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Carles Noguera*
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Abstract

The majority of works on modal many-valued logics consider Kripke-style possible worlds frames as the principal
semantics despite their well-known axiomatizability issues when considering non-Boolean accessibility relations. The
present work explores a more general semantical picture, namely a many-valued version of the classical neighborhood
semantics. We present it in two levels of generality. First, we work with modal languages containing only the
two usual unary modalities, define neighborhood frames over algebras of the logic FL.,, with operators, and show
their relation with the usual Kripke semantics (this is actually the highest level of generality where one can give a
straightforward definition of the Kripke-style semantics). Second, we define generalized neighborhood frames for
arbitrary modal languages over a given class of algebras for an arbitrary protoalgebraic logic and, assuming certain
additional conditions, axiomatize the logic of all such frames (which generalizes the completeness theorem of the
classical modal logic E with respect to classical neighborhood frames).

Keywords: mathematical fuzzy logic, modal fuzzy logics, neighborhood frames, Kripke semantics, many-valued
logics
2010 MSC: 03B45, 03B52, 03G27, 03B47, 03B50

1. Introduction

The study of many-valued propositional logics expanded with modal operators was started by Melvin Fitting
in [[15,116] and later continued by Petr Hijek and others in the field of Mathematical Fuzzy Logic [19, 8] resulting in
an active field research (see e.g., [3} 4} 7, 16115, 20} 211 231 24, 291 30]). In many of these works, since the initial propo-
sitional logic may lack an involutive negation, the extended modal system is endowed with two non-interdefinable
modal operators, O and <, or alternatively one may restrict to the fragment given by only one of these operators.
Another peculiarity of the syntax of these systems is that, for technical reasons related to the proof of completeness
already encountered in Fitting’s seminal papers, it often includes truth-constants to denote each element of the in-
tended algebraic semantics. On the other hand, modal fuzzy logics are typically endowed with a relational semantics
that generalizes the classical Kripke semantics by allowing a many-valued scale for either (or for both) the truth-
values of propositions at each possible world and for the degree of accessibility from one world to another. However,
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despite its very natural definition, such semantics brings forth serious technical difficulties. Indeed, axiomatizing the
Kripke-style semantics over a given algebra (or class of algebras) of truth-values can be in general a complex problem
(for instance, no simple axiomatic presentation is known for modal extensions of product logic and one has to resort
to the use of truth-constants, A projection, and infinitary rules [30], or for the modal logic over the standard finitary
Lukasiewicz logic, which has been axiomatized with an infinitary rule [21]]). Conversely, already in the classical case,
proof systems with natural syntactic conditions may fail to be complete with any such Kripke-style semantics.

In modal extensions of classical logic, the Scott—-Montague neighborhood semantics [25) 28] has been used as a
more general framework than Kripke frames where, instead of using an accessibility relation, each world is mapped to
a set of sets of worlds known as its neighborhood. 1t allows to prove completeness for non-normal modal logics, where
the Kripke-style semantics would not work. For analogous reasons, recently some authors have started introducing
some notions of neighborhood semantics for modal fuzzy logics. It has been studied in particular settings in [26} [27]
and in a general framework of fuzzy logics extending MTL (the basic t-norm-based logic [[14} [22]) in the conference
paper [[L1]].

The aim of this paper is to introduce neighborhood semantics for the widest possible class of modal many-valued
logics (building on the partial results of [I1]) to fulfill the following goals: (1) show the exact relation between
the new neighborhood semantics and the usual Kripke-style semantics used so far in modal many-valued logics, (2)
assume only the necessary conditions to obtain a semantics that naturally generalizes the classical Scott—-Montague
semantics and the previous particular proposals for a neighborhood semantics of modal fuzzy logics, and (3) obtain an
axiomatization, and the corresponding completeness theorem, of the global consequence given by the neighborhood
frames defined over an arbitrary class of algebras. Unlike in classical logic, there is no straightforward relationship
between the global and the local consequence and, hence, the study of the latter is left for a future investigation.

To achieve the first goal it suffices to formulate our new notions in the usual framework of modal many-valued
logics with Kripke frames, that is, modal extensions of logics with an algebraic counterpart composed by a class of
(expansions of) bounded complete lattice-ordered residuated commutative integral monoids, that is, FL.y-algebras
(possibly with operators). In this setting each frame, be it neighborhood or Kripke, is defined over a fixed algebra
used as scale to measure both degrees of truth in each possible world and degrees of accessibilityﬂ We show that,
as in classical logic, Kripke frames correspond to a particular kind of neighborhood frames, namely, the augmented
frames. Then, a natural question arises: how can one axiomatize the (global) logic of all neighborhood frames?
We propose an axiomatization and obtain a corresponding completeness theorem for finitary expansions of the logic
FL.,,. However, in order to prove such a result, we move to a higher level of abstraction, capable of including possible
future developments of modal non-classical logics with much more general algebraic semantics. To this end, we
consider arbitrary classes of algebras, arbitrary sets of designated elements in these algebras, and arbitrary modalities
of arbitrary arities in the language. In this general setting, neighborhood frames are allowed to use different algebras
of truth-values in each world to evaluate propositions. We demonstrate that such level of abstraction not only does not
add much conceptual difficulty, but it actually simplifies the presentation and reduces the proof of the completeness
theorem to its essential components.

The paper is organized as follows. Section [2]recalls the usual algebraic framework for many-valued logics based
on FL.,-algebras, introduces some useful notation for fuzzy sets evaluated on these algebras, recalls the Kripke-style
semantics of modal many-valued logics and the classical Scott—-Montague semantics. In Section [3| we introduce our
neighborhood semantics for modal many-valued logics based on FL.-algebras, we describe its relationship with the
usual Kripke-style semantics, and formulate an axiomatization for the global consequence of all neighborhood frames
based on a FLy-algebra. Finally, Section ] generalizes the neighborhood semantics to arbitrary classes of algebras
and arbitrary modal languages, proposes a simple axiomatization and proves a completeness theorem for the global
consequence relation that, in particular, entails the completeness results of the previous section.

IFor the sake of subsuming the previous works, we define the semantics for a language with both of the usual modal operators O and < (the
description of the relationship between the neighborhood and the Kripke style semantics for a language with only one of these modalities can be
easily obtained by restricting all the notions to the corresponding fragment of the language).
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2. Preliminaries

2.1. Fley-algebras with operators and finitary expansions of Fley

We start by recalling a common algebraic and logical framework that covers most modal many-valued logics
studied in the literature. We use the same notation for equivalent algebraic and logical notions (e.g., algebraic type
= propositional language, operations = connectives, propositional atoms = object variables, terms = formulas). Our
basic language, denoted as Ly, is that of the Full Lambek logic with exchange and weakening (see e.g., [18]]), which
contains binary connectives A, V, &, and —, and two constants 0and 1. Throughout the paper we make use of the
following derived connectives: ¢ © ¢ = (¢ = Y) A (Y — ¢) and = = ¢ — 0. As mentioned in the introduction,
we want to prove our results not only for logics/algebras in the language of FL., but also for those with greater
expressive power. Therefore, we define:

Definition 1. Let L be an algebraic type extending Lg1,,. We say that an algebra A of type L with domain A is an
FL.-algebra with operators, (if L = Lrr,, we drop the suffix ‘with operators’) whenever

—A -A
o (A, AMovA 0,1 Y is a bounded lattice
A AL . .
o (A, &%, 1 ) is a commutative monoid

o &A and -4 form a residuated pair, i.e., a &t b<e iffa<b -4 ¢ forall a,b,c € A, where < is the induced
lattice order.

We say that an FL.y-algebra with operators A is complete if its lattice reduct is a complete lattice, i.e., \/ B and )\ B
exist in A, for each subset B C A.

The two-element Boolean algebra can be seen as an FL.y-algebra: 2 = ({0, 1}, A, V, A, —,0, 1), where A, V, and
— are the usual Boolean operations. Other special cases are the so-called t-algebras, i.e., FL.y-algebras of the form
([0, 1], min, max, *, =, 0, 1), where * is a left-continuous t-norm and = its residuum. Note that FL.-algebras are also
known under a systematic name: integral commutative bounded residuated lattices; let FL.,, denote the class of all
FL.,-algebras.

Next, we list a few simple and well-known properties of FL.-algebras that we need throughout this paper.

Lemma 2. The following properties hold in all FL.y,-algebras:
e x<y—=zify<x—z
e 0&x=0
e x> y=1iffx<y
el x=ux

Let us now introduce the necessary logical notions. First, we fix a propositional language L extending Lg; . We
denote by Fm  the set of formulas (terms) in £ and by Fm , the absolutely free algebra of type L. Given any class
K of FLey-algebras with operators of type £ we define a structural consequence relation |Fx on Fm , in the following
way: if I'U {¢} € Fm,

I' g ¢ iff for each A € K and each homomorphism e: Fm, — A we have:
ife[l'] € {TA}, then e(p) = TA.

Then kg, is a finitary logic, i.e., a structural consequence relation on Fm r such that if I' |gr,, ¢, then there is
a finite I C I" such that I |zpr,, . Let us denote this logic as FL.,. It is well known that FL.,, is axiomatizable by
several axioms and one deduction rule of modus ponens (from ¢ and ¢ —  infer ), see [[18] for details.
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Definition 3. Let L be a propositional language extending L. A finitary expansion of FL., is any logic L ax-
iomatizable by adding axioms and finitary rules to the axiomatic system of Fley, such that for any additional n-ary
connective ¢ € L\ Ly, and formulas ¢1, ..., ¢n Y1, ..., Y, € Fm, we have:

CLO YL ou O Yn FL (@155 00) © W1, P).

We say that A is an L-algebra if v, € Fa), i.e., for each I' U {p} C Fm  and each homomorphism e: Fm, — A we
—A —A
have: if I +L ¢ and e[I'] C {1 }, then e(p) = 1 . We denote by L the class of all L-algebras.

The following theorem summarizes the well-known relationship between quasivarieties FL.,-algebras and finitary
expansions of FLy,.

Theorem 4. Let Q be a quasivariety of FLey-algebras with operators and L a finitary expansion of FLey,.
o L = and L is a quasivariety.
o |=q is a finitary expansion of FLy,.

Actually, the connection is much stronger but the formulation above is sufficient for our needs.

2.2. A-valued sets and their notation

The formulation of Kripke and neighborhood semantics for usual many-valued logics is obtained by substituting
the two-element Boolean algebra by an FL.-algebra with operators. To this end, we need to refer to many-valued
sets of worlds and many-valued sets of many-valued sets of worlds. We introduce a convenient notation inspired by
the syntax of fuzzy class theory (FCT), see e.g., in [1].

Given a complete FL.-algebra with operators A and a non-empty set of worlds W, we use upper case letters
(X,Y,Z,...) to denote A-valued sets of worlds (i.e., mappings W — A or elements of A") and calligraphic letters
(X, Y, Z,...) to denote the A-valued sets of A-valued sets of worlds (i.e., mappings A" — A or elements of AAW).

Given an A-valued set X we sometimes follow the usual set-theoretic notation and write X = {w | X(w)} (and
analogously with A-valued sets of A-valued sets). This notation is useful when X is described in a complex way; for
example, consider an A-valued binary relation R (i.e., a mapping W x W — A or an element of A"*") and define for
any w € W the A-valued set of worlds R[w] to which each v € W belongs to the degree Rwv, in symbols:

Rw] ={ve W|Rwv}

We denote by {w} the A-valued set to which w belongs in degree 1 and all other worlds belong in degree 0. The next
subsection contains more illustrations of this kind of definition.

We also use the set theoretic notation w € X (instead of X(w)) to denote the degree to which w belongs to X,
and analogously for X € Y. This convention makes the following two crucial notions syntactically identical to their
classical analogues:

XCcY= /\ weX—->weYy) degree of subsethood
weWw

X(0Y= \/(weX&weY) degree of overlap
weW

Note the above defined notions can be seen as functions assigning to each pair of A-valued sets an element of A.
We conclude this subsection by a list of simple and well-known properties of A-valued sets that we need throughout
this paper.

Lemma 5. For each w € W and A-valued sets X, Y we have:
e XCX=1
e XCY=landYCX=1iffX=Y

e (Wi X=weX.



13

114

115

116

17

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

2.3. Kripke semantics for modal many-valued logics

Let us fix a propositional language £, recall that we denote by Fm , the corresponding set of formulas. We denote
by Fmi’<> the set of formulas in the language £ expanded with two unary modalities O and ¢. Analogously we define
the sets F mi and sz when we consider only one modality.

Definition 6. Let A be a complete FLqy-algebra with operators. An A-Kripke frame (K(A)-frame, for short) is a pair
(W, R) such that W is a non-empty (classical) set of worlds while R is a binary A-valued relation.

An A-Kripke model (K(A)-model, for short) is a triple M = (W, R, V), where (W, R) is a K(A)-frame and V is an
evaluation V: Var — AV, i.e., a mapping assigning to each variable an A-valued set to which each world belongs to
the degree to which the given variable is true in that world. The evaluation is then extended to all formulas, i.e., it is
extended to a mapping VM Fmi’<> — AV inductively defined in the following way:

VM(p) = V(p)
VM(c(pr,...opn) = w | c*w e VMg, ..., w e VM) for any n-ary c € £
VM@y) = {w | Rwl € VM(p)}
VM(op) = fw | RIw] § VM)

Note that, when A = 2, this yields the classical definition of Kripke semantics. Let us now introduce the notions
of validity and global consequence for many-valued Kripke semantics.

Definition 7. Given a complete FL.,-algebra with operators A and a K(A)-model M = (W,R,V), a formula ¢ €
Fmi’<> is valid in M, M [z @ in symbols, if VM(p) contains each world in degree 1.

Let F be a class of Kripke frames (possibly over different algebras). For a subset ' U {¢} C Fmi’o, we say that ¢
is an B-consequence of T, I |Ep ¢ in symbols, if for each model M over any frame from FE:

if My for each W € T, then also M E ¢.

Let us denote by K(A) the class of all K(A)-frames. Note that k) is the global variant of the classical modal
logic K.

2.4. Classical neighborhood semantics

Introduced independently by Scott [28]] and Montague [25]], neighborhood semantics is a kind of possible worlds
semantics for modal logics, similar in spirit to the well-known Kripke semantics, but resulting in a weaker logic. A
good overview of these semantics can be found in [13]].

A neighborhood frame, or shortly SM(2)-frame, is a tuple M = (W, N), where W is a non-empty set of worlds
while N is a function N: W — 22" (2 = {0, 1} denotes the domain of the two-element Boolean algebra 2) that assigns
to each world w a set of subsets of W, called the neighborhood of w.

A neighborhood model, or shortly SM(2)-model, is a triple M = (W, N, V), where (W, N) is an SM(2)-frame and
V is an evaluation V: Var — 2% that is extended to all formulas similarly to the Kripke case, defining the value of
formulas starting with modalities in the following way:

V¥(@g) = (x| V'(p) € N(x)}
VH(©0p) = (x| V¥(=p) ¢ N(2)).
Observe that, thanks to the classical interdefinability of modalities, one neighborhood function is enough to define
their semantics.
It is not hard to see that, given any K(2)-model M = (W, R, V), we obtain an SM(2)-model Mt = (W, Ng, V) by

setting for allw € W,
Ng(w) ={X | R[w] € X},

and the truth values of formulas are preserved in all worlds.

5
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Conversely, given any SM(2)-model M = (W, N, V), we can define a K(2)-model M = (W, Ry, V) by setting for
allw,ve W,
Rywvy iff for each X € N(w), we have v € X.

Note that this entails that Ry[w] = (\xenonX. However, in order to preserve the truth of all formulas in each world,
we need the original SM-model 9t to satisfy the following two additional conditions for each w € W:

e N(w) contains ifs core, i.e., the set (\xeney) X,
e N(w) is closed under taking supersets, i.e., if X € N(w) and X C Y, then Y € N(w).

In this case, M (or more precisely, its underlying SM(2)-frame) is called augmented. Note that we could use the
following equivalent definition: for each w € W there is a set C,, such that, for each X € N(w), X € N(w) iff C,, € X.
The following results about these translations can be found for example in [[13]].

Theorem 8.

(a) Let M = (W,R,V) be a K(2)-model. Then, Ry, = R, M = (W, Ng, V) is an augmented SM(2)-model, and
yM = 0

(b) Let M = (W,N,V) be an augmented SM(2)-model. Then, Ng, = N, M = (W,Ry, V) is a K(2)-model, and
Yo M

Let us denote by SM(2) (or ASM(2) resp.) the class of all (resp. augmented) neighborhood frames. Validity and
global consequence, w.r.t. a class of frames, is defined as in the Kripke case. Therefore, from the previous theorem,
we know that Easm(2) coincides with k), i.e., the global variant of the logic given by augmented neighborhood
frames is the classical global modal logic K.

Finally, let CL denote any Hilbert-style axiomatization of classical propositional logic in a language L.

Theorem 9. Let T'U {¢} C Fmi‘o. Then, the following are equivalent

o I'Fsm ¢

e there is a proof of ¢ from I using axioms and rules of CL plus the rule E:

@ oY Op © OyY.

3. Neighborhood semantics for modal many-valued logics

In this section we introduce a neighborhood semantics for modal many-valued logics and show its relationship
with the Kripke-style semantics as a natural generalization to the many-valued setting of the constructions and the
results seen in Theorem A previous investigation in [26| 27] addresses the same problem in a more restricted
framework, focusing on the relationship between models of the two kinds. In constrast, in this section we study the
relation between frames and only later we add evaluations and obtain the desired result for models (Theorem [I7).

Let us start with the definition of neighborhood frame where, unlike in the classical case, we need two neighbor-
hood functions to take care of the two non-interdefinable modalities. If one is interested in the fragment with only one
of these modalities, then the whole section should be read disregarding the notions for the excluded modality and all
results would still hold.

Throughout this section we fix A to be a complete FL.,,-algebra with operators.

Definition 10. An A-neighborhood frame (SM(A)-frame, for short) is a tuple (W, N®, N®Y such that
e W is a non-empty (classical) set of worlds

o NO,N°: W — AA", i.e., functions that assigns to each world w € W an A-valued set of A-valued subsets of W.
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Furthermore, an A-neighborhood model (SM(A)-model, for short) is a tuple M = (W, N7, N®, V), where (W, N®, N®)

is an SM(A)-frame and V is an evaluation V: Var — AV that is extended to all formulas similarly to the Kripke case,
defining the value of formulas starting with modalities in the following way:

V%) = {w| V(p) € N7(w)}
V(o) = (w | V™(p) € N°(w)}.

Let us now introduce the notions of validity and global consequence for the neighborhood semantics.

Definition 11. Given an SM(A)-model M = (W, N®,N®, V), a formula ¢ € Fmi’<> is valid in M, M | ¢ in symbols,

if V®(¢) contains each world in degree 1.
Let F be a class of neighborhood frames (possibly over different algebras). For a subset T U {¢} C Fmi’o, we say
that ¢ is an SM-consequence of T, I =g ¢ in symbols, if for each model M over any frame from F:

if M E y for each y €T, then also M = .

We denote by SM(A) the class of all SM(A)-frames.

As in the classical case one could define as well a notion of local consequence for both the neighborhood and the
Kripke-style semantics, but in this paper we keep the focus on the global consequence.

Our next goal is to demonstrate that the relationship between the neighborhood and the Kripke-style semantics is
analogous to the classical case. In particular, we need a suitable notion of augmented frame, for which we use the
following lemma.

Lemma 12. Let (W, N°, N°) be an SM(A)-frame, w € W a world, and C,C’ € AV such that one of the following two
conditions holds for each X € AV :

CCcX=XeN(w)y=C'cX )
C)iX=XeN°w)=C'() X )

Then, C = C'.

Proof. Assume the first condition. From C € C = 1, we obtain that C € N%(w) = 1 and, analogously, we get
C’eN(w)=1.ThusalsoCC C’=1andC’' CC =1,ie.,C=C".

Assume now the second condition. Then, for eachv € W, wehave: ve C =C (| (v} = v} e N°(w) = C’ | {v} =
v e C’,and hence C = C'. O

This lemma allows to define the following notion of core of a frame.

Definition 13. Given an SM(A)-frame (W, N®, N®) is augmented if for each w € W there is (a unique) C,, € AV such
that for each X € AV the following hold:

C,CX=XeNWw)
C,0X=XeN°w).

The set C,, is called the core of N® and N°. We denote by ASM(A) the class of all augmented SM(A)-frames.

Observe that we have just generalized the notion of augmented SM(2)-frame seen in the previous section.
Now we are ready to define the general translations between both semantics. First, given K(A)-frame (W, R), we
define an SM(A)-frame (W, N5, Ng), where for each w € W:
NR(w) = {X € AV | R[w] C X}
NR(w) = {X € AV | Rlw] § X}.
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Conversely, given an SM(A)-frame (W, NY, N®), we consider two, in principle different, ways to define the acces-
sibility relation of the corresponding Kripke frame:

Ryowv = /\ (X € N°(w) > v e X)
XeAW

Ryowy = A veX — X eN°w)).
XeAW

We start by showing that in augmented frames both definitions coincide.

Lemma 14. Let (W, N9, N°) be an augmented SM(A)-frame. Then, for each w € W, we have:
CW = RND[W] = RNO[W].
Therefore, Ryo = Ryo.

Proof. 1t suffices to check the following inequalities for arbitrary w,v € W (note that we use properties of FLy-
algebras from Lemmas 2] and [5)):

e veC, <Ryowv: FromX e N°w)=C, CX<(veC, »veX),weobtainveC,, <X €N (w) > veX.
e veC, <Ryowv:FromveC,&veX<C,)X=XeN°w),weobtainveC,, <veX— XecN°w).

e Ryowv <v e C,,: Clearly Ryawv < C,, € N°(w) »ve(C,=C,CC, »>veC,=veC(,.

e Ryowv <v e C,: Clearly Ryowv <ve {v} > (v} e N°w) = v} 0 C,, =v € C,,. O

Next, we show that the neighborhood frame built from a Kripke frame is always augmented and, moreover, when
we apply both constructions consecutively we retrieve the original Kripke frame.

Lemma 15. If (W,R) is a K(A)-frame, then the SM(A)-frame (W, NY, N,?) is augmented and R = RN;' = RN,?'

Proof. (W,NY, Nj;) is augmented because for each world w € W we know, from the definition of N3(w) and Ng(w),
that we can take C,, = R[w] as the core.
From the previous lemma we know that, for each w € W, C,, = Ryo[w] = Ryo[w] and so the claim follows. O

Moreover, we can prove that the augmented property is both a sufficient and necessary condition in order for
retrieving the original neighborhood frame when consecutively applying both constructions.

Lemma 16. An SM(A)-frame (W, N®, N°) is augmented iff NE‘ND = N°, NENO = N° and Ryo = Rys.

Proof. For the left-to-right direction, for each X € A% we check the following:

XeNY =Ryo[w]CX XeNS =Rpyo[wliX
Ryo Ryo
=C,CX =C,0X
=X e N°(w) =X e N°(w).

For the right-to-left direction, for each w € W, we define the set C,, = Rya[w] = Ryo[w] and show that it is the core
of N°(w) and N°(w). Indeed, for each X € AW, we know that

X e N°(w) =X N3 (W) =Rys[W] CX = C, C X,
X eN°(w)=X € Ng (W)= Rye[w] § X = Cyy 0 X. O

After showing this tight connection between A-Kripke frames and augmented A-neighborhood frames, we can extend
it to models.
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Theorem 17. Let A be a complete FL.y-algebra with operators.

(a) Given a K(A)-model M = {(W,R, V), define the SM(A)-model M = (W, ND,Ng, V). Then, VM = V™,

(b) Given an SM(A)-model M = (W, NP, N°, V) over an augmented frame, define the K(A)-model M = (W, Ry, V).
Then, V™ = VM,

Proof. We proceed by induction over the complexity of a formula ¢ € Fmi’o. For (a) and (b), the case where ¢ € Var
or it is a constant follows by the definition of V, while the case where ¢ is not a formula starting with box or diamond
follows trivially from the induction hypothesis (since only formulas starting with a modal operator depend on R or N*
and N®). Let ¢ = Oy for some i € Fmi’<> (for ¢ = Oy it is analogous).

For (a), note that by the induction hypothesis, for any w € W:

w e VM(@y) = Rlw] € VM)
= RIwl € V()
= V™(y) € NZ(w)
=we V¥ay).

For (b), using that the frame in M is augmented and thus, for any w € W, Ryo[w] is the core of N%(w) by
Lemma([l4] we have:

w e V¥iay) = V() € N°(w)
=C, < V™)
= Ryo[w] € V')
= Rye[w] € VM)
=we VM@y). O

Therefore, we obtain that the logic given by the global consequence of Kripke frames coincides with that given by
augmented neighborhood frames.

Corollary 18.

1. Let F be a class of augmented neighborhood frames and let FX the class of their corresponding Kripke frames.
Then, for eachT U {¢} C Fmi’o,

IEre iff Tk e

2. Let F be a class of Kripke frames and let FM the class of their corresponding augmented neighborhood frames.
Then, for eachT U {¢} C Fmi’o,

I'kEre iff I' Epsm .

In particular, given a complete algebra A, for each T U {¢} C Fmi’o,

I' Fxa) ¢ iff I' Easmca) ¢

It is easy to check that this corollary would also hold if we considered the local instead of the global consequence.
However, the proofs of the results in the rest of the paper work only for the global case.

‘We have established that the Kripke semantics only can capture a part of the neighborhood semantics, namely that
given by augmented frames. The next natural step is to investigate weaker modal many-valued logics given by bigger
classes of neighborhood frames.
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In the rest of this section we axiomatize the weakest logic in this setting, that is, the logic of all neighborhood
frames, i.e., we want to formulate and prove an analog of Theorem[9] We have two possible formulations: (1) starting
from a complete FL.-algebra with operators, or (2) starting from a finitary expansion FL.,. The classical formulation
was based on the fact that CL = |=;. Accordingly, our two formulations will be determined by possible answers to the
following two questions:

QI Given a complete FL.,-algebra A with operators, is there a finitary expansion L of FL.,, such that L = |z4?

Q2 Given a finitary expansion L of FL.,, is there a complete FL.,,-algebra A with operators such that L = |z4?

Using Theoremit is easy to see that the answer to the first question is YES, whenever =4 = Eq4), where Q(A)
is the quasivariety generated by A (because we know that q4) is always a finitary expansion of FL.,,). Interestingly
enough, the equality always holds if we restrict to derivations from finite sets of premises i.e., for each finite set
I'U{p} € Fm, we have:

F'Eap i I ko) ¢

Thus given a complete FL.,-algebra A with operators, let us denote by L4 the logic [Fqg). Now we are ready to
formulate the promised analogs of Theorem [9} the former is formulated semantics-first, the latter is logic-first. Both
theorems will be obtained as corollaries of Theorem 25| which we prove in the next section in a much wider syntactical
and semantical framework.

Theorem 19. Let A be a complete FLoy-algebra with operators and T' U {¢} C Fmi’<> be a finite set. Then, the
following are equivalent:

o ' Esma) ¢
e there is a proof of ¢ from I using axioms and rules of L4 plus the following rules:
p oYy ooy
QY EOPp o OY.
If furthermore L4 = |4, the equivalence holds for all sets of formulas.

Theorem 20. Let L be a finitary expansion of Fle,, and A € L such that L = L. Then, the following are equivalent
for each finite T U {¢} C Fmi’o:

o I'Esmuy ¢
o there is a proof of ¢ from T using axioms and rules of L plus the following rules:
p oYy ooy
QY Op o QY.
If furthermore L = =4, the equivalence holds for all sets of formulas.

Observe that the classical Completeness Theorem [9 follows as a corollary when A = 2.

4. An axiomatization of the global logic of neighborhood frames

The goal of this section is to prove the last two theorems of the previous section about the axiomatization of the
global modal logic of all neighbourhood frames over a given FL-algebra with operators. Without much extra effort
we can prove a more general result that entails the desired two theorems. In this way, we manage to cover a natural
wider class of logics, arbitrary sets of modalities of arbitrary arity, and a more general notion of frame.

10
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First, we need to recall a few notions of algebraic logic (see e.g., [17]). We no longer assume languages £ to
contain Lgr,. Recall that we denote by Fm , the set of all formulas and by Fm . the absolutely free algebra of type
L. An L-matrix is a tuple A = (A, F), where A is algebra of type £ and F C A is called the filter of the matrix (a
set of designated elements used to define logical consequence). Each matrix has the largest congruence compatible
with F (i.e., such that no element from F' is congruent with an element outside F); it is called the Leibniz congruence.
A matrix is reduced if its Leibniz congruence is the identity. Given any class K of (reduced) £-matrices we define a
structural consequence relation g on Fm 7

I' Ex ¢ iff for each (A, F) € K and each homomorphism e: Fm, — A we have:
if e[I'] C F, then e(y) € F.

A logic L in a language L is a structural consequence relation on Fm . We write I' k-, ¢ to signify that the formula ¢
follows from the set of formulas I in the logic L. We say that L is finitary if, whenever I i, ¢, there is a finite subset
I" C T such that I +p, ¢. For each logic L there is the largest class of reduced matrices, denoted as MOD*(L), such
that -1, = Emopr). We say that L is protoalgebraic if there is a set of formulas < (called an equivalence) in variables
P>q,"1,72,...,such that for each n-ary ¢ € Lﬂ

FLe © ¢ P, S YLy poY Yo xrLepex peoyYyrLy ey

@1 @ll’b---,% @wn FL C(‘Plvu’g’n) < C(l//l’n-s';bn)

For each (A, F) e MOD*(L) and each a, b € A, we have a = b iff ©4(a,b) C F.

It is easy to see that any (finitary) expansion L of FL.,, is protoalgebraic, < is the equivalence, and MOD*(L) =
KA, Ty | A eL).

In order to distinguish modalities from the remaining connectives, we start from a propositional language £ of
connectives that are not regarded as modalities and add a disjoint set A of modalities of arbitrary arities. The set of all
formulas is denoted by Fm2 (which is actually the same as Fm 5, but keeping the intended distinction).

We work with a generalized notion of A-valued set that allows us to define a more general notion of neighborhood
frame using different algebras (from different matrices) to evaluate formulas at each world. To this end, instead of
elements of AW we consider elements of [Tew Aw, where A,,s are L-algebras. We call these objects (A,,),ew-valued
sets. As before we write w € X instead of X(w) and use comprehension terms {w | w € X}.

Definition 21. Given a class K of L-matrices and a set of modalities A, we define an SM(K, A)-frame as a tuple
<W <Aw>w€W, <Nv>oe/\> such that

o W # 0 (worlds)
e A,=(A,,F,)eKforeachw e W (scales)
e for each n-ary © € A, N° is a neighborhood function assigning to each world w an A,,-valued set of n-tuples of

(A, Ywew-valued sets, in symbols: N”(w): ( qVAV)” — A,
Ve

Furthermore, we define an SM(K, A)-model as a tuple M = (W, {A,,)wew, (N Voen, V), where (W, (A, )wew, (N Yoecn )

is an SM(K, A)-frame and V: Var — ] A, (evaluation), i.e., a mapping assigning to each variable an (A,,)cw-
weW
valued set to which each world belongs to the degree to which the given variable is true in that world. The evaluation

is extended to all formulas, i.e., it is extended to a mapping V™: Var — T[] A,, inductively defined in the following
weW
way:

V¥(p) = V(p)
V”JE(c(tpl, v n) ={w CA(W € VM(gol), L., WE VM(gon))} forn-aryce L
V@1, oo o) = 1w V@1, ... VR (pn)) € N ()} for n-ary © € A.

2We write T i, A if Tk 4 for each ¢ € A. Also we define ¢ © ¢ = {y(¢, ¥, x1, .- -, xn) L x(p,q,ris. .., rp) € ©and yi,..., Xn € Fm }.
11



270 This semantics gives rise to its corresponding notion of global consequence, in which we need to refer to filters of
271 the matrices to represent truth in each world.

Definition 22. Given an SM(K, A)-model M = (W, (A, Fy)hwew» N Yoer, V), a formula ¢ € mez is valid in
M, M E ¢ in symbols, if Vgﬁ(tp)(w) e F,, for eachw € W. Let F be a class of SM(K, A)-frames. For a subset
I'uf{e) C sz, we say that ¢ is an SM-consequence of I', I' =g ¢ in symbols, if for each model M over any frame
from E:

if M E y for each y €T, then also M = .

272 To fulfill our aim of describing syntactically the logic given all the neighborhood frames over a given class of
273 matrices, we introduce the following simple axiomatization for the expansion of an arbitrary protoalgebraic logic with
27+ arbitrary modalities requiring only that they preserve the congruence property with respect to <. This axiomatization
2rs generalizes that shown in Theorem 9] for the expansion of classical logic with 0 and ¢.

Definition 23. Let L be a protoalgebraic logic in a language L and let A be a disjoint language (modalities). We
define L as the expansion of L obtained by adding the following rule for each © € A:

(Ev) P1 <:¢l,"'790n <:lpn F (7(901""9‘10n) < O(wlw"’lpn)-

278 Observe that the expanded logic remains protoalgebraic with the same equivalence set <. Moreover, this logic
277 always enjoys completeness with respect to a semantics of neighborhood frames, in a rather trivial way, if we consider
278 frames with only one world over any reduced model of the initial logic.

Proposition 24. Let L be a protoalgebraic logic in a language L and let A be a disjoint language (modalities). Then,
foreachT" U {p} C Fm’L\ we have:

N iff T Esmmob wa) ¢

a9 The same result holds when restricting the semantics to frames with only one world.

20 Proof. For the soundess, we only need to check the validity of the rules E°. Let us assume that, for an SM(MOD*(L), A)-
2 model M and formulas @y, ..., Y1, ..., %, € Fm’y, we have M E ¢; & y; for each i. Then, V*(¢;) = V*(y;) for
22 each i and hence, for each w € W, we have: (V™(¢)),..., V(@) € N°(w) = (V™(@),...,VP(W,)) € N°(w).
253 Therefore, M | (1, ..., ¢,) © QW1, ..., ¥,), as we wanted.

284 To prove completeness, assume that I" ¥, ¢. Since we can see L as a protoalgebraic logic in the language LUA,
255 we know that there exist (A, F) € MOD*(L,) and an A-evaluation e such that ¢[I'] C F and e(¢) ¢ F. We define the
26 following SM(MOD*(L), A)-model: M = ({w}, (A, F), (N Yoen, V), Where

287 o N°w): {ay), ... {ay)) = 9%ay, ..., a,)

288 * V(p) = {e(p)}.

280 It is easy to see that for each y € Fmﬁ, we have V() = {e(y)}. Thus M [ ¢ for each ¢ € T, while M I ¢. O
290 A more interesting question is whether one can restrict the completeness to a more meaningful class of neigh-

201 borhood frames based on a family of matrices that already provides a complete semantics for the initial logic. This
2.2 1s achieved in the following theorem. The completeness properties of the starting logic are typically found in the
20s  literature in at least two different versions, namely, given a logic L and a class of models K € MOD*(L), we say that
204 L has the property of:

205 o Strong K-completeness, SKC for short, if L and =g coincide, i.e, for every set of formulas I' U {¢}: T +p ¢ if,
296 and only if, " Fg ¢.

207 o Finite strong K-completeness, FSKC for short, if finitary companions of L and g coincide, i.e., when for every
208 finite set of formulas I' U {¢}: T+ ¢ if, and only if, ' g ¢.
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Theorem 25. Let L be a finitary protoalgebraic logic in a countable language L, let A be a countable language
(modalities), and K € MOD*(L). Then:

1. If L has the SKC, then for eachT" U {¢} C Fm2 we have:

Fh, iff T Esmxa @

2. If L has the FSKC and L and A are finite, then, for each finite T' U {¢} C Fmg, we have:

Cry, e iff I' Esm,a) @-

Proof. The left-to-right directions follow from Proposition

For the reverse implication in the finite strong completeness case assume that, for a finite set I' U {¢} C F mf,\:, we
have I ¥, ¢. Since L, is a protoalgebraic logic, we know that there exist (B, F) € MOD"(L,) and an evaluation
e: F mﬁ — B such that ¢[I'] € F and e(p) ¢ F. Taking the restriction B L of the algebra to the original language
L without the modalities and factorizing by the Leibniz congruence, we obtain the reduced model (BL, F)* €
MOD*(L); let  be the projection to such reduction. Since L is finitary, (B[L, F)* is representable as the subdirect
product of a family of relatively subdirectly irreducible models {(B,,,G,,) | w € W} € MOD*(L)gs; (see e.g., [12}
Theorem 1.3.5]); we denote by m,, the projection to the component indexed by w.

Let S be the finite set of the subformulas of I' U {¢}. Therefore, for each w € W, the set (7, om0 e)[S] C B,, is also
finite. Since we are assuming that the language £ is finite and L has the FSKC, by [10, Theorem 6], for each w € W
we have a partial embedding g,,: (7, oo e)[S] — A, for some (A, F,) € K. For each w € W, we take an arbitrary
A, -evaluation e,, such that e,,(¢) = (g, o, omoe)(yy) foreachy € S.

Now we are ready to define the needed SM(K, A)-model: M = (W, {A,,)wew, (N Voen, V), where V(p) = {w |
ew(p)} and

e, (W, ..., ¥y)) ifthereare yy,..., ¥, €S
Xi,.... X,y e N°(v) = such that for each i < n, X; = {w | e,,(¥;)}

b,€A,\F, otherwise.

Then, one can prove, by induction on the complexity of the formula, that for each i € S we have V¥()) = {w | e,,(¥)}.
Therefore, M is a model of I'; indeed for each ¢ € I we have e(i) € F and so for each w € W: w € V() = e, (¥) =
(gy o m,, omoe)(y), which is a value in F,,. But 9 is not a model of ¢; indeed e(¢) ¢ F, so there hastobe aw € W
such that (m,, o 7 0 €)(¢) ¢ G,, and hence w € V™(¢) = e,,(¢) = (g © T, © e)(¢), which is not a value in F,,.

The proof of the reverse implication in the case of strong completeness is similar and a bit simpler. Since the
language is countable we can start from a countable (B, F) € MOD"(L,) and, reasoning as before, obtain countable
models {(B,,,G,) | w € W} € MOD*(L)gs;. Since L has the SKC we obtain that, by [10, Corollary 4], for each
w € W there is an embedding g,,: (B,,G,) — (A,,F,) for some (A,, F\,) € K. For each w € W, we take the
A,,-evaluation e,, = g,, o ,, o o e and define as before an SM(K, A)-model: M = (W, (A, )wew, (N Yoca, V), where
V(p) = {w|eu(p)} and

e (@01, Yy)  if there are Yy, ..., ¢, € Fm'y
Xp,..., X)) e N°(v) = such that foreachi < n: X; = {w | e,,(¥)}
b, €A, \F, otherwise.

Similarly to the previous case, the proof is concluded by showing that for each y € Fi m2 we have Vim(w) ={w|e, )}
and <M is a model of " but not of ¢. O

Theorems [I9] and [20] are a corollary of the previous theorem. Indeed, given any complete FL.,-algebra with
operators A, the logic L4 is finitary and protoalgebraic with equivalence < in a countable language and, thus, we can

apply the theorem with K = {(A, {TA 1} and A = {O, ¢}. In particular, we have obtained an alternative algebraic proof
of the classical completeness result (Theorem [9).
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5. Conclusion and further work

In this paper we have studied neighborhood semantics for modal many-valued logics. More precisely, we have
o defined it for a very wide class of logics given algebras and matrices,

e described its relation with the Kripke-style semantics,

e axiomatized global consequence relations (w.r.t. all models).

With this proposal, in particular, we have further expanded the realm of fuzzy logics, understood as the logics of

chains [2]]. A previous proposal in [9] introduced semilinear logics (that is, logics strongly complete w.r.t. linearly
ordered matrices) as an attempt to capture this intuition in a mathematical definition. In the present paper we have
dealt with modal logics that are not semilinear in that sense, but yet, when built upon a fuzzy logic, they enjoy a
neighborhood semantics where in each world truth is evaluated over a chain of truth values.

Future work will focus mainly on other elements of the usual agenda of modal logics: axiomatizing global conse-

quence relations w.r.t. classes of models (i.e., extensions with modal axioms), studying the local consequence relation,
canonical models, solving related decidability and complexity issues, etc.
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