, r′ ≤ y + 1) we have that (r − r′)|A. Ultimately we have these alternatives:

(a) either p|(r − r′), and then p|A,
(b) or p|A.

In both cases p|A. Hence Rem(1+rA, p) = 1 (but this is contradictory, because, by assumption
p|1 + rA).
Equivalent formulation of the intuitive idea. We can thus formulate the intuitive idea by
saying, equivalently, that there are A,B such that:

(a) Rem(B,A+ 1) = h(x)

(b) Rem(B,A(y + 1) + 1) = z

(c) ∀i < y(Rem(B,A(i+ 2) + 1) = g(x, i, Rem(B,A(i+ 1) + 1))
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Let us denote with (*) these conditions. Suppose these conditions (*) hold. Actually, defining
si = Rem(B,A(i+ 1) + 1), the sequence s0, ..., sy satisfies Gödel’s intuitive idea. On the other
hand, if s0, ..., sy is a sequence that satisfies the conditions expressed by the intuitive idea
and A is defined as above, then for the Chinese remainder theorem there is a number B such
that each si can be expressed as si = Rem(B,A(i + 1) + 1) in such a way that the above
conditions (*) are met.
Formalization of the intuitive idea. At this point we define a formula that we denote
β(B,A, i, v), which expresses in the formal language of arithmetic the relation (Rem(B,A ·
(i+ 1) + 1) = v), by means of a ∆0-formula:

v < A · (i+ 1) + 1 ∧ ∃w ≤ B(B = w · (A · (i+ 1) + 1) + v)

Let us finally consider these three formulas:

(a) ∃w(β(B,A, 0, w) ∧ ψh(x,w))

(b) β(B,A, u, z)

(c) ∀i < y∃v∃u(β(B,A, i, v) ∧ β(B,A, i+ 1, u) ∧ ψg(x, i, v, u))

Note that the conjunction of these three formulas is Σ1.
If now we call for brevity Θa(x,B,A),Θb(B,A, y, z),Θc(x,B,A) respectively, these three
formulas, finally get the desired Σ1 formula ψφ(x, y, z):

∃A∃B(Θa(x,B,A) ∧Θb(B,A, y, z) ∧Θc(x,B,A))

Note that we did not use the power-of-primes coding of sequences. The particular coding of
sequences that we have shown here (the β−function) dates back from the same Gödel.

QED

As anticipated, Gödel used the notion of representability , restricted to recursive primitive
functions (the proof of representability is almost the same), rather than definability in the model
(see Odifreddi (1989-1999) 39-44).

Definition 31. Let T be a theory that extends the predicate logic with identity and that contains
terms n for all natural numbers n. Then, if f is a function, we say (for all sequence of natural
numbers n0, ..., nm) that:

1. f is weakly representable in T (or numerable), if for some formula φ of the language of the
theory T, we have that f(n0, ..., nm) = r iff T ` φ(n0, ..., nm, r).

2. f is representable in T (or binumerable), if for some formula φ of the language of T, we
have that:

(a) f(n0, ..., nm) = r implies T ` φ(n0, ..., nm, r) and
(b) f(n0, ..., nm) 6= r implies T ` ¬φ(n0, ..., nm, r).

3. f is strongly representable in T, if moreover:

T ` ∀y∀z(φ(n0, ..., nm, y) ∧ φ(n0, ..., nm, z)→ y = z)

The condition 3. joint to the 2.(a) is equivalent to:

T ` ∀y(φ(n0, ..., nm, y)↔ y = f(n0, ..., nm))

These definitions are extended to relations.

Definition 32. Let R be a relation and T as in the previous definition:
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1. R is weakly representable in T (or numerable), if for some formula φ of the language of T,
we have that R(n0, ..., nm) is true iff T ` φ(n0, ..., nm).

2. R is representable in T (or binumerable), if for some formula φ of the language of T, we
have that if R(n0, ..., nm) is true, then T ` φ(n0, ..., nm) and if R(n0, ..., nm) is false, then
T ` ¬φ(n0, ..., nm)

Let us now look at some relationships between the concepts we have introduced (see Hájek
and Pudlák (1993), pp. 155-57).

Theorem 68. The notions of representability and definability are related as follows

1. If R is defined in N by a φ ∈ Σ1, then φ numerates R in Q.

2. If R is ∆1 defined in N, then there is a θ ∈ Σ0
1 that binumerates R in Q.

Proof. 1. It follows immediately from Σ1-soundness and Σ1-completeness of Q. Regarding 2.
if R(x0, ..., xn) is ∆1−definable, then exists a Σ1−formula ∃yφ(x0, ..., xn, y) and a Π1−formula
∀yψ(x0, ..., xn, y) that define it, with φ, ψ ∈ ∆0. Let now θ(x0, ..., xn) the formula:

∃y(φ(x0, ..., xn, y) ∧ ∀z ≤ yψ(x0, ..., xn, z))

Observe that:

1. if 〈k0, ..., kn〉 ∈ R, then there exists anm such thatN |= φ(k0, ..., kn,m) andN |= ∀yψ(k0, ..., kn, y).
In particular, for all s ≤ m, we have that N |= ψ(k0, ..., kn, s).
It follows that Q proves φ(k0, ..., kn,m) ∧ ∀z ≤ mψ(k0, ..., kn, z), from which immediately
θ(k0, ..., kn).

2. 〈k0, ..., kn〉 6∈ R, then N |= ¬∀yψ(k0, ..., kn, y) e N |= ¬∃yφ(k0, ..., kn, y). Hence there exist an
m, such that the formula:

¬ψ(k0, ..., kn,m) ∧ ∀y ≤ m¬φ(k0, ..., kn, y)

is true and also provable in Q.
Reason therefore inside the theory Q and consider that if the formula θ(k0, ..., kn) were true,
then for some u would be true also φ(k0, ..., kn, u) ∧ ∀y ≤ uψ(k0, ..., kn, y).
We have therefore the following alternatives:

(a) if u ≤ m, then ¬φ(k0, ..., kn, u), from our assumptions, however, and for (2) we will also
φ(k0, ..., kn, u) (contradiction).

(b) u > m, then ψ(k0, ..., kn,m), for (2), but at the same time ¬ψ(k0, ..., kn,m), by assump-
tions.

Contradiction. Hence Q ` ¬θ(k0, ..., kn).

It follows that θ(x0, ..., xn) is the desired binumeration. QED

Corollary 15. All recursive relations (being ∆1-definable) are binumerable in Q, and all com-
putably enumerable relations (being Σ1-definable) are numerable in Q.

To summarise, the following equivalences hold:

1. As for the relations, R is r.e. iff R is Σ1-definable iff R is weakly representable (numerable).
Moreover R is recursive iff R is ∆1-definable iff R is representable (binumerable).

2. As for the functions, φ is a partial recursive function iff the graph of φ is Σ1-definable iff φ is
numerable in Q. Moreover f is a total recursive function iff the graph of f is ∆1-definable iff
f is binumerable in Q.
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Axiomatizability . In the current literature, sometimes it is only required that the set of axioms
or of the theorems is recursively enumerable; sometimes instead, more strictly, it is assumed that
the axiomatic theories are axiomatizable in primitive recursive way. That these alternatives are
ultimately equivalent, can be proved thanks to variants of a method known as “Craig’s Trick”.
Define two theories to be deductively equivalent if they prove the same theorems. In other words,
they are two different axiomatizations of a deductively closed set of formulas.

Theorem 69. Suppose the theory T is computably enumerable, i.e., there is a computable function
that lists the set ThmT of its theorems; then the following are equivalent:

1. T is axiomatizable in primitively recursive way.
2. ThmT is recursively enumerable.

Proof. We proof 2. ⇒ 1. Remember first that if a set is computably enumerable, then is the
codomain of a primitive recursive function (see the remark on p.103). So let f primitive recursive
such that ThmT = f [N]. Now we apply the so-called Craig’s Trick and replace each f(n) = pαnq

with
n−times︷ ︸︸ ︷

pαn ∧ ... ∧ αnq. Observe that the theory T∗ axiomatized by the set so obtained is deductively
equivalent to T. Moreover, being enumerable in increasing order, arguing as on p.43 it is recursive.
Actually, by a similar argument, we can show that it is primitive recursive, since we ca check
whether pαq ∈ T∗ in a primitive recursive way as follows: count the number m of conjuncions in
α, the compute f(0), f(1), f(2), ..., f(m+ 1). Hence pαq ∈ T∗ if it is a conjunction having code
f(i), for some i ≤ m+ 1. 1.⇒ 2. we already know that ThmT is creative. More constructively we
will see that in the relation:

∃d[d is a proof of φ from Γ]

the part in brackets is computable, when Γ is computable. Note that we have defined ThmT by
means of a Σ1 formula. QED

4.2. Arithmetization of metamathematics

We need to encode metamathematical concepts: certain assertions about formulas will be
converted into assertions about natural numbers and thus expressed in the formal language, and
therefore we will express facts about formulas by expressing facts about numbers. Arithmetizing a
certain discrete domain means encode objects and notions of that domain using natural numbers;
in particular, symbols, formulas (thought of as chains of symbols) and statements about formulas
of a formal language can be converted to natural numbers and statements about the natural
numbers using a numerical coding.

Suppose we have assigned a number to each logical constant, e.g.:

∀ ∃ ∧ ∨ ¬ → = ( )

〈0, 0〉 〈0, 1〉 〈0, 2〉 〈0, 3〉 〈0, 4〉 〈0, 5〉 〈0, 6〉 〈0, 7〉 〈0, 8〉

1. variables xi are coded as pairs 〈1, i〉 (Possibly i can be written in unary or binary notation).

2. a constant ci will be coded by 〈2, i〉;

3. an n-ary function symbol fj will be coded as 〈3, j, n〉;

4. an n-ary relational symbol Pj will be coded by 〈4, j, n〉

If s0, ..., sn is a sequence of symbols, and ci is the code of the symbol si, its Gödel number is the
coded sequence:

〈c0, ..., cn〉 = pn+1
0 · pc01 · ... · p

cn
n

1. a generic composite term fj(t0, ..., tm) will be coded as a sequence:

pfj(t0, ..., tm)q = 〈pfjq, p(q, pt0q, ..., ptmq, p)q〉
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2. A generic atomic formula Pj(t0, ..., tm) will be coded as a sequence:

pPj(t0, ..., tm)q = 〈pPjq, p(q, pt0q, ..., ptmq, p)q〉

The non atomic formulas will be finally codified in this way:

(a) p(¬φ)q = 〈p(q, p¬q, pφq, p)q〉

(b) p(α ∨ β)q = 〈p(q, pαq, p∨q, pβq, p)q〉

(c) p(α ∧ β)q = 〈p(q, pαq, p∧q, pβqp)q〉

(d) p(α↔ β)q = 〈p(q, pαq, p↔q, pβq, p)q〉

(e) p(α→ β)q = 〈p(q, pαq, p→q, pβq, p)q〉

(f) p(∀xjβ)q = 〈p(q, p∀q, 〈0, j〉, pβq.p)q〉

(g) p(∃xjβ)q = 〈p(q, p∃q, 〈0, j〉, pβq, p)q〉

The idea goes back to Leibniz. There are many sophisticated ways to accomplish this, which
in some cases take into account the complexity, but the essential point is that it is always possible
to pass, purely mechanically, from an expression to its code number, and from a number to the
corresponding expression. In turn, these coded expressions can be translated into the language
of the same theory, if is sufficiently expressive: this is therefore a method which enables the
theory to speak indirectly of itself , stratagem that allows us to formalize an argument based on
self-reference.

The relations “x is a variable”, “x is a constant”, “x is an n−ary function symbol”, “x is an
n−ary predicative symbol”, are clearly primitive recursive. For example “x is a variable” is defined
as V ar(x) = ∃y < x(x = 〈1, y〉) (analogously for the other concepts).

Lemma 26. The relations Term(x) and Form(x), respectively “x is a variable”, “x is a constant”,
“x is a term” and “x is a formula”, are primitive recursive.

Proof. To show that the predicate Term(x)= “x is a term” is primitive recursive, we build a
‘constructional history’ for a term, or a term-sequence. Let Termseq(n) encodes a term sequence,
i.e. a sequence of expressions t0, t1, ..., tn such that each expression ti in the sequence either
is a constant; or is a variable; or else is built by using an m − place function symbol from m
terms occurring prior to place i:

Termseq(n) = Seq(n) ∧ ∀k ≤ lh(n)[Ψ0 ∨Ψ1 ∨Ψ2 ∨Ψ3]

where:

1. Ψ0 = (n)k = p0q

2. Ψ1 = ∃j < k((n)k = 〈pSq, (n)j〉)
3. Ψ2 = ∃j < k∃i < k((n)k = 〈p+q, (n)i, (n)j〉
4. Ψ3 = ∃j < k∃i < k((n)k = 〈p·q, (n)i, (n)j〉

Hence Term(x) can be defined as ∃y(Termseq(y) ∧ ((y)lh(y) = x). But we need to find a bound
to the existential quantifier. Notice that the last element x of the sequence is the bigger and this
sequence y has the form pn0 · p

x1
1 · ... · pxnn where xn = x. Hence a bound could be y < (px!)x.

Now Form(z) can be defined repeating the same strategy we used in defining Term where
Formseq(x) is a sequence such that for all i ≤ lh(x), either:

1. (x)i = 〈p=q, y, z〉 ∧ Term(y) ∧ Term(z), or
2. (x)i = 〈p∧q, y, z〉 ∧ Form(y) ∧ Form(z), or
3. (analogous conditions by replacing the conjunction with the other connectives), or
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4. (x)i = 〈p∀q, y, z〉 ∧ V ar(y) ∧ Form(z), or
5. (analogous condition for the existential quantifier)”.

where y, z < x, and the last element is z.
QED

Along the same lines, it is shown that the following are primitive recursive :

1. ClTerm(x), “x is a closed term”.

2. FTV ar(x, y), “y is a term that contains free occurrences of the variable with Godel number
x”.

3. FFV ar(x, y), “x is a free variable in the formula y”.

4. FreeF (x, y, z), “x is a term free for variable y in the formula z”.

5. Sent(x),“ x is the Gödel number of a sentence is primitive recursive.”

If we consider axiomatic systems, the following are primitive recursive (for the sake of readability
we will abbreviate 〈p(q, x, p→q, y, p)q〉 with x→̇y):

1. Equax(x), “x encoding an axiom of equality”.

2. PropAx(x), “x is a propositional axiom”.

3. QAx(x), “x is a quantifiers axiom”. Recall that the quantifier axioms are φ(t) → ∃xφ and
∀xφ→ φ(t) (t free for x in φ). To say this we must say that there are y, z, w ≤ x such that
the conjunction of the following formulas holds:

(a) V ar(y) ∧ Form(z) ∧ Term(w) ∧ FreeF (w, y, z)

(b)
(x = 〈p(q, p∀q, y, z, p)q〉→̇Subst(z, y, w))∨

∨(x = Subst(z, y, w)→̇〈p(q, p∃q, y, z, p)q〉)

4. Logax(x) iff “x code a logical axiom” i.e. the disjunction of PropAx(x) and QAx(x).

5. MP (x, y, z) iff “y is obtained from z and x by Modus Ponens” as z = x→̇y.

6. Recall the rule of existential generalization: “from φ → ψ conclude ∃uφ → ψ, assuming u
not free in ψ”. Now “x is obtained from y by existential generalization” can be expressed in
primitive recursive way:

∃v < x∃w < x∃z < x(V ar(v) ∧ Form(w) ∧ Form(z)∧
∧ ¬FFvar(v, z) ∧ y = w→̇z ∧ x = 〈p(q, p∃q, v, w, p)q)〉→̇z) (2)

We could do the same for the universal generalization: “from φ→ ψ conclude φ→ ∀uψ, where
u not free in φ”, and so clearly we could then express Gen(y, x) as “ x is obtained from y by
generalization (existential or universal)”.

In the above, we also used this primitive recursive substitution function:

Subst(pφq, i, ptq) = pφ[t/xi]q

whose effect is to take (Gödel number) of a formula φ(xi) and replace in it the term t, in place of
all occurrences of the variable xi. This can be obtained by primitive recursion on the course of
values:
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1. Terms:

(a)

Subst(pxjq, i, y) =

{
y if i = j

pxiq if i 6= j

(b) Subst(pfi(t0, ..., tn)q, j, y) = 〈pfiq, Subst(pt0q, i, y), ..., Subst(ptnq, i, y)〉

2. Formulas:

(a) Subst(pRi(t0, ..., tn)q, j, y) = 〈pRiq, Subst(pt0q, i, y), ..., Subst(ptnq, i, y)〉

(b) Subst(p¬φq, j, y) = 〈p¬q, Subst(pφq, j, y)〉

(c) Subst(pφ ∧ ψq, j, y) = 〈p∧q, Subst(pφq, j, y), Subst(pψq, j, y)〉 (analogously for ∨,→)

(d)

Subst(p∀xiφq, j, y) =

{
〈p∀q, pxiq, Subst(pφq, j, y)〉 if i 6= j

p∀xiφq if i = j

(analogously for ∃)

(e) Subst(x, j, y) = 0 in all other cases.

The provability predicate
For our purposes we need in particular a primitive recursive relation PrfT(x, y) whose intende

meaning is “x code a correct proof of y in the theory T”. Let’s say that a theory is presented in
primitive recursive way if the predicate AxT that defines the proper axioms of the theory T is in
turn primitive recursive; in familiar theories of arithmetic that we have previously here quoted,
the AxT it is. The complexity of the provability predicate PrfT(x, y) depends essentially on that
of the formula AxT. To fix the ideas, let T = PA, then AxPA(y), a standard definition of proper
axioms has the form a0 ∨ ... ∨ a7 ∨ Ind(y), where a0, ..., a7 are the codes of the eight axioms of
Peano Arithmetic different from the induction, and Ind(y) is true iff y codes an instance of the
induction principle. To formalize the predicate Ind(y) the idea is to say: “there are x, z < y such
that Form(x) and ∃i < z(z = 〈1, i〉) and if Subst(x, i, p0q) and for all v, if Subst(x, i, pvq), then
Subst(x, i, pS(v)q), then for all v, Subst(x, i, pvq)”. The provability predicate PrfT(x, y), “x codes
a proof in T of y”, is now defined as:

Seq(x) ∧ ((x)ln(x) = y)∧
∧∀i ≤ lh(x)(Logax((x)i) ∨ Equax((x)i) ∨AxT((x)i)∨
∨∃h, j < iMP ((x)h, (x)j , (x)i) ∨ ∃j < iGen((x)j , (x)i))

(3)

where, according to our coding of sequences, ln(x) denotes the length of the sequence x and is
defined as (x)0. In what follows, we will denote by PrfT the formula in the language of Peano
Arithmetic that represents the primitive recursive predicate of provability PrfT.

Remark 4. We emphasise once again that we have defined the predicate of provability for Hilbert-
style axiomatic systems, where proofs are sequences of formulas, solely for the sake of simplicity
of exposition. A similar definition is possible for Gentzen-style systems, where derivations are
labeled trees, although it is more laborious (see for instance Van Dalen (2013) 248-51 for Natural
Deduction, or Buss (1986) 130-34 and Girard (1987) for Sequent Calculus).

4.3. Syntactic proofs of Gödel’s theorems
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we can readily see that the proof just given is constructive; that is...proved in an
intuitionistically unobjectionable manner. . . (K. Gödel, 1931)

That the 1931 proof of the first theorem is syntactic and constructive. This means that it doesn’t
appeal to truth and that we concretely give examples of sentences that are independent (neither
provable nor refutable). We start with the central result from which we derive the first Gödel
theorem.

Theorem 70. (Fixed point theorem) Let T a consistent extension of Q in the same language;
then for all formulas ψ(x), exists another formula φ, such that:

T ` φ↔ ψ(pφq)

We say that φ costitutes a fixed point of ψ.

Proof. Let Num(x) the (easily proved promitive recursive) function whose effect is to take a number
n and return Gödel’s number of the numeral of that number pnq and let therefore Sub(pφ(xi)q, n) =
Subst(pφ(xi)q, i, Num(n)) = pφ(n)q). First we remind the reader that according to what we said
around definability and representability of functions if f is recursive we have:

Q ` αf (m, y)↔ (y = f(m))

In particular, if f(x) = Sub(x, x), then exists a formula α(x, y) such that T ` α(n, v) ↔ (v =

Sub(n, n)). Let therefore χ(x) the formula ∃v(α(x, v) ∧ ψ(v)); then suppose that pχ(x)q = m and
lastly let φ the formula χ(m), i.e.the formula χ “applied” to itself.

We see that the following holds in T:

φ←→ χ(m)

←→ ∃v(α(m, v) ∧ ψ(v))

←→ ∃v(v = Sub(pχ(x)q, pχ(x)q) ∧ ψ(v))

←→ ∃v(v = pφq ∧ ψ(v))

←→ ψ(pφq)

(4)

QED

A first remarkable application of this result, is the Tarski theorem

Theorem 71. (Tarski’s undefinability theorem 1933) A sufficiently strong consistent theory can
not express its truth.

Proof. To make the proof more accessible, we give a semantic version and we show that there is
no definition of Th(N) in the standard model. So we consider a semantic version of the fixed point
theorem, for which we shall have N |= φ iff N |= ψ(pφq). Suppose by contradiction that Th(N) is
definable, i.e. there exist a “definition of truth”, namely a a formula True(x) such that N |= φ

iff pφq ∈ Th(N) iff N |= True(pφq). Take a fixed point of ¬True(x), let for instance τ this fixed
point; then we have: N |= ¬True(pτq) iff N |= τ iff N |= True(pτq), a contradiction. QED

A language that contains its own truth predicate and names for all its sentences, is called by
Tarski semantically closed (e.g. the natural languages). The notion of truth cannot be defined in
these languages. However many scientific languages are not semantically closed and can be placed
in a hierarchy, where the truth for an obiect language can be define in a higher meta-language. In
particular there is a second order truth-definition for first order sentences over N. That is, Th(N) is
an analytical set. As remarked in the introductory chapter, there are also partial truth-predicates
for all fixed level of arithmetical hierarchy and this can be proved already in the subteory of PA
with induction restricted to Σ1 formulas.

The first incompleteness theorem receives today several presentations which nevertheless reflect
the same general structure (see Hájek and Pudlák (1993), ch.III):
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1. It is required that the formal theory of arithmetic T is an extension of Q, which thus proves
the Fixed point theorem, and also that the set of its theorems is recursively enumerable, and
therefore have a Σ1−definition P (x).

2. Then we take a fixed point ν of the formula ¬P (x), i.e. ν ←→ ¬P (pνq) where the fixed point
ν is just Gödel’s sentence, that will be proved undecidable.

3. Hence we prove that:

(a) If T is consistent, then T 6` ν

(b) Under certain conditions (e.g. 1-consistency) T 6` ¬ν.

1. In fact, Gödel did not consider a generic enumeration of theorems., but one based on a
particular formula, namely the Σ1 formula that enumerates the theorems of T based on the
formula that represents the provability predicate, i.e. take P (x) = ∃yPrfT(y, x). Thus the
theory T shows the existence of a fixed point ν for its negation:

ν ←→ ¬∃yPrfT(y, pνq)

The formula ∃yPrfT(x, y) is usually abbreviated as PrT(pνq).
Note that ν says of itselfs of not being provable: hence, if it is unprovable it will be true. Note

also the resemblance to the paradox of the liar and so with the Tarski theorem of undefinability
of truth, where in place of provability (definable) appears the truth (undefinable). But what are
these “ additional conditions ”? Alternatively, one of the following is usually placed:

1. ω−consistency. A theory is ω-consistent, iff it is not the case that T ` ∃x¬φ(x) and
T ` φ(0),T ` φ(1),T ` φ(2), .....etc. for all natural numbers. This is the original approach of
K. Gödel’s paper of 1931.

2. Σ1−soundness (or 1-consistency). Kreisel observed that the assumption of ω-consistency was
unnecessarily strong and can be replaced by 1-consistency, namely ω-consistency restricted to
Σ1 sentences. This property is equivalent to Σ1-soundness, namely the property according to
which if a Σ1 sentence is provable, then it is true. Note that this property implies consistency.
It is not difficult to check that, if we denote with ThΠ1(N) the set of true Π1 sentences, then
we have that T is Σ1−sound, iff T + ThΠ1(N) is consistent.

Let’s see some relations among these concepts. If a theory is ω− consistent, then is Σ1−sound:
indeed suppose that N 6|= ∃xθ, where ∃xθ ∈ Σ1; hence N |= ¬∃xθ and therefore N |= ¬θ(n), for
all numbers n. But θ ∈ ∆0 and therefore we will have also T ` ¬θ(n), for all numbers n and by
ω− consistency T 6` ∃xθ. If a theory T is ω-consistent, then is also consistent: note indeed that
T ` x = x and therefore T ` n = n for all n; hence T 6` ∃x(x 6= x) by ω-consistency, and therefore T
is consistent (i.e. there is at least an unprovable sentence). The opposite direction does not hold and
therefore ω-consistency is a notion strictly stronger than consistency. Let us consider for example
T = PA + PrPA(p1 = 0q). Since PA 6` ¬PrPA(p1 = 0q), we have that T is consistent. Moreover for
all n, the relation ¬PrfPA(n, p1 = 0q) is true. Hence, by binumerablility, PA ` ¬PrfPA(n, p1 = 0q),
from which T ` ¬PrfPA(n, p1 = 0q) and at the same time T ` ∃yPrfPA(y, p1 = 0q).

Gödel’s first incompleteness theorem. Let’s see how we can get the first theorem, in a version
closer to the original due to Gödel, through the concepts of ω-consistency and binumerability, and
the provability predicate. Let ν a fixed point of ¬PrT, where T is an extension of Q. That is, the
following is provable it:

ν ↔ ¬PrT(pνq)

We show that:

(a) under the hypothesis of consistency, ν is not provable in T, e
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(b) under the hypothesis ω − consistency, is not provable neither in ¬ν.
Proof. Let’s look at the two cases:

(a) Let us suppose that T ` ν; then a number n codes a proof of ν in T. But the primitive
recursive relation “n codes a proof of ν in T”, as we have seen, is binumerable in T, i.e. we
have T ` PrfT(n, pνq). Hence T ` ∃xPrfT(x, pνq), namely T ` ¬ν, from the definition of ν,
against consistency.

(b) Suppose, therefore, to have demonstrated (a) in the way that we said; if T is ω-consistent,
then is also consistent and therefore T 6` ν; as a consequence, for no natural number n we will
have that it codes a proof of ν in T, namely, the primitive recursive relation “n codes a proof
of ν” does not hold for any natural number; it follows that T ` ¬PrfT(n, pνq), for all number
n. Lastly, from ω-consistency it follows T 6` ∃yPrfT(y, pνq) and therefore T 6` ¬ν.

QED

Rosser’s version of the first incompleteness theorem. The assumption of ω−consistency may
seem too restrictive, in view of generalizations of the method to generic consistent theories that
extend Q: we mentioned an example of a theory that is consistent, though not ω−consistent.
Similarly if we take the indipendent sentence ν of Gödel’s theorem, being of complexity Π1, its
negation will be Σ1; then Q + ¬ν will be consistent (since ν is not derivabile from Q), but is not
Σ1−sound: indeed clearly Q + ¬ν ` ¬ν, but ¬ν is false (being Gödel sentence ν true). A result
shown by J.B. Rosser in 1936, allows us to use only the hypothesis of simple consistency, for both
(3.a) that for (3.b). It makes use of the technique of the so-called witness comparison to produce a
provability predicate rather particular. Note that the following proof uses only elementary means
already available in Robinson’s Arithmetic.

Theorem 72. (Rosser 1936) Let T ⊇ Q computably enumerable consistent; then exists un sentence
β, such that (a) T 6` β e (b) T 6` ¬β.

Proof. Check this for Q. Let PrR
Q(pαq) be the following sentence:

∃x(PrfQ(x, pαq) ∧ ∀y < x¬PrfQ(y, p¬αq))

and consider the fixed point β ↔ ¬PrR
Q(pβq).

(a) Suppose that Q ` β and let a a number that witness this, coding a proof of β; from
binumerability we have Q ` PrfQ(a, pβq) and Q ` ¬PrfQ(n, p¬βq) for all n. Using the
principle, provable in Q, according to which ∀x ≤ a(

∨
n≤a x = n) we obtain:

∃x(PrfQ(x, pβq) ∧ ∀y < x¬PrfQ(y, p¬βq))

namely: Q ` ¬β, against consistency.
Indeed, thanks to the identity axioms:

¬PrfQ(n, p¬βq))→ (x = n→ ¬PrfQ(x, p¬βq))

and since we have ¬PrfQ(n, p¬βq)) for all n, by “modus ponens” we get, for all n, x = n →
¬PrfQ(x, p¬βq).

Now we use the tautology

((A→ C) ∧ (B → C)→ ((A ∨B)→ C))

From the conjunction
∧
n≤a(x = n→ ¬PrfQ(x, p¬βq) we get therefore the formula ((

∨
n≤a x =

n)→ ¬PrfQ(x, p¬βq) and from the Q theorem ∀x(x ≤ a→
∨
n≤a x = n) by modus ponens from

these two formulas we obtain x ≤ a → ¬PrfQ(x, p¬βq), namely ∀x ≤ a(¬PrfQ(x, p¬βq), from
which, having already PrfQ(a, pβq), it follows:

∃x(PrfQ(x, pβq) ∧ ∀y < x¬PrfQ(y, p¬βq))
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(b) Suppose that Q ` ¬β and let a a number that witness this, coding a proof of ¬β; it follows that
no b and in particular no b ≤ a codes a proof of β (consistency). This relation is binumerable,
hence we have:

(i) Q ` PrfQ(a, p¬βq)

(ii) Q ` ¬PrfQ(b, pβq), for all number b ≤ a.
However, by using, as in the previous case, the identity axioms and the principle:

∀x(x ≤ a→
∨
n≤a

x = n)

from (ii) we get ∀y(y ≤ a → ¬PrfQ(y, pβq) that (again by axioms of Q) is equivalent to
∀y(PrfQ(y, pβq) → a < y), while from (i) follows ∀y(a < y → ∃z < yPrfQ(z, p¬βq). From
these last two formulas obtained thereby follows:

∀x(PrfQ(x, pβq)→ ∃y < x¬PrfQ(y, p¬βq))

namely Q ` β (against consistency).

QED

4.4. The limit of incompleteness

But how much mathematical information is actually needed for obtaining the first incompleteness
theorem? Is Robinson’s Q the best framework for explaining incompleteness and undecidability?
Since we want to consider theories in different languages, we need a method to compare them
and for this reason we introduce the notion (due to Tarski) of relative interpretability between
theories, as a measure of their strength, so that Gödel’s theorem, instead of speaking of consistent
extensions of Q, can be rephrased as follows:

Each consistent axiomatizable theory S that interprets Q is incomplete.

Definition 33. An interpretation of a theory S in a theory consists of a pair 〈δ(x), τ〉:

1. The formula δ(x) of the language of T is called domain of the intepretation (the objects of
S from the point of view of T) and τ is a computable function from the language of S to the
language of T.

2. There are definitions in T of all symbols of S. The translation τ sends each n−ary relational
symbol R in a formula ψR with the same ariety; maps each n− ary functional symbol f in a
formula ψf of ariety n− 1 and each constats (i.e. 0− ary function) in a formula ψc(y).

3. The translation extends to terms and atomic formulas. Let us denote (tτ,w) = w is the value
of t according to τ :

(a) variables: (xτ,w) = (w = x)

(b) Constants: (cτ,w) = ψc(w)

(c) Functions. (f(t0, ..., tn)τ,w) = ∃w0, ...,∃wn(
∧
i δ(wi) ∧

∧
i(t

τ,wi
i ) ∧ ψf (w0, ..., wn, w)

(d) Atomic formulas. R(t0, ..., tn)τ = ∃v0, ...,∃vn(
∧
i δ(vi) ∧

∧
i(t

τ,vi
i ) ∧ ψR(v0, ..., vn))

4. This translation τ commutes with connectives and relativises to δ(x) the quantifiers:

(a) (∀xθ)τ = ∀x(δ(x)→ θτ )

(b) (∃xθ)τ = ∃x(δ(x) ∧ θτ )

5. S is relatively intepretable in T if there exists such a pair 〈δ(x), τ〉 and:
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(a) T ` ∃xδ(x)

(b) If f is a symbol of s, then T proves:∧
i

δ(xi)→ ∃!y(δ(y) ∧ ψf (x0, ..., xn, y))

(c) In particular, for constants c, T proves ∃!y(δ(y) ∧ ψc(y))

(d) It is asked that the translations of all axioms of S are theorems of T.
(e) The interpretation is transitive and reflexive.

Theorem 73. The following hold:

1. If the theory S is intepretable in a theory T, then the consistency of T implies the consistency
of S.

2. Moreover, if S is essentially undecidable, then T is essentially undecidable too.

Proof. (See e.g. Murawski (1999), pp. 250-260) QED

The notion of interpretability can therefore be used as a means to measure strength of axiomatic
theories: if T and S are mutually interpretable, then we can think that they represent the same
expressive and deductive strength. A theory has a minimal degree of interpretation if no theory
is strictly intepretable in it. It is an open question whether a theory S exists that is minimal in
this sense, i.e. no theory is stricty interpretable in it, and Gödel result holds. We know that the
other Robinson’s theory, named R, is essentially incomplete and essentially undecidable too: can
we find a theory S strictly intepretable in it and such that these results hold? Actually there are
several of these theories: Jerabék, for example, has found an essentially undecidable and essentially
incomplete theory that is unable to interpret R.

Considering theories formulated in different languages, for instance, the following set theory
with only these two axioms:

1. ∃x∀y¬(y ∈ x)

2. ∀x∀y∃z∀v(v ∈ z ↔ (v = x ∨ v = y))

denoted AST (Adjunctive Set Theory), has the same strength as Q, since the two theories are
mutually interpretable (see Montagna and Mancini (1994) for an in-depth study of extremely
weak set theories and Švejdar (2007) for the mutual interpretability between Q and the theory of
string concatenation). About the somewhat neglected “little sister”R we can actually say more:

Theorem 74. (Visser 2009) T is locally finitely satisfable (i.e. any finite subtheory has a finite
model) iff it is intepretable in R.

Proof. (see Visser (2009) and here on p.193.) QED

Intepretability logic was deeply investigated in a multi-modal logics framework, with an
additional binary modality φBTψ , whose intended meaning is that there is a relative interpretation
of T + ψ in T + φ. It was the subject of intense studies, started partly by the Dutch school
De Jongh and Veltman (1990), Visser (1990), partly by the Italian school Montagna (1987),
Berarducci (1990), partly by the Czech school Švejdar (1983) and Russian school Shavrukov
(1988).

4.5. A complete and decidable theory

We have already mentioned in the introduction some historical examples of decidable theories,
such as the theory of real ordered fields. The example we are considering here instead concerns
a theory closer to those analyzed in this chapter, namely the first-order theory of the addition of
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the natural numbers. This result was proven independently by M. Presburger in 1929 and Thoralf
Skolem in 1930 by the method of quantifier-elimination, first introduced in 1919 by Skolem in
proving the completeness and decidability of the fIrst-order theory of a special class of boolean
algebras. The full details were first published by Paul Bernays in Grundlagen der Mathematik I
in 1934. Since the non-negative integers are definable in 〈Z,+,−, <, 0, 1〉, these decision procedure
covered both structures, 〈Z,+,−, <, 0, 1〉 and 〈N,+, <, 0, 1〉. Skolem and Presburger gave a
quantifier elimination algorithm for these theories, but we show here the more efficient algorithm
due to Cooper (1970). We actually show the decidability of Th(〈Z,+,−, <, 0, 1〉), sometimes
identified with Presburger’s arithmetic (indeed, it has the same expressiveness, since formulas
of these two theories are translable each other). Decidability follows from the fact that, given
a formula, we can find an equivalent formula quantifier free, and the truth or falsity of such a
formula is only a matter of computation. Actually the above theory does not satisfy the quantifier
elimination, since for instance, the formula ∃x(y = x + x) (“y is even”) has no quantifier free
equivalent. Indeed, it is provable that for all quantifier free formula φ(x) in the language of this
structure, there is a number n such that for allm > n, either φ(m) or ¬φ(m) is true in this structure.
However, decidability is proved by producing a quantifier elimination algorithm for an extension
of this theory, obtained by adding a divisibility predicate k|x defined as ∀x(k|x↔ ∃y(x = ky)).
Hence we actually are interested in the structure:

〈Z,+,−, <, 0, 1,Z, 2Z, 3Z...〉

The theory of this structure does admits the quantifiers elimination and the basic formulas of this
language are decidable. However, the theory of the original structure is a subset of the theory of
this structure, hence in turn it is itselfs decidable.

We now show the Cooper’s method for eliminating quantifiers from this theory, but before we
recall this result.

Lemma 27. Suppose that for every formula of the language of a theory T of the form:

∃x(α0 ∧ ... ∧ αn)

where each αi is atomic or negated atomic, there is a quantifier-free formula provably in T equiv-
alent to it: then T admits elimination of quantifiers.

Proof. See Enderton (2001), ch.3.2 and Harrison (2009) 328-49. Thanks to this result we will be
concerned only about existential formulas. QED

The algorithm consists of the following steps:

1. Reprocessing ∃xφ(x), where φ(x) is quantifier-free:

(a) by using boolean equivalents and definitions, we reduce the formula to the language
¬,∧,∨, <,=.

(b) replace ¬(s < t) with t < s+ 1.

(c) put 0 to the left, so s = t becomes 0 = t− s and s < t becomes 0 < t− s.

(d) terms are written in canonical form c0x0 + ...+ cnxn + k, with the ci and k integers.

Hence literals are of the forms

0 = t,¬(0 = t), 0 < t, k|t,¬(k|t)

and t is canonical. Atoms containing x are of the form cx+ s,
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2. Compute the least common multiple δ of all coefficients of x in φ(x) and then replace terms
as in the following table, where x has always ±δ as coefficients (where hh′ = δ):

literal is replaced by

0 < t− hx 0 < h′t− δx
0 < hx− t 0 < δx− h′t
k|hx+ t h′k|δx+ h′t

¬(k|hx+ t) ¬(h′x|δx+ h′t)

(5)

3. Obtain an equivalent formula of the form ∃x(ψ(x) ∧ δ|x) where ψ(x) is φ[x/δx], i.e. we have
replaced δx with x. Let us call φ∗(x) the formula ψ(x) ∧ δ|x.

We have now the following alternatives:

1. either ∀y∃x < yφ∗(x),

2. or ∃xφ∗(x) ∧ ∀y < x¬φ∗(x)

Hence replace 0 = t and 0 < t with ⊥, if x occours in t, and replace 0 < t with >, if −x occours
in t (do nothing on other atoms). Call φ∗∞(x) the result of this replacement.

Lemma 28. For sufficiently small x the formulas φ∗(x) and φ∗∞(x) are equivalent. Formally:

∃y∀x < y(φ∗(x)↔ φ∗∞(x))

Proof. Let us consider the atomic cases where φ∗(x) is 0 = x+ a 0 < x+ a. In these cases φ∗∞(x)
is ⊥ and it is true that:

∀x < −a(φ∗(x)↔ ⊥)

because x ≥ −a. Hence y = −a. In the case 0 < −x+ a, we have that φ∗∞(x) is > and clearly we
have:

∀x < a(φ∗(x)↔ >)

so that y = a. As for non atomic cases, let us consider for example the conjunction: if φ∗(x) is
β(x) ∧ γ(x) and by (IH) we have ∀x < a(β(x)↔ β∞(x)) and ∀x < b(γ(x)↔ γ∞(x)). The result
follows taking y = min{a, b}. Other case for exercise. QED

Lemma 29. ∀y∃x < yφ∗(x) is equivalent to ∃xφ∗∞(x).

Proof. ⇒ if ∀y∃x < yφ∗(x) holds, then φ∗(x) holds for arbitrary small values of x, sufficent to
make φ∗(x) and φ∗∞(x) equivalent, according to the previous lemma.
⇐ If ∃xφ∗∞(x) holds, this means that φ∗∞(n) holds for some n. We now show that indeed it

holds for infinitely many x < n. Note that in a true statement k| ± x + t, the formula remains
true if x is altered by a multiple of k. Take the LCM δ of all k occurring in formulas of the kind
k|s in φ∗∞(x), observing that x occurs only in these formulas. Hence subtract to x a multiple fo δ.
The truth value of φ∗∞(x) does not change and therefore φ∗∞(n)↔ φ∗∞(n− zδ) for all z ≥ 0. From
this follows ∀y∃x < yφ∗(x), by applying the previous lemma. QED

Corollary 16. ∀y∃x < yφ∗(x) is equivalent to
∨δ
i=1 φ

∗
∞(i).

113



Lectures in Proof Theory and Complexity

Proof. Since ∀y∃x < yφ∗(x) is equivalent to ∃xφ∗∞(x) and φ∗∞(x) is invariant modulo δ (i.e.
changing x to x± hδ), then φ∗∞(n) holds for some n iff it holds for at least one i ∈ [1, δ] (or any
other set of δ consecutive integers). This depends on the fact that any n is congruent with some
i ∈ [1, δ] modulo δ, and therefore n = kδ ± i.

This as regards the alternative 1. Now let us consider the alternative 2. Let us consider again
δ as above (the LCM of all k in formulas k|t of φ∗∞(x)). Let i a number such that φ∗(i) holds, but
φ∗(i− δ) does not hold. By the invariance of divisibility predicate under δ the change of values of
φ∗ is due to other literals containing x, becoming false when x decreases. QED

We come to the following definition:

Definition 34. Let L(x) be a literal of φ∗ containing x , but different from a divisibility predicate.
A boundary point for it is given by the following table:

literal boundary point

0 = x+ t −(t+ 1)

¬(0 = x+ t) −t
0 < x+ t −t

0 < −x+ t none

(6)

If b is a boundary point for a literal, this literal is false for x = b, but true for x = b+ 1.

Remarks. If there is a minimum i s.t. φ∗(i) , then φ∗(i− δ) does not hold.

Theorem 75. Let δ the LCM as above and let B the boundary set. For all integers i, if φ∗(i)
holds, but φ∗(i− δ) does not hold, then there is b ∈ B such that 1 ≤ j ≤ δ and i = b+ j.

Proof. We check only the base cases, leaving the induction relative to the complex formulas as
exercise.

1. If φ∗ is (0 = x+ t), then i = (−t). The boundary point is −(t+ 1). Hence there exists b ∈ B
such that i = b+ 1.

2. φ∗ is ¬(0 = x+ t), the boundary point is −t; note that φ∗(i−δ) is false only if i = δ+b = δ− t.
3. If φ∗ is 0 < x + t a boundary point is again −t; by assumption −t + 1 ≤ i and i ≤ −t + δ.

Ergo i = b+ j = −t+ j for some 1 ≤ j ≤ δ.
4. For other kind of literals, it is not possible that φ∗(i) holds, but φ∗(i− δ) does not hold.

Now we compose the alternatives 1. and 2. QED

Corollary 17. Let φ∗(x) as above, where all coefficients of x are ±1. Let δ be the LCM of all k
such that k|t, for some t containing x occurs in the formula. Then ∃xφ∗(x) is equivalent to:

δ∨
i=1

(φ∗∞(i) ∨
∨
b∈B

φ∗∞(b+ i))

Proof. By collecting the above results concerning alternatives 1. and 2. ⇒ Suppose ∃φ∗(x) holds.
Hence either:

1. ∀y∃x < yφ∗(x) or
2. ∃xφ∗(x) ∧ ∀y < x¬φ∗(y)
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In case (1) we obtain
∨δ
i=1 φ∞(i) by the previous result. In case (2) there is i = b+ j such that

φ∗(i) and ¬φ∗(i− δ) and therefore
∨δ
j=1

∨
b∈B φ

∗(b+ j).
⇐ If the disjunction holds, then, if

∨δ
i=1 φ∞(i) then by previous results we have an arbitrarily

large negative x with φ∗(x) and therefore ∃xφ∗(x). If on the other hand
∨δ
j=1

∨
b∈B φ

∗(b + j)

holds, so does ∃xφ∗(x). QED

Corollary 18. Th(〈Z,+,−, <, 0, 1,Z, 2Z, 3Z...〉) is decidable, i.e., there is an effective procedure
which, given any sentence of the language of this theory, will decide the truth or falsity of it in
〈Z,+,−, <, 0, 1,Z, 2Z, 3Z...〉.

4.6. Another look at incompleteness: Tennenbaum’s theorem

Another kind of “undecidability” theorem is due to Tennenbaum (1959): although the first-
order theories of arithmetic are not categorical (see on p.15), it is impossible to build non-standard
models of Peano Arithmetic in which the addition and multiplication operations, as well as the
order relation are effectively computable. The phenomenon highlighted by Tennenbaum is actually
very pervasive and applies to most subtheories of PA. Already Skolem (1955) built nonstandard
models of arithmetic by an ultrapower-like construction and had raised the question of recursiveness
of nonstandard models. Tennenbaum’s theorem improved the result in Mostowski (1957), that no
nonstandard model of primitive recursive arithmetic with predicates for all primitive recursive
functions can be recursive. On the contrary Shepherdson (1964), using algebraic methods (a
model of open induction is an integer part of a real closed field), produced a recursive nonstandard
models of arithmetic with axiom schema of induction for quantifier-free formulas (see Kaye (2011)
for a more detailed historical background and Berarducci and Otero (1996) and D’Aquino (1997)
for further developments).

Definition 35. Let U and B be first-order structures of the same language. A function f : U −→ B
is an homomorphism iff:

1. For all a0, ..., an ∈ A, and functional symbol F , if FU = h and FB = g, si ha:

f(h(a0, ..., an)) = g(f(a0), ..., f(an))

2. For all a0, ..., an ∈ A, and relational symbol P , if PU = R and PB = R̃, we have:

〈a0, ..., an〉 ∈ R⇒ 〈f(a0), ..., f(an)〉 ∈ R̃

3. For all constant ai, if aUi = ci and aBi = bi, then f(ci) = di.
If also the inverse of 2. holds, this is a strong homomorphism. Also we say that it is an
embedding, iff

4. f is injective: x 6= y ⇒ f(x) 6= f(y),
5. f is a strong homomorphism.
6. It is an elementary embedding iff for all formulas φ and all a0, ..., am ∈ U ,

U |= φ(a0, ..., am) if and only if B |= φ(j(a0), ..., j(am))

We say that f is an isomorphism (notation U ∼=f B), iff it is an embedding and it is bijective.

Related to the algebraic notion of isomorphism, we have the logical notion of elementary
equivalence: the structures U ,B are elementarily equivalent (notation U ≡ B) iff for all sentence
φ, U |= φ ⇔ B |= φ. Isomorphic structures are also elementarily equivalent, but the reverse
implication is not true and we have that:

U ≡ B 6⇒ U ∼= B

Indeed it is provable that 〈Q, <〉 ≡ 〈R, <〉, however (Cantor!) 〈Q, <〉 6∼= 〈R, <〉. A structure which
is elementarily equivalent, but not isomorphic, to the standard model is called a nonstandard
model of arithmetic.
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Definition 36. A model M for the language of Peano Arithmetic is standard, if it isomorphic
to the intended model 〈N,+, ·, S, 0〉. Otherwise is called non-standard. Let tM be the element of
the model that interprets a term t. The elements x of M such that x = nM for some number n
(i.e. the elements that interpret a natural number) are called standard.

Theorem 76. IfM contains a nonstandard element, then it is nonstandard (i.e. non isomorphic
to the standard model).

Proof. Suppose by contradiction thatM is standard but contains a nonstandard element x. Let
g : N→M be the alleged isomorphism. Hence for all natural numbers n, g(nN) = nM, namely
standard elements are mapped in standard elements. ButM contains a non standard element x,
and therefore g cannot be suriective, against the hypothesis that it is an isomorphism. QED

We can derive the existence of non-standard models from the compactness. For example, let LPA

be the language of Peano arithmetic and let us consider the extended language LPA
∗ = LPA ∪ {c}

and the theory:
T ∗ = PA ∪ {c > n|n ∈ N}

where:

n =

n−times︷ ︸︸ ︷
S(S(...S(0)...))

Note that each finite subset of this theory is contained in some:

Tk := PA ∪ {c > n|n < k}

But such a Tk is true in every structure Nk = 〈N, k〉, where cN = k. Hence every finite subset of
T ∗ has a model and therefore also T ∗ has a modelM.

However in this model, we have cM > k for all natural k; it will contain thus at least one
non-standard element. In particular this means that the reduct of this model to our original
language of PA is not isomorphic to the standard model. Applying Löwenheim-Skolem, we can
take the model in question, at most countable. Rather, N constitutes an initial segment of each
non-standard model; non-standard elements come “after”, since both the standard model and
non-standard, fulfils the following principle, for all k ∈ N:

∀x(x < k → (x = 0 ∨ x = 1 ∨ ... ∨ x = k − 1))

There are exactly 2ℵ0 non isomorphic countable models of arithmetics.

Theorem 77. There are exactly 2ℵ0 non isomorphic countable models of Peano arithmetic PA.

Proof. Clearly there are at most (since there are continuum-many interpretations of +, continuum-
many interpretations of × etc.). We can verify that there are at least, considering that if ν is
Gödel’s undecidable sentence relative to PA, then S0 = PA + ν and S1 = PA + ¬ν they are
both consistent and they will therefore have a model; moreover, they will also have respectively a
undecidable Gödel’s sentence ν0 and ν1. Hence we can consider S00 = S0 + ν0, S01 = S0 + ¬ν0,
S10 = S1 + ν1, S11 = S1 + ¬ν1 etc. in general,for all finite binary string τ , Sτ0 = Sτ + ντ and
Sτ1 = Sτ + ¬ντ . Recall that |{0, 1}|N = 2ℵ0 . Each branch of the binary tree corresponds to a
completion of PA. Being all these theories consistent and inequivalent, each one has a model, which
is not isomorphic to any model of the others. In addition these will be all models of PA. QED

In spite of the apparent chaotic nature of the non-standard part of nonstandard models, it
actually has a very precise order type.

Definition 37. If 〈P,<P 〉 and 〈Q,<Q〉 are linear orders, let:

1. P +Q = P ×{0}∪Q×{1} the sum of them, where 〈a, i〉 <P+Q 〈b, j〉 if and only if j = i = 0
and a <P b, or j = i = 1 and a <Q b, or i = 0 e j = 1 (i.e. the elements of P and Q
maintain their original order, but the elements in P precede those in Q).
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2. let P × Q be the product of them, and order it lexicographically 〈a, b〉 <P×Q 〈c, d〉 iff either
a <P c or a = c and b <Q d.

Theorem 78. (Henkin 1950) Each non-standard countable model U of Peano arithmetic has
order type N + Q× Z.

Proof. Now we observe that U has N as initial segment and then its order will be of the form
N +A, for some linear order A.

Let a, b ∈ U\N; we define the following equivalence a ∼ b ⇔ |a − b| ∈ N, namely, a, b are in
this relation, iff the absolute value of the difference is standard. Moreover, let a ≺ b iff a < b and
|a− b| 6∈ N (“b is much bigger than a”). Lastly:

[a] ≺∗ [b]⇔ a ≺ b

Observe that a is non-standard, then [a]∼ = {a − n, a + n|n ∈ N}, namely, the equivalence
class of a has the form of ...a− 2, a− 1, a, a+ 1, a+ 2... Note that this order is isomorphic to that
of integers Z. Also notes that the following holds:

1. ≺ is transitive and antireflexive.
2. a ≺ b, c ∼ a, d ∼ b⇒ c ≺ d
3. a ≺ b⇒ ¬(b ≺ a)

Lastly, note that ≺∗ lacks a maximum, lacks a minimum, and is also a dense order, since the
following hold:

1. [a] ≺∗ [a+ a] (no last element)
2. [a/2] ≺∗ [a] or [a+ 1/2] ≺∗ [a] (no first element)
3. [a] ≺∗ [b]⇒ [a] ≺∗ [a+ b/2] ≺∗ [b] (density)

But this order is isomorphic to that of rational Q (remember that for a result of Cantor, all dense
countable linear orders without endpoints are isomorphic); hence, consider that ...ξq0 , ξq1 , ξq2 ... are
the equivalence classes with respect to ∼, ordered by ≺∗, that is isomorphic to the order of Q,
while inside them, they are ordered as Z. Hence the equivalence classes ξq0 ≺∗ ξq1 ≺∗ ξq2 ... are
ordered like Q and each one has the order of Z:

ξq = ...aqz−2
< aqz−1

< aqz < aqz+1
< aqz+2

...

then the elements aqz of the non-standard part of U can be ordered in this way:

aqz <U aq′
z′
⇔ q <Q q

′ ∨ (q =Q q
′ ∧ z <Z z

′)

This, according to the above definition of product between orders, is the order type of Q× Z.
So the whole model has the order type N + Q× Z. QED

For a remark of Potthoff (1969), in the previous theorem, we will see now, we cannot replace
Q with R, for any non-standard model. To see this, a key result of this field is needed. First
observe that the standard part of a non standard model M , is not definable in M . Suppose by
contradiction that it is, i.e. that for some σ(x),M |= σ[a] (i.e. a satisfies σ in the modelM) iff
a ∈ N, and therefore ¬σ(x) will define the non standard partMrN: but then there will be a
minimum (the principle of the minimum number is equivalent to induction) non-standard, that is
contradiction, as we saw about the structure of non-standard models.

Hence the following obtain.

Theorem 79. (Overspill) If φ[n] holds for all n ∈ N, then exists a ∈M rN, such that φ[b] holds
for all b ≤ a.
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Proof. Indeed, if no a non standard satisfied φ[a], then the formula σ(x) defined as ∃y(x < y∧φ(y))
would define the standard part, against what we said. In other words, ifM |= σ[a]⇔ a ∈ N, then in
particular, since 0 ∈ N and if n ∈ N, also n+1 ∈ N, we would haveM |= σ(0)∧∀x(σ(x)→ σ(x+1)).
However, being M a model of PA it must satisfy the induction principle, from which follows
M |= σ(a), for all a, included non standard elements. QED

An interesting application (see Bovykin and Kaye (2002)) of the overspill theorem is the proof
of the above-mentioned fact that in the order type N+Q×Z, is not possible to replace Q with R;
in other words we cannot consider the equivalence classes [a] = {...a− 2, a− 1, a, a+ 1, a+ 2...} as
“reals”. Recall that the real numbers fulfill the so-called Dedekind completeness property, that can
be also expressed in this form:

Let X be a set of real numbers; an upper bound for X is a real r such that r ≥ a,
for all a ∈ X. The least upper bound property says that any non-empty set of reals
having an upper bound, has a least upper bound.

Now we just apply this principle.
Let us take a non standard modelM, an element a nonstandard of the model and a sequence

{ia}i∈M. Note that i < j, where i, j are standard, implies

[ia] ≺∗ [ja]

Suppose there is a least upper bound [b] = sup{[na]|n ∈ N}. Then, for all n ∈ N, na ≺ b and
therefore by overspill, there will be an element c non standard such that ca ≺ b. Hence, for all
n ∈ N, na ≺ ca ≺ b. But all reals {[sa]}N<s<c are between {[na]|n ∈ N} and [b] (contradiction,
against the hypothesis that [b] = sup{[na]|n ∈ N}).

We formulate this result with respect to PA, but, as said, it appropriately extends to all its
subtheories, until minimum extensions of the open induction theory IOpen, for which, as proved
for the first time by Sheperdson, there exist recursive models. It states that in these theories, the
standard model is the only one in which the operations of addition and multiplication are recursive.
This can be seen as a kind of “incompleteness result”, which states that we can not build a non
standard model of Peano arithmetic.

Definition 38. The “standard system” SSy(M) of a non-standard modelM is the set of subsets
A ⊆ N such that n ∈ A iffM |= φ(a, n), for some φ(x, y) and some a ∈M.

Remember that in PA is Σ0
1-definable the primitive recursive predicate “p is the xth-prime”.

Note that N and M agree on the standard prime numbers, in the sense that pn, for n ∈ N is
the nth-prime in both models. It is not hard to show that the “standard system” can actually be
equivalently defined also as the set of subsets S ⊆ N such that: S = {n ∈ N|M |= pn|a} for some
a of the model.

Theorem 80. (Tennenbaum 1959) Let M = 〈M,⊕,⊗, S, 0〉 a non standard countable model of
PA non isomorphic to the standard model. ThenM is not recursive.

Proof. We show first that SSy(M) contains a non recursive set. Let indeed A,B ⊆ N disjoint
recursively enumerable and recursively inseparable. Being computably enumerable they will be
definable in N respectively by Σ0

1 formulas ∃yα(x, y) and ∃yβ(x, y); but these are preserved in the
extensions of N. In particular, since A and B have empty intersection, we will have for each k :

N |= ∀x < k∀y < k∀z < k¬(α(x, y) ∧ β(x, z))

But by “overspill” this holds also in M with some a ∈M rN.
If now we define C = {n ∈ N|M |= ∃y < aα(n, y)}, then we note that A ⊆ C and C ∩B = ∅.

Hence, being A,B ⊆ N recursively inseparable, C ∈ SSy(M) but it cannot be recursive. QED
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Given C ∈ SSy(M), that we assume not recursive, it can be coded inM in this way: n ∈ C if
and only ifM |= ∃y(c = y ⊗ pn), for some c ∈M , where pn is the n-th prime number. We show
that ⊕ is not recursive. It is crucial that, being b and pn standard, we can express (y ⊗ pn)⊕ b as
y ⊕ y ⊕ ...⊕ y ⊕ 1⊕ ...⊕ 1. Let us consider therefore the disjunction of the following formulas:

(c =

pn−times︷ ︸︸ ︷
y ⊕ ...⊕ y), (c =

pn−times︷ ︸︸ ︷
y ⊕ ...⊕ y⊕1), ..., (c =

pn−times︷ ︸︸ ︷
y ⊕ ...⊕ y⊕

pn−1−times︷ ︸︸ ︷
1⊕ ...⊕ 1 )

Since it is a model of PA, the non standard modelM will verify the “Euclidean division”:

∀x∀z(z 6= 0→ ∃y∃b(x = yz + b ∧ 0 ≤ b < y))

Fix z = pn and x = c. Hence in the model there are (unique) y and 0 ≤ b < pn such that
c = (y ⊗ pn)⊕ b.

Since pn is standard, the theory proves:

∀x(x < pn ↔
∨
k<pn

x = k)

so that we have these alternatives:

1. If b = 0, then c = (a⊗ pMn ), hence the disjunction is true, since the first disjunct is true, and
thereforeM |= ∃y(c = y ⊗ pn), from which n ∈ C.

2. If b = 1 ⊕ 1 ⊕ ... ⊕ 1, for some number of summands less than pn. Then n 6∈ C, because is
true one of the other disjucts and thereforeM 6|= ∃y(c = y ⊗ pn).

But then, if ⊕ is recursive, inM is decidable if either n ∈ C or n 6∈ C. Given n, compute pn and
search for the unique y ∈M such that:

(

pn−times︷ ︸︸ ︷
y ⊕ ...⊕ y)⊕

b−times︷ ︸︸ ︷
1⊕ 1⊕ ...⊕ 1 = c

Indeed, our search is guaranteed to terminate, being b and y uniquely determined by n and
c . Hence, at the end, if b = 0, then we know that n ∈ C, otherwise, we know that n 6∈ C.
Contradiction, because C was not recursive. The case of ⊗ is treated in a similar way.

A more refined version of Tennenbaum’s theorem can be expressed in this form (see Smorynski
(1984)).

Theorem 81. In a nonstandard model M = 〈N,⊗,⊕, S, 0〉, every set X in the standard system
is recursive in each ⊗ and ⊕.

Proof. Recall that n ∈ X iff M |= φ(n, b), for some b ∈ M and formula φ, iff for some b ∈ M,
M |= pn|b, iff ∃c(pMn ⊗ c = b) iff ∃c(c ⊕ ... ⊕ c = b) (pn-times). If we call the (by hypothesis,
recursive) relation expressed in parentheses “A”, then this means that X is ΣA1 definable, in the
relativized arithmetical hierarchy, and therefore X is r.e. in A (by the relativised version of a
well-known result). Since the complement of X correspond to ¬φ the same argument leads to
the conclusion that also the complement of X is r.e. in A and therefore X is recursive in A.
Analogously, for multiplication, if c, b are as above, take d = 2c and e = 2b; hence d⊗ ...⊗ d = e,
because 2c ⊗ ... ⊗ 2c = 2c⊕...⊕c and the same argument apply, so that X is also recursive in ⊗.
Tennenbaum’s theorem follows: if these operations ⊗ and ⊕ were computable, also all elements of
SS(M) would be computable, because if A is computable and X ≤T A, then X is computable
too; but we have shown that this is false, because there exist non computable sets in the standard
system. QED
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4.7. Tennenbaum’s and Gödel’s theorems

We would now investigate the relationship between Tennenbaum’s and Gödel’s theorems,
showing how to use Tennenbaum’s result to obtain the incompleteness theorem. A proof of the
completeness theorem for countable vocabularies can be based on König’s lemma (“every finitely
branching infinite tree has an infinite branch”). Refinements of König’s lemma are possible, e.g.
the so-called “Kreisel basis theorem”, according to which every infinite computable binary tree has
an infinite path recursive in ∅′, i.e.. computable from the halting problem, or, equivalently, by
Post’s theorem, a ∆2 path.

These refinements yield refinements to the first-order Completeness Theorem, leading to the
conclusion that that there exists a modelM of PA where ⊗,⊕ are ∆2-definable. More precisely,
let SM be the set of pairs 〈pφq, n〉 ∈ N× N such thatM |= φ(n). Say thatM is a ∆2 model if
SM is ∆2 definable in the standard model. In other words, a ∆2 model, is a modelM with domain
N such that the set of formulas (with parameters) which are true in the model is ∆2-definable.
Then the Arithmetized Completeness Theorem says that each consistent recursively axiomatizable
theory has a ∆2 modelM (see Berarducci and Mamino (2023), Kaye (1991), Kennedy (2022)
pp. 153-188, Kossak and Schmerl (2006), p. 163 for further details on all the points mentioned).

Hence, by the generalized Tennenbaum theorem above and Post theorem, every set in SS(M)
is ∆2-definable too: indeed, by Post’s theorem, A ∈ ∆2 iff A ≤T ∅′ and therefore, by transitivity
of the reduction, if B ≤T A, then also B ∈ ∆2. Now suppose by contradiction that the model of
the arithmetized completeness theoremM is an elementary extension of the standard model (in
symbols N �M): this means that for every formula φ(x) and every element b ∈ N, this b satisfies
the formula in N iff it satisfies the formula inM. Then all arithmetically definable sets, i.e. all
Σn sets for every n are in SS(M) and at the same time are computable from the ⊗,⊕ of this
model. Therefore these operations cannot be ∆2-definable or arithmetical at all (contradiction).
Hence N 6� M and therefore there is some sentence ψ true in N but false inM from which follows
PA 6` ψ.
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5. Second incompleteness theorem: research developments and conse-
quences

5.1. Intensionality of the consistency statements

In Gödel’s 1931 article there is only the sketch of what is been called “second theorem”, with
the comment that it is a formalization of the first theorem, accompanied by the announcement of
the imminent publication of a second part of the article, which is never happened. The first real
proof of the “ second theorem ” appeared in Hilbert and Bernays (1934), vol. II, and it is in this
context that emerges the decisive importance of the way in which the sentence that affirms the
consistency of a certain theory is formalized. Hilbert and Bernays pointed out some conditions
that the predicate numbering theorems must satisfy, called “derivability conditions”, that were
further developed by Löb. These conditions are sufficient for obtaining the second incompleteness
theorem.

Gödel’s second theorem, states that given a consistent extension T of Robinson’s Q that meet
certain conditions, there a un sentence (that we denote Con(T )) who claim to represent in a
natural way the consistency of the theory, and which behaves as the undecidable sentence of the
first theorem; i.e. we can produce, under the same conditions, a sentence undecidable which is
the arithmetization of the metatheoretical sentence expressing in the language of the theory, the
consistency of the theory itself:

1. If T is consistent, then T �� Con(T)

2. If T is ω−consistent, then T �� ¬Con(T)

Actually, the second theorem implies that no theory for the formal arithmetic that incorporates
the “ finitary mathematics” is able to demonstrate the consistency of transfinite mathematics with
the only means of finitary mathematics and this, as Von Neumann first observed, undermines
Hilbert’s programme. However, in view of the second theorem, the meaning of the provability
predicate deserves a deep reflection. As we have seen, Rosser used a particular predicate. The
statement of consistency ConR(T) that results does not fulfil the second Gödel’s theorem. If
we mistakenly thought we could use PrR(x), instead of the standard proof predicate, we would
be faced with the following result, from which “Rosser consistency” ¬PrR(�1 = 0�) follows by
considering that Q � ¬(1 = 0).

Lemma 30. If Q � ¬φ, then Q � ¬PrR(�φ�).

Proof. Suppose that ¬φ is provable; we claim that ¬PrRT (�φ�), namely:

∀x(¬PrfQ(x, �φ�) ∨ ∃y < xPrfQ(y, �¬φ�))

is provable too.
Hence work in Q and recall that the theory proves x ≤ n ∨ x > n. Now, if ¬φ is provable, then

a number n exists that codes a proof of it and therefore by binumerability � PrfQ(n, �¬φ�). This
n cannot be a code of a proof of φ too. For any x we have two possibilities:
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1. If n < x, then the second disjunct of the above disjunction is true.

2. n ≥ x then, since x = 0 ∨ ... ∨ x = n, if any of these numbers codes a proof of φ we have a
contradiction, again consistency. Hence x ≤ n→ ¬PrfQ(x, pφq), i.e. the first disjunct holds.

We conclude that the above disjunction holds for all x. QED

On the other hand, if we maintain the usual proof-predicate, we must pay attention on the
definition of proper axioms. The American logician Solomon Feferman was highly insistent on this
point:

At a given theory T we associate a class of formulas τ(x) that number the set of
proper axioms of T[...] Then we can associate with each of these formulas, in a uniform
way, a formula Prfτ (x, y) and therefore the sentence Conτ . When the formula τ(x)
is recognized to be a correct expression of the fact that x codes an axiom of T, then
the sentence associated with it Conτ will be recognized as correct expression of the
proposition that T is consistent (Feferman (1960), p. 38).

The problem of how arithmetize the predicate “x is an axiom of T” does not have a single
answer: different formulas defining the proper axioms correspond to different notions of provability.
Some of these actually result in provability predicates of Prfτ for which it is provable that
¬∃yPrfτ (y, p1 = 0q), against Gödel’s result. According to Feferman, although extensionally such τ
correspond to the set of axioms, actually they do not express properly belonging to them. In order
to be not only correct extensionally, but also intensionally (from the Latin word intentio , which
descends from medieval logic), i.e. conceptually appropriate, it is necessary that the correspondig
provability predicates meet also other conditions, typically, those due to Löb. Following Feferman,
many logicians actually favour an intensional approach to arithmetisation in general, which is not
satisfied with the mere representability of functions and relations, but demands that the theory
be able to prove general properties of them. On a similar approach is based, for example, Buss
(1986), where an intensional arithmetisation of metamathematics is developed, already in the
weak theory S1

2.

Theorem 82. (Feferman (1962)) There is a binumeration τ of the PA’s axioms such that PA `
Conτ .

Proof. Since PA is recursively axiomatizable, it will have a Σ1 binumeration σ and a Π1 binumera-
tion π. Let now τ(x) the conjunction of the following:

1. σ(x) ∧ ∀y ≤ x(σ(y)↔ π(y))

2. ¬∃zPrfπ�x(z, p1 = 0q)

where π � x(y)↔ π(y)∧y ≤ x. Recalling now that PA is reflexive, i.e. demonstrate the consistency
of all its finite subtheories, we establish the equivalence between τ(k), σ(k) and π(k), for all k.
(Exercise).

Reasoning inside PA, it can be proved that:

1. if Conπ holds, since τ(x)→ π(x), we also have Conτ .

2. if ¬Conπ holds, take the minimum z such that ∃yPrfπ�z+1(y, p1 = 0q). But then Conπ�z
and τ(x) → π � z(x): suppose ¬π � z(x). This means that π(x) → (x > z) and by the
definition of z, ∃yPrfπ�x(y, p1 = 0q), namely ¬τ(x). But from τ(x) → π � z(x) follows that
Conπ�z → Conτ .

In both cases Conτ . Notice that, unlike the standard case, the formula Conτ is provably Π2

in PA, the formula τ is provably ∆2 in PA (see Hájek and Pudlák (1993), ch.III for further
details). QED
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A deep investigation of Feferman’s interesting, though strange proof predicate and its relations
with Gödel’s standard one was made in Montagna (1978), Montagna (1987) and Visser (1989).
But why should we favor a formalization of the intuitive notion of consistency to another? Thinking
in more general terms, in the first theorem we required only a certain formula P (x) that numerate
the theorems of a ω−consistent extension of T of Robinson arithmetic: to it, we asked just of
being extensionally correct, i.e. it was required the following:

T ` P (n) iff n codes a theorem of T.

This is not sufficient for deriving the second theorem: there are numerations extensionally correct,
but that give rise to predicates of consistency derivable in T. In second Gödel’s theorem it is
required something more: if P (x) is an enumeration of T’s theorems, then sufficient condition to
the sentence ConP and its negation are both unprovable, is that are fulfilled certain conditions of
provability, introduced by Hilbert and Bernays in 1939 later simplified in this propositional form
by Löb in 1955 and Jeroslow (1973). Such conditions are indeed so natural that one may wonder
if it really would be a provability predicate, that predicate that does not satisfy it. However, there
is no general consensus on this fact.

Definition 39. Let P ∈ Σ1 a definition of theorems of T. Löb’s conditions are the following:

1. If T ` φ, then T ` P (pφq).

2. T ` P (pφq) ∧ P (pφ→ ψq)→ P (pψq).

3. T ` P (pφq)→ P (pP (pφq)q).

The standard proof predicate PrT(x) = ∃yPrfT(y, x) satisfies these conditions in sufficently
strong theories. But Robinson’s arithmetic is not strong enough for this purpose. It proves just the
first condition. Concerning the third condition, this is an application of the so-called Σ1 formalized
completeness. This means that if T is a sufficiently strong theory, it proves φ → PrT(pφq),
for φ ∈ Σ1, noting that PrT (y) ∈ Σ1. Once more, Robinson’s arithmetic is not strong enough
to prove it. The third condition is actually the most problematic and difficult to justify (see
Detlefsen (2001) for an in-depth discussion around this condition). In fact the proof can be
performed in the fragment of Peano arithmetic denoted I∆0 + exp, i.e. with induction restricted
to ∆0−formulas, together with an axiom that states the totality of the function 2x. Falling below
these levels, for example in the important theory of Bounded Arithmetic named I∆0 + Ω1 (see 3)
some problems may arise. In Berarducci and Verbrugge (1991) it is shown that if this theory
proves the Σ1-completeness, then it would also be valid the equation NP = co− NP. More exactly,
if NP 6= co− NP, then there exist φ and ψ such that the Σ1-completeness of Σ1-formula:

∃x(PrfI∆0+Ω1(x, pφq) ∧ ∀z ≤ x¬PrfI∆0+Ω1(z, pψq))

is not provable in I∆0 + Ω1. However, we can carefully obtain versions of the Σ1-completeness
restricted to specific subclasses, but sufficient for deducing the derivability conditions already in
Buss’s S1

2. As regards the second condition, it is in practice to demonstrate that, for all a, b, if a
codes a proof of φ, if b codes a proof of φ→ ψ, then a ∗ b ∗ pψq codes a proof of ψ, and therefore
it is needed the amount of induction required (induction on Σ1-formulas is sufficient). Rosser’s
predicate does not meet at least one of them and Feferman’s predicate of theorem on p.122 does
not satisfy 3. because it is not Σ1.

The idea behind the derivability conditions was that all formulas correctly expressing prov-
ability would have to satisfy them, although, this generally accepted idea has also found proud
opponents (see primarily the works Detlefsen (1986) and Detlefsen (1979)). Regarding the second
incompleteness theorem for Q, we wonder which relation exists, in Q, between the arithmetic
sentence Con(Q) and the metamathematical statement “Q is consistent”. Pivotal to this debate,
albeit of controversial interpretation, was a version of the second incompleteness theorem for
Q in Bezboruah and Shepherdson (1976) using different methods, where nevertheless the two
logicians, amazingly, sharing Kreisel’s point of view, do not attach importance to this result.
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Indeed, according to Georg Kreisel, which had shown similar results well in advance, Con(Q)
should not be considered, in Robinson arithmetic, as expressing its formalized consistency, but a
mere algebraic property, that only in stronger systems can be said to constitute a formalization of
consistency of Q. Nowadays many people think that Q can actually prove the unprovability of
it’s own consistency, on the basis of an argument due to Pudlák (1996), which starts from the
consideration that the weak theory I∆0 + Ω1 is interpretabile in Q (see on p.192). The argument
is the following. A formula J(x) is called a cut of a theory T, if this theory proves:

1. J(0)

2. J(x)→ J(x+ 1)

3. J(x) ∧ y ≤ x→ J(y)

Let therefore ConJT = ¬∃x(J(x) ∧ PrfT (x, p1 = 0q). Pudlàk showed that for every consistent
extension T of Q and every cut J(x), T 6` ConJT. Actually it is possible to build cuts J(x) with
further properties, in particular, in such a way that satisfy the axioms of I∆0 + Ω1 relativized
to J(x). Take T = Q. Hence it is consistent to assume that a proof of a contradiction from Q is
encoded in a model of I∆0 + Ω1, a theory in which the meaning of ConQ is not ambiguous.

But let us now see the usual argument based on the derivability conditions.

Lemma 31. Let T be a consistent extension of Robinson arithmetic and let ConP the formula
¬P (p0 = 1q), where P satisfies Löb’s conditions; then T ` ConP ↔ ¬P (pφq) ∨ ¬P (p¬φq), for
any φ.

Proof. ⇐ Recall that ¬(0 = 1) is an axiom; from the first derivability condition in T we get
P (p¬(0 = 1)q), from which, by propositional tautology

A→ (B → (A ∧B)

we obtain ¬ConP → (P (p¬(0 = 1)q) ∧ P (p0 = 1q). From the first condition and tautology
A→ (¬A→ B) we get P (p(0 = 1)→ (¬(0 = 1)→ φ)q) and by the second derivability condition
and tautology (A→ (B → C))↔ ((A∧B)→ C) lastly P (p(0 = 1q)∧P (p¬(0 = 1)q)→ P (pφq))).
By modus ponens we obtain ¬ConP → P (pφq); we can repeat the argument and in specular way to
obtain ¬ConP → P (p¬φq). Now ⇒. In T, from a propositional tautology and the first condition
we get P (pφ→ (¬φ→ (0 = 1))q) and still for simple propositional transformations, using the
second condition, we finally obtain P (p¬φq)∧P (pφq)→ ¬ConP . Take the contronominal. QED

Theorem 83. (The second incompleteness theorem) Let T a consistent extension of Robinson
arithmetic and P (x) a Σ1−definition of its theorems, satisfying the derivability conditions. Hence
T 6` ConP ; if moreover T is also ω−consistent (or Σ1 − sound), then T 6` ¬ConP .

Proof. Let ν be a fixed point of ¬P (x) in T, namely T ` ν ↔ ¬P (pνq). By the previous lemma
¬P (p¬νq) ∨ ¬P (pνq) → ConP and therefore consider the meaning of ν, lastly ν → ConP . On
the other hand T we also have ¬ν → P (pνq). By the third condition P (pνq)→ P (pP (pνq)q) and
by the meaning of ν, from this we get P (pνq)→ P (p¬νq) (where we have replaced ¬ν in place
of P (pνq) in the consequent); hence we have ¬ν → P (p¬νq) ∧ P (pνq) and in a few logical steps,
using the previous lemma, finally, we get also ¬ν → ¬ConP . QED

What about sentences asserting their own provability? This queston is known as the Henkin’s
question.

Theorem 84. (Löb 1955) Let φ be a sentence and PrT(x) the standard proof predicate for T .
Then T ` PrT(pφq)→ φ iff T ` φ.
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Proof. ⇐ clear. ⇒ Let us suppose that T 6` φ. Hence T +¬φ is consistent and therefore T +¬φ 6`
ConT+¬φ, namely T 6` ¬φ→ ¬PrT(p¬φ→ (1 = 0)q) and therefore T 6` ¬φ→ ¬PrT(pφq). QED

We get a soluyion to Henkin’s question as a corollary.

Corollary 19. T ` PrT(pφq)↔ φ iff T ` φ.

This result (sometimes seen as a generalization of Gödel’s result, taking 1 = 0 for φ) focuses
our attention on so called reflection shemas.

Hilbert’s program of elimination of abstract entities. Principles like the above “PrT(pφq)→ φ”,
represent a formalization of soundness called reflection principles; the main schematic representa-
tions of them are the following:

1. (Local Reflection RfnT) PrT(pφq)→ φ

2. (Uniform Reflection RFNT) ∀x(PrT(pφ(ẋ)q)→ φ(x))

(where pφ(ẋ0, ..., ẋn)q is the function that associates to a given sequence of numbers m0, ...,mn,
the number pφ(m0, ...,mn)q). The second principle is stronger than the first. Actually T +RFNT

proves Con(T +RfnT).
If we consider partial scheme RFNT,Π1 , RfnT,Π1 , i.e. restricted, in particular, to Π1 -formulas,

and if ConT formalize consistency of T, then we have that the principles ConT, RFNT,Π1 and
RfnT,Π1 are equivalent. This allows us to better clarify the link between the Hilbert program of
consistency and that of Π1−conservativity, i.e. the statement that is exposed by Hilbert in the
1926 essay on infinity, in these terms:

the extension by the addition of ideal elements is legitimate, if no contradiction is
determined in the old, restricted domain, namely if relations that result for old objects,
when ideal objects are eliminated are valid in the old domain.

Since we tied the finitary mathematics to Skolem arithmetic, suppose here to fix ideas, that T
is an extension of PRA. Hence consider the formula ψ(x) ∈ Π1: since ¬ψ(x) will be then Σ1, if
the theory T is sufficiently strong (as it is PRA) to show the Σ1− formalized completeness, then it
will show ¬ψ(x)→ PrT(p¬ψ(ẋ)q), and therefore ¬PrT(p¬ψ(ẋ)q)→ ψ(x).

But PRA + ConT proves PrT(pψ(ẋ)q)→ ¬PrT(p¬ψ(ẋ)q) - see the preparatory lemma to the
proof of the second Gödel ’s theorem - and therefore, lastly, PrT(pψ(ẋ)q)→ ψ(x), as claimed. On
the other hand, if we use the principle of reflection for Π1-formulas, this will apply in particular to
the formula 1 = 0; however it is an axiom that ¬(1 = 0), from which ¬PrT(p(1 = 0)q), namely
ConT.

Thus we have shown in Skolem’s theory PRA the equivalence between RFNΠ1 and ConT. But
from this follows that if a formula ψ(x) of the language of Skolem arithmetic, of complexity Π1

is provable in T, then it is also in PRA + ConT: indeed, for a theory strong enough as Skolem
arithmetic, the first provability condition can be better refined in this sense: “if T ` ψ(x), then
PRA ` PrT(pψ(ẋ)q)”, from which PRA + RFNΠ1

` ψ(x) and for the equivalences have just
demonstrated, PRA + ConT ` ψ(x).

Suppose, then, that T embodies the infinitary mathematics in sense of Hilbert, and PRA,
as in Tait thesis, incorporates finitary mathematics. Remember that, according to Hilbert, the
“concrete” sentences have the form ∀x(f(x) = 0), with f(x) primitive recursive, and are therefore
Π1− sentences of language PRA. If as expected by Hilbert (and refuted by the second theorem
of incompleteness) the consistency of T was demonstrated in PRA, then, as now established, we
would have that if ψ(x) be provable in T, the would already in PRA: in the proof of “concrete
sentences”, the “ideal entities” (to quote Hilbert) could be eliminated.

This allows us to make another point. For a time it is approached primarily to second Gödel
theorem as a refutation of Hilbert’s program. Subsequently, between the ’70s and late’ 80s, by
logicians like Kreisel, Prawitz, Simpson, or Smorynski,the focus is shifted more on the first theorem.
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For example Smorynski drew from the connection that we have now illustrated between the
program of consistency and the conservativity program, the conclusion that already from the
first theorem we can derive a refutation of Hilbert program on consistency, in this sense: the
sentence which gives us the first incompleteness theorem, has precisely the form of a Π1− sentence
“ concrete ” ∀xR(x) which is undecidable (and notice that its particular instances R(0), R(1),
R(2)... are provable).

If T is the transfinite system containing ideal elements, it shows all true sentences of finitary
mathematics; but the program of conservativity precisely requires all Π1− sentences “concrete”
provable in T are then demonstrable already in PRA; but the first theorem of incompleteness,
rather, shows a true Π1− sentence of language PRA (and therefore provable in T), but unprovable
in PRA itself. The program of conservativity is therefore impossible: hence, for what we said
above, it is also that of consistency.

5.2. Beating incompleteness: Turing’s progressions

The second Gödel’s theorem gives a way to extend a theory to a stronger theory and allows to
see the phenomenon of inexaustibility of mathematics from a particular point o view (see Franzen
(2003)): the consistency statement Con(T) is indipendent from the consistent theory T, although
true; hence, if T is a sound theory (i.e. does noot prove false things), also the theory T′ obtained
from T adding the sentence Con(T) as a new axiom will be sound; moreover it will be stronger
than T (for instance it will show that Con(T)). But also T′ will be incomplete and therefore
Con(T′) will be indipendent from it, but we can define a stronger theory T′′ that decides Con(T′),
by adding to T′ the true sentence Con(T′) and so on.

This leads to the idea of an effective association of formal systems Sα with ordinals α, but that
can be done only for countable ordinals and to deal with limits in an effective way, it turns out
that we must work not with ordinals per se, but with recursive ordinals, or notations for ordinals.
In his PhD thesis. 1937 in Princeton, Alan Turing formalized this intuition, by introducing the
notion of ordinal logic and a suggestive idea to “overcome incompleteness” iterating a transfinite
number of times the operation of adding an undecidable sentence to a theory, of the kind of
reflection statements or consistency statements, hoping to get to a certain point a complete theory,
with respect to a significant class of sentences. This began a series of studies around transfinite
recursive hierarchies axiomatic theories. As Turing (1939) says:

The well-known theorem of Gödel (1931) shows that every system of logic is in
a certain sense incomplete, but at the same time it indicates means whereby, from
a system L of logic, a more complete system L’ may be obtained. By repeating the
process we get a sequence L1 = L′, L2 = L

′

1... each theory more complete than the
preceding... A logic Lω may be constructed in which the provable theorems are the
totality of theorems provables with the help of logics L,L

′
, L
′′
....

Recall Feferman’s approach to the proof-predicate which we discussed earlier. He consider
primarily the arithmetization of axiom-hood: in the proof-predicate Prfτ he clearly distinguishes a
proof-predicate Prf for the first order logic, which is fixed, from the definition τ(x) of the specific
mathematical axioms, which may change. A major case is when τ(x) ∈ Σ0

1, and binumerates the
axioms, and therefore the whole expression ∃yPrfτ (y, x) becomes in turn Σ0

1. The derivability
conditions are satisfied.

We now need to recall some set theory concepts. Recall that from a set theoretic point of view
an ordinal is just a transitive set (i.e. an y such that if x ∈ y, then x ⊆ y) well (and therefore
linearly) strictly ordered by the appartenence ∈, i.e. every non-empty subset of it contains a
∈-least element. This notion generalises the definition of natural numbers à la Von Neumann
0 = ∅, n+ 1 = n ∪ {n} = {0, 1, 2, ..., n} by admitting limit ordinals as for example ω = {0, 1, 2, ...},
and so on. Let us recall some basic properties (see e.g. Jech (1978)):

1. Every member of an ordinal is an ordinal, however the class of all ordinals is not a set, but a
proper class: since ∈ well-orders this class, otherwise it would be in turn an ordinal.
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2. For every ordinal α, also α∪{α} is an ordinal, and this is the successor of it, i.e., α < α∪{α}
and there is no β such that α < β < α ∪ {α}. An ordinal is a successor, if it has this form:
otherwise, either is 0, or it is a limit.

3. If α is 0 or a limit ordinal then sup α = α =
⋃
α.

4. If α is a successor ordinal then sup α is the predecessor of α.

5. If α is a limit ordinal and γ < α, then there is an ordinal δ such that γ < δ < α, and in
particular γ < γ ∪ {γ} < α. Say that α is a finite ordinal, or a natural number, if α = 0, or α
is a successor and every ordinal β < α, in turn is 0 or a successor.

6. Every well ordered set is isomorphic to a unique ordinal and the isomorphism too is unique.

A countable ordinal is an ordinal whose set of predecessors can be matched up with natural
numbers. For instance, all these are countable:

ω, ω + n, ω + ω, ω × n, ω × ω, ωω... ε0 = ωω
ωω

...}
ω − times

These have all the same cardinality and are essentially different ordering of natural numbers.
Uncountable ordinals exist. The first is denoted by ω1. Recall that each well ordering is isomorphic
to a unique ordinal. A computable ordinal is an ordinal isomorphic to a computable well ordering,
i.e. if there is a computable relation on a subset of the integers that is well-ordered and isomorphic
to it. The first non-computable ordinal is denoted by ωCK1 . It holds that ωCK1 < ω1 There are
uncountably many countable ordinals, so, if we want “give a name” to each one (i.e. code by
numbers), we cannot invent disinct names. We shall see a method, due to Kleene, to assign
names to so-called constructive ordinals. Spector has proved that the computable ordinals are just
Kleene’s constructive ordinals.

Given an effective description of formal systems S0,S1,S2.... in the same language, starting
e.g. from S0 = PA, we can form the union Sω =

⋃
i Si i.e. the formal system made of the set the

axioms of all Si, but if each Si+1 results by the interaction of one and the same operation, for
example Si+1 = Si + Con(Si), we can continue in the transfinite, defining Sω+1 = Sω + Con(Sω)
and so on. To the limit steps λ we take the union Sλ =

⋃
β<λ Sβ . If Si is sound (i.e. correct), then

(being Con(Si) a true sentence, although independente from Si) also Si+1 will be sound. From
here the idea to associate in an effective way to a countable ordinal α, a formal system Sα, in the
framework of an inductive construction of the kind which we have referred.

There are several ways to make rigorous this topic: it is necessary first to give a Σ1-formula
defining arithmetically the axioms of the theories that constitute the sequence, so as to be able
to express, for example, that a certain theory is consistent (however, in relation to what we said
about consistency predicates, it should be emphasized the character in some respects intensional
of this construction, which depends significantly on how the axioms of a theory Si are defined) and
the problematic case concerns the limit steps. For instance, if τ0(x) is a definition of axioms of PA,
then we can define S0 = PA and the axioms of Si+1 will be defined by the formula τi+1 satisfying
τi+1(x)↔ τi(x) ∨ x = pConτiq.

The first problem now concerns the definition of the axioms of Sω. For this purpose we can
introduce a notation for countable ordinals, i.e. their coding by integers that allows us to describe
them arithmetically. The idea is then to think a limit ordinal as a sequence of ordinals converging
to it, enumerated from a function φe(x), so that for the definition of the axioms of a theory idexed
with a limit ordinal, is intuitively fulfilled this condition “τlim(e)(y) iff there is an n such that
τφe(n)(y)”. With Ordinal Logic we mean a sequence of theories Sa0 ,Sa1 ,Sa2 .... where each ai is the
name of an ordinal, i.e. a number in Kleene’s O we are going to define.

It should be noted, however, that the same limit ordinal can have different notations (think
for example that ω is the limit of all strictly increasing computable infinite sequence of natural
numbers) and is not sure that if two numbers aj e ai denote the same ordinal, then the theories
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Sai ,Saj prove the same theorems: if this is the case, then the logic is invariant. Turing proved,
however, that an ordinal logic can be invariant, or complete for Π1 statements, but not both things
together.

Definition 40. An ordinal is said computable iff it is isomorphic to a recursive well order.

It is well known that there is at least one countable ordinal, but not computable, and the least
of these ordinals is denoted with ωCK1 .

1. In 1936 Church and Kleene introduced a satisfactory characterization for this concept, through
the notion of constructive ordinal and a system O of notations, i.e. of codes for countable
ordinals.

2. the set O of constructive ordinals provably coincide with that of computable ordinals. If we
write ‹ai for the ordinal denoted by ai, then we can assert that ωCK1 is the smallest ordinal
not in the form ã, for some a ∈ O.

A significant part of the theory of ordinal numbers can be formulated as a theory of ordinal
notations.

Notation system. It is a function ν having domain a subset D of the naturals and codomain
X ⊂ On, for which there exists a recursive partial function k(x) such that:

k(x) =


0 if ν(x) = 0

1 if ν(x) = β + 1

2 if ν(x) = λ limit

1. There is a partial recursive function p(x) such that p(x) converges and ν(x) = ν(p(x)) + 1, if
ν(x) = β + 1.

2. there is a function q(x) such that φq(x) is total and the sequence:

ν(φq(x)(0)) < ν(φq(x)(1)) < ν(φq(x)(2)) < ..

has limit ν(x), if ν(x) = λ limit.

In 1936, Church and Kleene had introduced a system of constructive ordinal notations, given by
certain expressions in the lambda-calculus. A variant of this uses numerical codes, and associates
with each number a countable ordinal.

Kleene’s system O. The intuitive idea is to code 0, 1, 2, 3... with the powers 1, 2, 22, 222

... and
if α is a limit ordinal, then its notations are all numbers 3 · 5e such that φe is a total function such
that φe(n) is a number in O that denotes αn and α0, α1, α2... is an increasing sequence converging
to α.

Kleene’s system O. For the sake of simplicity let us write b̃ in place of ν(b).

1. 0 receives notation 1.

2. Suppose we have assigned a notation to all ordinals less than α and having defined <o on it:

(a) if α = β + 1 and b̃ = β, then ‹2b = α and add the pairs 〈z, 2b〉 to the relation <o, for all
z ≤o b.

(b) If α is a limit ordinal, it can be understood as a sequence of ordinals converging to
it. Suppose that this sequence is enumerated by a total function φe with values in O,
such that for all n, φe(n) <o φe(n+ 1), where φe(n) = an and the increasing sequence‹a0, ‹a1, ‹a2, ... has limit α; then fl3 · 5e = α; add moreover each pair 〈z, 3 · 5e〉 such that
z <o φe(n) for some n, to the relation <o.
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(c) k(1) = 0, k(2x) = 1, k(3 · 5y) = 2, p(2x) = x, q(3 · 5y) = y.

Note that the natural numbers receive a fixed notation, but not limit ordinals. If the sequence
φe(0), φe(1), φe(2), ... denotes effective enumeration of ordinals converging to α, then there are
infinite choices for e, both because each function has infinitely many index and because there
are infinitely many increasing sequences of ordinals converging to α. In summary, the system
begins with 1, 2, 22, 222

, 2222

...., as notations for 0, 1, 2, 3, .... To the limit ordinal α we assign a
notation 3 · 5e, where φe(x) is total recursive such that if φe(n) = bn, then b0 <o b1 <o b2 <o ...
and α = limnαm, where bn denotes αn.

Hence, for instance, ω is denoted by 3 · 5e, for infinite e. The order <o is therefore a tree, that
in correspondence with a node labeled by a limit ordinal, branches in infinite branches.

1 <o 2 <o 22 <o 222

<o ...



3 · 5e0 <o 23·5e0 <o 223·5e0
<o ...

3 · 5e1 <o 23·5e1 <o 223·5e1
<o ...

... ...
3 · 5en <o 23·5en <o 223·5en

<o ...
... ...

The following facts are well known (see Sacks (2017), ch.1):

1. There exist a recursive function +o such that for all x, y ∈ O:

(a) x+o y ∈ O

(b) ‡x+o y = x̃+ ỹ

(c) y 6= 1→ x <o x+o y

2. For every other notation system S exists φ : S −→ O partial recursive, such that:

3. if x ∈ S, then νS(x) ≤fiφ(x).

4. ωCK1 =
⋃
a∈O ã=set of recursive ordinals.

5. (Kleene) O is Π1
1−complete, i.e. is Π1

1−definable and if Y ∈ Π1
1, then Y ≤m O.

The version of the second incompleteness theorem presented by Feferman (1960) has this
general form.

Theorem 85. Let T be a consistent extension of PA, and let τ(x) be a Σ1-formula which numerates
the axioms of T, and Cons(T) be a consistency statement constructed from τ(x) and Prfτ (x, y).
Then Cons(T) is not provable in T.

Hence we start with a Σ1 numeration of the axioms of such a theory T. Given a numeration
τ(x), we naturally construct the formula Prfτ (y, x) that expresses the predicate is the Gödel
number of the proof, in T, of the formula with the number x” and the formula of provability in
T, ∃yPrfτ (y, x). Following Beklemishev (1992) we can now make more precise what we have
said in the introduction, through this definition. First of all we introduce a provability predicate
with a parameter n for the “level” Prfτ (n, y, x), which is the provability predicate for the theory
axiomatized by τ(n, x) defined below (hence Conτ (n) will be ¬∃yPrfτ (n, y, p1 = 0q)). Moreover,
recall that “φe(x) ' y” can be formalized by a Σ1 formula σ(e, x, y).

Definition 41. A Σ1 formula τ(n, x) is a verifiable enumeration for τ(x) if PA proves the
following:
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1. a = 1 ∨ (∀u(a 6= 2u) ∧ ∀u(a 6= 3 · 5u))→ (τ(a, x)↔ τ(x))

2. a ≥ 1→ (τ(2a, x)↔ τ(a, x) ∨ pConτ (ȧ)q)

3. τ(3 · 5a, x)↔ τ(x) ∨ ∃u∃w(σ(e, u, w) ∧ τ(w, x))

Theorem 86. For all Σ1 binumeration τ(x), there exists a Σ1 formula τ(z, x) provably equivalent
to the disjunction of the following:

1. (z = 1 ∨ ∀u ≤ z(z 6= 2u ∧ z 6= s · 5u)) ∧ τ(x)

2. ∃u ≤ z(u 6= 0 ∧ z = 2u ∧ (τ(u, x) ∨ x = pConτ (u̇))q

3. ∃u ≤ z(z = 3 · 5u ∧ (τ(x) ∨ ∃v∃w(σ(u, v, w) ∧ (w 6= z ∧ τ(w, x)) ∨ (w = z ∧ x = v)

Proof. By using the fixed point theorem and partial truth predicates (recall that for all e ∈ O and
n, φe(n) 6= 3 · 5e). QED

We have the following:

1. If a ∈ O, the formula τ(a, x) gives the axioms of the theory Sa in the progression.

2. S1 = PA.

3. S2a = Sa ∪ {Conτ (a)}.

4. If λ denotes a limit ordinal, then Sλ =
⋃
d<Oλ

Sd,

5. Lastly, for all a, b ∈ O, PA proves that if a <O b, then τ(a, x)→ τ(b, x).

The Turing progression with enumeration τ(e, x), is the sequence {Se}e∈O of theories enumer-
ated by the formula τ(e, x).

Theorem 87. (Turing 1937) For all progressions and all true Π0
1−sentence ∀xψ(x), there exist

a notaton a ∈ O such that ã = ω + 1 and ∀xψ(x) is provable in Sa.

Proof. We give an informal sketch of the proof, following Feferman (2006). Turing proceeded as
follows: we denote for simplicity S(a) the code of the successor 2a and with lim(a) the code of
the limit 3 · 5a. Let nO the notation for the natural number n. We begin by defining (using the
recursion theorem) function:

φe(n) =

{
nO if for all k ≤ n, ψ(k) is true
S(lim(e))) if there is k ≤ n such that ψ(k) is false

where ψ(x) is decidable. Note that if by hypothesis ∀xψ(x) is a true Π1 sentence then for
all n, we have φe(n) = nO and therefore the sequence of values φe(0), φe(1), φe(2), is just the
sequence 0O, 1O, 2O, .... and lim(e) is therefore an element of O that denotes ω. Reason inside
SS(lim(e)), checking in this theory that if S(lim(e)) is consistent, then the sentence ∀xψ(x) is true:
indeed, suppose by contradiction that the sentence ∀xψ(x) is false; hence we have that for some
n, the sentence ψ(n) is false. But then the theory S(lim(e)), i.e. the union of the sequence
Sφe(0),Sφe(1), Sφe(2)... will be such that for some n and for all k ≥ n (i.e. from a certain point
onwards) we will have φe(k) = S(lim(e)); hence from a certain point onwards SS(lim(e)) and S(lim(e))
will coincide, and therefore S(lim(e)) will prove its own consistency (being Con(S(lim(e))) contained
in SS(lim(e)));it follows from the second Gödel’s result that S(lim(e)) is inconsistent. But SS(lim(e))

actually proves the consistency of S(lim(e)). Ergo SS(lim(e)) proves ∀xψ(x). Observe that S(lim(e))
denotes ω + 1. QED

Turing, however, was not satisfied with this result, which in his view shifted the problem to
determine whether a Π0

1−sentence is true, to the problem considerably more complex to determine
whether a number belongs to O:
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My completeness theorem [...] is completely useless for the purpose of producing
proofs (Turing (1940)).

Turing also obtained a completeness result for Π1 statements via the transfinite iteration of the
local reflection principle, in place of the consistency statement. Further results were obtained in
Feferman (1962) that strengthen Turing’s theorems, where progressions obtained starting from
PA = S0 were studied, iterating the principle of universal reflection principle (see on p.125). It
was proved, for instance, that for all true arithmetical sentences θ there exists an a ∈ O, denoting
an ordinal less or equal to ωω

ω+1

such that Sa ` θ (where on the contrary Turing’s progression
based on iteration of consistency statements is not complete for true Π2-sentences). Feferman also
proved that Turing’s progression based on iteration of consistency statements is not complete for
true Π2 statements.

However, it was disappointing the fact that although two notations a and b denote the same
ordinal, this does not imply that Sa proves the same sentence that Sb. We say that this ordinal
logic is not invariant and Turing actually showed that an ordinal logic cannot be both complete
for Π1 sentences and invariant (see Feferman (2006)). In Franzen (2003) it is explained that the
reason why a Π1 sentence ψ can only be proved at stage ω+ 1 in a Turing consistency sequence is
that at stage ω of the construction a non-standard definition of the axioms can be introduced in
such a sequence, depending on the definition of φe. In Feferman’s theorem a path (i.e. a subset
P ⊆ O lineraly orderd by <O and such that if b ∈ P and c <O b, then c ∈ P ) of length ωω

ω+1

was
generated, such that

⋃
a∈P Sa is complete for all arithmetical sentences, but that completeness

result essentially depends on the choice of the path and the result does not hold for other paths.
Hence the invariance property still fails. In other words, these result are sensitive to the choice of
notation. As a consequence of this, the crucial problem then became to discover natural conditions
to impose on the choice of ordinal notations used to index theories in a progression. In an attempt
to resolve this issue, in Kreisel (1960) it was required that progressions should satisfy a kind of
“autonomy” requirement and the purpose was to generate the hierarchy of theories via a kind
of boot-strapping process, through so-called autonomous progressions, that are in some sense
self-justifying, being characterised by the fact that we are allowed to advance to the step Sa, only
if we have obtained a proof that a ∈ O in some previously accepted theory Sb where b <O a.

This line of research has had a strong impact in Proof Theory. The notion of autonomy was
used by Kreisel in his proposals to characterize constructive philosophies of mathematics as finitism
and predicativity by suitable autonomous progressions of theories, say {Fa} and {Ra}, respectively.
While Kreisel (1960) established that a least upper bound for ã appearing in the first sequence
is ε0, Feferman (1964) and Schütte (1964, 1965) considered the so-called Veblen hierarchy of
functions φα:

1. φα(β) = ωβ , if α = 0,

2. φα enumerates the set {ξ|φγ(ξ) = ξ, for all γ < α} if α > 0

and came to the conclusion that an ordinal Γ0 which is the least α such that φα(0) = α is
the analogous limiting ordinal in the second progression. The received view, even if not agreed
unanimously (see for instance Weaver (2005), that strongly disagree with this interpretation),
is that this represents the smallest predicatively non-provable ordinal. See Beklemishev (1995),
Franzen (2003), Franzen (2004) for a broader overview and Feferman’s appendix to Takeuti
(1987) to explore these developments further. On Feferman’s predicativism see Crosilla (2017).

5.3. Propositional Provability Logic: classical vs. intuitionistic arithmetic

Provability Logic is a modal logic, in which the boxed formula �φ (“it is necessary that φ”)
is interpreted as “it is provable (in some formal theory) that φ”. Directly related to the second
incompleteness theorem, it was a vast research programme that involved many Italian logicians
and characterised the Sienese school of logic in particular from the 1970s to the 1990s. The
literature too is vast, but here, in keeping with the slant of the book, we would like to draw
attention to a particular chapter: the relations with intuitionist constructive logic. Why consider
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intuitionist theories? In fact, this interest dates back to the origins of studies in this field, and
not only on the part of the Dutch school. Later on, we will explain in more detail that the
first, partial examples of “arithmetical completeness” results come from this area. However,
the generalisation of Solovay’s seminal scientific achievement (see below), moving from classical
mathematical theories to intuitionistic ones, although it has been a constant interest, especially
on the part of the Dutch school (de Jongh, Visser, Iemhoff), has proved fraught with difficulties
and has only made significant progress in very recent years. From the early years of this research
programme, the issue also affected Italian school. What has been made clear is that the provability
logic of HA is not a sublogic of that of PA. Let’s start in this regard with a little history. At
the three seminars of the Siena’s annual meeting named ‘ ‘Incontri di logica matematica” in 1982,
many talks were focused on the topic of constructive logic and mathematics. At the first seminar
Franco Montagna gave a talk on the subject: Solovay’s theorem and Heyting Arithmetic. Solovay’s
theorem is the main result in the field of so-called Provability Logic, and essentially states that
the modal logic GL captures everything Peano arithmetic PA (or other fragments of arithmetic
considered) can truthfully say about their own provability predicate. Heyting arithmetic HA is the
intuitionistic analogous of classical Peano arithmetic (only the logic is different). In the subsequent
years, research on these two topics intertwined. Montagna concluded his talk by posing these
problems:

1. Give an axiomatization of the provability logic of Heyting’s intuitionistic arithmetic.

2. Determine whether this logic is decidable.

The whole problem remained unsolved for a long time (see Visser and Beklemishev (2006)) and
important results have been achieved only recently. Research on provability logic was carried out
mainly between the ’70s and’ 90s in various universities: Prague, Moscow, Amsterdam, Utrecht,
Siena, Oxford, Manchester. In particular, in Siena, in the early 70s, R. Magari and other people
proposed an algebraic approach to the formal provability which led to the concept of diagonalizable
algebra. Sambin and Ursini studied an intuitionistic version. The research in this field continued
after the 90s at other universities, and especially in the Netherlands addressed to the provability
logic of intuitionistic arithmetic. Those who know the modal logic will recognize in the Löb
conditions, discussed in the framework of the second incompleteness theorem, modal axioms and
rules which are reflected in the propositional Provability Logic GL (“Gödel-Löb logic”). This is a
(classical) modal logic in which the box operator � is interpreted as the provability predicate PrT.
GL can be given as an extension of the basic normal modal system K, where the distribution axiom
�(α→ β)→ (�α→ �β) interprets the second derivability condition on p.123, the Necessitation
rule:

` α
` �α

interprets the first of these conditions and Löb’s axiom �(�φ → φ) → �φ (which implies the
third condition) internalizes Löb’s theorem. This theory is incompatible with �φ → φ (note
that �(�⊥ → ⊥) implies the provability of consistency �¬�⊥). It is is (weakly) complete
w.r.t. Kripke finite treelike models (hence is decidable), we are interested also in another kind of
completeness: the arithmetical completeness, proved in Solovay (1976), of which Montagna (1979)
gave a uniform version. Indeed, the most important results in this area are the so-called fixed
point theorem (early results in the 70s as Bernardi (1975) or Sambin (1976)) and the fact that
this logic was shown to be the logic of the formal proof predicate for many classical arithmetical
theories: this is Solovay’s arithmetical completeness theorem (1976). What is the problem with
intuitionistic arithmetic? Recall that HA and PA are formulated in the same language, with the
same mathematical axioms and share many properties: they have the same provably recursive
functions and are proof-theoretically equivalent and are equi-consistent, i.e. if HA is consistent,
then PA is also consistent. Moreover, each is capable of expressing its own proof predicate and
by Gödel’s results, if HA is consistent then neither HA nor PA can prove its own consistency (see
e.g. Van Dalen (2001) and Avigad and Feferman (1998)). However, the provability logic of
intuitionistic arithmetic goes beyond the intuitionistic version IGL of Löb’s logic: Solovay’s first
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theorem does not hold in its immediate transposition, by replacing PA with HA and GL with IGL,
this emerged clearly in the context of early algebraic researchs.

For reasons of space, we will not address here the thorny issue of Gentzen’s proof systems for
Provability Logic. In general, a Gentzen approach to modal systems is itself problematic, except
for a few systems. Therefore, more complex formal systems, such as hypersequents, are often
preferred. The cut elimination theorem for GL was first proved in Valentini (1983). There was
a long controversy surrounding the validity of this theorem, where sequents were formalized as
sets rather than multisets or sequences, however, improvements and corrections were then made
in Sasaki (2001), in Goré and Ramanayake (2012), and, applying the hypersequent method,
in Poggiolesi (2009). Many early investigations on provability logic, especially in Siena, where
instead of algebraic character. We just quickly mention them, before reformulating these results in
perhaps more understandable logical and proof-theoretical terms. Magari in the 70s introduced
the equational class of Diagonalizable algebras DA, boolean algebras equipped with an additional
unary operator τ(x) intended to “mimic” the provability predicate “x is provable”, and fulfills
conditions that reflect the Löb’s conditions. Sambin and Ursini studied the intuitionistic version
of these algebras, based on Heyting algebras, rather than boolean algebras. A primary example of
diagonalizable algebra is the following. LetMPA be the Lindenbaum algebra of Peano Arithmetic,
i.e. the well-known boolean algebra whose universe is the set of equivalence classes [φ] of sentences
of this theory, modulo provable equivalence in PA:

φ ∼PA ψ if and only if PA ` φ↔ ψ

equipped with a Boolean algebra structure, where the operations join t, meet u and comple-
mentation − are defined as usual by:

1. [φ] t [ψ] = [φ ∨ ψ]

2. [φ] u [ψ] = [φ ∧ ψ]

3. −[φ] = [¬φ]

where the square brackets denote the equivalence classes. This is a diagonalizable algebra, when
enriched with an operator τ(x) defined as τ [φ] = [∃yPrfPA(y, pφq)]. Solovay’s celebrated theorem
says thatMPA is functionally free in the equational class DA of diagonalizable algebras. In other
words, any identity true inMPA is true in every Diagonalizable algebras.

Since the beginning was raised the problem of extending this result to the intuitionistic case.
Problem. What, if in the above statement we replace PA with HA and diagonalizable algebras

with intuitionistic diagonalizable algebra? Many problems arose immediately. Ursini in 1977 proved
thatMHA (the Lindenbaum algebra of HA) is not functionally free in the class of diagonalizable
intuitionistic algebras (with Heyting’s algebra in place of Boolean algebras): there are principles,
as the law

τ(x+ y) ≤ τ(τ(x) + τ(y))

that holds in the diagonalizable Lindenbaum algebraMHA, but not in all intuitionistic diagonal-
izable algebras. This is the problem on which Montagna’s talk focused. The reasons why this
happens were clearly highlighted by Montagna in the above mentioned conference:

... one of the reasons why this happens is that there are classically invalid rules that
are valid in HA. By arithmetizing such rules, we obtain properties of the provability
predicate for HA that are not deducible from the identities of intuitionist DA’s.

We will better understand this problem after having reformulated Solovay’s results in a general
proof theoretical framework. From now on T will denote a “reasonable” (i.e. we assume that it is
at least recursively enumerable and Σ0

1 − sound) extension of I∆0 + exp (a formalization of the
so-called Elementary Arithmetic, see at p. 192).

Definition 42. An arithmetical interpretation in T is a function ∗ from the modal language to
the arithmetical language that:
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1. associates to each propositional variable pi a formula p∗i of the language of arithmetical theory
T.

2. commutes with connectives,

3. ⊥∗ = (1 = 0).

4. (�ψ)∗ = ∃yPrfT(y, pψ∗q).

A propositional formula φ is arithmetically valid in T iff for all arithmetical interpretations in T
as above, we have that φ∗ is provable in T.

The Provability Logic of T, that we denote PLT, is the set of propositional modal formulas
arithmetically valid in T. The most remarkable results in this area are the mentioned Solovay’s
arithmetical completeness theorems:

1. Solovay’s First theorem (1976). PLT = GL

2. Solovay’s Second theorem (1976). The set of modal propositional φ such that φ∗ is true in the
standard model of arithmetic, for all interpretations ∗ in T (here, for any sound extension T
of I∆0 + exp) are those provable in GL− +�φ→ φ, where GL− is GL minus the necessitation
rule.

3. Montagna’s uniform theorem (1979). There is an intepretation ∗ in T such that for all φ,

T ` φ∗ iff GL ` φ

Other proofs of the uniform theorem were obtained independently using different methods in
the same year or in the years immediately following by logicians as Artemov, Visser, Boolos,
and Avron. See, for example, Boolos (2008) 132–136. However, Montagna’s proof is the most
original and has an algebraic flavour, as does Solovay’s original proof. What is actually proved
is the following equivalent statement: if T is a theory as above, and has infinite characteristic
(see below for a definition of this concept), then the free Magari algebra of countably many
generators is embeddable in the provability algebra of T. See Beklemishev and Flaminio
(2016) for a detailed discussion.

The logic of provability GL actually has several semantics, including Kripke semantic and a
fundamental arithmetic interpretation, which we will focus on in particular. With regard to
Kripke semantics, we recall that a Kripke structure is a pair 〈W,R〉, where W is a nonempty
set and R is a binary relation on it; an evaluation in a Kripkean structure is a function that
associates each propositional variable p with a set V (p) ⊆W that can be seen as the set of
states in which p is considered true. By a model we mean the tripleM = 〈W,R, V 〉 on which
we define a relation x 
M φ to be read as: “φ is true in state x in modelM”, inductively, as
follows:

(a) x 
M p if and only if x ∈ V (p)

(b) x 
M ¬φ if and only if it is not true that x 
 φ

(c) x 
M φ ∧ ψ if and only if x 
M φ and x 
M ψ

(d) x 
M φ ∨ ψ if and only if x 
M φ or x 
M ψ

(e) x 
M φ→ ψ if and only if, if x 
M φ, then x 
M ψ

(f) x 
M �φ if and only if for all y ∈W , if xRy, then y 
M φ.
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Actually, a Kripke model for GL is such that R is a converse well-founded (hence irreflexive)
strict partial ordering on W . We assume that every model has a root. A formula is valid in a
model, if it is forced at the root. In Segerberg (1971) was demonstrated that GL is weakly
complete with respect to the class of structures that are finite trees, namely that a formula is
provable in GL if and only if it is valid in all finite treelike models, a property that we will use
in Solovay’s theorem1.
Solovay’s proof for classical theories. Solovay’s technique consists in defining a function F ,
which constitutes an immersion of a Kripke model into arithmetic: the behaviour of this
function is often described, at a heuristic level, as that of a refugee who moves from country
to country, obtaining permission to cross the border on condition that he promises not to
settle permanently in the country of arrival: if the refugee is not allowed to return twice to the
same country, there must nevertheless be a country where he or she can settle permanently.
Therefore, if the refugee is honest, he or she will never have to leave the country of origin.
The story is told in Artemov and Beklemishev (2005), which we also follow for its version of
the proof.
Solovay’s function F (containing an obvious circularity) can be defined by appealing to the
formalised principle of recursion (Kleene), and it is introduced in Solovay’s original work, even
if a series of simplifications can be applied to the original definition.
Suppose thatM = 〈W,R, r,
〉 is a finite model, where without loss of generality we assume
that W = {1, 2, 3, ..., n} and that r = 1, where R does not necessarily coincide with the
natural order of N; for purely technical reasons, another node 0 is generally added so that
0Ri, for every i ≤ n, without assuming anything about the forcing in it.
Solovay’s (partially recursive) function F : N −→W ∪ {0} is informally defined as follows:

(a) F (0) = 0

(b) At step x+ 1, suppose that F (x) has already been defined: check whether x+ 1 is the
code for a proof of the fact that limk−→∞ F (k) 6= z, for some z accessible to F (x): if
YES, then F (x+ 1) = z; if NO F (x+ 1) = F (x).

where limk→∞ F (k) = z is an abbreviation for ∃x∀y > xψF (x, y), and ψF (x, y) is the
Σ0

1 − graph of F .
Let us remember as we defined the hierarchy of theories S0,S1,S3... obtained by iterated
addition of consistency statements of the previous chapter. The characteristic of S = S0

is the last number n such that Sn is inconsistent. If such a number does not exist, we say
that it has an infinite characteristic: for instance, if S is Σ1−sound, then it has an infinite
characteristic. We establish Solovay’s result for axiomatizable extensions S of Elementary
Arithmetic I∆0 + exp with infinite characteristic.
Let us abbreviate the expression “∃m∀n > m(h(n) = z)” as “Lz”.

Lemma 32. The following properties of the function F are provable in the Elementary
Arithmetic I∆0 + exp:

(a)
∨
z∈W∪{0} Lz

(b) ∀u∀v(u 6= v → ¬(Lu ∧ Lv))

(c) Lm ∧mRs→ ¬Pr(p¬Lsq)

(d) Lm ∧m 6= 0→ Pr(p
∨
mRw Lwq)

1 Recall that strong completeness does not hold, because this logic is not compact.
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Proof. (see Artemov and Beklemishev (2005) 481-482). QED

The idea behind the proof in Solovay (1976) is to now provide an arithmetic simula-
tion of Kripke’s model; let us therefore define a Solovay interpretation ∗, for a model
〈{0, 1, 2, 3...n}, 1,
〉, the one in which, in particular, propositional variables are interpreted
as follows:

p∗ =
∨
{Lx|x 
 p and 0 ≤ x ≤ n}

where the statements Lx assume the role of the nodes x of the model, and where ∗, in our
case, is an arithmetical interpretation in the theory S. The empty disjunction is 0 = 1. The
fundamental step in proving the arithmetical completeness theorem consists in demonstrating
the faithfulness of the interpretation, i.e. this result:

Lemma 33. For 1 ≤ x ≤ n and ∗ as above, the following apply:

(a) If x 
 ψ then I∆0 + exp ` Lx → ψ∗

(b) If x 6
 ψ then I∆0 + exp ` Lx → ¬ψ∗

Before proving this lemma, note that arithmetic completeness follows directly from it: if φ is
not a theorem of GL, hence it is false at the root of a finite treelike model W = {1, 2, 3, ..., n}.
We add a new root 0 such that 0Rm for all m ∈W (forcing on 0 is arbitrarily defined). From
the above lemma, if 1 6
 φ, then I∆0 + exp ` L1 → ¬φ∗. Now, if S ` φ∗ we have S ` ¬L1
and by the point c) of Lemma 32 we also obtain ¬L0. It follows that Lm must be true, for
some m ∈W . Observe that m 
 �d(m)+1⊥, where d(m) = sup{d(s) + 1|mRs} and �d(m)+1

denotes a block of d(m) + 1− boxes. Hence I∆0 + exp ` Lm → (�d(m)+1⊥)∗ and therefore
that (�d(m)+1⊥)∗ is true, against the hypothesis that S had infinite characteristic.
Let us now prove the lemma:

Proof. Induction on the complexity of φ. If φ = p, the result follows from the definition;
we leave the Boolean cases as an exercise and come to the fundamental case, where φ = �ψ;
note that x 
 �ψ implies that for every y, if xRy, then y 
 ψ, from which for every y, if xRy
then I∆0 + exp ` Ly → ψ∗ by inductive hypothesis and therefore:

I∆0 + exp `
∨
{Ly → ψ∗|xRy}

Hence I∆0 + exp ` Pr(p
∨
{Ly|xRy}q)→ Pr(pψ∗q) by logic and by the derivability conditions.

Lastly I∆0 + exp ` Lx → Pr(pψ∗q), by the point d) of the previous lemma. If on the contrary
x 6
 �ψ, then there exists y such that xRy, but y 6
 ψIt follows that exists y such that xRy
and I∆0 + exp ` Ly → ¬ψ∗, or, equivalently, by contrnominal I∆0 + exp ` ψ∗ → ¬Ly; hence,
for some y, xRy and I∆0 + exp ` Pr(pψ∗q)→ Pr(p¬Lyq)). Taking the contrapositive of this
implication, from point c) of the previous lemma, it follows that:

I∆0 + exp ` Lx → ¬Pr(pψ∗q)

QED

This concludes the proof of Solovay’s first theorem, and from it we draw the conclusion that
GL axiomatises the modal axiom schemes provable in S: but what about the true schemes
in the standard model? The answer is provided by the modal system GL−, obtained by
removing the necessitation rule from GL and adding the schema �α→ α. Note incidentally
that if we did not remove the necessitation rule, from �⊥ → ⊥, we could derive �(�⊥ → ⊥)
and by Löb �⊥ and finally ⊥. The second Solovay theorem follows from the fact that these
propositions are equivalent:
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(a) GL− ` α

(b) GL `
∧
�β∈Sub(α)(�β → β)→ α, where Sub(α) is the set of subformulas of α.

(c) α is true at the root of every α-sound model (i.e., whose root forces �β → β, for every
�β ∈ Sub(α)).

(d) N |= α∗, for every arithmetic interpretation ∗.

For further details and information, see Boolos (2008), ch.9, Artemov and Beklemishev
(2005), ch.3 and De Jongh and Japaridze (1998), ch.3. Among the improvements that
have been made we like to remember this: although the above proof employed the recursion
theorem, in De Jongh, Jumelet and Montagna (1991) it is shown that the use of this theorem
actually is not necessary. Using the recursion theorem makes the procedure more intuitive,
but, according to these logicians, it “adds to the mystery of the proof”. The alternative proof
proposed is closer to the spirit of modal logic, replaces the recursion theorem by Gödel’s
diagonalization lemma and and is also applicable to another system of modal logic, yielding
the arithmetical completeness of the so-called Rosser logic of Gauspari-Solovay with respect
to extensions of the Elementary Arithmetic. It is still not know what is the provability logic
of of the important weak fragment S1

2, discussed in section 7.3.
We conclude the general introduction here and ask ourselves: what happen if we consider
intuitionistic theories of arithmetic rather than classical theories? We like to point up that
already at the end of the 60s, a particular kind of Solovay style theorem had been shown
in De Jongh (1969). It was the first theorem of this kind and concerned the intuitionistic
version HA of Peano Arithmetic. de Jongh’s theorem provides an answer concerning the
ordinary propositional logic of the intuitionistic arithmetical theory HA, i.e. the box-free part
of the provability logic of HA, and it is the first kind of “arithmetical completeness” theorem
discovered. We state here this theorem for IPC (the intuitionistic propositional calculus).

Theorem 88. (De Jongh 1970) The following statements are equivalent, for all propositional
formulas φ(p0, ..., pn):

(a) IPC ` φ(p0, ..., pn)

(b) HA ` φ(B0, ..., Bn), for all arithmetical sentences B0, ..., Bn.

A proof can be found in Smorynski (1973). In particular Since an arithmetical interpretation
is in fact a substitution of the above kind, this means that φ(p0, ..., pn) is in the provability
logic of HA. Refinements were given by several logicians. In particular Friedman (1973)
proved that the choice of B0, ..., Bn can be actually made uniformly.

Theorem 89. (Friedman 1973) There exists a computable sequence B0, ..., Bn of arithmetical
sentences, such that for all φ(p0, ..., pn):

IPC ` φ(p0, ..., pn) if only if HA ` φ(B0, ..., Bn)

Further extensions of these results are obtained by adding to HA other principles e.g. accepted
by russian constructivistis (see Trolestra and Van Dalen (1988)), but considered problematic
by other constructivists. Tipically, the Extended Church Thesis ECT0 and Markov’s principle
MP. Smorynski proved that the propositional logic of HA + MP is still IPC, where MP is
Markov’s principle:

∀x(A(x) ∨ ¬A(x)) ∧ ¬∀x¬A(x)→ ∃xA(x)

Gavrilenko proved that if we replace MP with ECT0 we still get IPC, where ECT0 is the
extended Church thesis:

∀x(A(x)→ ∃yB(x, y))→ ∃z∀x(A(x)→ ∃u(T (z, x, u) ∧B(x, U(u)))
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where T (z, x, u) is Kleene’s predicate of recursion theory and U(u) the result of computation u,
and A(x) does not contain ∨, and ∃ only in front. But it is not known what is the propositional
logic of Markov’s Arithmetic, i.e. HA + MP + ECT0. However it is known that it is not IPC.
For instance, if α = ¬p ∨ ¬q, then the following:

((¬¬α→ α)→ (¬¬α ∨ ¬α))→ (¬¬α ∨ ¬α)

is in the propositional provability logic of Markov’s arithmetic, but is not a thoerem of
IPC. Therefore we come to the intermediate logics. The interesting purpose of De Jongh,
Verbrugge and Visser (2011) is instead that of strengthen the propositional logic, rather
than the arithmetical theory, and then to consider a large class of intermediate logics. The
intermediate (or superintuitionistic) logics are logics between IPC and CPC. The authors
conjecture that, if L is an intermediate logic and HAL is obtained by adding this logic to the
intuitionistic arithmetic, then L is the propositional logic (in the sense of de Jongh’s theorem)
of HAL. Actually they proved the conjecture only for logics satisfying the so called finite
frame property.
Another line of research investigates the consequences of strengthening the propositional logic
(while remaining in the constructive field), rather than the arithmetical theory. Coming back
to the problem of Provability Logic for Intuitionistic Arithmetic, the problem is to find an
intuitionistic modal logic I such that I = PLHA, namely, a modal formula φ is derivable in
I if anf only if φ∗ is derivable in HA, for all arithmetical interpretation ∗. We remark that
Provability logics in general are not monotone, i.e. if a theory T extends a theory V, this
is not generally true for the relative provability logics. For this reason Solovay’s results in
the classical case (e.g. the first theorem still hold for all Σ0

1 and r.e. theories extending, or
intepreting, Elementary Arithmetic) are very surprising: Solovay’s theorems concerning the
classical logic are very stable. On the contrary the situation for constructive arithmetical
theories is different. Different constructive theories may have different logic. What principles
belong to PLHA? Since the standard proof predicate for HA and the relative Löb derivability
conditions are derivable already in the intuitionistic version of Elementary Arithmetic, we
conclude that the provability logic for HA, must at least contain the modal axioms of Löb’s
logic GL to IPC. The provability logic of Heyting arithmetic contains in general principles
that the provability logic of Peano Arithmetic does not share and therefore is not a sublogic
of that of Peano Arithmetic (non-monotonicity). For example, Leivant’s principle (see below).
On the other hand, there are classical provability principles that cannot be accepted by the
intuitionists, e.g �(p ∨ ¬p). What do we know until today? Some examples:

(a) The formalization of the so-called Markov’s rule (an intuitionistically admissible rule) is
a principle of the Provability logic of HA:

�¬¬�φ→ ��φ

(b) Since, on the contrary, the formalization of the intuitionistic disjunction property:

�(φ ∨ ψ)→ (�φ ∨�ψ)

is not provable in HA (H. Friedman), ones can add in its place a (provable in HA) weak
form of this principle, due to Leivant:

�(φ ∨ ψ)→ �(�φ ∨ ψ)

(c) However Leivant’s axiom is not a theorem of GL: in classical framework it allows to
derive the iterated inconsistency statement ��⊥.

After Visser had found partial results concerning the letterless fragment (i.e. based only on
constants ⊥,>), in particular Ardeshir and Mojtahedi (2014) provided an answer to the
problem for the Σ0

1 provabilty logic of HA, while Zoethout and Visser (2019) provided an
alternative route to this problem.
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Definition 43. Let us call an arithmetical interpretation ∗ a Σ0
1-interpretation, if and only

if for all propositional variables pi, we have that p∗i is Σ0
1, i.e. has the form ∃xθ, where θ is

atomic, or contains only connectives and bounded quantifiers.

In 1990 Visser had previously introduced an algorithm to associate to propositional φ a
particular form φ+, called NNIL-form (No Nested Implications to the Left, as for instance
(p→ (q → ⊥))∨ (q → p) ). In some sense φ+ is the “best approximation from below” of φ, in
the sense of this theorem.

Theorem 90. IPC ` φ+ → φ. Moreover, if IPC ` α→ φ, then also IPC ` α→ φ+.

This class has been studied independently of our problem, due to its interesting properties in
Visser, de Jongh, Van Benthem and Renardel de Lavalette (1995). This algorithm has been
extended to modal formulasin Ardeshir and Mojtahedi (2014), that introduced the class
TNNIL: “no → in the left side of an implication, except those in the scope of a �” (example,
�(p→ q)→ q is in this class, but (p→ q)→ q is not). The result is the following:

Theorem 91. (Ardeshir and Mojtahedi 2014) A modal formula φ is in the Σ0
1−provability

logic of HA, if and only if IGLC ` φ+, where IGLC is the intuitionist version of the Löb logic
GL, plus the completeness principle ψ → �ψ.

Other directions of the research involve the notion of relative intepretability; actually, all
known principles of PLHA are derivable in a bi-modal system of intepretability logic introduced
by Albert Visser and studied in in particular in Iemhoff (2003). This logic is based on a
binary modal operator αB β (where �α = >B α) where an arithmetical interpretation ∗ of
it is the formalization in the language of arithmetic of the fact that if HA ` σ → α∗, then
HA ` σ → β∗, for all σ belonging to Σ1. Subsequent work by logicians such as Visser and
de Jongh led to an axiomatisation of this modal logic named IPH and the demonstration
of the arithmetical soundness of this axiomatisation. Iemhoff conjectured that it was also
arithmetically complete, i.e. that IPH = PLHA, but this is still open.
As far as we know, a definitive solution to the problem raised by Franco Montagna in the
mentioned conference has finally been achieved recently, largely relying on the concepts and
results we have briefly summarised. Mojtahedi’s theorem is contained in Mojtahedi (2022). It
is a not yet published work of frightening complexity. Axioms in particular are rather complex.
Rougly speaking, PLHA consists in IGL, i.e. Löb’s logic of provability on an intuitionistic basis
formulated in a non standard way, plus all formulas �α → �β for α and β that satisfy a
condition inspired by Iemhoff’s definition of intuitionistic interpretability: IGL ` σ → α, then
IGL ` σ → β, for all σ belonging to a set of formulas that can be projected to a NNIL formula,
a rather tecnical notion coming from the theory of intuitionistic unification studied in Ghilardi
(1999).

5.4. First-order Provability Logic for classical arithmetic

After the results of arithmetic completeness of the logic of provability at the classical propo-
sitional level that we have briefly illustrated, it seemed natural to raise the question of the
characterisation of the logic of predicative provability. We thought it is interesting to provide
some information on a more advanced but not very well known topic, namely the first-order
quantified version of the Provability Logic, which is in fact a first-order modal logic, subject
around which there have been several philosophical controversies. The famous logician Ruth
Barcan Marcus (1921-2012) published her first paper on Quantified Modal Logic (QML) in
1946; in 1947 she extended QML to the second order. In these works for the first time is
investigated the relationship among modal operators �,♦ (“is necessary”, “is possible”) and
quantifiers ∀,∃, and between de re modalities ∀x�φ (“for all x, necessarily φ”) and de dicto
modalities �∀xφ (“is necessary that for all x, φ”). In she placed among the axioms of her
system, the schema ∀x�ψ(x)→ �∀xψ(x) that connect those modalities.
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The main opponent of QML was Quine, that rejected it since, in his opinion, combination
of quantifiers and modalities produced “unintelligible” results. Quine’s objections are logical
arguments based on failure of substitution: the sentence ‘8 is necessarily greater than 7’ is
true, while the sentence “the number of planets is necessarily greater than 7” is false: but
the latter was obtained from the first by substitutipn of the coreferential term “the number
of planets” in place of term ‘8’. It follows that such occurrences of singular terms are not
“purely referential”, and therefore quantification into modal context is unintelligible. Quine
had also a metaphysical objection: quantification in modal contexts commits us to accepting
essentialism, that he refused as indefensible. Leaving this debate in the background (and not
addressing the issue of propositional quantifiers in Provability Logic), we simply highlight the
role in this context of the debated Barcan Marcus axioms:

The converse Barcan formula says that, as we move to an alternative situation,
nothing passes out of existence. The Barcan formula says that, under the same
circustances, nothing comes into existence. The two toghether say the same things
exist no matter what situation (Fitting and Mendelsohn (1998) 114).

The language of QGL, the first-order quantified version of Gödel-Löb logic, adds the symbol
� to first order logic without identity, constants or functional symbols. Rules and axioms are
those of GL plus those of predicate calculus, for all QGL formulas.

Definition 44. An arithmetical interpretation for the first-order case is given as follows:

(a) For all atomic formula P (x0, ..., xn) of the language of QGL, the formula (P (x0, ..., xn))∗

is a formula of the language of arithmetic with the same free variable.

(b) (φ→ ψ)∗ = (φ∗ → ψ∗) (analogously for ∨ and ∧).

(c) (¬φ)∗ = ¬(φ∗).

(d) (∃xψ)∗ = ∃x(ψ∗) (analogous for ∀).

(e) (�ψ)∗ = ∃yPrfPA(y, pψ∗q).

We say that a formula ψ of the language of QGL is always provable, iff for all arithmetical
interpretations ∗, ψ∗ is provable in PA. We say that a formula ψ of the language of QGL is
always true, iff for all arithmetical interpretations ∗, ψ∗ is true in the standard model N. As
far as propositional theories GL and GLS (the theory axiomatized by all theorems of GL and
that replace the necessitation rule with the schema �A→ A) the situation is trublefree:

(a) GL axiomatizes the class of always provable sentences.

(b) GLS axiomatizes the class of always true sentences.

Both theories are decidables and therefore so are the above-mentioned classes. What is the
status of the Barcan Marcus schema BS, ∀x�ψ(x)→ �∀xψ(x)? Actually this formula is not
always true (neither always provable), but its converse CBS:

∃x♦ψ → ♦∃xψ

is always provable. The following is a correct argument (see Smorynski (1987)). Recall that
RFNΣ0

n
(T) is the following reflection schema:

∀x0, ...,∀xn(PrT(pφ(ẋ0, ..., ẋn)q)→ φ(x0, ..., xn))
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where φ ∈ Σ0
n (analogously for φ ∈ Π0

n). For n ≥ 1, we show that RFNΣ0
n
(T) is equivalent to

RFNΠ0
n+1

(T) by means of CBS: let φ(x, y) ∈ Σ0
n and suppose that PrT(p∀yφ(ẋ, y)q); hence,

since we have CBS, it follows ∀yPrT(pφ(ẋ, ẏ)q). For RfnΣ0
n
(T) and the predicate calculus we

conclude ∀yφ(x, y).

QGL ` �(∀xα(x)→ α(u))

` ∀u�(∀xα(x)→ α(u))

` ∀u(�∀xα(x)→ �α(u))

` (�∀xα(x)→ ∀u�α(u))

(1)

Analogously QGL ` ∃u�α(u) → �∃uα(u). From these result it follows that a kind of
formalized completeness α→ �α holds in QGL + BS for any quantified formula α.

Theorem 92. The following are equivalent in PA:

(a) ¬Con(PA)

(b) φ→ PrPA(pφq), for closed φ.

(c) PrPA(pφq) ∨ ¬PrPA(pφq)

(d) ∀xPrPA(pφ(ẋ)q)→ PrPA(p∀xφ(x)q)

where Con(PA) stands as usual for ¬∃yPrfPA(y, p1 = 0q). The (BS) schema is in this context
known as “ω−completeness schema”. Recall that according to the Second Gödel’s theo-
rem, under the assumption of consistency of the theory, both, Con(PA) and ¬Con(PA) are
unprovable. Ergo: none of the above principles is provable! For example, let us see that
PA + (BS)∗ ` ¬Con(PA). But we have also, for all ψ, PA ` PrPA(pPrfPA(ẏ, pψ(ẋ)q)→ ψ(ẋ)q),
from which follows in particular:

PA ` PrPA(p¬(1 = 0)→ ¬PrfPA(ẏ, p1 = 0q)q)

Since PA ` PrPA(p¬(1 = 0)q), by Löb conditions and manipulation of quantifiers we get
PA ` ∀yPrPA(p¬PrfPA(ẏ, p1 = 0q)q). If (BS)∗ holds, it follows:

PA ` PrPA(p∀y¬PrfPA(y, p¬(1 = 0)q)q)

Hence PA ` PrPA(p∃yPrfPA(y, p(1 = 0)q)→ 1 = 0q), in a few steps, from which PA ` PrPA(p1 =
0q), namely ¬Con(PA), by the formalized Löb theorem, according to which, for all ψ:

PA ` PrPA(pPrPA(pψq)→ ψq)→ PrPA(pψq)

It is now interesting to understand if the collection of always true or the always provable
sentences can be characterized axiomatically. If we denote QPLPA the first-order provability
logic of PA, we will see that actually QGL ⊂ QPLPA. From Vardanyan’s theorem it follows
that cannot have not even a recursive axiomatization.

Theorem 93. The following hold:

(a) (Vardanyan 1986) The class of all predicate modal formulas always provable is Π0
2 −

complete.

141



Lectures in Proof Theory and Complexity

(b) ( Boolos and McGee 1987) The class of all sentences of predicate modal formulas always
true is Π0

1 − complete in Th(N).

Proof. (See Boolos (2008) pp. 233-41) QED

Contrast with the propositional case: GL axiomatizes the class of always provable sentencese
of propositional Provability Logic; GLS axiomatizes the class of always true sentences. Such
classes are decidable. At the opposite, in respect to QGL, these classes are not even recursively
enumerable; since the collection of theorems of an axiomatizable theory is r.e. (namely Σ0

1),
it follows that the class of always provable formulas of QGL is not axiomatizable.
Now observe that if X is an arithmetically definable set, then X ≤T Th(N): indeed, if some
φ ∈ Σ0

n defines X, then n ∈ X iff pφ(n)q ∈ Th(N); hence X ≤m Th(N) (and a fortiori

Turing reducible) via the funtion n
φ(ẋ)−−−→ pφ(n)q. But if X is Π0

1-complete in Th(N), then
X is not Σ0

1 in Th(N), namely is not r.e. in Th(N) and a fortiori, not recursive in it. Since
by Boolos and McGee’s result the class of always true sentences of QGL is Π0

1-complete in
Th(N), it follows that such a class is not arithmetically definable.

5.5. Semantic for first-order Modal Logic

We start by introducing a Kripke-style semantic for first-order Modal Logic.

Definition 45. A constant domain Kripke frame is a structure M = 〈W,R,D, {Vw}w∈W 〉
where for all w ∈W , Vw(P (x1, ..., xn)) is an n−ary relation on D and if σ is an assignement
in D to the variables and we denote σ(a/x) its x−th variant, the forcing relation is given by
the following:

(a) w 
Mσ P (x1, ..., xn) iff 〈σ(x1), ..., σ(xn)〉 ∈ Vw(P (x1, ..., xn)).

(b) w 
Mσ x = y iff σ(x) = σ(y)

(c) analogous to the propositional case, for connectives.

(d) w 
Mσ �φ for all v, if wRv, then v 
Mσ φ.

(e) w 
Mσ ∃xφ iff for some x−variant σ(a/x), w 
Mσ(a/x) φ.

A frame with monotone variable domain is obtained by adding to the frame 〈W,R〉 a collection
of sets {Dw}w∈W where for all w ∈ W , it holds that if wRv, then Dw ⊆ Dv (we call it
antimonotone if at the opposite Dw ⊇ Dv).
A counterexample to the vailidity of (BS) in frames with variable monotone domain is easily
given , taking a model where W = {w, v}, R = {〈w, v〉}, Dw = {a}, Dv = {a, b}, defining
Vv(P (x)) = {b} and by considering an assignement σ and its x−variant σ(b/x). Actually
(BS) and (CBS) are both valid in a semantic of costant domains, but as long as variable
domains are considered, (BS) holds in a variable domain frame, iff such a frame satisfies
antimonotonicity, and (CBS) holds in a variable domain frame, iff it satisies monotonicity :
Let us call QK he system given adding to the First Order classical logic with identity these
axioms:

(a) �(φ→ ψ)→ (�φ→ �ψ)

(b) Necessitation rule φ/�φ

(c) x 6= y → �(x 6= y)
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(d) Barcan Marcus schema.

A completeness result holds for this semantic: Every valid formula in constant domains frames
is a theorem of QK (and viceversa). The system obtained removing (BS) is complete with
respect to the increasing domain semantic: note that in this system the converse of Barcan
Marcus schema is derivable.
Forcing w 
 A is defined on closed formulas α with parameters in Dw. A Kripke model
< = 〈W,R, {Dx}x∈W ,
〉 for QGL satisfies the following conditions:

(a) W 6= ∅

(b) If xRy, then Dx ⊆ Dy

(c) The forcing 
 is defined as in the propositional case, but with a further clause:

x 
 ∃uα(u) iff there exists a ∈ Dx, x 
 α(a)

Theorem 94. QGL is complete with respect to the class of models transitive and such that
for any closed formula α, if x ∈W and x 
 α, then there exists y ∈W such that y 
 α, and
if yRz, then z 
 ¬α.

Recall that a theory S is valid within a class of frames C, if for all frames < ∈ C, < |= φ
(namely if for all models M based on that structure, M |= φ), for all theorems φ of S; a
theory is (weakly) complete with respect to a class of frames C, iff when < |= φ, for all < ∈ C,
then φ is a theorem of S.
S is strongly complete with respect to C, if Γ |=C φ implies Γ `S φ. Strong completeness does
not hold for GL because compactness fails: one can device an infinite set of formulas ∆ that is
not satisfable, but such that each of its finite subset is satisfable. Hence, if Γ is a finite subset
of ∆, then Γ 6` ⊥, and a fortiori ∆ 6` ⊥, since otherwise ⊥ would be provable from some finite
subset of ∆. However, being ∆ unsatisfable, we have also ∆ |= ⊥. But QGL is incomplete
with respect to any class of frame. Indeed, this is the situation:

(a) QGL is valid in a frame, iff R is transitive and R−1 is well-founded, but:

(b) QGL is not complete with respect to this class of frames. It follows that:

(c) QGL is not complete with respect to any class of frames

For instance, the sentence:

¬(∃u♦P (u) ∧ ∀v∃w�(P (v)→ ♦P (w)))

is valid in all transitive and conversely well founded frames, but is not a theorem of QGL.
We will now illustrate the proof of two negative results namely that due to Artemov and
that due to Montagna and mentioned above, respectively. This proof of the arithmetical
incompleteness of QGL was provided by Montagna (1984).

Theorem 95. QGL is not arithmetically complete w.r.t. PA.

Proof. Let T a finitely axiomatizable and consistent theory (e.g. the theory NBG) such that
T ` Con(T)→ Con(PA + Con(PA)). Let

∧
T be the conjunction of all axioms of T and let

us define α = ♦
∧

T→ ♦♦>.
We claim that α is valid in PA, but not provable in QGL. Indeed, let us suppose that ∗ is
an arithmetical interpretation and let us consider

∧
T∗ (assume w.l.o.g. that QGL contains

the language of T). Hence α∗ is provably equivalent to the sentence Con(PA +
∧

T∗) →
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Con(PA + Con(PA)) and is provable in PA: let B1, ..., Bn be a proof of Bn in T. Hence
B∗1 , ..., B

∗
n is proof of B∗n in T ∗ and by a formalization of this, for all C not containing �,

we have PA ` PrT(pCq) → PrT∗(pC∗q) from which follows PA ` Con(T∗) → Con(T) and
finally (since PA ` Con(PA +

∧
T∗)→ Con(T∗)), we obtain Con(PA +Con(PA)). Hence α is

PA-valid. However it is not provable in QGL: let < be a model of T and let us consider the
model = = 〈W,R, {Dx}x∈W ,
〉, where:

(a) W = {0, 1}

(b) xRy iff x = 0 and y = 1

(c) D0 = D1 = N

(d) i 
 B(a0, ..., an) iff < � B(a0, ..., an), for a0, ..., an ∈ N and B(x0, ..., xn) atomic formula
of the language of T .

Since 1 

∧

T and 0R1, we have 0 
 ♦
∧

T; but 0 
 ��⊥, and therefore 0 
 ¬α. Clearly R
is transitive and conversely well founded, so that = |= QGL.

QED

Another strong negative results is Artemov’s theorem. Recall that according to Tarski-
Post theorem, no single formula Σ0

n of the Arithmetical Hierarchy can define Th(N). We
have seen that from a computational point of view, Th(N) ≡T ∅ω. Moreover, according to
Tennenbaum’s theorem +,×, < are not recursive in (countable) non-standard model of PA,
and many subtheories of it.

Theorem 96. (Artemov 1985) Let T be an r.e. theory. Then, for all choice of a proof
predicate PrT(x), the set of predicate modal formulas always true is not arithmetical.

Proof. (see De Jongh and Japaridze (1998)) Let us consider a purely relational arithmetical
language with three predicates E(x, y), A(x, y, z) and M(x, y, z), to be interpreted in standard
model respectively as x = y, x + y = z, x × y = z. Let us consider the following version of
Tennenbaum’s theorem: there exists an arithmetical sentence θ such that:

(a) θ is true in the standard model.

(b) Every countable model of θ where E(x, y) is identity and A(x, y, z), M(x, y, z) are
recursive, is isomorphic to the standard model.

The second point actually implies that every countable model where E(x, y) is identity and
A(x, y, z),M(x, y, z) are recursive, is elementary equivalent to the standard model. Let now
C be the conjunction of the following sentences:

(a) ∀x∀y(�E(x, y) ∨�¬E(x, y))

(b) ∀x∀y∀z(�A(x, y, z) ∨�¬A(x, y, z))

(c) ∀x∀y∀z(�M(x, y, z) ∨�¬M(x, y, z))

Claim For any arithmetical formula φ, φ is true iff for all arithmetical interpretations ∗,
((θ ∧ C)→ φ)∗ is true.
⇒ Actually if φ is true, ∗ is an interpretation and θ∗ ∧ C∗ is true and T is r.e., the truth of
C∗ implies that in the standard model E∗, A∗,M∗ are recursive. Hence we define a countable
model < such that:

(a) < |= E(k,m) iff E∗(k,m) is true.
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(b) < |= A(k,m, n) iff A∗(k,m, n) is true.

(c) < |= M(k,m, n) iff M∗(k,m, n) is true.

Hence we have in general that < |= φ iff φ∗ is true, and in particular this holds for θ. Since
by hyp. θ∗ is true, also < |= θ, and by our version of Tennenbaum’s theorem we conclude
that < ≡ N. But by hyp. φ is true; it follows that < |= φ and once more φ∗. ⇐ Let φ be
false and let ∗ the trivial interpretation E∗ = E,A∗ = A,M∗ = M . Hence θ∗ = θ and φ∗ = φ.
We have to check that θ ∧ C∗ → φ is false, namely that θ ∧ C∗ is true (since φ is false by
hypothesis). But θ is true by hyp. and from decidability in T of x = y, x+ y = z, x× y = z
it follows that C∗ is true. It follows that the set V of always true formulas of QGL is not
aritmetical. Indeed, we know that Th(N) is not aritmetical and the previous lemma provide
an m-reduction of Th(N) to V .
Let f(pφq) = p(θ ∧ C) → φq; therefore pφq ∈ Th(N) iff f(pφq) ∈ V , namely Th(N) ≤m V .
But if X ≤m V and V ∈ Σ0

n, also X ∈ Σ0
n (contradiction). QED

As alreday mentioned in the former section, a basic result of propositional Provability Logic
GL is the Sambin-de Jongh fixed point theorem and we wonder whether an analogous result
holds in the predicative case. In other words, we ask whether is possible to prove in QGL the
“Diagonalization theorem” of Gödel-Carnap. Let us consider the language of QGL extended
with a countable amount of variable for formulas p0, p1, p2... and the axioms extended to this
language. The question is the following:

Let α(pi) be a modalized formula of the above language. It is asked: is there a
formula β of the original language, with individual variables identical to those of
α(pi), such that QGL ` β ↔ α(β)?

The answer is no.

Theorem 97. No provable fixed point exists in QGL to the formula:

∀u∃v�(pi → A(u, v))

Proof. Let us consider the Kripke model < = 〈N, R, {Dw}w∈N,
〉 where:

(a) xRy iff y < x

(b) Dw = {y ∈ N|w ≤ y}

(c) If B is a predicate letter:

i. If B is not A, then w 
 B(a0, .., an), for all a0, .., an ∈ Dw and w ∈ N.

ii. If B is A, then w 
 A(a, b) iff either b = w + 1 and a 6= w + 1, or a < b and
a, b 6= w + 1 (a, b ∈ Dw).

The order induced by A(a, b) is the following:

...
...

...
2 D2 2, 3, 4...3

↓ ∩
1 D1 1, 2, 3...2

↓ ∩
0 D0 0, 1, 2...1

(2)
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Since R is transitive and R−1 well founded, this is a QGL model. Now let us observe that the
forcing 
 is definable in the structure 〈N, <,=〉, namely for any formula B(v0, v2, v4...v2n),
there exists a formula B∗(v1, v0, v2, v4...v2n) such that for all a0, .., an ∈ Dw and w ∈ N:

w 
 B(a0, a2, a4...a2n) iff 〈N, <,=〉 |= B∗(a1, a0, a2, a4...a2n)

Let us define B∗ by induction:

(a) For B(v0, v2, v4...v2n) atomic, different to A, let:

B∗(v1, v0, v2, v4...v2n) =
∧
i≤n

v1 ≤ v2i

(b) For B(v0, v2, v4...v2n) = A(v0, v2), let:

B∗(v1, v0, v2, v4...v2n) = A∗(v1, v0, v2) =

v1 ≤ v0 ∧ v1 ≤ v2 ∧ (v2 = v1 + 1 ∧ ¬(v0 = v1 + 1))∨
∨(¬(v2 = v1 + 1) ∧ ¬(v0 = v1 + 1) ∧ v0 < v2)

(c) for B(v0, v2, v4...v2n) = ¬C(v0, v2, ..., v2n), let:

B∗(v1, v0, v2, v4...v2n) =
∧
i≤n

v1 ≤ v2i ∧ ¬(C∗)(v1, v0, v2, ..., v2n)

(d) ∗ commutes with ∃ and ∨.

(e) for B(v0, v2, v4...v2n) = �C(v0, v2, ..., v2n), let:

B∗(v1, v0, v2, v4...v2n) = ∀w < v1(C∗)(v1, v0, v2, ..., v2n)

where w is an odd variable not occurring in C∗.

It follows that {x ∈ N|x 
 B} is definable in 〈N, <,=〉; but it is well known that every set
definable in such a structure is finite or cofinite (hence, for instance, neither 2N, nor (2N + 1)
is definable). Let us suppose now that:

QGL ` B ↔ ∀u∃v�(B → A(u, v))

hence, since < is a model of QGL we will have that for all x ∈ N, x 
 B ↔ ∀u∃v�(B → A(u, v)).
Since 0 
 �⊥, also 0 
 B. Moreover, if v ∈ D1, 0 
 ¬A(1, v) and therefore 0 
 B ∧ ¬A(1, v),
from which follows 1 
 ∃u∀v♦(B ∧¬A(u, v)) and 1 
 ¬B. Note that 0 
 B and 1 
 ¬B. We
want generalize this and we make an inductive argument by considering this result as the
basis of an induction and we claim that B is forced at even nodes, whereas ¬B is forced at
odd nodes.Now let us suppose that for all i ≤ n, 2i 
 B and 2i+ 1 
 ¬B. Hence 2n+ 1 
 ¬B;
moreover if j ≤ 2n, j 
 A(u, u + 1), for u ∈ D2n+2 = 2n + 2, 2n + 3.....; so, for every
u ∈ D2n+2 there is a v ∈ D2n+2 such that if (2n + 2)Rj, then j 
 ¬B or j 
 A(u, v). It
follows that 2n + 2 
 ∀u∃v�(B → A(u, v)). Hence 2n + 2 
 B; moreover, if v ∈ D2n+3

then 2n+ 2 
 B ∧ ¬A(2n+ 3, v), from which follows 2n+ 3 
 ¬∀u∃v�(B → A(u, v)) that
implies 2n+ 3 
 ¬B. This concludes the induction step and proves the claim, namely that
{x ∈ N|x 
 B} coincides with the set of even numbers: but this is not finite, neither cofinite
(contradiction).

QED
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Which steps of the Sambin-de Jongh theorem fails in predicative case? The fixed point
theorem for GL is based on the following substitution lemma:

Let A(p), B, C,D formulas of GL. If GL ` D → (B ↔ C), then:

(a) GL ` D ∧�D → (A(B)↔ A(C))

(b) Moreover, if p is modalized on A, then it holds that GL ` �D → (A(B)↔ A(C))

This does not extend to QGL. However a weaker version is provable, sufficient to prove
uniqueness of fixed point: for all modalized A(p) and all B,C, if QGL ` A(B) ↔ B and
QGL ` A(C)↔ C, then QGL ` B ↔ C.
Question What happens if we add the Barcan Marcus schema? If we add the Barcan
Marcus schema, actually some counterexamples to the fixed point theorem in QGL, fail to be
counterexamples. For instance, if A(p) is ∀x∃y�(p→ A(x, y)) and D is ∀u∃v�A(u, v), then
QGL + BS ` D ↔ A(D). On the other hand, modifying Montagna’s proof (and considering
Kripke models with fixed domain), it is possible to show there are other formulas, as for
example ∀u(��P (u)→ �(p→ P (u)), that do not have a fixed point, not even in QGL + BS.
Moreover this is also an arithmetical counterexample, in the sense that there is no sentence of
the language of QGL, such that for all arithmetical interpretations ∗, PA ` D∗ ↔ A(D)∗.
We conclude by reporting some important recent developments and pointing to recent lines of
research. The above mentioned Vardanyan’s Theorem, i.e. the result which establishes the Π2-
completeness of the quantified modal logic of PA, is a benchmark and a barrier in this field of
research, excluding the possibility of recursive axiomatisation. However, to paraphrase Visser
and De Jonge (2006), we can say that we can glimpse an “escape” from it, although precisely
this work dramatically generalises this result, leading to the conclusion that it is impossible
to recursively axiomatise the quantified modal logic of a vast class of arithmetic theories. In
fact, despite this negative result, some positive results still hold: on the one hand the result
according to which the existence of a Kripke countermodel implies arithmetic nonvalidity, can
be actually extended to the predicate level (see De Jongh and Japaridze (1998), 533-38);
on the other hand Artemov and Japaridze (1990) proved that arithmetical completeness
still holds, if we restrict ourselves to formulas with just one individual variable. Opening up
a further glimmer of light in this gloomy outlook, in Yavorski (2002), Hao and Tourlakis
(2021) and De Almeida Borges and Joosten (2013), some positive results are achieved. In
the last of these works, in particular, a strictly positive first order modal calculus, named
QRC1 (Quantified Reflection Calculus with one modality), is introduced, whose signature is
composed by relational symbols and constants, among which >, and logical operators are
restricted to ∧, ∀ and ♦. This logic is based on very basic rules that manipulates judgements
of the form φ ` ψ:

(a) φ ` > and φ ` φ

(b) φ ∧ ψ ` φ and φ ∧ ψ ` ψ

(c)
φ ` ψ φ ` χ
φ ` ψ ∧ χ

(d)
φ ` ψ ψ ` χ

φ ` χ

(e)
φ ` ψ
♦φ ` ♦ψ

(f) ♦♦φ ` ♦φ

(g)
φ ` ψ

φ[t/x] ` ψ[t/x]

(h)
φ[c/x] ` ψ[c/x]

φ ` ψ

(i)
φ ` ψ
φ ` ∀xψ (x not free in φ)

(j)
φ[t/x] ` ψ
φ ` ∀xψ (t free for x)

A modal completeness (and decidability) was shown with respect to finite irreflexive and
constant domain Kripke models. A theorem of arithmetical completeness is also demonstrated,
providing a more complex notion of arithmetical interpretation and we would like to highlight
the peculiar aspects of this interpretation. First a provability predicate à la Feferman Prfτ
is considered (see on p.122) for a Σ1-definition of axioms τ of the theory T. The basic idea
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is that relational symbols S(x, c) of the modal language are intepreted as Σ1 arithmetical
formulas S(x, c)∗ = σ(u, vx, vc) that define set of axioms of theories and starting from such an
intepretation ∗, then this is extended to an intepretation τ∗ of all formulas as follows, where
τ(u) is added to the definition of the axioms, to ensure that we are dealing with extensions of
T:

(a) >τ∗ = τ(u).

(b) S(x, c)τ
∗

= S(x, c)∗ ∨ τ(u).

(c) (ψ ∧ δ)τ∗ = ψτ
∗ ∨ δτ∗ .

(d) ♦ψτ
∗

= τ(u) ∨ (u = pConsψτ∗q)

(e) (∀xψ)τ
∗

= ∃yψτ∗

where conjunction is intepreted as the union of corresponding sets of axioms and the universal
quantifier as an infinite union (see Beklemishev (2014)). For example:

(♦S(s, c))τ
∗

= τ(u) ∨ (u = pConsσ(u,v̇x,v̇c)∨τ(u)q)

A highly sophisticated proof in Solovay’s style concludes that QRC1 coincides with the set
of judgements φ(x, c) ` ψ(x, c) such that for all arithmetical interpretations ∗ the theory
T proves that for all sentences θ, the formula ∀x∀y(Prψτ∗ (pθq) → Prφτ∗ (pθq)) holds true,
where ψτ

∗
and φτ

∗
generally depend on y, z, for all recursively enumerable and sound T

extending IΣ1. To close the circle with the previous section, the logic QRC1 turns out to be
arithmetically sound even with respect to HA, but the arithmetical completeness problem is
still open.

5.6. The quest for consistency proofs: proposal for further study

By Gödel’s theorem, a proof of consistency of arithmetic must necessarily go beyond the means
of arithmetic itself, since no consistency proof of a sufficiently strong consistent arithmetical
theory can use methods that can be formalized in the theory itself. A proof of the consistency
of arithmetic can be given simply by showing that the standard model verifies all its axioms.
This in fact is a proof in some set theory like ZFC, or in second-order arithmetic, quite
far from the idea of a constructive proof. Or it can be given through Gödel’s “Dialectica”
interpretation using higher type functionals, which we briefly mentioned when discussing the
extensions of simply typed lambda calculus. Having to transcend Hilbert’s finitistic level
with the aim of not straying too far from it, we emphasised how Gödel distinguished between
finitistic reasoning and constructive reasoning. Or, finally, such a consistency proof can be
given using transfinite induction up to ε0 = sup{ω, ωω, ωωω ...}. Recall from set theory that a
set is called well-ordered if every non-empty subset of it has a least element. Ordinals (see
section 5.2) are transitive sets, well ordered by the appartenance. The transfinite induction
principle is a generalization of the complete induction principle on natural numbers, to more
general well ordered sets. So, for instance, what we call the principle of transfinite induction
up the ordinal α can be expressed as:

∀x ∈ α((∀y < xP (y))→ P (x))→ ∀x ∈ αP (x)

Well orderings are, in particular, linear ordering and actually holds true that any linearly
ordered set enjoys the principle of complete induction if and only if it is well-ordered. Recall,
by the way, that if we restrict ourselves to countable ordinal numbers, such as ε0, these
ordinals are in fact just different orderings of the natural numbers. This brings us to Gentzen’s
method, based on the well-foundedness of ordinal notations up to ε0. The aim, in this case too,
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is to remain as close as possible to finitistically acceptable reasoning. Introducing the sequent
calculus we will see what difficulties arise in proving cut-elimination for theories, rather than
for pure logic. In Chapter 7, we will demonstrate that the consistency of first-order logic
follows from the cut-elimination theorem for its formalization in the sequent calculus because a
consequence is that the empty sequent (the formalisation, in this calculus, of the contradiction)
cannot be proven. We will also examine the difficulties and some partial solutions for fragments
to the difficulties that arise regarding cut elimination for theories (i.e., in the presence of
specific axioms or additional rules, such as induction, restricted to some classes of formulas ).
However cut elimination fails dramatically for Peano Arithmetic and therefore this method is
not applicable. Gentzen, in alternative, devised a method for assigning an ordinal number
smaller than ε0 to each finite proof and showed how to effectively transform a proof in Peano
Arithmetic of the empty sequent, into another proof of the empty sequent such that the
latter receives a smaller ordinal than the former. Each reduction step is assigned an ordinal
number, and then it is shown that the ordinal number decreases with every step. Actually it
would be better to talk about ordinal notations and well ordering of these notations, since
ordinals are given in the so-called Cantor normal form α = ωβ0 + ...+ ωβn with exponents
β0 ≥ ... ≥ βn. These “ordinals” indeed, are syntactic objects, rather than transfinite ordinals,
strings of symbols introduced in a purely combinatorial manner, which can be equipped with
a well-order and an algebra of elementary operations. In elaborating Gentzen’s proof, Takeuti
(1987) 92-100 proposes an effective method for demonstrating that these ordinal notations
are well-ordered, based on so-called “eliminators”, which are methods for showing that each
strictly decreasing sequence starting from any ordinal notation is finite. This well-ordering
property is called accessibility and constitutes an attempts, to a certain extent, to fill the gap
with finitary mathematics. Starting from the assumption that, by contradiction, the empty
sequent is provable, since the ordinal ε0 is accessible, the proofs of the empty sequent can only
be reduced a finite number of times, and this leads to a contradiction, by using the induction
on transfinite ordinal numbers up to ε0 in the form of an “infinite descent” argument (see
Kleene (1952) 12-13). According to Takeuti (1987), the method based on “eliminators” is
still acceptable from a finitist point of view, although modified in a more liberal sense to
admit “Gedankenexperimente on (concrete) operations” (Takeuti (1987) 100-101).

In Gentzen’s proof every step except the well-ordering of the ordering of type ε0 can be
performed in Skolem’s Primitive Recursive Arithmetic PRA. If we agree, following Tait
(1981), that what Takeuti calls Hilbert’s “purely finitist standpoint” coincides with Skolem’s
primitive recursive arithmetic PRA, we can formally express this argument as follows:

PRA + TI(ε0) ` Con(PA)

where TI(ε0) is the formalization of the transfinite induction principle up to ε0. We can also
say that, in a certain sense, the ordinal ε0 measures the strength of PA. However, to formalise
the principle of transfinite induction in the language of arithmetic, we must find a way to
represent the ordinals up to ε0 in this language and the representation system chosen is not
irrelevant to the result. What constitutes a good “natural” order is a much-debated question.
Pathological, although ad hoc, examples are available. However in Rathjen (1999) (work that
we also recommend for a more extensive discussion and bibliography on the subject, primarily
by the author himself) is described how “natural” systems typically arise: the ordinals α
smaller than ε0 are represented in Cantor normal form, whose exponents themselves have
Cantor normal forms with even smaller exponents. Since the process must end, this ensures
that they can be encoded with natural numbers. It follows that we can devise a coding
system pxq such that for every α < ε0 the code pαq is a natural numbers that denotes the
ordinal α and the two structures, ε0 with the operations +, ·, ωα and the relation <, on the
one hand, and on the other hand the set of these codes, the primitive recursive functions
pαq+̂pβq = pα + βq, pαq̂·pβq = pα · βq, ω̂pαq = pωαq and the primitive recursive relation
pαq ≺ pβq if and only if α < β turn out to be isomorphic. Therefore, the principle of
transfinite induction can actually be expressed with a formula in the language of primitive
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recursive arithmetic:

∀x(∀y ≺ xP (x))→ ∀xP (x)

where P (x) is a primitive recursive predicate. In Gentzen (1943) it is showed that PA proves
the transfinite induction up to α, for each α < ε0, so we can say that his consistency result is
optimal.

Between 1934 and 1943, Gentzen gave four proofs of consistency (three of which were published,
according to the the historical reconstruction in Von Plato (2014)). Nowadays, when talking
about “Gentzen’s consistency proof for arithmetic”, one usually refers to Gentzen (1938).
Some Proof Theory textbooks report variations of this method (see for instance Takeuti
(1987) and Mancosu, Galvan and Zach (2021)), trying to shed light on its darkest aspects.

The proof in Takeuti (1987) is long and complex and here we will limit ourselves to providing a
taste, illustrating a crucial point and showing how induction is replaced by cut, that highlights
the method. Again, we refer to Chapter 7 for notation regarding the sequent calculus and for
the formalization in this calculus of the arithmetical theories (in particular, of the induction
rule). On the contrary, the complexity measures are peculiar to this proof. In the mechanism
for assigning ordinals less than ε0 to sequents S within a proof π (notation o(S;π), or simply
o(S)), we proceed inductively, looking at the rule by which S was obtained. Hence in particular,
if S is the lower sequent of a cut inference, where the upper sequents were assigned respectively
the ordinals µ and ν, then o(S) = ωk−l(µ#ν) (where ω0(x) = x and ωn+1(x) = ωωn(x)), where
k and l are the hights (where in this proof, the hight of a sequent is the maximum complexity,
according to a measure of complexity called grade, of the cut-formulas and formulas to which
induction under that sequent applies) of the upper sequents and of S respectively and # is the
so-called “natural (or Hessenberg) sum”: ωµ0 + ...+, ωµm#ω0 + ...+, ωνn = ωξ0 + ...+, ωξm+n ,
where ξ0, ..., ξm+n are the exponents µ0, ..., µm, ν0, ..., νn sorted in nonincreasing order. If S
is the lower sequent of an induction inference, where the upper sequent was assigned the
ordinal (in Cantor normal form) µ = ωµ0 + ...+, ωµn , then o(S) = ωl−k+1(µ0 + 1), where l
and k are the hights of the upper sequent and of the lower sequent respectively.

The lemma according to which an hypotetical proof of the empty sequent =⇒ in a sequent
calculus formalization of PA can be transformed into another proof of the same sequent, but
with a lower ordinal associated with it, is obtained by analysing the so-called end-piece of a
hypothetical proof of the this sequent, i.e., if the end-sequent is the empty sequent, that part
of the proof selected ascending each thread starting from the final sequent, until a logical rule
is encountered, and stopping in each branch at the lower sequent of such a logical rule. A
crucial step is that of replacing all inductions appearing in such end-piece with a sequence of
cuts, obataining a bound to the proof, strictly smaller than the previous one. Hence consider
the end-piece of a proof π of the empty sequent and take the lowermost induction inference,
i.e. an inference (see Chapter 7.) of this form:

ψ(x),Γ =⇒ ∆, ψ(S(x))

ψ(0),Γ =⇒ ∆, ψ(s)

Let respectively l and k the hights of (both) upper sequents and the height of the lower
sequent. By defiition, the ordinal assigned to the latter is o(S) = ωl−k+1(µ0 + 1), where
µ = ωµ0 + ...+, ωµn is the one assigned to the upper sequent. It can be shown that in the
end-piece any variable that is not an Eigenvariable can be replaced by a constant, so we can
assume that s is a closed term and that therefore there is a proof for a certain number m (its
value). that in the final part any variable that is not an Eigenvariable can be replaced by a
constant, so we can assume that s is a closed term and that therefore, as a consequence, there
is a proof of ψ(m) =⇒ ψ(s), for some number m (the value of s). Inductive inference will be
replaced by a sequence of cuts:

150



Second incompleteness theorem: research developments and consequences

ψ(0),Γ =⇒ ∆, ψ(1) ψ(1),Γ =⇒ ∆, ψ(2)

ψ(0),Γ =⇒ ∆, ψ(2) ψ(2),Γ =⇒ ∆, ψ(3)

ψ(0),Γ =⇒ ∆, ψ(3)

...
ψ(0),Γ =⇒ ∆, ψ(m) ψ(m),Γ =⇒ ∆, ψ(s)

ψ(0),Γ =⇒ ∆, ψ(s)

Having all ψ(n) the same complexity (the grade count the number of logical symbols), to
all sequents ψ(n),Γ =⇒ ∆, ψ(S(n)) is assigned the same ordinal µ and by definition each
ψ(0),Γ =⇒ ∆, ψ(n) is assigned µ#...#µ (n-times). But in the proof of ψ(m),Γ =⇒ ∆, ψ(s)
no induction or cut on complex formulas is required and in this case the assignement system
assigns to it a finite number, say q. So, actually, the ordinal assigned to the final sequent
ψ(0),Γ =⇒ ∆, ψ(s) of this subderivation is ωl−k(µ ·m + q), which is less than the original
ωl−k+1(µ1 + 1).

The mechanism for assigning ordinals appeared to some to be too ad hoc. Since it is largely
the induction rule that causes problems, it seemed considerably preferable to admit infinitary
proof systems as a formalization of PA, with infinitary rules replacing the induction rule, and
obtaining a more transparent proof. In the wake of Schütte (1960), it is today quite common
to overcome both the obstacle of eliminating the cuts and the alleged lack of transparency in
the assignment of ordinal numbers to proofs by following a different method by admitting
rules with infinite premises. This logic is frequently proposed in a certain version of the
one-side sequents calculus (i.e. where the antecedent of all sequents is empty), introduced
in Tait (1968). The so-called ω rule, in the two-side calculus, that we use in these lectures,
consists instead of two types of infinitary inference, a possibility already explored by Hilbert,
which Gentzen did not admit, however:

Γ =⇒ ∆, φ(n) (for all n ∈ N)

Γ =⇒ ∆,∀xφ(x)

φ(n),Γ =⇒ ∆ (for all n ∈ N)

∃xψ(x),Γ =⇒ ∆

(see ch.7. for notations) replacing the right universal quantifier rule and the left existential
quantifier rule in sequent calculus. The version of PA with these rules instead of the induction
rule, named PAω, enjoys cut elimination. It is proved that if the empty sequent has a proof in
PA, then it has a cut-free proof in PAω of hight less than ε0, but this is impossible, beacause,
as we will see, there can be no cut-free derivation of the empty sequent. A proof of the
consistency theorem along these lines is given, for example, in Schwichtenberg (1977), in
Girard (1987) pp. 347-416, and in Troelstra and Schwichtenberg (2000) pp. 259-79.

Let us give at least an idea of how a consistency proof using the above infinitary rules
can work. First, note that the derivations now are well-founded trees, which are generally
infinite. Still arguing infomally, we define the cut-rank k of a derivation be the length of the
longest cut-formula, and the height α of a derivation the supremum of the heights plus one
of all its subderivations (where axioms have height 0). We write PAω `αk Γ =⇒ ∆ to mean
that there exists a derivation of that sequent of height α and cut-rank k. For example, a
PAω-derivation of the principle of induction now has this form (see Girard (1987) p. 355).
Let Γ = ψ(0),∀x(ψ(x)→ ψ(S(x)). We can derive the sequents Γ =⇒ ψ(n) as follows:

(f)(a) for n = 0, by weakening from ψ(0) =⇒ ψ(0).
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(b) Suppose that each Γ =⇒ ψ(n) has been proved. Hence build this derivation:

Γ =⇒ ψ(n) ψ(n+ 1) =⇒ ψ(n+ 1)

Γ, ψ(n)→ ψ(n+ 1) =⇒ ψ(n+ 1)

Γ,∀x(ψ(x)→ ψ(S(x)) =⇒ ψ(n+ 1)

Γ =⇒ ψ(n+ 1)

(c) Now conclude as follows:

Γ =⇒ ψ(0),Γ =⇒ ψ(1),Γ =⇒ ψ(2)....

Γ =⇒ ∀xψ(x)

ψ(0) =⇒ (∀x(ψ(x)→ ψ(S(x)))→ ∀xψ(x))

=⇒ ψ(0)→ (∀x(ψ(x)→ ψ(S(x))→ ∀xψ(x))

This is a proof of the induction axiom which is a well founded tree of height ω+ 2. The crucial
result (see Rathjen (2006)) of cut-elimination for this formalization of Peano Arithmetic with
infinitary rules establishes that if PAω `αk+1 Γ =⇒ ∆, then PAω `ω

α

k Γ =⇒ ∆ and therefore,
by iterating this result we can obtain a cut-free derivation (k = 0) at the price of ingreasing
the length of the derivation as:

ωω
...

α

for k−iterations, and therefore the height of such a derivation is bounded by ε0. But it is
provable that if PA ` Γ =⇒ ∆, then it is also provable PAω `ω+s

k Γ =⇒ ∆ for some s, k < ω
and from the above, there exists a cut-free derivation of this sequent in PAω. Now, if we apply
this argument to the empty sequent =⇒, we would obtain a cut-free derivation of it, which is
impossible (indeed, it is an immediate application of the subformula property, see ch.7).
Based on these methods, the analysis of the strenght of mathematical theories by means
of transfinite induction, now called ordinal analysis, has been extended to other theories.
For example, sticking to the theories mentioned in this volume, the ordinal associated with
Q is ω; the one associated with I∆0 is ω2, while the one associated with PRA is ωω (see
Sommer (1990) and Sommer (1995)). Finally, to cite a fragment of the second order, to
which ordinal analysis has been most applied, the proof-theoretic ordinal associated with
ATR0, a theory which we mentioned in section 6.4., and of Feferman’s Predicative Analysis
is Γ0, the so-called “Feferman-Schütte ordinal” , a countable ordinal that is the least ordinal
“unreachable” by predicative means that we mentioned on p.131. However, analysing stronger
and second-order theories goes beyond the purpose of these lecture notes. Rather, remaining
within the realm of weak theories, we conclude by pointing to a line of research into the
provability of well-foundedness of ordinal notations in weak theories of Bounded Arithmetic
develped in Sommer (1995) and Beckmann, Pollett and Buss (2003). For instance, the latter
authors define a notion of well-foundedness on bounded domains and show that the theories
T 1

2 and S2
2 , that we introduce in section 7.3, can prove the well-foundedness on bounded

domains of the ordinal notations below ε0 and Γ0.
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6. Independent sentences of mathematical character

6.1. Skepticism about Gödel’s results

It has been pointed out (see for instance Grattan-Guinness (2011)) that the reception of
incompleteness results within the mathematical community was very slow. One reason for
the large underestimation of gödelians’ results in part of the community of mathematicians,
which helped to brake their assimilation, was linked to the metamathematical character of the
statement “I am not provable” used in the constructive proof. The perceived distance from
the concrete mathematical work is perhaps behind the most striking case of the silence in this
regard: that of the the French group ‘Bourbaki’ of formalists mathematicians that began its
activity in 1935. Actually still in 1948 Dieudonné, in David Hilbert’s obituary, could write
rather vaguely: “it seems that Hilbert’s intuition ... has resulted in hopes a little exaggerated”.
Moreover, judging the presence of an undecidable proposition to be irrelevant, in Dieudonné
(1987) the French mathematician complains that the undecidable statement of Gödel’s first
theorem is too artificial and unrelated to number theory. Nor were the mathematicians of
the Bourbaki group too concerned about the problem of consistency, that considered just an
empirical fact.
On the one hand, the formalization of mathematical reasoning, and on the other hand, the
self-referential arithmetical statement, seemed to many mathematicians to be builded ad hoc
for the purpose of obtaining the incompleteness result and very different from those occurring
naturally in the mathematical research. In other words, the working mathematicians of the
1930s, although impressed by the wide-ranging philosophical implications of Gödel’s limitative
result, need not themselves have felt particularly limited by them, and could continue in their
research for the most part as before.
A question that naturally arised, was therefore that about the pervasivity of Gödel’s results,
its impact on mathematical practice and if there were statements coming from the concrete
mathematical practice, who shared the same fate of the bizarre statement invented by
Gödel, but without resorting to diagonalization and other tricks. To a certain extent the
underestimation of Gödelian achievements conceals a misunderstanding. Kurt Gödel himself,
as some sources report, reacted to the objection of the logical, rather than mathematical,
character of his results by saying that nothing is more mathematical than a Diophantine
equation (see Kripke (2021) and the discussion on Matiyasevich’s theorem on p.46). The
tools introduced by the incompleteness theorems are perhaps better defined as “strikingly
original mathematics, with something of the charm of Cantor’s first work in set theory”, as
remarks Macintyre (2011), although, according to this prominent British model-theorist, the
discovery of the phenomenon of incompleteness had little effect on current mathematics.
For this reason, in an attempt to address these objections, some scholars have devoted
themselves to the search for independent statements of mathematical content, with proofs
that did not rely on the typical Gödelian toolbox. These statements were actually found
systematically, starting from Paris (1978), both of combinatorial as Paris and Harrington
(1977), or numeric character, as for example Kirby and Paris (1982), i.e. expressing natural
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properties of integers. The distinguished logician John Barwise, editor of the famous Barwise
and Keisler (1977), points out at p. 1133 that as early as 1931, i.e. the year of the publication
of the incompleteness theorem, the mathematical world was already calling for similar results
concerning statements of a clear and simple mathematical nature. Barwise points to the
Paris and Harrington theorem as the first example of this kind (in the authors’ own words:
“a reasonably natural theorem of finitary combinatorics, a simple extension of the Finite
Ramsey Theorem”). The other popular example is Paris and Kirby’s independence result
concerning Goodstein sequences and of the related ‘Hydra game’. We give an account of both
in this chapter. Goodstein (1944) proved the rather surprising result that eventually these
sequences reach 0. Studying the correspondence between Bernays and Goodstein, Rathjen
(2015) shows how close Goodstein came to proving the independence result later obtained in
Kirby and Paris (1982). We will see that this last paper actually showed that the power of
Peano’s Arithmetic is not enough to prove this result also for a kind of sequences so-called
special Goodstein sequences. Indeed, it has been emphasised by various logicians that the first
strictly mathematical result of independence was actually the famous result of independence
of the induction principle up to ε0 of Gentzen (1936). In particular Kripke (2021) puts the
question in these terms: Gentzen gave the first such result, that was restated by Goodstein in
a number-theoretic form.

6.2. Ramsey’s theorems and the Paris-Harringhton theorem

An important example of combinatorial statement formalized in first order Peano arithmetic,
but independent of it, arises in the context of the mathematical study of combinatorial objects
known as Ramsey theory. In a concise manner, we are concerned with problems like that
posed in The American Mathematical Monthly in 1958 (N. 65, vol. 6, Problem E 1321):

“Prove that in a meeting of any six persons, about three of them are either mutual
acquaintances or complete strangers to each other”.

The party acquaintances problem. So, what is the minimum number of guests such that it is
sure to find among them three people who do not know each other, or three people who know
each other? For example, let us suppose that there are five individuals: observe the complete
graph K5 below, where the red lines connect individuals who do not know each others and
the blue lines individuals who they know to persuade you that there cannot be three people
who know each other or three people who do not know:

Figure 5. Graph K5.

But if we add an individual (the complete graph K6 below), then six individuals are sufficient
to determine a clique of three individuals who either know or do not know each other:
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Figure 6. Graph K6.

Notice that in this case each node can belong to at least three red edges, or at least three
blue edges. For each node x there are 5 edges incident to it. Take for example three of these
edges (x, a), (x, b) and (x, c) of the same color, say blue. Now, if any of the edges (a, b), (a, c)
and (b, c) is blue, then we’re done. If not, then all these last three edges must be red and we
are done as well.
The general problem is: find the minimum number R(k, h) of guests which is necessary to
invite to a party in such a way that at least k of them know each other, or at least h guests
do not know each other. In our example, R(3, 3) = 6.
Ramsey’s number R(h, k) in general is definde as the minimum n such that for any coloring
in two colors B and R of the edges of the complete graph (i.e. in which each pair of nodes is
connected with an arc) with n-nodes, the graph contains, either an R-subgraph with k-nodes,
or a B-subgraph with h-nodes, where a coloration is a function f : {〈x, y〉|x, y ≤ n} → {B,R}.
The Ramsey theorem for graphs states that for all k, h there is a n such that each complete
graph of at least n nodes and colored with two colors Blue,Red, must contain a Blue
monocromatic subgraph with k nodes, or a Red monocromatic subgraph with h nodes. This
result holds also for a finite number of colors. The infinite version states that every countably
infinite complete graph must contain a monochromatic complete infinite graph. In view of the
results we wish to present, we observe that the theorem can be given in a more general version.
First let [A]k = {X ⊆ A||X| = k}, where with the notation “ |X|” we mean the cardinality of
X; notice that a graph G = 〈V,E〉 is given by a set of nodes V and a set of edges E, namely
of unordered pairs of nodes, that can be seen as a subset of [V ]2 (a complete graph is one such
that E = [V ]2). E.g. A = {a, b, c, d, e}, then a three-color (say red, blue and green) coloring
of [A]4 might be the following:

(r) {a, b, c, d}, {a, b, d, e}

(b) {a, c, d, e}

(g) {a, b, c, e}, {b, c, d, e}.

Ramsey’s theorem for sets. Given X ⊆ N, we write [X]k to indicate the Y ⊆ X such
that |Y | = k. Moreover, by identifiyng a number with the set of its predecessors m =
{0, 1, 2, ...,m− 1}, a surjective function f : [X]k −→ m will be called coloring, or partition. A
subset Y ⊆ X will be called omogeneous, or monocromatic, if all elements of [Y ]k receive the
same color by f , i.e. if f �Y is costant. Lastly, with:

n −→ (h)km

we mean that for all set X of cardinality ≥ n, for all coloring f : [X]k −→ m, there is a
Y ⊆ X of cardinality ≥ h such that Y is homogeneous with respect to f .

Theorem 98. (Infinite Ramsey theorem) Let n, k be positive integers and let X ⊆ N be
infinite. If [X]n is colored with k colors, then X has a monocromatic subset. In symbols:

ℵ0 −→ (ℵ0)nk
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Proof. We follow Marker (2002) Chapter 5.1. Induction on n:

(a) n = 1. Notice that [X]1 = {{x}|x ∈ X}. Hence, if f : [X]1 −→ K, then there is an
infinite Y ⊆ X such that f is constant on [Y ]1, i.e. there exists i < k such that f−1(i) is
infinite. This follows from the “Pigeon hole principle”: if we place an infinite number of
objects in a finite number of boxes, at least one box will contain infinite objects.

(b) n > 1. Without loss of generality, set X = N. Let f : [N]n −→ k. Suppose the theorem
holds for n− 1 by inductive hypothesis. Let us define a sequence:

N = X0 ⊃ X1 ⊃ X2 ⊃ ...

and a sequence a0 < a1 < a2 < ... where ai = min(Xi). Suppose we have defined as and
Xs and let:

fas : [Xs r {as}]n−1 −→ k

defined as:
fas(A) = f(A ∪ {as})

Hence A ∪ {as} = {as, ai0 , ..., ain−2} ⊆ Xs. By the induction hypothesis exists Z ⊆
Xs r {as} homogeneous with respect to fas . Hence we let Xs+1 = Z.

Let now Cas be the color assigned by fas to all elements of [Z]n−1. Notice tha colors are finite,
while the as are infinite, hence for an infinite Y = {am0

, am1
, am2

...} we will have Cam0
=

Cam1
= Cam2

= ... = j. Then, for all {amj0 , ..., amjn−1
} ∈ [Y ]n, f({amj0 , ..., amjn−1

}) = j.

Indeed, by definition f({amj0 , ..., amjn−1
}) = famj0

({amj1 , ..., amjn−1
} = j, where {amj1 , ..., amjn−1

} ⊆
Xmj0+1 . QED

Corollary 20. (Finite Ramsey theorem) For all k, n,m ∈ N there exists h ∈ N such that:

h −→ (m)nk

Proof. Suppose this is not true. Hence for all h ∈ N, let Th the set of colorations f : [h]n −→ k
such that there is no X ⊆ h, of cardinality bigger or equal to m, X monocromatic for f .
Notice that if f ∈ Th+1, then there is a unique g ∈ Th such that g ⊂ f . Let therefore
T =

⋃
h Th;it is a finitely branching tree but infinite and therefore by König’s lemma it

has an infinite branch f0 ⊂ f1 ⊂ f2 ⊂ ..., where fi ∈ Ti. Let therefore f =
⋃
i fi; hence

f : [N]n −→ k. For the infinite Ramsey theorem exists an infinite set X < homogeneous for
f . Let therefore x0, .., xm−1 the first m elements of X and let s > xm−1. Then {x0, .., xm−1}
will be homogeneous for fs (contradiction). QED

We would now like to show that changing the premises of the the finite Ramsey theorem in
an apparently harmless manner, as the fact that the proof is almost the same invites one to
think (but that is not the only one for it!), has unexpected consequences. Notice that the
proof that uses the infinite version is similar to that of the finite Ramsey theorem.

Theorem 99. For all k, n,m ∈ N exists h ∈ N such that, if f : [h]n −→ k is a coloring, then
there exists Y ⊆ h homogeneous for f and such that:

(a) |Y | ≥ m

(b) |Y | ≥ min(Y ) (“Y is relatively big”).

In symbols h −→∗ (m)nk .
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Proof. Suppose that not; then for each h ∈ N, let Th the set of colorings f : [h]n −→ k such
that there is no Y ⊆ h, of cardinality bigger or equal to m and to min(Y ), Y monocromatic for
f. Hence let us consider T =

⋃
h Th; it is an infinite, finitely branching tree and therefore the

König’s lemma has an infinite branch f0 ⊂ f1 ⊂ f2 ⊂ ... where fi ∈ Ti. Let therefore f =
⋃
i fi;

hence f : [N]n −→ k. For the infinite theorem of Ramsey exists an infinite set X homogeneous
for f. Let x0 = min(X); let x0, ..., xe−1 the first e elements of X and let s ≥ e ≥ x0,m. Then
Y = {x0, ..., xe−1} is homogeneous for fs, |Y | ≥ m,min(Y ) (contradiction). QED

Nevertheless, there are considerable differences between these statements:

(a) The infinite Ramsey’s theorem is formalized and provable in Peano Arithmetic of the
second order PA2.

(b) The finite Ramsey’s theorem is provable in first order Peano Arithmetic PA.

(c) The Paris-Harrington’s theorem is formalized in PA and true in the standard model, but
unprovable in PA.

Following Marker (2002), pp. 175-202, we prove point 3. in a manner that is quite usual
today, namely by proving the independence of the Kanamori-McAloon principle. This theorem
is actually a consequence of Paris and Harrington’s statement.

Definition 46. Let us say that:

(a) if f : [X]n −→ N is a coloring, it is regressive when f(A) < min(A) for all A ∈ [X]n

(b) Y ⊆ X is called min-homogeneous for f , if when A,B ∈ [Y ]n and min(A) = min(B),
then f(A) = f(B).

For instance f : [{1, 2, 3}]2 −→ 2 where f({1, 2}) = f({1, 3}) = 0 and f({2, 3}) = 1 is
regressive and the set {1, 2, 3} is min-homogeneous for f , because min({1, 2}) = min({1, 3})
and f({1, 2}) = f({1, 3}).

Theorem 100. For all c,m, n, k ∈ N exists d such that, if f1, ..., fk : [d]n −→ d are regressive,
then exists a subset Y ⊆ [c, d) such that:

(a) |Y | ≥ m

(b) Y is min-homogeneous for all f1, ..., fk.

Although formalizable in the language of PA and true, this statement is not provable in PA.

Definition 47. Let:

Γ = {φ1(u1, ..., um, v1, ..., vn), ..., φe(u1, ..., um, v1, ..., vn)}

a set of formulas and let M be a model of PA. Let us call I ⊆ M a set of indiscernible
elements for Γ, if for all set of elements x0 < x1 < ... < xn e x0 < y1 < ... < yn in I, for all
a1, ..., am < x0 and all φi ∈ Γ, we have1

From Kanamori-McAloon follows the existence of a set of indiscernibles in the standard model.
Main Lemma. For all e,m, n ∈ N and formulas;

φ1(u1, ..., uk, v1, ..., vn), ..., φe(u1, ..., uk, v1, ..., vn)

there exists a set of indiscernibles I, such that |I| ≥ m.

1 To improve readability, we use this simplified notationM |= ψ(a), where a is an element of the model (not a
constant or a numeral), meaning that a satisfies φ(x) in that model.
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Proof. Let m > 2n. We will use two facts:

(a) From the finite version of Ramsey theorem, let us take w such that:

w −→ (m+ n)2n+1
e+1

(b) From Kanamori and McAloon, given w, 2n+ 1, there exists s such that for all regressive
functions f1, ..., fk : [s]2n+1 −→ s there exist a subset Y ⊆ s such that |Y | ≥ w and Y is
min-homogeneous for all f1, ..., fk.

Hence let us define regressive functions f1, ..., fk and a coloring g in this way. Let X =
{x0, ..., x2n} where x0 < ... < x2n < s. Then:

(a) if for all 0 < i ≤ e and a1, ..., ak < x0 we have:

φi(a1, ..., ak, x1, ..., xn)↔ φi(a1, ..., ak, xn+1, ..., x2n)

then let fj(X) = 0, for all 0 < j ≤ k and g(X) = 0.

(b) If there are instead i ≤ e and a1, ..., ak < x0 such that:

¬(φi(a1, ..., ak, x1, ..., xn)↔ φi(a1, ..., ak, xn+1, ..., x2n))

then let fj(X) = aj , for all 0 < j ≤ k, and g(X) = i. In this way:

¬(φg(X)(f1(X), ..., fk(X), x1, ..., xn)↔ φg(X)(f1(X), ..., fk(X), xn+1, ..., x2n))

Note that fj(X) < min(X), indeed, either fj(X) = 0, or fj(X) = aj < x0 = min(X), namely
the fj : [s]2n+1 → s are regressive. Therefore we can apply Kanamori - McAloon to find
Y ⊆ s min-homogeneous, |Y | ≥ w; for Ramsey and the choice of w there exist Z ⊆ Y and
i < e+ 1 such that g(A) = i, for all A ∈ [Z]2n+1, |Z| > m+ n (recall that w −→ (m+ n)2n+1

e+1

and that g : [s]2n+1 −→ e+ 1).
Recall that m > 2n and then |Z| > 3n, so that we can write Z as x0 < x1 < ... < x3n < ....
Note that Z is min-homogeneous for each fj .
Claim. We show now that g(A) = i = 0 for all A ∈ [Z]2n+1. Let therefore:

(a) α = x0, x1, ..., xn, xn+1, ..., x2n, x2n+1, ..., x3n

(b) β = x0, x1, ..., xn, xn+1, ..., x2n, x2n+1, ..., x3n

(c) γ = x0, x1, ..., xn, xn+1, ..., x2n, x2n+1, ..., x3n

subsets of Z of cardinality 2n+ 1, where we highligth the omitted elements.
Suppose by contradiction that i > 0. Note that α, β, γ are subsets of Z whose cardinality is
2n+ 1. Let now aj = fj(α) = fj(β) = fj(γ) observing that from the min-homogeneity the
sequences α, β, γ of elements of Z give the same result for each fj and, as observed before, this is
less than x0. For Ramsey’s theorem (being Z homogeneous for g) g(α) = g(β) = g(γ) = i > 0.
Condition (2) says that:

(a) ¬φi(a1, ..., ak, x1, ..., xn)↔ φi(a1, ..., ak, xn+1, ..., x2n)

(b) ¬φi(a1, ..., ak, x1, ..., xn)↔ φi(a1, ..., ak, x2n+1, ..., x3n)

(c) ¬φi(a1, ..., ak, xn+1, ..., x2n)↔ φi(a1, ..., ak, x2n+1, ..., x3n)
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But the conjunction of these conditions implies a contradiction. Hence i = 0

Take now the last n-elements of Z, say z1 < z2 < ... < zn. Let therefore I = Z r {z1, ..., zn}.
Taking two sequences x0 < x1 < ... < xn and x0 < y1 < ... < yn of elements in I, for
a1, ..., ak < x0 we will have:

(a) φi(a1, ..., ak, x1, ..., xn)↔ φi(a1, ..., ak, z1, ..., zn)

(b) φi(a1, ..., ak, y1, ..., yn)↔ φi(a1, ..., ak, z1, ..., zn), from which follows

(c) φi(a1, ..., ak, x1, ..., xn)↔ φi(a1, ..., ak, y1, ..., yn)

Namely, I is a set of indiscernibles. QED

The Main Lemma gives us indiscernibles for a finite Γ; at the opposite, in the following we
need it for the infinite class ∆0. Notice that the Main Lemma is formalizable in any theory
(say PA) which has a truth predicate for the formulas concerned. Let therefore M a non
standard model of PA and suppose that Kanamori-McAloon holds in it. Since the lemma of
existence of indiscernibles holds in it for all standard numbers e,m, n, by overspill holds for
some non-standard c and for what “look” toM like the first c formulas from ∆0, having 2c
variables and therefore we note that holds for all infinite ∆0 standard formulas.
Recall that a general theorem of absoluteness holds.

Theorem 101. Let M |= PA and let J ⊆ M an initial segment of it (i.e. if a ∈ M, b ∈ J
and a < b, then a ∈ J). Let φ(x) ∈ ∆0 and let c ∈ J . Then M |= φ(c) if and only if
J |= φ(c).

Let us consider now Γ = ∆0. We show how to use indiscernibles to find initial segments that
are models of PA.

Theorem 102. Let M be a model of PA and let x1 < x2 < x3 < ... indiscernibles for the
class ∆0 of formulas. Let J = {y ∈M |∃i(y < xi)}. Then also J is a model of PA.

Proof. First we prove the closure under the operations:

(a) suppose that i < j < k < e and a < xi; if a+xj ≥ xk, then there exists b ≤ a(b+xj = xk);
but from indiscernibility also we have b + xj = xe, from which xk = xe, against the
hypothesis that xk < xe. Hence a+ xj < xk and since xk is un indiscernible also we have
a+ xj ∈ J . In particular xi + xj ≤ xk. It follows that J is closed under addition.

(b) Under the same conditions we also have a · xj < xk. Otherwise we would have, for some
minimal a = b+ 1, that bxj < xk ≤ (b+ 1)xj . By indiscernibility, also xe ≤ (b+ 1)xj .
Moreover, (b + 1)xj = bxj + xj < xk + xj . But from the previous point xk + xj ≤ xe,
from which xe ≤ (b+ 1)xj < xe (contradiction). Hence axj < xk. It follows the closure
under multiplication.

Now we show the closure under induction. We remark therefore that truth of a for-
mula in J can be reduced to truth of a ∆0 formula in M. For instance, let us consider
∃v1∀v2∃v3ψ(w, v1, v2, v3). Let a < xi. But J |= ∃v1∀v2∃v3ψ(a, v1, v2, v3) iff there exists i1 > i
such that for all i2 > i1, exists i3 > i2, such that:

J |= ∃v1 < xi1∀v2 < xi2∃v3 < xi3ψ(a, v1, v2, v3)

But truth of ∆0 formulas is preserved in extensions of models and then these remains true in
M. Being the xj indiscernibles, the above formulas can be reduced to a unique formula, i.e.
it will be true inM that ∃v1 < xi+1∀v2 < xi+2∃v3 < xi+3ψ(a, v1, v2, v3).
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Hence J |= ∃v1∀v2∃v3ψ(a, v1, v2, v3) if and only if:

M |= ∃v1 < xi+1∀v2 < xi+2∃v3 < xi+3ψ(a, v1, v2, v3)

But inM will be true the least number principle (equivalent to the induction). Hence there
is a minimum a∗ < xi such that the formula holds in the model, i.e.:

M |= ∃v1 < xi+1∀v2 < xi+2∃v3 < xi+3ψ(a∗, v1, v2, v3)

but from this follows J |= ∃v1∀v2∃v3ψ(a∗, v1, v2), and the the least number principle also
holds in J . QED

Independence of the Kanamori-McAloon principle. LetM a non-standard model of PA and
let c a non-standard element.

(A) Recall that PA proves the finite “Ramsey”. Hence take the minimum w such that in
M is true that w −→ (3c + 1)2c+1

c , namely, that for all f : [w]2c+1 → c, there is Y of
cardinality bigger than 3c+ 1 homogeneous.

(B) Let us suppose, by contradiction, that PA proves Kanamori-McAloon’s principle. There-
fore the aboveM is a nonstandard model of Peano Arithmetic where this principle holds.
Given the above w, let therefore d the minimum such that, if f0, ..., fc : [d]2c+1 −→ d
are regressive, then exists Y ⊆ [c, d) such that |Y | ≥ w and Y is min-homogeneous for
f0, ..., fc.

Following the steps of the proof of the Main Lemma inside the model, we can indeed obtain a
set c ≤ I < d of cardinality bigger or equal than c, that according toM is a set of indiscernibles
for ∆0-formulas coded with code at most c (and then in particular all ∆0-formulas coded by
standard numbers). Recall that in PA we can define partial truth predicates, in particular for
the ∆0 formulas. This, toghether with the usual coding apparatus, is all what is needed to
formalize the proof of the result about the existence of indiscernibles and rebuild it inside
the modelM. Following the steps of the proof of the Main Lemma inside the model, we can
obtain a set I ⊆ Y of cardinality bigger than c (where Y ⊆ [c, d) is the above mentioned set),
that according toM is a set of indiscernibles for ∆0-formulas coded with code at most c (and
then in particular all ∆0-formulas coded by standard numbers).
Let therefore x0 < x1 < x2 < ... an initial segment of I and let J = {y ∈ M |y <
xi, for some i}. For the previous theorem J is a model of PA. Moreover c ∈ J , but
d 6∈ J . Note that:

(A’) For finite Ramsey’s theorem (true in J) there is v ∈ J such that in J is true (A), i.e.
for all functions f : [v]2c+1 −→ c there exists Z homogeneous of cardinality bigger or
equal to 3c+ 1. Since all functions and sets needed for this statement are included in J ,
this holds also inM. But once fixed c, 2c, and 3c+ 1, according to (A) the set w was
minimal inM to satisfy this statement, hence w ≤ v. Therefore w ∈ J .

(B’) Analogously, if h ∈ J and is true in J that if the f0, ..., fc : [h]2c+1 −→ h are regressive,
by the hypothesis that the Kanamori-McAloon’s principle is true in models of PA, there
exists Y min-homogeneous for them of cardinality greater or equal to w, and arguing as
above, this is also true forM. But according to (B) d was the minimum for which this is
true inM. Hence d ≤ h and therefore d ∈ J . But we also had d 6∈ J (contradiction)

It follows that Peano Arithmetic does not prove Kanamori-McAloon statement and conse-
quently does not prove the Paris-Harrington either.

6.3. The Hydra game
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Kirby and Paris (1982) proved an extension of Goodstein’s original result, mentioned in the
introduction: recall that each integer can be written in base b ≥ 2, in form bn0 ·c0 + ...+bnk ·ck
where n0 ≥ n1 ≥ ... ≥ nk. The expontents in turn will be written in base b. For example, if
n = 266 and b = 2, we can write n in base b as:

n = 222+1

+ 22+1 + 21

Let us define Gn(x) by cases as follows: Gn(m) = “the number obtained replacing each n in
base n representation of m, with n+ 1, if m 6= 0 (Gn(m) = 0 otherwise)”.

For instance G2(266) = 333+1

+ 33+1 + 31; a Goodstein’s sequence n0, n1, n2... is such that
n0 = n and nk+1 = Gk+2(nk)− 1 if nk > 0; in our previous element:

n0 = n = 266

n1 = G2(n0)− 1 = 333+1

+ 33+1 + 2

n2 = G3(n1)− 1 = 444+1

+ 44+1 + 1

n3 = G4(n2)− 1 = 555+1

+ 55+1

...

This is called “the Goodstein sequence for m starting at 2”. This definition can be generalized
to “the Goodstein sequence for m starting at r”, for each r ≥ 2. The Goodstein’s theorem
(1944) says that each such sequence converges to 0, i.e. for all numbers n, there is a number
k such that nk = 0. However this k is of very big dimension, for instance, if n = 4, then
k = 3 · 240265321 − 3.
Well, although the Goodstein’s theorem is formalizable in the language of Peano arithmetic
at first order PA, this theory (which we assume to be consistent) is not able to prove the
corresponding formal statement. It is in fact possible to prove that the statement of the
Goodstein’s theorem is equivalent to the provability in PA, of the principle TI(ε0) of transfinite
induction up to ε0, but it is well known by Gentzen’s historical results that this principle is
not provable in PA and in fact, it is the principle used by Gentzen to show the consistency
of this theory. The game of Hercules versus Hydra of Kirby and Paris is a combinatorial
game whose termination is true, although this truth is not provable in Peano Arithmetic. The
Hydra is the monster of Graeco-Roman mythology with many heads, which grow multiplying
every time they are cut off. Hercules’ aim is to cut off all Hydra’s heads. Actually, in the
game hydras are graphs, in particular they are finite rooted trees, i.e. connected graphs with
no cycles and a specific node, the root. A head is an edge (a, b) where b is a leaf of the tree
and the node a is its (unique) predecessor, that we call “its father” (sometimes a is also called
“neck”). After Hercules cuts off a head, the hydra grows new heads, namely the tree changes
according to this rule:

(a) At stage n ≥ 1 Hercules chop one head, namely an edge (a, b) as above, where b is a leaf.

(b) At this point the Hydra grows n new heads: from the predecessor of a, say s (sometimes
called “grandfather of b”, or “trunk”), the monster generates n copies rooted in s of what
remains of the subtree generated by a after the decapitation, i.e. after removing (a, b).

(c) if one of the two nodes of the edge just chopped off coincides with the root, no new head
is grown.

(d) Hercules wins the battle if he reduces in a finite number of moves the monster to its root.

Actually Hercules always kill the Hydra: we know that every recursive strategy is a winning
strategy, however, the statement “Every recursive strategy is a winning strategy”, although
true, is not provable in Peano Arithmetic. Here we illustrate the original proof due to Kirby
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Figure 7. Reproduction scheme of the Hydra, from the paper by Kirby and Paris.

and Paris, which makes use of the method of indicators and of the theory of α-large sets
(where α is an ordinal) introduced by Ketonen and Solovay. The indicators method comes
from model theory, was introduced by Kirby and Paris in the 1970s and was later used to find
proofs of independence. Other, proof theoretic, rather than model-theoretic methods were
used for the same purpose. For instance, Carlucci (2003) followed another route, using the
sequents calculus and showing that a relation holds between Kirby-Paris Hydra Game and
Gentzen Reduction Strategy by a natural interpretation of derivations as hydras.

Definition 48. Suppose that Θ is a set of cuts of a countable non-standard modelM |= IΣ1.
A Σ1 formula Y (x, y, z) is called an indicator for Θ inM, if the following hold:

(a) M |= ∀x∀y∃!zY (x, y, z); in other words, this formula defines a function in the modelM
(therefore we can write YM(x, y) = z in place ofM |= Y (x, y, z)).

(b) For all a, b ∈ M, YM(a, b) > N (meaning that is bigger of all natural numbers) if and
only if there exists I ∈ Θ of M, such that a ∈ I < b (which means that contains a and
all its elements are less than b). It is actually provable that there are 2ℵ0 such initial
segments.

(c) For a, b, c, d elements ofM, if a ≤ b and c ≤ d, then YM(b, c) ≤ YM(a, d).

See Paris (1980) and Hájek and Pudlák (1993), pp. 245-260 for a detailed discussion of the
subject. For example, using the notation from the previous section, this is an indicator for
Θ = {I ⊆eM|I |= PA} whereM |= IΣ1 (we say that it is an indicator for models of PA in
IΣ1):

Y (a, b) = max c such that [a, b]→∗ (c+ 1)cc

The following theorem shows some important properties of indicators for Θ = {I ⊆eM|I |= T}.
Actually, this is the case in which we are most interested and we speak in that case simply of
indicators for models of T.

Theorem 103. Let T be a recursive extension of IΣ1 and Y (x, y) = z an indicator for
Θ = {I ⊆eM|I |= T} in any countable modelM of T. Hence the following hold:

(a) T 6` ∀x∀z∃yY (x, y) ≥ z
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(b) for all natural number n, T ` ∀x∃yY (x, y) ≥ n

(c) N |= ∀x∀z∃yY (x, y) ≥ z

(d) For any provably total function f(x) there exists a natural number n such that:

T ` ∀x(f(x) < gn())

where gn(x) = least y such that Y (x, y) ≥ n (we also say that gn forms an envelope for
T-provably total funcions).

The next tools we need come from the theory of α−largeness and of fundamental sequences
of ordinals, i.e. of strictly increasing sequence of ordinals whose supremum is a limit ordinal.
First of all, we must therefore recall some important notions, such as that of Cantor’s normal
form, relative to the ordinals less than ε0, i.e. the fact that each ordinal can be written as a
finite sum as follows:

(a) 0 is an ordinal.

(b) if α0, ..., αn are ordinals and α0 ≥ ... ≥ αn, then ωα0 + ... + ωαn is an ordinal (where
ω1 = ω and ω0 = 1 and the ordinal is limit in case αn 6= 0).

(c) ωα0 + ... + ωαn ≥ ωβ0 + ... + ωβk if and only if either for some i, αi ≥ βi and for all
j < i, αj = βj , or n > k and for all i ≤ k, αi = βi.

Then we define the following sort of “predecessor” operation {α}(k), due to Ketonen and
Solovay.

Definition 49. Let α < ε0 and k < ω. Then:

(a) {0}(k) = 0

(b) If α = ωα0 + ...+ ωαn and αn = 0 (i.e. α is a successor), then:

{α}(k) = ωα0 + ...+ ωαn−1

(c) If α = ωα0 + ...+ ωαn and αn = β + 1 for some β, then

{α}(k) = ωα0 + ...+ ωαn−1 + ω · k

(d) If α = ωα0 + ...+ ωαn and αn is limit, then:

{α}(k) = ωα0 + ...+ ωαn−1 + ω{αn}(k)

This operation gives rise to a sequence:

{α}(0) < {α}(1) < {α}(2) < ... < α

where α = supn∈ω{α}(n). Let us see some examples to make this definition intuitively clearer:

(a) {ω}(k) = {ω1}(k) = {ω0+1}(k) = ω0 · k = k.

(b) {ωω}(k) = ω{ω}(k) = ωk.

(c) {ωn+1}(k) = ωn · k.
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With the writing {α}(n0, n1, ..., nk) we abbreviate the iteration:

{...{{α}(n0)}(n1)...}(nk)

Lastly, we introduce the notion of “α−largeness”, which generalises the notion of “largeness”that
we encountered in the Paris and Harrington theorem. Let X = n0 < n1 < ... < nk be a finite
set of numbers. We say that:

(a) X is 1−large if and only if it contains at least two elements.

(b) X is α−large if and only if X − {n0} is {α}(n1)-large.

Arguing by induction on α, we see that actually this condition is equivalent to say that
{α}(n1, n2, ..., nk) = 0. Indeed X is α−large if and only if X − {n0} is {α}(n1)−large, if and
only if by induction hypothesis (since {α}(n1) < α):

{{α}(n1)}(n2, ..., nk) = 0

that is, {α}(n1, n2, ..., nk) = 0.
For our purposes, it is important to emphasise this result of Ketonen and Solovay (1981).

Theorem 104. The following is an indicator for models of Peano Arithmetic PA:

Y (a, b) = greatest c such that the interval [a, b] is ωc − large

where ω0 = ω and ωn+1 = ωωn , although this statement is independent of PA:

∀a∀c∃b([a, b] is ωc − large)

To continue this exposition, it is necessary to further examine the mechanism of the so-called
fundamental sequences of ordinals. Hence let us write β →n α to mean that, for j0, ..., jk ≤ n,
we have α = {β}(j0, ..., jk). We will write β ⇒n α in case j0 = j1 = ... = n.

Lemma 34. The following basic properties hold:

(a) if β ⇒n α, for n > 0, then ωβ ⇒n ω
α.

(b) If 0 < i < j ≤ n, then {β}(j)⇒n {β}(i).

(c) Let us write α � β to mean that α = ωγ0 + ... + ωγm and β = ωδ0 + ... + ωδk where
γ0 > γ1 > ... > γm ≥ δ0 > δ1 > ... > δk. Hence if β > 0 and α� β, then {α+ β}(n) =
α+ {β}(n).

(d) If α� β and β ⇒n γ, then α+ β ⇒n α+ γ.

(e) If α < ε0 and n ≥ 0, then α⇒n 0.

(f) β ⇒n α if and only if β →n α.

(g) If β →n α and 0 < n ≤ n0 < ... < nk, then {β}(n0, ..., nk) ≥ {α}(n0, ..., nk).

Proof. We illustrate only a sketch of the proofs of the more complex points:

(a) by induction on β. We can consider just the case α = {β}(n), since the general case
follows arguing once again inductively.

i. If β = 0, this is immediate.

166



Independent sentences of mathematical character

ii. If β is limit, then notice that {ωβ}(n) = ω{β}(n) = ωα.

iii. If β is a successor, and then β = α+ 1, observe that for k < l < ω, we have ωβ · l⇒n

ωβ ·k. Indeed, by point 5. ωβ ·(l−k)⇒n 0; hence ωβ ·l = ωβ ·k+ωβ ·(l−k)⇒n ω
β ·k

by point 4. Lastly:

ωβ = ωα+1 ⇒n {ωα+1}(n) = ωα · n⇒n ω
α

(b) By transfinite induction, using points 1. and 4.

(c) It follows from the fact that, under the hypotesis of the lemma, the sum α+ β is just the
concatenation of the respective normal forms. Hence, look at the index δk.

(d) This is an application of the previous point: notice that if γ = {β}(n), then {α+β}(n)⇒n

α+ {β}(n) = α+ γ, hence α+ β ⇒n α+ γ.

(e) By induction on α:

i. α = 0, immediate.

ii. If α = γ + 1, then {γ + 1}(n) = γ, namely γ + 1 ⇒n γ. But by the inductive
hypothesis γ ⇒n 0.

iii. If α is limit, say in Cantor normal form α = ωγ0 + ... + ωγm ; being limit, γm 6= 0.
Suppose γm = σ + 1; hence:

{ωγ0 + ...+ ωγm}(n) = ωγ0 + ...+ ωγm−1 + {ωδ+1}(n)

Now apply twice the inductive hypothesis and point 4. The case of γm limit is
analogous.

(f) Follows from point 2. and is left as an exercise.

(g) Induction on β. If β = 0 it is clear. Otherwise, assume the result holds below β and
observe that if β →n α and 0 < n ≤ n0 < ... < nk, then β →n0

α →n0
{α}(n0), from

which follows {β}(n0)→n0 {α}(n0). By inductive hypothesis:

{{β}(n0)}(n1, ..., nk)→n0
{{α}(n0)}(n1, ..., nk)

which is our desired result.

QED

The next operator we are going to introduce is another “predecessor” function (sometimes
called Goodstein predecessor) denoted 〈α〉(n). It defines a sequence of ordinals converging to
α, but faster than {α}(n), in the sense that:

〈α〉(n)→n {α}(n)

Definition 50. Let α < ε0. Then:

(a) 〈0〉(n) = 0.

(b) 〈α+ 1〉(n) = α.

(c) 〈ωδ(α+ 1)〉(n) = ωδ · α+ ω〈δ〉(n) + 〈ω〈δ〉(n)〉(n).
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For instance, 〈3〉(n) = 2 and 〈ω3(α+ 1)〉(n) = ω3 · α+ ω2 · n+ ω.

Moreover, with the notation fm,n(x) we will denote the function that takes the representation
of m in base n and replaces n with x. In other words, if:

n = 222+1

+ 22+1 + 21

and x = n+ 1, then:
fm,n(x) = 333+1

+ 33+1 + 31

and in general, if m = a0 · n0 + a1 · n1 + ...+ ak · nk then:

fm,n(x) = a0 · xf0,n(x) + a1 · xf1,n(x) + ...+ ak · xfk,n(x)

In terms of the previous notation, for m > 0, Gn(m) = fm,n(n+ 1)− 1; we call instead om(n)
the number fm,n(ω). These notions are related as follows.

Theorem 105. (a) for m ≥ 0, n > 1, if on+1(m) = α, then on+1(m−̇1) = 〈α〉(n).

(b) For n > 1, 〈on(m)〉(n) = on+1(Gn(m)).

Proof. (a) If m = 0 this is obviuos, so let us consider the base n + 1 representation of
m > 0:

m =

p∑
i=0

ai(n+ 1)fi,n+1

where ai ≤ n. Let j be the minimum index such that aj 6= 0. Notice that if j = 0 the
result is immediate, hence let us assume thsat j > 0 and assume by inductive hypothesis
that the result holds for al s < m. Observe that on+1(m−̇1) is the sum of the following
addends:

(i) (
∑p

i=j+i ω
fi,n+1(ω)ai) + ωfj,n+1(ω)(aj − 1)

(ii) on+1(n · (n+ 1)fj,n+1(n+1)−1)

(iii) on+1((n+ 1)fj,n+1(n+1)−1 − 1)

On the other hands, 〈α〉(n) is the sum of (i) plus:

(iv) ω〈fj,n+1(ω)〉(n) · n

(v) 〈ω〈fj,n+1(ω)〉(n)〉(n)

We see that actually (iii)=(v) and (ii)=(iv):

(a) (iii)=(v). By induction hypothesis (iii) is equal to 〈on+1((n + 1)fj,n+1(n+1)−1〉)(n)
and this is (v) by definition.

(b) (ii)=(iv). By definition (ii) is ωfj,n+1(ω)−1 · n, namely to ωon+1(fj,n+1(n+1)−1. Still
by the inductive hypothesis this is equal to (iv).

(b) The proof is along the same lines and we omit it.

QED
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By using this notation, if for instance n0, n1, n2... is the above mentioned Goodstein sequence,
then it correspond to a sequence of ordinals in Cantor normal form:

on(n0), on+1(n1), on+2(n2)...

where on(n0) = ωω
ω+1

+ ωω+1 + ω, that is:

ωω
ω+1

+ ωω+1 + ω, ωω
ω+1

+ ωω+1 + 2, ωω
ω+1

+ ωω+1 + 1...

that can also be written as:
ωω

ω+1

+ωω+1+ω, 〈ωω
ω+1

+ωω+1+ω〉(n), 〈ωω
ω+1

+ωω+1+ω〉(n, n+1), 〈ωω
ω+1

+ωω+1+ω〉(n, n+
1, n+ 2)...

We therefore come to a central result for our purpose.

Theorem 106. Let n0, n1, n2.... a Goodstein sequence for m starting at n and let k be the
minimum such that nk = 0. Then the interval [n− 1, n+ k − 1] is on(m)-large.

Proof. Let us consider the cooresponding sequence of ordinals:

on(m) = on(n0) = α

on+i(ni) = 〈α〉(n, n+ 1, .., n+ i− 1)

...

on+k(nk) = 〈α〉(n, n+ 1, .., n+ k − 1) = 0

From the relationships previously shown between the two predecessor operators and the result
on p.166, point 6., it can be seen that:

{α}(n, n+ 1, ..., n+ k − 1) ≤
≤ {〈α〉(n)}(n+ 1, .., n+ k − 1)

≤ {〈α〉(n, n+ 1)}(n+ 2, .., n+ k − 1)
...
≤ 〈α〉(n, n+ 1, ...,m+ k − 1) = 0

and therefore [n− 1, n+ k − 1] is α-large. QED

We remark that this proof can be formalised and carried out in PA. We now want to apply
this result to show that the statement (true and formalisable in the language of arithmetic):

(*) “for each m and each n, the Goodstein sequence for m starting at n eventually
hits zero”.

is not provable in PA. Suppose by contradiction it is actually provable. As a consequence of
the independence result of Ketonen and Solovay (theorem 3) mentioned at the beginning of
the paragraph and some mathematics for the ’indicators’, we can find a nonstandard model
M of PA and a non standard element c of this model in which the statement:

(**) “there exists an element b such that the interval [1, b] is ωc-large”.

169



Lectures in Proof Theory and Complexity

Figure 8. Assignment of ordinals to the Hydra (from Kirby and Paris paper).

is false. Hence take d = 22
2

with c iteration of the exponentiation, so that o2(d) is just ωc. By
(*), that, as a theorem, is true in all models, we can take an element e of the modelM such
that de = 0. By the theorem 106 and the subsequent remark, we have inM that [1, 2 + e− 1]
is ωc large, but this contradicts (**). Hence (*) is not provable in PA.
Let us finally return to our Hydra and show that the true statement:

(***) “Every recursive strategy for Hercules is a winning strategy”

is not provable in PA. We begin by assigning the Hydra nodes an ordinal less than ε0 according
to this criterion:

(a) To the leafs, assign 0.

(b) To each other node assign ωα0 + ...+ ωαn where α0 ≥ ... ≥ αn are the ordinals assigned
to the sons of that node. The ordinal of the Hydra is the ordinal assigned to the root.

We now consider the strategy τ based on this algorithm: starting from the root, go to the
son (i.e. the immediate successor) labelled with the smallest ordinal among all the sons;
continue in the next nodes in the direction of the leaves, always moving towards the immediate
successor labelled with the smallest ordinal among the immediate successors, following this
criterion until you reach a head. When you reach it, cut it off.
If we denote τ(α, n) the operator that following the strategy τ , maps the ordinal α at the
root of the hydra after the stage n− 1, to the ordinal at the root of the Hydra after the stage
n, then it is clear that τ(α, n) < α and therefore Hercules eventually wins.
However, it occurs that this fact cannot be proved in PA. It is in fact the case that:

τ(α, n) = {α}(n+ 1)

Hence a proof of the unprovability of (***) follows the line of the analogous proof for (*).
Actually the proof that τ is a winning strategy is equivalent to the ε0-induction, with {α}(n)
as predecessor function, that in turn is equivalent to the fact (consequently unprovable in PA)
that the function:

λxλv.gv(x) = min.y ≥ x such that [x, y] is ωv − large

is provably total in PA. A proof-theoretic method for proving incompleteness of PA is indeed
based on the classification of provably total functions in PA (see Schwichtenberg, Wainer
(2011)).
The proof we have illustrated does indeed appear rather complex, which is why it was felt
necessary to find alternative proofs. With this goal, a proof of Goodstein’s theorem using
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Figure 9. Assignment of ordinals to the Hydra (from the Kirby and Paris paper)

methods from computability theory, rather than model theory, was given for instance in
Cichon (1983), which connects the problem of the provability of Goodstein’s theorem to
well-known results on the recursion theoretic hierarchies of functions, showing that if the
function:

G(a) = least k such that ak = 0

where a = a0, a1.a2.... is a Goodstein sequence, were provably total in PA, then so would be
the Hardy function Hε0 . Recall that the Hardy hierarchy {Hα}α≤ε0 is defined as follows:

(a) H0(n) = n

(b) Hα+1(n) = Hα(n+ 1)

(c) Hλ(n) = H{λ}(n)(n) for λ limit.

Adding the clauses {ε0}(0) = ω and {ε0}(n+ 1) = ω{ε0}(n) to our previous definition of this
operator. Now, it is provable that Hε0 majorizes all functions provably total in PA but it
is not itself provably total in this theory. The relationship that exists between the study of
the so-called “fast growing functions”and the themes of this chapter has been the subject of
extensive in-depth analysis in Buchholz and Wainer (1987) and Ketonen and Solovay (1981).
Many scientific contribution which is worth mentioning are indeed related to the ordinal
analysis of theories and its connection to provably total functions. Actually these proof-
theoretic works are very difficult and would require further mathematical premises such that
their detailed analysis go beyond the scope of this book.
As we have repeatedly recalled in this book, Kreisel (1952) showed that the functions
provably total (called also provably recursive or provably computable) in Peano Arithmetic
are those definable by recursion over well-ordering of order-type less than ε0. At the origin of
everything there are Gentzen’s 1934 - 1939 consistency proofs for PA, obtained by adding the
transfinite induction principle up to ε0 for primitive recursive (more precisely, the elementary
computable) predicates to an acceptable finitistic basis, so that we say that the proof-theoretic
ordinal of Peano Arithmetic is ε0.

6.4. Further developments and guide for further study

Beklemishev (2006) proposed a variation of the Hydra game, called ’Worm battle’ (see Carlucci
(2005) to understand the connection with other works mentioned here). A system of ordinal
notation emerges amazingly in this context from a certain system of propositional modal logic.
Beklemishev’s very original work proposes an algebraic approach to proof-theoretic analysis
based on the notion of graded provability algebra, that is, Lindenbaum boolean algebra of
a theory enriched by additional modal operators. Another modified version of the Hydra
Game is due to Buchholz (1987), that extended Kirby-Paris’ Hydra Game by defining a game
on labeled finite trees (following a suggestion from Martin Gardner) in which a hydra grew
not only in width but also in height and that is independent of a certain strong subsystem
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of analysis. A proof of the independence result of a restricted Buchholz style-Hydra Game
of certain subsystems of analysis is given also in Hamano and Okada (1998). Both, the
Kirby-Paris Hydra as well as the Buchholz type of Hydras have been studied in the context
of one of the most important research topic within Proof Theory, namely ordinal analysis,
which started with Gentzen’s often mentioned work on the consistency of arithmetic. In Proof
Theory, the so-called “ordinal analysis” assigns tranfinite ordinals to mathematical theories as
a measure of their consistency strength or computational power (see Wolfram Pohlers (1993),
Rathjen (2006) and Arai (2020)). The proof-theoretic ordinal of a theory can be also defined
as the smallest ordinal that this theory cannot prove to be well-founded and can be seen also
as a measure of the system’s ability to prove the totality of computable functions.
If we say that a Hydra has ordinal strength α if a proof of its termination requires a theory
with ordinal strength at least α, then in in this sense, the Kirby-Paris Hydra, has ordinal
strength ε0, while the ordinal strength of the Buchholz Hydra exceeds even all the ordinals
expressible by the so-called Buchholz’s ψ ordinal functions (see Endrullis, Klop and Overbeek
(2021)).
A remarkable characteristic of Carlucci (2003) proof-theoretic approach to the Hydra Game
is that it uses a very natural interpretation of the derivations in a system of Peano Arithmetic
as hydras.
The results of this work are parallel and, although independent, somewhat related to the work
of Hamano and Okada (1998), but the author emphasises that the common ’diagrammatical’
flavour of the idea of the proofs is made much more evident in his own approach. In particular,
no mention of ordinals nor of transfinite hierarchies is made. Carlucci is able to prove that if
D′ is obtained by a PA-derivation D in sequent calculus by one step of Gentzen’s reduction
algorithm in his consistency proof of PA, as described in Takeuti (1987), then it is possible to
obtain H(D′) from H(D) by a finite number of steps of the Hydra Game.
Other examples of so-called “natural independence phenomena”, which are considered by most
logicians as more natural than the metamathematical incompleteness results first discovered
by Gödel, are the powerful tree theorem due to Kruskal, as well as its finite miniaturization
due to Harvey Friedman. These versions of Kruskal’s theorem are remarkable from a proof-
theoretic point of view because they are not provable in relatively strong logical systems (see
e.g. Simpson (1990) and Gallier (1991)). Kruskal’s theorem on trees is a classical result
of combinatorics with several applications in computer science. The formal system we are
interested in here is the second order system called “Arithmetical Transfinite Recursion” ATR0

and is one of the “big five” systems well known in the area of Reverse Mathematics (see the
classic treatise Simpson (1999)).
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7. Sequent calculus and complexity theory

7.1. Gentzen’s formalism of sequents

We now come to the other formalism introduced by Gentzen, namely the sequents calculus
(the name, however, is due to Kleene). We want to introduce here the basic concepts and prove
the most important result about it, namely cut-elimination. Actually we will not illustrate
here the cut elimination for pure logic, for which we refer to Girard (1987) or Takeuti (1987),
but rather a proof of the free-cut elimination theorem, according to which some cuts can be
eliminated, and of partial cut-elimination, i.e. the elimination of cuts on formulas above a
given logical complexity, in fact the only results available for theories (i.e. logic plus proper
axioms and induction rule): we will see that for them the full cut-elimination is not valid).
Takeuti (1987) only offers a sketch of the proof. The proof we propose was instead presented
in Beckmann and Buss (2011) and involves the modification of the definition of anchored
and free formulas, also with respect to an earlier version by the first of the two authors. To
date, it does not appear in any manual, to our knowledge, and given the originality of the
method employed, it seemed appropriate to refer to it. Free-cut elimination has important
applications in computational complexity. In particular, Buss (1986) applies this result
to obtain his “witnessing theorems”in Bounded Arithmetic, that is, the important result of
characterization of functions computable in polynomial time that we will discuss in the last
chapter: for this, we need only to be able to restrict cut formulas to lie in a given complexity
class. Like the proof provided by the first author in Buss (1998) for pure logic, this too differs
from the various proofs in the scientific literature, starting with Gentzen’s, in that it is of the
global kind, that is, it is not based on local transformations to a proof to reduce measures of
complexity as the depth of cuts, the number of cuts, or the so-called rank of a cut. At the
opposite here the depth or number of cuts are reduced by making global transformations to a
proof.
Unlike the natural deduction by Gentzen-Prawitz, of which there are few variants in the
literature (Fitch, sequential rules, generalized elimination rules ...) the the sequent calculus
has a wide range of variations, which we will try in this section of illustrate and motivate.
While in natural deduction and axiomatic systems rules apply to formulas, in the sequent
calculus they apply to assertions of derivability of form:

α0, ..., αn =⇒ β0, ..., βm

which must be read: “from α0 ∧ ... ∧ αn it is derivable β0 ∨ ... ∨ βm”. A sequent is therefore a
contruction of the form:

Γ =⇒ ∆

where Γ,∆ can be, according to different versions, sets, sequences, or multisets (that is, sets
that admit repetition, such as {A,A,B}, that as a set would be equivalent to {A,B}) of
formulas; the choice of which data structure to prefer has one immediate consequences in the
formulation of the rules. We use the longest arrow =⇒ to denote this derivability. We remark

Referee List (DOI 10.36253/fup_referee_list)
FUP Best Practice in Scholarly Publishing (DOI 10.36253/fup_best_practice)

Duccio Pianigiani, Department of Information Engineering and Mathematical Sciences, University of Siena, Italy, duc-
cio.pianigiani@unisi.it, ORCID https://orcid.org/0000-0001-9441-7226, Lectures in Proof Theory and Complexity, Âl’ 2024 Author(s), CC
BY 4.0, published by Firenze University Press (www.fupress.com), ISBN 978-88-00-00-00, DOI 10.36253/000-00-0000-000-0.00

Book References DOI 10.36253/979-12-215-0778-2.references

mailto:duccio.pianigiani%40unisi.it?subject=
https://orcid.org/0000-0001-9441-7226
https://doi.org/10.36253/fup_referee_list
https://doi.org/10.36253/fup_best_practice
https://creativecommons.org/licenses/by-sa/4.0/legalcode
https://doi.org/10.36253/979-12-215-0778-2.12
https://doi.org/10.36253/979-12-215-0778-2
https://doi.org/10.36253/979-12-215-0778-2.references


Lectures in Proof Theory and Complexity

that the big arrow is a metalinguistic symbol. A sequent α0, ..., αn =⇒ β0, ..., βm has to be
therefore intended as the formula α0 ∧ ... ∧ αn → β0 ∨ ... ∨ βm, where:

(a) α0, ..., αn =⇒ must be read ¬(α0 ∧ ... ∧ αn).

(b) =⇒ β0, ..., βm has to be read as β0 ∨ ... ∨ βm.

(c) “=⇒” has to be read as α ∧ ¬α; to prove the consistency of this calculus, therefore,
means just to prove the unprovability of “=⇒”.

(d) to prove a formula α means to prove the sequent =⇒ α.

(e) Unlike of natural deduction, this calculus has no elimination rules and introduction rules,
but only introduction rules, right and left: the only one way to delete a connective or a
quantifier, is to delete the entire formula where is contained, by means of a rule called
CUT.

(f) The calculus is not subject to certainty typical asymmetries of natural deduction for full
language, which we can find for example in the rule of elimination of ∨.

(g) Moerover it has a further collection of extremely important rules called structural rules;
unlike the natural Gentzen-Prawitz deduction, this calculus has axioms.

Let us consider the propositional calculus PK defined in this way (see Buss (1998)). Suppose
the sequents are made up of sequences of formulas.
Logical axioms α =⇒ α (where α is atomic).
Logical rules

Γ =⇒ ∆, α

¬α,Γ =⇒ ∆

α,Γ =⇒ ∆

Γ =⇒ ∆,¬α

Γ =⇒ ∆, α β,Γ =⇒ ∆

α→ β,Γ =⇒ ∆

Γ, α =⇒ ∆, β

Γ =⇒ ∆, α→ β

Γ, α, β =⇒ ∆

Γ, α ∧ β =⇒ ∆

Γ =⇒ ∆, α Γ =⇒ ∆, β

Γ =⇒ ∆, α ∧ β

Γ, α =⇒ ∆ β,Γ =⇒ ∆

α ∨ β,Γ =⇒ ∆

Γ =⇒ ∆, α, β

Γ =⇒ ∆, α ∨ β
The reader who already knows Natural Deduction can think that left rules correspond to

elimination rules and the right rules correspond to introduction rules.

To the logical rules, we must add the structural rules:

Exchange
Γ, α, β,Π =⇒ ∆

Γ, β, α,Π =⇒ ∆

∆ =⇒ Γ, α, β,Π

∆ =⇒ Γ, β, α,Π

Contraction
α, α,Γ =⇒ ∆

α,Γ =⇒ ∆

Γ =⇒ ∆, α, α

Γ =⇒ ∆, α

Weakening
Γ =⇒ ∆

α,Γ =⇒ ∆

Γ =⇒ ∆

Γ =⇒ ∆, α

174



Sequent calculus and complexity theory

Observe that if the calculus is formulated in terms of sets, then exchange and contraction are
superfluous, since {A,A} = {A} e {A,B} = {B,A} are properties of sets; if on the contrary
is formulated in terms of multisets {A,A} 6= {A} and only the exchange is not necessary;
lastly, if the axioms are formulated as: Θ =⇒ Ψ, where Θ ∩Ψ 6= ∅ (e.g. α,Γ =⇒ α,Σ), then
the weakening rule is superfluous.
Lastly we have the (fundamental) rule of CUT :

Γ =⇒ Θ, α α,Γ =⇒ Θ

Γ =⇒ Θ

The CUT rule can be intuitively interpreted in this way: divide the derivation of Θ from Γ
into two lemmas which are subsequently reunited. A sequent calculus is closed for cut, if for
any derivation there is another derivation of the same sequent, which does not make use of
CUT. The sequences Γ,∆,Π,Θ... in the above rules are called cedents, whose formulas are
called side formulas; in the sequent Γ =⇒ ∆, the sequence Γ is the antecedent, and ∆ is the
consequent. In the rules:

S0...Sn
S

the sequents S0, ..., Sn are called upper sequents S is the lower sequent. In the conclusion of a
rule, the formula that does not belong to cedents constitutes the principal formula (in axioms
α =⇒ α, both α are considered principal), while the formulas (not belonging to the cedents)
of the premises, from which derives the principal formula, are called active (sometimes called
auxiliary of the principal).

The first order calculus LK is obtained but adding to PK the following rules.
Universal ∀ : left and ∀ : right rules:

φ(t),Γ =⇒ ∆

∀xφ(x),Γ =⇒ ∆

Γ =⇒ ∆, φ(y)

Γ =⇒ ∆,∀xφ(x)

Existential ∃ : left and ∃ : right rules:

φ(y),Γ =⇒ ∆

∃xφ(x),Γ =⇒ ∆

Γ =⇒ ∆, φ(t)

Γ =⇒ ∆,∃xφ(x)

In ∀ : right and ∃ : left the eigenvariable y 6∈ FV ar(Γ,∆).

Definition 51. Ancestors and descendents:

(a) If φ is side and occours in a cedent Γ of an upper sequent, then the immediate descendent
of φ is the correspondent occurrence φ in the same position of the correspondent cedent
Γ in the lower sequent.

(b) In the exchange rule, say between φ and ψ, the immediate descendants of these φ and
ψ, are still the φ and ψ in the lower sequent.

(c) If φ is active (auxiliary) in a rule that is not exchange or cut, then the immediate
descendent is the principal formula.

(d) We say that φ is an immediate ancestor of ψ if and only if ψ is an immediate descendent
of φ. Formulas in the initial sequents and of a weakening have non immediate ancestors.

(e) The cut formula has no descendants in an application of CUT.

(f) φ is a descendant of ψ iff there is a chain of length ≥ 0 (reflexive and transitive closure)
of immediate descendant from ψ to φ. Analogously we define the ancestor relation as
the reflexive and transitive closure of the relation of immediate ancestor.
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(g) φ is a direct immediate descendant of ψ (analogously immediate direct ancestor), iff it
is an immediate descendant and ψ = φ.

We would like to briefly highlight the role and effect of the structural rules. Admitting the
weakening rule, actually we admit in fact the a fortiori principle:

α =⇒ α
α, β =⇒ α

α =⇒ (β → α)

=⇒ α→ (β → α)

As well as, analogously, admitting the Contraction rule, we admit the law of absorption:

α =⇒ α

α =⇒ α β =⇒ β

α→ β, α =⇒ β

(α→ (α→ β)), α, α =⇒→ β

(α→ (α→ β)), α =⇒ β

=⇒ (α→ (α→ β))→ (α→ β)

Remember that these principles are not accepted in some non classical logic. For example the a
fortiori is not accepted by the Relevant Logic, absorption is not accepted in the infinite-valent
logics of Łukasiewicz etc. Therefore many formalizations in terms of sequent of these logics
avoid some or all of the structural rules. This introduces to the topic of substructural logics
(i.e. with limitation or absence of structural rules) and of Linear Logic. In the classical
propositional calculus (unlike the intuitionist one), the contraction rule is actually redundant.
Ketonen and Solovay (1981) showed instead that the classical predicates calculus without
the contraction rule is decidable.
There are various reasons for formulating the rules as in PK, for example in this form they are
invertible. A rule is called invertible in a sequent calculus system of a proof of its conclusion
implies the existence of proofs of each of its premises. Conversely, to make those on quantifiers
invertible, they must be formulated as follows:
Universal

φ(t),∀xφ(x),Γ =⇒ ∆

∀xφ(x),Γ =⇒ ∆

Γ =⇒ ∆, φ(y)

Γ =⇒ ∆,∀xφ(x)

In the right rule, y 6∈ FV ar(Γ,∆) and if y 6= x, y 6∈ FV ar(φ).
Existential

φ(y),Γ =⇒ ∆

∃xφ(x),Γ =⇒ ∆

Γ =⇒ ∆,∃xφ(x), φ(t)

Γ =⇒ ∆,∃xφ(x)

In the left rule, y 6∈ FV ar(Γ,∆) e, se y 6= x, y 6∈ FV ar(φ).
Note that in the rules above, the main formula has been repeated in the upper sequent, on
the same side. The systems G3c and G3i invertible and closed for cut and contraction are
essentially based on this idea, although in the intuitionistic case G3i the left-hand rule of
implication will also have to undergo a similar modification (see Troelstra and Schwichtenberg
(2000)).
Another distinction that needs to be made, which does not coincide with the previous one, is
that between additive and multiplicative rules: in the presence of structural rules these two
formulations are equivalent, but in their absence they introduce, on the contrary, connectives
with distinct meaning. For example (see Girard, Lafont and Taylor (1989)), regarding
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conjunction and disjunction, we have a pair of multiplicative connectives ⊗ (times) and ℘
(par) with rules:

Γ =⇒ Θ, α Σ =⇒ Π, β

Γ,Σ =⇒ Θ,Π, α⊗ β
Γ, α, β =⇒ ∆

Γ, α⊗ β =⇒ ∆

Γ, α =⇒ Θ Σ, β =⇒ Π

Γ,Σ, α℘β =⇒ Θ,Π

Γ =⇒ ∆, α, β

Γ =⇒ ∆, α℘β

and additive connectives & (and) e ⊕ (plus):

Γ =⇒ Θ, α Γ =⇒ Θ, β

Γ =⇒ Θ, α&β

Γ, α =⇒ ∆

Γ, α&β =⇒ ∆

Γ, β =⇒ ∆

Γ, α&β =⇒ ∆

Γ, α =⇒ Θ Γ, β =⇒ Γ

Γ, α⊕ β =⇒ Θ

Γ =⇒ ∆, α

Γ =⇒ ∆, α⊕ β
Γ =⇒ ∆, β

Γ =⇒ ∆, α⊕ β

In the presence of the structural rules, the two previous formulations are equivalent. In the
presence of only the Weakening, ⊗ is stronger than &:

α =⇒ α
α, β =⇒ α

β =⇒ β

α, β =⇒ β

α, β =⇒ α&β

α⊗ β =⇒ α&β

To show the equivalence we need Contraction1.
Gentzen’s original LK for classical logic is actually a little bit different from ours: also in
that case sequents are sequences of formulas, axioms are of the form α =⇒ α ( α atomic), all
structural rules and CUT (in a moltiplicative form) are included, but the right rule for ∨ and
left rule for ∧ are in the additive version.
Sequent calculus for intuitionistic logic. The intuitionistic calculus LJ is obtained by imposing
to LK a restriction on the form of sequents, namely that in Γ =⇒ ∆, the ∆ is authorised
to have at most oneformula. From the restriction on the shape of the sequents it follows
automatically others on the form of the rules: for example Exchange right and Contraction
right will be deleted and Weakening rigth will have the form:

Γ =⇒
Γ =⇒ φ

It should be noted that the additive intuitionist rules, in the presence of the permitted
structural rules, are not equivalent to the corresponding multiplicatives, being implied by
the latter, but not implying. The intuitionist structural rules allow to demonstrate the
equivalence between multiplicative formulation and additive of the rules for the ∧, but not for
∨. Ultimately, the calculs LJ has for ∨ the additive form and for → the multiplicative form.
Let’s see a consequence of these restriction, considering a sequent =⇒ α ∨ β obtained without
CUT : what is the last rule applied? It cannot be Weakening, because otherwise we would
have previously had a derivation of =⇒, the empty sequence, i.e. a contradiction; but, as we
shall see, this is not possible, since from the cut-elimination theorem it follows the consistency
of the calculus, and in particular of LJ. It cannot be a right Contraction because otherwise
we had =⇒ α ∨ β, α ∨ β as upper sequent, which is not an intuitionistic sequent. Then the

1 Another important variant for the classical or for linear calculus which should be mentioned is the one-side
version, based on the following argument: in a sequent α0, ..., αn =⇒ β0, ..., βm bringing all the formulas
on the right (see the rules on negation) we obtain a sequent of the form: =⇒ ¬α0, ...,¬αnβ0, ..., βm that
can be written simply as ¬α0, ...,¬αn, β0, ..., βm. Negation cannot be a primitive symbol: rather, to each
propositional variable p is associated its complement p and the inductively ¬p = p,¬(p ∧ q) = (¬p ∨ ¬q) etc.
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last ruel must be a right logical rule. It follows that in LJ, if =⇒ α ∨ β is derivable, then
either =⇒ α, or =⇒ β is derivable. In particular it is not derivable =⇒ α∨¬α: if α is atomic
then we would have either =⇒ α, or =⇒ ¬α but neither is, for α atomic. For the same
reasons, if =⇒ ∃xφ(x) is derivable in LJ, then =⇒ φ(t) also is. A correspondence with natural
deduction as in 74 is given by considering that proofs in LJ can be (not 1-1) translated in
natural deduction derivations in which right rules correspond to introduction and left rules to
elimination (see Girard, Lafont and Taylor (1989) pp. 43-49).
We finally arrive at the Cut elimination. The so called Hauptsatz is a weak normalization
theorem, i.e. a strategy of normalization (for a discussion on strong normalization results see
e.g. Urban and Bierman (2001)). Famous achievements due to Statman and Orevkov say that
this algorithm for classical predicate calculus cannot be, in general, efficient. The methods of
cut-elimination most frequently traceable in the scientific literature (with significant variants),
are in general derived, either from the original one in Gentzen (1935), introduced with the
aim of giving a consistency proof for Peano arithmetic (see e.g. Takeuti (1987)), or from Tait
(1968). The Hauptsatz theorem for pure logic has important consequences, in first place the
principle of subformula, where this notion is specified as follows:

Definition 52. this is Gentzen’s notion of a dottoformula:

(a) if φ = p, then the unique subformula of φ is p.

(b) If φ = φ0 ∧ φ1 then the subformulas of φ are φ the subformulas of φ0 and of φ1.

(c) Analogously for φ0 ∨ φ1, φ0 → φ1.

(d) If φ = ¬φ0, the subformulas of φ are φ and the subformulas of φ0.

(e) If φ = ∀xφ0, the subformulas of φ are φ and the subformulas of φ0(t) for all terms t.
Analogously for ∃xφ0.

As for the quantified formulas, notice that, since there are infinite variables, this formulas
have infinite subformulas.

Corollary 21. (Principle of the subformula) In a cut-free proof of Γ =⇒ ∆, all sequents
consist of subformulas of formulas in Γ,∆.

Proof. Simply observe that, in the absence of CUT, in the proof in question will only need
logical rules and structural rules; but in both cases, in the logical rules and in the structural
ones, the upper sequents are made up of subformulas of the lower sequents. Remember that
only the CUT rule eliminates formulas QED

However the cut-elimination theorem does not hold (in its general form) if there are specific
axioms: a simple counterexample (see Girard (1987)) is the following. Let =⇒ φ e =⇒ (γ → δ)
sequents that represent proper axioms and consider the derivation:

=⇒ γ

=⇒ (γ → δ)

γ =⇒ γ δ =⇒ δ

γ, γ → δ =⇒ δ

γ → δ

=⇒ δ

How to obtain a cut-free proof of =⇒ δ? However, there is one "partial" form of this result,
also dating back to Gentzen, which we will state. To what extent is it possible to eliminate
cuts in LK + Ψ proofs, where Ψ is a set of initial sequents closed under substitution? For
instance, the first order logic with equality is obtained by adding the following sequents:

(a) =⇒ s = s

178



Sequent calculus and complexity theory

(b) s = t, t = r =⇒ s = r

(c) s = t =⇒ t = s

(d) s0 = t0, ..., sk = tk =⇒ f(s0, ..., sk) = f(t0, ..., tk)

(e) s0 = t0, ..., sk = tk, P (s0, ..., sk) =⇒ P (t0, ..., tk)

The elementary axioms of arithmetic P− can be expressd by sequents:

(a) =⇒ x+ 0 = x

(b) =⇒ x+ s(u) = S(x+ u)

(c) =⇒ x · 0 = 0

(d) =⇒ x · S(u) = x · u+ x

(e) x < 0 =⇒

(f) u < x =⇒ u < S(x)

(g) u = x =⇒ u < S(x)

(h) u < S(x) =⇒ u = x, u < x

(i) =⇒ u < x, u = x, x < u

(j) S(x) = 0 =⇒

(k) S(x) = S(u) =⇒ x = u

A set of sequents Ψ is closed under substitution, iff for all Γ(x) =⇒ ∆(x) in Ψ and all terms t,
also Γ[t/x] =⇒ ∆[t/x] is in Ψ. The account offered in Buss (1998) of the free-cut elimination
theorem proceeds as follows.

Definition 53. Let π a proof LK + Ψ; say that a formula of π is anchored at a sequent in Ψ,
iff it is a direct descendant of a formula occurring in an initial sequent in Ψ. A cut inference
is anchored iff at least one of the two occurrences of the cut formulas is anchored, and is
free iff both of these occurrences of the cut formulas in the upper sequents are not anchored
(i.e. are free). A proof is called free-cut-free if does not contain free cuts (i.e. all cuts are
anchored).

Theorem 107. If Ψ is a set of sequents closed under substitution and there is a proof of
Γ =⇒ ∆ in LK + Ψ, then there exists a proof free-cut-free of the same sequent in LK + Ψ.

To conclude, in the applications of sequent calculus to formal arithmetic and to the fragments
of arithmetic, it is customary to add an induction rule, that in this form:

Φ− IND =
φ(x),Γ =⇒ ∆, φ(x+ 1)

φ(0),Γ =⇒ ∆, φ(t)

where φ ∈ Φ, for a class of formulas Φ, is equivalent to the induction axiom. Let us call φ(0)
e φ(t) the principal formulas of this inference.
If T = LK + Ψ + Φ − IND is an arithmetical theory formalized in sequent calculus (where
Ψ are the specific axioms and both Ψ,Φ are closed under substitution), then an occurrence
of a formula in a derivation in T is called anchored iff it is direct descendant of a formula
occourring in a sequent of Ψ, or a direct descendant of a principal formula of an induction.

Theorem 108. The following hold:

(a) if T = LK + Ψ + Φ − IND is a theory of formal arithmetic and Ψ,Φ are closed under
substitution and Γ =⇒ ∆ follows from T, then exists a free-cut-free proof of the same
sequent in T.

(b) If Φ, the class of formulas on which induction is allowed is closed under substitution and
subformulas (e.g. Σn ∪ Πn) and all all sequents in Ψ is made of formulas from Φ and
all formulas in Γ =⇒ ∆ are in Φ , then each formula occurring in the proof is in Φ.
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7.2. Free-cut elimination: a more recent proof

What we briefly summarised was the version proposed in Buss (1998). We present here the
detailed proof in Beckmann and Buss (2011) of the free-cut elimination theorem, according
to which any provable sequent can be proved using only cuts in which at least one cut-formula
was anchored. The aim of this paper was to correct and strengthen the previous upper bounds,
after an inaccuracy was noted in the estimates of the size of free cut. This refinement actually
involved a slight modification of the previous definition of anchored and free formulas, as well
as the definition of the depth of a cut formula. In the above version, a formula was anchored
if at least one of the places it is introduced is an anchor; cuts in which neither cut formula was
anchored were called free and and it was shown that that any provable sequent is provable
by a proof in which no cuts are free. In the most recent improvement we are showing, every
place the formula is introduced is considered to be an anchor. A generic set = of axioms or
inference rules is actually added to which to anchor the cuts.

Definition 54. A skeleton consists of a rule with k-hypothesis, for k ≥ 0:

Ψ1, C1 =⇒ D1,Ξ1, ...,Ψk, Ck =⇒ Dk,Ξk
Ψ, C =⇒ D,Ξ

where cedents Ψ,Ξ contain the principal formulas and the cedents Ψi,Ξi contain the auxiliary
formulas, C,Ci, D,Di are metavariables for cedents that contain the side formulas. If k = 0,
there are no upper sequents.

Moreover we have:

(a) side formulas indicators s1, ..., sk ∈ {0, 1} indicating which hypothesis have side formulas.

(b) Lastly, we possibly have eigenvariables a1, ..., ak, that may appear each in exactly one
upper sequent.

An instance of a skeleton is obtained as follows: let Γ,∆ be any cedents not containing
eigenvariables; if C = Γ and D = ∆, then for each i ≤ k, if si = 1, then Ci = Γ and Di = ∆;
if si = 0, then Ci, Di are empty.

A set of inferences = is acceptable, provided it is the union of all instances of some set of
skeletons.
Some examples of acceptable sets of inferences are the following.

(a) Set of non logical axioms (with k = 0).

(b) Induction, for each φ(x) arithmetic (or belonging to a specific class as Σk), there is a
skeleton with (necessarily!) s1 = 1 and k = 1:

φ(b), C1 =⇒ D1, φ(A(b))

φ(0), C =⇒ D,φ(t)

(c) Negri-Von Plato quantifier -free axioms:

q1, C1 =⇒ D1, ..., qk, Ck =⇒ Dk

p1, ..., pm, C =⇒ D

with qi, pj atomic.

(d) Logical rules (see below).
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Moreover, the following complexity measures are adopted:

(a) Size of a proof |π|=total number of non structural inferences, without considering initial
sequents.

(b) Height of a proof h(π)= maximum number of non-structural inferences on any branch ,
without considering initial sequents.

Ancestors. Let C,C ′ be two occurrences of the same formula in a proof π. We say that C ′ is
an immediate direct ancestor of C, where C ′ appears in an upper sequent and C in the lower
sequent of a logical or = inference, if:

(a) C,C ′ occupy the same position in Γ,∆ of the respective sequents, or

(b) in contraction, they are occurrences of the contracted formula, or

(c) in exchange of φ, ψ occurrences C and C ′ are both ψ or both φ.

(d) Principal formulas of weakening, or of logical inferences, or of logical axioms, or formulas
in Ψ,Ξ of = do not have immediate direct ancestors.

The =-depth of an occurrence C of a formula is defined as follows:

(a) formulas in Ψ,Ξ of = have depth(C) = 0.

(b) If C is in a logical axiom, depth(C) = 1.

(c) If C is in the lower sequent of a structural rule, or it is a side formula of a non structural
rule, then:

depth(C) = max{depth(C ′)|C ′ immediate direct ancestor of C}

If a set is empty, then its maximum is defined as −∞.

(d) If C is principal in a non = rule and non structural rule, then:

depth(C) = 1 +max{depth(C ′)|C ′ is auxiliary}

(e) The depth of a CUT is the minimum of the depths of the cut formulas.

(f) The depth of a proof is the maximum of the depth of its CUT rules.

Anchored cuts. A CUT is anchored, if one occurrence C of its cut-formulas has depth(C) = 0.
A CUT is free if either one occurrence of its cut formulas has depth=−∞, or the cut formulas
are atoms and one occurrence has depth=1, or it is not anchored.
Note that a non free cut has depth 0. A proof is free cut-free, if it has no free cuts: we are
going to prove a free-cut elimination theorem.

Definition 55. Let π′ 4 π means that the proofs π, π′ have the same endsequent, and each
formula occurring in it has depth in π′ less or equal than in π.

Theorem 109. For each proof π there is a proof π′ of the same sequent with no depth −∞
cuts, such that |π′| ≤ |π|, and h(π′) ≤ h(π) and the depth of π′ is less or equal to the depth
of π. Furthemore π′ 4 π.

We prove a refined form of the theorem: remove an arbitrary set of formulas of depth −∞
from the endsequent of π; then you can get a proof π′ of what is left that has no cuts of depth
−∞ and such that |π′| ≤ |π| and h(π′) ≤ h(π) and the depth of π′ is less or equal of the
depth of π and π′ 4 π.
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Proof. Induction on |π|. Let us see the case in which the last rule is:

Γ =⇒ ∆, α Γ =⇒ ∆, β

Γ =⇒ ∆, α ∧ β

Claim. Find a proof of Γ′ =⇒ ∆′, (α ∧ β)′, the lower sequent of the above inference where
some formulas of depth −∞ has been removed and where (α ∧ β)′ means that this formula
has depth −∞ and has been deleted, or is not among the formulas of this depth that have
been deleted, or is just α ∧ β of depth 6= −∞. QED

(a) In case (α ∧ β)′, and this formula has depth −∞ and has been deleted and we would
give a proof of Γ′ =⇒ ∆′. Since by convention 1 + (−∞) = −∞, the formulas α and β in
the upper sequents have depth −∞. Just apply (IH) to the subproofs π1 and π2 of the
upper sequents and from any of the resulting proofs you can get π′i of Γ′ =⇒ ∆′.

(b) In the other cases, just apply (IH) to the subproofs of the upper sequents to give a proof
of Γ′ =⇒ ∆′, α ∧ β

Note that in transformations 1. and 2. the depth of the formulas in the endsequent has not
been increased. This follows from the definition of ”depth“ and by (IH).
Il the last rule is CUT:

Γ =⇒ ∆, α α,Γ =⇒ ∆

Γ =⇒ ∆

By (IH) there are subproofs π′1, π′2 respectively of Γ′ =⇒ ∆′, α and α,Γ′ =⇒ ∆′ as required.
In case in one of these two subproofs the formula α has depth −∞, just apply once more (IH)
to it and obtain a proof of Γ′ =⇒ ∆′. Otherwise apply CUT to Γ′ =⇒ ∆′, α and α,Γ′ =⇒ ∆′

and note that the cut inference has depth > −∞.

If the last rule is a = rule, note that only the side formulas in that case may have depth −∞.
Hence just apply (IH).
If the last rule is structural, the proof is trivial.

Theorem 110. (Free-cut elimination) Let π be a proof of depth ≤ d for d ≥ 0. Then another
proof π′ exists of the same endsequent which contains no free cuts. Moreover:

(a) h(π′) < 2
h(π)+1
d+1 .

(b) |π′| < c2
|π|+1
d+1 , where c is the maximum of 2 and the maximum arity of = inferences in

π.

where 2k0 = k and 2km+1 = 22km .

The theorem follows from this Lemma.

Lemma 35. Suppose π ends with a free cut of depth d ≥ 0 and all other free cuts above have
depth < d. Then another proof π′ exists of the same endsequent, such that all free cuts in π′
have depth < d.
Moreover:

(a) h(π′) ≤ 2 · h(π) and π′ 4 π.

(b) If the cut is not atomic |π′| ≤ |π|2; otherwise |π′| ≤ (c− 1)|π|2.
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Proof. By induction on the size |π|. Suppose π ends with the free cut inference:

π1

Γ =⇒ ∆, α

π2

α,Γ =⇒ ∆

Γ =⇒ ∆

where one occurrence of the cut-formula has depth d and the other has depth ≥ d.

(a) If α is not atomic. We see the possible cases.

(a) α = ¬β. Notice that, being d ≥ 0 > −∞, the formula not being atomic and the cut being
free, this by definition means that the cut is actually not anchored, and this implies that
for both cut formulas actually d ≥ 1. Find all direct ancestors of ¬β in π1 that have no
immediate direct ancestors (the points where this formula originates). These can be:

(i) The principal formula of a Weakening.

(ii) An =-inference.

(iii) A right rule:

β,Π =⇒ Λ

Π =⇒ Λ,¬β

In case (iii), if ¬β as a cut formula has depth d, in this inference has therefore depth ≤ d and
β has depth < d.

This kind of inference will be replaced by:

β,Π =⇒ Λ

weak + exchange

Π, β =⇒ Λ,¬β

Note that ¬β, being introduced by weakening, has here depth −∞.

By means of structural rules the β in the antecedent of the lower sequent propagates as a side
formula down in the proof, using weakening to add it when necessary, so that we get a proof
π′1 of:

Γ, β =⇒ ∆,¬β

where, after this transformation, direct ancestors of ¬β can originate only from weakening
(i) or =−inferences (ii), since logical axioms are atomic and therefore ¬β cannot occur in a
logical axiom. Hence in the final sequent of such a proof, by definition of “depth”, ¬β has
depth ≤ 0.

(a) if depth(¬β) = −∞ in the endsequent of π′1, then use the first theorem to get a proof π′′1
of Γ, β =⇒ ∆.

(b) if depth(¬β) = 0 in the endsequent of π′1, then obtain π′′1 as follows:

π′1
Γ, β =⇒ ∆,¬β

¬β,Γ =⇒ ∆

¬β,Γ, β =⇒ ∆

Γ, β =⇒ ∆
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The cut formula in the right upper sequent has depth≥ 1 by the hypothesis of the theorem,
whereas the left-hand occurrence has depth 0. Thus the cut has depth 0 and in anchored (not
free!).

Now make a similar contruction on the right upper sequent of the initial cut inference,
transforming π2 in π′′2 , a proof of Γ =⇒ β,∆ and observe that if ¬β had depth d in the
endsequent of π2, then β will have depth < d in the endsequent of π′′2 .
Hence we can cross π′′1 and π′′2 making a cut on β of depth < d and obtaining the desired
proof π′ of Γ =⇒ ∆.
Now observe that:

(a) h(π′) = max{h(π′′1 ) + 1, h(π′′2 ) + 1}
≤ max{h(π′1) + 2, h(π′2) + 2, h(π1) + 2, h(π2) + 2}
≤ max{h(π1) + 2, h(π1) + 2} = h(π) + 1 < 2 · h(π)

(b) |π′| ≤ (|π′1|+ |π2|+ 1) + (|π′2|+ |π1|+ 1) + 1 ≤ 2 · |π1|+ 2 · |π2|+ 1 < |π|2

Notice that |π′i| < |πi|, due to the removal of at least an introduction of the negation from πi.
From the construction it follow that π′ 4 π.

(b) α = β ∨ γ. How can this formula be generated in π1 as a principal formula (i.e. as a first
ancestor of a sequence of occurrences)? By a logical rule (i) (right introduction of ∨):

Π =⇒ Λ, β, γ

Π =⇒ Λ, β ∨ γ

or by a =−inference (ii) or by a weakening (iii). First replace all the inferences of case
(i.) by:

Π =⇒ Λ, β, γ

weakening + exchange

Π =⇒ β, γ,Λ, β ∨ γ

and add structural rules to propagate β, γ down in the proof and obtain a proof π′1 of
Γ =⇒ β, γ,∆, β ∨ γ.
Note that if β ∨ γ had depth d in the endsequent of π1, then the occurrences of β, γ in the
endsequent of π′1 have depth < d, while the depth of β ∨ γ in the endsequent of π′1 has depth
≤ 0 (i.e. 0 or −∞). Now the depth of β ∨ γ in the endsequent of π′1 is 0 or −∞:

(a) If the depth is −∞ (case (iii.)), then use once more the first theorem to find a proof π′′1
of Γ =⇒ β, γ,∆.

(b) If this depth is 0 (case ii.), form π′′1 as follows:

π′1
Γ =⇒ β, γ,∆, β ∨ γ

β ∨ γ,Γ =⇒ ∆

structural rules
β ∨ γ,Γ =⇒ β, γ,∆

Γ =⇒ β, γ,∆

Note that cut has depth 0.

Now, let us consider π2: once more, the inferences that originate the first direct ancestors
of β ∨ γ in π2 can be (i) a logical left-introduction of ∨, or (ii) an =−inference, or (iii) a
weakening. In case (i) the upper sequents have the form β,Π =⇒ Λ and γ,Π =⇒ Λ.
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(a) Take the first kind of sequents and obtain by weakening β ∨ γ,Π, β =⇒ Λ, then from this,
a proof πB2 of β ∨ γ,Γ, β =⇒ ∆.

(b) Perform the same transformation taking the second kind of sequents, obtaining a proof
πC2 of β ∨ γ,Γ, γ =⇒ ∆.

(a) If β ∨ γ in the endsequent of πB2 has depth 0, obtain π′B2 of Γ, β =⇒ ∆ by crossing it
with π1 making a cut of depth 0:

Γ =⇒ ∆, β ∨ γ
structural

Γ, β =⇒ ∆, β ∨ γ
πB2

β ∨ γ,Γ, β =⇒ ∆

Γ, β =⇒ ∆

(b) If in the endsequent of πB2 the formula β ∨ γ has depth −∞, use the first theorem to get
a proof π′B2 of Γ, β =⇒ ∆ with the claimed properties.

Do the same with πC2 to obtain π′C2 of Γ, γ =⇒ ∆.
Now, if β ∨ γ in the endsequent of π2 had depth d, then β has depth < d in π′B2 . Analogously
with γ in π′C2 .
Make therefore two cuts of depth < d:

π′′1
Γ =⇒ β, γ,∆

π′B2
Γ, β,=⇒ ∆

Γ, β,=⇒ ∆, γ

Γ =⇒ γ,∆

π′C2
Γ, γ =⇒ ∆

Γ =⇒ ∆

(Before the last cut, make some exchange). The following hold:

(a) h(π′) ≤ max{h(π′) + 3, h(π2) + 3, h(πB2 ) + 3, h(π1) + 3, h(πC2 ) + 2}
≤ max{h(π1) + 3, h(π2) + 3}
≤ h(π) + 2 ≤ 2 · h(π).

(b) |π′| ≤ |π′1|+ |π2|+ |πB2 |+ |πC2 |+ 2 · |π1|+ 5

≤ (|π1| − 1) + |π2|+ 2 · (|π2| − 1) + 2 · |π1|+ 5

≤ 2 · (|π1|+ |π2|) + 2 < (|π1|+ |π2|+ 1)2 = |π|2

(c) α = ∀xβ(x). In π1 once more the first ancestor of this formula can be originated by
weakening (i.), or by a =−inference (ii.), or by a right introduction rule (iii.):

Π =⇒ Λ, β(a)

Π =⇒ Λ,∀xβ(x)

where a is an eigenvariable different from one inference to another. In case (iii.) take a
fresh variable c and replace each of the above inferences with:

Π =⇒ Λ, β(c)

Π =⇒ β(c),Λ,∀xβ(x)

obtaining a proof π′1 of Γ =⇒ β(c),∆,∀xβ(x).
Get a proof π′′1 of Γ =⇒ β(c),∆ as follows:
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(a) If the formula ∀xβ(x) has depth −∞ in the endsequent of π′1, then once more use the
first theorem to obtain a proof π′′1 of Γ =⇒ β(c),∆.

(b) If the formula ∀xβ(x) has depth 0 in the endsequent of π′1, then cross π′1 and π2 making
a depth 0 cut to form a proof π′′1 of this sequent.

π′1
Γ =⇒ β(c),∆,∀xβ(x)

π2

∀xβ(x),Γ =⇒ ∆

structural
∀xβ(x),Γ =⇒ β(c),∆

Γ =⇒ β(c),∆

If the formula ∀xβ(x) had depth d in the endsequent of π1, then β(c) has depth < d in the
endsequent of π′′1 .

(a) Now consider in π2 the inferences that originate the direct ancestors of the cut formula:
still can be weakening, or a =-inference of a left introduction rule:

β(t),Π =⇒ Λ

∀xβ(x),Π =⇒ Λ

Let us first consider the latter (left-introduction rule).

Replace these inferences with:

π′′1 [t]

Γ =⇒ β(t),∆ β(t),Π =⇒ Λ

Π,Γ =⇒ ∆,Λ

∀xβ(x),Π,Γ =⇒ ∆,Λ

and from this (adding weak inferences as necessary) obtain a proof π′2 of ∀xβ(x),Γ =⇒ ∆
where ∀xβ(x) has now depth ≤ 0. Note that the cut has depth < d. In case ∀xβ(x) has
depth −∞ we apply once more the first theorem; in case of depth = 0 make a cut (of depth
0) crossing π1 and π′2.
Check yourself that h(π′) ≤ 2 · h(π) and |π′| < |π|2.

(d) α = atomic, hence d = 0 or d = 1.In this case the point in which the first direct ancestor
of the cut formula originates can be a weakening, a =−rule or an axiom α =⇒ α. Build π′1
replacing occurrences of α =⇒ α which contain a first direct ancestor of the cut formula
with:

π2

α,Γ =⇒ ∆

α,Γ =⇒ ∆, α

Note that α in the succedent has depth −∞. So, at the end (with the help of structural
rules) we get a proof π′1 of Γ =⇒ ∆, α with α in the endsequent of depth ≤ 0 and π′1 4 π1.
A proof π′2 of α,Γ =⇒ ∆ is obtained specularly in the same way, again with α in the
endsequent of depth ≤ 0 and π′2 4 π2.

(a) If α has depth −∞ in the endsequent either of π′1 or of π′2 then obtain from it a proof π′
of Γ =⇒ ∆ by applying the first theorem.
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(b) If α has depth 0 in both endsequents of π′1 and π′2, cross π′1 and π′2 and obtain π′ making
a cut on α. Note that this cut is anchored.

Check that h(π′) ≤ 2 · h(π). As or the size, |π′| ≤ (c − 1) · |π|2 follows from the fact that
(c− 1) · |πi|+ 1 is a bound of the number of initial sequents of πi. QED

Corollary 22. Suppose π has depth ≤ d and d ≥ 0. Then a proof π′ exists with the same
endsequent, in which all free cuts have depth < d and h(π′) < 2h(π)+1 and π′ 4 π.

Proof. Induction on h(π). Let us define:

f(i) =minimum number z such that, if h(π) ≤ i, then h(π′) ≤ z.

Notice that:

(a) f(0) = 0, because in this case there is no cut in π.

(b) If i = h(π) = 1, then:

i. if π does not contain free cuts, put π′ = π.

ii. otherwise, since the height is 1, we can have only initial sequents, structural rules
and atomic cuts (why atomic? Note that if the cut formula were introduced by
weakening its depth would be −∞ and if were a principal formula of a =-inference,
the cut would be not free); hence by the previous theorem h(π′) < 2, hence f(1) = 1.

3. If i ≥ 2, suppose e.g. that π ends with a rule with two upper sequents whose proofs
are π1 and π2. Apply (IH) to them and obtain π′1 and π′2 whose height is ≤ f(i − 1),
whose free cuts have depth < d and such that π′1 4 π1 and π′2 4 π2. Form a new proof ξ
replacing in π the subproofs π1 and π2 with π′1 and π′2:

i. If ξ does not end with a free cut, put π′ = ξ. The height is ≤ f(i− 1) + 1

ii. otherwise, since π′j 4 πj (j = 1, 2) the cut must have depth ≤ d: if depth < d, then
put π′ = ξ; if depth = d, apply the previous theorem to ξ and obtain π′. The height
is ≤ 2 · f(i− 1) + 2.

By induction on i, prove that f(i) < 2i+1.

QED

Now, iterating this result d+ 1 times, we obtain a proof of height < 2
h(π)+1
d+1 , where every cut

has depth < 0, namely −∞. Hence apply once more the Theorem 109 to get a proof without
free cuts and therefore Theorem 110 follows.

Corollary 23. Let Φ be a class of formulas closed under substitution of terms and subformu-
las. Suppose that each =−inference has only formulas in the class Φ as principal formulas.
Then for all proofs π, there is a proof π′ of the same endsequent in which all cut formulas
are in Φ.
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Proof. Note that logical inferences can be viewed as =−inferences. E.g. a right introduction
inference of ∧ can be seen an instance of a skeleton of this form:

C1 =⇒ D1, α C2 =⇒ D2, β

C =⇒ D,α ∧ β

Hence let us consider =+ = =− inferences plus logical inferences with the principal formulas
in Φ plus all identities α =⇒ α with α ∈ Φ atomic. The last theorem gives a π′ with no free
cuts with respect to =+. If every =+-inference has only formulas in Φ as principal formulas,
then there is a proof π′ of the same endsequent in which all cut formulas are anchored. Cuts
in π′ have depth 0, hence the cut formulas are occurrences of a principal formula in =+, hence
are in Φ. QED

An extremely powerful consequence of this corollary is the following:

(a) Suppose our acceptable inferences are the initial sequents corresponding to the non logical
axioms of PA, the equality axioms and the induction rule restricted to Σk formulas (the
fragment denoted IΣk).

(b) Take Φ = Σk ∪Πk and let π be a proof free-cut-free in IΣk of a sequent Γ =⇒ ∆ where
Γ,∆ are made of formulas in Φ.

(c) Suppose by contradiction that there is a formula α occurring in π such that α 6∈ Φ. Hence,
by the above corollary, α is not a cut formula, since all cut formulas in π are in Φ (notice
that the principal formulas of the induction rules and of axioms are in Σk ⊆ Φ).

(d) Therefore in π′ the formula α has not been deleted and will occur in the final sequent as
a side formula, or as a subformula (i.e. it occurs as an auxilary formula at some step).
Contradiction: against the assumption that all formulas in Γ =⇒ ∆ were in Φ.

(e) Hence we conclude that in π occurs only formulas from Φ.

7.3. Bounded Arithmetic and Polynomial Time Computability

The philosophical motivation for the introduction of Bounded Arithmetic theories can perhaps
be traced back to dissatisfaction with traditional finitism and intuitionist constructivism
in constructive mathematics, not considered by some as a genuine alternative to realism:
“finitism is the last refuge of platonism”(Nelson (1986), p. 10). In Parikh (1971), a pioneering
work that sought to construct a system reflecting an “anthropomorphic point of view” in
mathematics, it is proposed that numbers that are too large such as 101010

should be considered
infinite and formal theories of arithmetic are proposed where exponentiation is not assumed
to be defined over all numbers. This whole discussion is connected to the theme of feasibility
and of the computational infeasibility of exponentiation that we have discussed in relation to
the Church-Turing thesis.
There are two principal approaches to bounded arithmetic. The original approach involved
theories such as I∆0 and I∆0 + Ω1 (e.g. Cook and Nguyen (2010) is a handbook based on
this approach). The first of these theories was introduced in Parikh (1971), where every ∆0-
formula defines what is called “a concrete predicate”; later, in Buss (1986), bounded theories
such as Si

2 and Ti
2, based on a broader language, have been introduced and extensively studied.

One of the main features is their close connection to low-level computational complexity. The
Ti

2 will be defined by restricting induction to Σbi -formulas, where by induction we mean the
usual one. For Si

2, we need a different kind of induction schema. We will deal here mainly
with the theories S1

2,S
2
2,S

3
2.... The idea behind this approach is to modify I∆0 + Ω1 so that

the definable functions in these theories are more directly related to the levels of the so-called
Polynomial Time Hierarchy, instead of the Linear Time Hierarchy. Actually the union of
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these theories
⋃
i Si

2 is equivalent to the theory I∆0 + Ω1. All these theories are predicative
in the sense of Nelson (1986), that is, interpretable in Robinson’s Q. In particular, through
an application of (partial) cut-elimination we will see that the Σb1 definable functions of this
extended language in the theory S1

2 are the polynomial time computable functions.
Recall that ΣL

0 = LINTIME are the languages decided in c · n time (for some c) and ΣL
i+1 =

NLINTIME(ΣL
i ) are the languages accepted in time c · n by a nondeterministic machine with

oracle in ΣLi and finally LTH =
⋃
i ΣLi is the so-called Linear Time Hierarchy. Note that LTH

is a class of relations. We define a class of functions in terms of function graph i.e. the set of
pairs 〈x, y〉 such that f(x) = y: a function f in computable in linear time iff this set belong to
LTH. It is well known that LTH = ∆N

0 , namely the relations ∆0 − definable in the standard
model.
Recall also that we say that a function f is Σ1-definable in I∆0 iff there is a Σ1−formula φ
such that φ(n, f(n)) is true for all n and the theory proves ∀x∃!yφ(x, y). In this case it holds
that this is true of f iff its graph is in LTH and there is a bounding term t of the language of
the theory for existential quantifier, i.e. the theory actually proves ∀x∃!y ≤ tφ(x, y).
For many purposes, it is useful to extend I∆0 with the axiom:

Ω1 = ∀x∃y(x|x| = y)

where |x|=smallest integer bigger or equal to log2(x+ 1)=length of x in base two.
The theory I∆0 + Ω1 allow more flexible constructions, since the axiom Ω1 just captures the
polynomial increase of the lengths in such a way that definable functions of this theory satisfy
the condition that |f(x)| ≤ p(|x|), for some polynomial p, instead of |f(x)| ≤ c · |x| as in I∆0.

The function x|x| is superpolynomial and has a polynomial growth rate, i.e. if t is a term
builded with functions S, ·,+, x|x|, then a polynomial pt exists such that |t(x)| ≤ pt(|x|).
Parikh’s result that we are going to prove extend to I∆0 + Ω1 as well as to Buss’s theories,
and from this it follows that they does not prove the totality of exponential2.
Parikh raised the question of whether exponentiation is necessary to carry out Gödel arith-
metisation. The argument was as follows (here in Buss (1999) reconstruction). For instance,
one wants the theory to be able to define the notion of substituting a term into a formula
and prove the result is a formula. The following argument by Parikh, together with the
difficulty in proving Löb’s third derivability condition in this theory, led to believe that an
’intensional’ type of arithmetization was not possible in I∆0. Actually, if the number of
symbols of θ(x) is m and that of the term t is n, then the number of symbols of θ[t/x] is
about m · n. By using ”efficient codings“ we have that pθ(x)q = 2O(m) and ptq = 2O(n), and
therefore pθ[t/x]q = 2O(m·n). But pθ[t/x]q = 2O(m·n) ≤ 2|pθq|·c·n ≤ pθ(x)qO(n) and since the
number of symbols of a word whose code is x is bounded by |x|, lastly we have pθ(x)qO(|ptq|).
The conclusion is that the value of pθ[t/x]q cannot be bounded by a polynomial of ptq and
pθ(x)q. However, not all the power of the exponential function is required here: actually we
need just the function (x, y) 7→ x|y|. This explain the axiom Ω1.
Another motivation for the introduction of these extensions of I∆0 is related to the intensional
approach to arithmetization. We have seen that every recursive function is numeralwise
representable even in very weak theories such as R and Q: they can ‘represent’ all particular
instances f(n) of a recursive function f , but not prove general properties of the function. This
in is in contrast to the approach to the arithmetization of syntax that Feferman (1960) called
intensional. Here, when we define concepts such as “formula”, “term”, “substitution”, “proof”,
“theorem”, etc, we demand that the theory can prove general properties of these concepts,

2 To get an idea of how much concrete number theory or combinatorics can be done in these theories, see for
example Beame, Impagliazzo, Pitassi (1993) or Ajtai (1994) or D’Aquino (1992), Berarducci and D’Aquino
(1995) and D’Aquino and Macintyre (2000).
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which is not required in the case of arithmetisation based on the concept of representability.
The intesional arithmetization can be carried out in S1

2 as well as in I∆0 + Ω1 (see Buss
(1986)). The above remarks about substitution suggest that an intensional arithmetization
could hardly be done in I∆0, without resorting to the shortening technique discussed below
(i.e. an intensional arithmetization of metamathematics can be given rather artificially already
in Q by replacing “x is a proof”with “x is a proof in the initial segment J”, as we explained
when discussing the problem of Gödel’s second theorem for Q).
Working in such weak theories generally entails the need to economise in the use of resources,
to such an extent that Parikh (1971) stated as an open question the issue of whether the
exponentiation function is required for the arithmetization of metamathematics in Gödel’s
incompleteness theorems. The way in which we code the syntax become relevant. We will
refer to Wilkie and Paris (1987) for a careful Gödel coding such that, if n is the number of
symbols of a formula θ:

(a) n ≤ |pθq| ≤ c · n, where |x| is the base-two length of x, for some constant c. Hence also:

(b) 2n ≤ pθq ≤ 2d·n, for some constant d.

We call efficient such a coding. Let us take two examples of how to economise:

(a) Speaking of Gödel’s incompleteness results, coding sequences is an essential step. For
coding sequences we used exponentiation, but this function is not total in I∆0. The
coding of sequences e.g. in Hájek and Pudlák (1993) allows us to manipulate sequences
provably in I∆0 and thereby define with a ∆0 formula the graph of the function xy = z,
proving in I∆0 its main properties (except totality!).
To code a sequence of numbers in a more efficient way, they use a pair of numbers:

i. The first number will be the number determined by the concatenation of binary
expansions of the numbers to be coded.

ii. The second one will be a binary code of the markers which determine beginnings
and ends of the coded numbers.

In fact we code sequences of arbitrary 0− 1 words in such a way. Suppose we want to
code a sequence of 0− 1 words:

0011, 101, 010

Then we take two numbers whose binary expansion is the following:

11101010, 10001001001

The first one is the concatenation of the words above (where we have to omit the first
two 0’s) and the second one is a sequence of markers which determines the partition. If
this pair is considered to be a code of a sequence of numbers then it will code (3, 5, 2).
This coding of finite sequences is used to define in I∆0 the exponential relation xy = z
(however, it is not possible in this theory to show that such a z always exists!)3.

(b) The second example concerns the efficient representation of numerals. We need to use
in arithmetization the function n 7→ pnq. Using efficient numerals and an efficient
arithmetization, this transformation is p-time. Actually, to represent the number n by
the numeral S(S(...S(0)...)) is problematic, when we don’t have the exponentiation as a
total function. The classical numerals Sn(0) cannot be used, since their length (number

3 The first ∆0 definition of the graph of exponentiation, formalized in the theory I∆0 is due Gaifman and
Dimitracopoulos (1982)
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of symbols) is greater than n. Hence the Gödel number of this numeral will be of order
2c·n, for a constant c. Hence the function n 7→ pnq, sending a number to the code of
its numeral will be exponential. At the opposite the length of the efficient numerals is
bounded by a polynomial of |n|. Indeed, we think of the base two representation of n is
akak−1...a0, where each ai is 0 or 1, and we represent n as:

a0 + 2(a1 + 2(a2 + ...(ak−1 + 2ak)...))

Hence the Gödel number of the numeral of n is now of order 2c·log2(n).

Parikh proved that, although there exist formulas η(x, y, z) having, provably in I∆0, the
basic properties of exponentiation xy = z, none of these formulas is such that I∆0 proves
∀x∀y∃z η(x, y, z). The result follows from this theorem.

Theorem 111. If θ(x, y) is bounded and I∆0 ` ∀x∃yθ(x, y), then exists a term t such that:

I∆0 ` ∀x∃y < tθ(x, y)

Proof. Recall that terms t in the language of PA are polynomials of the form xk + c, which
grow slower than the exponential function, and Parikh’s theorem says that we can bound the
value of ∆0 definable functions in I∆0 only by a term in this language and therefore these
functions can increase the length of the input only linearly. As the exponential relation xy = z
actually has a ∆0 definition, it follows that I∆0 cannot prove the totality of exponentiation.
An extremely laborious proof was given in Buss (1986) in sequent calculus; although more akin
to the spirit of these readings, we prefer to report the semantic one contained in Hájek and
Pudlák (1993) and Krajíček (1995), an elegant model-theoretic argument, using compactness.
Suppose by contradiction that the premiss is true, but this conclusion is false. Therefore (for
a new constant c) the following is consistent, for every t:

I∆0 + ∀y < t(c)¬θ(c, y)

Note that it is unprovable also any disjunction:∨
i≤k

∃y < ti(c)θ(c, y)

(otherwise one could take t = t0 + t1 + ...+ tk and ∃y < t(c)θ(c, y) would be provable, since
each disjunct would imply this formula). Hence any finite subset of sets:

Γk = I∆0 + ∀y < t0(c)¬θ(c, y) + ...+ ∀y < tk(c)¬θ(c, y)

is consistent. It follows by compactness that the set:

Γ = I∆0 + {∀y < ti(c)¬θ(c, y)|ti is a term}

is consistent too (note that any finite subset of Γ is a subset of Γn, for some n). So, Γ has a
modelM. Now consider an initial segment:

I = {b ∈M|M |= b < t(c), for some t(x)}

of this model, i.e. a subset closed downwards and by addition and product. It is well known
that I remains a model of I∆0: actually I∆0 is a bounded theory of arithmetic, namely is
axiomatized by bounded formulas, e.g. the induction principle can be formulated as follows:

φ(0) ∧ ∀x < z(φ(x)→ φ(x+ 1))→ φ(z)
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If ψ(x) is a bounded formula and I an initial segment of a modelM closed under addition and
multiplication, an absoluteness principle holds, namely if a ∈ I, then I |= ψ(a) iffM |= ψ(a).
But:

I |= ∃x∀y¬θ(x, y)

(contradiction).
Indeed, we have proved that I∆0 cannot prove the totality of such functions that eventually
majorize all polynomials. QED

Corollary 24. xy is not provably total in I∆0.

Remark 5. Although Parikh’s Theorem was originally established for this theory, it can be
easily extended to Buss’ theories Si

2 (see Verbrugge (1993)).

Here some key results. Points 2., 3. and 4. somehow support the argument of Nelson (1986)
where Q is considered the reference theory from which to start, admitting only extensions
that can be interpreted in it.

Theorem 112. The following hold:

(a) Q is not intepretable in R.

(b) S1
2 is intepretable in Q.

(c) I∆0 + Ω1 is intepretable in Q.

(d) I∆0 + exp is not intepretable in Q .

(e) I∆0 + ¬exp is intepretable in Q.

(f) I∆0 + Ω1 is intepretable in I∆0.

(g) IΣ1 is not intepretable in I∆0 + exp.

where exp = ∀x∃y(2x = y). We remark that the graphs of the functions 2x and xlog(x) are
definable in I∆0 (which does not prove their totality) but we emphasize the difference between
points 3. and 4.: although it has some induction, the theory I∆0 + Ω1 (as well as I∆0) is
not too far from Q. The presence of exponentiation 2x as a total function represents on the
contrary, a sort of impassable barrier and determines a big jump in complexity. An evidence
of the jump in complexity highlighted in Nelson (1986) is that by applying a technique called
shortening, displayed in Solovay (1976) and involved in the results of interpretability or
non-interpretability listed above, we can successively close an initial segment of a model of Q

under each of the functions 2x, x2, x|x|, x|x|
||x||

... However Paris and Dimitracopulos (1983)
showed that it is not always possible to close also under exponentiation: there exist a model
and an initial segment of it that cannot be restricted in such a away to be closed also under
exponentiation. For this reason, we view xlog(x) as being more akin to feasible polynomial
growth rate functions than to the infeasible exponential function.
These theorems are long and complex, so here we report only one of the simplest cases, where
however we see the aforementioned technique due to Solovay at work (see Ferreira G. and
Ferreira F. (2013) and Hájek and Pudlák (1993), ch.V, section C for a complete account).
Let us therefore consider a syntactical counterparts of initial segments we have seen in models
of arithmetic.

Definition 56. A formula I(x) is inductive for a theory T, if this theory proves I(0) ∧
∀x(I(x) → I(Sx)). It defines an initial segment of T, if moreover satisfies I(x) ∧ y ≤ x →
I(y). A formula J(x) is a sub-initial segment of I(x) in T, if the theory proves J(x)→ I(x)4.

4 We point out that in much literature what we have called initial segment is called cut. Below, we have used
another term to avoid misunderstandings.
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Definition 57. A theory T is locally intepretable in a theory S iff each finite part of T is
intepretable in S.

Let us add associativity and commutativity of +, · to Q, plus the following distributivity
x · (y + z) = x · y + x · z and let us denote Q+ the resulting arithmetical system. It is easily
proved that if T ⊃ Q+ and I(x) is inductive in T, the there exists a subcut J(x) of it. The
central result is the following.

Theorem 113. (Solovay’s shortening) If T ⊃ Q+ and I(x) is inductive in T, then there
exists a subcut J(x) of it, closed under +, ·.

Proof. We usw the tecnique of shortening, due to Solovay. Let:

(a) J0(x) = ∀y(I(y)→ I(y + x))

(b) J(x) = ∀y(J0(y)→ J0(y · x))

By using associativity of + prove in Q+ that J0(x) is closed under addition, i.e. if J0(x) and
J0(y), then J0(y + x) and from this follows the closure under + of J(x) as well. With similar
argument prove that J(x) is closed under multiplication too.

We now show that J(x) is an initial segment. We claim that J(x) ∧ y ≤ x→ J(y). We have
to show that if J0(z), then J0(z · y), that by definition is J(y). Still by definition J0(z · y) is
I(v)→ I(v + z · y), for any v. Since J(x) and J0(z), by definition of J we have J0(z · x) and
since y ≤ x, there must be some w such that y + w = x and there fore J0(z · (y + w)). Now
we ude the distributivity axiom to obtain J0(z · y + z · w). But we had I(v) and therefore, by
definition of J0 we have I(v + (z · y + z · w)). Since I is a cut and:

v + z · y ≤ (v + z · y) + z · w = v + (z · y + z · w)

we have I(v + z · y) and therefore J0(z · y), as claimed.

QED

Theorem 114. The theory I∆0 is locally intepretable in Q+.

Proof. Fix a finite number of formulas with only bounded quantifiers

φ0(x, p), ..., φn(x, p)

and for each i, let:

Ii(x, p) = φi(0, p) ∧ ∀y ≤ x(φi(y, p)→ φi(Sy, p))→ φi(x, p)

Then define I(x) = ∀p(
∧
i≤n Ii(x, p)). This is an inductive formula and by the previous

theorem it can be shortened to a cut J closed under addition and multiplication and therefore
to a “model” of Q+. Moreover, since J(x)→ I(x) and I(x)→ Ii(x, p), the inductiion for every
φi holds in J . QED

7.4. Cut-elimination and Polynomial time definable functions

We introduce now Buss’ approach to bounded arithmetic and we show some importan
application to the theory of computational complexity:
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(a) The language af Buss’s theory of Bounded Arithmetic is the following:

S, 0,+, ·, |x|, b1
2
xc,#,≤

where |x| = plog2(x+1)q =small y ≥ log2(x+1) is the length of the binary representation
of x, b 1

2xc is the greatest integer less or equal to 1
2x and x#y means 2|x|·|y|. We will use

#, ·, b 1
2xc to write terms of the form 2p(|x|) where p(x) is a polynomial.

(b) We actually “think” in base two: the operation b 1
2xc erases the last bit from the base two

representation of x. Numerals (”dyadic numerals“) are defined as follows:

2k + 1 = 2k + S(0), 2(k + 1) = S(S(0)) · k + 1

Note that the length of k is of the order of log(k).

(a) We want to discuss here of a sequent calculus LKB for theories of bounded arithmetic.
For these, we must first add the equality initial sequents and some rules for bounded
quantifiers.

φ(t),Γ =⇒ ∆

t ≤ s,∀x ≤ sφ(x),Γ =⇒ ∆

b ≤ s,Γ =⇒ ∆, φ(b)

Γ =⇒ ∆,∀x ≤ sφ(x)

b ≤ s, φ(b),Γ =⇒ ∆

∃x ≤ sφ(x),Γ =⇒ ∆

Γ =⇒ ∆, φ(t)

t ≤ s,Γ =⇒ ∆,∃x ≤ sφ(x)

(b) If α is a BASIC axiom, then we add the initial sequent =⇒ α.

BASIC will be the set of basic axioms for these operators. A richer language corresponds to a
higher number of axioms:

(a) x ≤ b→ a ≤ S(b)

(b) a 6= S(a)

(c) 0 ≤ a

(d) a ≤ b ∧ a 6= b↔ S(a) ≤ b
(e) a 6= 0→ 2 · a 6= 0

(f) a ≤ b ∨ b ≤ a
(g) a ≤ b ∧ b ≤ a→ a = b

(h) a ≤ b ∧ b ≤ c→ a ≤ c

(i) |0| = 0

(j) |S(0)| = S(0)

(k) a 6= 0→ |2 · a| = S(|a|) ∧ |S(2 · a)| = S(|a|)

(l) a ≤ b→ |a| ≤ |b|

(m) |a#b| = S(|a| · |b|)

(n) |S(0) = 0#a

(o) a 6= 0→ 1#(2·a) = 2·(1#a)∧1#(S(2·a)) =
2 · (1#a)

(p) a#b = b#a

(q) |a| = |b| → a#c = b#c

(r) |a| = |b|+ |c| → a#d = (b#d) · (c#d)

(s) a ≤ a+ b

(t) a ≤ b∧a 6= b→ S(2 ·a) ≤ 2 ·b∧S(2 ·a) 6= 2 ·b

(u) a+ b = b+ a

(v) a+ 0 = a

(w) a+ S(b) = S(a+ b)

(x) a+ b ≤ a+ c↔ b ≤ c

(y) a · b = b · a

(z) a · (b+ c) = (a · b) + (a · c)

() S(0) ≤ a→ (a · b ≤ a · c↔ b ≤ c)

() a 6= 0→ |a| = S(|b 1
2ac|)

() a = b 1
2 bc ↔ 2 · a = b ∨ S(2 · a) = b
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We define now a hierarchy of bounded formulas of this language, analogous to the Arithmetical
Hierarchy, but now we count the alternations of bounded quantifiers:

(a) The set ∆b
0 = Σb0 = Πb

0 is equal to the set of formulas in which all quantifiers are sharply
bounded, i.e. of the form ∀x ≤ |t| or ∃x ≤ |t|.

(b) For i > 0, the sets Σbi and Πb
i are inductively defined by the following conditions:

i. If α and β are Σbi -formulas, then so are α ∨ β and α ∧ β.

ii. If α is a Πb
i formula and β is a Σbi -formula, then α→ β and ¬α are Σbi -formulas.

iii. If α is a Πb
i -formula, then α is a Σbi -formula.

iv. If α is a Σbi -formula and t is a term, then (∀x ≤ |t|)α is a Σbi -formula.

v. If α is a Σbi -formula and t is a term, then (∀x ≤ t)α is a Σbi -formula.

vi. The four inductive conditions defining Πb
i are dual.

The terms of this language define functions of polynomial growth rate. The theories Ti
2 will be

defined by adding to the BASIC axioms the standard induction INDrestricted to Σbi -formulas.
The theories Si

2 will be defined instead by adding the induction schema PIND:

α(0) ∧ ∀x(α(b 1
2xc)→ α(x))→ ∀xα(x)

restricted to Σbi -formulas. We have that S2 = ∪iSi
2 = ∪iTi

2 = T2. Moreover

S1
2 ⊆ T1

2 ⊆ S2
2 ⊆ T2

2 ⊆ S3
2 ⊆ ...

but it is open whether they are distinct. Anyway T2 (and therefore S2) is equivalent to
I∆0 + Ω1. The polynomial time computable functions can be inductively defined in a similar
way to what we did for primitive recursive functions, that is, by means of axioms as follows:

(a) Initial functions.

i. The nullary constant function 0.
ii. The successor function S(x).
iii. The doubling function 2x.
iv. The conditional function Cond(x, y, z)=if x = 0 then y, else z.
v. The projection functions are polynomial time functions

(b) The composition of polynomial time functions is a polynomial time function.

(c) The function f defined by limited iteration on notation from g and h, polynomial time:

i. f(0, x) = g(x)

ii. f(z, x) = h(z, x, f(b 1
2zc, x)) for z > 0 provided |f(z, x)| ≤ p(|z|, |x|) where p(x) is a

polynomial.

Following Buss we define in a rather unusual way the Polynomial Time Hierarchy. Predicates
are here functions 0, 1 (their characteristic functions). A predicate is polynomial time
computable provided its characteristic function is polynomial time. We distinguish between
logarithmic bounds p(|x|) and polynomial bounds 2p(|x|) to the quantifiers. Logarithmically
bounded quantification corresponds to sharply bounded quantification. We denote P p0 the
smallest class containing the initial functions, closed under composition and logarithmically
bounded quantifiers.
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(a) ∆p
0 = Σp0 = Πp

0 are the predicates of P p0 .

(b) Σp
i is the class of polynomially bounded predicates R(x)-definable by R(x) = (∃y ≤

2s(|x|))(Q(x, y)) for some polynomial s(n) and ∆p
i predicate Q

(c) Πp
i is the dual class of their complements.

(d) P pi+1is the class of functions computable on a deterministic Turing machine in polynomial
time with oracle in Σpi .

(e) ∆p
i+1 is the class of predicates with characteristic function in �pi+1.

Hence P = ∆p
1, NP = Σp1, FP = �p1 and co−NP = Πp

1. The class of polynomial time functions
is �p1, and the class of polynomial time predicates is ∆p

1.

Definition 58. A function f is Σb
i− definable in a theory T, if there is a formula φ ∈ Σb

i
such that:

(a) φ defines the graph of f ,

(b) T ` ∀x∃yφ(x, y)

(c) T ` ∀x∀y∀z(φ(x, y) ∧ φ(x, z)→ y = z)

Definition 59. A predicate P (x) is ∆b
i definable in T provided there are φ ∈ Σbi and ψ ∈ Πb

i
provably equivalent in T, that define P (x).

Definition 60. A theory is said to be bounded if it is axiomatizable with a set of bounded
formulas.

In the previous discussion we used Parikh’s theorem for all the theories of the hierarchy
Si

2. The syntactic proof in the sequent calculus contained in Buss (1986) is rather complex.
However it can be achieved semantically in a simpler way along the same lines as in Verbrugge
(1993).

Theorem 115. If Si
2 proves ∀x∃yθ(x, y), and θ is bounded, then ∀x∃y ≤ t(x)θ(x, y), for

some term t.

Proof. Suppose that this is not true. Then take:

Si
2 ∪ {∀y ≤

k−times︷ ︸︸ ︷
c#...#c¬θ(c, y)|k ∈ ω}

where c is a new constant and observe that this set is finitely satisfable. Hence by compactenss
the whole set is satisfable, i.e. has a model, sayM where a certain element a interprets c.
Take the submodel U defined as:

U = {b ∈M|∃k(b ≤
k−times︷ ︸︸ ︷
c#...#c)}

This model is closed under the operations +, ·, S,#, b 1
2xc Note that the theory Si

2 can be
axiomatized by Π1 sentences. Actually we can write also the induction axiom as:

∀y(θ(0) ∧ ∀x ≤ y(θ(b 1
2xc)→ θ(x))→ ∀x ≤ yθ(x))

where θ ∈ Σb
i . But Π1 sentences are preserved ”downward“ hence this is a model of Si

2 too.
On the other hand U does not verify ∃yθ(a, y), otherwise there would be a k and a b ∈ M
such that:
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(a) b ≤
k−times︷ ︸︸ ︷
c#...#c and

(b) θ(a, b)

against the hypothesis, and therefore Si
2 6` ∀x∃yθ(x, y) (contradiction, against the assumption).

QED

Some important facts.

(a) Every polynomial time function is Σb1-definable in Si
2.

(b) Every polynomial time predicate is ∆b
1-definable in Si

2.

(c) Every �pi function is Σbi -definable in Ti−1
2 and in Si

2.

(d) Every ∆p
i predicate is ∆b

i -definable in Si
2.

(e) A predicate is Σpi if and only if there is a Σbi -formula which defines it.

We are going to show the main result of Buss (1986), i.e. the inverse implications of these
points, in particular:

(a) Every Σb1-definable function in Si
2 is polynomial time computable.

(b) ∆b
1-definable predicate in Si

2 is polynomial time computable.

Generalizations to other levels holds.

(a) To do this, first we must formulate the PIND induction as a rule:

α(b 1
2bc),Γ =⇒ ∆, α(b)

α(0),Γ =⇒ ∆, α(t)

where b occurs only as indicated.

(b) Axioms α are formalized as initial sequents =⇒ α

(c) In view of what we are about to say it must be emphasized that many functions needed
for arithmetization of syntax are Σb1−definable in S1

2 (e.g. the coding of finite sequences,
projections, concatenation of finite sequences) and many predicates are ∆b

1 − definable
in S1

2 (e.g. Seq(x), Len(x)).

Theorem 116. (Buss 1985) Let i ≥ 1 and let us suppose Si
2 proves ∀x∃yθ(x, y) where θ ∈ Σbi .

Then there exists a term t, a formula ψ and a function g ∈ �pi such that Si
2 proves:

(a) ∀x∀y(ψ(x, y)→ θ(x, y))

(b) ∀x∀y∀z(ψ(x, y) ∧ ψ(x, z)→ y = z)

(c) ∀x∃y ≤ tψ(x, y)

(d) for all n it is true in the standard model ψ(n, g(n))

Corollary 25. If g is Σbi -definable in Si
2, then g ∈ �

p
i .
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Buss’s witnessing method. Although this theorem applies in its most general form for i ≥ 1,
in this exposition we can focus on the case where i = 1, in order to avoid introducing further
details. Let therefore θ(c) ∈ Σb

i -formula in prenex form. Then Witnessiθ(w, c) (which is
provably ∆b

i in Si
2) is defined inductively as follows:

(a) If θ ∈ Πb
i−1 ∪ Σbi−1 then Witnessiθ(w, c)↔ θ(c)

(b) Witnessiθ(w, c) distributes over ∨ and ∧, e.g. w witnesses α ∧ β iff (w)1 witnesses α and
(w)2 witnesses β.

(c) If θ 6∈ Πb
i−1 ∪ Σb

i−1 and has the form ∀x ≤ |s(c)|ψ(c, x), then Witnessiθ(w, c) is the
conjunction of:

i. Seq(w) ∧ Len(w) = |s|+ 1

ii. ∀x ≤ |s(c)|Witnessiψ(c,b)((w)x+1, c, x)

(Hence w = 〈w0, ..., w|s|〉 witnesses the truth of θ iff each wi witnesses ψ(c, i)).

(d) If θ 6∈ Πb
i−1 ∪ Σb

i−1 and has the form ∃x ≤ t(c)ψ(x, c), then Witnessiθ(w, c) is the
conjunction of:

i. Seq(w) ∧ Len(w) = 2 ∧ (w)1 ≤ t
ii. Witnessiψ(c,b)((w)2, c, (w)1)

(Hence w = 〈n, v〉, n ≤ t and v witnesses ψ(c, n)).

(e) In case of negated formulas not in Πb
i−1 ∪ Σb

i−1 we internalize the negation in order to
bring us back to the cases listed above.

Some properties. For all θ ∈ Σbi , the theory Si
2 proves:

∃w(Witnessiθ(w, c))↔ θ(c)

In the following We use this notation. If Γ = 〈A,B,C〉 then
∧

Γ = (A ∧ (B ∧ C)) and∨
Γ = (A ∨ (B ∨ C)).

Theorem 117. (The main theorem) Let us suppose Si
2 proves Γ,Π =⇒ Λ,∆ where Γ,∆ are

composed by Σb
i formulas and Π,Λ are composed by Πb

i formulas and c are all the variables
of the sequent. Take G =

∧
Γ ∧

∧
{¬γ|γ ∈ Λ} and H =

∨
∆ ∨

∨
{¬δ|δ ∈ Π}. Then there is

a function f which is Σbi − definable in Si
2 such that:

(a) f ∈ �pi
(b) Si

2 `WitnessiG(w, c)→WitnessiH(f(w, c), c)

Before proving this theorem, let us take a look of how we apply it. Suppose Γ = Π = Λ = ∅ and
∆ = ∃yθ(c, y). We apply Parikh’s theorem to show ∆ = ∃y ≤ tθ(c, y). By the main theorem
there is a Σbi − definable function f that witnesses this formula. Take ψ(x, y)↔ y = (f(x))1

and notice that g(x) = ((f(x))1 ∈ �pi .

Proof of the Main Theorem.By induction on the number of sequents in a free-cut free proof.
Let us consider a proof of

Γ,Π =⇒ Λ,∆

where for simplicity of exposition we assume Π = Λ = ∅. By the free-cut-free elimination
theorem we can assume that, since Γ,∆ have all formulas in Σbi ∪Πb

i , the same holds for all
formulas occurring in the proof. Since there are Σbi −PIND inferences, all cut formulas will be
in Σbi . We will show here some relevant cases (the remaining cases as exercises).
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(a) If Γ =⇒ ∆ is an initial sequent (BASIC axioms, logical axioms or equality axioms) these
ar all composed by quantifier free formulas, hence by definition:

Witnessiθ(w, c)↔ θ(c)

and putting f(n) = 0 for all n this function satisfies the theorem.

(b) If the last inference has the form:

α,Θ =⇒ ∆

α ∧ β,Θ =⇒ ∆

Let D be α∧
∧

Θ and E be (α∧β)∧
∧

Θ. By (IH) there is g ∈ �pi which is Σbi−definable
in Si

2 and this theory proves:

WitnessiD(w, c)→Witnessi∨∆(g(w, c), c)

Take h(w) = 〈((w)1)1, (w)2〉 so that:

WitnessiE(w, c)→WitnessiD(h(w), c)

and finally by putting f(w, c) = g(h(w), c) we obtain:

WitnessiE(w, c)→Witnessi∨∆(f(w, c), c)

(c) If the last inference has the form:

β,Θ =⇒ ∆ γ,Θ =⇒ ∆

β ∨ γ,Θ =⇒ ∆

Let D be β ∧ (
∧

Θ) and E be γ ∧ (
∧

Θ) and F be (β ∨ γ) ∧ (
∧

Θ). Apply (IH): hence
there are g, h ∈ �pi such that Si

2 proves:

WitnessiD(w, c)→Witnessi∨∆(g(w, c), c)

WitnessiE(w, c)→Witnessi∨∆(h(w, c), c)

Let us define

f(w, c) =

{
g(〈((w)1)1, (w)2, c〉), if Witnessiβ((w)1)1, c)

h(〈((w)1)2, (w)2〉, c) otherwise

In other words, if w witnesses (β ∨ γ)∧ (
∧

Θ), then either ((w)1)1 witnesses β or ((w)1)2

witnesses γ, and (w)2 witness
∧

Θ. In the former case use g to find a witness of
∨

∆; in
the latter case use h. It follows:

WitnessiF (w, c)→Witnessi∨∆(f(w, c), c)

(d) If the last rule is:
a ≤ t, β(a),Θ =⇒ ∆

∃x ≤ tβ(x),Θ =⇒ ∆

(where a must not appear in the lower sequent) take for D the formula a ≤ t∧(β(a)∧
∧

Θ)
and E be ∃x ≤ tβ(x) ∧

∧
Θ. By (IH) there is a g ∈ �pi such that:

WitnessiD(w, c, a)→Witnessi∨∆(g(w, c, a), c)

We consider two cases:
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i. if (∃x ≤ tβ) 6∈ Σbi−1, then let h(w) = 〈0, 〈((w)1)2, (w)2〉〉, so that WitnessiE(w, c)→
WitnessiD(h(w), c, ((w)1)1) so let f(w, c) = g(h(w), c, ((w)1)1) and note that the
theory proves:

WitnessiE(w, c)→Witnessi∨∆(f(w, c), c)

ii. if (∃x ≤ tβ) ∈ Σb
i−1, then let h(w) = 〈0, 〈0, (w)2〉〉 and f(w, c) = g(h(w), c, (µx ≤

tβ(x))

(e) If the last rule is
Θ =⇒ β(s),Σ

s ≤ t,Θ =⇒ ∃x ≤ tβ(x),Σ

take D as β(s)∨ (
∨

Σ) and E be s ≤ t∧ (
∧

Θ) and F be ∃x ≤ tβ(x)∨ (
∨

Σ) and by (IH)
we have:

Witnessi∧Θ(w, c)→WitnessiD(g(w, c), c)

But by definition we haveWitnessiE(w, c)→ s ≤ t∧Witnessi∧Θ((w)2, c) so let f(w, c) =

〈〈s(c), (g((w)2, c)1〉, (g((w)2.x)2〉 and note that:

WitnessiE(w, c)→WitnessiF (f(w, c), c)

(f) Other logical rules are analized in a similar way (see Buss (1986)).

(g) If the last rule is a CUT :
Γ =⇒ ∆, β β,Γ =⇒ ∆

Γ =⇒ ∆

Being the proof free-cut-free, β must be Σbi . Take D be β ∨ (
∨

∆) and E be β ∧ (
∧

Γ),
By (IH) there are g, h ∈ �pi such that the theory proves:

Witnessi∧Γ(w, c)→WitnessiD(g(w, c), c)

WitnessiE(w, c)→Witnessi∨∆(h(w, c), c)

Hence we define:

f(w, c) =

{
(g(w, c))2 if Witnessi∨∆((g(w, c))2, c)

h(〈(g(w, c))1, w〉, c) otherwise

Hence we obtain:
Witnessi∧Γ(w, c)→Witnessi∨∆(f(w, c), c)

(h) If the last rule is:
β(b 1

2bc),Θ =⇒ β(b),Σ

β(0),Θ =⇒ β(t),Σ

By (IH) if w witnesses β(b 1
2bc)∧

∧
Θ there is g ∈ �pi such that g(w, b) witnesses β(b)∨

∨
Σ

Now let:

(a) f(w, 0) = 〈(w)1, 0〉; arguing as before, if w witnesses β(0) ∧
∧

Θ, then (w)1 witnesses
β(0) and therefore β(0) ∨

∨
Σ,
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(b) Now let f(w, b) = 〈X0, X1〉, for b > 0, where:

i. X0 = g(〈(f(w, b 1
2bc)1, (w)2〉)1

ii. X1 = k((f(w, b 1
2bc)1, (w)2)2, (g(〈f(w, b 1

2bc, (w)2〉)2)

and where:

k(v, w) =

{
v, if Witnessi∨Σ(v, c)

w otherwise

Note that if w witnesses β(0) ∧
∧

Θ, then f(w, b) witnesses β(b) ∨
∨

Σ. The theory proves
that:

(a) as we have seen, if w witnesses β(0) ∧
∧

Θ, then f(w, 0) witnesses β(0) ∨
∨

Σ.

(b) under the same condition, if f(w, b 1
2bc) witnesses β(b 1

2bc) ∨
∨

Σ, then f(w, b) witnesses
β(b) ∨

∨
Σ.

(c) Hence by PIND we conclude that if w witnesses β(0) ∧
∧

Θ, then f(w, t) witnesses
β(t) ∨

∨
Σ.

To summarize:

(a) Buss’s theorem says that if f is Σbi -definable in Si
2, then f ∈ �

p
i

(b) In case i = 1 we have that if f is Σb1-definable in S1
2 , then f is polynomial time computable.

(c) Parson’s theorem says that if f is Σ1-definable in IΣ1, then f is primitive recursive.

We remark that a proof of Parson’s frequently mentioned theorem concerning the functions
that can be defined in PRA can be obtained with Buss’s method of the witness predicate too.

7.5. Further remarks and guide for further study

To conclude, let us make some proposals for further exploration of this topic. The literature on
the weak fragments of arithmetic and their relation to computational complexity is endless and
we therefore forego a priori the idea of giving a complete account of it, limiting ourselves to
highlighting a few topics that we consider of particular importance, which can be approached
with the tools we have introduced in the previous chapters.
A development worthy of consideration is the one who investigated what happens by narrowing
the logical basis of theories. In this short presentation, we have dealt with theories based
on classical logic: what can be said about intuitionist logic-based theories? Intuitionistic
Bounded Arithmetic has been studied as well since Buss (1985): here a hierarchy of bounded
formulas of the language of his theories is introduced, called h− Σbi -formula (hereditarily Σbi ),
i.e. those formulas that are Σb

i and whose subformulas are still Σb
i (for example, if φ ∈ Πb

i
and ψ ∈ Σb

i , then φ → ψ ∈ Σb
i , but φ is not). For each k, the theories I − Sk2 are based on

the h− Σbk-induction schema (or rule) and for formulas in h− Σbk prove the excluded middle
and the sability laws. Buss shows that if I− Sn

2 ` ∀x∃yφ(x, y), where φ is arbitrarily complex
(note this difference with the classical case), then there exists a function f ∈ �Pn , such that
∀xφ(x, f(x)) is true. Actually, by a metod inspired ti Kleene’s realisability, it is shown that
the definable function f of I− Sn

2 (i.e. those such that an arbitrarily complex formula φ exists
such that φ(n, f(n)) is true, for all n, and I− Sn

2 ` ∀x∃!yφ(x, y)) are precisely those in �pi
(the class of functions computable in polynomial time with oracle in Σpi−1, that coincides with
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the class of predicates definable by a Σbi−1 formula). Further progress has been made in Cook
and Urquhart (1993) and Harnik (1992).
We did not dwell on the theories Ti

2. However, a characterisation of the Σbi -definable functions
in Ti−1

2 is possible by proving that Si
2 is ∀Σb

i -conservative on Ti−1
2 (where ∀Σb

i means a
universal quantifier followed by a Σb

i - formula). A different characterization of the Σb
1-

definable (multivalued) functions of T1
2 in terms of the so-called ”polynomial local search

problems“ is given in Buss and Krajíček (1994). We only mention an important development,
consisting in an application of the following well known result to these theories. Actually we
consider an extension by definition of Ti

2, by adding symbols for all �pi+1 functions (which
are Σbi+1-definable in it) and the defining equations as axioms and obtain a kind of Herbrand
theorem. Recall that a consequence of the cut elimination theorem for LK is that a cut free
proof of a sequent Γ =⇒ ∆ where Γ,∆ are made of formulas in prenex normal form can be
”divided“ in two part. We define the midsequent as follows:

(a) If non quantifier rule occurs in the proof, then the midsequent is the last sequent.

(b) Otherwise, it is the topmost sequent which is a premiss of a quantifier rule (hence above
there are only structural an propositional rules, and above only structural and quantifiers
rules)

An application of this is the important théorème fondamental of Herbrand (1930). Let us
consider a formula in prenex normal form, e.g. to fix the ideas:

∃x∀y∃z∀vθ(x, y, z, v)

Let f(x), g(x, y) new function symbols. Then for Herbrand’s theorem that formula is provable
in LK, iff there are terms s0, ..., sn, t0, ..., tn such that the following:

θ(s0, f(s0), t0, g(s0, t0)) ∨ ... ∨ θ(sn, f(sn), tn, g(sn, tn))

is a propositional tautology (see Girard (1987) pp. 117-121 for a detailed proof). Variants of
this have many applications to the problems we are discussing. A Herbrand-type theorem can
be found in Krajíček, Pudlák, Takeuti (1991).

Theorem 118. For i ≥ 1, suppose φ(a, x, y) has the form ∃Πp
i+1 and that Ti

2 proves
∃x∀yφ(a, x, y). Then there are �pi+1-functions f0, ..., fk such that Ti

2 proves:

φ(a, f0(a), b0) ∨ φ(a, f1(a, b0), b1) ∨ ... ∨ φ(a, f(a, b0, .., bk−1), bk)

This research has important implications for an open problem: it is not known whether the
hierarchy of theories of bounded arithmetic is proper, so we can hope that the connections
between fragments of arithmetic and computational complexity that we have seen will also
help us address the similar problem for the polynomial time hierarchy. The above result
allows the following result to be deduced, due to Buss (1995), Krajíček, Pudlák, Takeuti
(1991) and Zambella (1996).

Theorem 119. If Ti
2 = Si+1

2 , then the polynomial time hierarchy collapses and this is provable
in Ti

2.

Last but not least, a natural continuation of the investigation around weak fragments of
arithmetic leads one to consider second-order theories. The language of BASIC axioms is
extended by adding second order variables Xt, Y s... ranging over finite sets of numbers,
where t, s... are bounds to the value of the elements of the respective sets. We add also
the membership relation ∈, so that x ∈ Xt is a new formula. The classes of formulas Σ1,b

i
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and Π1,b
i are introduced in analogy with the first order case counting the alternations of

second-order quantifiers and not counting the alternations of first order quantifiers, where Σ1,b
0

is the class of formulas with bounded first order quantifiers, but no unbounded quantifiers
and no second-order quantifiers. The basic theory IΣ1,b

0 has the following axioms:

(a) BASIC axioms.

(b) ∀Xt∀Y s∀y ≤ t+ s(y ∈ Xt ↔ y ∈ Y s)→ Xt = Y s (extensionality).

(c) ∀Xt∀x∀y(y ∈ Xt → y ≤ t(x)).

(d) The scheme IND for Σ1,b
0 formulas.

(e) Σ1,b
0 − CA, i.e. the comprehension scheme:

∀x∀Y x∀y < x(y ∈ Y x ↔ θ(y))

(where θ ∈ Σ1,b
0 ).

The focus was mainly on these fragments, which have similarities with some fragments of
the first order. We want to give an idea of what constitutes a key result linking the first-
and second-order fragments, following Krajíček (1995) pp. 83-92. The second order family
of fragments Vi

1 actually had different presentations in different works. Each theory Vi
1 is

however equivalent to the above theory IΣ1,b
0 plus IND on all #−free Σ1,b

i formulas. The

family of fragments denoted Ui
1 is obtained analogously but with PIND in place of IND. The

families Ui
2 and Vi

2 are obtained in a similar manner, but admitting the respective induction
schemes on Σ1,b

i formulas in the full language with #. The strong analogy between first- order
and second order fragments has the name of ”RSUV isomorphism“ and was highlighted by
Takeuti (1993) and Razborov (1993). It is shown that there are translations ∗, ◦ between
first-order and second-order languages such that:

(a) if φ ∈ Σ1,b
∞ , then φ∗ ∈ Σb∞

(b) if ψ ∈ Σb∞, then φ◦ ∈ Σ1,b
∞ .

This translation fulfils the following conditions, linking fragments of the first and second order:

(a) if Si2 ` ψ, then V i1 ` ψ◦

(b) if V i1 ` φ, then Si2 ` φ∗

(c) S1
2 ` ψ ↔ (ψ◦)∗

(d) V 1
1 ` φ↔ (φ∗)◦.

The same relation subsist between Ui
1 in place of Vi

1 and Ri2 in place of Si2, where Ri2 is
obtained from Si2 replacing the PIND rule with the rule:

Γ, φ(b 1
2bc) =⇒ ∆, φ(b)

Γ, φ(0) =⇒ ∆, φ(|t|)

for φ ∈ Σbi and adding the language the functions minus −̇ and msf:

(a) msf(a, 0) = a
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(b) msf(a, i+ 1) = b 1
2 msf(a, i)c.

The fragments Ri
3 and Si

3 include in the language the function x#3y = 2|x|·|y|. The RSUV
isomorphism extends to Si

3 and Vi
2 as well as to Ri

3 and Ui
2. The main connection of these

second-order fragments with computational complexity theory is condensed in this result:

(a) the Σ1,b
1 -definable functions of U1

2 are the PSPACE-computable.

(b) the Σ1,b
1 -definable functions of V1

2 are the EXPTIME-computable.

In other words, these theories have proof-theoretic strengths corresponding to polynomial
space and exponential time computation. It is not known whether these two complexity
classes coincide. Likewise, we know that Ui

2 ⊆ Vi
2 ⊆ Ui+1

2 , but it is not known whether the
theories V1

2 and U1
2 are different. See for instance Buss, Krajíček and Takeuti (1993) and

Buss and Beckmann (2014) for further investigations and for improved witnessing theorems.
Another interesting chapter (which we will not open for lack of space and to avoid excessive
scattering) is that of the relationship with propositional systems and their complexity, of
propositional proof systems corresponding to certain first-order and second-order bounded
arithmetic theories, according to certain translations. We refer to Cook and Nguyen (2010),
Buss (1997) and Krajíček (1995) for an extensive presentation.
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8. Random sequences, incompleteness and information

8.1. What is a random sequence?

When a rule is extremely complex, that which conforms to it passes for random.
(Leibniz)

Another mathematically significant development in the research around the phenomenon
of incompleteness on which we consider it important to focus attention, is that which has
led to highlighting the link between this concept and that of randomness and information.
Grigory Chaitin, starting in the 1970s (see the bibliography), reformulated the incompleteness
theorems within the framework of algorithmic theory of information, presenting his results
as a “dramatic extension” of the phenomenon already highlighted by Gödel. He claims that
high complexity is the alleged reason of the unprovability of infinitely many true sentences: a
true statement that can be expressed in the language of a theory is unprovable because its
information content is greater than that of the axioms of that theory itself; or in other words,
in a formal system no number can be proved random unless its complexity is less than that of
the formal system itself.

At the heart of Chaitin’s work, therefore, is the concept of the complexity of an object and
the measure of the difficulty of describing it. The mathematical concept of randomness is an
attempt to give an idealized model of randomness, as the recursive functions do in the case of
computability.

When a sequence of numbers is random? Some solutions are not completely satisfactory:
Borel (1909) introduced the notion of ‘normality’ of a sequence of decimal digits, namely
the property for which the frequency of each block of digits of length k ≥ 1 in each finite
initial segment of length m of that sequence approximates to 10−k as m goes to the infinity
(see Calude (1994) for a thorough analysis). More precisely let us define a basis, namely a
number b ≥ 2 and let a digit in base b an element of {0, 1, 2..., b− 1}.
A block in base b is a finite sequence w of digit and if we denote w[i, j] a subblock from i to j of
w (where 1 ≤ i ≤ j ≤ |w|), then let occ(w, u) the cardinality of the set {i|w[i, i+ |u| − 1] = u},
i.e. the number of occurrences of the string u in w. For instance, if w = 2122113211 and
u = 211 and occ(w, u) =cardinality of the set {3, 8}, namely 2.

The expansion of r ∈ [0, 1] in base b is given by (r)b =
∑∞

i=1 aib
−i, where the ai are digits of

the basis. The real number r is called normal for the basis b, if for each block u:

lim
n→∞

occ((r)b[1, n], u)

n
=

1

b|u|

It is absolutely normal, if this holds for every basis. Some important facts in this regard are
the following:
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(a) (Borel 1909). Almost all real numbers are absolutely normal.

(b) (Turing 1938). There is a computable absolutely normal number.

(c) (Champernowne 1933 ) The number:

0, 123456789101112131415161718192021222324....

is normal in base ten.

Champernowne’s number, in particulart, shows that normality is not a fully satisfactory
definition of ’randomness’, because its development is easily predictable. Some other attempts
of characterizations of random sequences link randomness to the stability of frequency. However
1010101010... has this feature, while not seeming entirely random. In particular, notice that
there is a subsequence (the one composed of only places even) that does not obey this law.
Randomness is associated with the idea of the growth of disorder, i.e. the decreasing of infor-
mation, but even this is sometimes misleading. Indeed the string 01101010000010011110011
although apparently random, consists of the first 23-digit of the binary expansion of

√
2− 1.

Already in Kolmogorov (1965), among the known approaches to the problem of the quantitative
definition of information, besides that in terms of algorithmic complexity due to the author
himself, is mentioned the concept of entropy introduced in Shannon (1948). The general
concept of entropy in thermodynamics, as is well known, was introduced by Clausius in
the middle of the nineteenth century, and its success is linked (also beyond its original
scope) to names such as Boltzmann, Gibbs, Shannon and Von Neumann. The properties of
Shannon’s concept of entropy and those of Kolmogorov, Solomonov and Chaitin’s concept of
complexity are in many respects similar: both constitute bit-based measures of information;
in both the information conveyed by an object depends on the length of its description.
Propositions formulated in the terms of one can be reformulated in the terms of the other,
and Romashchenko’s theorem (see Hammer, Romashchenko, Shen and Vereshchagin (2000))
establishes, in very general terms, that any linear inequality true for Kolmogorov’s complexity
is also true for Shannon’s entropy, and vice versa.
Considering infinite binary sequences, four principal characterizations have been provided:

(a) in terms of stability of frequency (Von Mises, Wald, Church),

(b) in terms of incompressibility (Solomonov, Kolmogorov, Chaitin)

(c) in terms of typicity (Martin-Löf)

(d) in terms of unpredictability (the theory of martingale).

As for unpredictability, a sequence σ ∈ 2ω is called random, if given its initial segment σ � n
its first n bits we cannot predict the next bit. For example, the outcome of an ideal coin is
unpredictable in the sense that the knowledge of the first n-outcomes do not helps to predict
the next. We will not deal here of martingale theory. Jean Ville invented martingales in
the 1930s in order to improve Richard Von Mises’ concept of a collective, and Claus-Peter
Schnorr made martingales algorithmic in the 1970 and characterized Martin-Löf randomness
in terms of martingales. Random sequences, as equivalently defined in 2,3,4, although chaotic,
nevertheless may have a strong computational power: we will see a particular sequence that
computes the Halting Problem. More surprising is the result that was originally obtained
from Gács (1986) and Kučera (1985) who proved the following result.

Theorem 120. Any sequence is Turing-reducible to a random sequence.

Contrary to what one might think, not only is it not true that no useful information can be
extracted from random sequences, but on the contrary it seems that many random sequences
are able to “ calculate everything ”:
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Any type of information that can be coded into an infinite binary sequence, no
matter how structured that might be, can be obfuscated into an algorithmically
random infinite binary sequence, from which it is effectively recoverable (Barmpalias
and Lewis-Pye (2018)).

8.2. From Von Mises to Martin-Löf

We start from Von Mises’ Kollektive to understand how we arrive at the notion of the Martin-
Löf test. In addition to Borel, the first remarkable attempt to formalize the ‘random sequence’
notion was made by Richard Von Mises in the 20s of ’900 in the context of his investigation
into the foundations of probability (see Zaffora Blando (2024), Van Lambalgen I (1987)
and Van Lambalgen II (1987) among the extensive bibliography of this author for a detailed
discussion). The problem of giving an axiomatization of the concept of probability is the
sixth of the well-known list of twenty-three problems compiled by Hilbert in 1900. In 1919,
Richard Von Mises, a member of the Vienna Circle and probabilist of the frequentist school,
presented its axiomatization based on the concept of Kollektiv, i.e. on a certain type of
abstract characterization of an infinite sequence of independent trials, that meets certain
global and local regularities, about the extraction of infinite subsequences. We limit ourselves
in this short exposition to the case where the results of a possible experiment are 0 or 1. We
denote by 2<ω the set of finite binary strings and with 2ω the set of infinite binary strings
(Cantor space).

A binary sequnce σ ∈ 2ω is a Kollektiv if and only if it satisfies the following conditions:

(a) if Sn =
∑
i≤n σ(i), then limn→∞

Sn
n exists and is a real p in [0, 1] (considering a uniform

distribution generated by the toss of a fair coin then p = 1
2 ).

(b) If R : is a “selection rule” extracting a subsequence R(σ) of σ, then this subsequence
satisfies point 1. with the same probability:

lim
n→∞

1

n

∑
i≤n

(R(σ)i) = p

namely, extracting infinite subsequences, the stability of the frequency is preserved
(impossibility of a gambling system).

The axiom 1. guarantees that the limiting relative frequencies of 1 and 0 exist. The meaning
of point 2. is that a sequence should count as random if all infinite subsequences have the
same frequency of 0’s as 1’s in the limit. A sequence such as 101010... clearly should not count
as random in this sense. In other words, we want to guarantee that the sequence “cannot be
gamed” by identifying a scheme that can be exploited to devise a successful gambling system.
These ’collectives’ are the formal counterpart of the notion of ’random sequences’.
However, it was necessary to better define the notion of “selection rule of a place”. If we admit
arbitrary selection rules, there is no collective strictu sensu (the so-called “Kamke’s argument”:
take R = 〈n|σ(n) = 1〉, extracting the sequence 1111...). It must nevertheless be emphasised
that this objection is its strongly non-constructive character and nevertheless highlights the
need to better denote the notion of a place-selection rule. Kamke (1932) therefore proposed
to restrict the sequences which may represent admissible place selections to those which are
lawlike; Wald (1937), accepting this criticism, demonstrated that a collective exists (thus the
very notion of a collective is consistent), as long as it is restricted to a countable set of rules.
Among the attempts to specify the notion of the ’collective’ Church (1940) proposal to take
as admissible place selections the computable functions f : 2<ω → {0, 1} actually constitutes
the first definition of algorithmic randomness. However the most sharp criticism of Von Mises’
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definition came from Ville (1939): he showed that in a sense the collective are not random
enough, as there are some collectives with limit frequency of ‘1 ’equal to 1/2, but ∀n(Snn ≥

1
2 ).

This collective violates a fundamental probabilistic law known as Law of iterated logarithm.
This law implies that for almost all sequences frequency reaches its limit exhibiting large
oscillations above and below the origin, while the Ville sequence reaches its limit “from above”.
Ville actually proved the following theorem.

Theorem 121. (Ville 1939) For each countable set of rules of selection of a place, there is
a collective that violates the law of the iterated logarithm.

He suggested that a limit of the collectives was to obey a single law of chance, the law of large
numbers, and not to all these laws, as we would expect from a random sequence. A random
sequence has to be ’typical’, in the sense of ‘noexceptional ’: we do not consider as ‘typical’ a
sequence that differs from others for some peculiarities, such as contain a finite number of ‘1 ’;
a binary sequence is therefore considered typical , if it is not rare, it has no specific feature.
Martin-Löf proposed a satisfactory solution to the objections addressed to the notion of
Kollektiv as a formal account of the concept of ‘random sequence’, establishing a relationship
between stochastic computable properties and particular subsets of zero-measure of 2ω: are
considered random the sequences that do not fulfils property effectively rare. We distinguish
between typical sequences and special sequences: typical means not exceptional, ordinary,
as a synonym for random. More formally, a sequence σ ∈ 2ω is typical if and only if every
set of sequences each containing only a small number of sequences, does not contain σ (the
statement should not be taken literally, since σ ∈ {σ} and therefore each individual is not
typical). It is not a typical sequence, the sequence that is distinguished by a specific property,
for example, to possess a finite number of 1; the probability of obtaining a non-typical binary
sequence with the launch of a correct coin is 0. Conversely, the probability of getting a typical
sequence is 1. A typical sequence has all the opposite properties with respect to a non-typical
sequence. It meets all the “ laws of chance ”, that is, the properties of which it is proved that
they have the value 1.
Let therefore σ ∈ 2<ω, where 2<ω is the set of finite binary strings, and let [σ] the set of
infinite binary sequences that begin with σ, namely that extend it, also called cylinders (the
basic open of the product topology on 2ω). We can read [σ] as: “the first |σ| flips of a coin
gave σ”. Mostly the uniform measure is used an it is given by:

µ([σ]) = 2−|σ|

(where |σ| denotes the length of σ) i.e. the probability that a τ ∈ 2ω obtained flipping a fair
coin will be in [σ], or the probability that a τ ∈ 2ω begins with σ. The measure µ, defined on
cilynders, can be extended to all sets A ⊆ 2ω. In general µ(A) is the probability that ω−flips
of a fair coin give rise to a binary sequence belonging to A. (see Nies (2009) or Downey and
Hirschfeldt (2010) for all measure-theoretic detalis).
A probabilistic law, theoretically, is a set of measure-one and therefore, it will have the form
µ{σ ∈ 2ω|A(σ)} = 1. So, coming back to Ville’s argument, if A0, A1, A2... is the collection
of all sets such that µ(Ai) = 1, then a sequence σ is typical, if belong to all these Ai,
namely if σ ∈

⋂
iAi. However notice that for the singleton {σ}, we have µ({σ}) = 0, since

{σ} ⊆ [σ�n], for all n and therefore µ({σ}) ≤ µ([σ�n]) ≤ 2−n, for all n. It follows that
µ({σ}) = µ(2ω r {σ}) = 1. But then each sequence is not in a set of measure 1, that is, the
complement of its singleton. Ergo there are no “ typical sequences ” at all. We must restrict
the collection of sets measure 1. We will say that a sequence that satisfies rare property (i.e.
of zero measure) effectively given, is not random. Instead of belonging to all sets of measure
one, we will say that a sequence is random, if avoids all null sets effectively given. A set
X is null, if there is an infinite sequence of open sets {Vi}i∈N such that µ(Vn) ≤ 2−n and
X ⊆

⋂
n Vn. There are actually equivalent definitions of null sets which, being often used,

are worth mentioning:
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(a) A set A is null, if has measure zero.

(b) A set A is null, if there is an infinite sequence of open sets V0, V1, V2.... such that
A ⊆

⋂
n Vn and µ(Vn) ≤ 2−n.

(c) A set A is null, if there is an infinite sequence of open sets V0, V1, V2.... such that
A ⊆

⋂
n Vn and limn µ(Vn) = 0.

What is meant by “effectively given”? Martin-Löf (1966) narrowed the concept of a “typical”
sequence in order to avoid the difficulties that we have mentioned: we will not ask that a
random sequence belongs to each set of measure one, i.e. that does not belong to no null
set, but only that does not belong to null sets effectively given: this notion is, so to say,
costructivized, considering only the laws of probability that can be proved in an effective
way (it is provable that not all the laws of probability are effective in this sense). Hence, a
sequence is random, if it meets all the probabilistic laws effectively given, i.e. belongs to all
sets effectively given of measure one (i.e. all those we have called “ typical ” properties), or,
equivalently, is not a member of any set of zero measure effectively given.
This brings us to the concept of test. If A is computably enumerable, that is, if A = We, then
we speak of sets effectively open. The computably enumerable opens can be represented as:

X = [We] = [Dom(φe)] = {τ ∈ 2ω|σ ⊂ τ, for some σ ∈We}

for some index e. Formally a Martin-Löf test is a uniformly computably enumerable sequence
of open sets {Vi}i∈N such that for each i ∈ N, µ(Vi) ≤ 2−i. Thinking to an enumeration of
computably enumerable sets W0,W1,W2..., “uniformly” computably enumerable means that a
test is univocally determined by an index e of a function φe(x) such that:

Vi =
⋃

σ∈Wφe(i)

[σ] = [Wφe(i)]

Notice that µ(
⋂
n Vn) = 0, namely is effectively null (sometimes is assumed that Vi ⊇ Vi+1,

however this is not essential, since considering Un =
⋃
m>n Vm, we have that

⋂
i Ui =

⋂
i Vi

and the previous condition is satisfied for {Ui}i).

Definition 61. We say that:

(a) An infinite sequence σ pass the test of {Vi}i∈N, if σ 6∈
⋂
n Vn.

(b) An infinite sequence σ is ML-random, if pass all tests {Vi}i∈N, i.e. avoids all countable
intersections of such null sets.

This is the way in which in this formalism we express the fact that a sequence has no
attribute “non-typical”. An important concept is that of Universal test. It is possible to give
an enumeration of the tests, starting from a enumeration of computably enumerable sets,
discarding those that are too large:

Wg(e,i),s =

{
W〈e,i〉,s if µ{[σ]|σ ∈W〈e,i〉,s} ≤ 2−i

∅ otherwise

(where n ∈We,s if and only if φe(n) converges in at most s steps). If we take:

Vi =
⋃
e

{[σ]|σ ∈Wg(e,i+e+1)}
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we observe that µ(Vi) ≤
∑

e 2−(i+e+1) ≤ 2−i. The sequence {Vi}i∈N costitutes a universal
test, since for all other test {Zi}i∈N, we have

⋂
i Zi ⊆

⋂
i Vi.

We will go no further in our discussion of the Martin-Löf approach because the work we will
refer to is based on another of the previously mentioned equivalent notions of randomness:
that of incompressibility.

8.3. Kolmogorov-Solomonoff-Chaitin’s theory and incomputability

To account for the definition given by Solomonoff (1964) and Kolmogorov (1965), later
adopted with some variations by Chaitin, let’s start highlighting a few fundamental underlying
ideas. Reasoning in general terms, certain seemingly random sequences can be described by
relatively simple means, while the other, as for example 1001110111010110 does not seem
have other description, except that by the mere repeatition verbatim: we will say that such
sequences are incompressible, because their descriptive complexity is at least equal to their
length. Reasoning more abstractly, if τ0τ1τ2...τn is a binary string (i.e. a member of the set
2<ω of finite binary sequences), it might be generated by a “shorter program” of the string
itself, coded for example with k bits, for k < n+ 1: a finite string will be considered random,
if cannot be generated by a program shorter than itself.
From this arises the following preliminary definition, relative to a Turing machineM (remember
that |w| denotes the length of the binary string w):

KM(x) =

{
|w| w = the shortest sequence such thatM(w) = x, if exists
∞ otherwise

However, in order to disengage the definition from the particular machine M, this was
formulated rather in terms of a universal Turing machine U . For example U(0e1σ) 'Me(σ).
Let therefore U be a universal machine; the Kolmogorov complexity of a finite stringe w with
respect to U is given by the following function:

KU (w) = min{|z| | U(z) = w}

The function KU (w) has to be readen “the length of the shortest program that (with respect
to U) gives a description of w”. This definition is related to the previous one by the fact that
for each machine M there is a constant cM such that KU (w) ≤ KM(w) + cM. Hence for
two universal machines the Kolmogorov complexity is the same up to an additive constant,
in the sense that if U,U ′ are two universal machines, we have that for some constant c,
KU (w) ≤ KU ′(w) + c. We can therefore fix once and for all U and simply write K(w). It is
generally true that K(w) ≤ |w|+ s, for some constant s, and then we are talking of a total
function.
Incompressible strings really exist? Yes!

Theorem 122. There are incompressible strings of any fixed length n.

Proof. Observe that there are
∑n−1

k=0 2k = 2n − 1 programs of length minus than n, while
the programs of length n are exactly 2n:

∅ 0 1 00 01 10 11...

0 1 2 3 4 5 6...
(1)

If the programs σ of length n were all compressible, we would have K(σ) < n: hence for all σ
of length n we would have a τ of length less than n that print it. There would therefore be a
τ of this kind that prints two different programs (a contradiction). QED

Lemma 36. There is a constant e such that KU (σ) ≤ |σ|+ e.
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Proof. Let us takeMe(σ) = σ the copying-machine; hence σ is a program ofMe that prints
σ: at worst, therefore, the minimum program of U that prints σ will have length 0e1σ. QED

Lemma 37. For all partial recursive function φe, K(φe(τ)) ≤ K(τ) + c.

Proof. Let σ be of minimal length such that U(σ) ' τ and let:

Z(0log(e)1eσ) ' φe(U(σ)) ' φe(τ)

Hence K(φe(τ)) ≤ |0log(e)1eσ| ≤ 2|e|+ 1 + |σ| ≤ K(τ) + c. QED

An element of surprise and dissatisfaction with respect to this complexity measure, however, is
its character not additive, that is, the complexity of the concatenation σ = τα may be bigger
than the sum of the complexity of σ plus that of α. From an algorithmic point of view, a fact
even more troublesome is the following.

Theorem 123. K(x) is not a computable function.

Proof. Suppose that on the contrary it iscomputable. Suppose that we have ordered
lexicographically the finite binary sequences ∅ < 0 < 1 < 00 < 01 < 10 < 11... and let:

ym = min{σ|K(σ) > m}

where the minimum is taken with respect to the order <; let us consider all these y0, y1, y2.....

(a) if K(x) were computable, then there would be c such that K(ym) < |m|+ c. Indeed, let
M be a machine that on n, first generates the strings σ0, σ1, σ2... in lexicographic order
and the computes K(σ0),K(σ1),K(σ2)...:

i. if K(σi) > n, it prints σi and then halts.
ii. Otherwise analyzes σi+1

Sooner or later will come a σi such that K(σi) > n; so, on input n, the program will produce
yn

(a) Hence KM (yn) ≤ |n| and we know thata in this case K(yn) ≤ |n|+ c.

(b) Ergo n < K(yn) ≤ |n|+ c, from which n < |n|+ c, contradiction, because asymptotically
n grows more than |n|+ c.

QED

Although incomputabile, the function K(x) is nevertheless approximable, i.e. there is a
computable function g such that:

(a) g(s+ 1, x) ≤ g(s, x) (decreasing in s)

(b) lims→∞ g(s, x) = K(x) (computable from above, or right-computably enumerable)

Recall that in general if g is of this kind and f(x) = lims→∞ g(s, x), then the set:

X = {〈σ, n〉 ∈ 2<ω ×N|f(σ) < n}

is computably enumerable (and viceversa). Hence the set:

{〈σ, n〉 ∈ 2<ω ×N|K(σ) < n}

is computably enumerable non computable.
Hence the incomputability of K(x) can also be seen from an angle more abstract appealing
to the notion of simple set, due to Post (see p. 49). Recall that a simple set can not be
computable.
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Theorem 124. The set X = {σ ∈ 2<ω|K(σ) < |σ|} is simple.

Proof. By contradiction let Z ⊆ X computably enumerable and infinite. Remember that
each computably enumerable set and infinite contains a computable set (Post), say A =
{z0, z1, z2....}. Notice that K(zi) ≤ |i|+ c, because the program that prints zi is obtainable
from the machine that generates A and from the index i, that in the binary representation
has length log(i). But for a zi big enough this contradicts the fact that it is incompressible,
as an element of X. QED

We would like now to extend the notion of incompressible string to infinite sequences (i.e. real
numbers between 0 and 1), that is, we would like to say that σ is random, if and only if for
every n, KU (σ � n) ≥ n, but we will point out in this regard that machines then it must be
understood as prefix-free, i.e. their domain will consist of binary strings, none of which is an
initial segment of the other: for a result of Martin-Löf, dropping the restriction on machines
to be prefix-free, we would have an empty definition, since no infinite sequence would satisfy
the above condition.

Theorem 125. For all α and infinite n, K(α � n) < n− c (where w � n = the prime n bits
of w).

Proof. Here we see a version due to Katseff (1978): we write log(n) for abbreviating
blog2(n+ 1)c=“the integer part of log2(n+ 1)”; let f be the canonical correspondence between
binary sequences and numbers that we have already used (a string σ is identified with the
number n such that 1σ is the base-two representation of n+ 1), observing that |f(n)| = log(n).
We consider a Turing machineM doing this:

(a) on input σ, look if |σ| has the shape k − log(k), namely k − |f(k)| and if the answer is
yes, then it returns as output f(k) _ σ (recall that we used _ for concatenation of binary
strings).

For instance if σ = 0001 = f(16), then |σ| = k − log(k) = 4, where k = 7, log(k) = 3 and
therefore k − log(k) = 4. In this case the machine returns f(7) _ σ = 000 _ 0001.
Consider now that σ = f(n) can be seen as the initial segment f(n) = σ � m of an
infinite sequence, fors ome m (in the previous example, m = 4 and n = 16); therefore take
σ � n = f(n) _ τ where |τ | = n − |f(n)| = n − log(n) (once more following the previous
example, σ � n = σ � 16 = 0001 _ τ , where τ contains 12 bits). Ergo, the machine M on
input τ will return f(n) _ τ .
In conclusion, considering that:

KM(σ � n) = min{|α||M(α) ' f(n)τ} =

= min{|α||M(α) ' σ � n} ≤ |τ |

for infinite n we will have KU (σ � n) ≤ |τ |+ e ≤ n− |n|+ c. QED

The problem inherent in the definition of K(x) we used hitherto, has been highlighted by
Chaitin with this example, consider a machineM that on input σ, first scans it for determine
its length |σ| = n, then go back to start the computation of σ bit by bit. If nowM(σ) ' τ ,
then the information necessary to get τ , intended as KM (τ), is not dependent only by σ, but
also by |σ| and will be then encoded encoded by a string whose length is of order n+ log(n).
The problem does not occur if, for example, we consider machines self-delimiting : think to a
Turing device where there is a single input tape of only reading, whose head flows only from
left to right, a certain finite number of working tapes and an output tape.
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The self-delimiting machines are not authorized to affix a symbol ∗ of “white” at the end
of the input, which therefore is not delimited by any end marker ; the input tape contains
therefore only digit 0 and 1: a machine M on input σ, gives as a result τ , if after reading
all σ, but the next bit, print τ ; it is self-delimiting in the sense that it can determine where
the input terminates, without the need to read the next symbol. The machine converges on
σ ∈ 2<ω, if after a finite number of steps halts reading the last bit of the input tape and
produces output. It is interesting to note that ifM is self-delimiting, the set:

Dom(M) = {σ ∈ 2<ω|M(σ) ↓}

is prefix-free. For domains without prefixes, an important inequality, known as “Kraft’s
inequality”, applies. The following, more refined version is actually due to Chaitin and it is
the one which we use in Levin and Schnorr’s theorem.

Theorem 126. (Kraft-Chaitin inequality) Suppose we have an effective list:

〈n0, σ0〉, 〈n1, σ1〉, 〈n2, σ2〉...

(called bounded request), such that
∑
k∈N 2−nk ≤ 1. Then it is possible to define a prefix-free

machine such that for all k, there is a τk such that |τk| = nk and the machine on input τk,
outputs σk.

Theorem 127. (Levin-Schnorr (1973)) Let σ ∈ 2ω. Then the following are equivalent:

(a) σ is ML-random.

(b) There exists a number b such that for all numbers n, K(σ � n) > n− b

Proof. The theorem was proven independently in Levin (1973) and Schnorr (1973). 1⇒ 2
follows from the simple observation that the cylinders Rb = [{τ |K(τ) ≤ |τ | − b}] give rise to
Martin-Löf test {Rb}b∈N. Actually K(τ) ≤ |τ |−b if and only if ∃σ∃s(Us(σ) ' τ ∧|σ| ≤ |τ |−b);
it is therefore a Σ0

1 formula and the sequence {Rb}b∈N can be expressed in a uniformly
computably enumerable way.
Let now Xb be the set of σ such that K(σ) ≤ |σ| − b. Hence µ(Rb) =

∑
σ∈Xb 2−|σ|. Notice

that if σ ∈ Xb, then |σ| ≥ K(σ) + b. Moreover using Kraft’s inequality (since Dom(U) is
prefix-free):

2−b ·
∑
σ∈Xb

2−K(σ) ≤ 2−b ·
∑

σ∈Dom(U)

2−|σ| ≤ 2−b · 1

Hence: ∑
σ∈Xb

2−|σ| ≤ 2−b ·
∑
σ∈Xb

2−K(σ) ≤ 2−b · 1

Namely µ(Rb) ≤ 2−b. Now, if σ does satisfy 1. then σ 6∈
⋂
bRb and therefore there is a b such

that K(σ � n) > n− b for all n; hence does satisty 2.
As regards instead 2⇒ 1, suppose that σ ∈

⋂
m Vm, for some test {Vm}m∈N. Remember that

each open computably enumerable can be represented (uniformly in m) in the form:

Vm = [{αi,m|i < km}]

where {αi,m|i < km} is a prefix-free set and km ∈ N ∪ {∞}; recall the notion of bounded
request, i.e. a set of pairs W ⊆ N×2<ω such that

∑
{2−x|〈x, y〉 ∈W} ≤ 1. This sum is called

the “weight” of W .
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Let us consider therefore the bounded request

W = {〈|αi,m| −m+ 1, αi,m〉|m ∈ N, i < km}

We can assume w.l.o.g. that µ(Vm) ≤ 2−2m and check that the contribution of Vm to the
weight of W is at most 2−m−1. Actually

∑
i≤km 2−|αi,m|+m−1 = µ(Vm) · 2m−1 ≤ 2−m−1. The

sum of these values, that is, 2−1 + 2−2 + 2−3 + ... for each m is equal to 1, i.e. W is a bounded
request. Kraft and Chaitin’s theorem states that we can effectively build a machine Md such
that 〈x, α〉 ∈ W if and only if there is a string τ such that |τ | = x and Md(τ) = α, where
x = |αi,m| − m + 1 and α = αi,m (and therefore KMd

(αi,m) ≤ |αi,m| − m + 1) for some
m ∈ N, i < km. QED

8.4. Incompleteness and randomness

Chaitin’s basic idea was to measure the information content of a theory using the notion
of algorithmic complexity. This idea turned out to have strong implications in the analysis
of the phenomenon of incompleteness. Here we shall analyse in particular the relationship
with Gödel’s first incompleteness theorem (for the second, see Kritchman and Raz (2010)).
Chaitin proved a version of the first incompleteness theorem which says that, among true,
but unprovable formulas there are all true statements K(u) > c for a certain constant c (for
all finite binary strings u). According to Chaitin this constant is somehow a measure of the
information content of the theory. This very elegant version of Chaitin’s result is attributed
in Van Lambalgen III (1987) to Albert Visser and Dick de Jongh. Recall that to define K(x)
we used the universal machine U defined on input of the form 0e1σ, that simulates φe on σ.
Hence if φe(e) = n, then K(n) ≤ Kφe(n) + e+ 1 ≤ 2e+ 1.

Theorem 128. Let w ∈ 2<ω. There exist a constant c such that PA does not prove any
statement of the kind of ‘K(w) > c’.

Proof. Fix an enumeration of the derivations of PA; let φe the following partial recursive
function:

φe(m) = n if and only if n is that n occurring in the first proof in PA of a sentence of the
form “φm(m) 6= n”.

It is provable that φe(e) is not definite: indeed, if it were defined, for instance φe(e) = n,
then PA would prove φe(e) 6= n (contradiction, under the hypothesis of soundness). Hence,
notice that PA + {φe(e) = n} is consistent. But this implies that PA + {K(n) ≤ 2e+ 1} is
consistent and therefore PA cannot prove statements of the form K(n) > 2e+ 1. QED

The minimal c such that PA 6` K(σ) > c is called by Chaitin “characteristic constant”; according
to Chaitin it depends only by the complexity of the axioms and is related to the information
content. Hence true statements like the above, expressed in the language of a theory as PA,
are unprovable because their information content is higher than that of the axioms of the
theory itself. This interpretation has been strongly questioned in Van Lambalgen III (1987),
Franzen (2005) and in particular Raatikainen (1998) and Raatikainen (2000). For example,
we can collapse the characteristics constant to zero, or we can make it arbitrarily large. These
constants are dependent on factors quite different from the information content. Raatikainen’s
criticism, in particular, is that the above results due to Chaitin depend essentially on the
acceptable system of indexes adopted. Let the standard indexing be φ0, φ1, φ2.... An indexing
ψ0, ψ1, ψ2... is called acceptable, if there are computable functions f, g such that φe ' ψf(e)

and ψe ' φg(e).
The acceptable indexing meet in particular the fixed point theorem, i.e. for each total
recursive function f , there is a number e such that φe ' φf(e). It is precisely through a simple
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application of fixed point that we can collapse to zero the characteristic constant: in fact we
take a theory T sufficiently strong a let π an acceptable coding of Turing machines; let us
define ad hoc the following indexing:

πn(x) =


0 if x = n

x+ 1 if x < n

x x > n

Raatikainen uses this equivalent definition of the Kolmogorov complexity:

K(σ) = min{e|φe(0) ' σ}

namely the smallest description of σ on a fixed input 0. On the basis of this new indexing we
can define the algorithmic complexity relative to it as:

Kn(σ) = min{k|∃y(πn(y) = k ∧ φy(0) ↓= σ)}

Now we define a program Pm in this way: on input 0 look for the minimum x such that
PrfT(x, pKn(σ) > 0q), for some σ; if you find it, print σ.
With the help of the fixed point theorem, we can make sure that the code of this program
coincides with the parameter n in Kn(x): if f(n) = m is the program code, there will be an e
such that Pf(e) ' Pe.
However Pe never halts: indeed it looks for the minimum x such that:

PrfT(x, pKe(σ) > 0q)

and if it finds such a minimum, it prints σ. If there was a similar x with a minimal length
of proof, then Pe would print σ: ergo K(σ) ≤ e. But πe(e) = 0 and therefore Ke(σ) = e;
hence if hypothetically we had proved Ke(σ) > 0, thanks to the soundness we would have a
contradiction. Since Pe never halts, there is no proof of Ke(σ) > 0, i.e. cT = 0.
With similar arguments Raatikainen shows that cT can be made arbitrarily large. What is
therefore the true source of “characteristic constants”? According to him the value of cT is
actually determined simply by the smallest (by its code) Turing machine which does not halt,
but for which this cannot be proved in T.
In defence of Chaitin’s argument Ferbus-Zanda and Grigorieff (2014) point out, however, that
modelization rarely rules out all pathological cases and it is intended to be used in “reasonable”
cases (perfect modelization is illusory). Mathematically more significant is the defence in
Calude and Jürgensen (2005): Chaitin’s “heuristic principle”, i.e. the thesis that the theorems
of a theory cannot be significantly more complex than the theory itself, is defensible as long
as the measure of complexity is further specified. By changing the measure of complexity,
from program-size K(x) to the measure δ(x) = K(x)− |x|, it is proved that for any sound,
consistent theory strong enough to formalize arithmetic and for any Gödel numbering of its
well-formed formulas, we can compute a bound N such that no sentence x with complexity
δ(x) > N can be proved in the theory and this phenomenon is independent on the choice of
the Gödel numbering.
In Chaitin (2007) it is introduced a particular infinite binary sequence (i.e. a real), called
Ω, with singular characteristics. With emphasis the autor says that he is able to construct a
much more uncomputable real than Turing does. In this section we will attempt to provide
an introduction to what is considered one of the most important concepts in Algorithmic
Information Theory. It is necessary to recall a few notions first.

Definition 62. The Turing computable reals are define as follows:
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(a) A real α is computable, iff is the limit of a computable sequence of rationals1 r0, r1, r2...
for which there exists a computable function f such that for all n, |α− rf(n)| < 2−n (i.e.
has a computable rate of convergence). E.g. the rationals,

√
2, π, e.

(b) A real r is called recursively enumerable, if can be approximated in an effective way: r =
limn rn, for a computable non decreasing sequence of rationals r0, r1, r2.... Equivalently,
if it is left-computable (or lower-semicomputable), i.e. if L(r) = {q ∈ Q|q < r} is
computably enumerable

Recall that any real in [0, 1] con be associated with a binary sequence: if ε = ε0ε1ε2... is a
binary sequence we can associate to it the real:

rε = ε02−1 + ε12−2 + ε22−3 + ...

So, a real r in the interval [0, 1] will be written as
∑

i εi2
−(i+1).

There are other characterizations of computable reals. E.g.

(a) r ∈ [0, 1] is computable iff L(r) = {q ∈ Q|q < r} is computable;

(b) Recall that r can be written as
∑
i εi2

−(i+1). We can identify a real r ∈ [0, 1] with the
set A such that the n− th bit of the binary expansion ε0, ε1ε2.... of r is 1, iff n ∈ A (we
write r = 0.A to mean that r =

∑
i∈A 2−(i+1)); then we can say that r is computable iff

A is computable. Therefore a real is computable if and only if its binary expansion is
computable, i.e. if there is an algorithm to calculate its bits.

Theorem 129. A real is computable iff it is the characteristic function of some computable
set A.

This notion can be relativised. Hence r = 0.A is computable in ∅′ (hence is in ∆2, by Post’s
results) iff A is computable in ∅′, iff the left-cut L(r) is computable in ∅′. Lastly, real is
computable if and only if its binary expansion is computable, but a real may be computably
enumerable even if its binary expansion is not computably enumerable Actually we must
distinguish the weaker property of being an computably enumerable real from the stronger
one of being a real whose binary expansion is computably enumerable:

(a) A real r is left-recursively enumerable, iff L(r) = {q ∈ Q|q < r} is computably enumerable

(b) However a real left-computably enumerable is not one of the form 0.A where A is r.e,
namely where A(0), A(1), A(2), ... is the “characteristic function” of a set computably
enumerable

(c) We call strongly computably enumerable the reals left computably enumerable in which
this happens, namely whose binary expansion is the“ characteristic function ” of a set
computably enumerable (in the sense that for some e, φe(n) ↓ iff A(n) = 1).

Only the converse is true: if r is strongly computably enumerable then is also left-computably
enumerable.

We therefore arrive at a central result.

Theorem 130. There are reals left computably enumerable that are not strongly computably
enumerable.

1 A sequence {ri}i of rationals is computable iff there are computable functions f, g such that ri =
f(i)
g(i)

.
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Typical example of this kind of reals are the constants ΩU introduced by Chaitin. There are
real left-computably enumerable random; they are all and only those of the form ΩU , for
some universal machine U . The number ΩU depends on U as the halting-set K depends on
the enumeration of partial recursive functions; for a theorem due to Myhill however, all K
are equivalent, up to a computable permutation. Similarly, all versions of Ω have similar
properties that in this phase allow us sometimes to leaving aside from the particular machine.
If for example we define:

Ωs =
∑
{2−|σ||U(σ) converges in at most s− steps}

then Chaitin’s Ω is the limit of this non-decreasing computable sequence of rational Ω = lims Ωs
(and is therefore computably enumerable in the first sense), however, its binary representation
is random (and therefore not computably enumerable). An incompressible binary sequence
σ, cannot be computably enumerable, if for computably enumerable we mean in the second
sense, namely that there is a number e such that φe(i) ↓ if and only if σ(i) = 1 and where
σ(i) is the i− th bit of σ. This is the content of the following result.

Lemma 38. (Barzdins 1968) If σ is computably enumerable in the strong sense, then K(σ �
n) ≤ 2|n|+ e.

Proof. For printing σ � n we must know: 1) the length n (coded by log(n)-bits), 2) the
number k of elements of We less than n (coded also with at most log(n)-bits) and 3) the
index e. If we provide these informations we consider these steps of computation: generate
We, until k elements have been enumerated. Then observe that the input 〈n, k〉 is coded by
at most 2 · log(n) + c-bits. QED

As we have said, this is the case of numbers ΩU , whose binary expansion is incompressible.
These numbers may be seen as expressing the probability that a universal Chaitin machine U
halts when it receives as input a binary string, determined for example through the launch of
a coin. Consider that the probability of getting the program u by launching a coin is 2−|u|,
and therefore the probability of fish a program u such that U(u) = n is:∑

{2−|u||U(u) = n}

From this comes the definition of the probability that a universal machine U sooner or later
halts, on programs selected by lot:

ΩU =
∑
{2−|p||U(p) ↓}

The ΩU are real numbers with very peculiar properties. Recall that they depend on the choice
of U and then there are, not just one, but a class. In Kučera and Slaman (2001) is proved
that each random left computably enumerable real coincides with some ΩU . To summarise,
the ΩU also fulfils these properties:

(a) in terms of binary expansion, they are “chaotic”, and therefore incompressible and a
fortiori not computably enumerable

(b) From Kraft’s inequality (Theorem 126) we have ΩU ≤ 1. Since U does not converge on
all strings, actually we have ΩU < 1. Since on the other hand converges on some string,
also we have 0 < ΩU ; hence, the ΩU These are reals irrationals strictly between 0 and 1.

(c) Each ΩU is computable from ∅′ ; hence it is ∆0
2 and by the “Limit lemma” on p.60 is

computable in the limit: ΩU (x) = lims f(x, s) for some computable functions f with
values 0-1. In other words, it is generated by a procedure of type “trial and error”
(Putnam).
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Let us fix now a universal machine U , namely the U defined as U(0e1σ) ' φe(σ), for
which we have KU (σ) ≤ KM (σ) + cM , for all other machines M and let Ω = ΩU . Before
proving some important properties of Ω, recall that for the binary expansions of real numbers
α =

∑
i εi2

−(i+1) where 0 < α ≤ 1 and in ε0ε1ε2..., for all i, εi ∈ {0, 1} the following holds:∑
i<n

εi2
−(i+1)

︸ ︷︷ ︸
α�n

< α ≤
∑
i<n

εi2
−(i+1)

︸ ︷︷ ︸
α�n

+
∑
i≥n

εi2
−(i+1)

︸ ︷︷ ︸
2−n

where α � n = α(0), α(1), ..., α(n− 1).
We remark that the real numbers in [0, 1] that have in common with α the first n elements of
their dyadic expansion (the “cylinder” of α � n) are in this interval. Hence these additional
inequalities hold:

(a) Ω � n < Ω

(b) Ω ≤ Ω � n+ 2−n

If Ωs = {
∑

2−|σ||U(σ) ↓ in at most s − steps}, we have that if Ωs > Ω � n, then for all σ
of length shorter than or equal to n, if it did not appear in programs that contribute to the
determination of Ωs, then U(σ) ↑. Suppose on the contrary that this is false; hence σ would
add a contribution of the amount 2−|σ| ≥ 2−n, from which:

Ω ≥ Ωs + 2−|σ| > Ω � n+ 2−n

(against as determined at 2.). These observations allow us to highlight the link between
Chaitin’s Ω and Turing’s Halting Problem. Knowledge of Ω permits indeed to solve the
“Halting Problem”: later we will prove that in fact Ω =T K. Actually the knowledge of the
first n− bits of ΩU would solve the halting problems coded with at most n bits, or decide the
sentences that can be codes with at most n-bits. It should first be noted that:

(a) if the length of a program is n, its contribution to determine ΩU is 2−n;

(b) also applies the general condition for which ΩU ≤ Ω � n+ 2−n.

So we begin a systematic check of all programs of any length, until we have found enough
programs that halts and that allow us to go beyond Ω � n (suppose to have reached a
approximation Ω′ > Ω � n). Hence, if a string w of length less than or equal to n is not
among these, U(w) will never halts: if the machine stopped, accordingly we would that
ΩU ≥ Ω′ + 2−|w| > Ω � n+ 2−n, against the above conditions. We are therefore able to decide
the halting problem for w and Chaitin spoke of “enormous wisdom concentrated in a small
space”.

Theorem 131. ΩU is a random real.

Proof. Let σ0, σ1 σ2.... an enumeration of the domain of U . Add 2−|σi| to Ω as σi is
enumerated and let:

Ωs =
∑

U(σ)↓ in ≤s steps

2−|σ|

Observe that there are 2n strings of length n and therefore at most a finite number of possible
changes in passing from the initial segment Ωs � n to the segment Ωs+1 � n (if there were
more than 2n possible changes, would mean that the number decreases or exceeds 1, but both
things are impossible, since Ωs ≤ Ωs+1).
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Hence there will be a stage k at which it will become stable Ωk � n = Ω � n. If you knew what
Ω � n is, we would be able to determine k = ψ(Ω � n); namely, we could express Ω � n in this
way:

Ω � n = (
∑

i≤ψ(Ω�n)

2−|σi|) � n

for some partial recursive function ψ, where σ0, σ1, σ2... is an enumeration ofDom(U). Observe
that at stage ψ(Ω � n) will be, however, already appeared all strings σ of length n such
that U(σ) ↓. Suppose that this is not true: then if another appeared after, we would have
Ω � n + 2−n < Ω, being an initial segment of Ω (against the inequality at point 2. above
mentioned). But by definition for all τ ∈ 2<ω such that K(τ) ≤ n, there is a σ of length less
or equal to n such that U(σ) ' τ . Hence σ = σi, for some i ≤ ψ(Ω � n). In other words, if
τ 6∈ {U(σi)|i ≤ ψ(Ω � n)}, then K(τ) > n. If now F is a function that on input (Ω � n) select
a τ 6∈ {U(σi)|i ≤ ψ(Ω � n)}, note that K(F (Ω � n)) > n. However we have mentioned that
for all τ ∈ 2<ω, K(F (τ)) ≤ K(τ) + c, from which K(Ω � n) > n + c for all n, namely, Ω is
incompressible. QED

Theorem 132. ∅′ ≡T Ω.

Proof. First show that ∅′ ≤T Ω. Let us take a machineM(0n) = s if and only if φn,s(n) ↓
and let e the code of this machine. We decide whether n ∈ K by means of an oracle in Ω.
We remark preliminarily that U(0e10n) ' φe(0n) and that φn(n) ↓ if and only if for some s,
U(0e10n) ' s. If we have an oracle in Ω to establish its first n bits, then we are able to find
s∗ big enough to have Ω�n+e+1 = Ωs∗�n+e+1. If φn(n) ↓, this must have happened before the
stadium s∗, otherwise we would have that for some t ≥ s∗, U(0e10n) ↓= t and 0e10n would
contribute to the determination of Ω with 2−|0

e10n| and therefore Ω�n+e+1 + 2−|0
e10n| < Ω

(contradiction, against what we have seen above). Hence n ∈ ∅′ if and only if it was added
before the stage s∗.
For the other way round, recall that α is left computably enumerable iff α is the limit of
a non decreasing sequence of rationals. Since Ω fulfils the second property, it is therefore
left-computably enumerable, and therefore is computable from the halting set K. QED

The author’s interpretation of this undeniably interesting result has also been the object of
criticism in Raatikainen (2000). Chaitin says:

This is an impenetrable stone wall, it’s a worst case. From Gödel we knew that we
couldn’t get a formal axiomatic system to be complete. We knew we were in trouble,
and Turing showed us how basic it was, but Ω is an extreme case where reasoning
fails completely (Chaitin (2007), p. 93).

But in what sense, then Ω would be an extreme example of unsolvability, if it is at the level
of 0′ namely at the level of the halting set K in the upper semilattice of Turing degrees?
Actually there are sets rather simple as X = {x|Wx infinite } and Y = {x|Wx finite } that
are respectively Π0

2 − complete and Σ0
2 − complete (recall that Z is Σ0

n − complete, if it is
Σ0
n and for any other A that is Σ0

n, A ≤m Z). Sets X and Y are therefore more difficult to
calculate than Ω. Moreover, it is well known that PA + ThΠ1

(N) decides the halting problem,
and then also Ω. But it is not able to decide the Paris-Harrington sentence of the previous
chapter. So in what sense - Raatikainen asks - is the undecidability of Chaitin’s constant
extreme?
In Chaitin (2007) the Argentine mathematician obtains a further result of incompleteness
establishing essentially that if T is a theory capable of interpreting PA, then we can explicitly
compute a bound on the number of bits of Ω that can be determined by T. Of the variations
on this result obtained subsequently, we believe the clearest and most elegant is the following
one, due to Solovay (2000).
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Theorem 133. Let T be a theory sufficiently strong and Σ0
1 − sound. It is possible to

effectively build a universal machine U (provably in PA) such that T cannot even prove a
single statement of the form:“the n-th bit of ΩU is k”.

Proof. Preliminarly it should be noted that if the theory is Σ0
1 sound, it is true also each

Π0
2-statement provable in it. Indeed, suppose by contradiction that ∀x∃yφ(x, y) was provable

but false. Hence for some n it will be true ¬∃yφ(n, y). At the same time, however, will be
provable also ∃yφ(n, y), against the Σ0

1-soundness. A careful formalization shows that the
statement: “the n− th bit in ΩU is k” has complexity Π0

2; so if it can be proved in a theory
Σ0

1-sound, then is also true. We agree to start counting from zero. Therefore, the first element
of a sequence will be the 0th bits etc. Hence the proof consists of three steps:

(Step 1) fix a universal Turing machine V (provably in PA) and define U(σ) by cases:

(a) if σ = ∅, then U(σ) ↑;
(b) if σ = 0τ , let U(σ) = V (τ);
(c) if σ = 1τ , then go to the second step:

(Step 2) Define first an algorithm ψ(e, σ) as follows:

(i) preliminarly determine a pair 〈n, k〉 by means of the following computation: list the
theorems of T until a theorem of the form “the n-th bit of Ωφe is k” appears. If it
appears, fix n, k (if the computation does not converge, let U(σ) ↑, for all σ that
falls under the case (c)).

(ii) Fixed n, k and recalling that σ = 1τ , if |τ | 6= n, let U(1τ) ↑; if instead |τ | = n, then
U(σ) will be defined as follows: let r the diadic rational2 whose binary expansion is
τk000000.... and let r′ = r+2−(n+1); look for the minimum s such that Ωφe,s ∈ (r, r′)
(clearly this search may fail). Then verify if φe,s(σ) ↓. If yes, let U(σ) ↑, otherwise
U(σ) = ∅.

The following applies:

i. The universality (provable) of U , follows from the definition of U on strings that
begin with 0, from that of V .

ii. The domain of U is prefix-free: Suppose fact that σ1, σ2 ∈ Dom(U) and σ1 ⊆ σ2;
as by definition U is not defined on the empty string, then σ1, σ2 will be of length
bigger than 0. Hence they will be of the form σi = r ∗ τi, where τ1 ⊆ τ2:
A. if r = 0, then τ1, τ2 ∈ Dom(V ), that is prefix-free and therefore σ1 = σ2.
B. if r = 1, than by definition U(1 ∗ τi) is defined if and only if |τi| = n. But

therefore |σ1| = |σ2| and then σ1 = σ2.

(Step 3) We can think of this algorithm through which we define U , starting from φe and
σ, as a function ψ(e, σ) and then apply to it the fixed point theorem. This, together with
the parameterization theorem allow to deduce that there is an e such that ψ(e, σ) ' φe(σ).
Let therefore this φe = U just that involved in the previous step.

2 Recall that a rational of the form r · 2−n (where r is an integer and n a natural number) is called “dyadic”;
each dyadic rational has two binary expansions, and one of two has a tail of the form 0000.... Recall also that
a dyadic interval is of the form:

[
m

2s
,
m+ 1

2s
]

There is a correspondence between cylinders [σ] and dyadic intervals: in the above, if |σ| = s, then m =∑s
i=1 2s−1 · σ(i). Notice that if σ is a finite binary string then the leftmost element (thinking to the binary

tree) in the cylinder generated by it is σ0000000..., and the rightmost is σ111111..... Indeed, m + 1 · 2−s =
m ·2−s +2−s = m ·2−s +

∑
i>s 2−i, namely σ followed by an infinite tail of only digits 1 (see e.g. Nies (2009)

12-3.
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We check that the hypothesis that the theory can determine some bits of

ΩU = Ωφe

leads to a contradiction: suppose in fact that we have obtained n, k according to the described
procedure; consider (r, r′) where r = h/2n+1 and r′ = r + 2−(n+1) = h+ 1/2n+1, such that:

Ωφe ∈ (
h

2n+1
,
h+ 1

2n+1
) = (r, r′)

Since the theory is sound, if it says that the n− th bit of Ωφe is k, then this must be true.
So the binary expansion of r must be of the form τk0000....., where |τ | = n. For m big
enough we will have that Ωφe,m ∈ (r, r′); hence consider that (r, r′) is the pair required by the
computation at point 2.ii and the search for an m such that Ωφe,m ∈ (r, r′) is successful. Let
σ = 1τ . We wonder therefore, if φe,m(σ) converges and the answer is no, because otherwise
by definition U(σ) ↑; but since We,m ⊆ We, if φe,m(σ) converged, we would have σ ∈ We.
On the other hand We = Dom(U) and therefore U(σ) ↓, contradiction. Hence φe,m(σ) does
not converge and again by the definition in 2.ii U(σ) ↓= ∅; hence there is a σ in the domain
of U such that σ 6∈ Dom(φe,m) and |σ| = n+ 1, from which ΩU ≥ r + 2−(n+1), against the
definition of r and the fact that ΩU ∈ (r, r′) (contradiction).

QED

The author summarises the relevance he attaches to his findings as follows:

My work is a fundamental extension of the work of Gödel and Turing on undecidability
in pure mathematics. I show that not only does undecidability occur, but in fact
sometimes there is complete randomness, and mathematical truth becomes a perfect
coin toss (Chaitin (2003), pp. 109-110).

However also in this case the received view is not free from criticism. Recall that Ω is ∆2

definable, hence computable by a trial-and-error machine. For this reason Raatikainen (2000)
pp. 221-222 points out that Ω can still be generated by a completely deterministic procedure.
Actually the Finnish logician seems to question the plausibility of the theory of algorithmic
randomness itself, although, as we have seen, these types of deterministic machines are not
equivalent to Turing machines. That is, we are in the domain of hypercomputation, i.e. of
hypothetical and unrealistic models of computation that transcend the Church-Turing thesis.

8.5. Farewell: randomness, incompleteness and physical theories

Although the definition of “randomness” as avoidance of null sets proposed by Martin-Löf and
its equivalents to some extent constitute the standard notion, nevertheless other definitions
of randomness have also been proposed. For instance in Schnorr (1971), it is criticised that
Martin-Löf randomness was too strong, and two weaker randomness notions are introduced.
Martin-Löf-randomness is conversely considered by some to be too weak a notion of randomness.
The notion proposed in Demuth (1982), an expression of the Russian school of constructive
mathematic, is for instance stronger than Martin-Löf-randomness. But sticking to the standard
definition, are all random sequences, so to speak, “equally random” and equally powerful?
It may be perplexing that a random sequence is strong enough to compute the Halting
Set ∅′, as is the case with Ω (it is said that Ω can be seen as a highly compressed version
of ∅′ and this seems to be unintuitive). The Gács and Kǔcera theorem 120 also returns
computability-theoretically powerful random sequence. However, in Stephan (2006) it is
proved that there are (only) two types of random sequences: those that compute ∅′ and those
that are computationally much weaker, which fail to compute a complete extension of PA,
that are less powerful than ∅′ and for somebody these are more intuitively “random”. It has
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been proved that almost all random sequences are indeed in this second class (see Downey
and Hirschfeldt (2019) for an excursus).

The theory of randomness we have seen is founded on computability theory. We also pointed
out that doubts have been raised as to whether algorithmic randomness is the best account
of the notion of randomness. It may indeed be surprising that a deterministic algorithm
is involved in the definition: are there alternative proposals? Interestingly, the concept of
“random sequence” or “random real” has also been studied without resorting to the notion
of an algorithm. In particular, Solovay (1970), by using sophisticated methods and results
from Descriptive Set Theory, introduced a notion of real random number based on set theory,
with a peculiar extension of the technique of forcing (see Jech (1978) pp. 493-563 for a
detailed account and Durand, et al. (2003) and Ferbus-Zanda and Grigorieff (2014) for a
discussion and for some development of non-algorithmically-based randomness approaches and
Lafitte (2002) for links with strong axioms of infinity). Remaining within the sphere of Set
Theory, Kreisel (1969) proposed the programme of expanding the theory with new primitive
concepts and new predicates in the language, in addition to set membership, in order to seek
solutions to classical problems that were undecidable in standard axiomatisations: among
these new predicates to be added, the primitive predicate of being a random sequence. The
idea therefore is to abandon the project of giving an explicit characterisation of the concept
of ’random sequence’, and instead move towards an axiomatisation of randomness. A first
attempt at axiomatisation goes back to Myhill in 1963. The axiomatic approach has been
systematically pursued in Van Lambalgen (1990) and Van Lambalgen (1992) by adopting
Kreisel and Myhill’s observations about the substantially intensional character of the notion
of ’random sequence’, or at least not fully extensional, starting from the consideration that
none of the current formalizations captures its meaning exhaustively.

The ZFR theory, obtained from the set theory ZF (i.e. Zermelo-Fraenkel set theory without the
Axiom of Choice) by adding the Van Lambalgen axioms for the primitive predicate R(x, y)=
“x is independent of y”, i.e. “y has no information for x” , or “x is random with respect to
y” (where R(x) = R(x, ∅)), turned out to be for example incompatible with the Axiom of
Choice. The Dutch logician also proposed another axiomatization, in terms of generalized
quantifiers of the type Qxφ(x)= “if x is generated randomly, then it is practically certain that
φ(x)”. The theory ZFQ , obtained from ZFC (i.e. ZF plus the Axiom of Choice) by adding
these axioms is conservative on ZFC. Actually the theories ZFQ and ZFR turn out to be
relatively interpretable one into the other. A particular fragment of the axiomatization of
the theory ZFQ significantly allows to decide the continuum hypothesis ℵ1 = 2ℵ0 , proving
the so-called “Freeling’s Axiom”, equivalent in ZFC to its denial. It must be noted, however,
that the program of introducing new axioms for new primitive concepts, such as that of
randomness, rather than axioms (such as those on large cardinals or on forcing) formulated in
the pure language of set theory with the concepts of set and membership, has not found full
approval and has even found fierce opponents.

There is furthermore the unavoidable issue of the relationship between algorithmic randomness
and randomness in the sense of the physical sciences, either as unpredictability (deterministic
chaos) or as ontic randomness, according to the standard interpretation of Quantum Mechanics.
Gödel’s aversion to generalisations of the significate of his results beyond the specifically
logico-mathematical terrain is well known. There is in this respect the famous episode of
John Wheeler who, having gone to Gödel’s office to ask whether there was a connection
between Heisenberg’s uncertainty principle and the incompleteness theorem, was rather
rudely kicked out (Wheeler comments with irony that this was mainly due to the bad influx
exerted by Einstein on Gödel). However, the suggestive analogy between mathematical
incompleteness and certain natural phenomena has been an irresistible attraction for many
physicists. Incompleteness in classical, as well as quantum, physics became a popular topic
for some years (see e.g. Da Costa and Doria (1991) or Moore (1990)). On the side of
deterministic theories, dynamical systems are called chaotic if they are sensitive to initial
conditions. In scientific thought between the 18th and 19th centuries, the deterministic
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character of theories was revealed in their predictive capacity. Since Poincaré, however,
a clearer distinction has begun to be made between the concepts of determination and of
prediction: indeed, in a deterministic context, Poincaré proved that the system of equations
describing the the interaction of three celestial bodies is provably incapable of predicting
their evolution. In Bailly and Longo (2008), the authors consider Poincaré’s three-body
problem, which is at the origin of the theories of deterministic chaos, as a forerunner from
an epistemological point of view of Gödel’s limiting theorems: if the Laplacian conception
can be compared in the logical-mathematical sphere, to the Hilbertian idea of a complete
formal system, Poincaré’s results can then be equated by analogy with Gödel’s. A parallel is
therefore instinctively established between the paradigmatic positions of Hilbert and Laplace,
on the one hand, and Gödel and Poincaré on the other, that is, on the one hand the demand
for decidability of every statement concerning the future (Laplacean predictability), while on
the other, Poincaré, with his theorem on three-body problem, showed the “unpredictability of
interesting non-linear systems, which we may understand as undecidability of future states”.
In Bailly and Longo (2007) the authors wonder whether there is a randomness specific to the
various fields of Physics. Typically in non-linear systems, randomness is of an “epistemic”nature,
unpredictability is the joint result of sensitive dependency of the boundary conditions and the
theoretical properties of classical measurement. Is it possible to describe the deterministic
chaos by means of Chaitin complexity? This problem was raised in the 1990s of the last century
and was part of a list of open problems. For a survey of progress in the applications of the
theory of algorithmic randomness to the Ergodic Theory see for instance V’yugin (2022) and
Towsner (2020). On the other hand, another branch, Quantum Physics proposes an intrinsic
notion of randomness, as it is associated with any measurement operation. Challenging this
“objective”, “ontic”, not epistemic concept of randomness, as early as 1935 Einstein, Podolsky
and Rosen spoke of the “incompleteness” of Quantum Mechanics, formulating the famous EPR
paradox. “Completeness” means in this framework that every element of the physical reality
must have a counterpart in the physical theory. The paradox forces to conclude that the
quantum-mechanical description of physical reality given by wave functions is not complete in
this sense. The wave function does not provide in other words an exhaustive description of the
objective properties of the system; this as is known led to the formulation of various hypotheses
around hidden variables in order to produce a deterministic completion of the theory which
would classically lead back to our ignorance its apparent probabilistic character. However,
the remarkable results obtained by John Bell, as is well known, establish the impossibility of
a local, deterministic theory predictively equivalent to Quantum Mechanics QM, i.e. no local
theory admitting hidden variables is capable of reproducing its statistical predictions.
Starting from the Einstein, Podolsky and Rosen definition of “reality”, the paradox stated in
Peres (1985) highlights a case in which we know the (negative) answer to the question of
whether or not the spin of a given electron is 3}, although there is no direct way of posing the
question in the QM formalism and this too is reminiscent of the phenomenon of incompleteness.
In Peres, Zurek (1982) it is emphasized that the theory of Quantum Mechanics cannot be
considered “closed”, in the sense that it can describe in principle anything, although in every
situation something remains unanalyzed:

This may not be just a flaw of quantum theory: it is likely to emerge as a logical
necessity in any theory which is self- referential, as it attempts to describe its own
means of verification. In this sense it is analogous to Gödel’s undecidability theorem
of formal number theory.

However, the reformulation of the incompleteness theorem as a result about algorithmic
randomness has made it possible to investigate out of metaphor its meaning in fields other
than Logic and has allowed a connection with disciplines such as Physics or Information
Theory. There has been much speculation also on the relationship between indeterminacy
in Heisenberg’s sense and incompleteness in Gödel’s sense (despite the latter’s hostility).
Beyond the strong suggestiveness of the topic, this issue has been thoroughly investigated on a
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rigorously mathematical level in Calude and Stay (2007), that used for this purpose Chaitin’s
reformulation of the incompleteness theorem as a trait-d’union with Physics, presenting the
Gödel-Chaitin theorem as a true uncertainty principle. Algorithmic randomness, as these two
mathematicians show, is equivalent to what they call a “formal uncertainty principle”, which
in turn implies incompleteness.
The research programme that investigates the relationship between algorithmic randomness
and quantum randomness is actually, in our opinion, one of the most exciting developments.
Yurtsever (2000) showed that a sequence of bits produced by tossing a quantum coin is,
almost certainly, algorithmically random (although the proof has been considered by some to
be lacking in some points). More recently Nies and Scholz (2017) develop an algorithmic
theory of randomness for infinite sequences of quantum bits and introduce a quantum analog
of Martin-Löf tests, showing the existence of a universal such test in the framework of the
C∗-algebra formulation of Quantum Mechanics. Actually at present there are different and
non-equivalent approaches to this problem and we are still in an experimental phase of what
appears to be a promising research program. The bibliography we have mentioned around
algorithmic randomness and in particular its ralation with the notions of randomness that
emerge from the various branches of Physics, is far from being exhaustive. The breadth
and depth of the technical literature is enormous and we cannot account for it, nor is it the
purpose of this book.
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