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Abstract

Energy storage systems have been recently recognized as an effective solution to tackle power imbalances and voltage
violations faced by distribution system operators due to the increasing penetration of low carbon technologies. To fully
exploit their benefits, optimal sizing of these devices is a key problem at the planning stage. This paper considers the
sizing problem of the energy storage systems installed in a distribution network with the aim of preventing over- and
undervoltages. In order to accommodate uncertainty on future realizations of demand and generation, the optimal sizing
problem is formulated in a two-stage stochastic framework, where the first stage decision involves the storage sizes,
while the second stage problem is a full AC optimal power flow providing provides the optimal storage control policy
for given demand and generation profiles. By taking a scenario-based approach, the two-stage problem is approximated
in the form of a single multi-scenario, multi-period optimal power flow, whose size, however, becomes computationally
intractable as the number of scenarios grows. To overcome this issue, the paper presents a procedure to compute upper-
and lower bounds to the optimal cost of the approximated problem. Moreover, when the objective is to minimize the
total installed storage capacity, an iterative algorithm based on scenario reduction is proposed, which converges to the
optimal solution of the approximated problem. The whole procedure is tested on the topology of the IEEE 37-bus test
network, considering scenarios of demand and generation which feature over- and undervoltages in the absence of storage
devices.

Keywords: Energy storage sizing, distribution network, optimal power flow, scenario reduction, two-stage stochastic
programming.

1. Introduction

The ever growing uncoordinated penetration of low
carbon technologies, such as distributed generation (e.g.,
wind and photovoltaic), electric vehicles and heat pumps,
is a matter of concern for distribution systems operators
(DSOs), which have to guarantee a predefined level of qual-
ity for electricity supply. In particular, modifications of
typical power flows in distribution networks may cause ab-
normal fluctuations of the voltage magnitude, which are
not tolerated beyond specified limits around the nominal
value. In this respect, energy storage systems (ESSs) have
been recently recognized as an effective solution for DSOs
to tackle voltage problems in distribution feeders [1], rep-
resenting an alternative to other solutions, such as tra-
ditional grid reinforcement, on-load tap changers at sec-
ondary substations [2, 3], soft-open points [4], and reactive
power control of distributed generation (DG) [5]. ESSs are
storage devices interfaced with the grid through a power
electronic converter. In this way, they can be controlled
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to act as loads in case of overvoltages, and as generators
in case of undervoltages. This adds to a number of other
benefits that ESSs bring to the whole electricity system,
and to different stakeholders [6, 7, 8].

To fully exploit the benefits of storage devices, the
problem of their optimal allocation must be addressed at
the planning stage. The ESS allocation decision problem
consists of defining the type and the number of devices
to be deployed, their locations (siting), and sizes (sizing)
[9]. The interested reader is referred to the survey pa-
per [10] for a literature review on ESS allocation tech-
niques, classified according to both the ESS application
and the methodology used to find a solution. In most
cases, optimal ESS siting and sizing are carried out simul-
taneously, either through a cost-benefit analysis [11, 12],
or formulating a single optimization problem [13, 14, 15].
In other cases, the two problems are dealt with separately.
A heuristic method is proposed in [16] to detect the sensi-
tive buses of the grid under a wide range of contingencies.
Voltage magnitudes and angles under the contingencies
are forecast by exploiting complex-valued neural networks
and time domain power flow. In [17], the ESS siting prob-
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Nomenclature

Acronyms

AC Alternating current

DC Direct current

DG Distributed generation

DSO Distribution system operator

ESS Energy storage system

LV Low voltage

MV Medium voltage

OPF Optimal power flow

PF Power flow

SDP Semidefinite programming

Parameters

∆T Time step

T Number of time steps per day

ηc
s , η

d
s Charging and discharging efficiencies of storage at bus s

Γs,Υs,Ξs Column vectors of the polygonal approximation of the ca-
pability curve of the storage at bus s

ρs Power-to-energy ratio of the storage at bus s

Es Lower limit of the energy level of the storage at bus s

Sij Upper bound on the apparent power through line (i, j)

vi Upper bound on the voltage magnitude at bus i

vi Lower bound on the voltage magnitude at bus i

pd Scenario of demand and generation

πd Probability of scenario pd

Yij (i, j)-entry of the network admittance matrix Y

yij Line admittance between buses i and j

Sets

D Index set of scenarios

E Set of lines

L Set of load buses

N Set of buses

P Set of scenarios

S Set of buses equipped with storage

T Set of time steps

X Feasible solution set for the first-stage problem

Y Feasible solution set for the second-stage problem

Variables

Es Energy capacity of the storage at bus s

rs(t) Active power exchanged by the storage at bus s at time t

bs(t) Reactive power exchanged by the storage at bus s at time t

es(t) Energy level of the storage at bus s at time t

PD
i (t) Active power demanded at bus i at time t

PG
i (t) Active power generated at bus i at time t

QD
i (t) Reactive power demanded at bus i at time t

QG
i (t) Reactive power generated at bus i at time t

Si(t) Net complex power injection into bus i at time t

Vi(t) Complex voltage at bus i at time t

x Decision variables of the first-stage problem

yd Decision variables of the second-stage problem for scenario
pd

lem is tackled via a different heuristic approach, which
returns the most suitable ESS locations in the grid based
on voltage sensitivity analysis. In some applications, ESS
locations may also be decided a priori, and the ESS allo-
cation problem boils down to determine only the size of
each ESS.

For given ESS type, number and locations, a quite gen-
eral approach is to formulate the ESS sizing problem in an
optimal power flow (OPF) framework, where a suitable
cost function (typically including storage installation and
operation costs, as well as power losses and generation
costs) is optimized, subject to storage dynamics, power
flow and network constraints. Linearization of power flow
constraints via DC approximation is often adopted when
dealing with transmission networks, where line resistances
are typically negligible compared to line reactances [18,
19, 20]. When such an assumption is not valid, like in
distribution networks, a full or approximated AC OPF
is considered. Branch flow equations are used to model
the power network in [13, 14, 21]. A bi-level optimization
model, where the second-level problem is a linear program
minimizing the daily coincident peak demand, is proposed
in [15]. In [22], linear approximations for voltage, branch
flow, and network power losses are presented, leading to

a linearized OPF. A simplified power balance model of
the network is adopted in [23], while in [24] the distribu-
tion network is modelled through a continuous tree with
linearized DistFlow model. These simplified models are
defined to cope with the computational burden of (multi-
period) AC OPF problems, due to nonconvexity of AC
power flow equations, and time-coupling constraints intro-
duced by ESS dynamics. Other solution strategies pro-
posed in the literature for the same purpose, rely on semi-
definite convex relaxations of the OPF problem [25, 26, 27],
second-order cone programming [13, 21], and alternating
direction method of multipliers [14].

In deterministic OPF problems, net power injected at
load buses is assumed to be given, but unfortunately fu-
ture realizations of demand and DG are unknown at the
planning stage. This calls for a formulation of the optimal
ESS sizing problem which takes uncertainty sources ex-
plicitly into account. Stochastic optimization paradigms
are suitable to this aim [28]. Probability density func-
tions of wind power generation and demand are consid-
ered in [20, 29] within probabilistic OPF formulations. A
two-stage programming formulation of the optimal ESS
sizing problem is proposed in [23], including chance con-
straints to model wind forecast errors. Chance constraints
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accounting for wind power and demand forecast errors,
are also considered in [30]. Since stochastic optimization
problems are typically intractable, they are often tackled
by defining a large number of scenarios, which are expected
to represent the original stochastic information. Suitable
scenario generation techniques based on time-series and
regression models [31], as well as copula models [32], can
be used to this aim. An approximate reformulation of the
optimization problem is derived by replicating power flow
variables and constraints for each scenario [13, 14, 23]. In
order to keep the problem size affordable, scenario-based
approaches are often coupled with techniques to downsize
the scenario set. To this aim, clustering algorithms such
as K-means and centroid-linkage clustering, are adopted
[13, 23]. Another possibility is to apply scenario reduction
techniques based on the notion of probability distance [33].
However, as shown in [34], all these techniques may fail in
preserving the information content useful to the solution
of the original problem.

This paper addresses the optimal ESS sizing problem
for an active distribution network, with the aim of pre-
venting over- and undervoltages. This is done by taking
the point of view of the DSO, and by including uncer-
tainty on future demand and DG explicitly in the formu-
lated decision problem. As the main paper contribution,
a novel scenario reduction technique is proposed within a
two-stage stochastic programming formulation of the ESS
sizing problem. The distinctive feature of the proposed
technique is that scenario reduction is accomplished by
exploiting the structure of the optimization problem to be
solved. This is expected to get better results compared
to standard clustering methods, typically adopted in the
literature on scenario-based approaches. In order to assess
the expected improvement, a comparison with the classi-
cal scenario reduction technique [33], based on the notion
of probability distance, is performed in the case study of
Section 5.

The proposed approach to ESS sizing can be summa-
rized according to the following steps.

i) The decision problem is formulated as a two-stage
stochastic program, where the first stage decision in-
volves the total installed storage capacity, while the
second stage problem is a full AC OPF in the bus
injection model, providing the optimal ESS control
policy for given demand and DG profiles.

ii) By taking a scenario-based approach, the two-stage
problem is approximated in the form of a multi-
scenario, multi-period OPF. If, on the one hand, a
very large number of scenarios is needed for an ac-
curate approximation, on the other hand the size of
the OPF becomes computationally intractable as the
number of scenarios grows. To overcome this issue,
a technique is proposed to derive a feasible solution
of the multi-scenario problem by solving a single-
scenario problem for each scenario. As an additional

outcome of this procedure, a lower bound to the op-
timal cost of the multi-scenario problem is obtained,
making it possible to evaluate the quality of any fea-
sible solution found.

iii) For the case when the objective is to minimize the
total installed storage capacity, an iterative proce-
dure to solve the ESS sizing problem at the optimum
is proposed. The procedure consists of a sequence
of optimal ESS sizing problems with scenario sets
of increasing size. The solutions of the downsized
problems converge to the exact solution of the multi-
scenario OPF typically after few iterations. The con-
vergence property is a direct consequence of the pro-
posed scenario reduction technique, which is based
on a metric exploiting the structure of the multi-
scenario problem.

The whole procedure is tested on the topology of the
IEEE 37-bus test network, considering 100 scenarios of
demand and DG which feature over- and undervoltages
in the absence of ESSs. For this application, the multi-
scenario OPF problem cannot be solved directly, while the
proposed iterative algorithm is able to find the optimal
solution after few iterations.

The paper is organized as follows. Section 2 presents
the network model, the formulation of the two-stage op-
timal ESS sizing problem, and its scenario-based approx-
imation. A feasible solution of the multi-scenario prob-
lem, as well as upper and lower bounds to its optimal
cost, are derived in Section 3. Section 4 describes the
scenario reduction-based iterative algorithm to solve the
multi-scenario problem at the optimum, when the objec-
tive is to minimize the total installed ESS capacity. Fi-
nally, numerical results are illustrated in Section 5, and
conclusions are drawn in Section 7. A preliminary version
of this work appeared in the conference paper [35], where
simplified models of the network and of the storage were
considered, and an upper bound to the optimal cost of the
multi-scenario problem was derived by finding a suitable
feasible solution. Moreover, compared to [35], the case
study worked out in this paper involves a more realistic
test network of larger size.

2. Problem formulation

The bus injection model of a distribution network is
summarized at the beginning of this section. Then, the
constraints of the considered ESS sizing problem are de-
scribed, and a problem formulation in the framework of
two-stage stochastic programming is presented. By adopt-
ing a scenario-based approach, the two-stage problem is
finally approximated with a multi-scenario, multi-period
OPF.

In the following, Re(z), Im(z), |z| and z∗ denote the
real part, imaginary part, modulus and complex conjugate
of the complex number z, respectively. For a real number
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x,
[
x]+ = max{x, 0} and

[
x]− = max{0,−x}. Moreover,

u(t) is the value of the variable u at time t∆T , where
t = 1, 2, . . . is the discrete time index, and ∆T is the time
step.

2.1. Bus injection model

Together with the branch flow model, the bus injection
model is one of the standard models used for power flow
analysis and optimization [27]. The model involves nodal
variables such as voltages and current/power injections.
Let a distribution network be described by a graph (N , E),
whereN = {1, 2, . . . , n} is the set of nodes (buses) and E is
the set of edges (lines). According to the classical π-model
for the n-bus system [36], the admittance-to-ground at bus
i is denoted by yii, while yij = yji is the line admittance
between buses i and j. If (i, j) /∈ E , yij = 0. At time
t, the complex voltage at bus i is denoted by Vi(t), while
the net complex power injection into bus i is denoted by
Si(t). These quantities are related by the power balance
equations

Si(t) = Vi(t)
∑

j∈N

V ∗
j (t)Y

∗
ij , (1)

where

Yij =

{
yii +

∑
h 6=i yih if i = j

−yij otherwise.
(2)

In the following, Pi(t) will denote the real part of Si(t) in
(1), namely

Pi(t) = Re
(
Vi(t)

∑

j∈N

V ∗
j (t)Y

∗
ij

)
. (3)

Without loss of generality, it is assumed that bus 1 rep-
resents the interconnection with an external grid and, to
the purpose of power flow (PF) studies, it is modelled as
a slack bus with fixed complex voltage V1(t). The other
buses in the set L = {2, . . . , n} are modelled as load buses,
for which the known quantities are the net complex power
injections, namely Si(t) in (1). At time t and for given
V1(t), S2(t), . . . , Sn(t), the PF problem consists of solving
the system of nonlinear equations (1), i ∈ N , with respect
to the unknowns S1(t), V2(t), . . . , Vn(t). There are several
methods for carrying out this task, the most popular being
the Newton-Raphson method (see, e.g., [36, Chap. 3]).

2.2. Constraints

OPF problems are optimization problems where the
power balance equations (1) appear among the constraints.
Additional constraints are typically included to describe
desired/physical limits on controllable and power flow vari-
ables.

2.2.1. ESS operation constraints

Let m be the number of ESSs. The subset of buses
equipped with ESSs is denoted by S = {s1, . . . , sm} ⊆ L.

The energy level in the storage at bus s is denoted by es(t),
while rs(t) is the active power exchanged by the ESS at bus
s. If power is injected into the ESS, then rs(t) > 0, whereas
rs(t) < 0 when power is extracted from the ESS. With
the same convention about the sign, the reactive power
exchanged by the ESS at bus s is denoted by bs(t). The
variables es(t), rs(t) and bs(t) are constrained as follows:

es(t) = es(t− 1) + ηcs
[
rs(t)

]+
∆T −

1

ηds

[
rs(t)

]−
∆T (4)

es(T ) = es(0) (5)

Es ≤ es(t) ≤ Es (6)

Γs rs(t) + Υs bs(t) ≤ ΞsEs. (7)

The first-order difference equation (4) models the dynam-
ics of es(t), where ηcs and ηds are the charging and dis-
charging efficiencies of the storage at bus s. The initial
condition es(0) is assumed to be given. Since in this pa-
per a time horizon of one day is considered, the constraint
that the storage energy level is equal at the beginning and
at the end of the day, is imposed through (5), where T
is the number of time steps per day. This is done in or-
der to decouple ESS operation over different days. Con-
straint (6) states that the storage energy level at bus s
cannot exceed its maximum capacity Es, neither it can
go below a given lower limit represented by Es ≥ 0. The
ESS capability curve is modelled by (7), which represents
a polygonal approximation of the feasible region for the
pair

(
rs(t), bs(t)

)
. Examples of the vectors Γs, Υs and

Ξs are reported in Appendix A for the case of a regular
polygon with an even number of sides. The right-hand
side of (7) is a function of Es to model the possible de-
pendence of power ratings on energy ratings for a given
storage technology [18]. It is worthwhile to note that the
adopted storage technology enters the model through the
coefficients ηcs and ηds , and the vector Ξs.

2.2.2. Network operation constraints

Network operation constraints include power balance
equations, and constraints on voltages and line power flows:

Re
(
Vi(t)

∑

j∈N

V ∗
j (t)Y

∗
ij

)
= PG

i (t)− PD
i (t)− ri(t) (8)

Im
(
Vi(t)

∑

j∈N

V ∗
j (t)Y

∗
ij

)
= QG

i (t)−QD
i (t)− bi(t) (9)

v2i ≤ |Vi(t)|
2 ≤ v2i (10)∣∣∣Vi(t)

[
Vi(t)− Vj(t)

]∗
y∗ij

∣∣∣ ≤ Sij . (11)

For a generic bus i ∈ L, possibly having loads, genera-
tors and ESS connected to it, the power balance equations
(1) are rewritten in (8)-(9) by highlighting all active and
reactive power contributions, where PG

i (t) and PD
i (t) de-

note the active power generated and demanded at bus i,
and QG

i (t) and QD
i (t) have a similar meaning in terms

of reactive power (all these quantities are assumed to be
nonnegative). In (8)-(9), if no load, generator or ESS is
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connected to bus i, the corresponding contribution is set
equal to zero. Constraint (10) is enforced to keep the volt-
age magnitude between bounds imposed by voltage quality
requirements, with vi ≤ vi given positive constants. Fi-
nally, physical properties of the lines impose a limit on the
apparent power transferred from bus i ∈ N to the rest of
the network through the line (i, j) ∈ E . This limit is ex-
pressed by the constraint (11), where Sij = Sji are given
upper bounds.

2.3. ESS sizing via two-stage stochastic programming

The problem addressed in this paper consists of decid-
ing the sizes Es of the ESSs to be installed for voltage
support in a distribution network. The number and the
locations of the ESSs are therefore assumed to be given.
The interested reader is referred to the survey paper [10]
for a review of ESS siting techniques proposed in the lit-
erature. The ESS sizing procedure presented next can be
embedded in the iterative ESS allocation scheme of [17].

The ESS sizing problem is formulated in the two-stage
stochastic optimization framework of [28]. This choice
is motivated by the fact that, at the planning stage, fu-
ture realizations of demand and generation are unknown.
Therefore, a problem setting which explicitly accounts for
uncertainty, has to be considered. A two-stage stochastic
program is a problem written in the form

min
x∈X

Ep[G(x,p)] (12a)

G(x, p) := min
y∈Y(x,p)

g(x, y, p), (12b)

where x are the decision variables of the first-stage problem
(12a), X is the feasible solution set for x, and Ep[G(x,p)]
is the expectation (taken with respect to the probabil-
ity distribution of the random variable p) of the optimal
value G(x,p) of the second stage problem (12b). In (12b),
Y(x, p) is the feasible solution set for the second-stage deci-
sion variables y, and g(x, y, p) is the cost function. Notice
that, for a given instance x of the first-stage variables and
a given realization p of the random vector p, (12b) is a
deterministic problem.

In order to formulate the ESS sizing problem in the
form (12a)-(12b), the daily demand and generation profiles
are modelled as stochastic quantities by introducing the
random vector p with elements PD

i (t), QD
i (t), PG

i (t) and
QG

i (t) for all i ∈ L and t ∈ T , where T = {1, . . . , T }. The
decision variables of the first-stage problem are the ESS
sizes, namely x = (Es1 , . . . , Esm). Moreover, the vector
containing the values Vi(t), rs(t) and bs(t) for all i ∈ L,
s ∈ S and t ∈ T , is denoted by y.

The cost function g(x, y, p) of the second-stage problem
is defined as a linear combination of installation costs c(x)
and daily operation costs f(x, y, p). It takes the form

g(x, y, p) = c(x) + γf(x, y, p), (13)

where γ ≥ 0 is a weighting parameter which trades off the
two terms. Installation costs of storage are assumed to

be proportional to the ESS sizes. Hence, the term c(x)
represents the total energy capacity corresponding to the
solution x:

c(x) =
∑

s∈S

Es. (14)

The term f(x, y, p) represents a weighted sum of virtual
daily operation costs. These may include, for instance:

• the average total line losses per time step,

f1(x, y, p) =
∑

t∈T

∑

i∈N

Pi(t)∆T/T ; (15)

• the average energy exchanged by the ESSs per time
step,

f2(x, y, p) =
∑

t∈T

∑

s∈S

|rs(t)|∆T/T, (16)

which is a measure of the overall battery usage;

• the average energy exchanged at the slack bus per
time step,

f3(x, y, p) =
∑

t∈T

|P1(t)|∆T/T, (17)

which is a measure of how much the considered dis-
tribution network impacts on the external grid.

With the choice (13), the two-stage stochastic opti-
mization problem (12) can be rewritten as

min
x∈X

c(x) + γEp[F (x,p)] (18a)

F (x, p) := min
y∈Y(x,p)

f(x, y, p). (18b)

The first-stage problem (18a) aims at finding the ESS sizes
which minimize a linear combination of installation and
expected daily operation costs. The set X includes the
constraints that all ESS sizes must be nonnegative. The
second-stage problem (18b) aims at finding the optimal
ESS control policy which minimizes the daily operation
costs under a particular realization p of the random vector
p and the ESS sizes defined by x. This is a multi-period
AC OPF whose feasible solution set Y(x, p) is defined as

Y(x, p) = {y : (4)− (11), i ∈ L, s ∈ S, (i, j) ∈ E , t ∈ T },
(19)

i.e., the optimization problem is subject to constraints on
ESS operation (4)–(7), power balance equations (8)-(9),
and constraints (10) and (11) on voltage and apparent
power. As usual in two-stage stochastic programming, we
set F (x, p) = ∞ when the set Y(x, p) is empty. Hence,
the fact that the cost in (18a) is finite for a given solution
x requires that, by operating the ESSs of sizes defined by
x, network constraints can be satisfied under all possible
realizations of demand and generation.
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2.4. Scenario-based approach to the ESS sizing problem

Solving optimization problems like (18), where uncer-
tainty on input data is modeled by continuous, multivari-
ate random variables, is a very hard task in general. A
typical approach adopted in the literature to tackle these
problems consists of discrete approximations based on sce-
narios [28].

In the problem at hand, a scenario is a realization pd
of the random vector p, i.e., a particular instance of daily
demand and generation profiles at network buses. As-
sume that a (possibly very large) set of scenarios P =
{p1, . . . , pD} is available, and define the set of indices D =
{1, . . . , D}. In practical applications, scenarios can be ob-
tained from historical data, or generated via simulation
of suitable identified models [31]. Let {πP

d }d∈D be the ap-
proximating probability mass function of P with respect to
the probability distribution of p. Moreover, define a vec-
tor of unknowns yd with the same meaning as y in (18b),
for each scenario pd. Then, the discrete approximation of
the two-stage problem (18) reads as the following (deter-
ministic) single-stage problem:

J∗ = min
x,{yd}d∈D

c(x) + γ
∑

d∈D

πP
d f(x, yd, pd) (20)

s.t. x ∈ X , yd ∈ Y(x, pd), d ∈ D.

This approximation is justified by the fact that, if p were
actually discrete-valued with support P , then (18) and
(20) would be equivalent thanks to the interchangeability
principle [28]. In the following, the acronym ESS-OPF
will be used to denote problem (20). Moreover, x∗ and y∗d
will denote the values of the unknowns x and yd at the
optimum of ESS-OPF, while E∗

s is the size of the ESS at
bus s corresponding to the solution x∗.

In spite of the transformation into a deterministic prob-
lem, (20) is still hard to solve for several reasons. First, the
problem is an AC OPF, characterized by the intrinsic dif-
ficulties of this class of problems (e.g., nonconvexity). Sec-
ond, time-coupling constraints determined by ESS dynam-
ics, and scenario-coupling constraints represented by ESS
sizes (common to all scenarios), further increase the com-
plexity of the problem. Finally, and most importantly, a
good discrete approximation requires a very large number
of scenarios. This may make problem (20) practically in-
tractable even resorting to state-of-the-art relaxation tech-
niques for OPF problems [27, 25], due to the huge number
of variables involved, calling for prohibitive memory re-
quirements. Similar conclusions are reported in [14] for an
application with a large number of scenarios.

In the next sections, an approximate solution approach
for tackling problem (20), is presented. The approach is
based on solving a problem similar to (20) for each sce-
nario. Then, for the case γ = 0, an iterative algorithm is
proposed to solve problem (20) at the optimum. The al-
gorithm hinges on a metric for scenario reduction allowing
one to find, provided it exists, a downsized scenario set
which can replace the original set in (20), while preserving
the overall optimality of the solution.

3. Approximate solution strategy

The first step of the proposed approximate solution
strategy for ESS-OPF requires to solve the following prob-
lem for each scenario pd:

min
x,yd

c(x) + γ f(x, yd, pd) (21)

s.t. x ∈ X , yd ∈ Y(x, pd).

This amounts to solve a number D of multi-period OPF
problems, for which solution strategies based on semidefi-
nite programming (SDP) convex relaxations can be adopted,
see, e.g., [25]. It is to remark that solving (21) is typically
affordable. Moreover, the solution of the D single-scenario
problems can be easily parallelized, thus reducing the over-
all computation time. The values of x and yd at the opti-
mum of problem (21) are denoted by x̃d and ỹd, while Ẽs,d

is the size of the ESS at bus s corresponding to the solu-
tion x̃d. Given the solutions of the single-scenario OPFs
(21), the following vector of ESS sizes is defined:

x̃ = max
d∈D

x̃d, (22)

where the maximum is to be intended as component-wise.
The size of the ESS at bus s corresponding to the solution
x̃ is denoted by Ẽs. A feasible solution of ESS-OPF and
an upper bound to its optimal cost are provided by the
following theorem.

Theorem 1. The solution (x̃, {ỹd}d∈D) is feasible for ESS-
OPF. An upper bound to the optimal cost of ESS-OPF is
given by

JUB = c(x̃) + γ
∑

d∈D

πP
d f(x̃, ỹd, pd). (23)

Proof. From (20), one needs to show that ỹd ∈ Y(x̃, pd)
for all d ∈ D. Note that the ESS sizes Es enter the con-
straint sets Y(x, pd) only as upper bounds in (6) and (7).
Since ỹd ∈ Y(x̃d, pd), and x̃ is defined as the component-
wise maximum over the set {x̃d}d∈D, it follows that ỹd ∈
Y(x̃d, pd). This proves that (x̃, {ỹd}d∈D) is a feasible solu-
tion to (20), and therefore

c(x∗) + γ
∑

d∈D

πP
d f(x∗, y∗d, pd)

≤ c(x̃) + γ
∑

d∈D

πP
d f(x̃, ỹd, pd),

(24)

where the left-hand side of the inequality is the optimal
cost of (20), whereas the right-hand side is the cost JUB

in (23), corresponding to the feasible solution found. This
concludes the proof. �

Since the optimal cost of (20) is typically non-computable,
a lower bound is derived next. The lower bound is useful
to evaluate the quality of any feasible solution of (20).

6



Theorem 2. A lower bound to the optimal cost of ESS-
OPF is given by

JLB =
∑

d∈D

πP
d [c(x̃d) + γ f(x̃d, ỹd, pd)] . (25)

Proof. The proof stems from the following inequalities:

c(x∗) + γ
∑

d∈D

πP
d f(x∗, y∗d, pd)

=
∑

d∈D

πP
d [c(x∗) + γ f(x∗, y∗d, pd)]

≥
∑

d∈D

πP
d [c(x̃d) + γ f(x̃d, ỹd, pd)] ,

(26)

using the fact that
∑

d∈D πP
d = 1, and the pair (x̃d, ỹd) is

the optimal solution of (21), which implies

c(x̃d) + γ f(x̃d, ỹd, pd) ≤ c(x∗) + γ f(x∗, y∗d, pd) (27)

for all d ∈ D. �

Notice that the lower bound of Theorem 2 is com-
putable, because the values of x̃d and ỹd are known from
the solution of (21) for each scenario.

Remark 1. A less conservative lower bound for the case
γ = 0 is given by

J0
LB = max

d∈D
c(x̃d). (28)

Indeed, since the pair (x∗, y∗d) is feasible for (21), it holds
that c(x∗) ≥ c(x̃d), and therefore

c(x∗) ≥ max
d∈D

c(x̃d) ≥
∑

d∈D

πP
d c(x̃d), (29)

where the right-hand side of the inequality is the lower
bound (25) computed for γ = 0.

4. Optimal solution via scenario reduction

When the objective of the optimization is only to min-
imize the total installed ESS capacity, and therefore γ = 0
in (20), an iterative procedure is proposed to solve prob-
lem (20) at the optimum, while downsizing the scenario
set needed to compute the optimal solution. In the fol-
lowing, a solution x ∈ X is said to be feasible for scenario
pd if and only if the set Y(x, pd) is nonempty. In practice,
feasibility of the solution x implies that, for the given sce-
nario pd, it is possible to control the ESSs over T so that
all ESS and network operation constraints are satisfied. A
solution x ∈ X is feasible for problem (20) if and only if it
is feasible for all scenarios.

The procedure is initialized by solving problem (21)
with γ = 0 for each scenario pd ∈ P . This makes it pos-
sible to order the scenarios according to the cost c(x̃d).

In the following, D̃ = {d1, . . . , dD} denotes a permutation
of the set D such that c(x̃dℓ

) ≥ c(x̃dκ
) if ℓ < κ. Since

c(x∗) ≥ c(x̃d) for all d ∈ D (see Remark 1), intuitively,

the ordering defined by D̃ provides an indication of the
scenarios that are most critical to determine the optimal
solution x∗. This idea is exploited next to develop an ef-
fective metric for scenario reduction.

The proposed procedure for solving problem (20) at the
optimum is summarized in Algorithm 1. At each iteration
κ, the set of indices Dκ represents the ℓk scenarios pd with
the largest total ESS capacities c(x̃d). For this scenario
set, the following problem is solved:

min
x,{yd}d∈Dκ

c(x) (30)

s.t. x ∈ X , yd ∈ Y(x, pd), d ∈ Dκ.

Notice that (30) coincides with (20) for γ = 0, considering
a downsized scenario set in place of P . The optimal value
of x in (30) is denoted by x∗

κ. If x∗
κ is feasible for all

scenarios pd such that d ∈ D \ Dκ, then one can conclude
its optimality for the whole scenario set P by virtue of the
following result.

Theorem 3. Assume γ = 0 in (20). Let Dκ ⊂ D, and

denote by x∗
κ the optimal value of x in (30). If x∗

κ is feasible

for all scenarios pd such that d ∈ D\Dκ, then it is optimal

for (20).

Proof. First, notice that x∗
κ is feasible for all scenarios,

and hence it is feasible for problem (20). Assume that the
optimal solution x∗ of (20) is such that c(x∗) < c(x∗

κ).
It turns out that Since x∗ is feasible for all scenarios, it
is feasible in particular for problem (30). This leads to a
contradiction, because x∗

κ minimizes the cost c(·) over Dκ.
One can therefore conclude that c(x∗) = c(x∗

κ). �

If the feasibility test fails, the algorithm is iterated
by increasing the cardinality ℓk of the downsized scenario
set. Verifying the feasibility of a given solution x for sce-
nario pd amounts to check whether the set Y(x, pd) is
nonempty. This problem can be formulated as an OPF
in the unknown yd with constraint set Y(x, pd), regardless
of the considered objective function. This test can be of-
ten avoided by exploiting the solution x̃d. Indeed, if the
condition x ≥ x̃d is satisfied, where the inequality has to
be intended component-wise, x is feasible for scenario pd.
The proof is similar to that of Theorem 1. In the following,
if x ≥ x̃d, x is said to dominate x̃d.

Remark 2. A rule of thumb to define the ℓκ-sequence
is to start with ℓ1 = 1. Since the solution x∗

1 = x̃d1
is

already available for scenario pd1
, one has to check only

the feasibility of this solution for all other scenarios. If the
feasibility test fails, one can choose ℓ2 at the knee of the
curve c(x̃dℓ

), ℓ = 1, . . . , D, compatibly with the size of the
largest instance of problem (20) which can be solved.

Remark 3. Notice that Theorem 3 has a wider validity.
In fact, it still holds if the set Dκ is replaced with any
subset D′ ⊂ D, no matter how D′ is constructed. Con-
versely, Theorem 3 does not hold in general for γ > 0,
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Algorithm 1 Scenario reduction

1: Set ℓ0 = 0 and κ = 1
2: Select ℓκ such that ℓκ−1 < ℓκ ≤ D
3: x∗

κ ← Solve problem (30) with Dκ = {d1, . . . , dℓκ}
4: Check feasibility of x∗

κ for all scenarios pd, d ∈ D\Dκ

5: if (feasibility == true) then
6: return x∗ = x∗

κ

7: else

8: κ← κ+ 1
9: goto 2

10: end if

since the values of the cost function in (20) corresponding
to different scenario sets are not directly comparable.

5. Numerical results

This section demonstrates the ESS sizing procedure de-
scribed in the paper, using the topology of the IEEE 37-
bus test network [37], shown in Fig. 1. The lengths of the
lines correspond to the original test network, while line ad-
mittances are typical of low voltage (LV) feeders. Adopted
values of the resistances and reactances per unit length are
shown in Table 1. They are characteristic of four differ-
ent types of single-phase aerial cables. The network hosts
36 loads and 4 PV generators, whose installed power is, re-
spectively, 10 kWp at buses 5 and 11, 9 kWp at bus 25, and
8 kWp at bus 35. Real demand and generation profiles are
assigned to loads and PV generators in the test network.
Available data are sampled with time step ∆T = 60 min
over a period of 100 days. Each day of the data set is
treated as one scenario. The scenario set is denoted by
P = {p1, . . . , p100}. All scenarios are considered equiprob-
able. In accordance with the European Norm 50160, 10%
tolerance around the nominal voltage is allowed at each
bus, i.e., vi = 0.9 pu and vi = 1.1 pu in (10). The bound
Sij in (11) is set to 50 kVA for all the lines. It is assumed
that the choice of the ESSs to be deployed in the network
is within a family (e.g., lithium-ion based) characterized
by a coefficient ρs = 1.5 kVA/kWh in (A.3). Since the
analysis presented in this section does not depend on the
charging and discharging efficiencies of storage devices, ηcs
and ηds are set to 1 in (4). Consequently, the dynamics (4)

Table 1: Values of the cable resistance and reactance per unit length.

R [Ω/km] X [Ω/km]

0.6410 0.0780
1.1170 0.4100
0.7200 0.3900
0.9050 0.3500
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Figure 1: Test LV network with 37 buses.

of es(t) simplifies as

es(t) = es(t− 1) + rs(t)∆T, (31)

where the initial energy level es(0) is set to the lower limit
Es = 0. With the choice made above for the voltage
bounds, the considered demand and generation profiles
are such that, in the absence of ESSs, the network oc-
casionally experiences over- and/or undervoltages. An ex-
haustive analysis is carried out, showing that over- and
undervoltages cannot be avoided for most of the consid-
ered scenarios, by installing only one ESS of any size, and
anywhere in the network. This suggests to consider two
ESSs, which are placed in the network by applying the ESS
siting algorithm of [17]. The algorithm returns buses 12
and 33 as the most suitable locations.

Sizing of the ESSs at buses 12 and 33 is accomplished
by applying the ESS sizing procedure proposed in this pa-
per. To this aim, the vectors Γs, Υs and Ξs of (7) are
defined as in (A.4) for n = 4, corresponding to the inner
approximation of the ESS capability curve with a regular
octagon. In all OPF problems required by the ESS siz-
ing procedure, the daily operation cost function f(x, y, p)
takes into account only the average total line losses per
time step (15), i.e., f(x, y, p) = f1(x, y, p). OPF prob-
lems are tackled via the SDP convex relaxation of [25].
SDP programs are implemented through the CVX mod-
elling package for convex optimization (version 2.1) [38],
and solved via the SeDuMi solver (version 1.34) [39] on an
Intel Xeon 2.4 GHz CPU with 32 GB RAM. On average,
the relaxed version of the single-scenario problem (21) is
solved in about 2 min. As long as it can be solved, the com-
putation time of the SDP relaxation of the multi-scenario
problem (20) grows almost quadratically with the cardi-
nality of the set D [35]. For instance, it takes about three
hours for a set of 10 scenarios. For all examples discussed
in this section, a feasible solution to the original problem
(20), (21), or (30) is reconstructed from the optimal so-
lution of the relaxed SDP program by solving a series of
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the 100 scenarios, are represented by black circles. The colored region
represents the set of solutions that are dominated by the solution of
scenario p15 (red circle).

PFs.

5.1. Optimal solution for the case γ = 0

This section presents an application of Algorithm 1 in
the case γ = 0. Problem (20) cannot be solved directly
for the whole scenario set P composed of 100 scenarios,
due to out-of-memory issues. Hence, Algorithm 1 is ap-
plied to compute the optimal solution. To initialize the al-
gorithm, one first solves the single-scenario problem (21)
for each scenario. The corresponding optimal ESS sizes
x̃d =

(
Ẽ12,d, Ẽ33,d

)
, d = 1, . . . , 100, are shown in the bar

plot of Fig. 2, and the scatter plot of Fig. 3. In Fig. 2,
for each scenario pd, the height of the bar is the total ESS
capacity c(x̃d), while the two colors highlight the partition
of c(x̃d) between the two ESSs. Then, the scenarios are
sorted according to decreasing values of c(x̃d), It turns out

that returning the ordered set D̃ = {d1, d2, d3, . . . , d100} =
{15, 98, 55, . . . , 42}. The lower bound (28) to the optimal
cost c(x∗) of (20), is c(x̃15) = 65.92 kWh, while the upper

bound to c(x∗) is c(x̃) = 68.84 kWh, with x̃ given by (22).
In the first iteration of Algorithm 1, D1 = {15} is consid-
ered. Since x∗

1 = x̃15, one has to check only whether the
solution x̃15 is feasible for all other scenarios. The gray
region in Fig. 3 represents the set of solutions that are
dominated by x̃15, and one can therefore conclude that
x̃15 is feasible for all scenarios, except p55 and p98. For
these two scenarios, a feasibility check has to be accom-
plished, and it turns out that the test fails for scenario p55.
Hence, Algorithm 1 does not stop, and a further iteration
is required.

In the second iteration of the algorithm, D2 = {15, 98}
is considered, i.e., D2 is formed by the two scenarios fea-
turing the largest total ESS capacities. Problem (30) is
solved, and returns the solution x∗

2. The feasibility check
of x∗

2 again fails for scenario p55, and a third iteration of
the algorithm is required.

In the third iteration, scenario p55 is added, being
the third element according to the ordered set D̃. Prob-
lem (30) is solved with D3 = {15, 98, 55}, returning the
solution x∗

3, which is feasible for all scenarios. Hence, Al-
gorithm 1 terminates with the optimal solution x∗ = x∗

3

for problem (20).
The three iterations of the algorithm are summarized

in Table 2, where E∗
s,κ is the ESS size at bus s corre-

sponding to the solution x∗
κ. Notice that the algorithm

generates a sequence of lower bounds converging to the
optimal cost c(x∗). A graphical representation of the al-
gorithm iterations is provided in Fig. 4, also showing that

Table 2: Summary of the iterations of Algorithm 1. ESS sizes are
expressed in kWh.

κ Dκ E∗
12,κ E∗

33,κ c(x∗
κ)

1 {15} 22.02 43.90 65.92
2 {15, 98} 25.08 42.17 67.35
3 {15, 55, 98} 25.78 41.76 67.54
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Ẽ12 = Ẽ12,98 and Ẽ33 = Ẽ33,55.

Remark 4. In the proposed application of Algorithm 1,
only one scenario is added at each iteration. This is done
for illustrative purposes. In practice, since in the first it-
eration of the algorithm the feasibility check fails only for
scenario p55, one could argue that this scenario is critical,
and decide to include it in the setD2. To do this, one has to
choose ℓ2 = 3 in Algorithm 1, and hence D2 = {15, 98, 55}.
In this way, the algorithm would stop in the second itera-
tion.

5.2. Approximate solutions for the case γ > 0

The aim of this section is to validate the bounds (23)
and (25) on the optimal cost J∗, using instances of prob-
lem (20) that can be computationally solved. In particular,
the gap between the upper bound JUB and both the op-
timal cost J∗ and the lower bound JLB, is evaluated. To
this purpose, the following percent errors are considered:

η∗ = JUB−J∗

JUB

% (32)

ηw = JUB−JLB

JUB

%. (33)

The 100 available scenarios are partitioned into 10 non-
overlapping groups P1, . . . ,P10 of 10 scenarios each. For
each group, J∗ is computed by solving the multi-scenario
problem (20) for three different values of γ, namely γ =
100, 500, and 1000. Then, in order to compute the bounds
JLB and JUB, 10 single-scenario problems (21) are solved
for each value of γ. Results are shown in Table 3. As
expected, there always holds JLB ≤ J∗ ≤ JUB. Percent
errors (32) and (33) are averaged over the 10 groups of
problems. It turns out that, In terms of mean values,
ηw = 21.43% and η∗ = 12.75% for γ = 100, ηw = 6.65%
and η∗ = 3.42% for γ = 500, and ηw = 3.78% and η∗ =

2.05% for γ = 1000. This implies that η∗ is typically a
fraction of ηw ranging from 0.5 to 0.6. Moreover, it can be
noticed that the values of η∗ and ηw decrease as γ grows.
This is consistent with the intuition that the lower bound
JLB tends to the upper bound JUB when greater weight
is given to the operation cost f(·) in (13), as compared to
the installation cost c(·).

It is stressed that, as discussed at the end of Section 2.4,
problem (20) cannot be computationally solved in prac-
tical applications with a large number of scenarios, and
therefore η∗ cannot be evaluated, in general. On the other
hand, ηw can be typically computed, and provides the de-
cision maker with a worst-case indication (i.e., in the case
J∗ would be actually equal to JLB) about the optimality
gap of the feasible solution found via Theorem 1. For in-
stance, in our application, problem (20) cannot be solved
with 100 scenarios due to out-of-memory issues, whereas
the 100 single-scenario problems (21) needed to compute
the bounds JLB and JUB, are solved in about 200 min
(without parallelization). Lower and upper bounds are
shown in Table 4 for γ = 100, 500, and 1000. The corre-
sponding percent errors ηw are 31.81% for γ = 100, 8.47%
for γ = 500, and 4.25% for γ = 1000. This confirms the
decrease of ηw as γ grows.

5.3. Comparison of scenario reduction techniques

An important issue in scenario reduction is concerned
with the quality of the reduction process, which is to be
measured in terms of the solution to the original problem.
In other words, a good reduction process provides a sce-
nario subset yielding a solution which is close, and possibly
equal, to the solution obtained with the whole scenario set
[31].

In this section, the scenario reduction technique of Sec-
tion 4, based on ordering the scenarios according to the op-
timal cost of the single-scenario problem (21), is compared
with a scenario reduction technique based on the notion
of probability distance [33]. A probability distance allows
one to quantify the closeness of two different scenario sets
that represent the same stochastic process. The idea is to
preserve as much as possible the stochastic information of
the original set in the downsized scenario set. For a fixed
cardinality N of the downsized scenario set, the technique
in [33] selects N representative scenarios from the original
scenario set P , based on the Kantorovich distance. The
interested reader is referred to [31, Chap. 3] for the imple-
mentation of the technique adopted in this paper.

Let N = 10. As described in Section 4, a downsized
scenario set Po is constructed by selecting the first N sce-
narios of P according to the ordering induced by D̃. A
different downsized scenario set Pp of cardinality N is ob-
tained by applying the scenario reduction technique of [33].
Then, problem (20) is solved for both scenario sets Po and
Pp. Figure 5 shows the results obtained using Po. It turns
out that The solution found with the downsized set Po

is equal to the optimal solution of problem (20) for the
whole set P . On the other hand, Fig. 6 shows the results
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Table 3: Optimal cost J∗ of problem (20) for different values of γ, and corresponding bounds JLB and JUB (in kWh). Each row refers to a
different scenario set composed of 10 scenarios.

γ = 100 γ = 500 γ = 1000

JLB J∗ JUB JLB J∗ JUB JLB J∗ JUB

P1 76.84 91.53 103.74 260.14 272.39 277.97 478.42 489.92 494.08

P2 89.41 101.35 125.68 309.30 330.33 335.39 574.63 594.88 597.91

P3 82.87 88.91 93.25 284.99 287.72 291.68 528.05 530.96 535.11

P4 86.65 91.81 96.56 297.42 299.58 304.25 552.27 554.57 559.20

P5 77.94 88.91 110.13 272.62 285.79 299.41 501.86 514.66 533.67

P6 100.16 110.93 135.73 339.21 352.96 391.08 629.20 641.83 684.84

P7 97.32 102.12 108.80 322.60 327.61 331.43 597.26 601.30 604.20

P8 76.75 82.59 95.10 265.90 271.45 278.35 490.88 496.03 502.94

P9 91.13 101.20 108.63 311.26 319.22 323.46 577.77 584.65 587.73

P10 82.80 100.61 130.90 284.87 305.26 333.83 525.95 546.38 576.91

obtained using Pp. The solution found with the downsized
set Pp is infeasible for at least three scenarios in P \ Pp

(those corresponding to the three black circles above the
gray line in Fig. 6). Moreover, the total ESS capacity of
this solution is about 25% less than the minimum required
to guarantee feasibility over the whole scenario set P .

The results of this section confirm, as also reported in
[34], that metrics based on probability distance criteria,
are not suitable to downsize the scenario set for the ESS
sizing problem (20). Vice versa, the scenario reduction
technique of this paper turns out to be extremely effective,
being derived by exploiting the structure of problem (20).

6. Discussion

The significance of the numerical results presented in
Section 5 does not lie in the particular test network and
data used. Starting from an optimization problem which is
of strong interest in applications, but cannot be solved di-
rectly due to computational issues, it is shown that bounds
on the optimal cost, and a good feasible solution of that
problem, can be obtained by applying a suitable decompo-
sition approach. Moreover, if the objective is to minimize
the total installed storage capacity, the proposed iterative
procedure of Algorithm 1 allows one to compute the ac-
tual optimal solution. In this respect, these contributions

Table 4: Bounds JLB and JUB (in kWh) of the optimal cost J∗ of
problem (20) for a scenario set composed of 100 scenarios. Each row
corresponds to a different value of γ.

γ JLB JUB

100 86.19 126.40
500 294.83 322.13
1000 545.73 569.94

represent an important bridge from theory to application.
The aforementioned iterative procedure is based on a

metric for scenario reduction, which exploits the structure
of the multi-scenario problem. In the presented numeri-
cal results, this ad hoc metric is shown to be extremely
effective for the problem at hand compared to standard
clustering methods, typically adopted in the literature on
scenario-based approaches.

Finally, although the main focus of the paper is on the
use of ESSs for voltage support, ESSs can be adopted to
provide different services to the grid, such as peak load
shaving, load curve smoothing, and reduction of DG cur-
tailment. The more services the ESSs simultaneously pro-
vide, the more advantageous their installation is from the
economic point of view. If ESS sizing has to take into
account the provision of multiple services, additional net-
work operation constraints should be included in the op-
timization problems, as well as new terms could be added
to the cost function f(x, y, p) in (13). As a matter of fact,
these changes do not affect the ESS operation constraints.
Since all the results obtained in the paper derive from the
structure of the constraints (6)-(7), where the ESS sizes
Es enter as upper bounds, it can be concluded that the
proposed technique can be readily generalized to sizing
problems where ESSs provide multiple services.

7. Conclusions and future work

This paper addressed the problem of finding the op-
timal sizes of energy storage systems in distribution net-
works. A two-stage stochastic programming formulation
was adopted to accommodate uncertainty on future de-
mand and generation. Then, a scenario-based discrete ap-
proximation of the two-stage problem, in the form of a
multi-scenario optimal power flow, was derived. Since the
latter problem rapidly becomes intractable as the number
of scenarios grows, a procedure to compute a feasible so-
lution of the multi-scenario problem was proposed. This
procedure provides also upper and lower bounds to the
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Figure 5: Results of scenario reduction based on Algorithm 1. The
blue circles correspond to the first ten scenarios according to the
ordering induced by D̃, and the red star represents the solution ob-
tained by solving problem (20) for this downsized scenario set.

optimal cost of the multi-scenario problem. Moreover, for
the case when the objective is to minimize the total in-
stalled storage capacity, a computationally tractable, iter-
ative procedure was devised to solve the corresponding op-
timization problem. The proposed bounds and procedure
were validated on the topology of the IEEE 37-bus test
network. Numerical results confirmed both the theoreti-
cal bounds, and the convergence of the iterative algorithm
to the optimal solution of the multi-scenario problem. Fi-
nally, a comparison with a scenario reduction technique
based on a probability distance criterion, was carried out,
showing that the metric for scenario reduction proposed
in the paper is more effective for the purpose of the con-
sidered sizing problem.

In this paper, the sizing problem was addressed in a
worst-case sense, since power flow and network constraints
had to be fulfilled under all scenarios. Future work will
focus on a more general setting, where hard constraints are
replaced or complemented with probabilistic constraints.

Appendix A. Linearized ESS capability curve

The ESS capability curve is translated into the follow-
ing constraint on the apparent power delivered by the ESS
at time t:

rs(t)
2 + bs(t)

2 ≤ S
2

s, (A.1)

where Ss is a given upper bound for the ESS at bus s. The
circular region defined by (A.1) is linearized via a polyg-
onal inner approximation defined by (7). The vectors Γs,
Υs and Ξs in (7) are derived next when the approximation
is a regular polygon of 2n sides, n = 2, 3, . . ., with a vertex
in the point (Ss, 0). The case n = 4 is shown in Fig. A.7.

Let θ = π
n
, and θk = kθ, with k an integer number.

The vertices of the regular polygon are the points Pk =
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Figure 6: Results of scenario reduction based on [33]. The green
circles correspond to the ten scenarios selected based on a probability
distance criterion, and the red star represents the solution obtained
by solving problem (20) for this downsized scenario set.

Figure A.7: Inner approximation of a circular region with a regular
polygon of 8 sides (n = 4).

(Ss cos θk, Ss sin θk), k = 0, 1, . . . , 2n − 1. Let Lk be the
line passing through the points Pk and Pk+1 (with P2n =
P0), and define Hk the half-plane on the side of the line
Lk which contains the origin. The half-plane Hk is defined
by the linear inequality

(sin θk+1 − sin θk) rs − (cos θk+1 − cos θk) bs ≤ Ss sin(θ).
(A.2)

In order to model the possible dependence of power ratings
on energy ratings for a given storage technology [18], the
upper bound Ss is assumed to be proportional to the ESS
size Es. Hence,

Ss = ρsEs, (A.3)
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Γs =




sin θ1 − sin θ0
sin θ2 − sin θ1

...
sin θ2n − sin θ2n−1


 , Υs = −




cos θ1 − cos θ0
cos θ2 − cos θ1

...
cos θ2n − cos θ2n−1


 , Ξs = −




ρs sin θ
ρs sin θ

...
ρs sin θ








2n (A.4)

where ρs is fixed, and characteristic of the storage technol-
ogy adopted at bus s. Since the polygon is finally defined
by the intersection of the half-planes Hk in (A.2), the vec-
tors Γs, Υs and Ξs take the form in (A.4).
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