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Abstract. Motivated by the broad applications of wave propagation in non-uniform and time-varying envi-
ronments, such as in acoustics, elasticity, and seismology, we investigate the controllability of degenerate
wave equations with time-dependent wave speeds. In this work, we examine non-autonomous degener-
ate wave equations in a one-dimensional spatial domain, addressing both divergence and non-divergence
forms. A control function is applied at the non-degeneracy boundary point, while Dirichlet or Neumann
conditions are imposed at the degeneracy one. Using the generalized energy conservation law, we first
establish boundary observability for the homogeneous problem, a key step in our analysis. Building on
this, we prove the null-controllability of the non-autonomous degenerate wave systems. To achieve this,
we construct solutions using the transposition method, which accommodates low regularity requirements,
enabling us to handle weaker smoothness assumptions while maintaining rigorous control over the system’s
behavior. We conclude by presenting some insightful observations and potential avenues for future work,
which could further advance the understanding of this problem.

1. Introduction

From vibrating strings andmembranes in acoustics [1] to the propagation of seismic
waves in geophysics [2], the wave equation constitutes a cornerstone in the study
of wave phenomena across disciplines. Mainly, in Engineering, the wave equation
models the behavior of electromagnetic waves in communication systems [3], while in
Oceanography, it governs the dynamics of water waves [4]. The basic one-dimensional
wave equation is given by

utt = c2uxx ,

where the wave function u(t, x) represents the displacement or amplitude of the wave
at position x and time t . The second-order derivative utt measures the acceleration of
the medium at point x , while uxx measures the curvature of the wave and determines
local bending, and c2 represents the wave propagation speed.
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Waves can travel through complex or heterogeneousmedia, such as stringswith non-
uniform density. For example, if a medium grows denser or more rigid near a specific
point, the wave may decelerate or come to a halt at that location. To accurately model
wave propagation in such environments, we turn to degenerate wave equations, which
incorporate variable coefficients to account for the added complexity of the medium.
This equation can be written in non-divergence form as

utt − a(x)uxx = 0,

where a(x) is the tension/density ratio. Thus, if the density is extremly large at some
point x0, we can assume that a degenerates at this point, i.e., a(x0) = 0. In other
words, we can say that a(x) controls the wave speed variation. This equation can also
be written in divergence form as

utt − (a(x)ux )x = 0, (1.1)

where the term a(x)ux is the flux term representing the energy flow through the
medium. This makes the divergence form more suitable for conservation law formu-
lation since the derivative (a(x)ux )x enables easier application of boundary condi-
tions and highlights conservation properties. While the non-divergence form is more
intuitive physically, the divergence form is better suited for analysis and numerical
methods; the choice of the most convenient representation depends on solving specific
problems.
The function a(x) can exhibit either weak or strong degeneracy at 0. To formalize

these two types of degeneracy, we define them for a general function g as follows:

Definition 1. We say that a function g : [0, 1] → R+, g(0) = 0, g > 0 in [0, 1], is
– weakly degenerate (WD) at 0, if g ∈ C([0, 1]) ∩ C1((0, 1]) and K < 1 where

K := sup
x∈(0,1]

x |g′(x)|
g(x)

; (1.2)

– strongly degenerate (SD) at 0, if g ∈ C1([0, 1]) and K ∈ [1, 2), where K is
defined as above.

For non-degenerate wave equations, it is well known that null-controllability can
be achieved at a fixed time T > 0 sufficiently large under appropriate geometric
conditions on the control region and sufficient regularity of the coefficients [5,6].
However, when the wave speed vanishes at certain points or regions, the problem
becomes more complex, since the degeneracy can lead to a loss of energy propagation,
making it difficult to control the system using standard techniques.
The foundation for studying controllability of degenerate wave equations is es-

tablished through several seminal works where the initial studies focused on one-
dimensional problems. One of the first papers to consider a degenerate wave equation
is [7], where Gueye investigates a certain class of weak degeneracy for the equation in
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divergence form, with the particular diffusion term a(x) = xα, α ∈ (0, 1). The author
obtains an exact controllability result with Dirichlet boundary control located at the
degeneracy point 0 and then extends these results to degenerate parabolic equations,
giving a first answer to a question opened for quite some time. In [8] (see also the
arxiv version of 2015), Alabau-Boussouira et al. investigate the same system from a
different viewpoint: considering (1.1) with a(x) allowed to degenerate either weakly
or strongly on a part of the domain, they obtain observability or exact controllability
from the non-degenerate part of the boundary using direct techniques such as mul-
tipliers and sharp trace results. They also prove a negative result when the diffusion
coefficient degenerates too violently, i.e., when K > 2. An interesting system is con-
sidered by Bai and Chai in [9] where they study one-dimensional linear degenerate
wave equations in domains having moving boundary. They prove the exact control-
lability by Hilbert Uniqueness Method (HUM) when the control acts on the moving
boundary, and they provide an explicit expression for the controllability time as well.
Furthermore, the controllability of modified degenerate wave equations is studied

by many researchers. In [10], Zhang and Gao prove the existence of interior controls
for one-dimensional semi-linear degenerate wave equations, when a(x) = xα . By a
duality argument, they reduce the problem to an observability estimate for the linear
degenerate wave equation. They establish the unique continuation for the degenerate
wave equation, obtaining the observability estimate by the multiplier method. In a re-
cent work, Boutaayamou et al. [11] consider a degenerate wave equation with drift in
the presence of a leading operator in non-divergence form. They establish the bound-
ary controllability for the solution of the associated Cauchy problem at a sufficiently
large time under some necessary conditions. Moreover, Allal et al. [12] are the first
to consider the exact boundary controllability for a degenerate wave equation with
a singular potential. In this case, the degenerate and the singular functions are the
power functions. The authors prove the exact boundary controllability in the range
of both subcritical and critical potentials and for sufficiently large time, through a
boundary controller acting away from the degenerate/singular point. In [13], the au-
thors investigate a degenerate wave equation in non-divergence form with drift, they
impose an interior control acting on a bounded interval and prove the controllability
for such a problem using some conditions by a standard technique. Recently, in [14]
the authors study the controllability for a general degenerate/singular equations via a
control acting on the non-degenerate point.
On the other hand, when the behavior of waves is affected by varying environmental

or material conditions, the scenario necessitates a time-dependent wave propagation
speed. To the best of our knowledge, Reissig andYagdjian [15] are the first to consider a
non-autonomous wave equation. They investigate the influence of the time-dependent
coefficient on Lp–Lq decay estimates for the solution of the Cauchy problem; they
find that there exist no Lp–Lq decay estimates and that the energy estimate fromGron-
wall’s inequality is near to an optimal one. Later, in [16], Reissig and Smith give a
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classification of the oscillating behavior of the coefficient that determines in an es-
sential way the possibility of deriving Lp–Lq decay estimates. As control problem,
Chambolle and Santosa [17] study an initial boundary-value problem for a wave equa-
tion with time-dependent sound speed. In particular, they consider the case where the
sound speed can take on only two values. The authors propose a simple control law
that they prove to lead to energy decay when the number of modes in the vibration
is finite and none of the eigenfrequencies are repeated. In [18], Hirosawa explores
the relation between the total energy behavior of solutions to wave equations featur-
ing time-dependent propagation speeds and the smoothness of the coefficient. The
research reveals that the asymptotic behavior of the total energy is governed by three
main aspects of the coefficient: its degree of differentiability, the asymptotic behavior
of its derivatives as t → ∞, and the stabilization of the amplitude, characterized by an
integral. The optimality of these properties is then ensured through explicit examples.
In [19], D’Abbicco and Ebert study the long time behavior of the energy for wave-type
equations with time-dependent speed imposing also a time-dependent damping and
they investigate their interaction. The authors show how to describe the dissipative
effect on the energy and study a class of dissipations for which the equation keeps its
hyperbolic structure and properties. Recently, Zhou et al. [20] investigate the long-
term behavior of non-autonomous wave equations with critical nonlinearity imposing
a new-type nonlocal weak damping. The authors show that the solutions are exponen-
tially approaching a more regular bounded subset, and based on this regularity result,
they obtain the existence and smoothness of uniform exponential attractors.
It is observed that the literature lacks a thorough analysis of wave equations fea-

turing both degenerate and time-dependent wave propagation speeds. Such equations
model wave propagation in media with time-varying and spatially inhomogeneous
properties—for instance, waves traveling through the Earth’s crust, where material
properties change due to tectonic activity or temperature gradients. Controlling such
systems is critically important, as the interaction between time dependence and degen-
eracy can give rise to new wave phenomena, such as dispersion or resonance effects.
Given its significance, in this paper we will investigate, for the first time, the null-

controllability of non-autonomous degenerate wave equations, represented by the
following systems: ⎧

⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

utt − Ai (t)u = 0, (t, x) ∈ QT ,

Biu(t, 0) = 0, t ∈ (0, T ),

u(t, 1) = f (t), t ∈ (0, T ),

u(0, x) = u0(x), x ∈ (0, 1),

ut (0, x) = u1(x), x ∈ (0, 1),

(Pi )

i = 1, 2, where QT := (0, T ) × (0, 1), T > 0 fixed, and Biu(t, 0) = 0, i = 1, 2,
are suitable boundary conditions related to the operators Ai , i = 1, 2. In particular

Ai (t)u :=
{
b(t)a(x)uxx , i = 1,

b(t)(a(x)ux )x , i = 2,
(1.3)
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where b ∈ W 1,∞(0, T ) is a strictly positive function, a is (WD) or (SD) at 0 and

Biu(t, 0) =

⎧
⎪⎨

⎪⎩

u(t, 0) = 0, i = 1,{
u(t, 0) = 0, if a is (WD) at 0,
lim
x→0

(aux )(t, 0) = 0, if a is (SD) at 0, i = 2.
(1.4)

We consider the control function f to act as a boundary control used to drive the
solution to 0 at a sufficiently large time T > 0. In particular for (Pi ), we aim to prove
global null-controllability in the sense of finding a control f ∈ L2(0, T ) such that

u(T, x) = ut (T, x) = 0, ∀ x ∈ (0, 1), (1.5)

for a given initial data (u0, u1) in a suitable space.
Further complications arise in (Pi ) in comparison with the autonomous degener-

ate case. Indeed, we cannot use the standard Lümer-Phillips technique for the well-
posedness, but, for the non-autonomous Cauchy problems, we have to use the Kato
perturbation Theorem. Moreover, the energies of the associated homogeneous adjoint
problems depend on the function b(t); this means that the conservation law that holds
for the case b(t) = 1 for all t ∈ [0, T ], does not hold in this case. Finally, due to
the presence of b(t), additional terms have to be estimated in order to prove that a
generalized conservation law holds.
The paper is structured as follows: In Sect. 2, we introduce the Hilbert spaces

required to address the problems (Pi ), establish key Hardy-Poincaré inequalities, and
present essential hypotheses that underpin the subsequent analysis. Section 3 focuses
on proving the well-posedness of (Pi ) using Kato’s Perturbation Theorem. In Sect. 4,
we derive energy estimates, providing both upper and lower bounds, and demonstrate
that the generalized energy conservation law holds for non-autonomous degenerate
wave equations in both divergence and non-divergence forms. Finally, in Sect. 5, we
show that the adjoint problems (APi ) are observable in time T > 0, and we establish
the null-controllability of our systems by constructing a solution via transposition for
(Pi ), associated to the control function f . Further extensions and broader applications
are presented in Section 6.
Throughout this paper, (′) denotes the derivative of a function depending only on

the real space variable x ; (˙) denotes the derivative of a function depending only on
the real time variable t . Moreover, we will denote by ‖ · ‖ := ‖ · ‖L2(0,1) and by
‖ · ‖∞,T := ‖ · ‖L∞(0,T ).

2. Functional spaces and preliminary findings

In the following, the next assumption will be crucial.

Hypothesis 1. Let a ∈ C([0, 1]) be such that a(0) = 0, a > 0 on (0, 1] and there

exists K ∈ (0, 2) such that the function x 	−→ xK
a(x) is non-decreasing in a right

neighborhood of x = 0.



   93 Page 6 of 31 M. Akil et al. J. Evol. Equ.

Observe that if a is (WD) or (SD) at 0 then (1.2) implies that the function

x 	→ xγ

a(x)
(2.1)

is non-decreasing in (0, 1] for all γ ≥ K and

lim
x→0

xγ

a(x)
= 0 (2.2)

for all γ > K . These fact will play a crucial role in the next sections. Observe that
(2.1) holds thanks to the definition of K in (1).

2.1. Framework for the non-divergence form

One of the main differences between the systems (Pi ) with i = 1 (i.e., in non-
divergence form) and (Pi ) with i = 2 (i.e., in divergence form) arises in the natural
spaces: while the second problem is studied in L2(0, 1), the first problem has to be
studied in the weighted space

L2
1
a
(0, 1) :=

{

u ∈ L2(0, 1) | ‖u‖2
L2

1
a
(0,1)

< ∞
}

,

where

‖u‖21
a

:=
∫ 1

0

u2

a
dx and 〈u, v〉 1

a
:=

∫ 1

0

uv

a
dx, ∀ u, v ∈ L2

1
a
(0, 1). (2.3)

As in [21] or [22], we also consider the following Hilbert spaces

H1
1
a
(0, 1) := L2

1
a
(0, 1) ∩ H1

0 (0, 1), 〈u, v〉1, 1a := 〈u, v〉 1
a

+ 〈u′, v′〉L2(0,1),

(2.4)
for all ∀ u, v ∈ H1

1
a
(0, 1), and

H2
1
a
(0, 1) :=

{

u ∈ H1
1
a
(0, 1) | au′′ ∈ L2

1
a
(0, 1)

}

,

〈u, v〉2, 1a := 〈u, v〉1, 1a + 〈√au′′,
√
av′′〉L2(0,1),

(2.5)

for all u, v ∈ H2
1
a
(0, 1).Obviously, the previous inner products induce the following

norms

‖u‖2
1, 1a

:= ‖u‖21
a

+ ‖u′‖2 and ‖u‖2
2, 1a

:= ‖u‖2
1, 1a

+ ‖√au′′‖2,
respectively. Moreover, the following Gauss-Green formula holds

∫ 1

0
u′′vdx = −

∫ 1

0
u′v′dx, ∀ (u, v) ∈ H2

1
a
(0, 1) × H1

1
a
(0, 1), (2.6)

(see [22, Lemma 2.1]).
In particular, in [22, Proposition 2.6] the following Hardy-Poincaré inequality is

proved:
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Proposition 1 (Hardy-Poincaré Inequality). Assume Hypothesis 1. Then, there exists
C > 0 such that ∫ 1

0

v2

a
dx ≤ C

∫ 1

0
(v′)2dx, (HP)

for all v ∈ H1
0 (0, 1).

Observe that the previous inequality is proved in [22, Proposition 2.6] under the
condition a(0) = a(1) = 0, but actually it holds requiring only a(0) = 0. Indeed, by

assumptions there exists ε > 0 such that x 	−→ xK
a(x) is non-decreasing in (0, ε]; thus

∫ 1

0

v2

a
dx ≤

∫ ε

0

v2

a
dx + 1

min[ε,1] a

∫ 1

ε

v2dx

≤ 1

a(ε)

∫ ε

0

v2

x2
dx + 1

min[ε,1] a

∫ 1

ε

v2dx ≤ C
∫ 1

0
(v′)2dx,

by the Hardy and the Poincaré inequalities, for a positive constant C .
Denoting by CHP the smallest constant that satisfies (HP) and assuming that a is

(WD) or (SD), one has that CHP is smaller than 4
a(1) . Indeed, by (2.1) we get that

∫ 1

0

v2

a
dx ≤ 1

a(1)

∫ 1

0

v2

x2
dx ≤ 4

a(1)

∫ 1

0
(v′)2dx,

for all v ∈ H1
0 (0, 1).

Moreover as a consequence of Proposition 1, if Hypothesis 1 holds we get that
H1

1
a
(0, 1) and H1

0 (0, 1) coincide and the norm ‖·‖1, 1a is equivalent to ‖·‖1 in H1
1
a
(0, 1),

where

‖u‖1 := ‖u′‖, ∀ u ∈ H1
1
a
(0, 1),

is induced by the inner product

〈u, v〉1 :=
∫ 1

0
u′v′dx,

for all u, v ∈ H1
1
a
(0, 1). In particular, we have

‖u‖21 ≤ ‖u‖2
1, 1a

≤ (1 + CHP )‖u‖21,
for all u ∈ H1

1
a
(0, 1). In the following, we will use ‖ · ‖1 and 〈·, ·〉1 since they are more

convenient.
Now, consider the operator (A1, D(A1)), where A1u := au′′ with

D(A1) := H2
1
a
(0, 1). (ND)

(A1, D(A1)) is m-dissipative and self-adjoint in L2
1
a
(0, 1) (see [22, Theorem 2.3]).

Thus, by [23, Corollary 3.20], the operator (A1, D(A1)) is densely defined and gen-
erates a contraction semigroup.
Moreover, the next properties hold.
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Lemma 1. Assume Hypothesis 1.

1. If u ∈ H1
1
a
(0, 1), then lim

x→0

x

a
u2(x) = 0.

2. If u ∈ D(A1), then lim
x→0

x(u′(x))2 = 0.

3. If y ∈ D(A1) and u ∈ H1
1
a
(0, 1), then lim

x→0
u(x)y′(x) = 0.

Proof. It is sufficient to prove only the second point if K > 1, being the other case
and the other points proved in [11, Lemma 3.2].
Fixedu ∈ D(A1), setting z := x(u′)2.Wehave z′ = (u′)2+2xu′u′′.Clearly, (u′)2 ∈

L1(0, 1); moreover, by assumption
∣
∣
∣2 x√

a
u′u′′√a

∣
∣
∣ ≤ 2√

a(1)
|u′√au′′| ∈ L1(0, 1) by

Hölder’s inequality. Hence z ∈ W 1,1(0, 1) and limx→0 z(x) = L ∈ [0,+∞). If
L �= 0 there would exist a neighborhood I of 0 such that |L|

2 ≤ x(u′)2, for all x ∈ I;
in particular, |L|

2x ≤ (u′)2 for all x ∈ I, in contrast to the fact that u′ ∈ L2(0, 1). Hence
L = 0 and the conclusion follows.

�

The previous result will be crucial for the rest of the paper.

2.2. Framework for the divergence form

Following [24], for the system in divergence form, we take the following weighted
Hilbert spaces. In the weakly degenerate case, we consider

H1
a (0, 1) := {u ∈ L2(0, 1) | u absolutely continuous in [0, 1],

√
au′ ∈ L2(0, 1) and u(1) = u(0) = 0}

and

H2
a (0, 1) := {u ∈ H1

a (0, 1) | au′ ∈ H1(0, 1)}.

On the other hand, in the strongly degenerate case, we consider

H1
a (0, 1) := {

u ∈ L2(0, 1) | u locally absolutely continuous in (0, 1],
√
au′ ∈ L2(0, 1) and u(1) = 0

}

and

H2
a (0, 1) := {u ∈ H1

a (0, 1) | au′ ∈ H1(0, 1)}
= {u ∈ L2(0, 1) | u locally absolutely continuous in (0, 1],

au ∈ H1
0 (0, 1), au′ ∈ H1(0, 1), u(1) = 0 and (au′)(0) = 0}.

In both cases, we consider inner products and norms given by

〈u, v〉1,a := 〈u, v〉L2(0,1) + 〈√au′,
√
av′〉L2(0,1), ‖u‖21,a := ‖u‖2 + ‖√au′‖2,
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for all u, v ∈ H1
a (0, 1), and

〈u, v〉2,a := 〈u, v〉1,a + 〈
(au′)′, (av′)′

〉

L2(0,1), ‖u‖22,a := ‖u‖21,a + ‖(au′)′‖2,

for all u, v ∈ H2
a (0, 1).

Proposition 2 [8, Proposition 2.2]. Assume Hypothesis 1. Then

‖w‖2 ≤ Ca‖√aw′‖2 ∀ w ∈ H1
a (0, 1),

where

Ca := 1

a(1)
min

{

4,
1

2 − K

}

. (2.7)

Thanks to Proposition 2, one has that the norms ‖ · ‖1,a and ‖ · ‖a are equivalent in
H1
a (0, 1), where

‖u‖a :=
(∫ 1

0
a(u′)2dx

) 1
2

, ∀ u ∈ H1
a (0, 1),

is induced by the inner product

〈u, v〉a := 〈√au′,
√
av′〉L2(0,1) =

∫ 1

0
au′v′dx,

for all u, v ∈ H1
a (0, 1). In particular,

‖u‖2a ≤ ‖u‖21,a ≤ (1 + Ca)‖u‖2a,

for all u ∈ H1
a (0, 1). In the following we will use ‖ · ‖a and 〈·, ·〉a since they are more

convenient.
Also, in this case, the operator (A2, D(A2)), where A2u := (au′)′ with

D(A2) := H2
a (0, 1), (D)

is m-dissipative and self-adjoint in L2(0, 1) (see [24, Proposition 2.5]); thus, (A2,

D(A2)) is densely defined and generates a contraction semigroup.
For the following, the next lemma proved in [24, Proposition 2.4] or in [8, Propo-

sition 2.5] will be crucial.

Lemma 2. Assume Hypothesis 1. Then

lim
x→0

xu2 = 0,

for all u ∈ H1
a (0, 1).
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3. Well-posedness for the homogeneous adjoint problems

Let us consider the homogeneous adjoint problems of (Pi ) given by
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ytt − Ai (t)y = 0, (t, x) ∈ QT ,

Bi y(t, 0) = 0, t ∈ (0, T ),

y(t, 1) = 0, t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, 1),

yt (0, x) = y1(x), x ∈ (0, 1),

(APi )

where Ai and Bi are defined in (1.3) and (1.4), respectively.
Clearly, thanks to the definition of the operators,

D(Ai (t)) = D(Ai ), ∀ t ∈ [0, T ]. (3.1)

Let us define

Hi =
{
L2

1
a
(0, 1), i = 1,

L2(0, 1), i = 2,
and Ki =

{
H1

1
a
(0, 1), i = 1,

H1
a (0, 1), i = 2.

In order to study thewell-posedness of (APi ), we introduce the followingHilbert space

H0 := Ki × Hi , (3.2)

with inner product and norm given by

〈(u, v), (ũ, ṽ)〉H0 := 〈u, ũ〉Ki + 〈v, ṽ〉Hi

and
‖(u, v)‖2H0

:= ‖u‖2Ki
+ ‖v‖2Hi

,

for all (u, v), (ũ, ṽ) ∈ H0 and for i = 1, 2. In particular

〈(u, v), (ũ, ṽ)〉H0 =
∫ 1

0
u′ũ′dx +

∫ 1

0

vṽ

a
dx and

‖(u, v)‖2H0
=

∫ 1

0
(u′)2dx +

∫ 1

0

v2

a
dx,

if i = 1 and

〈(u, v), (ũ, ṽ)〉H0 =
∫ 1

0
au′ũ′dx +

∫ 1

0
vṽdx and

‖(u, v)‖2H0
=

∫ 1

0
a(u′)2dx +

∫ 1

0
v2dx,

if i = 2. Moreover, we consider the matrix operator Bi : D(Bi ) ⊂ H0 → H0, i =
1, 2, given by

Bi (t) :=
(

0 I d
Ai (t) 0

)

,
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with domain

D(Bi (t)) := D(Ai (t)) × Ki ⊂ H0. (3.3)

Now, we can rewrite the problem (APi ) as a Cauchy problem

{
Ẏ(t) = Bi (t)Y(t), t ≥ 0,

Y(0) = Y0,
(CPi )

where Y(t) =
(
y
yt

)

and Y0 =
(
y0
y1

)

∈ H0.

Then, we prove the following existence and uniqueness result.

Theorem 2. Assume a (WD) or (SD) at 0, and b ∈ W 1,∞(0, T ) a strictly positive
function. Then, for all (y0, y1) ∈ Ki × Hi , i = 1, 2, (APi ) has a unique solution
y ∈ C1([0, T ]; Hi ) ∩ C([0, T ]; Ki ) ↪→ C([0, T ]; Hi ) ∩ L2(0, T ; Ki ).
Moreover, if (y0, y1) ∈ D(Ai ) × Ki , then y ∈ C2

([0, T ]; Hi
) ∩ C1

([0, T ]; Ki
) ∩

C
([0, T ]; D(Ai )

)
, i = 1, 2.

Since the Cauchy problem (CPi ) is non-autonomous, the idea to prove the above
theorem is to apply the following Kato Theorem (see [25, Theorem 1.2], [26, Theorem
1.9] or [27, Theorem 2.1]):

Theorem 3. Let T > 0 be fixed,H a Hilbert space andA (t) : D(A (t)) ⊂ H → H
a linear operator satisfying the following hypotheses:

(H1) D(A (t)) = D(A (0)), ∀ t ∈ [0, T ];
(H2) D(A (0)) is a dense subset of H;
(H3) ∀ t ∈ [0, T ], A (t) generates a strongly continuous semigroup on H, and the

family B = {A (t)}t∈[0,T ] is stable with stability constants C and p indepen-
dent of t

(i.e., the semigroup (St (s))s≥0 generated byA (t) satisfies

∥
∥
∥
∥

k∏

j=1

St j (s j )u

∥
∥
∥
∥H

≤

Cep
∑k

j=1 s j ‖u‖H, for all u ∈ H, s j ≥ 0, 0 ≤ t1 ≤ ... tk ≤ T, k ∈ N);

(H4)
∂

∂t
A ∈ L∞∗ (0, T ; B (D(A (0)),H)) which is the space of equivalent classes

of essentially bounded, strongly mesurable functions from [0, T ] into the set
of bounded operators B(D(A (0)),H).

Then
{
u̇(t) = A (t)u(t), t ∈ (0, T ),

u(0) = u0 ∈ H,

has a unique solution u ∈ C([0, T ],H) for all u0 ∈ H. Moreover, if u0 ∈ D(A (0)),
then u ∈ C

([0, T ]; D(A (0))
) ∩ C1

([0, T ];H)
.
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In order to apply the previous theorem, we need to verify that the conditions (H1)−
(H4) hold.
The condition (H1) follows immediately by (3.1). Moreover, as written before,

D(Ai ) is dense in Hi , i = 1, 2; thus, (H2) clearly holds in both cases since D(Ai (0)) =
D(Ai ), i = 1, 2. In order to prove (H3) and (H4), we need to introduce another inner
product in H0 that takes into account the term b(t). Just to fix the idea, we assume
that i = 1. Thus, for all t ≥ 0, we consider

〈U , Ũ〉t = 〈(u, v), (ũ, ṽ)〉t := b(t)〈u, ũ〉1 + 〈v, ṽ〉 1
a
, ∀ U = (u, v), Ũ = (ũ, ṽ) ∈ H0,

inducing the norm

‖U‖2t = ‖(u, v)‖2t = b(t)‖u‖21 + ‖v‖21
a
, ∀ U = (u, v) ∈ H0,

which is equivalent to the norm ‖ · ‖H0 inH0, being

1

max
{ 1
m , 1

}‖(u, v)‖2H0
≤ ‖(u, v)‖2t ≤ max{M, 1}‖(u, v)‖2H0

, (3.4)

for all U = (u, v) ∈ H0. Here

m := min
t∈[0,T ] b(t) and M := max

t∈[0,T ] b(t) (3.5)

(we recall that b ∈ W 1,∞(0, T ), hence b ∈ C[0, T ]). The first part of (H3) follows
by the next proposition.

Proposition 3. Assume a (WD) or (SD) at 0 and b ∈ W 1,∞(0, T ) a strictly positive
function. For all fixed t ≥ 0, the operator (B1(t), D(B1(t))) is m-dissipative and
generates a strongly continuous semigroup.

For the second part of (H3), it remains to prove that, for any t ≥ 0, B1 =
{B1(t)}t∈[0,T ] is a stable family of C0-semigroup generators with stability constants
C and p. Indeed, since B1(t) is the infinitesimal generator of a contraction semigroup
on H0 with respect to ‖ · ‖t , this means that ‖esB1(t)Y‖t ≤ ‖Y‖t ,∀ Y ∈ H0 and for
all s ≥ 0. Now, for all Y = (u, v) ∈ H0 we have

d

dt
‖Y‖2t = d

dt

(

b(t)‖u‖21 + ‖v‖21
a

)

= ḃ(t)‖u‖21 ≤ ‖ḃ‖∞,T

m
‖Y‖2t , ∀ Y ∈ H0.

By the Gronwall inequality, one has

‖Y‖2t ≤ ‖Y‖2s e
∫ t
s Cbdτ = ‖Y‖2s e(t−s)Cb , ∀ t ≥ s ≥ 0 and ∀ Y ∈ H0,

where Cb = ‖ḃ‖∞,T

m
. Then, we get ‖Y‖t ≤ ‖Y‖s e

Cb
2 (t−s), ∀ t ≥ s ≥ 0 and

∀ Y ∈ H0. Thanks to [26, Proposition 1.1], we obtain the desired result.
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Now, it remains to prove (H4). SinceA1(t)u = b(t)A1u, we have that
∂A1(t)

∂t
u =

ḃ(t)A1u, ∀ u ∈ D(A1(t)). Hence, for all Y = (u, v) ∈ H0

∥
∥
∥
∥
∂B1(t)

∂t
Y
∥
∥
∥
∥

2

H0

=
∥
∥
∥
∥
∂A1(t)

∂t
u

∥
∥
∥
∥

2

1
a

= ‖ḃ(t)A1u‖21
a

≤ ‖ḃ‖2∞,T ‖A1u‖21
a
;

thus

∥
∥
∥
∥

∂B1(t)

∂t
Y
∥
∥
∥
∥H0

≤ C‖B1(t)Y‖H0 , for all Y ∈ D(B1(t)), for a positive constant

C .

This shows that
∂B1(t)

∂t
u ∈ L∞∗

(
0, T ; B(D(B1(0)), L2

1
a
(0, 1))

)
.

Hence, we can apply the Kato theorem, obtaining the thesis if i = 1. The compu-
tations are similar if i = 2. In this case, we consider as inner product

〈Y, Ỹ〉t = 〈(u, v), (ũ, ṽ)〉t := b(t)〈u, ũ〉a + 〈v, ṽ〉L2(0,1),

∀ Y = (u, v), Ỹ = (ũ, ṽ) ∈ H0, which induces the norm

‖Y‖2t = ‖(u, v)‖2t = b(t)‖u‖2a + ‖v‖2, ∀ Y = (u, v) ∈ H0.

Also in this case the norms ‖ · ‖t and ‖ · ‖H0 are equivalent in H0 since (3.4) still
holds.
We conclude this section with an estimate on the solutions of (Pi ), i = 1, 2.

Theorem 4. Assume a (WD) or (SD) at 0 and b ∈ W 1,∞(0, T ) a strictly positive
function. Then, if (y0, y1) ∈ D(Ai ) × Ki , the unique solution y ∈ C2

([0, T ]; Hi
) ∩

C1
([0, T ]; Ki

)∩C
([0, T ]; D(Ai )

)
, i = 1, 2, of (APi ) satisfies the following estimate

sup
t∈[0,T ]

(

‖yt (t)‖21
a

+ ‖yx (t)‖2
)

≤
(‖ḃ‖∞,T T + 1

m
eT

‖ḃ‖∞,T
m + 1

)

max{1, b(0)}‖(y0, y1)‖2H′ ,

if i = 1 and

sup
t∈[0,T ]

(
‖yt (t)‖2 + ‖√ayx (t)‖2

)

≤
(‖ḃ‖∞,T T + 1

m
eT

‖ḃ‖∞,T
m + 1

)

max{1, b(0)}‖(y0, y1)‖2H′ ,

if i = 2.

Proof. Assume that y is the classical solution of (APi ) and assume for simplicity that
i = 1. Then, multiplying the equation of (APi ) (with i = 1) by yt

a and integrating over
(0, 1), one has

1

2

d

dt
‖yt (t)‖21

a
+ 1

2
b(t)

d

dt
‖yx (t)‖2 = 0.
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Thus

d

dt

(

‖yt (t)‖21
a

+ b(t)‖yx (t)‖2
)

= ḃ(t)‖yx (t)‖2.

Integrating over (0, t), one has, i.e.,

‖yt (t)‖21
a

+ b(t)‖yx (t)‖2 ≤ ‖ḃ‖∞,T

∫ t

0
‖yx (τ )‖2dτ + ‖y1‖21

a
+ b(0)‖(y0)x‖2

≤ ‖ḃ‖∞,T

∫ t

0
‖yx (τ )‖2dτ + max{1, b(0)}‖(y0, y1)‖2H′ .

(3.6)
In particular, one has

m‖yx (t)‖2 ≤ b(t)‖yx (t)‖2 ≤ ‖ḃ‖∞,T

∫ t

0
‖yx (τ )‖2dτ + max{1, b(0)}‖(y0, y1)‖2H0

.

Hence

‖yx (t)‖2 ≤ ‖ḃ‖∞,T

m

∫ t

0
‖yx (τ )‖2dτ + max{1, b(0)}

m
‖(y0, y1)‖2H′

and, by the Gronwall inequality, we obtain

‖yx (t)‖2 ≤ max{1, b(0)}
m

‖(y0, y1)‖2H0
eT

‖ḃ‖∞,T
m ,

for all t ∈ [0, T ]. Coming back to (3.6), one has

‖yt (t)‖21
a

≤ ‖ḃ‖∞,T

∫ t

0
‖yx (τ )‖2dτ + max{1, b(0)}‖(y0, y1)‖2H′

≤
(‖ḃ‖∞,T T

m
eT

‖ḃ‖∞,T
m + 1

)

max{1, b(0)}‖(y0, y1)‖2H′ ,

for all t ∈ [0, T ]. In particular,

sup
t∈[0,T ]

(

‖yt (t)‖21
a

+ ‖yx (t)‖2
)

≤
(‖ḃ‖∞,T T + 1

m
eT

‖ḃ‖∞,T
m + 1

)

max{1, b(0)}‖(y0, y1)‖2H0
.

�

4. Energy estimates: upper and lower bounds

In this section, we prove two estimates of the energy associated to the solution
of (APi ): one from below and the other one from above. If the propagation speed
b(t) is constant, for example b(t) = 1 for all t ∈ [0, T ], then the total energy at the
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initial time is conserved with respect to t (see [24] for the divergence case and [11]
for the non-divergence one). On the other hand, the variable propagation speed with
respect to t describes a change of the quantity of the total energy, precisely, ḃ(t) > 0
and ḃ(t) < 0 imply the increasing and the decreasing behavior of the total energy,
respectively. Hence, oscillating propagation speed makes the behavior of the energy
more complicate. In this paper, we consider the general case ḃ(t) �= 0. Clearly, the
case ḃ(t) = 0 a.e. t ∈ [0, T ] implies that the function b is a constant and thus we have
again the autonomous case.

In the next subsection, wewill prove that in the non-autonomous degenerate case, as
in the non-degenerate case, the so-called generalized energy conservation law holds.
In particular, setting Ey(t) the energy associate to (APi ), one has that there exists
C1,C2 > 0 such that

C2Ey(0) ≤ Ey(t) ≤ C1Ey(0), (4.1)

for all t ∈ [0, T ].
In the following, we make the next assumption:

Hypothesis 5. Assume a (WD) or (SD) at 0 and b ∈ W 1,∞(0,+∞) a strictly positive
function in (0,+∞).

4.1. Energy bounds in the non-divergence case

Consider the degenerate hyperbolic problem with Dirichlet boundary conditions

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ytt − b(t)a(x)yxx = 0, (t, x) ∈ QT ,

y(t, 1) = y(t, 0) = 0, t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, 1),

yt (0, x) = y1(x), x ∈ (0, 1).

(4.2)

Let y be a mild solution of (4.2) and consider its energy given by the continuous
function defined as

Ey(t) = 1

2

∫ 1

0

(
1

a
y2t (t, x) + b(t)y2x (t, x)

)

dx, ∀ t ≥ 0. (4.3)

Theorem 6. Assume Hypothesis 5, fix T > 0 and let y be a classical solution of (4.2).
Then, (4.1) holds in [0, T ], with

C1 := e
‖ḃ‖∞,T

m T and C2 := e− ‖ḃ‖∞,T
m T . (4.4)

In addition, if b is non-increasing, then Ey is non-increasing; if b is increasing then
Ey is increasing. In particular, (4.1) holds in [0, T ], with

C1 :=
{
1, if b is non-increasing,

e
‖ḃ‖∞,T
b(0) T

, if b is non-decreasing,
(4.5)
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and

C2 :=
⎧
⎨

⎩

e− ‖ḃ‖∞,T
b(T )

T
, if b is non-increasing,

1, if b is non-decreasing.
(4.6)

Proof. Multiplying the equation by
yt
a

(recall that yt ∈ H1
1
a
(0, 1) by Theorem 2),

integrating over (0, 1) and using the boundary conditions one has

0 = 1

2

∫ 1

0

d

dt

(
y2t
a

)

dx + 1

2

∫ 1

0
b(t)

d

dt

(
y2x

)
dx

⇐⇒ d

dt
Ey(t) = 1

2

∫ 1

0

d

dt

(
y2t
a

+ b(t)y2x

)

dx = 1

2

∫ 1

0
ḃ(t)y2x dx .

(4.7)

Hence,

∣
∣
∣
∣
d

dt
Ey(t)

∣
∣
∣
∣ ≤ 1

2
‖ḃ‖∞,T

∫ 1

0
y2x (t, x)dx

≤ ‖ḃ‖∞,T

m

1

2

∫ 1

0
b(t)y2x (t, x)dx ≤ ‖ḃ‖∞,T

m
Ey(t),

(4.8)

and

d

dt

(

Ey(t)e
− ‖ḃ‖∞,T

m t
)

≤ 0

for all t ≥ 0. Hence, the function t ∈ [0, T ] 	→ Ey(t)e− ‖ḃ‖∞,T
m t is non-increasing;

thus Ey(t)e− ‖ḃ‖∞,T
m t ≤ Ey(0), for all t ∈ [0, T ], i.e., Ey(t) ≤ Ey(0)e

‖ḃ‖∞,T
m t ≤

Ey(0)e
‖ḃ‖∞,T

m T , for all t ∈ [0, T ]. Setting C1 := e
‖ḃ‖∞,T

m T , one has Ey(t) ≤ C1Ey(0),

for all t ∈ [0, T ]. Moreover, by (4.8), d
dt Ey(t) ≥ −‖ḃ‖∞,T

m Ey(t), then

d

dt

(

Ey(t)e
‖ḃ‖∞,T

m t
)

≥ 0,

for all t ≥ 0. Hence, the function t ∈ [0, T ] 	→ Ey(t)e
‖ḃ‖∞,T

m t is non-decreasing; thus

Ey(0) ≤ Ey(t)e
‖ḃ‖∞,T

m t ≤ Ey(t)e
‖ḃ‖∞,T

m T , for all t ∈ [0, T ]. SettingC2 := e− ‖ḃ‖∞,T
m T ,

one has C2Ey(0) ≤ Ey(t), for all t ∈ [0, T ] and the thesis follows.
Moreover, if b is non-increasing, then the energy Ey is non-increasing. In particular

Ey(t) ≤ Ey(0), for all t ≥ 0 and (4.1) holds with C1 = 1.
On the other hand, assuming b non-decreasing, one has that Ey is non-decreasing;

in particular Ey(0) ≤ Ey(t), for all t ≥ 0 and (4.1) holds with C2 = 1.
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Theorem 7. Assume Hypothesis 5 and fix T > 0. If y is a classical solution of (4.2),
then we have

1

2

∫ T

0
b(t)y2x (t, 1)dt =

∫ 1

0

[
x2yx yt

a

]t=T

t=0
dx +

∫

QT

xby2x dxdt

+ 1

2

∫

QT

(

2 − xa′

a

)
1

a
xy2t dxdt.

(4.9)

Proof. Multiplying the equation in (4.2) by
x2yx
a

, integrating over QT and proceeding

as in [11, Theorem 3.4], we have

0 =
∫ 1

0

[
x2yx yt

a

]t=T

t=0
dx − 1

2

∫

QT

x2

a
(y2t )xdxdt −

∫

QT

x2byx yxxdxdt

=
∫ 1

0

[
x2yx yt

a

]t=T

t=0
dx − 1

2

∫ T

0

[
x2by2x

]x=1

x=0
dt

+
∫

QT

xby2x dxdt + 1

2

∫

QT

xy2t
a

(

2 − xa′

a

)

dxdt.

(4.10)

In addition, thanks to Lemma 1, limx→0 x2y2x (t, x) = 0, hence

∫ T

0

[
x2by2x

]x=1

x=0
dt =

∫ T

0
b(t)y2x (t, 1)dt. (4.11)

Thanks to (4.10) and (4.11), the thesis follows. �

Corollary 1. Assume Hypothesis 5 and fix T > 0. If y is a mild solution (4.2), then

∫ T

0
b(t)y2x (t, 1)dt ≤ M1Ey(0), (4.12)

where M1 := 2max
{

1
a(1)m , 1

}
(1 + C1) + (2 + K )C1T .

Proof. As a first step, assume that y is a classical solution of (4.2), hence (4.9) holds.
Proceeding as in the proof of [11, Theorem 3.4], we estimate the boundary terms in
(4.9). In particular, by (2.1), one has

∣
∣
∣
∣

∫ 1

0

x2yx (τ, x)yt (τ, x)

a
dx

∣
∣
∣
∣ ≤ 1

2a(1)

∫ 1

0
y2x (τ, x)dx + 1

2

∫ 1

0

y2t (τ, x)

a
dx

≤ 1

2a(1)m

∫ 1

0
b(τ )y2x (τ, x)dx + 1

2

∫ 1

0

y2t (τ, x)

a
dx ≤ max

{
1

a(1)m
, 1

}

Ey(τ ),

(4.13)
for all τ ∈ [0, T ]. By the previous inequality and Theorem 6, we get

∫ 1

0

[
x2yx (τ, x)yt (τ, x)

a

]τ=T

τ=0
dx ≤ 2max

{
1

a(1)m
, 1

}

(1 + C1)Ey(0). (4.14)
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Now, using the fact that x |a′| ≤ Ka, we find
∣
∣
∣
∣
1

2

∫

QT

xy2t
a

(

2 − xa′

a

)

dxdt

∣
∣
∣
∣ ≤ 2 + K

2

∫

QT

y2t
a
dxdt.

Finally, we clearly have
∫

QT
xby2x dxdt ≤ ∫

QT
by2x dxdt.Hence, by (4.9) andTheorem

6,

1

2

∫ T

0
b(t)y2x (t, 1)dt ≤ 2max

{
1

a(1)m
, 1

}

(1 + C1)Ey(0)

+
∫

QT

by2x dxdt + 2 + K

2

∫

QT

y2t
a
dxdt

≤ 2max

{
1

a(1)m
, 1

}

(1 + C1)Ey(0) + (2 + K )

∫ T

0
Ey(t)dt

≤ 2max

{
1

a(1)m
, 1

}

(1 + C1)Ey(0) + (2 + K )C1T Ey(0).

Hence, the inequality (4.12) holds true for all T ≥ 0 if y is a classical solution. Now,
let y be the mild solution of (4.2) associated to the initial data (y0, y1) ∈ H0, and
consider a sequence {(yn0 , yn1 )}n∈N ⊂ D(B1(t)) that approximates (y0, y1). Let yn be
the classical solution of (4.2) associated to (yn0 , yn1 ). Clearly yn satisfies (4.12), and
by linearity (yn)x is a Cauchy sequence in L2(0, T ), then we can conclude by passing
to the limit. �

We shall also prove an estimate from above for the energy. To this aim the next
equality is crucial.

Theorem 8. Assume Hypothesis 5 and fix T > 0. If y is a classical solution of (4.2),
then we have

1

2

∫ T

0
b(t)y2x (t, 1)dt =

∫ 1

0

[ xyx yt
a

]t=T

t=0
dx + 1

2

∫

QT

by2x dxdt

+ 1

2

∫

QT

(

1 − xa′

a

)
1

a
y2t dxdt.

(4.15)

Proof. We proceed as in [11, Theorem 3.3]. Thus, multiplying the equation in (4.2)

by
xyx
a

and integrating over QT , we have

0 =
∫ 1

0

[ xyx yt
a

]t=T

t=0
dx − 1

2

∫

QT

x

a
(y2t )xdxdt − 1

2

∫

QT

xb(y2x )xdxdt

=
∫ 1

0

[ xyx yt
a

]t=T

t=0
dx − 1

2

∫ T

0

[ x

a
y2t

]x=1

x=0
dt + 1

2

∫

QT

(

1 − xa′

a

)
y2t
a
dxdt

− 1

2

∫ T

0

[
xby2x

]x=1

x=0
dt + 1

2

∫

QT

by2x dxdt.

(4.16)



J. Evol. Equ. Boundary observability and null-controllability for… Page 19 of 31    93 

Now, thanks to theboundary conditions on y andLemma1,wehave
∫ T
0

[
xby2x

]x=1
x=0 dt =

∫ T
0 b(t)y2x (t, 1)dt,

1

a(1)
y2t (t, 1) = 0 and limx→0

x
a y

2
t (t, x) = 0 (recall that y is a clas-

sical solution, thus yt (t, ·) ∈ H1
1
a
(0, 1)). Hence, (4.16) reads

1

2

∫ T

0
b(t)y2x (t, 1)dt =

∫ 1

0

[ xyx yt
a

]t=T

t=0
dx + 1

2

∫

QT

(

1 − xa′

a

)
1

a
y2t dxdt

+ 1

2

∫

QT

by2x dxdt

(4.17)
and the thesis holds.

�

As a consequence, we have the next estimate on the energy.

Corollary 2. Assume Hypothesis 5 and fix T > 0. If y is a mild solution (4.2), then

∫ T

0
b(t)y2x (t, 1)dt ≥ M2Ey(0), (4.18)

where

M2 := T (2 − K )C2 − 2(1 + C1)max

{

1,
1

a(1)

}

− K

2
(1 + C1)max

{

1,
CHP

m

}

.

Proof. As in the proof of Corollary 1, assume that y is a classical solution. First of all,
observe that by the boundary condition on y, we have (byx y)(t, 1) = (byx y)(t, 0) = 0.

Hence, multiplying the equation in (4.2) by
−Ky

2a
and integrating on QT , we obtain

0 = −K

2

∫ 1

0

[ yyt
a

]t=T

t=0
dx + K

2

∫

QT

y2t
a
dxdt + K

2

∫ T

0
[byx y]

x=1
x=0 dt − K

2

∫

QT

by2x dxdt

= −K

2

∫ 1

0

[ yyt
a

]t=T

t=0
dx + K

2

∫

QT

y2t
a
dxdt − K

2

∫

QT

by2x dxdt.

Summing the previous equality to (4.15) multiplied by 2 and using (1.2), we have

∫ T

0
b(t)y2x (t, 1)dt=2

∫ 1

0

[ xyx yt
a

]t=T

t=0
dx− K

2

∫ 1

0

[ yyt
a

]t=T

t=0
dx+ K

2

∫

QT

y2t
a
dxdt

−K

2

∫

QT

by2x dxdt +
∫

QT

y2t
a
dxdt +

∫

QT

by2x dxdt −
∫

QT

xa′

a

y2t
a
dxdt

≥ 2
∫ 1

0

[ xyx yt
a

]t=T

t=0
dx − K

2

∫ 1

0

[ yt y

a

]t=T

t=0
dx +

(

1 − K

2

)∫

QT

by2x dxdt

+
(

1 + K

2

)∫

QT

y2t
a
dxdt − K

∫

QT

y2t
a
dxdt
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= 2
∫ 1

0

[ xyx yt
a

]t=T

t=0
dx − K

2

∫ 1

0

[ yt y

a

]t=T

t=0
dx + (2 − K )

∫ T

0
Ey(t)dt.

By Theorem 6, it follows that

∫ T

0
b(t)y2x (t, 1)dt ≥ 2

∫ 1

0

[ xyx yt
a

]t=T

t=0
dx

−K

2

∫ 1

0

[ yt y

a

]t=T

t=0
dx + (2 − K )C2T Ey(0).

Now, we move to the boundary terms. As in [11, Theorem 3.7]

2
∣
∣
∣

( xyx yt
a

)
(τ, x)

∣
∣
∣ ≤

(
y2t
a

+ y2x
a(1)

)

(τ, x)

for all τ ∈ [0, T ]. Thus, by Theorem 6

2

∣
∣
∣
∣

∫ 1

0

[ xyx yt
a

]t=T

t=0
dx

∣
∣
∣
∣ ≤

∫ 1

0

y2t
a

(T, x)dx + 1

a(1)m

∫ 1

0
(by2x )(T, x)dx

+
∫ 1

0

y2t
a

(0, x)dx + 1

a(1)m

∫ 1

0
(by2x )(0, x)dx

≤ 2max

{

1,
1

a(1)

}

Ey(T ) + 2max

{

1,
1

a(1)

}

Ey(0)

≤ 2(1 + C1)max

{

1,
1

a(1)

}

Ey(0).

(4.19)

Moreover, as in [11, Theorem 3.7],
∣
∣
( yyt

a

)
(τ, x)

∣
∣ ≤ 1

2

(
y2t
a + y2

a

)
(τ, x), for all τ ≥ 0.

Thus, by Proposition 1 and Theorem 6, we get

K

2

∣
∣
∣
∣

∫ 1

0

[ yyt
a

]t=T

t=0
dx

∣
∣
∣
∣ ≤ K

4

∫ 1

0

y2t
a

(T, x)dx + K

4

CHP

m

∫ 1

0
b(T )y2x (T, x)dx

+ K

4

∫ 1

0

y2t
a

(0, x)dx + K

4

CHP

m

∫ 1

0
b(0)y2x (0, x)dx

≤ K

2
max

{

1,
CHP

m

}

Ey(T ) + K

2
max

{

1,
CHP

m

}

Ey(0)

≤ K

2
(1 + C1)max

{

1,
CHP

m

}

Ey(0).

Hence
∫ T
0 b(t)y2x (t, 1)dt ≥ M2Ey(0).Thus the conclusion holds true if y is a classical

solution.Now, let y be themild solution associated to the initial data (y0,T , y1,T ) ∈ H0.
By approximation, as in the proof of Corollary 1, we get the same estimates for mild
solutions. �
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4.2. Energy bounds in the divergence case

Consider the following degenerate hyperbolic problem

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ytt − b(t)(a(x)yx )x = 0, (t, x) ∈ QT ,

y(t, 0) =
{
0, if a is (WD),

limx→0 a(x)ux (t, x) = 0, if a is (SD),
t ∈ (0, T ),

y(t, 1) = 0, t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, 1),

yt (0, x) = y1(x), x ∈ (0, 1).

(4.20)

Let y be a mild solution of (4.20) and consider its energy given by

Ey(t) = 1

2

∫ 1

0

(
y2t (t, x) + b(t)a(x)y2x (t, x)

)
dx, ∀ t ≥ 0. (4.21)

Theorem 9. Assume Hypothesis 5 and let y be a classical solution of (4.20). Then,
(4.1) holds in [0, T ], with C1 and C2 given in (4.4). In addition, if b is non-increasing,
then Ey is non-increasing; if b is increasing then Ey is increasing. In particular,
for fixed T > 0, (4.1) holds in [0, T ] with C1 and C2 defined as in (4.5) and (4.6),
respectively.

Proof. The proof is similar to the one of Theorem 6, thus we omit it. We only observe
that, in this case, if y is a classical solution of (4.20), multiplying the equation by
yt (recall that yt ∈ H1

a (0, 1) by Theorem 2), integrating over (0, 1) and using the
boundary conditions one has

0 = 1

2

∫ 1

0

d

dt

(
y2t

)
dx + 1

2

∫ 1

0
b(t)a(x)

d

dt

(
y2x

)
dx

⇐⇒ d

dt
Ey(t) = 1

2

∫ 1

0

d

dt

(
y2t + b(t)a(x)y2x

)
dx = 1

2

∫ 1

0
ḃ(t)a(x)y2x dx;

(4.22)

hence
∣
∣
∣
∣
d

dt
Ey(t)

∣
∣
∣
∣ ≤ 1

2
‖ḃ‖∞,T

∫ 1

0
a(x)y2x (t, x)dx

≤ 1

2

‖ḃ‖∞,T

m

∫ 1

0
b(t)a(x)y2x (t, x)dx ≤ ‖ḃ‖∞,T

m
Ey(t),

(4.23)

for all t ≥ 0.

In the divergence case, the analogous of Theorem 7 is the next result.

Theorem 10. Assume Hypothesis 5 and fix T > 0. If y is a classical solution of (4.2),
then we have
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a(1)

2

∫ T

0
b(t)y2x (t, 1)dt =

∫ 1

0
[xyx yt ]

t=T
t=0 dx

+ 1

2

∫

QT

y2t dxdt + 1

2

∫

QT

(a − xa′)by2x dxdt.
(4.24)

For the proof of the previous result, Lemma 2 is crucial, but we omit it since it is
similar to the one of [24, Lemma 3.2]; indeed if b(t) ≡ 1 for all t ∈ [0, T ], then we
have exactly the same result as in the autonomous case ( [24, Lemma 3.2]).
Thanks to the previous theorem we can obtain the analogous of Corollary 1.

Corollary 3. Assume Hypothesis 5 and fix T > 0. If y is a mild solution (4.2), then
∫ T

0
b(t)y2x (t, 1)dt ≤ M̃1Ey(0), (4.25)

where M̃1 := 1
a(1)

(
2(1 + C1)max

{
1, 1

a(1)m

}
+ 2(1 + K )C1T

)
.

Proof. As a first step, assume that y is a classical solution of (4.20). Then (4.24) holds
and, as in [8, Lemma3.2],

2 |(xyx yt ) (τ, x)| ≤
(
y2t + x2y2x

)
(τ, x) ≤

(

y2t + 1

a(1)
ay2x

)

(τ, x)

for all τ ∈ [0, T ]. Thus, by Theorem 9

2

∣
∣
∣
∣

∫ 1

0
[xyx yt ]

t=T
t=0 dx

∣
∣
∣
∣ ≤

∫ 1

0
y2t (T, x)dx + 1

a(1)m

∫ 1

0
(aby2x )(T, x)dx

+
∫ 1

0
y2t (0, x)dx + 1

a(1)m

∫ 1

0
(aby2x )(0, x)dx

≤ 2max

{

1,
1

a(1)m

}

Ey(T ) + 2max

{

1,
1

a(1)m

}

Ey(0)

≤ 2(1 + C1)max

{

1,
1

a(1)m

}

Ey(0).

(4.26)
By (4.24) multiplied by 2, we have

a(1)
∫ T

0
b(t)y2x (t, 1)dt ≤ 2(1 + C1)max

{

1,
1

a(1)m

}

Ey(0)

+
∫

QT

y2t dxdt + (1 + K )

∫

QT

aby2x dxdt

≤ 2(1 + C1)max

{

1,
1

a(1)m

}

Ey(0)

+ 2(1 + K )

∫ T

0
Ey(t)dt ≤ 2(1 + C1)max

{

1,
1

a(1)m

}

Ey(0)

+ 2(1 + K )C1T Ey(0).

If y is a mild solution, then we can proceed as in Corollary 1 obtaining the thesis.
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Thus, Corollary 2 becomes the following

Corollary 4. Assume Hypothesis 5 and fix T > 0. If y is a mild solution (4.20), then
∫ T

0
b(t)y2x (t, 1)dt ≥ M̃2Ey(0), (4.27)

where

M̃2 : = 1

a(1)

(

(2 − K )C2T − 2(1 + C1)max

{

1,
1

a(1)m

}

−K

2
(1 + C1)max

{

1,
Ca

m

})

.

Proof. We proceed as in Corollary 1; thus assume, as a first step, that y is a classi-

cal solution. As in [8, Theorem 3.4], multiplying the equation in (4.20) by
Ky

2
and

integrating on QT , we obtain

0 = K

2

∫

QT

yytt dxdt − K

2

∫

QT

by(ayx )xdxdt

= K

2

∫ 1

0
[yyt ]

t=T
t=0 dx − K

2

∫

QT

y2t dxdt + K

2

∫

QT

aby2x dxdt,

being
∫ T
0 [abyx y]x=1

x=0 dt = 0. Summing the previous equality to (4.24) multiplied by
2 and using (1.2), we have

a(1)
∫ T

0
b(t)y2x (t, 1)dt = 2

∫ 1

0
[xyx yt ]

t=T
t=0 dx

+ K

2

∫ 1

0
[yt y]

t=T
t=0 dx + (2 − K )

∫ T

0
Ey(t)dt.

By Theorem 9, it follows

a(1)
∫ T

0
b(t)y2x (t, 1)dt ≥ 2

∫ 1

0
[xyx yt ]

t=T
t=0 dx

+ K

2

∫ 1

0
[yt yx ]

t=T
t=0 dx + (2 − K )C2T Ey(0).

(4.28)

Now, we consider the boundary terms. As in Corollary 3

2

∣
∣
∣
∣

∫ 1

0
[xyx yt ]

t=T
t=0 dx

∣
∣
∣
∣ ≤ 2(1 + C1)max

{

1,
1

a(1)m

}

Ey(0). (4.29)

Moreover, as in [8, Theorem 3.4], for all τ ∈ [0, T ] one has
∫ 1

0
|(yyt ) (τ, x)| dx ≤ 1

2

∫ 1

0

(
y2t + y2

)
(τ, x)dx

≤ 1

2

∫ 1

0
y2t (τ, x)dx + Ca

2

∫ 1

0
ay2x (τ, x)dx,
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by Proposition 2, where Ca is defined in (2.7).
Thus, we get

K

2

∣
∣
∣
∣

∫ 1

0
[yyt ]

t=T
t=0 dx

∣
∣
∣
∣ ≤ K

4

∫ 1

0
y2t (T, x)dx + K

4

Ca

m

∫ 1

0
a(x)b(T )y2(T, x)dx

+ K

4

∫ 1

0

y2t
a

(0, x)dx + K

4

Ca

m

∫ 1

0
a(x)b(0)y2(0, x)dx

≤ K

2
max

{

1,
Ca

m

}

Ey(T ) + K

2
max

{

1,
Ca

m

}

Ey(0)

≤ K

2
(1 + C1)max

{

1,
Ca

m

}

Ey(0).

Hence, by (4.28),
∫ T

0
b(t)y2x (t, 1)dt ≥ M̃2Ey(0). , Thus the conclusion holds true

if y is a classical solution. If y is a mild solution, we can proceed as in Corollary 1
obtaining the thesis.

5. Boundary observability and null-controllability

Following [24] for the divergence case and [11] for the non-divergence case, we
give the next definition:

Definition 2. Problem (4.2) (or (4.20)) is said to be observable in time T > 0 via
the normal derivative at x = 1 if there exists a constant C > 0 such that, for any
(y0T , y1T ) ∈ H0, the mild solution y of (4.2) satisfies

CEy(0) ≤
∫ T

0
b(t)y2x (t, 1)dt. (5.1)

Moreover, any constant satisfying (5.1) is called observability constant for (4.2) (or
for (4.20)) in time T .

Setting

CT := sup{C > 0 : C satisfies (5.1)},

we have that (4.2) is observable if and only if

CT = inf
(y0,y1) �=(0,0)

∫ T
0 b(t)y2x (t, 1)dt

Ey(0)
> 0.

The inverse of CT , ct := 1

CT
, is called the cost of observability (or the cost of control)

in time T .
Thus, as immediate consequences of Corollaries 2 and 4, one has the next results.
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Proposition 4. Assume Hypothesis 5 and set

T0 := 1

(2 − K )C2

(

2(1 + C1)max

{

1,
1

a(1)

}

+ K

2
(1 + C1)max

{

1,
CHP

m

})

.

(5.2)
If T > T0, then (4.2) is observable in time T . Moreover,

T (2 − K )C2 − 2(1 + C1)max

{

1,
1

a(1)

}

− K

2
(1 + C1)max

{

1,
CHP

m

}

≤ CT .

The analogous statement of Proposition 4 in the divergence case is the following:

Proposition 5. Assume Hypothesis 5 and set

T̃0 := 1

(2 − K )C2

(

2(1 + C1)max

{

1,
1

a(1)m

}

+ K

2
(1 + C1)max

{

1,
Ca

m

})

.

(5.3)
If T > T̃0 then (4.20) is observable in time T . Moreover,

1

a(1)

(

(2 − K )C2T − 2(1 + C1)max

{

1,
1

a(1)m

}

− K

2
(1 + C1)max

{

1,
Ca

m

})

≤ CT .

In the following, we will study the problem of null-controllability for (Pi ). More
precisely, denoting with K ∗

i the dual space of Ki , i = 1, 2, and given (u0, u1) ∈
Hi × K ∗

i , we look for a control f ∈ L2(0, T ) such that the solution of (Pi ) satisfies
(1.5).
To this aim, we give the definition of a solution for (Pi ) by transposition which

permits low regularity on the solution itself. Such a definition is formally obtained

by multiplying the equation of (Pi ) by
v

a
, in the non-divergence case, or by v, in

the divergence case, and integrating by parts. In particular, we have the following
definition:

Definition 3. Fix T > 0; let f ∈ L2(0, T ) and (u0, u1) ∈ Hi × K ∗
i , i = 1, 2. We say

that u is a solution by transposition of (Pi ) if

u ∈ C1([0, T ]; K ∗
i ) ∩ C([0, T ]; Hi )

and

〈ut (T ), v0,T 〉H−1
1
a

(0,1),H1
1
a
(0,1) −

∫ 1

0

1

a
u(T )v1,T dx = 〈u1, v(0)〉H−1

1
a

(0,1),H1
1
a
(0,1)

−
∫ 1

0

1

a
u0vt (0, x)dx −

∫ T

0
b(t) f (t)vx (t, 1)dt,

(5.4)
if i = 1, and

〈ut (T ), v0,T 〉H−1
a (0,1),H1

a (0,1) −
∫ 1

0
u(T )v1,T dx = 〈u1, v(0)〉H−1

a (0,1),H1
a (0,1)

−
∫ 1

0
u0vt (0, x)dx −

∫ T

0
b(t) f (t)vx (t, 1)dt,

(5.5)
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if i = 2, for all (v0,T , v1,T ) ∈ Ki × Hi , where v solves the backward problem
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

vt t − Ai (t)v = 0, (t, x) ∈ QT ,

v(t, 1) = v(t, 0) = 0, t ∈ (0, T ),

v(T, x) = v0,T (x), x ∈ (0, 1),

vt (T, x) = v1,T (x), x ∈ (0, 1),

(5.6)

i = 1, 2.

Observe that, setting y(t, x) := v(T − t, x), one has that y satisfies (4.2) with
y0(x) = v0,T (x) and y1(x) = −v1,T (x). Hence, we can apply Theorem 2 obtaining
that there exists a unique mild solution y of (4.2) in [0, T ]. In particular, there exists
a unique mild solution v of (5.6)

v ∈ C1([0, T ]; Hi ) ∩ C([0, T ]; Ki ),

i = 1, 2, which depends continuously on the initial data VT := (v0,T , v1,T ) ∈ H0.
Using Theorems 6 and 9, one can prove the next result.

Proposition 6. Fix T > 0 and assume Hypothesis 5. Then, there exists a unique
solution u by transposition of (Pi ), i = 1, 2.

Proof. For simplicity, assume i = 1, being the case i = 2 similar. Thus, consider the
functional G : H0 → R given by

G(v0,T , v1,T ) : = 〈u1, v(0)〉H−1
1
a

(0,1),H1
1
a
(0,1)

−
∫ 1

0

1

a
u0vt (0, x)dx −

∫ T

0
b(t) f (t)vx (t, 1)dt,

(5.7)

where v satisfies (5.6). Clearly, G is linear and continuous. Being G ∈ (H0)
∗ (where

(H0)
∗ is the dual space of H0), we can use the Riesz Theorem obtaining that there

exists a unique (ũ0,T , ũ1,T ) ∈ H0, which can be identified with H∗
0, such that

G(v0,T , v1,T ) = 〈(ũ0,T , ũ1,T ), (v0,T , v1,T )〉H0

= 〈ũ0,T , v0,T 〉H−1
1
a

(0,1),H1
1
a
(0,1) +

∫ 1

0

1

a
ũ1,T v1,T dx .

(5.8)

Moreover, ũ0,T , ũ1,T depend continuously on T , so there exists a unique

u ∈ C([0, T ]; L2
1
a
(0, 1)) ∩ C1([0, T ]; H−1

1
a

(0, 1))

such that u(T ) = −ũ1,T and ut (T ) = ũ0,T . By (5.7) and (5.8), we can conclude that
u is the unique solution by transposition of (Pi ). �
Now, we can prove the null-controllability result. To this aim, we consider the

bilinear form � : H0 × H0 → R defined as

�(VT ,WT ) :=
∫ T

0
b(t)vx (t, 1)wx (t, 1)dt,
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where v and w are the solutions of (5.6) associated to VT := (v0,T , v1,T ) and WT :=
(w0,T , w1,T ), respectively. The following lemma holds.

Lemma 3. Assume Hypothesis 5 and fix T > T0, in the non-divergence case, or
T > T̃0, in the divergence one. Then, the bilinear form � is continuous and coercive.

Proof. Also in this case we consider i = 1, being i = 2 similar.
For i = 1, the proof is similar to the one given in [11], but we repeat here for the

reader’s convenience since in this case the energy is non-constant as in [11] and we
have the term b(t). By Theorem 6 and Corollary 1, one has

|�(VT ,WT )| ≤
∫ T

0
b(t) |vx (t, 1)wx (t, 1)| dt

≤
(∫ T

0
b(t)v2x (t, 1)dt

) 1
2
(∫ T

0
b(t)w2

x (t, 1)dt

) 1
2

≤ M1E
1
2
v (0)E

1
2
w(0) ≤ M1

C2
E

1
2
v (T )E

1
2
w(T )

≤ M1

2C2
max{1, M}

(∫ 1

0

(v1,T )2(x)

a
dx +

∫ 1

0
v2x (T, x)dx

) 1
2

×

×
(∫ 1

0

(w1,T )2(x)

a
dx +

∫ 1

0
w2
x (T, x)dx

) 1
2

= M1

2C2
max{1, M}‖(v(T ), vt (T ))‖H′‖(w(T ), wt (T ))‖H′

= M1

2C2
max{1, M}‖VT ‖H′‖WT ‖H′ ,

for all VT ,WT ∈ H0. In a similar way, one can prove that � is coercive. Indeed, by
Theorem 2 one has

|�(VT , VT )| =
∫ 1

0
b(t)v2x (t, 1)dt ≥ M2Ev(0) ≥ M2

C1
Ev(T )

≥ M2

2C1
min{1,m}‖VT ‖2H′ ,

for all VT ∈ H0.

Thanks to �, the following null-controllability result holds.

Theorem 11. Assume Hypothesis 5 and fix T > T0, in the non-divergence case, or
T > T̃0, in the divergence one. Then, for every (u0, u1) in Hi × K ∗

i , i = 1, 2, there
exists a control f ∈ L2(0, T ) such that the solution u by transposition of (Pi ) satisfies

u(T, x) = ut (T, x) = 0 a.e. x ∈ (0, 1).
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Proof. Again assume i = 1, since the proof for i = 2 is similar. Consider the contin-
uous linear map L : H0 → R defined as

L(VT ) := −
∫ 1

0

u0vt (0, x)

a
dx + 〈u1, v(0)〉H−1

1
a

(0,1),H1
1
a
(0,1),

where v is the solution of (5.6) associated to the final data VT := (v0,T , v1,T ) ∈ H0.
Thanks to the previous lemma and by the Lax-Milgram Theorem, there exists a unique
V̄T ∈ H0 such that

�(V̄T ,WT ) = L(WT ), ∀ WT ∈ H0. (5.9)

Set f (t) := b(t)v̄x (t, 1), v̄ being the solution of (5.6) with initial data V̄T . Then, by
(5.9) we get

∫ T

0
f (t)wx (t, 1)dt =

∫ T

0
b(t)v̄x (t, 1)wx (t, 1)dt = �(V̄T ,WT ) = L(WT )

= 〈u1, w(0)〉H−1
1
a

(0,1),H1
1
a
(0,1) −

∫ 1

0

1

a
u0wt (0, x)dx,

(5.10)
for all WT ∈ H0.
Finally, denote by u the solution by transposition of (Pi ) (with i = 1) associated to

the function f just introduced above. Then, we have
∫ T

0
f (t)wx (t, 1)dt = − 〈ut (T ), w0,T 〉H−1

1
a

(0,1),H1
1
a
(0,1) +

∫ 1

0

1

a
u(T )w1,T dx

+ 〈u1, w(0)〉H−1
1
a

(0,1),H1
1
a
(0,1) −

∫ 1

0

1

a
u0wt (0, x)dx .

(5.11)
By (5.10) and (5.11), it follows that

〈ut (T ), w0,T 〉H−1
1
a

(0,1),H1
1
a
(0,1) −

∫ 1

0

1

a
u(T )w1,T dx = 0,

for all (w0,T , w1,T ) ∈ H0. Hence, we have

u(T, x) = ut (T, x) = 0 a.e. x ∈ (0, 1).

6. Main results and future perspectives

In this work, we examine the null-controllability of a wave equation with a propaga-
tion speed which depends on the time variable through the term b(t) and degenerates
at a boundary point, say x0 = 0. At the degeneracy point, we impose either Dirichlet
or Neumann boundary conditions, while at the non-degeneracy point, we applied a
control function to study the boundary observability of the problems (Pi ). Assuming
an oscillating wave propagation speed, we derive upper and lower bounds for the
energy, thereby proving that the generalized energy conservation law holds. Further-
more, by establishing the estimation given in Definition 2, we demonstrate that the
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adjoint problems (APi ), i = 1, 2, are observable in time T > 0. Finally, via the solu-
tion by transposition (see Definition 3), we concluded the null-controllability for (Pi ),
i = 1, 2.

The present analysis is confined to one-dimensional linear non-autonomous degen-
erate wave equations. On one hand, extending this study to nonlinear wave equations
would highlight the practical relevance of the theoretical framework in various ap-
plications, such as nonlinear acoustics, where sound waves propagate in media with
nonlinear properties. Nonlinearities can manifest in diverse forms, such as power-
type nonlinearities, nonlinear damping, or nonlinear wave speed. In such cases, the
system may exhibit finite-time blow-up or singularities, where the solution becomes
unbounded. This necessitates an understanding of how control mechanisms can pre-
vent ormitigate such phenomena, requiring newanalytical tools to address the complex
dynamics introduced by nonlinearities.
On the other hand, extending this work to higher dimensions introduces additional

complexities related to the domain’s geometry, the location of degeneracy points, and
the placement of control functions. Additionally, the generalized energy conservation
law would need to account for energy dissipation or concentration in different spatial
directions, particularly near regions of degeneracy. Addressing these challenges would
provide deeper insights into the controllability and observability of higher-dimensional
systems, paving the way for broader applications in physics and engineering.
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