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Abstract

Taking into account inertial and viscosity effects, we consider the dynamics of a two dimen-
sional membrane subjected to an unilateral constraint on its deformation gradient. Specifically,
due to the constitutive law, we assume that higher deformations lock the material, leading to
the inequality |Vu| < g, where u denotes the displacement of the membrane and g is a certain
positive threshold. We then introduce the concepts of weak and generalised solutions to the asso-
ciated wave equation, and prove the existence of them for rather general data and homogeneous
Dirichlet boundary conditions. The presence of the gradient constraint provides the existence of
a Lagrange multiplier A\ related to the existence of a reaction term Y, which corresponds to a
strongly nonlinear term in the wave equation. We then extend the existence result to a weak form
of the Neumann type boundary condition au + % + % + 7Y -v =0, for any a > 0, and we show
that these solutions tend, as o — oo, in a certain sense to a solution of the homogeneous Dirichlet

constrained problem.

Key words: membrane, viscoelasticity, wave equation, strong damping, unilateral constraint, gradi-
ent constraint.

AMS (MOS) subject classification: 35L05, 74K15, 74D10, 47H05, 46A20.

1 Introduction

A linear model describing the damped vibrations u = u(x,t) of a membrane subjected to external
forces f in a bounded domain at instant ¢ may be described by the equation

i — Au— Aiv= f, (1.1)

with suitable initial and boundary conditions. Here we denote @ = Ou/dt, i = 0%u/0t?, and A the
usual Laplacian in the spacial variable x. It is well-known that the damping term A, representing a
viscoelastic effect, induces a dissipation in energy and a mathematical regularisation in the solution
u.

In this work we are interested in studying this model subjected to the additional constraint

Vu| <g, (1.2)



for some given positive function g, bounded and with bounded time derivative, representing a strain
threshold which locks the membrane deformation. This is a special case of the constitutive law for
“ideal locking materials” introduced by W. Prager in 1957, and it was considered by Duvaut and
Lions in 1972 [13, Chap.5.7], and by Demengel and Suquet [12] in the general stationary linearised
elasticity framework. For recent works on locking materials type models see [5] and [26] and references
therein. In fact, this problem, in the scalar case, corresponds to the equilibrium locked membrane,
which displacement v = u(x), with homogeneous Dirichlet boundary condition, satisfies the equation

—Au — div (AVu) = f. (1.3)

Here A\ = A(z) is a Lagrange multiplier, associated with the locking constraint, satisfying the unilateral
conditions

A>0, |[Vul<g, A(Vul—g)=0. (1.4)

Actually, this stationary problem is also the same mathematical model for the well-known elasto-
plastic torsion problem, when w is the strain potential in two dimensions (see, e.g., [13, Section
5.6.6], or [17, Sections 1:6 and 8:4]). Although in this simple case of positive constants f and g, the
regularity of the stationary solution allowed Brézis [8] to prove the existence of a unique bounded A,
the problem has also been considered in more general cases by several authors. In particular, recently
in [3], a degenerate case of equation (1.3), corresponding to an equivalent weak formulation for the
Monge-Kantorovich mass transfer problem was considered with f € L?(Q) and g € L®(Q), where A
is regarded as an element of the dual of L>°(Q) (i.e. as a finite additive measure or as a charge). In
fact, gradient type constraints arise naturally in other models for critical state problems in Mechanics
and in Physics and a recent survey on the corresponding elliptic and parabolic problems can be found
in [19].

In this work we give the first existence result of a weak solution and the corresponding gener-
alised Lagrange multiplier, globally in time, for the dynamics of the locking viscoelastic membrane.

Although we still obtain weak solutions v with finite energy, the unilateral gradient constraint
must be interpreted globally, with a multiplier T as an element of a subdifferential associated with the
convex constraint. We also obtain a generalised Lagrangian multiplier A, which cannot be interpreted
in the point-wise sense but rather in the duality sense of L®°. In this generalised formulation, we
obtain an energy inequality involving the data f, g, and the initial conditions.

Our main results (Theorem 2.2 and Theorem 2.8) are contained in Section 2.2 and state the
existence of solutions (u,Y) and (u, ) to system (1.1)-(1.2) in suitable weak and generalised forms
for the homogeneous Dirichlet problem (see Definitions 2.1 and 2.6, respectively). In Section 5 we
give their corresponding similar weak and generalised formulations for the cases with Neumann and
Fourier type boundary conditions, and show existence of solutions (Theorem 5.4).

By combining a variant of the classical penalisation method proposed in [15, pag. 376] with
appropriate a-priori estimates, obtained in Section 3, we use the duality techniques in Sobolev-Bochner
spaces framework recently adopted in [7] for the damped wave equation with unilateral constraints
(see also [22-24]).

More precisely, we make use of approximate functions u., defined for all € € (0, 1), which are
more regular and satisfy the damped wave equation with an additional reaction term coming from
a penalised version of the constraint (1.2). Roughly speaking, the solutions u. to the wave equation
with regularised penalisation should satisfy the equation

ﬂe - Aue - Aue — div (ke(‘vu€|2 - 92)vu6) = fa (15)
complemented with homogeneous Dirichlet boundary condition
ue = 0 on S (1.6)

Here k.(-) is a suitable real valued function depending on the parameter € (see (3.1) below).

Once we have stated and verified the existence of u. (Theorem 3.1), it is necessary to find
suitable a-priori estimates for u. in order to pass to the limit as € — 0. To prove that a limit u of u.
is a solution as in Definitions 2.1 and 2.6, we have also to control the penalisation term

kc(|Vue® — ¢%)Vue.



This is shown to converge to a weak vector multiplier T € HG, where Hy is a suitable Hilbert space
(see Section 2). Extending the techniques of [3] for the elliptic problems, we show also that in the
weak formulation with a more restrictive class of test functions we may replace T by AVu for a charge
A € L>(Q)', representing a generalised Lagrange multiplier.

These results and proofs are given in detail with a homogeneous Dirichlet boundary condition,
but are, in Section 5, easily extended to Neumann and Fourier type boundary conditions (see Theorem
5.4 and Theorem 5.5). In the latter case, which depends on a positive parameter «, by using the
techniques of [3] and [2], we are able to recover the solution of the Dirichlet problem as the limit
a — oo (see Theorem 5.6), which corresponds to a kind of one parameter continuous dependence
result for weak solutions.

2 Preliminaries and Main Results

2.1 Notation

Let Q € R%, d > 1, be an open bounded set with Lipschitz boundary having unit outer normal v.
The problem we will address is to find a real valued displacement u = u(t,z) : (0,7) x Q@ — R, for a
given time T > 0, which satisfies equation (1.1) and is subjected to the constraint (1.2). In order to
specify our rigorous setting and introduce the concept of solution, we need some preliminaries. We
will adopt the following notation

Qr=(0,7)xQ, and Q= (0,¢) x ©,

for any t € (0,T]. Moreover we set
v = HiQ)

for the Dirichlet problem and
vV =H' Q)

for the Neumann and Fourier problems. To shortcut the notation we denote by
L3(Q) := L2 RY),  L2(09Q) := L*(O%RY),  L°(Q) := L=(Q;RY),
L*(Qi) = L*(QuRY),  L™(Q:) := L™(QuRY), (2.1)

for any ¢ € (0,7]. We also introduce the symbol L2() to denote the subspace of L*(£2) consisting
of function with null average, i.e. [,u(z)dr = 0 if u € L?(Q2). We denote by V the subspace of V
consisting of functions with null mean value on 2. We also need the following spaces

V= HY0,T; L*(Q)) N L*0,T;V),
V= H'0,T;L2(Q)) N L*(0,T;V),
H = H'(0,T; H 1 (Q;RY)) N L2(0, T; 1L.%(Q)), (2.2)
and we denote by
Hy :={F € H: F = Vv for some v € V}. (2.3)

Notice that Hy is a subspace of H and is a Hilbert space when endowed with the norm of H. The
counterparts of (2.2) and (2.3) in the case that the time T is replaced by ¢t € (0,7T), are Vy, H;, and
Hv +, respectively. Namely

V; = HY(0,t; L*(Q)) N L*(0,t; V),

YV, := HY0,t; L2(Q)) N L*(0,t; V),

H, = H'(0,t; H (4 RY) N L2(0,1;L3(Q)), (2.4)
and

Hyo:={F € Hy: F = Vv for some v € V;}. (2.5)



The scalar product in L?(Q) or L2(Q2) is denoted by (-,-). The scalar product in L?(92) or
L2(09) is instead denoted by (-, -)aq. The duality between V' and V is noted by (-,-). Moreover
we will need to employ the duality between H¢ and Hy, denoted by ((-,-)). When we deal with the
spaces Hy ( and Hy ¢ the duality pairing is denoted by ((-, )

Eventually, we denote by [, ] both the duality between L>°(Qr)" and L°(Qr), and the duality
between L>®(Qr) and L*(Qr). When we work on Q; instead of Q7 we employ the symbol [, ];.
We recall that an element o € L (Qr)’, sometimes also called a charge, can be regarded as a finitely
additive measure o*, with bounded total variation, which is also absolutely continuous with respect
to the Lebesgue measure in Q7 and may be defined by a Radon integral

[0, 0] = odo™, (2.6)
Qr

for all ¢ € L>°(Qr) (see [28, Chapter IV, Section 9, Example 5]).
Whenever F' € Hy we can choose v € V (with null mean value on ) such that F' = Vu. Thus
we merely observe that the space Hy coincides with

{F e€H:F =V for some v € V}. (2.7)

We invoke the following general fact which will be useful later (see [27, Proposition 1.2]). There is a

constant C' > 0 depending on the domain € such that, for any v € L2(Q) it holds
[ullzz < Cl[Vul g1 (2.8)

This is applied to functions F' € Hy. Indeed, combining this with classical Poincaré inequality we
find that

lolly < CllF e, (2.9)
where v € V is such that F = Vv. We also need to introduce the space
X = H "), (2.10)

where k > 1 depends on d and is such that L*(Q;R?) cc H—*(Q;R?) with continuous and compact
embedding.
Let g € L*(Qr) be a positive function such that

g(x,t) > go >0 ae. in Qr, (2.11)
for some constant go. We introduce the operator J, defined for all A € L2(Qr), as

0 if |[A] < g a.e. in Qr,

) (2.12)
+o0  otherwise,

J(A) = g K(A(:c,t)|2—g(x,t)2>dxdt:{

where K is the indicator function of the interval (—oo, 0], namely

fi <
K(y) == {O ory <0, (2.13)
400  for y > 0.

We set
8= 0J, (2.14)

the classical subdifferential of J. To our scope, we need to consider the relaxation of the operator 0.J
with respect to a weaker topology, namely we want to compute the subdifferential of J with respect
to the duality between Hg and Hy. To this aim we first restrict J to the space Hy, and consider
the restricted operator Jiy. We say that G € H belongs to the subdifferential 0Jiy, at A € Hy,
and we write G € 0JLy (A), if and only if, for all B € Hy, it holds

J(B) — J(A) > (G, B — A, (2.15)



where we recall that ((-, -)) represents the duality pairing between HG and Hy. To simplify the notation
we set

510 = aJ\_Hv.

For all ¢t € (0,T] we can repeat the procedure above by defining J as in (2.12) with Q; replacing Qr.
This will lead us to consider the the subdifferential of J restricted to the space Hv ., which we denote
by

Bw,t = 8J|_vat .

In Section 3.1 we will approximate 3,, (and 3, ; as well) by more regular operators.

2.2 Concepts of weak and generalised solutions — Dirichlet problem

We introduce first the concept of solution in the case V = H(Q). Let T > 0, let ug,u; € H} (), and
let a non-negative g € L>°(0,T; L>°(Q2)) be given.

Definition 2.1. A pair (u,Y) with u € H'(0,T; H}(Q)) and T € H{, is a weak solution to the
constrained wave equation if the following properties hold:

(i) We have the following regularity

u € WH(0,T; L*(Q)), (2.16)
we BV(0,T; X), (2.17)

where X is the space introduced in (2.10). Moreover
Vu € L*(Qr), (2.18)
and the function u accounts for the initial values

u(0) = wuyg, w(0) = uy. (2.19)

(ii) The following weak expression of the constrained wave equation holds

(@(T), 9(T)) — (ur,(0)) — / (i, ¢)ds + / (Vu+ Vi, Vo)ds + (T, Vo)) = / (/. ¢)ds,
(2.20)

forall p € V = HY(0,T; L?(Q))NL?(0,T; H}(9)), the function u satisfies the gradient constraint
|Vu| < g a.e. in Q, (2.21)
and the term T satisfies

Y € Bu(Vu). (2.22)

In order to find a weak solution to the constrained wave equation we need to give suitable
initial data. In the case of the homogeneous Dirichlet boundary condition, we shall require

ug,up €V = Hy(Q) (2.23)
with |Vug| < g(0) a.e. in Q. (2.24)

We can now state our first main result:
Theorem 2.2. Let T > 0, suppose g € W (0, T; L°°(2)) is such that
9290>0,

for some constant go, assume f € L?(0,T; L?(Q)) and ug,u1 are as in (2.23) and (2.24). Then there
exist u € HY(0,T; H}(Q)) and T € H such that the pair (u,Y) is a solution to the constrained wave
equation with Dirichlet boundary condition in the sense of Definition 2.1.



As it will follow from the proof of Theorem 2.2, we may anticipate some remarks, the first
one being a kind of local in time version of the weak formulation for the dynamics of the viscoelastic
locked membrane.

Remark 2.3. For all ¢ € (0,T) there exists T; € Hg,; such that the following local version of the
constrained wave equation holds

(alt), (t)) — (ur, (0)) — / (i @)ds + / (Vu+ Vi, Vi)ds + (X1, Vgl = / (fro)ds,  (2.25)
for all ¢ € V;. Moreover
Ty € Bust(Vu). (2.26)

Furthermore the reaction term Y; is compatible with T, in the sense that if ¢ € V; satisfies p(t) = 0,
then

(T, @) = (Lo, o, (2.27)

where ¢ is the extension to zero on (¢, 7] x Q of ¢.

Remark 2.4. During the proof of Theorem 2.2 we will see that the reaction term Y is the limit (as
e — 0) in H of a sequence

k([Vuc|* — ¢*)Vu. € Ho, (2.28)

where k.(-) : R — [0,00) is a suitable function depending on the parameter ¢ > 0 (see (3.1) below).
At the same time we will show that such a sequence is uniformly bounded in L!(Qr), which can
be regarded as a subespace of L>°(Qr)’, and applying Alaoglu’s theorem in this space, we may also
consider that, for some generalised subsequence or subnet, it also converges weakly* in the space of
charges to some T € L>°(Qr)’. Consequently, this T may also be represented by a finitely additive
measure T* in the sense that

(0, Vo) = [T, Vel = [ Vep-dY7, (2.29)

for all o € VN L>(0,T; WH(Q)).
Remark 2.5. We will also see that, likewise the sequence in (2.28), also the sequence
ke(‘vue|2 792)7 (230)

will be uniformly bounded in L'(Q7). This entails that there is, up to generalised subsequences,
A € L*°(Qr)" such that
ko(|Vue? — g?) — X weakly* in L=(Qr)’. (2.31)

The term A\ plays the role of a Lagrange multiplier. The corresponding charge A* represents A, in the
sense that

AV, Vel =0 Vel = [ (76T, (2.32)

Qr
for all p,% € VN L>®(0,T; WhHe°(Q)).

In view of the previous remarks, we have to specify which is the relation between Y and
A. This is clarified by our second main result, which is based on the new definition in terms of the
displacement u and the Lagrange multiplier \, and also provides an energy inequality for all ¢t € (0,T).

Definition 2.6. A pair (u,\) with u € HY(0,T; H(Q)), A € L*>(Qr)’, is said to be a generalised
solution to the constrained wave equation if the following properties hold:



(i) Conditions (2.16), (2.17), and (2.18), hold, together with the initial condition (2.19).

(ii’) The following weak expression of the wave equation holds

(0(T). (1)) ~ (11, 0(0)) ~ [ i, @yds + / (Vut Vi, Ve)ds + [ Vu - Vi = / C(f. s,
’ ’ Y (2a)

for all o € VN L(0,T; W1>°(Q)). Moreover
|Vu| <gae inQr, A>0 and A(|Vu|>—g¢?)=0 in L>(Qr)". (2.34)

(iii") For all t € (0,T) the following local generalised version of the wave equation holds

(at), o(t)) — (ur, 0(0)) — / (i, ¢)ds + / (Vu+ Vi, Vg)ds + [\, V- Vigl, = / (f,0)ds,
(2.35)
for all o € V, N L>(0,t; WL (Q)).

Remark 2.7. Let us comment on Definition 2.6. Note that A is not defined as a distribution, but
as a charge, i.e., an element in L>°(Qr)’. Specifically, in point (iii’) we have noted [-,-]; the duality
between L (Q:)" and L*°(Q;). This is defined as

[AaF]t = P‘aﬁ]a

where F is the extension of F € L>(Q:) to an element of L (Qr) by setting F=0on Qr\ Q.
As a consequence, if ¢ € V; N L>(0,t; W1°°(2)) is such that ¢(t) = 0, and if ¢ denotes its
extension to 0 on Q7 \ Q, then comparing (2.35) and (2.25) it is expected that

A V- Vol = (T, o). (2.36)

Nevertheless, note that the two definitions of solutions are not equivalent and in both cases
the uniqueness of the solution is an open problem.

Indeed, this is the case, as it is established in our second main result, which implies that the
energy of the system is not increasing if f = 0 and the threshold g is time independent.

Theorem 2.8. Under the same assumptions of Theorem 2.2, there exists a generalised solution (u, \)
to the constrained wave equation in the sense of Definition 2.6, which is related to a weak solution
(u, T) in the sense of Definition 2.1 by the relation between A and Y given by

(A, Vu - Vel = (T, V), (2.37)
for any o € VN L>(0,T; WHo(Q)). In addition the following energy inequality holds for a.e. t €
(0,71,

1. 1 N 1 1 ! . .
IO + 5IVuOIE: + [ IVilEads < 5hurla + F1Vu0lEe + [ (7). 0))ds = (.
We conclude this section by observing that weak solutions provided by Theorem 2.2 and
Theorem 2.8 also solve the same variational inequality version of (2.20) and of (2.33).

Remark 2.9. Let (u,T) (resp. (u,\)) be a solution provided by Theorem 2.2 (resp. Theorem 2.8);
then u satisfies the constraint |Vu| < g a.e. in Qr, and for all ¢ € V with [V¢| < g a.e. in Qr, by
the definition of the subdifferential in (2.22), in the first case, and as a consequence of (2.34) in the
second case, the following holds

T T
(W(T),u(T) — p(T)) — /0 (4,4 — p)ds + /0 (Vu+ Vi, Vu — Ve)ds <

(u1,u0 — #(0)) + /0 (f,u—p)ds. (2.38)



3 The approximate problem

3.1 The penalisation term

Following the theory developed for elliptic and parabolic equations with unilateral contraints (see [15,
Chapter 3, Section 5]) we introduce a penalisation operator in order to obtain, at the limit, a solution
which satisfies the gradient contraint (see also [7], [22], [23], [24] for hyperbolic PDEs).

For any € € (0,1) we define

hely) = 1L
e(y) = E\/ﬁ’

where y© =y V 0, y € R. The function k. : R — [0, +00) is continuous nondecreasing, assumes the
value 0 on the set (—o0,0], is strictly positive on (0,+0o0), and bounded by % As € \, 0 we have
ke / k, where

(3.1)

0 for y <0,
k(y) = { (3.2)
400 fory >0,

the indicator function of (—oco,0]. Let us denote by K(y) := [ ke(r)dr, that is
1
Ke(y) = -(V{yt)? +1-1).

The function K. is nonnegative and convex of class C1(R). As € \, 0 we have K, ~ K, the function
in (2.13) (which actually coincides with k).
Let g be the function introduced in (2.11). We define, for all € € (0, 1), the operator

T
Je(A) ::/O /Q%Ke(\A(a:,t)F — g(z,t)?)dzdt, (3.3)

for any A € L?(Qr). We say that G € L?(Qr) belongs to the subdifferential 0.J. (with respect to the
L2-duality) at A € L?(Qr), and we write G € 0.J.(A), if and only if for all B € L?(Q7) we have

J.(B) — J.(A) > / G- (B — A)dzdt, (3.4)

T

By definition of J. it turns out that
G € 0J.(A) ifandonlyif  G(x,t) = k(JA(x,1)|? — g(x,t)*)A(z,t)  for ae. (2,t) € Qr. (3.5)
Indeed, if we choose B = A + hy in (3.4), with ¢ € L?(Qr), we infer that

A —J(A
/ k(|A]?2 — g*)A - ¢ dedt = lim (A + ho) = Je(A) > G - dxdt,
Qr h—0t h

Qr

whereas the opposite inequality is obtained letting A — 0. Thus one has
k(|AP? — g*)A - ¢ dzdt = G - ¢ dxdt,
Qr Qr

which implies (3.5) thanks to the arbitrariness of ¢.
To shortcut the notation we write

Be =0, (3.6)

for the subdifferential of J. with respect to L2(Qr)-duality. We now see, without entering into details
(we refer to [7,22,24] for a more exhaustive discussion), that the operators J, suitably approximate J,
the operator defined in (2.12), as e — 0 (and, consequently, 8. approximate f3,,, in a suitable sense).



Indeed, noticing that the operators K. are increasing as € \, 0, and hence converge pointwise to the
limit function K defined in (2.13), it is possible to show that J. converge to J in the sense of Mosco
(see [1, Theorem 3.20]). As a consequence the monotone operators 3. are converging to f,, in the
sense of graphs (see [1]), and following the discussion in [7] (see also [24]), this allows to show the
following Minty-type trick: If a sequence (G, Ac) € Hg x Hy with Ge € B(Ae) satisfies

A, — A weakly in Hy, G. — G weakly in He,
and limsup({(Ge, Ac)) < (G, A)), (3.7)
e—0
then
G € Bu(A), (3-8)

(see [24, Lemma 2.4)).

3.2 The regularized problem

In this section we study the strongly damped wave equation with a regularized gradient constraint,
i.e. we replace the full constraint (1.2) with a penalised version of it. More precisely, strong solutions
ue to the wave equation with regularized penalisation should satisfy

iie — Aue — At — div (ke (|Vuel? — ¢*)Vu,) = f. (3.9)

We complement (3.9) with Dirichlet boundary condition

ue = 0 on 99, (3.10)

and initial data
ue(0) = ug, u(0) = uy, (3.11
and wup,u; € V. (3.12)

Actually, it is convenient to consider a slightly different equation than the strong formulation (3.9)-
(3.10): we require that

(i1c(), (1)) — (1, (0)) — / (e, @)ds + / (Vu + Vi, Vp)ds

+ / (ke[ Ve — 6%) Ve, Vip) = / (f. ¢)ds, (3.13)

0 0

for all o € V and ¢ € (0,77.
For € € (0,1), the following existence theorem for the regularized solutions holds.

Theorem 3.1. Let T > 0 and let ug,u1 be as in (3.11) or (3.12). Assume also f € L?(0,T; L*(Q))
and g € W1>°(0,T; L>°(Q)). Then for all € € (0,1) there exists a solution u. to (3.13) such that

ue € WHe°(0,T; L2(Q)) N HY (0, T; HL (), (3.14)
we € HY(0,T; H (). (3.15)

Proof. We sketch the proof of Theorem 3.1, which is based on a standard time discretisation procedure:
let n € N be a positive integer, let 7 := T /n, and t; := k7, k = —1,0,...,n. We define

Up,0 = UQ, Un,—1 = U — TUL,
and for all £ > 1 we define recursively

Un := argmin {F, x(u) :u € V}, (3.16)



where

1 7, Vu — Vuy, -
172 + 51 Vullze + 5 ———"=

2 H%Z + JE(VU) - (f(tk)’u)v

ank(u) =

EHU — Unp,k—1 o Up k—1 — Un,k—2
2 T

which results convex and coercive. Notice the dependence of u,, ;, on e. We have however dropped the
label €, for the reader convenience. As minimizer of F,, j, u, i satisfies the Euler-Lagrange equation

vun,k - vun,k—l

1, Un,k — Un k-1 Un,k—1 — Un k—2
- : - - : ) \% n 7v ,V
T . = @)+ (Vtn, Vo) + ( . ©)
(ke(|Vun k| = %) Vn i, Vo) = (f(tr), ) = 0, (3.17)
for all ¢ € V. Then one defines the piecewise affine interpolant w, : [-7,7] — V by interpolating
the values uy  on the points ty, k = —1,...,n. Also, one set vy, ) := “=E—"t=1 and define the

piecewise affine function v, by interpolating the values of v, ; on t;. With the aid of the additional
piecewise constant maps u, and v, (which equal u, , and v,k on [tx—1,%), respectively), one puts
© = vy 1= —mEEESL iy (3.17) and summing on k = 0, ..., m, m < n, standard arguments allow to
show the a-priori estimates

u, € HY(0,T; V) nWh>(0,T; L*(Q)), (3.18)

v, € L°°(0,T; LA(Q)) N L2(0, T; V)NH (0, T; V'), (3.19)

| BVl - 1o € (0.1, (3.20)
Q

The norms of the functions above are uniformly bounded by a constant independent of 7. On the
other hand, thanks to the boundedness of k. by %, we infer

ke(|Vun|* — ¢*)Vu, € L2(Qr), (3.21)

uniformly with respect to 7. By (3.21) it follows that the operator
I / ke (|Vun|* — ¢*)Vu, - Vo dz, (3.22)
Q

belongs to V', and hence by comparison in (3.17) we easily infer
vn € L2(0,T; V).

The estimates above allow to pass to the limit as 7 — 0, obtaining the limiting functions u. and v..
Again, standard arguments show that the limits of u,, and @, coincide (likewise the limits of v, and
vp,) and also that . = v.. More precisely, we have

Up — ue weakly in H'(0,T;V) and weakly star in W1>°(0, T; L?(2)),
v — 1 weakly in L2(0,T; V)N H*(0,T;V’) and weakly star in L°°(0,T; L*(9)),
kc(|Vun|* = ¢*)Vu, — Y. weakly in L2(Qr). (3.23)

Moreover, since k.(|Vu,|? — ¢g?) is uniformly bounded in L*(Q7), we can assume that there is \. €
L (Qr) such that

Ee(|Vun|? — g%) — A weakly star in L*°(Qr). (3.24)
We also observe that, using Aubin-Lions Lemma, we infer

v (t) — 1 (t) strongly in L?(£2) vt € [0,T],

U — e strongly in L?(0,T; L*(2)) (3.25)

Now, if f, represents the piecewise constant interpolant of the values f (t) on [0,T], (3.17) might be
written as

(0 (1), %) + (Vin(£), Vi) + (Vitn (1), Vo) + (ke([Vun ()] = °(£)) Vun (1), Vo) = (fu(t),0),  (3.26)
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for a.e. t €]0,T) and all p € V.
We can also use test functions ¢ € V, so that integrating (3.26) on [0,T], we obtain

T T
(0n(T). @) — (ur, ) — / (v, @)t + / (Vi + Vi, Vo)t
0 0
T

T o~
" /O k([ Vtnl? — ¢%) Vi, Vig)dt — /0 (Foip)dt = 0, (3.27)

and passing to the limit as 7 — 0 we get

T

T T T
(@e(T), 0) — (ur,0) — / (e, @)t + / (Ve + Vi, Vi)t + / (1., Vio)dt — / (f.)dt =0,

(3.28)
We have to identify T.. Putting ¢ = u, in (3.27) and letting 7 — 0 we deduce
T T
lim Sup/ (ke(lvun|2 - gZ)Vun, vun)dt < / <f7 ue) - (UE(T>,UE(T)) + (u1>u0)
e—0 0 0
T T 1
+/ || dt — / / |V |2dxdt — §||vu€(T)||2LQ + || Vuol|2, (3.29)
0 0o Ja

where we have used the convergences in (3.23) and (3.25). The right-hand side of the previous
expression, by (3.28) with ¢ = u., equals fOT(TE, Vue)dt, so that we infer

T T
lim sup/ (ke(|VUun|? — ¢*) Vi, Vu, )dt < / (Y, Vue)dt,
n—00 0 0

which implies
Y. € 0J.(Vue).

But since K, is convex and of class C!, from this we deduce
T, = ke(\VuE|2 — gQ)VuE a.e. in Qr.
In turn, from (3.28), we deduce (3.13), and the proof of Theorem 3.1 is complete. O

Note that, from (3.26), if ¢ € L?(0,T;V) we can pass to the limit and get, equivalently,

T

T T T
/ (iie, )t + / (Vue + Vi, Vio)dt + / (ke[ Ve — %) Vg, Vip)dt = / (f. o).
0 0 0 0

In addition, if we take any ¢ smooth and compactly supported in Qr, we can integrate by parts the
last expression and infer

iie — Aue — At — div (ke (|Vue? — ¢*)Vue) = f, (3.30)
as distributions in Q7.

3.3 A priori estimates

Next, our strategy will be to consider solutions u, provided by the preceding theorem and to show
that, as € — 0, they converge to a weak solution of the constrained wave equation. To this aim we
have first to enstablish some a-priori estimates independent of e. We prove the following Lemma;:
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Lemma 3.2. There is a constant C > 0 independent of € such that for any € € (0,1) there holds

lwell 2 0,mv) < C, (3.31)
6Ol + [ KVao)F - g0 <C for e 0,7, (3.32)
Q
||k‘€(|Vu6|2 - gg)HLl(QT) + ||k5(|Vu|2 - 92)|VUGH|L1(QT) + ||k‘6(|Vu5|2 - 92)|vu6‘2”L1(QT) < ?7
3.3
ke (IVue* = g%)Vauelly, <C, (3.34)
l[tiell 21 0,m;x) < C, (3.35)

where X = H*"1(Q) and k = k(d) € N is such that L'(Q;RY) cC H*(;RY) continuously and
compactly.

Proof. In the next computations C represents a positive constant which might change from line to
line. In order to shortcut the notation we will denote

Rlt) = 3EVuc) = g(0),  Felt) i= k| Tuclt)F — 9(6)?).

Step 1. Testing equation (3.13) by ¢ = . we get
L. 2 1 2 ' : 2 1
Slae@®zs + 5 1IVue®)llze + ||Vue(5)||L2dS + Ke(t)dw
7HU1HL2 + = ||Vu0\|L2 —|—/ K (0)dz +/ (f(s),tc(s))ds —/ / s)dxds

<c+c/ i (s ||L2ds+C/ /k \dads. (3.36)

Moreover, using that g > go > 0,

/ / o)daeds < - / / Vduds
go/ /k — [Vue(s)| )dxds—i—glg/ot QES(S)|Vu€(S)|2dxds, (3.37)

and setting A, := {(z,5) € Qr : [Vue(z,s)|* — g(x,5)? > 0}, we also have

/ / — |Vue(s)|?)dzds = iQ Ee(s)(g(s)2 — |Vue(s)|?)dzds < 0. (3.38)

90 JANQ.

Therefore, from (3.36), we arrive at
L. 2 1 2 "o 2 7>
S lae@®)llze + 5 Vue®)lz2 + ||Vue(8)||de8 + Ke(t)dﬂf
< C+C/ e (s ||L2ds+C/ / 8)|Vue(s)|*dsdz. (3.39)

Testing the wave equation (3.13) with ¢ = u, instead we obtain

// 5)[Vue(s 2dxds_/Ot(f(s)vue(s))dS'F/ot|ﬂ6(8)||%2ds

1 1 .
- / [Vuc(s)3eds — S Vuc(®)l22 + 5 VaollZa + (s, o) — (ie(t), ue(t))

t
. Y. 1
<C+C / lie(s)lEeds + e (Ollze + 5 lue®)2:, (3.40)
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where the constant v > 0 is arbitrary, and by writing
t 9 t
a0 = [ Juo+ [ dusasPdo < e+ [ ([ lans)idsyas
Q 0 Q Jo

t t
< c+2/ \T/ ke (5)Pds|dz < c+c/ it (s) % ds, (3.41)
Q 0 0

we have estimated the term

t 1 t ) 1 t ) t ) )
[ @onas <5 [ 1@+ 5 [ uolids <o+ [ i)t (342

The constant C' appearing in the previous estimates is independent of ¢ and depends on the external
force f and the initial conditions up and wu;. So, plugging (3.40) into (3.39) we infer

L. 1 I -
SOl + 5 IVt + [ IVilEads + | Re(tyao
" Cy,. C
<C+0 [ i(@lads + GOl + 5 (Ol (3.3

Thus, after choosing v > 0 small enough in (3.43), and using (3.41) again, we finally find a constant
C > 0 independent of € such that

1 t N t
Cli @)l + 5 IVu®lR+ [ IVids)fads + [ Retydo <+ C [ o) ads
0 Q 0

where C’ > 0 is a fixed constant independent of €. This allows us to employ Gronwall Lemma providing
the following estimates

ue € WH(0,T; L*(Q)) N H(0,T;V), (3.44)

/ R.()dx € L(0,T), (3.45)
Q

uniformly with respect to € € (0,1). Furthermore, going back to (3.36), (3.37), and (3.40), we also
obtain

ke € LY(Qr), (3.46)
k| Vue|? € LYQr), (3.47)

uniformly with respect to € € (0,1). From this and the inequality 2|Vu.| < 1+ |Vu.|? we also get

ke|Vue| € LY(Qr), (3.48)

uniformly with respect to € € (0,1). The first a-priori estimates are achieved.

Step 2. We will now prove that EEVuE € H< uniformly with respect to e. Indeed, let F' € Hy.
We know there is v € V such that F = Vo, and by equation (3.13),

(keVue, F) = (kVue, Vo) = =(i2e(T),0(T)) = (ur,0(0)) +/0 (the, 0)ds

T t
- / (Vue + Vi, Vo)ds +/ (f,v)ds <
0 0

< el (@) 122 + CloO) 12 + Fiell 2oy loll s + Vel @y IVollza e + Cllollza ey
< Cllolly < IF s (3.49)

where we have employed the uniform boundedness (3.44) and inequality (2.9). Hence

keVue € He, (3.50)
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uniformly with respect to € € (0,1).

Step 3. Depending on the dimension d, there exists k > 0 such that L'(;RY) cc H~*(Q;R?)
continuously and compactly. We hence deduce that, if h € L'(Q;R?), then div h € X where X =
H=F=1(Q). In particular, we can now look at equation (3.30), and arguing by comparison, we infer

i € LY0,T; X),

uniformly with respect to € € (0,1). O

4 Proof of the main results

We divide the proof of Theorem 2.2 in several steps.

4.1 Passage to the limit as ¢ — 0

In this Section we consider the solutions u, of the approximate problem and aim to pass to the limit as
€ — 0. Notice that the uniform a-priori estimates provided in the previous section imply the following
inclusion

ue € L2(0,T; V)N Wh0,T; X), (4.1)

uniformly with respect to € € (0,1). Estimate (4.1) entails that the sequence . is precompact in
L?(0,T; L?(Q)) (this is a standard genealization of Aubin-Lions Lemma, see [21,25]). Moreover, since
i € WH1(0, T; X) we conclude that, when we extract a suitable subsequence of € — 0, . is converging
weakly star in BV (0,T; X) and, thanks to a generalized Helly selection principle [11, Theorem 7.2],
the functions . are also converging pointwise for all ¢ € [0, 7] weakly in X.

We now extract a subsequence of € — 0 such that, besides the previous convergence, also the
following holds: there is a function u € H'(0,T;V) N W12 (0, T; L?(Q)) with & € BV (0,T; X), and
there is T € H¢, such that

ue — u weakly in H'(0,T;V) and weakly star in W>°(0,T; L*(9)), (
e — 4 weakly star in BV (0,T; X), (
e — 1 strongly in L?(0,T; L*(£)), (
Ue(t) = u(t) weakly in X for all ¢ € [0, 77, (
keVue — T weakly in M. (

> B B s
S U s W N

)
)
)
)
)

Moreover, by Alaoglu theorem, for some generalised subsequence, we can also assume there is some
A € L>(Qr)" with

ke — X weakly star in L(Qr)’. (4.7)

Notice that, having already selected a sequence to guarantee the convergences in (4.2)-(4.6), we might
assume that (4.7) holds for a further subsequence of it.
We are ready to prove the following:

Lemma 4.1. The couple (u,Y) satisfies

T T T
(i(T), o(T)) — (ur, p(0)) / (i, ¢)ds + / (Vu+ Vi, Vg)ds + (T, V) = / (f.)ds, (438)

for all ¢ € V. Moreover the limit function u satisfies
[Vu| < g a.e. on Qr, (4.9)
and it holds
T € Bu(Vu). (4.10)
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Proof. For allt € [0,T] we know that 1. (t) is uniformly bounded in L?(2). In particular, convergence
(4.5) implies that

e (t) — (t) weakly in L?(Q) for all t € [0, 7). (4.11)

Using the definition of K., estimate (3.45) implies that there exists a constant C' > 0 independent of
e such that

T
/ / \/((|Vu€|2 - 92)+)2 +1—1dzdt <eC. (4.12)
o Ja
Therefore the integrand is tending to 0 in L*(Qr); up to subsequences,
(IVue|* = g?) " = 0 ae. on Qr. (4.13)

Using that K.(y) has linear growth and is greater than %(y —1), the dominated convergence theorem
implies

(|Vue|® - g2)+ — 0 strongly in L' (Qr). (4.14)

Standard lower-semicontinuity results give

T T
/ / (IVul? - g%) " dudt < liminf/ / (IVucl? = ¢%) " dwdt = 0, (4.15)
0o Ja =0 Jo Ja

and therefore
|Vu| < g a.e. on Q7.

Now, the convergences (4.2)-(4.7), and (4.11) are sufficient to pass to the limit in the weak equation
(3.13), entailing (4.8) for all ¢ € V. For all € € (0,1) we know that

~ T
(Ve Vue) = —(6e(T), ue(T)) + (us, up) + / lie[[2ds

T T
1 1
= [ IV s = S + 51wl + [ (s (416)
and taking the limsup as e — 0 we get
R T T
limsup {(keVue, Vue) < —(@(T),u(T)) + (u1,up) —|—/ l|i]|3 2 ds —/ [Vu(s)||32ds
e—0 0 0
1 1 T
~ I + w0l + [ (7 s = (1, V. (117)

The equality follows from (4.8) whereas, to obtain the inequality, we have exploited convergences
(4.2)-(4.7), (4.11), and the standard lower semicontinuity property of the L2-norms. This implies that

T € Buw(Vu).
O

Lemma 4.2. Let A be as in (4.7), and let (u,Y) be as in Lemma 4.1. Then X satisfies (2.34), and it
1s related with T by the condition

[\, Vu-Ve] = (Y,V) forall o € VN L®0,T;W->(Q)). (4.18)

Moreover

T T
(Vu + Vi, Vp)ds + [\, Vu- V] = / (f,e)ds,
0

(4.19)

T
((T), o(T)) — (ur, (0)) — / (i1, ¢)ds + /

0
for all o € VN L>=(0,T; WHe°(Q)).
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Proof. We begin by observing that A > 0 thanks to ke > 0. Let © € VNL>®0,T;Wh>e(Q)), let us
show that

To prove (4.20) we observe that on the one hand
lm [ kVu- Ve dedt — [\, Vu- V),
e—0 Q
T
so it suffices to show that in fact
lim kEeVu - Vo dzdt — (T, V).
e—0 Q
T
We write
/ kVu - Vo dadt = / keVue - Vo dadt + / ke(Vu — V) - Vo dadt, (4.21)
Qr T T
and since the first term in the right-hand side tends to (T, V) we are left to prove that

/ ke(Vu — V) - Vi dadt — 0, (4.22)

T

as € — 0. We claim that

/ ,]{\15|Vu — Vu*dzdt -0 as e — 0. (4.23)

T

From this it follows that

~ ~ 1/9 ~
/ kF(vu - vue) . v‘ﬂ dzdt < er||L/1(QT)erl/2|vu - vue|||LQ(QT)”v‘p”L‘”(QT) — 07

T

and (4.22) is proved. To show (4.23) we write

T
0< / ke|Vu — Vu,|*dzdt = / (ke(Vue — Vu), Vu, — Vu)dt
T 0

T T
= (keVue, Vue) — 2/ (kGVuE,Vu)dt—i—/ (keVu, Vu)dt, (4.24)
0 0
so that passing to the superior limit as € — 0, using (4.17), and the fact that the last term equals
[ke, [Vu|?], we infer

I\ | Vul?] > (7, V). (4.25)

We are left with proving the opposite inequality. To this aim, since |Vu| < g a.e. on © and A > 0, we
have

A, [Vul!] < [\ g% = lim / keg®dadt < lim inf / ke| Vue |2 dadt
e—0 Qr e—0 Qr

< lim sup / ke|Vuedadt < (T, V). (4.26)

e—0 T

In the second inequality we have used that fQT %€(|Vue|2 — ¢%)dzdt > 0, and (4.17) in the last
inequality. In particular we infer

I\ [ Vul?] = (T, V), (4.27)



and from (4.26) we also get

lim [ ke(|Vue|?> — g%)dadt = 0. (4.28)
e—0 Qr

As a consequence, by writing

1y 1 1 1
L = (VP ———) > (VP 1 1),
<Pl -(Vy y2+1) -(Vy )

we infer from (4.28) that

lim J.(Vue) = 0. (4.29)
e—0

This observation will be crucial in the proof of Theorem 2.8.

Going back to (4.24) we again pass to the limit and see that the right-hand side tends to zero,
concluding (4.23). This also concludes the proof of (4.20).

It remains to show the last condition in (2.34). On the one hand we have that Eg > 0, and
since |Vu|? < g? it follows that

I\ | Vul? — g% = 1im/ k(|Vul? — ¢?)dadt < 0.
e—0 Or
Let us prove the opposite inequality. We know that fQT E6(|Vu6|2 — ¢*)dzdt = 0 by (4.28), and so

I\ [ Vul? — g% > limsup/ EE(|V’LLE|2 — ¢*)dxdt =0,

e—0 T

where the first inequality follows from the fact that, thanks to (4.16), (4.17), and (4.27), we have

1imsup/ ke| Vue?dadt = lim sup (ke Vue, Vue) < (T, V) = [A, [Vul?.
e—0

e—0 T

It then follows that
I\ [Vul? = g% =0, (4.30)

which entails the last condition in (2.34), being |Vu| + ¢ > go > 0. To conclude (2.34) we have to
prove that for all ¢ € L*>(Qr) it holds

A(Vul®* - g*),¢] = 0. (4.31)

To do this we use a Hélder inequality for charges (which may be obtained using Young inequality
similarly to the Holder inequality in LP spaces and using Radon integral representation (2.6)) to write

0 < |[A\g— < [Mg— < [Mg* - 2y Il
< Mg — [Vul)), <) < A(g = [Vul), [¢]] < [M(g* — [Vl ol
2 1
< )\ 2 v 2 71% )\ 2 V 2 ; |C‘ 2
< M6? = [Vul?), 113 [Ag? = [ V). o]
2 1
=\ QfVQ%AszQ,LE:O, 4.32
A (g% = IVul)]2 [Mg® = [Vul?) (QHVUDQ] (4.32)
where we have used that 0 < gg < g, g > |Vu| a.e. in Qr, and (4.30). Lemma 4.2 is achieved. O

We further comment on some consequence of the previous proof. Passing to the liminf in
(4.24) we can also conclude

113351f<@€vu5, Vue) > (T, Vu)), (4.33)

17



and this, together with (4.17) gives
lir%«ic\sVue, Vo) = (1, V). (4.34)
e—

In particular the inequality in (4.17) is an equality and using (4.16) we infer the following strong
convergences

T T
/0 IVue(s)|[2ods — / IVu(s)|2ds,

and
[Vue(t)||32 — [|[Vu(t)||32 for a.e. t €[0,T] and for t = T.
That is
ue — u strongly in L*(0,T; V), (4.35)
u(T) = u(T) strongly in V. (4.36)

With this properties at disposal we are ready to conclude the proof of Theorem 2.2.

4.2 Proofs of Theorem 2.2 and Theorem 2.8

Proof of Theorem 2.2. We have to show that the pair (u,Y) is a solution in the sense of Definition
2.1. Conditions (i) and (ii) are readily achieved by the results obtained in Lemma 4.1. Indeed (2.16)
and (2.17) are obtained by (4.2) and (4.3), whereas, (2.18) follows from (4.9) and the initial data are
satisfied by (4.2) and (4.11). To check point (ii) of Definition 2.1 we just invoke Lemma 4.1. Theorem
2.2 is proved. O

Let us comment on the local version of the weak equation (2.25). As a first observation, all
the estimates above valid for the time interval [0,7] are easily seen to be true on every subinterval
[0,t], 0 <t < T. Recalling the notation in (2.4) for the spaces Vi, H;, and Hy 1, we follow the lines
of [7] from which it is easy to see that for all ¢ € (0,T) there exists T; € Hg , such that, for the same
subsequence of the convergences (4.2)-(4.11), it holds

kVueg,— YTy weakly in o, (4.37)
and
Tt € ﬂw,t(Vu), (438)

where (3, ;+ is the subdifferential of the functional J;, obtained from J by integrating K over @); instead
of Q7. Namely,

¢
1

Jy=1lim Ji,  J4(A) = / / —K (|A(z,5)]* — g(x, 5)%)dzds.
e—0 ’ 0 Q 2

More precisely, we employ the wave equation (3.13) which is valid for any ¢ € (0,7]. Then we write

(Ve Vi) = — (ine(t), (1)) + (ur, 0(0)) + / (e, @)ds — / (Vi + Vi, Vp)ds + / (f,0)ds,

and exploiting the convergences obtained so far we deduce that, for the same subsequence of € — 0,
the right-hand side tends to

— (), 9(1)) + (u, (0)) + / (i, 3)dls — / (Vu+ Vi, Vp)ds + / (f,)ds = (0, o).

The argument in (4.16) and (4.17) can be repeated achieving (4.38). From the last expression also
equation (2.27) becomes evident. As for the case t = T we pass to the limit in the weak equation
(3.13) and (2.25) is inferred.

We are ready to prove Theorem 2.8.
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Proof of Theorem 2.8. We have already proved the existence of A in (4.7). Relation (2.37) follows
from (4.18). We have to show that the pair (u, A) is a generalised solution in the sense of Definition
2.6. Condition (i’) and (2.33) follows from Theorem 2.2 and relation (2.37). The conditions in (2.34)
follow from Lemma 4.2, while condition (iii’) follows from Lemma 4.2 and arguing as before for (2.25)
(see Remark 2.3).

It remains to prove the energy inequality. From (4.29), we know that for a.e. t € [0,T] we
have

/ K. (t)dz — 0, (4.39)
Q

as € — 0. Using (4.35)-(4.36) we pass to the inferior limit the energy equality
1. 1 b N
Ol + 5 IVt + [ IVilEads + | Re(tyao

1
= Slwoll3: + 5 ||Vuo||L2—|—/ (F(5), (s ds—/ [ Fesha(e)its)dads, (4.40)

arriving to

1. . 1 Lo 1 1
illu(t)lliz + fHVu(t)lliz +/ [Vi(s)[|72ds < §IluOII%z + g\WuOII%z

+/ot(f(8)’ ds_ll_rf(l)/ / s)dads, (4.41)

for a.e. t € [0,T]. The conclusion follows from the fact that, by (4.7), we have

lim/ / s)dxzds = [\, ggls.
e—0

5 Extension to Neumann type boundary conditions

In this section we aim to extend the previous results to a more general boundary condition for wu.
Specifically, for given a € [0, +00) we would like to impose a Fourier boundary condition formally of
the type

au—!—%—F%—&—T v =0 on 01, (5.1)

if we had enough regularity on Y. The homogeneous Neumann condition is inferred when o = 0
whereas we can consider homogeneous Dirichlet condition setting formally a = +oo.
Moreover, in this section, we will redefine some notation; precisely we denote

V= HY Q).

Accordingly, all the notation in (2.2)-(2.5) are now redefined with this convention. The new hypothesis
on the initial data will be

u(0) = uy, w(0) = uy, ug,uy € HY(Q). (5.2)

We will look for solutions satisfying condition (5.1) in a weak sense. More precisely, we start
from an approximate problem solution u. which satisfies (5.1) up to an error due to the presence of
the penalisation term. The weak equation we are concerned with is the following

(ine(8), (1)) — (12, 0(0)) — / (e, @)ds + / (Vo + Vi, Vp)ds
+ / o(ue, P)oads + / (ke(IVuel? — ¢%) Ve, Vig)ds / (/. ¢)ds, (5.3)

for all ¢ € V and ¢ € (0,7]. We can state the analogous of Theorem 3.1:
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Theorem 5.1. Let T > 0, let ug,u1 be as in (5.2), assume f € L?(0,T; L*(Q)) and g € W1°(0,T; L>(2)).
Then for all e € (0,1) there exists a solution u. to (5.3) with

ue € WH>(0,T; L*(Q)) N H(0, T; H(Q)), (5.4)
we € HY(0,T;V").

The proof of this result is identical to the one of Theorem 3.1, with the only difference that
now we modify the definition of the functionals Fj, . We set

Up 0 1= UQ, Un,—1 = Uy — TUIL,
and for all k£ > 1 we define recursively

Up g = argmin {F) (u) :u € V}, (5.6)
where

o o
(1) = Fui(u) + 5 ullZeo0)- (5.7)

Notice that for o« = 0 the functional ngk = F), 1, and it is still coercive on V' thanks to the presence
of the inertial quadratic term. The Euler-Lagrange equation associated is

Tfl(un,k _Tun,kfl o Un, k-1 ;un,k72 ’ 90) + (VUan VQP) + (vun,k _Tvun,kfl ’ VQO)
(ke(|Vunk[* = 6%) Vg, Vo) + i i, 9)ae — (f(tr), ) = 0, (5.8)

for all ¢ € V. Also in this case one puts ¢ = v, := “=E—mE=1 in (5.8) and sum on k = 0,...,m,

m < n. The interpolants u,, and v,, satisfy "
u, € HY(0,T;V) N Wh>(0,T; L3(Q)),
vp € L°(0,T; L3(Q)) N L2(0,T; V),
v, € HH0,T; V).
Again, standard arguments allow to pass to the limit as 7 — 0, providing us with a solution of (5.3)

(we omit the details, the proof being very similar to the one of Theorem 3.1).
Next, we fix initial data as in (5.2) and such that

[Vug| < g(0) a.e. on Q. (5.9)

We now discuss how to extend Theorem 2.2 to boundary conditions of the type of (5.1). First we
introduce the concept of weak solution we look for.

Definition 5.2. A pair (u,Y) with v € H'(0,T; H(Q)) and T € H{, is a weak solution to the
constrained wave equation with Fourier type boundary condition if:

(i) Conditions (2.16), (2.17), and (2.18) hold, together with the initial condition (2.19).

(ii) The following weak expression of the wave equation holds

T T
(@(T), o(T)) — (ur,(0)) / (i, $)ds + / (Vu+ Vi, V)ds

T T
T / a(u, p)oads + (1, Vi) = / (f. ¢)ds, (5.10)

for all ¢ € V, and moreover (2.22) holds.

Also for this kind of solution we will prove the existence of A as in Theorem 2.8, such that
(2.37) holds. Thanks to this relation it is possible to show that the couple (u, \) is a solution in the
sense explained by the following:
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Definition 5.3. A pair (u,\) with u € HY(0,T; HY(Q)), A € L>®(Q7)’, is a generalised solution to
the constrained wave equation with Fourier type boundary conditions if the following properties hold:

(i) The function u satisfies (2.16), (2.17), (2.18), and the initial data (2.19).

(ii’) The following expression of the wave equation holds
T T
(@(T). (1) — (ur,0(0) = [ (s + [ (Tut Vi, Tp)ds
0 0

T T
+ / a(u, @)onds + [\, Vu - V] = / (/. ¢)ds, (5.11)

for all o € VN L*°(0,T; WH°(Q)), together with condition (2.34).

(iii") For all ¢ € (0,T) the following local version of the wave equation holds
t t
(0(t)0(0)) — (wr,0(0) = [ (@ @)ds + [ (Vu+ Vi Vs
0 0
t t
+ [ atupponds + 1. u- Vel = [ (£.0)ds, (5.12)
0 0

for all p € V, N L>(0,¢; WH>°(Q)).

We summarize the existence result for solutions as in Definition 5.2 and Definition 5.3 in the
following:

Theorem 5.4. Let T > 0, assume (5.2), suppose g € W1>°(0,T; L>=(Q)) be such that g > go, for
some constant go > 0, and assume f € L?(0,T;L*(Q)). Then there exist u € H'(0,T; H(Q)),
T € Hy, and X € L>®(Qr)’, such that (u,Y) is a solution to the constrained wave equation with
Neumann (o = 0) or Fourier (o > 0) boundary conditions in the sense of Definition (5.2), while
(u, \) is a solution in the sense of Definition 5.3. Also in this case A and Y are related by (2.37).

Again, we have the following result on the energy of the system.

Theorem 5.5. Let (u, \) be a solution provided by Theorem 5.4. Then for allt € (0,T],
Loz 1 g 1 2 "o a2
SIa@zz + SIVu@®)lz: + sallu)liz:on) + ||VU(S)||L2dS

*IlmHLz + al\uon(am +3 ||Vu0||L2 +/ (f(s), uls))ds — [, ggls- (5.13)

The variational inequality formulation of the problem with Fourier type boundary conditions
is the following. Let u be the solution of Theorem 5.4, then u satisfies |Vu| < g a.e. in @7, and for
all ¢ € V with |[Vp| < g a.e. in Qr it holds

T T
(W(T),u(T) — p(T)) — /0 (t, 0 — p)dt + /0 (Vu+ Vi, Vu — V)dt

+/0 alu,u — p)aadt < (ur,ug — p(0)) —i—/o (fyu—@)dt. (5.14)

We now sketch the proofs of Theorems 5.4 and 5.5, which are completely similar to the proofs
of Theorems 2.2 and 2.8.

We start with Lemma 3.2 that is achieved with identical estimates. Namely, testing (5.3) by
1. we infer

1. 1 o ~
§||ue( Wiz + = ||ue( )||%2(asz)+*||vue(t)”%2 +/ IIVue(S)II%zdSJr/QKe(t)dx

1 t .
= lunlZa + S ol aon, + 5 Vol + / R.(0)dz + / (F(s),te(s))ds

// dwds<C’+C/ |l (s ||L2d5+C// s)dzds.
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which leads to
L. 2 @ 2 1 2 o 2 7
lae@®llze + 3 lue®)llzz00) + 51IVue®)lz: + IIVUE(S)IIdes ), K(t)dx

<C+C/ || te (s ||L2d8+0// 5)|Vue(s)|?dxds. (5.15)

The last term is estimated by

[ [ R panas = [ (6)uons + [ i lads — [ 19uc(o)l-as

1 1 .
—/0 ofue(9)[72(00)ds — 5IVe®) 72 + 51 VuollZz + (w1, u0) = (ie(t), ue(t))
' 2 v 2 1 2
<C+ C/O [de(s)lz2ds + Sllac(®)z2 + %Ilue(t)l\m, (5.16)
and we arrive to
. a 1 o .
Cllae(®7z + 5l Zz00) + 51 Vue@llZ: +/O Ve (s)Z2ds + Q/QKe(t)dw
t
<C+ C/ lle(8)13 2 ds. (5.17)
0
Again Gronwall Lemma together with Poincaré inequality

luclZs < e(IVuellfs + lucllizo0)) (5.18)

yields the same estimates as in Lemma 3.2. Specifically, the third, forth, and last estimate in this
lemma are achieved identically as there, taking also into account the boundary terms, namely, for
instance,

(keVue, FY) = (ke Vue, Vo) = —(ae(T), v(T)) — (ug,v(0)) + /O (tie, D) dt + /O (e, v)godt

T T
— / (Vue + Vi, Vv)ds + / (f,v)ds <
0 0

< ie(T)| 2 lo(T)l 22 + Cllv(0) L2 + tell2 22y 10l 2222y + [[Vuel 2 VUl Lz 2y + Cllvll 22
< Clvllv < 1Fllues (5.19)
for all F' € Hy, with F = V.
Notice that convergence (4.2) entails also strong convergence of u, to u in L2(0,T; V), which
in turn implies strong convergence of the boundary term u.Lgq to uLgo. These convergences allows to

replicate the arguments in (4.17) and (4.16). The rest of the proof of Theorem 5.4 is straightforward.
Also Theorem 5.5 is easily achieved similarly to the proof of Theorem 2.8.

5.1 Limit as o« — +©

In this section we show that a solution (u®, T¢) provided by Theorem 5.4 tends, as « — o0, to a
solution (u, T) of Theorem 2.2. We have here introduced the label o to emphasize the dependence on
the parameter « € [0, 00) appearing in Definition 5.2.

To prove this result, we have to make the assumption on the initial data that

up,u1 € Hy(Q).

Therefore we state the following:
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Theorem 5.6. Let T > 0, ug,u1 € HY(Q) with [Vug| < g(0) a.e. onQ, assume g € W1>°(0,T; L>°(Q))
and f € L*(0,T; L?(Q)). Let (u®, Y, \*) be a solution provided by Theorem 5.4. Then there exists a
generalised (not relabeled) subsequence (u®, T, \%*) such that, as « — oo,

u® — u weakly in H*(0,T; H'(Q))
T =T weakly in He,
A* — X\ weakly star in L>(Qr)’, (5.20)

where (u, T) is a solution as in Definition 2.1 and (u, A) is a solution as in Definition 2.6.

The need of taking a generalized subsequence is due to the last convergence in (5.20). Notice
however that to ensure the first two convergences we extract a classical subsequence of o — oo, and
then the last convergence can be assumed to hold up to a further subsequence.

Proof. We have to establish some a-priori estimates for (u®, T®) which are independent of «. We use
the approximating generalised sequence u& emploied in the proof of Theorem 5.4. Specifically, we go
back to (5.17) and observe that the constant C is independent of a, thanks to the fact that ug,u; are
null on 992. From this and following again the lines of the proof of Lemma 3.2, we easily arrive to the
following:

Lemma 5.7. There is a constant C > 0 independent of o and € such that the estimates in Lemma
3.2 hold for u¢ replacing ue, and moreover

aHug‘(t)Hiz(@Q) < C for allt €[0,T].

We hence take the limit as e — 0 and obtain the following estimates for the pair (u®, T) and
A%, Namely

u® € HY(0,T; H'(Q)) nWhe°(0,T; L*(Q)), (5.21)
u® € BV(0,T; X), (5.22)
T e Hy, (5.23)
A e L®(Qr), (5.24)
o 2u® e L2(0,T; L*(8Q)), (5.25)

and their norms in these spaces are equibounded by a constant independent of «. Hence, passing to
the limit as a — oo, we get, up to a generalised subsequence, that there are u, Y, A\ with

u® — u weakly in H'(0,T; H'(Q)) and weakly star in W1>°(0,T; L*(Q)),
u® — 1 weakly star in BV(0,T; X),

u™ — 4 strongly in L*(0,T; L*(Q)),

u®(t) — u(t) weakly in L*(Q) for all ¢ € [0, 7],

T — T weakly in Hg,

A% — X weakly star in L>(Qr)’.

Moreover, by (5.25),
u® — 0 strongly in L*(0,T; L*(09)),

and in particular u® = 0, a.e. on (0,T) x 9. In particular we infer that (2.20) is satisfied.

Also, from condition (i) of Definition 5.2 and from (2.18) valid for u® we easily deduce that
this condition is satisfied by w, and (i) of Definition 2.1 follows. In a similar way, following also the
lines of the proof of Theorem 2.2 in [2], we see that the last condition in (ii) of Definition 2.1 is
satisfied. It remains to show (2.22). We own to the argument in (4.16) and (4.17) using u® in place of
te. The only difference between the present case and (4.16) is the appearence, in the right-hand side,

of the term — fOT oz||ua||2Lg(89)dt < 0, which, being non-positive, leads to (4.17). As a consequence

lim sup (T, Vu®) < (T, Vu)), (5.32)

a—r 00
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which implies T € 8, (Vu), and the proof that (u, Y) is a solution as in Definition 2.1 is complete.

Let us now check that (u, A) is a solution as in Definition 2.6. To this aim we follow the proof
of Lemma 4.2. The fact that A > 0 is straightforward. Let ¢ € VN L*°(0,T; W1>°(Q)), and check
that (4.18) holds. This is easy since we know that, for any «, it holds

I\, Vu® - V] = (T, V). (5.33)
By (5.30) the right-hand side tends to (Y, V). We claim that
[AY, Vu® - V] = [N\, Vu- Ve, (5.34)
which in turn will imply (2.37). To prove this, we first write

0 < liminf[\*, |Vu® — Vu|?] < limsup[\?, |Vu® — Vu/|?]

a—r00 a—o0
= limsup ([AY, [Vu®?] + [\, |Vul*] — 2[A*, Vu® - Vu))
a—00
< VU] = (T, V)
<N g2 — (0, V) < lirginf[Ao‘,f — |Vu )] =0, (5.35)

where we have used (5.32) twice, and that [\, |Vu®|?] = (Y, Vu®)) for all a. Hence we infer

lim [\, |Vu® — Vul?*] =0,

a— 00
and from this, since A* > 0,
. o a . < 1 a o
lim [, (Vu® = Vu) - V]| < lim A%, [Vu® = Vul|Ve]]
< lim ([X’, IVu® — Val?]E A, |w|2]%) —0, (5.36)
a—0

so we conclude the claim (5.34). Hence (2.33) is obtained. The check of (2.35) is similar. It remains
to prove the last condition in (2.34). First we see that from (5.35) it also follows that (5.32) is in fact

an equality. Now, we know that
P‘av |vua‘2 - 92] =0,

so it is sufficient to check that lim, o[\, |[Vu®|?] = [\, |[Vu/|?]. But this follows from the fact that
(5.32) is an equality and since (T, Vu)) = [\, |Vu|?] = [AVu, Vu], which also follows from (5.35). To
conclude (2.34) we can now argue as in (4.32). O
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