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The “mathematical possibilities” of the music concept of mode
from Ptolemy to Messiaen

Fabio Bellissima, Dipartimento di Ingegneria delformazione e Scienze matematiche. Siena.

Maria Silvestrini, D.I.M.A. International Music Adeamy. Arezzo

Abstract

In the 3" century A.D. Boethius translates the Greek tetom®s andtroposinto the Latin
modus The theory of Greetonoiis thus connected to the practice of church mogleslucing
what has been defined “I'imbroglio des modes”. Tian difficulties connected to this concept
arise from the fact that both Greek and Medievabtlsts presented the modes sometimes as
different sequences obtained by linearizing theesaytle of music intervals, sometimes as
pitch translations of the same sequence. Aftefttvaal” period, when the modes were reduced
to two (our Major and Minor), in the #0century the search for new modal possibilities was
resumed, and led to the encounter with what Messitaled “mathematical impossibilities”. In
this paper, we try to get out of the “imbroglio” biging an extensional method, which consists
(a) of building a model that contains all the mathé&cal possibilities related to the concept of
mode and (b) identifying the subsets of the moadal torrespond to the various forms that this
concept has historically taken on.

Introduction

One point will attract our attention at the outghe charmeof impossibilities. [...] Thixharme at once
voluptuous and contemplative, resides particularlgertain mathematical impossibilities in the mioda
and rhythmic domains. Modes, which cannot be trassp beyond a certain number of transpositions,
because one always falls again into the same nigthms which cannot be use in retrograde, because
such a case one finds the same order of valuea aghese are two striking impossibilities. (Messia
1944, Ch.1).

This explicit reference to mathematics, dealinghwitusical modes, is unusual (and, for this
reason, famous). The concept of mode was margathlitiring the long relationship between
music and mathematics, which was predominantlygedwon the concept of scale (“division of
the canon”). The separation between scales and smates back to the beginning of Music
theory. In theRepublic(lll, 398), Plato reports Damon's theory, whiclribtites to the various
harmoniai (a term that will converge into the Latmodu$ the power to influence human
behaviour: the Lydian is soft and convivial, thexlydian mournful and lamenting, the Dorian
and the Phrygian are suitable for warribit the same time, Plato, in tiémaeus(34C-36D),

! Similar considerations were repeated until thediance. Maurolicus, around the middle of the t6titury,
states that: [Modus] Dorius somnolentia expellgpiddorius somnium inducit; Phrygius incitat, aspera
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tunes the “soul of the world” according to the nuiced intervals of the Pythagorean diatonic
scale, thus starting the conception of a mathemitibarmonious cosmos. So, because of the
enormous importance that these two Platonic di@sduwad in the transmission of Greek music
theory to later ages, the Theory of Scales tookptth of mathematics and metaphysics, the
Theory of Modes that of ethics and morals.

According to a traditional definition, “aodeis essentially a question of internal relationship
of notes within a scale especially of the predomagaof one of them over the others as a tonic,
its predominance being established in any of ai aimber of ways: e.g., frequent recurrence,
its appearance in a prominent position as the fios¢ or the last, the delaying of its expected
occurrence by some kind of embellishment.” (Wintamgingram, 1936, 2). In other words, a
mode is defined by a note of the scale that is nmoportant than the others (tifiendamental
noteor tonic) which determines, among these, a hierarchy basdbdeir relationship with it. In
this definition, the hardest point to transfer umaqgtitative terms is the method for determining
the fundamental note in a given melody. It is riotply a matter of identifying the note that
appears most often, because the quality of suchri@mwes needs to be assessed. In general,
the fundamental note is the final note of the mglfd the Middle Ages it was calldthalis),
but this cannot be considered an absolute rule.edew in order to make an analysis of the
concept of mode, it is not necessary to determipgeedure to identify the fundamental note.
It is sufficient to assume that such a note exasis, start the theory from this assumption.

Even with this simplification, the development dfetconcept of mode remains full of
contradictions. The problem is that, from the Geetekthe present day, the same term has often
indicated different objects, and the same objest been indicated by different terms. The
eminent French composer and musicologist Jacquasl€h in hisL’'imbroglio des mode&n
Italian word borrowed from French), gives thesehudblogical indications: to refer directly to
the texts that are contemporary with the factsistijéind clearly define the terrhs.

In the present paper, devoted to analyzing the dattmat the musical concept of mode has
historically taken on, we have tried to follow tladove mentioned indications: we have
restricted ourselves to the texts that we believdd fundamental, and have devoted all of
Section 1 to defining the terms. Two aspects asetaefinitions seem to be new to us. The first
one is the systematic use of the mathematical @inck cycle, and the clear distinction
between cycle and sequence. The second is the ymghd of a method that in Logic is called
extensional In somewhat rough terms, an extensional methoéniployed when, facing
problematic concepts, rather than directly definthgm, one first constructs a model that
contains all the “mathematical possibilities” rel@tto these concepts, and then finds, among
these possibilities, the ones that satisfy the eptscthemselves. The set of the objects of the
model that satisfies a given concept is caéigtension of the concepthus, even if its deepest
essence is not captured, the concept is delimied‘defined” in a non-ambiguous way. In a
context where terms are much more numerous thasilppesoncepts, the employment of this
method seemed to us to be quite appropriate.

Hypophrygius blanditur, lascivit; Lydius laudat,nsmlatur; Hypolidius compatitur, laetificat; Mixdius varius,
querulus, audax; Hypomisulidius excita¥lusica 122).

2 These two points express a desire which is comtmamyone who faces the study of modes: ntakeala rasa
and start over againApres avoir usé beaucoup d'aspirine, j'ai fini pamvoyer le commentateurs au didble
(L'imbroglio, 196Q Avant-Propos).
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The paper is divided into three parts. In the fpatt we define the concepts of scale and
mode, trying to describe tretandard formthat they have taken in the modern era and in the
ambit of Tonal musidi.e., the kind of music that has characterizedsi-called classical period
of western music and that characterizes every tfjpeontemporary popular music). This
standard form has been the point of arrival of acess that had started at the time of the
Greeks and continued, with intense interest, tHiougthe Middle Ages and the Renaissance.
The mathematically more salient points of this psscwill be analyzed in Section 2. But the
standard formwas also the starting point from which new scalad new modal forms came
about from the end of the #%entury. We will study them in Section 3, maingfarring to
Olivier Messiaen's work.

1 Standard definitions

The nomenclature of harmonic theory is, probalitg, least “rational” among those of the
theories with mathematical content, perhaps becauseother theory came from the
contribution of people whose interests were soedffit. It is therefore necessary to start by
giving some definitions, in particular those of lscand mode. We will do this by remaining
faithful to the meaning these concepts have tosayhat the reader can identify them without
difficulty. In the next section we will see if aribw these definitions are consistent with the
use that has been made of these concepts in the pas

Essential elements of our definitions are the ddbemathematical concept of cycle and the
strict distinction between cycles and sequencesmHArow on, we will denote cycles (both of
intervals and notes) between round brackets, amaesees between angle brackets. Therefore,
given three distinct elemengs b, ¢, we will have &,b,9 = (b,c,d = (c,a,b, but «a,b,c #
<b,c,a # <c,a,b>.

The concept of mode presupposes that of scale hvititurn is based on that obnsonance
and in particular on that @onsonance of octav&hanks to a discovery that tradition attributes
to Pythagoras, we can quantitatively define thiacept: two sounds are in the relation of
octave if the ratio between the lengths of thengtrithat produce them is 2:1. Of course, the
formation of the concept of octave, which is atltasis of music as we conceive it, precedes its
guantification and derives from the feeling of ha@eoeity - of “consonance” - that two sounds
at the interval of an octave produce. This feelisgso strong that the two sounds, albeit
radically different in pitch, are perceived as agi sound. This equivalence is confirmed by
the notation that, from the Middle Ages onward® thee same letters A, B, C, ... (in Italian and
French, La, Si, Do (Ut), ...) to denote sounds Hratone or more octaves apart. In summary:
the consonance of octave produces an equivalefat@nebetween sounds and A, B, C ... are
the names given to its equivalence classes.

Let us now consider the scales. Although, in natilne variation of the pitch of a sound takes
place mainly in a continuous manner, in music atdeast in western music - this variation has
been treated mainly as a discrete phenomenon. Blusistruments, with the significant
exception of strings, produce a finite set of pe#irted notes. The “scale problem” consists of
choosing, within theontinuumof the sounds, an appropriate selection of themanks to the
equivalencemodulo octave, this selection can be circumscribed withisingle octave, i.e.,
within the set of sounds whose boundary notesnfore precisely, the length of their strings)
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are in the ratio of 2:1. In this way, a patterngenerated, which, repeating itself cyclically
octave after octave, generates the sound spacsideong that:

(a) amusicinterval is defined by a ratio (between the lengths oftihe strings that produce
the sounds of the interval);

(b) the music operation of adding two musical s corresponds to the mathematical
operation of multiplication of the correspondintjoa?

we can give the following definition of scale:

*(1.1) Ascaleis a sequence ¢&fnumeric valuesl,...dk which expres& music intervals and
whose producth-...dk is 2 (the value corresponding to the octave). Beiguence of intervals
is used as a cyclely...,dk), because the musical space we want to get cérfreta anywhere
in the sequence and be generated by repeatingetheisce itself an appropriate number, not
necessarily integer, of times.

The emphasis on the concept of cycle is ours. Mathematical concept is not explicitly used
in music theory. Sets of intervals, or notes, &neags presented as a sequence, both when they
actually have to represent a sequence, with a begjrand an end, and when it is understood
that the sequence can repeat itself cyclicallyii@nother hand, we think that it is important, as
we shall see later, to point out that, for the egaihe repeatability is essential while the stgrti
point is not.

Historically, the most important scales were Ehghagorean diatonic scal@lso known as
Timaeus’sScalg characterized by the following cycle of 7 intdeia

(9/8, 9/8, 256/243, 9/8, 9/8, 9/8, 256/243)

and theNatural Scale(also known aZarlino’s scale or Just intonatiol), whose corresponding
cycle is

(9/8, 10/9 ,16/15 ,9/8 ,10/9 ,9/8 ,16/15).

From the evolution of these two scales camedteal-tempered diatonic scal@his time,
valuesd:-...d« cannot be expressed in fractional terms, sincg dne irrational numbers. The
cycle is

V2,92, 'V2,%2,¥2,%2, V2).

If we set¥2 =t (tempered toneand '3/2 = s (tempered semitoheve obtain the cycle
(t,t,s,t,t,t,3, which expresses the familiar succession of t@melssemitones of our scale. From a
mathematical point of view, the difference betwéymhagorean, natural and equal-tempered
scales is very profound: the first, but not theeottwo, only employs powers of 2 and 3, and
was therefore the scale preferred by the Pythagmselool and the reference scale during the
Middle Ages. The second one, but not the other tvas, only ratios of the typ@£1)/n, the so
called epimoric ratios the only ones worthy of employment within a scalecording to
Ptolemy. The third one, but not the other two, ugesional numbers, which is why it has been

3 See for instance Bellissima (2011).



ostracized for a long time, but thanks to which seenitone is the exact half of the tone and
hence sub-multiple of any interval of the scale.

With regard to the sound, however, the differermetsveen the three scales are rather small,
and what we have termed as three scales are aéfered as threéuningsof the same scale:
the diatonic scale In this case, the quantitative concept is thattohing”, while the term
“scale” assumes a qualitative value, which in tieashic case expresses the cydtledt,t,t,3,
where the five tones are more or less equal to etmdr and the two semitones are more or less
equal to half a tone. In this sense, the conceptale is close to the conceptggnusof the
Greeks, a qualitative concept used to group thewstunings by similarity. On the other hand,
the concept of tuning corresponds to the Greekepunafdivision of the canarNowadays, the
term “tuning” can be misleading. It leads us tonkhabout the pitch of the notes (“what is the
frequency of A?”), while the divisions of the canofrom the one described in Euclidgctio
Canonisto the innumerable ones described by Ptolemy sisted of a series of ratios and did
not give any indication of the pitch of the notes, on the initial state of the monochord
(canor). Therefore, we will not use the term “tuning” amatccording to the above-given
definition, will attribute a quantitative value tioe term “scale”.

By dividing each tone of the equal-tempered diat@cale into two equal parts, we obtain the
equal-temperate chromatic scqldack and white keys of our pianos), which diwdiee octave
into 12 equal intervals:

(1%'1%, 1%' 1%/5, 1%' 1%/5, 1%' 1%/5, 1%' 1%/5, 1%' 1%/5)

Thanks to the equality of all semitones, it is [lolesto obtain the equal-tempered diatonic
scale starting from any point of the equal-tempeariematic scale. This is the characteristic
that has allowed this diatonic scale to obscurether diatonic scales, until they disappeared.

In addition to the meaning of the term “scale” whitas been described above (see (1.1)), this
term has another meaning, a more familiar one, wigcused when we speak of “scale of F
major”, or “scale of D minor”. Leaving aside thejextive major and minor for a moment, the
element of novelty is that in these cases theaeréference to the pitch of the sounds, expressed
by the names F and D. So we will caterval scaleghose treated so far, asdales of notes
(also named asransposition scalesr transposition keysthese new scales, which we now
define.

First of all, let us take a certain soux@nd give it the name C (for our purposes, it is not
important what the pitch of actually is). This name will denote not only theusds of the
same pitch ofx but, in agreement with what we have seen abowe, #le sounds that are
separated from by one or more octaves. Once the pitch of a roteed, the pitch of the other
notes of the chromatic scale is obtained as atrdawirtue of the equality of its intervals, the
12 notes can be arranged on the “dodecaphonicetifalso called “musical clock”) as in
Figure 1.

4 Of course,'¥/2 is the square root 6f2, and not its half. As a result of the previousnp@b), the terminology
concerning the composition of intervals is antilathenic with respect to the algebra of their ratios

5



Dodecaphonic Circle

Figure 1.

Let us now consider the major scalelt consists of the sequence of notes C-D-E-F-B-A-

C. We can denote this scale by the sequence of ensmb

<0,2,4,5,7,9,11>
not indicating the highest note, that doubles theekt one to the upper octave. Another
example: theE major scale whose notes are E-F#-G#-A-B-C#-D#-E, can be dmhbl the
sequence <4,6,8,9,11,1,3>, & minor scale whose notes are E-F#-G-A-B-C-D-E, by
(4,6,7,9,11,0,2) (we consider minor scales in thatural form. Clearly, the notes are meant to
grow in pitch (the numbers do not indicate indiatlsounds but classes of sourmdedulo
octaves).

Each scale of notes can be interpreted as a cenoepresentation of the more abstract
concept oftonality. The scale of C major represents tbeality of C majorin the sense that
music written in this key uses, with due exceptjahe notes of scale of C major, and it has C
as its fundamental note. As we anticipated in titeoduction, we do not need to define the
concept of fundamental note. For us it is simplyighlighted point within a cycle or within a
sequence of notes. We represent the tonality obfomby the cycle of notes

(0,2,4,5,7,9,11)
in which the fundamental note C is in bold. We again the cyclic representation to mark the
fact that we are considering a set of notes whaaedaries are not explicitly limited and
which is not required to start or end with the famgkntal note. So, the two expressions
(0,2,4,5,7,9,11) and, for instance, (7,9012,4,5) are equivalent.

We can repeat what we did for the tonality of C andpr every other tonality. We will
therefore represent the tonality of E major #6(8,9,11,1,3), the tonality of C minor by
(0,2,3,5,7,8,10), the tonality of E minor b4,6,7,9,11,0,2).

The two previous examples of major scales, likehedlmajor scales, have in common the fact
that, starting with the fundamental note and penfog an entire cycle, the intervals between
consecutive notes form the sequentgsst tt,s. In the same way, the two previous examples
of minor scales, like all the minor scales, havecammon the fact that, starting with the
fundamental note and performing an entire cycle,ititervals between consecutive notes form
the sequencets,t,t,s,tk. The two sequences are different, but theyliaearizationsof the
same cycle of intervals, which is that of the dmdtoscale ( ft,s,t,t,t,$3 = (t,s,t,t,;s,t} ). We
prefer to express these linearizations, rather thaough sequences, by means of cycles in
which the interval on which the linearization begjithat isthe interval immediately after the
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fundamental noteis in bold. In this way it becomes clearer thHa& toncept of mode, in its
modern conception, is not bound to a single octaxma. So, we prefer to represent the Major
mode not by &t,s,t,t,t,, but by

(t,t,s,t,1,1,3,
the Minor mode not byts,t,t,s,t,b, but by

(t,s,tt,s,t),
or by the mathematically equivalent expression

(t,t,s,1,11,9).

The previous definitions show how the concept oflens intermediate between the concept
of interval scale and that of tonality. A mode isyale of intervals with a significant interval: it
becomes an interval scale by deleting the referéoca particular interval, and becomes a
tonality by passing from intervals to notes whiomf these intervals.

Switching from an interval scale to a mode by higjting an interval of the cycle correspond
to a linearization of the cycle itself, and thetdiac scale has the property that all the seven
possible linearizations of its cycle, obtained leginning on one of its intervals, are different
from each othe?:

<tts.tite, s it sk, sttt s, i, <t s t,e, <t s ttsk, <t,stts, ik, <stit,s,ttk.

Therefore, the diatonic scale has 7 different mo#asept the last one, all the others have a
medieval correspondent (se Section 2) and can ha&elk by using the ancient names. In order:
lonian (our Major), Dorian, Phrygian Lydian Mixolydian, Aeolian(our Minor). From the end
of the Middle Ages, many of the previous modes psgively disappeared and, apart from
occasional exceptions, only two survived: Major aidor.

1.1 The model

We define a model to represent in an extensiongl twa concepts of diatonic scale, mode,
tonality and scale of notes. The last concept,dessdescribing the more concrete object (a
precise sequence of notes that can be performea arstrument) is also the most particular, in
the sense that all the other concepts are obt&iosdit by means of successive generalizations.
The scales of notes are therefore the most suitdipets to become the elements of the model.
Since each of the 7 possible modes of the diatscade can be used to produce 12 different
scales of notes, the scales of notes that foll@ndthtonic pattern are 84.

Major (Dorian) (Phrygian) (Lydian) (Mixolydian) Minor
02457911 24579110 45791102 57911024 79110245 91102457 11024579> +--- éi
13,5,6,8,10,0 3,5,68,100,1 56810013 68,100,135 8,100,13,5,6 10,0,13,5,68 0,1,3,5,6,8,10 :
24,679,111 46,79,11,12 6,79,11,124 9.11,1,24,6,7 11,1,24,6,79 12467911

35781002 57810023 78100235
46891113 68911134 89111346
5,79.10024 79100245 91002457
681011135 810,11,1356 1011,13568

10023578 <03337810> 23578100 .
1L134680>  <13468011> S4G8OILL <--- BEE
02457910>  24579100> 45791002 $
135681011>  B36810111>  <568101113

79110246 91102467 11024679 02467911 24679110 46791102 67911024

81001357 100,135,738 0.135.78,10 13,578,100 35781001 57810013 78100135> <--- ']%»’s":
901112468 11124689 12468911 24689111 4,689.11,12 68911124 89111246 ¢
10023579 0 79,10 23 3579100 57910023 79100235 91002357

68101013 68I0ILI3A  SI0ILISAS  <I0ILISASS =---2HE=

113468105 <134681011

Diatonic matrix

Figure 2.

5 As we shall see in Section 3, in some scalese®2@ century this property will no longer be valid.
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We arrange them in the form of a matrixxX2theDiatonic matri® as in Figure 2, following
this criterion. The elemersi ; is the C major scale <0,2,4,5,7,9,11> . Givenlaments; and
an integek, the elemens j+k mod 7)Can be obtained by employing the same cycle csots,
rotating forwards each note &fpositions ifk is positive, backwards ofk positions ifk is
negative. On the other hand, the elenseRrimod 12) iS Obtained by rotating forwards every note
of the sequencs; of k semitones ik is positive, backwards otk semitones ik is negative.
Beginning on the C major scale is not essentiahbee, having to do with sumsodulo7 or
modulol12, the matrix may be understood as a torus.

Now we determine on this model the extensions efcttncepts defined above.

*(1,2) The extension of a tonality is a single eletmaf the model, consisting of the scale
whose notes belong to the cycle that expressestahality and which begins with the
fundamental note of the tonality itself.

Therefore, the concept of scale of notes and thabrality, though qualitatively different,
have the same extension. As we will see in Sectoniis coincidence can end if we consider
interval scales different from the diatonic one.

*(1.3) The extension of a mode is a single column.
Indeed, all the elements of a given column prodheesame succession of intervals, starting
from each of the 12 possible notes (see Figure 2).

*(1.4) The extension of the diatonic scale is theltmatrix.

The model suggests the possible importance of eegdrwhose extension is a single row of
the model. The elements that belong to the samearewhe possible linearizations of the same
cycle of notesThis concept is well present in musical theomgreif it is simply calledset of
notes In practice, it corresponds to a certain dispasiof the key alterations (in Figure 2 only
a few of them have been represented). So:

*(1.5) The extension of a cycle of notes is a single.

On a cycle of notes it is possible to obtain 7ad#ht tonalities, one for each mode. However,
the modern reduction of the number of modes hasemprently reduced this number to 2. For
example, from the cycle of notes (0,2,4,5,7,9,119 possible to obtain the tonality of C major
(0,2,4,5,7,9,11) and itselative minor the tonality of A minor (0,2,4,59,11). The model
highlights the following fact:

+(1.6) The concept of tonality is the conjunctiortled concepts of mode and cycle of notes.

Indeed, the extension of the concept of tonalityhes intersection of the extensions of the
concepts of mode and cycle of notes. The diagraRigare 3 shows the relationships between
the five concepts we have encountered.



modes

/ t,f,S,t,t,t‘,S \
1
tonalities ———— scale of notes
\ /0,2,4,5,7,9,11 <0,2,4,5,7,9,11>

cycles of notes
(0,2,4,5,7,9,11)

scale (of intervals)
(t,t,s,t.t,t,5)

Figure 3.

2. Ancient modes

The most profound difference between the anciedtthe modern forms of the concept of
mode derives from the fact that the modern forrarefo a potentially unlimited musical space,
while the ancient forms refer to an explicitly liedl space. A melody - which in the medieval
period almost always came from the liturgical régiee - had to develop (apart from sporadic
exceptions) within the one-octave limit, and thedemof the melody depended on the type of
this octave.

The explicit limitation of the span of the musicasp changes the structural aspects of the
concept of mode. It is no longer enough to indi¢cagepoint from which the diatonic cycle of
interval is linearized, but it is also necessarkriow how the fundamental note is placed within
the octave that represents the musical space ofntledy. The fundamental note is thus
characterized by a double parameter: its positighinvthe cycle of intervals and that within
the musical space.

The two-dimensional matrix defined in the previeestion is no longer a suitable model for
extensionally representing this kind of mode. Irttee

i) a sequence of notes can no longer be undersasod pattern that, being repeated an
indefinite number of times, generates the musicepaéhis sequence (after having doubled the
first note to the upper octave) must representthsical space of the melody.

i) the fundamental note does not necessarily edawith the first note of the sequence and
must therefore be indicated (for example, puttirig bold).

An element of the new model must therefore havara bf this kind:

<3,56,8,10,0,1>.

In the specific case, this sequence indicates that:

() The music space within which the melody hadawelop is B, F, B, G#, A#, C, G¢, D&

(i) The fundamental note is#

In each sequence, the position of the fundamermti# may vary in 7 ways. Therefore, the
new model can be built by placing vertically side didde 7 copies of the Diatonic matrix of
Figure 2, which vary only for the notes in bold.the first matrix, the notes in bold are the first
of each sequence, in the second one the secorg] aatkso on (see Figure 4). Since the model
is formed by matrices, it is convenient to origm tixes as in Figure 4 and begin the indexes
from 1.



o

Diatonic matrix

Figure 4.

From this construction it turns out that:

1) The sequences of notes belonging to the sanme §l& have in common the same position
of the fundamental note within the octave (see feida).

i) The sequences of notes belonging to the sammedlZ have in common the same cycle of
notes.

Therefore:

*(2.1) The extension of a cycle of notes, whichha two-dimensional model was a row, is
now a horizontal plane (see Figure 5a, where oféneof them have been represented).

Figure 5.

iii) The sequences of notes belonging to the satagepXZ have in common the same
sequence of intervals. In the two-dimensional modelwhich it was understood that the
fundamental note was the first of each sequencenatés, each sequence of intervals
corresponded to a mode. If, on the other handfuh@amental note is not necessarily the first
one, then a sequence of intervals loses its maakyvA pure sequence is what Boethius calls
octave speciesso:

*(2.2) Each planXZ is the extension of an octave species (see Fhgure
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To facilitate the comparison with ancient modes, determine the extension on this three-
dimensional model of the standard concept of manesidered in Section 1. The concept has
been defined as a cycle of intervals with one anthin bold, which corresponds to a
linearization of the cycle itself. For example, t¥ajor mode can be represented by any of the
7 expressions tf,sttt3, (sttstt), (tsttstd), (tsitsd, (Gttsit9, (Stttstt,),
(t,s,t,t,t,st) which, being cycles, amqguivalentto each other. However, if the music space is no
longer potentially unlimited, then the referencethie cycles (meant as generative schemes)
disappears, and the previous 7 expressions mustrbeerted into the 7 sequences of intervals
<tts,ttts> <stts,itt>.<tsttstt> <ttsitst, ttsits, s tttstt>, <tsttitst>,
which aredifferentfrom each other and represent the 7 different vilyghich, in the Major
mode, the fundamental note can be placed withimih&ic space of an octave.

The extension of the Major mode on the three-dinogras model is therefore constituted by
the seven columns represented in Figure 6 (note $ivace the columns of the matrix are
obtained by rotating the cycle forward, the positad each note proceeds backwards). Figure 6
also shows the extension of the Minor mode. Thereston of the remaining modes has the
same form: a set of 7 columns going backwards fierdnt XY plans.

Major mode Minor mode

Figure 6.

2.1 Authentic and plagal modes

We start by considering the medieval modes as wmye defined by Renaissance theorists
Glareanusodecachordonl1547) and Zarlinol(e Istituzioni Harmonichel561). This form is
the last one that the medieval modes took on befaking the modern form described in
Section 1. In History of Music texts they are ubuptesented as linearizations of the cycle (C,
D, E, F, G, A, B), where each linearization occtwsce: one with the fundamental note

coinciding with the first one, the other with thenflamental note coinciding with the fourth
one.

Dorian: from Dto D Hypodorian: from Ato A| fundam@l note: D

Prygian: from Eto E Hypoprygian: from B to B| fumdantal note: E

Lydian: from Fto F  Hypolydian: from Cto C| fundantal note: F

Mixolydian: from Gto G Hypomixolydian:from D to D | fundamental note: G

Minor (Aeolian): from Ato A Hypoaeolian: from E® | fundamental note: A

Major (lonian): from Cto C Hypoionian: from G to G fundamental note: C
Table 1
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The number of these modes is 12 (6+6), and notb&dause there are no modes whose
fundamental note is B. The reason for this, as althe fact that, for each linearization, only
two fundamental notes are considered, can be egalan the following terms.

The medieval definition of the modes was not diyectlated to the linearizations of the
octave. This interval was considered as the cotipmof a fifth (understood as @entachord
i.e., five notes spanning an interval of fifth) aadourth (understood astetrachord that is,
four notes spanning an interval of fourth). Thedamental note of the resulting octave had to
be, in any case, the lowest note of the fifth. iSthe fourth was placed over the fifth, we had
anauthenticmode, i.e, an octave whose fundamental note veakttest one. If the fourth was
placed under the fifth, we hadpéagal (or hypg mode, i.e, an octave whose fundamental note
was the fourth one. The reason why B could not hendamental note was that the interval
between B and the fifth note over B, i.e. F, is nag well as in all the other cases, an interfal o
fifth (i.e., three tones plus one semitone), butitane, a very dissonant interval that in the
Middle Ages was called “diabulus in musica”.

In more ancient times, not only the linearizati@yginning on B, but also those beginning on
A and C were not considered (which, paradoxicatlgrrespond to the only modes that
survived, our Minor and Major). Thus, the so-calktlesiastic modewere 4+4: two of D,
two of E, two of F and two of G. Each pair was dedpin order, by the Greek-Latin names
protus deuterustritus andtetrardus

We consider now the extension of the 12 medievalesmn our three-dimensional model.
By taking literally the previous definitions, eactode corresponds to a sequence of seven notes
with one of them being highlighted (see Table 2).

authentic fon-hypo plagal biypo
Dorian: <2,4,5,7,9,11,0> <9,11.P4,5,7>
Prygian: 4,5,7,9,11,0,2> <11,025,7,9>
Lydian: <5,7,9,11,0,2,4> <0,2,8,7,9,11>
Mixolydian: <7,9,11,0,2,4,5> <2,4,%,9,11,0>
Minor (Aeolian): 9,11,0,2,4,5,7> <4,59,11,0,2>
Major (lonian): €0,2,4,5,7,9,11> <7,9,10,2,4,5>
Table 2

Each extension is therefore a single element ofbdel. Since white keys only have been
considered, all these elements stand on the higjoegtontal plane, i.e. the plav&Z {x = 1}.
The 6 elements corresponding to authentic modeeratke line{x = 1,z = 1}; the 6 elements
corresponding to plagal modes are on the{line 1,z = 4} (see Figure 7).
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Identifying a mode with a single sequence of nadegery restrictive, because it constrains
each mode to a fixed pitch-range. However, the alefinitions can be understood in a less
rigid form. As we said, the musical space withiniehha melody had to be performed - and
according to which its mode was determined - was dhtave. However, this octave was
inserted into a larger space, originally constduby theGreater Perfect Systeof the Greeks,
consisting of a double octave. During the MiddleeAghis System had been progressively
altered: the original fifteen notes had increasetil they reached the number of twenty - the
Icosichordumof Guido d'Arezzo - and the combinations of Greeftels by which the notes
were indicated had been replaced by Latin letfarally cyclically arrangednodulo7: A, B,
..G,a,Db, .., g, aa, bb ... (this notatiostik in use today, outside Italy and France).

Having only white keys, each linearization of thatdnic cycle {t,s,t,t,t,3 could be inserted
into the System only by starting with a particulate. For example, the authentic Dorian mode,
whose corresponding sequence ist,t,s,b, could only begin on D, because, on the white
keys, only by beginning on D is it possible to abtdis sequence. The fact that a given mode
had to begin on a specific note was therefore aaxmqurence of the objects that were available.

As already mentioned, medieval theorists, whennddi the modes, did not directly refer to
the notes as in our previous Table 1. The defimibd the modes was an opportunity to give
vent to the passion for combinatorial enumeratiddsth the fourth, i.e., the tetrachord
characterized by the cyclét(s), and the fifth, i.e., the pentachord characteribg the cycle
(t,t,t,9, admit as many distinct linearizatiorgpécie} as there are intervals, and thus one less
than the number of the note§efmper una minus species erit quam fuerint vdgesthius,
Inst. Mus llll. 14). In defining the modes, theorists alwagferred to the three specrdsthe
fourth (<,t,s>, <,s,b, <s,t,) and the four speciesf the fifth (<,tt,s>, <tts,b, <,s,t,b,
<s,t,t,b). For example, the authentic Dorian mode wasegmtesi as the conjunction of the third
species of fifth with the second species of foulntthis way we would have 12x%3) authentic
modes and 12 §&31) plagal modes. However, the only conjunctions ¥ere taken into account
were those that produced one of the possible liretgons of the octave. For example, the
conjunction of &s,t with <ttts> was not considered, becausgsgttts is not a
linearization of the diatonic cycld,ts,t,t,t,3. Therefore, it would have been much easier to
refer directly to the octave species; but the eafee to the fifth and fourth, in addition to being
more “combinatorial”, provided much more informatiabout the structure of the octave.

This way of proceeding shows that the pitch ofrib&es, as well as their position within the
Greater Perfect System, was not a primary intdresbnly a secondary consequence. There is
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further evidence in this regard. The Greater Perfstem was sometimes enriched with
another kind of note corresponding to B flat. Bydiad this black key, each octave species
allowed not one but two possible starting notegeRieg again to the authentic Dorian mode,
the sequencets,t,t,t,s» could begin not only on D (thus obtaining theledaE-F-G-A-B-C-

D) but also from A (thus obtaining the scale A-BtfC-D-E-F-G-A). These possibilities were
exploited. Further evidence also comes from theatieards of Guido d'Arezzo. Aexachord
corresponds to a scale in the Major mode withautsgventh note, i.e., to the sequence of
intervals 4,t,s,t,b. In this case, if we have both B and B flat, éhare three possible starting
notes: C, from which neither B nor B flat are enygld, F, from which B flat is employed, and
G, from which B is employed. All these possibilgtierere considered, and respectively named
ashexachordum naturaljsnollis anddurus Moreover, the names Ut (Do), Re, Mi, Fa, Sol, La,
that nowadays are used in Italy and France to égnath-classes, in the Middle Ages denoted
the first, the second,..., the sixth note of theaebord, which could change in pitch. Increasing
the number of altered notes (black keys), alsoem®ed the possibilities to obtain a given
sequence of intervals starting from different natéshe System, and two important theorists
like Jaques de LiegeSpeculum Musigeand Marchetto da Padovaucidarium) explicitly
assert that these scales of notes were differgaticapions of the same mode.

What has been said so far shows that it is a ltraiteto reduce the extension of a medieval
mode to a single point of the model (that is, aylseirsequence afioteswith one of them in
bold). On the other hand, it is possible to consitiés sequence as an example of one of
intervalswith one of them in bold. In this way, the extemsbf a mode on the model is not a
single element but a column (see Figure 8).

Major Dorian Phrygian Lydian Mixolydian Minor

<02457911 <24579110> | <45791102> | <579,11024 <19,110245 91102457 <11024579
<13568100> | <3568100.1 <5,68100,13 <68,100,135 <81001356> | <10013568 <0,135,68,10
24679111 <4679,11,12 <67911124> | <TO111246> | <91112467> | <11,124679 <124679.11
<35781002> [ <57810023 <18100235 <81002357> | <10023578> | <02357810 <23578,100
<46891113> | <68911134> | <89111346> | 01113468 | <11134689> | <134689.11 34689111
<57910024> | <79100245 91002457 | <10024579> | <024579,10> | <24579,100 <45,79,1002
<68,1011,135 $10,11,1356 101113568> | <111356810> | <135681011 <3568,10111 <568101113
<79,110246> | <9,1102467 02467911 <24,679110> | <46791102 <6,79,11024
<8100,1357> | <10013578 <13578100> | <35781001 <578100,13 <718100135
91112468 | <11124689 24689111 46891112 <689,11124 <89,111246
<10023579> [ <023579,10 <35,79,1002 <57910023 <19100235 <9.1002357
<111346810> | <13468,1011 <463810.1113 <63.10.11.134 <$10111346> | <101113468

Lydian Mixolydian Minor Major Dorian Phrygian
02457911 24579110 45791102 57911024 79110245 91102457 11024579
13568100 35681001 56810013 68100135 81001356 10013568 135

24679111 46791112 67911124 79111246 91112467 11124679 2, 9

35781002 57810023 78100235 81002357 10023578 02357810 23,578,100
46891113 68911134 $9111346 91113468 11,134,689 13468911 34689111
57910024 79100245 91002457 10024579 02457910 24,579,100 45791002
681011135 810111356 101113568 111356810 135681011 356810111 568101113

79110246 91102467 11024679 02467911 24,679,110 46791102 67911024
$,100135,7 10013578 01357810 13578100 35781001 57810013 78,100,135
91112468 11,124,689 12468911 24689111 46891112 68911124 $9111246 Plagal
10023579 02357910 23579100 35791002 57910023 79100235 91002357

11346810 | <134681011> | 336810101 | <468104113> | 681011134 | 10111346 | <101113368

Figure 8.

So, another form of the concept of mode has beemtifted. Though independent of pitch, it
is however more restrictive than the modern stahdarm, as can be inferred from their
different extensions on the model (compare Figuané Figure 8). While the modern form
corresponds to aycle of intervals with one of them in bold, this newrfocorresponds to a
sequence of intervals with one of them in bold.WWéspect to the modern form, the new form,
which we calll-mode(wherel stands for “intermediate”), has an extra constrdims bound to
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a single species of octave. While modern modes7aremodes are 49, even if medieval
theorists actually considered only 12 of them.

authentic (norkypg | plagal fiypo
Dorian: 4SSk <,s,tf,s,t,
Prygian: sttts,tb s ttsttt>
Lydian: SAARRARS <tsLtts
Mixolydian: <,t,s.ttsk <,s,ttt,s,b
Minor (Aeolian): 4,s,t.t,s,tp <s,t,tf,s,t,b
Major (lonian): SN A = <,t,stt,s,b
Table 3

The extensions of the medieval modes involve only XY planes of the model: the plane {
= 1} for the authentic modes and the plaze={4} for the plagal ones. The three-dimensional
model in its entirety will be employed in the negttion, dealing with the Greek modes.

2.2 The tonoi of Ptolemy

The names of the ecclesiastic modes refer to Goeeksian populations. The medieval
theorists believed they were reproducing the Gremioi or tropoi (terms that Boethius
translated with the Latin terrmodu$ but, as is well-known, this process is spoilt hgny
errors, due to the lack of clear definitions anel ¢bntradictory nature of the sources. Not only.
As we shall see, no correspondence is possibl&, iasnot a simple problem of changing
names, but one of changing properties.

The only author in which the discussion tmmoi involves numerical data is Ptolemy. In his
Harmonics 11.15, he presents 35 X3) sequences of ratios that describe the same rnuofibe
sequences of intervals spanning an octave. Thegecorbd different diatonic scales. For each
scale there are 7 tables containing sequences timfs ravhich describe the 7 possible
linearizations of scale itself. Ptolemy denoteséhknearizations aenoi. The sequences are in
descending order, in the Greek style. To avoid usioh, we transcribed them in reverse order,
leaving everything else unchanged.

As an example, we consider the first of the 5 Ptalie scales, which is characterized by the
cycle (22/21, 12/11, 7/6, 9/8, 28/27, 8/7, $/9he choice of the scale is not important here; so
we can identify the previous cycle with the usuatahic cycle §,t,t,t,s,t.). If anything, the fact
that this scale of Ptolemy uses four different s/pé tone (7/6, 8/7, 9/8 and 12/11) and two
different types of semitones (22/21 and 28/27)litatés our work: even if, as we know, each
interval of the usual diatonic cycle can be ideatifby its position within the cycle itself, it is
true that, if the intervals are different from eather, then it is easier to distinguish them.

The 7 tables related to this scale therefore reptethe 7 possible linearizations of the cycle
(22/21, 12/11, 7/6, 9/8, 28/27, 8/7, 9/8), and eaicthem is named in two different ways. For
instance, the sequence <28/27, 8/7, 9/8, 22/21,117I/6, 9/8>, i.e. st,t,s,t,t¢, is named as
Mixolydian tonos from netéut alsoLydian tonos from mesthe sequence <22/21, 12/11, 7/6,

81t has been obtained from the “mixture” of thedehords <22/21, 12/11, 7/6> and <28/27, 8/7, S&parated by
an interval of a tone of 9/8.
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9/8, 28/27, 8/7, 9/18>, i.e.sg t,t,s,tp, is theDorian from netebut alsothe Mixolydian from
mese

To explain the meaning of these names we havettonréo the Greater Perfect System.
Although it had the span of two octaves, it wascwitsidered as the simple conjunction of two
octaves. The module generating the System washeobdtave but the tetrachord. The central
octave of the System was obtained by two tetrachtusjoined” by an interval of tone. The
notes bounding these two tetrachords were namégte mese parameseandnete Above
this octave, and sharing its highest note (“in ganfion”), there was a further tetrachord,;
below it was another, also in conjunction with kneest note of the central octave. The double
octave range was completed by the addition of oaeemote at the bottom (it was named as
proslambanomengswhich means “added”). Since the sequences ofrviale were read
downward, the lower octave of the System startednifmeség, the central one “frormeté
(see Figure 9).

Octave from nete (Central octave)

___________________________

Octave from mese

Great Perfect System

Figure 9.

To obtain the variousnoi, Ptolemy rotates the System. We can imagine dttapis roulant
dissected according to the intervals of a givertodia scale. During rotation, intervals
disappear from the top and the same intervals esapm@t the bottom. The possible
configurations of the system are seven (they cpomd to the linearizations of a cycle of two
diatonic octaves) For each of these, Ptolemy first describes tlypiesece of intervals of the
lower octave (“frommesé). This sequence is equal to the sequence of idjieeh octave, and
hence this description would be sufficient to cbhtaze the whole System. However, in
honour of the central octave around which the systeas built, Ptolemy also describes the
sequence of intervals of that octave (“framet€), which is obviously different from the
previous two (see Table 4).

Octave frommese | Octave fromnete | intervals
(central octave)

Dorian Hypodorian &Sttt

Phrygian Hypophrygian tg,s,t,t,s®

Lydian Hypolydian £Ltstte

Mixolydian Dorian s, tLits,tr

Hypodorian Phrygian FCRARRS

”In general, if am-cycle haan distinct linearizations, the doubling of this ayaltill hasm linearizations, because
aftern steps the double cycle returns to the same caafiigimn. Thus, the double octave cydg §.t.t,t,s,t,t,S,t,t,0)s
has so many linearizations as the octave cygls,(t,t,3.
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Hypophrygian Lydian &t ttts
Hypolydian Mixolydian s,tt,s,

Table 4

In our model, the extensions of Ptolemaic sequeaceshe 7 planesZ which, as we know,
are the extensions of tloetave specietsee Figure 5b). So far, tihenoi have no modal value,
since it is not specified what the fundamental nisteThis value can be obtained from the
distinction that Ptolemy, as already Aristoxenu$ot® him, made betweetetic names and
dynamicnames of the notes of the Systddam. I, 6-11). Referring to the previous example,
we can imagine th&pis roulantstopping on a point at which the central octav@tha Dorian
form (see Table 4). At this point, the names ofribes are written on thiapisand also on the
floor, in correspondence. The names ontdpes are the dynamic ones (they characterize the
notes one relatively to each other), the nameserflbor are theetic ones (they characterize
the notes with respect to the boundaries of théeBys Tetic and the dynamic names only
coincide in the Doriatonos When thetapis roulantbegins to rotate, other octave species are
obtained, but tetic and the dynamic names do hanfimore.

The distinction between the two classes of namesnseto have the purpose of giving
dynamic names a role that we could call “modal’cérling to Ptolemy, the dynamic name of
a note expresses in fact “the way in which it iatexl to something elseHarm. 11.5). At this
point, the most natural candidate to begin the &mmehtal note is the dynanmaese The term
mesemeans “central”, and this centrality is not jusmatric fact: as we have seen, it is the
whole System that expands from its centre. (Howesieoosing another note, as long as it is
dynamic, does not make a significant differenceje Totted line of Figure 11a describes the
movement of thelynamic meseavhich is in the centen{es¢ only in the Doriartonos

Of course, putting in bold the dynammesedoes not mean identifying its role with the
modern one of the fundamental note. We can proaethis is false. In all Ptolemaic modes,
dynamicmeseis the note that precedes the tone of disjunctetwéen the two tetrachords of
type <s,t,t that form the central octave. This tone corresisoto the third of the three
consecutive tones of the diatonic cycle (in thdesege are considering, it corresponds to the
fraction 9/8 between 7/6 and 28/27). The fact that interval remains unchanged in t@hoi
has an immediate, important consequence: all thasa belong to the same mode, in the
modern sense. More precisely, Ptolentaicoi are the linearizations of the cycles(t,t,s,t,}
which define our Minor mode (see Table 5 and Fidue

VIIl from mese | VIl from nete intervals linex
(central octave)
Dorian Hypodorian gs,tt,s,tp y=6,2=6
Phrygian Hypophrygian tg,s,t,t,8.b y=5,2=6
Lydian Hypolydian £Listte y=4,2=6
Mixolydian Dorian s t,tf,s,t,b y=3,2=6
Hypodorian Phrygian tS,1,t1,8,6 y=2,2=6
Hypophrygian Lydian &t,s,t,tf,5> y=1,z=6
Hypolydian Mixolydian sttstt> | y=7,2=6
Table 5
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Now, the extension on the model of edchosof Table 5 is a column: thenoi are therefore
I-modes. However, there is no correspondence betw&elemaictonoi of Table 5 and
medieval modes of Table 3, and no correspondenpessible. While each pair of medieval
modes (authentiand plagal) belongs to a different modern mode hasl a modal value
comparable to the modern one (compare Figures &gandll Ptolemaidonoi belong to the
same modern mode. The modal value dbrmosis therefore different from ours, and only
concerns the position of the melodic centre withie octave (compare Figure 10, in which the
names refer to the characteristic octave, and Eigur

Figure 10.

Up to this point, no reference has been made tpitbk of thetonoi. If, referring to thdapis
roulant, we assume that the floor is stationary, then alttimoi are in the same pitch-range.
But the presence of absolute movements is not ,cleaen because of lack of proper
terminology. InHarm. I1.10 Ptolemy, after criticizing the classificat®wof thetonoi present at
his time, proposes his proper classification, inclwlthe names of thenoi are associated with
the notes of a diatonic scale. Of course, if wesatar this scale stationary, then tbheoi vary
in pitch. But this point is not clear. There iswever, a well-decipherable numerical table from
which it is possible to deduce that the pitch @ttimoiis not important. For eadbnosof each
scale Ptolemy also provides, in addition to a sega®f ratios, a sequence of rational numbers
in those ratios. These numbers are always betw26nahd 60, except for a deviation of a
semitone (the maximum value that appears in thde tab 124+(4/9), the minimum is
56+(136/729) ). For example, the numbers correspgntb the characteristic octave of the
Dorian tonos for the scale we have taken as a reference are 112B+(6/11), 105, 90, 80,
77+(1/7), 67+(1/2), 60. The values of &lhoi of all scales are grouped in ascending order in a
single table (in Greekanor): thecanon canonionthetabella tabellarum This table of tables
makes sense only if all theonoi can be put together in the same pitch range, argd th
presupposes that they have no pitch-constraintthi$ncase, the table of tables allows one to
get all the notes on the sawenon(this time in the sense of monochord).
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2.3 From tonoi to modi: Boethius

Great Perf. Syst. Great Perf. Syst. Great Perf. Syst.
Centr. oct. Centr. oct. Centr. oct.
Hypodorian T 7
7 7
Hypophrygia A 3| . :
ypophrygian Iy y Y ' 7
Hypolydian A \ A M 4
\ ‘\ \I 'I 'I
Dorian —+ . L
\ ‘\‘ 1 I, I'
Phrygian A T a +
\ \ \ ! !
Lydian r \ L £ !
1 ’ ’
Mixolydian ) A L !
e m——_—————
L =
(a) (b) ()

Figure 11.

BoethianDe Institutione MusicandDe Institutione Arithmeticare the texts through which
the Greek harmonic theory passed to the Middle Agsave have already mentioned, he is the
author who translated the Greek tetmsosandtroposwith Latinmodus

Ex diapason igitur consonantiae specibus exisiuitappellantur modi, quos eosdem tropos vel tonos
nominant. Sunt autem tropi constitutiones in tetsum ordinibus vel gravitate vel acumine diffesmt
(Inst. Mus, IV.15).

In the Boethian definition there is a referencehe octave speciesli@pason consonantiae
specie} which is well-present in Ptolemy, but there isoaan unequivocal reference to the
pitch of the soundsvél gravitate vel acumine differenjeghat we have not found in Ptolemy.
However, an explicit reference to the pitch of tiomoi was well present in other Greek
theorists. Aristides Quintilianus, Gaudentius anigphus, three relatively unknown authors
who lived between the time of Ptolemy and that okfius, describe th®noi as simple
transpositions in pitch of the Great Perfect Systerhose sequence of intervals remains
unchanged. Until only the octave species are censit] the modes cannot be more than 7; but,
if the pitch is also considered, this limitationllsa Gaudentius lists 14 modes, Aristides
Quintilianus and Alypius (and Cassiodorus, whodat Alypius) 15.

From the previous quote we can see that Boethtampted to coordinate octave species and
pitch. At first (nst. Mus 1V.14) he described the octave species as simgiéions of the
diatonic cycle (hamed gxrima, secunda.., septimaspeciey, but he did not associate them
with modes, nor gave them the names of ancientlptpns. Modes and names of populations
appear in the next chapténgt. Mus, 1V.15 De modorum exordiis, in quo dispositio natarum
per singulos modos ac vog¢ea clear incongruence shows that he perhaps tii@sit together
the Ptolemaic cyclical motion of the double octawith its translation, in the manner of
Alypius. The result is incoherent. In a cyclical tma each note of the System must ascend a
tone (or a semitone) except the last one, whicht take the place of the first one. Instead,
Boethius raises the first notpr¢slambanomendswhile the second notényfpate hypaton-
and not the last one - takes the place of the dingt, finally, all the other notes are raisesi. (
quis igitur proslambanomenon in acumen intendatotdrypatenque hypaton eodem tono
adtenuet ceterasque omnes tono faciat acutioragjadoto ordo provenigt In other words,
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Boethius exchanges the first two notes and tragssldite others, leaving a hole where the third
note was.

Apart from this incident, innst. Mus.lV.15-16 Boethius associates the names of the modes
with the rigid transpositions of the two octaveshsd Greater Prefect System. With the addition
of an eighth mode (the Hypermixolydian, additioratttBoethius erroneously attribute to
Ptolemy¥, the musical space reaches the exact span of thuewes. A two-dimensional
diagram Descriptioll) describes the arrangement of the modes.

Up to this point the modes are simply changes tchpof the same pattern, in the manner of
Aristides Quintilianus, Gaudentius and Alypius (eveBoethian modes are only 8, instead of
14 or 15)° Nevertheless, in his definition, Boethius links dae and octave species to each
other. The nature of this link is not explainedt BRescriptio Il - in which the modes are
represented as in Figure 11b and in which oelig notations appear - suggests a non-artificial
connection that allows us to obtain the Ptolentaiwi. It is enough to take as a reference
octave not an octave that moves with the doublavecsystem, but atétic octave”, i.e an
octave whose boundaries are fixed (in metaphorbtumdaries are written on the floor, while
the tapis roulant without its rotating movement, is translated asagpet). The choice of this
“tetic octave” is forced: it must be the second of thredhoctaves: it is the only one which
remains within the double octave system whileahslates (see Figure 11b). But this octave is
also the central octave of the Dorimmos and therefore the most significant one. If thet&m
translates, the forms taken from the octave betvibese fixed boundaries are exactly those
listed in Table 3, which correspond to Ptolemaitawe species. To reach a modal value, it is
necessary to highlight a note. If we put in boldrireseof the moving System, i.e. tligynamic
mese then the correspondence with the Ptolemaic mofi@sble 5 is complete (see Figure
10b, where the motion of the bold note is repre=sgby the diagonal dotted line).

But if, on the other hand, we put in bold ttegic mese(the one written on the floor and
represented by the vertical dotted line in Figudb)land, as usual, associate it with the note A
(i.e. 9), then we leave the Ptolem#&aoi and approach the medieval modes. What we obtain is
Table 6, which is partly new, partly known.

Central VIII
Hypodorian <4,6,B,11,0,2> | ¢s,tistb
Hypophrygian <4,6,8,11,1,2> | ¢tstts,b
Hypolydian <3,5,8,10,0,2> | &ttstts
Dorian <4,5,9,11,0,2> | s,ttfs,tb
Phrygian <4,6,B8,11,1,2> | &stits,b
Lydian <4,6,89,11,1,3> | «&tssttts
Mixolydian <4,5,79,10,0,2> | s ttsttt>

Table 6

8 n Harm, Il, at the beginning of Ch. 10, Ptolemy says thateighthitonos is “included superfluously”. On the
double octave of the System, an octave can beedtgigght times; however, its last position hassdi@e sequence
of intervals as the first one.

9 Gaffurius, in hisTheorica Musicgefurther simplifies Boethius and presents the madesgid translations of the
octave over the double octave. He also lists eigides and, like Boethius, attributes the eighthertodPtolemy.
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The third column of the table, in which the octapecies appear with an interval in bold,
contains I-modes and coincides, apart from the samih the column of the medieval plagal
modes (see Table 3JHowever, the sequences of notes in the first colane new, especially
with regard to this fact: they all are included,ttwia small exception in the Hypolydian,
between the same boundaries. The extension on odelrof an I-mode is a column. For each
I-mode, Table 6 and Table 2 choose two differegusaces among those that belong to its
extension. All the sequences in Table 6 have theedandamental note (and therefore the same
boundaries), while those in Table 2 have the sapete cof notes (the white keys) and, to
achieve this, they must vary in pitch.

The transition from Ptolemaionoi to Boethian modes and then to medieval modes appear
therefore as a series of simplifications on a detwm systems in relative motion. In the
Ptolemaic case, the double octave rotates on isatiging the fundamental note but not the
boundaries of the characteristic octave, which menfxked (Figure 1la). In the case of
Boethius, the double octave simply translates (feidilb). Finally, in the medieval case, the
double octave remains motionless: only the extreofethe characteristic octave move and,
together with them, the fundamental note (see Eigurc, not taking into account the names of
the modes).

3. The Scales of limited transpositions

The process of reducing the number of modes, flaml? of the Middle Ages to the Major-
Minor dichotomy, coincides with the formation oktkonal conception of music, which is still
alive today in every form of popular music. On ther hand, towards the end of thé"19
century, the so-called “classical music” took othexys. The change was partly achieved by
abandoning the diatonic scale. The composers sfgiiod drew more freely from the set of
notes of the chromatic scale, and some of thenhh sscDebussy, Scriabin, Schénberg and
Messiaen, came to formalize the use of scales wherke alternative to the diatonic one. These
scales do not presuppose a different tuning ofrteeuments (on the same piano we can play
Mozart and Schonberg), since they can be obtaisadilasets of the equal-tempered scale.

The most famous of these new scales is the wholedoale, usually attributed to Debussy. It
corresponds to the cycle of intervalg,(t,t,9, i.e. /2, V2, V2, V2, V2, ¥/2).11 Of course, it
makes no sense to talk about modes of this scaleode is a linearization of a cycle of
intervals, and in this case all the linearizatians equal to each other.

The composer who studied more systematically thetioeship between modes and new
scales was Olivier Messiaen. This musician, in @altito the whole-tone scale, considers six
other scales that he calls - in the next sectiomwlldry to understand why - “modes of limited
transpositions”, but that, in line with the litaweg in this regard, we will calicales of limited
transpositions

0 The only match between names regards the Lydiatenmthe Hypolydian has no medieval correspondértes
it would have B as a fundamental note.

11 Schonberg, who devotes to this scale Chapter Xpisiflarmonielehre does not accept its attribution to
Debussy. He asserts that "the whole-tone scaledmsred to all contemporary musicians quite obits accord,
as a natural consequence of the most recent eivemigsic”.
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To study the differences between these scalestendiatonic one, we consider tBecond
scaleof Messiaenwhose cycle of intervals is,(,s,t,s,t,5)t Messiaen presents it as a scale of
notes beginning on C (see Figure 12).
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Figure 12.

It corresponds to the numerical sequence <0,1,3,9,60>. We take this sequence as the
starting point for constructing the model. We cahoiv the procedure already employed for
the diatonic case and described in Section 1.fadh) these new scales can be in a modern way
understood as cycles, and thus we can come badk sma two-dimensional matrix. The
matrix type, of course, changes. Since the numbtreonotes of the Second scale of Messiaen

is not 7 but 8, its model is a 42 matrix (see Figure 13).

m

0,1346,79,10 134,679100> * <34,679100.1 467910013 679.100134> <791001346> <9,100.13467 —ATT34679

€< <1245781011> 2457810111> 4578101112 <5781011124> <7810111245> <81011,12457> €01 1825<11,12457810
235689.110> 356891102 5689.11023> <689.110235 235 9 23568911
346791001 467910013> <679100134> <791001346 ( 134679100
4578101112 <5781011,124> <7810.11,1245> <810.11,12457> 10 2 245781011,
5689.11023> <689,110235> <§9.1102356 W 9, 356891102
679100134> <191001346> 910013 34679> <013467910> <134679100> <346791001 467910013
781011,1245> <8,10.11,12457 :,',: 18D <1112457810> <1245781011> 2457810111> 4578101112 <57810.11,124
89110235 9110235 0 023568911 235689110> 356891102 <568911023> <689,110235
9,100.1.3 34619 34 134679100> <34679.1001> <467910013> <679100,134 79.100,134,6
:'f_]fJ_illl T8> <IL12457810> <12457810.11> 24578101L1> 4578101112 <5781011124> <7810111245> <81011,12457
110233689 023568911 2356891100 <35689,1102 568911023> <689110235> <89,1102356> <9,11023568

Matrix of the Second scale of Messiaen

Figure 13.

Clearly, the same procedure can be used to makaddel of each scal®obtained from the
chromatic scale, i.e. whose intervals are multipiethe tempered semitone. If the intervals of
the scaleS aren, then the model will be a ¥8 matrix. As we know, the choice of the scale of
notes from which to start is not important, sinee tmatrix is understood as a torus.

The elements belonging either to the same row erséime column are, by construction,
always different from each other. In the diatorase, all the elements of the matrix were also
different from each other. On the other hand, secaf scales different from the diatonic one it
may occur that some elements of the matrix areséimee. The matrices for which this occurs
(such as the one for the Second scale of Messaergharacterized by the following property:

*(3.1) The matrix for a scal®contains equal elements if and only if one (andetoee each)
element of the matriis the union of some cosets of a subgréupf the group Z/12 different
from {0}. (Clearly,H itself is considered as a coset).

In this case we say thetgeneratess. There holds that:

*(3.2) The interval scales whose matrix containsaéglements are precisely the scales of
limited transpositions.
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Indeed, the name derives from the fact that ifrtfarix for S has some equal elements then
the “transposition keys” (i.e., the scales of nptihst can be obtained fro® are less than
12xn, and thus in a “limited number”. Let us denote freper subgroups a/12 different
from {0} in this way:

H>={0,6}; Hs={0,4,8; Hs~={0,3,6,9; He={0,2,4,6,8,19.

If we consider the Second scale of Messiaen, weseanthat the set of notes of the scale
<0,1,3,4,6,7,9,10>, from which the matrix has bgenerated, is equal té&s 0 (H4 + 1). Each
other scale of notes of the matrix has either #messet of notes, or the skl (+1) [J (Hs + 2),
or (Hs+2) 0 (H4 + 3), or {Ha +3) 0 Ha.

Obviously, if a scal&is generated by a subgrotiof Z/12, then it can also be generated by
every subgroufX of H. Let h be the cardinal of the maximum subgrddiphat generateS (in
the previous examplé, = Hs| = 4). This number plays a fundamental role inawsthnding the
characteristics o First of all,h determines how equal elements appear in the métiwe set

m=n/h and c=12h,
wheren is the number of the intervals §fthen the vector<c, m) connects the elements of the
matrix which are equal to each other (see Figuie M8re precisely, given two elemergs,
andsy,y

*(3.3)scy =s¢y Iff there exists a numbdrs.t.x’ =x — kc (mod 12)andy’ =y + km(modn).

From (3.3) it follows that two columns that areaadistance o columns (or multiples af)
contain the same elements and are the rotatiomfothe other. The same happens for two rows
that are at a distance ofows (or multiples o€). This implies that:

*(3.4) The extension of a mode of a scalnsists oh (= n/m) columns of the matrix fo®
Therefore, the number of modesSit m.

Then, the number of modes of the Second scale s&iden isvh = 8/4 = 2 (See Figure 14a).
The cycle §.t,s,ts,ts)t has in fact only 2 distinct linearizations:s,&s,t,s,t,s;t and
<t,s,t,s,t,5,t8. In Section 1 we expressed these linearizatignsiéans of cycles in which the
starting interval was in bold. In the case of ssal€limited transpositions, however, there is
not a single interval on which a given linearizatican begin, but there ahe Therefore, the
two modes of the Second scale of Messiaen canpressed assf,s t,s,t,s,t) and ,st,st,st,9).

*(3.5) The extension of a cycle of notes of a s&adensists oh (= 12€) rows of the matrix
for S. Therefore, the number of cycles of noteSaf c.

Then, the number of cycles of notes of the Secoattof Messiaen is 12k 12/4 = 3. They
are (0,1,3,4,6,7,9,10), (1,2,4,5,7,8,10,11) ang.,$26,8,9,11,0) (see Figure 14b).

Moreover, from (3.3) it follows also that :
*(3.6) Each scale of notes appeatgnes in the matrix.
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2" mode

1stmode

1stcycle of notes
2" cycle of notes
3rdcycle of notes

(a) (b)
Figure 14.

In non-diatonic contexts, it does not make muchsseto speak of tonality, at least in a
classical sense. But it may be of some interese&how its extensional correspondent evolves.
In the diatonic case the concept of tonality isieglent to the conjunction of the concepts of
mode and cycle of notes (see (1.6)). We can genrertdis fact and defineonality a concept
whose extension is the intersection between thensidn of a mode and that of a cycle of
notes, two concepts that also retain a clear mgania non-diatonic context.

In the Diatonic matrix the extension of a tonalgyreduced to a single scale of notes, since
the extension of a mode is a single column ancexbension of a cycle of notes is a single row.
In a matrix for a scale of limited transpositiotigs uniqueness is lost. Since the extension of a
mode is composed ¢f columns (see 3.4) and that of a cycle of notds raiws (see 3.5), their
intersection hak? elements. Thus:

+(3.7) The extension of a tonality of a sc8leonsists oh? elements. Therefore, the number
of tonalities ofSis 1/I?, i.e.c-m (the number of cycles of notes multiplied by thenber of
modes).

Finally, from (3.7) and (3.6) we obtain that

*(3.8) The number of scales of notes that belongsttmality ish.

Apart from the term “tonality”, which may be inappriate, models for non-diatonic scales
therefore reveal the significance of a concept thahtermediate between that of a scale of

notes, on the one hand, and those of a mode and afyoiotes on the other (see Figure 15,
which is the non-diatonic correspondent of Figure 3

y‘\(\\, modes .
I\ \ h
scale tonalities ———> scales of notes
c\ /c-m (= 12n/h?) 12m (= ¢:n=12n/h)
13/4/ cycles of notes «
Figure 15.

From (3.7) it follows that the number of “tonalgieof the Second scale of Messiaem 1=
3-2 = 6. As we did in the case of the modes, werpbbld all the notes from which a given
mode can be obtained. So the tonalites of tHe rode are @1,3,46,79,10),
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(1,24,5,7,810,11), @,35,68,9,11,0), and those of the '™ mode are 1,3/4,6,7,9,10,0),
(2,45,78,1011,1) and 8,5,6,8,9,110,2).

We think that the presence of several highlightetes in the same “tonality” is the graphic
demonstration of these words of Messiaen:

[Modes of limited transpositions] are at once ia gimosphere of several tonalities, without polgtiby,
the composer being free to give predominance toadrtbe tonalities or to leave the tonal impression
unsettled. Techn, Ch.XVI)

By (*) we can list all the scales of limited transjtions'?

n m|c
1) | (ssss5S5S5S5S5SsSss) |12 | 2/12 11
2) | @ittty 6 | He 12/ M1
3) | (35,35,35,39 4 [Hq 1]3
4) | (stststst) 8 | HaOH4+1 2 3| M2
5) | (&,2t,2) 3 |Hs 114
6) | (53s,5,35,5,39) 6 | HsOHs+1 2 4
7) | (sstsstsst) 9 | H3OH3+10H3+2 34| M3
8) | (3,30 2 | H 1]6
9) | (s,55,5,59) 4 | HpOH2+1 216
10) | @, 2tt,2t) 4 | HoOH2+2 216
11) | 6S,2t,s,5,2t) 6 | HoOHx+10H+2 3 |6|M5
12) | (st,3s,5.1,39) 6 | HoOHx+10H»+3 3|6
13) | (5,3st,5,3st) 6 | HoOHx+10H»+4 3|6
14) | 655,35,5,5,5,39) 8 | HoOHo+10H2+20H2+3 4 6| M4
15) | sttsstt) 8 | HoOH2+10H24+20H+4 4 | 6| M6
16) | (5,5,551,55S5S5S1) 10 | HoOHo+10H+20H>+30H+4 | 5 | 6 | M7

Table 7

In the third column there is the number of notes§,ah the fourth the subgroup @12 and
the cosets whose union forms a scale of not€slefginning on C; in the fifth the number of
the modes; in the sixth the number of the cyclenates. Seven of these scale have been
studied and used by Messiaen (in the last coluntheotable there is the number with which he
denoted them).

3.1 Descriptions by two composers

The descriptions that some composers have madbeokdales of limited transpositions
represent a modern example of the difficultiesteglao a language whose terms are not clearly
defined. In the diatonic field - within which mualcterminology was formed - this lack of
clarity (primarily, in our opinion, the lack of disction between cycles and sequences) is

2 This list may also be obtained by means of moregs theorems. They are part of a field which heesn
developed since Polya's work in the forties oflés century, and goes under the name of Musiaabagatorics
(see for instance Polya-Read (1987), Read (1997 Baoué (2001)).
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counterbalanced by the familiarity with the contelut away from this context, this
compensation weakens. We consider two composengnBerg and Messiaen.
Schonberg presents the whole-tone scale, the setdrable 7, in this way.

| have never overestimated the value of the whate-tchords and the whole-tone scale. As enticiniy as
seemed, that two such scales (there can only behb®aause the third would be a repetition of thet)fi
could displace the twelve major and twelve minales in a manner similar to the displacement iir the
time of the eighty-four church modes, | nevertheleensed immediately that the exclusive use of this
scale would bring about an emasculation of expoessrasing all individuality. Harm., Ch.20).
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Figure 16.

We will comment on Schdnberg’s judgment later. Netws just look at his description. The
whole-tone scale is one. When Schonberg talks alteot of such scales (there can only be
two, because the third would be a repetition of firet)” he is counting the cycles of notes.
Figure 16, that he uses to explain this fact, shavsyclic permutation, a one-one
correspondence between the first and the thirceswfahotes on the pentagram. These 2 cycles
correspond to the 12 cycles of the diatonic scahel, not to 12+12 scale of notes (major and
minor). In turn, these 24 scales (12 for each efttho surviving modes) correspond to the 84
possible scales of notes of the diatonic scalef@l2ach of the its 7 possible modes). 84 is in
fact the cardinality of the Diatonic matrix (Segtie 2). But for no reason can these 84 objects
be called “modes”, and less than ever “church mbdes

Messiaen's case is more significant, as he is thg @aomposer who studies the scales of
limited transpositions in a systematic way. Messigea musician, but the subject he faces is in
many respects purely mathematical. As we have isetdre introduction, he himself recognizes
this nature, speaking of “mathematical impossib#it. What he presents us with, calling them
“modes” and representing them “in the first trarspon”, are seven sequences of notes
beginning on C. Let us see how he introduces higi8kscale (the fourth of our list), which we
analyzed in the previous section:

One already finds traces of it in Sadko by Rimslordékov. Alexander Scriabin uses it in a more
conscious fashion; Ravel and Strawinsky have usedrisiently. But all that remains in the statdiwfid

sketch. Mode 2 is transposable 3 times, as is Hwrdcof diminished seventh. It is divided into 4
symmetrical groups of 3 notes eache¢hn, Ch. XVI).

We begin with a marginal observation. Above andowelthe pentagrams with which
Messiaen presents its scales appear horizontdkdisathat delimit what he calls “symmetrical
groups of notes” (see Figure 12). These clustersralicated - and counted - considering both
extremes. That of counting both extremes of a sempief notes is an ancient custom in music
theory, linked to the denomination of the interva® interval is called dourth, afifth, an
octaveif, on the diatonic scale, it spans 4, 5 or 8 sptwunting both extremes. This way of
naming goes back to the Greeks, who catledessaron(through 4) andliapente(through 5)
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the intervals of fourth and fifth. From a stricttyusical point of view, this custom has a valid
motivation: to be counted are rfoabstract intervals blt1 concrete notes. However, this way
of counting creates difficulties when the intervate composed between them: a fourth and a
fifth form an octave and not a ninth, three fourfibren a tenth and not a twelfth, and so on. The
mathematical unsuitability of this way of countirgalso clear in our case. Speaking of "4
symmetrical groups of 3 notes each"” Messiaen hidesreal structure of the scale. In his
description number 12 (4 groups of 3 notes eacpgas, while the number in question is 8 (4
groups of 2 notes each), that is numibef the intervals of the scale. In general, the benof
"symmetrical groups of notes" of a scale of limiteahspositions i$, i.e. the cardinal of the
subgroupH of Z/12 generating the scale itself, and, only counting boundary, each group is
formed byn/h notes, as many as the cosets used in the scad&wdion. (ClearlyH itself is
considered as a coset).

Coming back to Messiaen's terminology, we firstlgggthe meaning of the terms that he
uses, and then we will try to justify this use. Reting the meaning of the terms, two
inconsistencies can be observed:

1) what he calls “modes” are actually interval ssal

2) what he calls “transpositions” are actually egcbf notes.

Let us start with the second inconsistency, whgcthe easiest to deal with. In the same way
as Schonberg, Messiaen, in order to show the lihmtenber of “transpositions” of his Second
scale, observes that the fourth transposition hassame notes of the first, the fifth of the
second, and so on. It is not the transpositioresdélat are also to be counted this time: they are
sequencesf notes, and the fourth sequence is differenftbe first for the simple reason that
it begins on a different note. It is the cyclesnotes that are counted: the first and the fourth
transpositions use the same set, they are tworipati@ns of the same cycle. Therefore, it is
not the transpositions, whose number is alway$dlBe “limited”, but the cycles of notes.

Regarding the first inconsistency, i.e, the excleabgtween “scale” and “mode”, we first
guote a passage in which, the subject “mode” isdwhifted to “scale” (the italics are ours).

The modesof limited transpositions have nothing in commaithwhe three great modal system of India,
China and ancient Greece, no more than with theemod plainchants (relatives of the Greek moddk), a
thesescalesbeing transposable twelve times. [...]

The firstmodeis divided into 6 groups of 2 notes each. It Bngposable twice. It is the whole-tone
scale(Techn, Ch. XVI)

Messiaen treats the terms “scale” and “mode” a®rsyms, but they have always denoted
distinct objects. A proof that the objects thatdatls “modes” are actually scales is in the
numbers. It is not an absolute proof, because tingber of the objects counted by Messiaen is
wrong in any case, but it is highly indicative: il these objects are scales the error becomes
“reasonable”. Messiaen affirms that the “modes”ihg\a limited humber of transpositions are
7. This number can rise to 11, as he finds 4 otheydes” that, oddly, he does not count
because they are subsets (“truncations”) of “mo@é®ady counted. From Table 6 it turns out
that the modes (in our sense) having this pro@ey38: too far from 11. The scales are instead
16 and, excluding those that have two or threesnatel are devoid of musical interest, their
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number comes close to 11. But, beyond the numbéssiaen's entire treatment makes sense
only if what he denotes through a sequence of rastdscalls “mode” is intended as a cycle and
not as a sequence of intervals.

The reasons for this terminological choice (whiahlike the case of Schénberg, continues
steadily) are difficult to understand. Messiaems&éo proceed in this way, not so infrequent in
music theory: in order to indicate an objgathich is abstract and without a clear definitiba,
indicates another objegt as concrete as possible, which is a particulaoizeof x, and he
leaves to the context the task of clarifying whagafic properties off should be considered
and what not. In our casejs the concept of interval scale. This conceptegoid of a general
definition in music theory, because it is alwaysaupanied by adjectives such diatonig
chromatic pythagorig etc.. In order to present a new interval scalmashematician such as
Ptolemy indicates a sequence of numeric ratios dieabte intervals (that is, he defings
while a musician such as Messiaen indicates a sequa notes (this is hig. In this case, the
artifice of using a concrete object instead of aerabstract one is successful. The reason for
this success can be shown by Figure 15. If we tleadliagram in the direction of the arrows,
from left to right, from abstract to concrete, thesrch single object is in correspondence with
many (a scale has many modes, a mode has manitiesyand so on). But if we go backward,
from right to left, from concrete to abstract, thalh passages are univocal. A scale of notes
comes from a single tonality, which in turn comesnf only one mode and only one cycle of
notes, which in turn come from a single intervadlec This is why Messiaen can denote in a
non-ambiguous way the cycle of intervals,tg,t,s,t,s)t by the sequence of notes
<0,1,3,4,6,7,9,10>: the reader easily understamdsobject, “plays it” and then, depending on
the context, does not consider the pitch of thesiobr the interval from which the sequence
begins. But why call the object “mode”? The explanation cannot be in the fact it
concept of scale is devoid of a good definitionmasic theory: the concept of mode is also in
the same situation, if not worse. The reason fag tihoice may be the following. In the
previous section we showed that, given a scalentimbers of its modes, its cycles of notes
and its tonalities are interconnected, becaus¢éhae numbers depend on cardihadf the
generating subgroug. In particular:

*(3.9) A scale oh intervals has less thanmodes iff it has less than 12 cycles of notes iff
each mode has less than 12 cycles of notes.

For a mathematician, the most important element dmstinguishes the scales of limited
transpositions from the diatonic scale is the faat they have less thaamodes. He conceives
these scales as cyclesrotlements in which not all the possible linearizations are different
from each other. The name he would suggest wouldsbales with a limited number of
modes”. Not so a 2Dcentury musician. For him, the most salient feafrthe diatonic scale is
not the possibility to have 7 distinct modes: frtre 18" century onwards, the modes actually
employed were only two, Major and Minor. The maaient feature is that each of these two
modes develops on 12 different cycles of noteshihvcorrespond 12 transposition keys (the
experience of a modern music learner starts frarilthMajor scales and the 12 Minor scales).
So, when this fact fails, the musician associatés limitation not with the interval scale, but
the mode.
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Conclusion

To the question “What is the sound of music emplgyscales with few modes like?”
Messiaen's answer refers to thehdrme at once voluptuous and contemplative, that reside
particularly in certain mathematical impossibilfie (see the passage quoted in the
Introduction). Schonberg's response changed owes. tin theHarmonielehre written around
1910, he argued that “the exclusive use of thisesithe whole-tone scale] would bring about
an emasculation of expression, erasing all indilityl' (see the passage quoted in the previous
section). But he had to radically change opinidrieast in appearancklis previous judgment
concerns Scale Number 2 of our Table 7. A few y&des he was to exclusively employ Scale
Number 1 of the same table. In the twenties of 288 century he began to develop the
“Method of Composing with Twelve Tones Which aratB#IOnly with One AnotherThis
method consists primarily of the constant use séteof 12 different notes (the “series”). All 12
notes must have the same importance: in orderdorerthis equality, the method imposes that
no note is repeated before the eleven other ndtihe @hromatic scale have been used. Clearly,
such a method necessarily implies the total disagpee of the concept of mode. A mode is
based on the predominance of one note over thesptheedominance obtained thanks to the
fact that the diatonic scale is a proper and “utag subset of the chromatic scale. But
Schonberg’s scale is the chromatic scale itselfmatrix is a 1212 matrix, ad it is symmetric.
On it, the extensions of scale, mode, cycle of :iated tonality coincide with each other, all of
them being equal to the whole matrix. Using for lde& time the expression of Messiaen, any
modal distinction is “mathematically impossible”.
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