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Abstract. This paper presents a unified algebraic study of a family of logics related to
Abelian logic (Ab), the logic of Abelian lattice-ordered groups. We treat Ab as the base system
and refer to its expansions as superabelian logics. The paper focuses on two main families of
expansions. First, we investigate the rich landscape of infinitary extensions of Ab, providing an
axiomatization for the infinitary logic of real numbers and showing that there exist 22� distinct
logics in this family. Second, we introduce pointed Abelian logic (pAb), the logic of pointed
Abelian lattice-ordered groups, by adding a new constant to the language. This framework
includes Łukasiewicz unbound logic. We provide axiomatizations for its finitary and infinitary
versions as extensions of pAb and establish their precise relationship with standard Łukasiewicz
logic via a formal translation. Finally, the methods developed for this analysis are generalized
to axiomatize the logics of other prominent pointed groups.

§1. Introduction. Robert Meyer and John Slaney, at a meeting of the Australasian
Association for Logic of 1979,1 presented a new logic system, Abelian logic, as a
particular relevant logic in a language consisting of binary connectives →, &, ∨, and
∧ and the truth constant t.2 Special features of Abelian logic are (1) the axiom of
relativity ((ϕ → �) → �) → ϕ, a generalization of the double negation elimination
law in which any formula� can take the place of falsity and (2) its equivalent algebraic
semantics, the variety of Abelian lattice-ordered groups (Abelian �-groups for short;
see the next section for details).

While one needs to work with all Abelian �-groups to get a sound and complete
semantics for the full consequence relation of Abelian logic, if we only want to speak
about its tautologies (or even the consequence relation restricted to finite sets of
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completeness theorems, Abelian lattice-ordered groups.
1 Their work was only published 10 years later in [27], the same year in which Ettore Casari also

published an independent discovery of the same logic motivated by the study of comparative
adjectives in natural language [5].

2 Note that the original paper uses two truth constants t and f which, however, were assumed
to coincide. Later we give convincing reasons for choosing otherwise here.
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premises), it suffices to restrict to any given non-trivial Abelian �-group, in particular
the usual additive group of the real numbers.

The tradition of endowing logical systems with an algebraic semantics based on
algebras over real numbers is much older. Indeed, Łukasiewicz logic (which can be
defined in the language of Abelian logic expanded by a truth constant f for falsum)
in its infinitely-valued version was introduced in 1930 by Łukasiewicz and Tarski [24]
and since then it has proved to be one of the most prominent members of the family
of many-valued logics often used to model some aspects of vagueness. Also, it has
deep connections with other areas of mathematics such as continuous model theory,
error-correcting codes, geometry, algebraic probability theory, etc. [6, 14, 28, 29].

Let us now introduce the real-valued semantics of these two logics side-by-side, to
see their close relationship.

Abelian logic Łukasiewicz logic
truth-values R [0, 1]
truth-definition e(ϕ) ≥ 0 e(ϕ) = 1
e(ϕ → �) e(�) – e(ϕ) min{1, 1 + e(�) – e(ϕ)}
e(ϕ & �) e(ϕ) + e(�) max{0, e(ϕ) + e(�) – 1}
e(ϕ ∧ �) min{e(ϕ), e(�)} min{e(ϕ), e(�)}
e(ϕ ∨ �) max{e(ϕ), e(�)} max{e(ϕ), e(�)}
e(t) 0 1
e(f) - 0

We say that a formulaϕ is a tautology of any of these two logics, if the truth definition
holds for all evaluations (we get to consequence relations later). The tautologies of
Łukasiewicz logic form a proper subset of the classical tautologies (e.g., the evaluation
e(p) = 0.5 shows that the classical tautology p ∨ (p → f) is not a tautology of
Łukasiewicz logic). In contrast, Abelian logic is contraclassical because, for instance,
the formula ((p → q) → q) → p is a tautology (while in classical logic we can take the
evaluation e such that e(p) = 0 and e(q) = 1, which makes it false). Observe also that
Abelian logic is consistent: for instance, the evaluation e(p) = e(q) = 1 shows that
q → (p → q) is not a tautology.

Recently, a variation of Łukasiewicz logic, that we will call here Łukasiewicz unbound
logic, has been introduced in [8], with philosophical and linguistic motivations related
to a finer analysis of reasoning with vagueness and graded predicates. This logic shares
the language with Łukasiewicz logic and so we can again present their semantics
side-by-side for comparison (note that the semantics of the unbound logic uses all real
numbers as truth degrees and hence it allows us to avoid “truncations” in the definition
of evaluations):

Łukasiewicz unbound logic Łukasiewicz logic
truth-values R [0, 1]
truth-definition e(ϕ) ≥ 1 e(ϕ) = 1
e(ϕ → �) 1 + e(�) – e(ϕ) min{1, 1 + e(�) – e(ϕ)}
e(ϕ & �) e(ϕ) + e(�) – 1 max{0, e(ϕ) + e(�) – 1}
e(ϕ ∧ �) min{e(ϕ), e(�)} min{e(ϕ), e(�)}
e(ϕ ∨ �) max{e(ϕ), e(�)} max{e(ϕ), e(�)}
e(t) 1 1
e(f) 0 0
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The first starting point of this paper is the observation that Łukasiewicz unbound
logic can be seen as an expansion of Abelian logic (in the language expanded with f):
indeed we only need to use the isomorphismf(x) = x – 1 to obtain a “shifted” version
of the semantics of Łukasiewicz unbound logic:

Abelian logic Łukasiewicz unbound logic, shifted
truth-values R R
truth-definition e(ϕ) ≥ 0 e(ϕ) ≥ 0
e(ϕ → �) e(�) – e(ϕ) e(�) – e(ϕ)
e(ϕ & �) e(ϕ) + e(�) e(ϕ) + e(�)
e(ϕ ∧ �) min{e(ϕ), e(�)} min{e(ϕ), e(�)}
e(ϕ ∨ �) max{e(ϕ), e(�)} max{e(ϕ), e(�)}
e(t) 0 0
e(f) - – 1

It is trivial to see that tautologies given by the original and the “shifted” semantics
coincide and thus any tautology of Abelian logic is also a tautology of Łukasiewicz
unbound logic (its relation to Łukasiewicz logic is more complex and is explored in
Theorem 5.11).3 This observation induces a rich family of logics expanding Abelian
logic in the language with just one additional truth constant.

The second starting point of the paper is the observation that, despite the fact that
Abelian logic has no finitary consistent extensions in the original language, it has a
vast family of infinitary extensions.

Thus, the main goal of this article is twofold: (1) clarify the exact relations between
Abelian, Łukasiewicz and Łukasiewicz unbound logics and (2) study two prominent
families of expansions of Abelian logic: infinitary extensions in the original language
and expansions in the language with f.

The paper is organized as follows. After this introduction, in §2 we formally introduce
Abelian logic Ab and the theoretical framework to study its expansions. We choose the
framework of (abstract) algebraic logic (see, e.g., [11, 12]) to develop our study. More
precisely, since Ab is a weakly implicative logic in the sense of [7], we capitalize mostly
on the kind of abstract algebraic logic presented in the monograph [9], narrowing
down its results and reformulating them in a convenient way for our purposes. We
also need to employ some tools of universal algebra which can be found, e.g., in the
monographs [2, 4, 15, 16, 25]. In particular, in this approach, we have that axiomatic
extensions correspond to subvarieties of algebras, finitary extensions correspond to
subquasivarieties, and infinitary extensions to generalized subquasivarieties. Since, as
mentioned above, every non-trivial Abelian �-group generates the whole class as a
quasivariety, it turns out that there are no non-trivial subquasivarieties, and hence
the only finitary extension of Ab is the inconsistent logic (i.e., the logic in which all
formulas are tautologies). While this section is thus mostly preliminary, it also presents
a new, purely syntactic proof of the semilinearity of Abelian logic in Theorem 2.12,
which, to the best of our knowledge, has not appeared in this form before.

3 Note that this is the reason why we do not allow f to be present in the language of Abelian
logic and coincide with t as this would make t → f one of its tautologies which is clearly
not a tautology of Łukasiewicz unbound logic.
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In contrast, the study of its infinitary extensions is much richer, for which in §3
we just scratch the surface. In particular, we give an infinitary rule that axiomatizes
the extension of Ab corresponding to the generalized quasivariety generated by R.
Moreover, we provide 2� semilinear infinitary extensions of Ab, with corresponding
completeness theorems, showing �R � �Q and that there are 22� infinitary extensions
of Ab. At the end of the section, we discuss a possible axiomatization of the logic
generated by Z .

After that, in §4, we introduce the pointed Abelian logic pAb, which gives rise
to a dramatically different landscape, since here sub(quasi)varieties of algebras are
plentiful. In particular, we prove that pAb is finitely strongly complete with respect to
{R–1,R0,R1}.

In §5 we study the Łukasiewicz unbound logics Lu and Lu∞, we axiomatize them
as extensions of pAb, and we show that there is a translation of Łukasiewicz logic
into these logics. Following this, we generalize the methods to axiomatize and provide
completeness results for a family of other prominent extensions of pAb, which are
similar to Lu. We conclude the paper with §6 discussing possible avenues of further
research.

§2. Abelian logic and its expansions. Let FmL be the set of all formulas built from a
propositional languageL and a countable set of variables, and letFmL be the absolutely
free algebra of type L defined on FmL.

Definition 2.1. We say that a relation L between sets of formulas and formulas
in a language L is a logic in L when it satisfies the following conditions for each
Γ ∪ Δ ∪ {ϕ} ⊆ FmL:

• {ϕ} �L ϕ. (Reflexivity)
• If Γ �L ϕ and Γ ⊆ Δ, then Δ �L ϕ. (Monotonicity)
• If Δ �L � for each � ∈ Γ and Γ �L ϕ, then Δ �L ϕ. (Cut)
• If Γ �L ϕ, then �[Γ] �L �(ϕ) for each substitution �,

i.e., endomorphisms on FmL. (Structurality)

A logic L is said to be finitary if furthermore

• If Γ �L ϕ, then there is a finite Γ′ ⊆ Γ such that Γ′ �L ϕ. (Finitarity)

As a matter of convention we say that L is infinitary if it is not finitary.

A consecution in a languageL is a tuple written as Γ � ϕ, where Γ ∪ {ϕ} ⊆ FmL; it is
said to be finitary if Γ is finite and infinitary otherwise, we also identify consecutions
∅ � ϕ with just the formula ϕ. Note that any logic can be seen as a set of consecutions
and thus whenever Γ �L ϕ, we say that the consecution Γ � ϕ is valid in L or that L
satisfies Γ � ϕ.

A set of consecutions closed under arbitrary substitutions (i.e., endomorphisms on
FmL, which are extended to consecutions in an obvious way) is called an axiomatic
system. An element Γ � ϕ of the set is called an axiom, a finitary rule or an infinitary
rule depending on the cardinality of Γ. An axiomatic system is called infinitary if it
contains at least one infinitary rule, otherwise it is called finitary.

Given an axiomatic system AS we write Γ �AS ϕ if there is a proof of ϕ from Γ
in AS. Note that, as we allow infinitary rules, our notion of proof cannot be the usual
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Table 1. The axiomatic system of Abelian logic

(sf) (ϕ → �) → ((� → �) → (ϕ → �)) suffixing
(e) (ϕ → (� → �)) → (� → (ϕ → �)) exchange
(id) ϕ → ϕ identity
(rel) ((ϕ → �) → �) → ϕ relativity axiom
(ub1) ϕ → ϕ ∨ � upper bound
(ub2) � → ϕ ∨ � upper bound
(lb1) ϕ ∧ � → ϕ lower bound
(lb2) ϕ ∧ � → � lower bound
(sup) (ϕ → �) ∧ (� → �) → (ϕ ∨ � → �) supremality
(inf) (� → ϕ) ∧ (� → �) → (� → ϕ ∧ �) infimality
(push) ϕ → (t → ϕ) push
(pop) (t → ϕ) → ϕ pop
(res1) (ϕ → (� → �)) → (ϕ & � → �) residuation
(res2) (ϕ & � → �) → (ϕ → (� → �)) residuation
(MP) ϕ,ϕ → � � � modus ponens
(Adj) ϕ,� � ϕ ∧ � adjunction

finite sequence of formulas, but it has to be a tree with no infinite branches (for details,
see [9]). We say that AS is a presentation (an axiomatic system) of logic L if L = �AS .
Consequently, we can trivially observe that every (finitary) logic possesses a (finitary)
presentation.

In this paper we deal with several logics in different languages with rather intricate
interrelations. Therefore, we need to introduce the formal notions of extension and
expansion.

Definition 2.2. Let L1 ⊆ L2 be two languages and Li a logic in Li for i ∈ {1, 2}. We
say that L2 is

• the expansion of L1 by a set of consecutions S in L2 if it is the least logic in L2
containing L1 and S (i.e., L2 is axiomatized by all substitutional instances in L2
of consecutions from S ∪ AS, for any presentation AS of L1). We denote L2 by
L1 + S;

• an (axiomatic) expansion of L1 if it is the expansion of L1 by some set of
consecutions (resp. axioms);

• an extension of L1 if L2 is an expansion of L1 and L1 = L2.

Now we can formally define the Abelian logic Ab as the logic in the language4

LAb = {→,&,∨,∧, t} given by the axiomatic system presented in Table 1.

4 The literature has equivalent presentations of the logic in other languages, with interdefinable
sets of connectives. For example, one can have → as a primitive connective and use it to
define: the constant t (as t := p → p), a negation ¬ (as ¬ϕ := ϕ → t), and the conjunction
& (as ϕ & � := ¬(ϕ → ¬�)); conversely, from ¬ and &, one can retrieve implication as
ϕ → � := ¬(ϕ & ¬�).
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The following consecutions are known to be valid in Ab and thus they are valid in
all its expansions:

(t) t

(T) ϕ → �,� → � � ϕ → � Transitivity

(C∨) ϕ ∨ � � � ∨ ϕ ∨-commutativity

(A∨) (ϕ ∨ �) ∨ � � ϕ ∨ (� ∨ �) Associativity

(I∨) ϕ ∨ ϕ � ϕ ∨-idempotency

(p∨) (ϕ → �) ∨ (� → ϕ) Prelinearity
(MP∨) ϕ ∨ �,ϕ → � � �.

Moreover, one can easily see that Ab is a weakly implicative logic in the sense of [9],
i.e., it satisfies (id), (MP), (T) and, for each n-ary c in LAb, also

(sCNGc) ϕ → �,� → ϕ �Ab c(�1, ... , �i , ϕ, ... , �n) → c(�1, ... , �i , �, ... , �n)
for each 0 ≤ i < n.

Expansions of Ab need not in general satisfy (sCNGc) for connectives added to the
language LAb. Since we want to focus on weakly implicative logics, we provide the
following definition.

Definition 2.3. A logic L in a language L ⊇ LAb is superabelian if L is an expansion of
Ab satisfying (sCNGc) for each c ∈ L \ LAb.

Notice the difference between the notion of superabelian logic and the well-known
terminology of superintuitionistic logics, which are axiomatic extensions (instead of
expansions) of intuitionistic logic. Actually, as we shall soon see, Ab has no non-trivial
axiomatic (or even finitary) extension.

There are many natural examples of superabelian logics. In §3 we will focus on
infinitary extensions of Ab and in §4 and §5 we focus on some extensions of pointed
Abelian logic (the least expansion of Abelian logic in the language with the additional
constant f). Other natural examples of superabelian logics are the expansions of
Ab with connectives corresponding to additional arithmetical operations on real
numbers, such as multiplication or division. Other examples would be various types of
congruential modal Abelian logics, i.e., logics where:

ϕ → �,� → ϕ � �ϕ → ��.

We introduce now the algebraic semantics of Abelian logic and all superabelian
logics.

Definition 2.4. An Abelian lattice-ordered group (Abelian �-group, see, e.g., [13]) is
a structure of the form 〈A,+, –,∨,∧, 0〉 such that:

• 〈A,+, –, 0〉 is an Abelian group, i.e., + is a commutative and associative binary
operation with unit 0 and – is the inverse operation (i.e., for each a ∈ A, we have
a + (– a) = 0);

• 〈A,∨,∧〉 is a lattice, i.e., the binary relation ≤ defined as a ≤ b iff a ∨ b = b iff
a ∧ b = a turns out to be an order in which, for each x, y ∈ A, x ∨ y and x ∧ y
are, respectively, the supremum and the infimum of {x, y};
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• it satisfies the monotonicity condition, that is, for each a, b, c ∈ A: a ≤ b implies
a + c ≤ b + c.

It is well known that the defining conditions of Abelian �-groups can be expressed
by means of equations, so they form a variety which we denote by AL. Moreover, the
lattice reduct of any Abelian �-group is distributive.

In order to match the language that we have chosen to introduce the logic Ab,
Abelian �-groups can be equivalently seen as structures 〈A,+,→,∨,∧, 0〉 based on the
interdefinability: – a := a → 0 and a → b := b – a. To avoid excessive parentheses,
we stipulate that the unary operation – has precedence over all binary operations.
Natural examples of (linearly ordered) Abelian �-groups are those of the integers Z ,
the rational numbers Q , and the real numbers R. Note that a → b ≥ 0 iff a ≤ b.

Let L be any propositional language containing LAb and let A be an L-algebra with
an Abelian �-group reduct. An A-evaluation is a homomorphism from FmL to A.
A consecution Γ � ϕ is valid in A, Γ �A ϕ in symbols, if for every A-evaluation e it
holds that, whenever e(�) ≥ 0 for every � ∈ Γ, then also e(ϕ) ≥ 0. Given a class K of
L-algebras with an Abelian �-group reduct, we write Γ �K ϕ if Γ �B ϕ for eachB ∈ K.
It is well known that �K is a superabelian logic.

Let L be a superabelian logic in the language L. By Alg∗(L) we denote the class of
L-algebras, i.e., L-algebras A which have an Abelian �-group reduct and L ⊆ �A. For
the purposes of this paper, we sometimes write that A is a model of L instead of saying
that A is an L-algebra.

The usual techniques of algebraic logic allow us to prove that Alg∗(Ab) = AL and,
for any superabelian logic L, we have the following completeness theorem: for each
Γ ∪ {ϕ}, we have

Γ �L ϕ iff Γ �Alg∗(L) ϕ.

Furthermore, one can easily check that the following consecutions are valid in Ab:

ϕ � t ∧ ϕ → t,
ϕ � t → t ∧ ϕ,
{t ∧ ϕ → t, t → t ∧ ϕ} � ϕ.

Taken together, these consecutions give the condition (Alg) from [9, theorem 2.9.5],
which guarantees that Ab (resp. any superabelian logic L) is algebraically implicative
(i.e., weakly implicative and algebraizable in the sense of Blok and Pigozzi [3]) and
the class AL (resp. Alg∗(L)) is its equivalent algebraic semantics. Therefore, there
is a dual order isomorphism between the lattices of finitary extensions of Ab and
subquasivarieties of AL.

We are interested, for a given superabelian logic L, in completeness theorems with
respect to various (classes of) L-algebras, instead of the whole equivalent algebraic
semantics. For reasons apparent later, we distinguish two kinds of completeness
theorems.

Definition 2.5. A superabelian logic L enjoys the (Finite) Strong K-Completeness with
respect to a class K of L-algebras, (F)SKC for short, if for every ( finite) set Γ ∪ {ϕ} of
formulas,

Γ �L ϕ iff Γ �K ϕ.
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A particularly interesting class of L-algebras is that of those whose underlying lattice
is linearly ordered; following the common notation in the literature (see [9]), we denote
this class as Alg�(L) and introduce the following central notion.

Definition 2.6. A superabelian logic L is semilinear if it has the Strong Alg�(L)-
Completeness.

As we will see later in Example 5.4, not all superabelian logics have to be semilinear.
There is a very useful characterization of semilinearity among superabelian logics with
a countable presentation (which is, of course, the case for Ab, all finitary superabelian
logics and, as we will see later, even some prominent infinitary ones) using the notion of
a strong disjunction (see [9, definition 5.1.2] and note that the definition also requires
the validity of ϕ � ϕ ∨ � and� � ϕ ∨ �, which is clearly the case in any superabelian
logic).

Definition 2.7. The lattice connective ∨ is a strong disjunction in a superabelian logic
L if for each set Γ ∪ Φ ∪ Ψ ∪ {�} of formulas,

Γ,Φ �L � Γ,Ψ �L �

Γ,Φ ∨ Ψ �L �
,

where Φ ∨ Ψ is short for {ϕ ∨ � | ϕ ∈ Φ, � ∈ Ψ}.

The next theorem follows directly from [9, Theorems 6.2.2 and 5.5.14].

Theorem 2.8. Let L be a superabelian logic with a countable presentation. Then, L is
semilinear iff ∨ is a strong disjunction.

The power of the theorem above is that there is an easy syntactical way (see
Corollary 2.13) to check whether ∨ is a strong disjunction using a simple syntactical
construction.

Definition 2.9. Let Γ ∪ {ϕ} ⊆ FmL. The ∨-form of a consecution Γ � ϕ is the set of
consecutions

(Γ � ϕ)∨ = {Γ ∨ � � ϕ ∨ � | � ∈ FmL}.

Lemma 2.10. Let L be a superabelian logic, A an L-algebra, and Γ ∪ {ϕ} a set of
formulas. If we have Γ ∨ � �A ϕ ∨ � for each �, then we also have Γ �A ϕ. Moreover,
if A ∈ Alg�(L), the converse implication also holds.

Proof. Take an evaluation e such that, for each � ∈ Γ, we have e(�) ≥ 0. Then clearly
e(� ∨ ϕ) ≥ 0 (A has a lattice reduct). Thus by our assumption for � = ϕ, we know
that e(ϕ) = e(ϕ ∨ ϕ) ≥ 0.

For the converse implication, take an evaluation e such that e(� ∨ �) ≥ 0 for each
� ∈ Γ. Since we assume that A is linearly ordered, we can derive that either e(�) ≥ 0
or, for all � ∈ Γ, we have e(�) ≥ 0. In the latter case, the assumption Γ �A ϕ gives us
e(ϕ) ≥ 0 and so in both cases we have e(ϕ ∨ �) ≥ 0.

The following theorem is a particular version of [9, Theorem 5.2.6] (clearly, the
consecutions (I∨) and (C∨) mentioned in that theorem are valid in each superabelian
logic).
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Theorem 2.11. Let L be a superabelian logic with a presentation AS. Then, the following
are equivalent:

1. ∨ is a strong disjunction.
2. R∨ ⊆ L for each consecution R ∈ AS.
3. R∨ ⊆ L for each consecution R ∈ L.

Now we are ready to give the promised direct alternative proof of semilinearity
of Ab, which originally was established using a completeness theorem (see, e.g.,
[9, Example 6.2.3]).

Theorem 2.12. Ab is a semilinear logic with strong disjunction ∨.

Proof. As Ab has a countable presentation, it suffices to prove that ∨ is a strong
disjunction which, thanks to Theorem 2.11, follows if we prove that (Adj)∨ and (MP)∨

are valid in Ab.
For the first one, let A be an Abelian �-group and e an A-evaluation such that

e(ϕ ∨ �) ≥ 0 and e(� ∨ �) ≥ 0. Then, by the assumptions and distributivity of the
lattice operations, we have

e((ϕ ∧ �) ∨ �) = e((ϕ ∨ �) ∧ (� ∨ �)) = e(ϕ ∨ �) ∧ e(� ∨ �) ≥ 0.

To prove the validity of (MP)∨, consider an evaluation e such that 0 ≤ e(ϕ ∨ �) and
0 ≤ e((ϕ → �) ∨ �). This gives us 0 = e(ϕ ∨ �) ∧ 0 = e((ϕ → �) ∨ �) ∧ 0. Using the
distributivity of the lattice operations, we obtain

0 = e((ϕ ∧ t) ∨ (� ∧ t)) = e(((ϕ → �) ∧ t) ∨ (� ∧ t)).

For simplicity, let us set e(ϕ ∧ t) = a, e(�) = b, e(� ∧ t) = c and e((ϕ → �) ∧ t) = d .
As (a ∨ b) + c = (a + c) ∨ (b + c) holds in �-groups, we obtain

0 = (a ∨ c) + (d ∨ c) = (a + d ) ∨ (a + c) ∨ (c + d ) ∨ (2c).

Note that, due to monotonicity of addition, we have

a + d ≤ e(ϕ) + (e(ϕ) → e(�)) = b

(a + c) ∨ (c + d ) ∨ (2c) ≤ (0 + c) ∨ (c + 0) ∨ (c + 0) ≤ c.

Therefore, we obtain 0 ≤ b ∨ c = e(�) ∨ e(� ∧ t) ≤ e(� ∨ �) as required.

The following corollary is a direct consequence of Theorems 2.8, 2.11, and 2.12.

Corollary 2.13. Let L be a superabelian logic expanding Ab by a setS of consecutions
such that R∨ is valid in L for each R ∈ S. Then, ∨ is a strong disjunction in L.
If, furthermore, L has a countable presentation, then L is semilinear.

In order to obtain completeness results for the logics studied in this paper, we
will make use of the following two theorems and corollary which offer algebraic
characterizations adapted from the general framework of the monograph [9] to the
setting of superabelian logics. For clarity, we first recall the definitions of the standard
class operators from universal algebra.
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Definition 2.14. Let K be a class of L-algebras. We define the following:

• I(K), S(K), H(K), P(K), PU(K), and P�(K) are the classes of all isomorphic
images, subalgebras, homomorphic images, direct products, ultraproducts, and
countably-filtered products of algebras in K, respectively.

• KRFSI is the class of relatively finitely subdirectly irreducible members of K.
• We use 1 to denote an arbitrary fixed trivial one-element algebra.

Since superabelian logics are algebraically implicative, we can recall the following
two useful characterizations of (finite) strong completeness proved as [9, corollaries
3.8.3 and 3.8.7] (in the latter case we also use the fact that for semilinear logics
Alg∗(L)RFSI = Alg�(L), see [9, Theorem 6.1.7]).

Theorem 2.15. Let L be a superabelian logic and K ⊆ Alg∗(L). Then, the following are
equivalent:

1. L is strongly complete w.r.t. K.
2. Alg∗(L) is generated by K as a generalized quasivariety, i.e., Alg∗(L) = ISP�(K).

Theorem 2.16. Let L be a superabelian logic and K ⊆ Alg∗(L). Then, the following are
equivalent:

1. L is finitely strongly complete w.r.t. K.
2. Alg∗(L) is generated by K as a quasivariety, i.e., Alg∗(L) = ISPPU(K).

If furthermore L is finitary and semilinear, then we can add

3. Alg�(L) ⊆ ISPU(K, 1).

Finally, we add a simple yet important corollary of the previous which follows from
the fact that ISPU(K1,K2, ... ,Kn) =

⋃
i≤n ISPU(Ki) [1, Theorem 5.6].

Corollary 2.17. Let L be a finitary semilinear superabelian logic. Consider finitely
many classes of L-algebrasK1,K2, ... ,Kn ⊆ Alg∗(L). Then, the following are equivalent:

1. L is finitely strongly complete w.r.t.
⋃n
i=1 Ki .

2. Alg�(L) ⊆ I(1) ∪
⋃
i≤n ISPU(Ki).

Thanks to [22], we know the quasivariety of Abelian �-groups is generated (as a
quasivariety) by Z and, since Z can be embedded into any non-trivial Abelian
�-group, we obtain the following corollary.

Corollary 2.18. The variety AL of Abelian �-groups is generated (as a quasivariety)
by any of its non-trivial members, that is, ISPPU(A) = AL for any non-trivial A ∈ AL.
Therefore, AL has no non-trivial subquasivarieties.

As we will see in the next section,AL is not generated as a generalized quasivariety by
any of R, Q , or Z , and it admits numerous non-trivial generalized subquasivarieties.

In logical terminology, we know that Ab is finitely strongly complete w.r.t. any non-
trivial Abelian �-group and has no consistent finitary extension, though it has numerous
proper consistent infinitary extensions. Moreover, it is not strongly complete w.r.t. any
of R, Q or Z . In the next section, we will axiomatize its proper extension strongly
complete w.r.t. R.
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§3. Infinitary extensions of Abelian logic. Having established that Abelian logic
(Ab) lacks non-trivial finitary extensions, a well-known result that motivates our next
step, we now turn our attention to the much richer landscape of its infinitary extensions.
This section explores this domain by introducing infinitary rules designed to capture
specific semantic properties.

Clearly, the most prominent candidates for such infinitary logics are �R , �Q , and �Z .
We know that:

Ab ⊆ �R ⊆ �Q ⊆ �Z
and that above �Z there is only the inconsistent logic (because Z obviously generates
the smallest non-trivial generalized subquasivariety of Abelian �-groups).

In this section, we obtain the following new results:

• strictness of all three inclusions, and thus these three logics are indeed not
finitary (Example 3.3, Corollary 3.6 and Theorem 3.7);

• there are 22� distinct infinitary logics between �R and �Q (Corollary 3.6);
• an axiomatization of the logic �R (Theorem 3.4).

Moreover, we give a conjecture for an axiomatization of the logic �Z , give strong
arguments to support it, and point to the impossibility of proving it by usual methods
(Conjecture 3.8).

From now on, we will use the following notation: for n ∈ N and a formula ϕ, we
write n · ϕ instead ofϕ & ...& ϕ︸ ︷︷ ︸

n times

(we also set 0 · ϕ = t). We use the analogous notation

for + in the algebraic setting.
Let us first recall the infinitary rule used to axiomatize the infinitary Łukasiewicz

logic (see [19]):

{¬ϕ → n · ϕ | n ∈ N} � ϕ. (Hay)

Since the language of Ab does not include a negation with similar properties to that of
Łukasiewicz logic, we have to replace ¬ϕ by � and define

{� → n · ϕ | n ∈ N} � ϕ. (Arch)

As its name suggests, the rule (Arch) is intended as a syntactic counterpart to
the well-known algebraic property of being Archimedean. We introduce the standard
definition of this property for Abelian �-groups.

Definition 3.1. Let A be an Abelian �-group. We say that A is Archimedean if and only
if for each a, b ∈ A it holds

(∀n ∈ N) na ≤ b =⇒ a ≤ 0.

The following lemma makes the connection between the rule and the property
precise, showing that the (Arch) rule is valid in an Abelian �-group if and only if that
group is Archimedean.

Lemma 3.2. LetA be an Abelian �-group. Then, the following conditions are equivalent:

1. A is Archimedean.
2. (Arch) is valid in A.
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Furthermore, if A is linearly ordered, we can add the following condition:

3. (Arch)∨ is valid in A.

Proof. We first show the implication from 1 to 2. Let e be an evaluation such that
we have e(ϕ) � 0. We set a = – e(ϕ) and b = – e(�). Since A is Archimedean and
a � 0, there is an n ∈ N such that n · a � b. Consequently, there is an n ∈ N such that
n · e(ϕ) � e(�); thus e(� → n · ϕ) � 0. This shows that (Arch) holds.

To show the implication from 2 to 1, we assume that A is not Archimedean.
Therefore, there exist a, b ∈ A such that a � 0 and n · a ≤ b for each n ∈ N. Consider
an evaluation e such that e(ϕ) = – a and e(�) = – b. Then, for each n ∈ N, we have
n · e(ϕ) ≥ e(�) and thus e(� → n · ϕ) ≥ 0 for each n ∈ N. However, by assumption,
e(ϕ) = – a � 0 and thus (Arch) fails in A.

The rest of the statement follows from Lemma 2.10.

By the next example, we know that (Arch) is not valid in Ab and so Ab is strictly
contained in �R and thus �R cannot be finitary.

Example 3.3. Clearly the algebras R, Q , and Z are Archimedean. As an example of
a non-Archimedean linearly ordered �-group, consider the lexicographic product of two
copies of the integersZ ×lex Z , whereZ ×lex Z has the same group structure asZ ×Z ,
with the ordering 〈a, b〉 > 〈c, d 〉 iff a > c or a = c and b > d . This �-group is clearly not
Archimedean, since by definition n · 〈0, 1〉 < 〈1, 0〉 for each n ∈ N.

Let us call the logic �R the real Abelian logic and denote it rAb. The next theorem
shows how to axiomatize it.

Theorem 3.4. rAb is the extension of Ab by the rule (Arch)∨.

Proof. Let us denote the logic Ab + (Arch)∨ by L. First note that, by Corollary 2.13,
we know that L is a semilinear logic and so it is strongly complete with respect to
the class Alg�(L), which, due to the previous lemma, consists of linearly ordered
Archimedean �-groups. By Hölder’s Theorem [20], each such �-group is embeddable
into R and so the proof follows.

Note that this proof relies on the ∨-form of the rule (Arch) which is necessary to
ensure that the resulting logic is semilinear. Therefore, it remains an open question
whether the rule (Arch) itself would suffice on its own to axiomatize rAb, which is
equivalent to the question whether (Arch)∨ is valid in Ab + (Arch).

Next, we show that �Q is strictly stronger than �R (in other words, rAb is not
strongly complete w.r.t. Q).

We use the following convention. For an �-group A, elements a, b ∈ A and
k
l ∈ Q \ {0} we write k

l · a ≤ b or a ≤ l
k · b when k · a ≤ l · b. Similarly, we write

k
l · ϕ → � or ϕ → l

k · � instead of k · ϕ → l · �.
For each 0 < 	 ∈ R \Q, we introduce the following rule, in which 〈qj〉j∈N is a strictly

increasing sequence of rationals converging to 	 and 〈rj〉j∈N is a strictly decreasing
sequence of rationals converging to 	:

{qj · ϕ → �,� → rj · ϕ | j ∈ N} � ϕ → t. (str	)

The next proposition shows that in our context (str	) does not depend on the choice
of the sequences.
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Proposition 3.5. Given 0 < 	 ∈ R \Q , a sequence of rationals 〈qj〉j∈N strictly
increasing and converging to 	, and a sequence of rationals 〈rj〉j∈N strictly decreasing
and converging to 	, the logic rAb + (str	)

∨ is strongly complete w.r.t.

K = {A ⊆ R | (∀a, b ∈ A) (b = 	 · a =⇒ a = 0)}.

Moreover, for any A ∈ IS(R) we have A � (str	)
∨ if and only if A ∈ K.

Proof. Since the logic rAb + (str	)
∨ satisfies the conditions from Corollary 2.13, it

is semilinear. Since rAb + (str	)
∨ is an extension of rAb, we obtain that rAb + (str	)

∨

is strongly complete w.r.t. some subclass of S(R).
We need the following technical observation.

Observation. Let A ⊆ R and a, b ∈ A. Then we have

qj · a ≤ b and b ≤ rj · a for each j ∈ N ⇐⇒ b = 	 · a and a ≥ 0.

Proof. First, since q0 · a ≤ b ≤ r0 · a and q0 < r0, we can conclude that 0 ≤ a. We
have lim qj = 	 and lim rj = 	. Consequently, 	 · a = lim qj · a ≤ b ≤ lim rj · a = 	 ·
a. Therefore, we obtain 	 · a = b. The other direction follows as well: if 	 · a = b and
a ≥ 0, then qj · a ≤ 	 · a = b for each j ∈ N (since a ≥ 0 and qj is strictly increasing)
and b = 	 · a ≤ rj · a for each j ∈ N (since a ≥ 0 and rj is strictly decreasing). �

First, let us take an arbitrary A ∈ K. We show that A satisfies (str	)
∨. By the

observation and the definition of K, if, for a, b ∈ A, we have qj · a ≤ b and b ≤ rj · a
for each j ∈ N, then it must be that a = 0. Thus, any evaluation in A that satisfies the
premise of (str	) must map ϕ to 0, thereby satisfying the conclusion ϕ → t. Therefore,
(str	) is valid in A. Since A is a chain, by Lemma 2.10 (str	)

∨ is also valid in A, and
thus A is a model of rAb + (str	)

∨.
To prove the other direction, assume for an algebra 1 �= A ⊆ R that there exist

a, b ∈ A such that b = 	 · a and a �= 0. Clearly, 	 · (– a) = – b holds as well. SinceA is
totally ordered, we can assume without loss of generality thata > 0. By the observation,
this implies that for each j ∈ N, qj · a ≤ b and b ≤ rj · a. But since a, b ∈ A and a > 0,
this is a counterexample to the validity of rule (str	) inA. By Lemma 2.10, (str	)

∨ fails
in A as well. This shows that A is not a model of rAb + (str	)

∨.

Clearly, for 	1, 	2 ∈ R \Q , the rules (str	1)∨ and (str	2 )∨ do not necessarily define
different classes of models. For example, one can easily show that (str√2)∨ is valid
in an algebra A if and only if (str2

√
2)∨ is valid in A. Nevertheless, one can show the

following.

Corollary 3.6. There are 22� infinitary extensions of Abelian logic between �R
and �Q .

Proof. It is a well-known result that the transcendence degree of R over Q is 2� .
From this, it follows that there are 22� distinct subfields of R that are field extensions
of Q . We argue that the �-group reduct of each such field is a model of a different
infinitary extension of Ab. LetA andB be the �-group reducts of two distinct subfields
of R that are field extensions of Q . Without loss of generality, assume that there is a
	 ∈ A \ B such that 0 < 	. By Proposition 3.5, an �-subgroup of R validates the rule
(str	)

∨ if and only if b = 	 · a =⇒ a = 0 for all a, b in the corresponding �-subgroup.
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Since A and B are the �-group reducts of subfields of R, this condition holds if and
only if 	 is not an element of their respective universes. Hence we obtain that the rule
(str	)

∨ is valid in B but is not valid in A. This shows that �A and �B are different
logics.

Note that Proposition 3.5 also hints at a possible axiomatization of the logic �Q .
Indeed we can easily observe that �Q is axiomatized as rAb + {(str	)

∨ | 	 ∈ R \Q} iff
this logic is semilinear (which we unfortunately do not know, as Corollary 2.13 works
for countably axiomatized logics only). Therefore, the axiomatization of �Q remains
as an open problem.

Finally, we show that �Z is strictly stronger than �Q . To this end, we propose the
following infinitary rule IDC (standing for “infinite decreasing chain”):

{2 · ϕn+1 → ϕn, ϕn → 4 · ϕn+1 | n ∈ N} � ϕ0 → t (IDC)

and prove the following theorem.

Theorem 3.7. LetA be a non-trivial linearly ordered Archimedean Abelian �-group. Then
(IDC) is valid in A iff A is isomorphic to Z .

Before we prove this theorem, let us state a conjecture based on this result.5

Conjecture 3.8. The logic �Z is the extension of Ab by the rules (Arch)∨and (IDC)∨.

Observe that the conjecture holds if and only if Ab + (IDC)∨ + (Arch)∨ is a
semilinear logic. Unfortunately, the rule (IDC) uses infinitely many variables and
thus, while we know that ∨ is a strong disjunction in Ab + (IDC)∨ + (Arch)∨ by
Corollary 2.13, we do not know whether this logic is actually a semilinear logic.

This is, however, a systematic problem as any rule valid in �Z but not in �Q has to
use infinitely many variables. Indeed, since any finitely generated subalgebra of Q is
isomorphic to Z , any rule with finitely many variables valid in �Z must also be valid
in �Q .

Let us now proceed towards the proof of Theorem 3.7. First, we need to introduce
a machinery of decreasing sequences (which justifies the name of the rule).

Definition 3.9. Let A be an Abelian �-group. A sequence 〈ai〉i∈N
of elements of A is

strongly decreasing if, for each i ∈ N, there is an ni ≥ 4 such that:

ni · ai+1 ≥ ai ≥ 2 · ai+1.

We call the sequence trivial if ai = 0 for each i.

Let us note that any non-trivial strongly decreasing sequence in A is indeed
decreasing and ai ≥ 0 for each i ≥ 1. The latter claim follows from the fact that for
each i there is an ni ≥ 4 such that ni · ai ≥ 2ni · ai+1 ≥ 2 · ai , thus (ni – 2) · ai ≥ 0,
from which one can derive ai ≥ 0 (since in Z for any n ≥ 1 the quasiequation
n · x ≥ 0 =⇒ x ≥ 0 is valid, it holds in A). The former claim then follows from
the validity of x ≥ 0 =⇒ 2 · x ≥ x in Z .

Lemma 3.10. Let 〈ai〉i∈N
be a non-trivial sequence of elements of an Abelian �-group

A. If 〈ai〉i∈N
is strongly decreasing, then it is strictly decreasing. If A is an Archimedean

chain and it has a strictly decreasing sequence of positive elements, then it also has a
non-trivial strongly decreasing sequence.

5 Note that, by Example 3.11 we know that the rule (Arch)∨ is not redundant.
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Proof. To prove the first claim, it suffices to show the strictness. Assume that
ai = ai+1 for some i ∈ N. Then the inequalityai ≥ 2 · ai+1 becomesai ≥ 2 · ai and thus
0 ≥ ai .Since also ai ≥ 0, we obtain ai = 0. For each j > i we have ai ≥ aj ≥ 0, thus we
get aj = 0 as well. Similarly, for j < i , there is an n ∈ N such that n · ai ≥ aj ≥ 0 and
thus again aj = 0. Therefore, the sequence 〈ai〉i∈N

has to be trivial, a contradiction.
We will prove the second claim. Let us assume that A is an Archimedean chain and

〈ai〉i∈N
is a strictly decreasing sequence of positive elements. Without loss of generality,

as A is Archimedean, we can assume that A ⊆ R, by Hölder’s Theorem. We construct
a non-trivial strongly decreasing sequence 〈bi〉i∈N

. Set b0 > 0 arbitrarily. We will define
the rest of the sequence recursively. Assume that we have already constructed 〈bi〉i≤n
satisfying the conditions from the definition of a strongly decreasing sequence. Now
we want a bn+1 such that 0 < 2 · bn+1 ≤ bn.

Since 〈ai〉i∈N
is a strictly decreasing sequence, it follows that there exists a j ∈ N

such that
aj
bn
/∈ Z (otherwise 〈 ajbn 〉j∈N would be a strictly decreasing sequence of positive

elements in Z , which is not possible).
SinceA is Archimedean, there is ak ∈ N such that 0 ≤ aj – k · bn < bn. Since

aj
bn
/∈ Z,

we have 0 �= aj – k · bn and thus 0 < aj – k · bn < bn. Hence,

0 < aj – k · bn ≤
bn
2

or 0 < bn – (aj – k · bn) ≤
bn
2
.

Therefore, we set

bn+1 = min{aj – k · bn, bn – (aj – k · bn)}.
Clearly, bn+1 > 0 and 2 · bn+1 ≤ bn. The second condition for strong decreasing
sequences easily follows from the fact that A is Archimedean. Thus, 〈bi〉i∈N

is a non-
trivial strongly decreasing sequence.

Example 3.11. We will show that there are non-Archimedean chains with strictly
decreasing sequences of positive elements and with no non-trivial strongly decreasing
sequence. Consider the �-group Z ×lex Z from Example 3.3. First, let us consider the
sequence 〈〈1, – i〉〉i∈N

. Clearly, this sequence is strictly decreasing and 〈1, – i〉 > 0 for
each i ∈ N. We show that there is no non-trivial strongly decreasing sequence inZ ×lex Z .

Let us assume that 〈〈ai , bi〉〉i∈N
is a strongly decreasing sequence. Clearly ai ≥ 0 for

all i ∈ N since 〈ai , bi〉 ≥ 0. Thus, there has to be a c ≥ 0 such that ai = c for infinitely
many i ∈ N. Therefore, there has to be a strongly decreasing subsequence 〈〈c, di〉〉i∈N

,
where di ∈ Z and c ≥ 0. Fix an arbitrary i ∈ N. We know that 2 · 〈c, di+1〉 ≤ 〈c, di〉, thus
2 · c ≤ c. This implies c = 0.

Since 〈〈0, di〉〉i∈N
is a strongly decreasing sequence in Z ×lex Z , the sequence 〈di〉 is

strongly decreasing inZ . Therefore, di = 0 for all i ∈ N. This shows that 〈〈c, di〉〉i∈N
has

to be the trivial sequence and so is 〈〈ai , bi〉〉i∈N
as well.

Proposition 3.12. Let A be an Abelian �-group. Then (IDC) is valid in A iff only the
trivial sequence is strongly decreasing in A.

Proof. First, assume that A has a non-trivial strongly decreasing sequence 〈ai〉i∈N

and note that w.l.o.g. we can assume that ni = 4 for each i (if for some i we have
ai > 4 · ai+1, expand the sequence by putting 2 · ai+1 in a proper place, and repeat ...).
Let us consider the A-evaluation e induced by setting e(xi) = ai . Clearly, all the
premises of (IDC) are valid but we have e(x0 → t) =– a0 < 0 and thus the rule (IDC)
is not valid in A.
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Conversely, assume that the rule (IDC) is not valid in A, i.e., we have an evaluation
e such that if we set e(ϕi) = ai the validity of premises of (IDC) tells us that 4 · ai+1 ≥
ai ≥ 2 · ai+1, i.e., 〈ai〉i∈N

is a strongly decreasing sequence and, by the failure of the
conclusion of the rule, we have a0 > 0, i.e., the sequence is non-trivial.

The previous proposition gives us a description of Abelian �-groups satisfying (IDC)
in terms of the existence of strongly decreasing sequences. Lemma 3.10 shows that there
is a connection between strictly decreasing sequences of positive elements and strongly
decreasing sequences. Therefore, it is natural to ask whether the previous proposition
could be stated in terms of the existence of strictly decreasing sequences of positive
elements. The following example shows that this is not the case.

Example 3.13. There exist �-groups in P(Z ) which have strictly decreasing sequences
of positive elements but lack a non-trivial strongly decreasing sequence.

Consider the Abelian �-group Z� and note that the sequence of positive elements

〈〈0, ... , 0︸ ︷︷ ︸
i-times

, 1, 1, ...〉〉i∈N

is strictly decreasing. However, the previous proposition clearly states that only the trivial
sequence is strongly decreasing inZ� , sinceZ� ∈ P(Z ), P(Z ) ⊆ ISP�(Z ), and (IDC)
holds in ISP�(Z ).

Now we are finally ready to give the promised proof of Theorem 3.7.

Proof of Theorem 3.7. LetA be a non-trivial linearly ordered Archimedean Abelian
�-group. We want to show that (IDC) is valid in A if and only if A is isomorphic to Z .
By the previous proposition, (IDC) is valid in A if and only if A has only the trivial
strongly decreasing sequence.

Since A is an Archimedean chain, by Lemma 3.10, having only the trivial strongly
decreasing sequence is equivalent to having no strictly decreasing sequence of positive
elements.

Thus, it suffices to show that a non-trivial linearly ordered Archimedean �-group A
has no strictly decreasing sequence of positive elements if and only if A ∼= Z .

Clearly, Z has no decreasing sequences of positive elements. To show the other
implication, one has to argue that Z is the only non-trivial linearly ordered
Archimedean �-group with no strictly decreasing sequences of positive elements. We
can assume, by Hölder’s Theorem, that without loss of generality, Z ⊆ A ⊆ R and A
is not isomorphic to Z . We have to distinguish two cases.

1. Let 
 ∈ R \Q be an element of A. Without loss of generality we can assume

 > 1. Since 1 ∈ A, we can generate recursively the following sequence. We start
with r0 = 
 and r1 = 1. For n > 0, we define kn = � rn–1

rn
� and let rn+1 = rn–1 –

kn · rn. By the properties of division, 0 ≤ rn+1 < rn for all n ≥ 1. This means that
the sequence 〈rn〉n∈N is strictly decreasing. Furthermore, because 
 is irrational,
the ratio rn

rn+1
is irrational for each n ∈ N. This shows that this algorithm never

terminates with a zero remainder; thus, rn > 0 for all n.
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2. A ⊆ Q . Since A is not isomorphic to Z , A is not generated by any single
element. Thus, for each 0 < an ∈ A, there is a 0 < bn ∈ A such that an does
not generate bn. If bn < an we set an+1 = bn; otherwise, we set kn = � bnan � and
an+1 = bn – kn · an. Thus, we have constructed 0 < an+1 < an. This allows us to
build the desired sequence, and therefore we finish the proof.

§4. Pointed Abelian logic. In the previous sections, we have explored the landscape
of Abelian logic and its infinitary extensions. We now turn our attention to expansions,
that is, we allow not only new rules, but also enriched logical languages. This section
introduces pointed Abelian logic (pAb), which extends Abelian logic with a new
constant symbol f. This seemingly simple addition of an additional “point” to the
algebraic semantics dramatically alters the character of the logic. Whereas Abelian
logic has no non-trivial finitary extensions, we will show that this pointed version gives
rise to a plentiful landscape of logical extensions.6 The central result of this section is
a completeness theorem demonstrating that this new logic is finitely strongly complete
with respect to just three canonical pointed structures over the real numbers: R–1,R0,
and R1.

Let us consider the expansion of the languageLAb of Abelian logic by a new constant
symbol f. We denote this language by LpAb. In this section, we study the minimal
expansion of Ab in this language.

Definition 4.1. The pointed Abelian logic is the least expansion of Ab in the language
LpAb, i.e., it is axiomatized by the same axiomatic system as Ab only closed under
substitution of the expanded language.

Recall that Full Lambek logic with exchange, FLe, is a prominent substructural
logic in the language of LpAb which is axiomatized by omitting the axiom (rel) from
the axiomatic system given in Table 1. Thus, pointed Abelian logic is the extension of
FLe by axiom (rel).

Interestingly, we can see Ab as an extension of pAb by the axiom which collapses
both constants:

(f → t) ∧ (t → f).

Therefore, sometimes in the literature Ab is presented as the expansion of FLe by
axioms (rel) and (f → t) ∧ (t → f). But, as we have commented in footnote 3, we
prefer to see pAb as an expansion of Ab.

Clearly, pAb and all its extensions have (sCng) and hence they are superabelian
logics. Therefore, it is easy to see that Alg∗(pAb), i.e., the equivalent algebraic semantic
of pAb, is the class of pointed Abelian �-groups, i.e., Abelian �-groups expanded to the
language LpAb with a new constant symbol interpreted in an arbitrary way.

To be able to easily talk about particular pAb-algebras, we present the following
definition.

Definition 4.2. Let us have an algebra A in a language L such that f /∈ L and take
an element a ∈ A. By Aa we denote the algebra in the language L ∪ {f}, which is the
expansion of A and where the constant symbol f is interpreted as a.

6 All the semilinear extensions of pAb are characterized in the submitted article [21].
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If K is a class of algebras, by pK we denote {Aa | A ∈ K, a ∈ A}. For a singleton {A},
we may write pA instead of p{A}.

R–1, R0, and R1 are natural examples of pointed Abelian �-groups. Note that
obviously, Alg∗(pAb) = pAL. It is also a straightforward, albeit rather technical,
matter to show that this pointing operator p commutes with the standard algebraic
class operators for taking isomorphisms, subalgebras, products, and ultraproducts.

Theorem 4.3. Let A be a non-trivial Abelian �-group. pAb is finitely strongly complete
w.r.t. pA = {Aa | a ∈ A}.

Proof. Assume that Γ ��pAb ϕ. Given an LpAb-formula �, we define an LAb-formula
�′ by replacing all occurrences of f by an arbitrary fixed variable p not occurring in
Γ ∪ {ϕ}. Let us denote Γ′ = {�′ | � ∈ Γ}. Then, clearly, Γ′ ��Ab ϕ

′ and so Γ′ ��A ϕ′ as
witnessed by an evaluation e which entails Γ ��Ae(p)

ϕ.

Let us formulate a trivial lemma which allows us to improve the previous result for
A being either R or Q and will also be of use later.

Lemma 4.4. Let A be either R or Q and a, b ∈ A \ {0}. Then, Aa and Ab are
isomorphic iff a · b > 0.

Proof. If Aa and Ab are isomorphic, the isomorphism must preserve the underlying
natural order, which trivially forces the designated units a and b to have the same
sign; hence a · b > 0. For the other direction, assume a · b > 0. Then b

a > 0, and the
mapping h : x �→ b

a · x is an order-preserving group automorphism mapping a to b,
providing the needed isomorphism.

Theorem 4.5. The logic pAb is finitely strongly complete w.r.t. {R–1,R0,R1} and w.r.t.
{Q–1,Q0,Q1}.

Observe that the same would not work, e.g., for the Abelian �-group of the integers,
since Z a and Z b are not isomorphic unless a = b. In fact, one can show that Z a
generates a different variety for each a ∈ Z.

Proposition 4.6. For any a, b ∈ Z, we have HSP(Z a) = HSP(Z b) if and only if
a = b.

Proof. One direction is obvious. To prove the converse one, let us assume a �= b.
To show that HSP(Z a) �= HSP(Z b), it is sufficient to find an equation which is valid
in one of the generating algebras, Z a or Z b , but not in the other. If a < 0 and b ≥ 0
take the equation f ≥ 0. This equation clearly holds in Z b but it does not hold in Z a .
The case a ≤ 0 and b > 0 is similar. Therefore, it remains to check the cases where
a, b > 0 or a, b < 0. We will check only the first case (the second one is analogous).
Moreover, let us assume without loss of generality that 0 < a < b.

Consider the following equation:

(a · x –f) ∨ (– x) ≥ 0. (∗)

This equation is not valid in Z b , since if we take an evaluation e such that e(x) = 1 we
get (a · e(x) – b) ∨ (– e(x)) = (a – b)∨ – 1 < 0. Thus the equation (∗) does not hold
in Z b .
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We show the same equation holds in Z a . First let us consider an evaluation e
such that e(x) ≤ 0. Clearly, we get – e(x) ≥ 0 and thus (a · e(x) – a) ∨ e(– x) ≥ 0.
It remains to consider an evaluation e such that e(x) > 0 (and thus e(x) ≥ 1). Then
a · e(x) – a ≥ a · 1 – a = 0. Thus the equation (∗) is valid in Z a .

§5. Łukasiewicz unbound logic (and other logics of reals). In this section, we
formally introduce Łukasiewicz unbound logic within our framework, motivated by
the observation that its original algebraic semantics is isomorphic to the pointed
Abelian �-group R–1. Our primary goal is to axiomatize this logic as an extension of
pointed Abelian logic. We first define the finitary version, Lu, and establish its finite
strong completeness with respect to R–1. Then, we introduce its infinitary version,
Lu∞, by adding the Archimedean rule to achieve strong completeness, and make the
connection to standard Łukasiewicz logic precise by providing a formal translation.
Generalizing the methods developed for this specific case, we broaden our scope to
systematically axiomatize the logics of other prominent pointed groups, such as R0

and R1. We establish a correspondence between algebraic properties of the point
element f and simple syntactic rules, allowing us to provide a comprehensive overview
of completeness results for this family of logics.

Let us start this section by observing that the algebraR–1 is isomorphic to the algebra
LU that was used in [8] to introduce Łukasiewicz unbound logic. LU is a member of
pAL defined over the reals with lattice operations defined in the usual way and other
operations/constants defined as

x →LU y = 1 – x + y x &LUy = x + y – 1 tLU = 1 fLU = 0.

Clearly, f : R–1 −→ LU defined as f(x) = x + 1 is the desired isomorphism. As
already mentioned in the introduction, the operations on LU closely resemble those of
the well-known standard MV-algebra Ł which provides semantics for the Łukasiewicz
logic (see more details at the end of this section). In the context of this paper we will
see it as an algebra in the language of pAb (though it clearly is not a member of
Alg∗(pAb))7 defined on the real unit interval [0, 1] with lattice operations defined in
the usual way and other operations/constants defined as

x →Ł y = min{1, 1 – x + y} x &Ły = max{0, x + y – 1} tŁ = 1 fŁ = 0.

Recall that we know that pAb is finitely strongly complete with respect to
{R–1,R1,R0}, thus our goal is to find a finitary rule which allows us to extend pAb
in a way that preserves semilinearity and also ensures that the rule is not valid in
R0 and R1.

Definition 5.1. Łukasiewicz unbound logic Lu is the extension of the logic pAb by the
rule:

f ∨ ϕ � ϕ. (Lu)

7 Indeed, here we choose a nonstandard representation of MV-algebras. It is easy to see that
this representation is equivalent to the most common one (found, e.g., in [6]), the reader can
check it as an exercise or check any basic literature related to MV-algebras (again see, e.g.,
[6]).
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Lemma 5.2. Lu is a semilinear logic.

Proof. By Corollary 2.13, it is enough to check that (f ∨ ϕ) ∨ � � ϕ ∨ � is valid in
Lu. This clearly follows from the use of rules (A∨) and f ∨ ϕ � ϕ.

To obtain the desired completeness, let us characterize linearly ordered Abelian
�-groups satisfying the rule (Lu). We give a slightly more general result, which will
allow us to show that we cannot replace (Lu) by a simpler, weaker rule that might
initially seem sufficient.

Lemma 5.3. Let A ∈ Alg∗(pAb) and A �= 1. Then, the following conditions are
equivalent:

1. fA �≥ 0.
2. The rule f � ϕ is valid in A.

Furthermore, if A is linearly ordered, we can add the following condition:

3. The rule f ∨ ϕ � ϕ is valid in A.

Proof. The implications from 1 to 2 and from 1 to 3 are clear (note that in the second
case we need to use linearity of A to obtain that if fA �≥ 0 and f ∨ ϕ ≥ 0, then ϕ ≥ 0).
We prove the converse ones at once by contradiction: assume that f �A ϕ (resp. that
f ∨ ϕ �A ϕ) and fA ≥ 0. For an arbitrary element a and any evaluation e(ϕ) = a, the
premises of both rules are trivially valid and so we obtain a ≥ 0, a contradiction with
the assumption that A �= 1.

Thus, we know that in particular R–1 ∈ Alg�(Lu) but R0,R1 �∈ Alg�(Lu). The next
example shows that the rules f ∨ ϕ � ϕ and f � ϕ are not interderivable and thus the
extension of pAb by the rule f � ϕ is strictly weaker than Lu.

Example 5.4. Let us consider the Abelian �-group R–1 × R0. Clearly, this Abelian
�-group satisfies the rule f � ϕ, but it does not satisfy f ∨ ϕ � ϕ.

Theorem 5.5. Lu is finitely strongly complete with respect to any of the following sets of
algebras: {R–1}, {Q–1}, and {Aa | a < 0} for any non-trivial Abelian �-group A.

Proof. We prove the final part of the claim, the rest then follows from Lemma 4.4.
Using Theorem 4.3 and Corollary 2.17, we know that

Alg�(Lu) ⊆ Alg�(pAb) ⊆ I(1) ∪ ISPU({Aa | a < 0}) ∪ ISPU({Aa | a ≥ 0}).

Clearly, for any non-trivial element of ISPU({Aa | a ≥ 0}), we have fAa ≥ 0 (an equa-
tion preserved by ultrapowers) and thus it is not a member of Alg�(Lu) due to the
previous lemma. Thus,

Alg�(Lu) ⊆ I(1) ∪ ISPU({Aa | a < 0})

and so the proof is done by Corollary 2.17.

It is easy to see that the logic Lu is not strongly complete with respect to R–1. For
instance, the rule (Arch)∨, introduced in the previous section, is valid in R–1 but is not
derivable in Lu (by Example 3.3). This shows that the full set of validities inR–1 cannot
be captured by a finitary system extending Lu and will therefore require an infinitary
axiomatization. To this end, we define now the following extension of Lu.
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Definition 5.6. By infinitary Łukasiewicz unbound logic Lu∞ we understand the
extension of the logic Lu by the rule (Arch)∨.

Equivalently, Lu∞ can be seen as the expansion of rAb to the language of pAb by
the rule (Lu).

Theorem 5.7. The logic Lu∞ is strongly complete with respect to R–1.

Proof. By Corollary 2.13, the logic Lu∞ is semilinear. Since Lu∞ is an expansion
of rAb, every linearly ordered Lu∞-algebra is a pointed Archimedean �-group. Since
Lu∞ is an extension of Lu, by Lemma 5.3, we know that in any non-trivial A linearly
ordered Lu∞-algebra we have fA < 0. Thus, A has to be a pointed Archimedean
�-group with a negative point a. Thus, by Hölder’s Theorem [20], there is an embedding
h of the f-free reduct of A into R. Clearly h can be seen as an embedding of A into
Rh(a). As h(a) < 0, we know that Rh(a) is isomorphic to R–1 (Lemma 4.4). Therefore,
Alg�(Lu∞) ⊆ IS(R–1). Since Lu∞ is semilinear and R–1 is an Lu∞-algebra it follows
that Lu∞ is strongly complete with respect to R–1.

To conclude our analysis of these systems, we discuss the connection between
(infinitary) Łukasiewicz unbound logic and (infinitary) Łukasiewicz logic. The
Łukasiewicz logic Ł is a finitary logic axiomatized by four axioms and modus ponens
and is finitely strongly complete w.r.t. the standard MV-algebra Ł introduced at the
beginning of this section. The infinitary Łukasiewicz logic Ł∞ is its extension by the
rule (Hay) introduced in §3, this logic indeed is not finitary but is strongly complete
w.r.t. the standard MV-algebra Ł.

As we have seen in the beginning of the section, the algebra Ł is a restriction of the
algebra LU which in turn is an isomorphic copy of R–1. We use this fact (together
with the completeness results for the involved logics) to prove the following results
linking (infinitary) Łukasiewicz logic and (infinitary) Łukasiewicz unbound logics via
the mapping �8 defined recursively on the set of formulas:

• �(p) = (p ∨ f) ∧ t for all variables p.
• �(� → �) = (�(�) → �(�)) ∧ t.
• �(� & �) = (�(�) & �(�)) ∨ f.
• �(c) = c for c ∈ {f, t}.
• �(� ◦ �) = �(�) ◦ �(�) for ◦ ∈ {∧,∨}.

Theorem 5.8. Let Γ ∪ {ϕ} be a set of formulas. Then, we have

Γ �Ł∞ ϕ iff �[Γ] �Lu∞ �(ϕ).

Moreover, if Γ is finite we have

Γ �Ł ϕ iff �[Γ] �Lu �(ϕ).

8 A related mapping is presented in [26, definition 23] as a translation of Łukasiewicz logic into
Abelian logic. The only difference between that translation and the present one is that the
former employs an arbitrary fixed propositional variable q⊥ in precisely those places where
our construction uses the constant symbol f. In fact, more can be said about the connection
between Ł and Lu: In [26, theorem 20], it is shown that Ł is the {⊃, f}-fragment of Lu, where
ϕ ⊃ � is defined as (ϕ ∧ t) → (� ∨ f).
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Proof. Recall that, thanks to the known completeness properties, we can replace the
syntactical consequence relations by semantical ones w.r.t. algebras Ł and Lu (because
it is an isomorphic copy of R–1).

Let us consider any mapping e of propositional variables into reals and define the
mapping ē as its restriction to [0, 1], i.e.,

ē(p) =

⎧⎪⎨
⎪⎩
e(p) if e(p) ∈ [0, 1]
1 if e(p) ≥ 1
0 if e(p) ≤ 0.

We denote by (ē)Ł and eLu the corresponding evaluations. By a simple proof by
induction over the complexity of formula �, we obtain

(ē)Ł(�) = eLu(�(�)).

Clearly, it holds for variables and constants by definition of ē and �. Now assume
(ē)Ł(α) = eLu(�(α)) and (ē)Ł(
) = eLu(�(
)) for formulas α, 
 . We want to show
that (ē)Ł(α ◦ 
) = eLu(�(α ◦ 
)) for ◦ ∈ {∧,∨, &,→}. We show this step only for
◦ = &. We write

eLu(�(α & 
)) = eLu((�(α) & �(
)) ∨ f) = (eLu(�(α)) + eLu(�(
)) – 1) ∨ 0 =

((ē)Ł(α) + (ē)Ł(
) – 1) ∨ 0 = (ē)Ł(α & 
).

Now we can prove the left-to-right direction of the first equivalence. Assume that
Γ �Ł ϕ and that e is a mapping such that for each 	 ∈ Γ we have (recall that tLU = 1)

eLu(�(	)) ≥ 1.

As eLu(�(	)) = (ē)Ł(	) we have (ē)Ł(	) = 1 for 	 ∈ Γ and so, by the assumption, also
(ē)Ł(ϕ) = 1, which entails eLu(�(ϕ)) = 1.

To prove the converse direction, it suffices to note that if the co-domain of e is a
subset of [0, 1], then e = ē.

The second equivalence can either be proved in exactly the same way or actually
follows from the first one and the fact that on finite sets of premises the Łukasiewicz
(unbound) logic coincides with its infinitary variant.

The translation provides some information regarding computational complexity.
In Łukasiewicz logic, the problem of deciding the validity of finitary consecutions
is known to be coNP-complete [17]. As Theorem 5.8 provides a polynomial-time
reduction of finitary consecutions from Ł to Lu, it immediately follows that the
corresponding problem for Lu is coNP-hard. The more involved question of whether
the set of valid finitary consecutions of Lu is also in coNP, and thus coNP-complete,
has been answered affirmatively in the paper [18].

Having established the axiomatization for the logic of R–1, we now turn to the
complementary task of characterizing the logics of the other prominent pointed
algebras, R0 and R1. As we will show, a similar approach allows us to axiomatize
these systems in a straightforward manner. Let us define a new connective – ϕ as
ϕ → t. By simple checking we prove the following lemma (note that we could prove a
more complex variant akin to Lemma 5.3 to demonstrate that seemingly simpler rules
would not do).
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Table 2. Completeness properties of prominent extensions of pAb

Extension of pAb by Set 1 Set 2 Set 3

∅ {Aa | a ∈ A} {Q–1,Q0,Q1} {R–1,R0,R1}
� f {Aa | a ≥ 0} {Q0,Q1} {R0,R1}

� –f {Aa | a ≤ 0} {Q–1,Q0} {R–1,R0}
(f ∧ –f) ∨ ϕ � ϕ {Aa | a �= 0} {Q–1,Q1} {R–1,R1}

f ∨ ϕ � ϕ {Aa | a < 0} {Q–1} {R–1}
–f ∨ ϕ � ϕ {Aa | a > 0} {Q1} {R1}
� f ∧ –f {A0} {Q0} {R0}

Lemma 5.9. Let A ∈ Alg�(pAb) and A �= 1. Then:

• fA < 0 iff the rule f ∨ ϕ � ϕ is valid in A.
• fA ≤ 0 iff the axiom � –f is valid in A.
• fA = 0 iff the axiom � f ∧ –f is valid in A.
• fA �= 0 iff the rule (f ∧ –f) ∨ ϕ � ϕ is valid in A.
• fA ≥ 0 iff the axiom � f is valid in A.
• fA > 0 iff the rule –f ∨ ϕ � ϕ is valid in A.

Theorem 5.10. Let A be any non-trivial rAb-algebra. Then the extension of pAb by the
rule/axiom mentioned in a given row of Table 2 is finitely strongly complete w.r.t. the sets
of algebras mentioned in the corresponding columns Set 1–3. Its extension by the rule
(Arch)∨ is strongly complete w.r.t. the set of algebras mentioned in the corresponding
column Set 3.

As mentioned before, the expansion of pAb by � f ∧ –f can be seen as the Abelian
logic itself (formally speaking, these two logics are termwise equivalent by setting
f = t).

Let us conclude this section by showing a natural and simple translation between
Lu and the expansion of pAb by –f ∨ ϕ � ϕ, denoted here by Lu∗.

Theorem 5.11. Let us consider the mapping � : FmLpAb −→ FmLpAb defined recursively
as follows:

• � : f �→ –f.
• � : t �→ t.
• � : p �→ p for each variable p.
• � : (� ◦ �) �→ (�(�) ◦ �(�)) for all binary connectives ◦ ∈ LpAb.

For any consecution Γ � ϕ and for each Abelian �-group A, and a ∈ A we have

Γ �Aa ϕ iff �[Γ] �A–a �(ϕ).

In particular, for any consecution Γ � ϕ we have:

1. Γ �Lu ϕ iff �[Γ] �Lu∗ �(ϕ).
2. Γ �Lu∗ ϕ iff �[Γ] �Lu �(ϕ).

Proof. Consider an arbitrary Aa-evaluation e1 : FmLpAb −→ Aa . Clearly, e1
extends the evaluation e0 : FmLAb −→ A. Clearly there is a unique evaluation
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e2 : FmLpAb −→ A–a extending e0 such that e1(f) =– e2(f) = e2(–f) and e1(p) = e2(p)
for all variables p. By induction one can show that e1(�) = e2(�(�)) for each formula
� ∈ FmLpAb . Therefore, e1(�) ≥ 0 iff e2(�(�)) ≥ 0. From this, one can easily derive
the statement of this theorem.

Clearly, the same translation would link the infinitary versions of these two logics
(i.e., their extensions of (Arch)∨); the expansions of pAb by (1) by axiom f and (2)
axiom –f; and their extensions of (Arch)∨.

§6. Future work. In this section, we outline possible directions for future research
on the topics covered in this paper.

• Study of the lattice of infinitary extensions of Abelian logic: While the present
paper provides an infinitary rule for the extension corresponding to the
generalized quasivariety generated by R and establishes the existence of 22�

distinct infinitary extensions, it is clear that we have only started the topic and
the structure of the full lattice of infinitary extensions of Ab remains largely
unexplored. One of the goals for future research is a systematic classification
of this lattice. In particular, a major open challenge is explicitly axiomatizing
other fundamental logics, namely, the logics of Z and Q .

• Infinitary logics of distinct total orders onZ n: It is a well-established result [10]
that the space of total orders on Z n is homeomorphic to a Cantor space for
n > 1. A natural open problem is to determine whether each distinct ordering
within this space generates a unique infinitary logic.

• Study of finitary extensions of pointed Abelian logic: In the case of pAb, one
should first focus on finitary extensions, as they are plentiful. In this paper we
have axiomatized several prominent logics of pointed Abelian �-groups, but
a systematic study remains an interesting topic for the future. On this matter,
it is relevant to mention that the relation between Łukasiewicz logic and the
Łukasiewicz unbound logic proved in Theorem 5.8 also holds between the
n-valued Łukasiewicz logic and the logic of Z n–1 (and analogously between
other axiomatic extensions of Łukasiewicz logic and properly chosen extensions
of Lu). Algebraically speaking, the lattice of subvarieties of Łukasiewicz logic
(described by Komori in [23]) can be embedded into the lattice of subvarieties
of Lu (first shown in [30]). The submitted paper [21] describes all quasivarieties
generated by linearly ordered pointed Abelian �-groups. Nevertheless, the
case of non-semilinear finitary extensions of pointed Abelian logic remains
unexplored.

• Semilinearity and completeness: Another area for further investigation is
to determine whether certain extensions of Abelian logic, specifically the
logic Ab + (IDC)∨ + (Arch)∨, are semilinear, which would imply strong
completeness with respect to Z . We have conjectured that this logic may be
strongly complete with respect to Z , but this remains to be proven.

• Study of other superabelian logics: In this paper we have focused on Łukasiewicz
unbound logic and infinitary extensions of Abelian logic, but the framework
from §2 applies to any superabelian logic, e.g., certain modal logics or the
expansions of Ab with connectives corresponding to additional arithmetical
operations on real numbers, such as multiplication or division.
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[18] Haniková, Z., & Jankovec, F. (2026). Satisfiability in Łukasiewicz logic and its
unbounded relative. In Guerrini, S., and König, B., editors. 34th EACSL Annual
Conference on Computer Science Logic, volume 363 of LIPIcs. Schloss Dagstuhl
– Leibniz-Zentrum für Informatik, pp. 14:1–14:18. https://doi.org/10.4230/LIPIcs.
CSL.2026.14.

[19] Hay, L. S. (1963). Axiomatization of the infinite-valued predicate calculus.
Journal of Symbolic Logic, 28(1), 77–86.
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Cintula, P., Hájek, P., and Noguera, C., editors. Handbook of Mathematical Fuzzy
Logic, volume 38 of Studies in Logic, Mathematical Logic and Foundations, Vol. 2.
London: College Publications, pp. 469–583.

[30] Young, W. (2015). Varieties generated by unital Abelian �-groups. Journal of
Pure and Applied Algebra, 219(1), 161–169. https://doi.org/10.1016/j.jpaa.2014.04.
015.

https://doi.org/10.1017/S1755020326101129 Published online by Cambridge University Press

https://doi.org/10.4230/LIPIcs.CSL.2026.14
https://doi.org/10.4230/LIPIcs.CSL.2026.14
https://arxiv.org/abs/2509.05044
https://doi.org/10.1016/j.jpaa.2014.04.015
https://doi.org/10.1016/j.jpaa.2014.04.015
https://doi.org/10.1017/S1755020326101129


244 PETR CINTULA, FILIP JANKOVEC AND CARLES NOGUERA

INSTITUTE OF COMPUTER SCIENCE
CZECH ACADEMY OF SCIENCES

CZECH REPUBLIC
E-mail: cintula@cs.cas.cz

INSTITUTE OF COMPUTER SCIENCE
CZECH ACADEMY OF SCIENCES

CZECH REPUBLIC
AND
CHARLES UNIVERSITY

CZECH REPUBLIC
E-mail: jankovec@cs.cas.cz

UNIVERSITY OF SIENA
ITALY

E-mail: carles.noguera@unisi.it

https://doi.org/10.1017/S1755020326101129 Published online by Cambridge University Press

mailto:cintula@cs.cas.cz
mailto:jankovec@cs.cas.cz
mailto:carles.noguera@unisi.it
https://doi.org/10.1017/S1755020326101129

	1 Introduction
	2 Abelian logic and its expansions
	3 Infinitary extensions of Abelian logic
	4 Pointed Abelian logic
	5 Łukasiewicz unbound logic (and other logics of reals)
	6 Future work

