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Abstract

In this paper, we present the asymptotic results of the quasi maximum
likelihood estimator of the parameters of a C-convolution model based on the
conditional copula (Patton [11]). The C-convolution operator determines the
distribution of the sum of two dependent random variables with the dependence
structure given by a copula function. We focus in particular on the case where
the vector of parameters may be partitioned into elements relating only to the
marginals and elements relating to the copula. We propose a three-stage quasi
maximum likelihood estimator (3SQMLE) and we provide conditions under
which the estimator is asymptotically normal. We examine the small sample
properties via Monte Carlo simulation. Finally, we propose an empirical
application to explain how our model works.

1. Introduction

In this paper, we consider the estimation of parametric multivariate
density models where the data generating process is given by a

conditional C-convolution. The C-convolution is an operator introduced
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by Cherubini et al. [5], which recovers the distribution function of the
sum of two dependent random variables. The dependence structure is
provided by a copula function (see among others Nelsen [10] or Joe [9] for
a detailed discussion on copulas and their properties). A bivariate copula
function allows to decompose a joint distribution into its two univariate
marginal distributions and a copula which describes the (non-linear)
dependence between the variables. In statistical and econometric
modelling, the main advantage of the use of copulas is in the construction
of exible bivariate distributions, where we can combine different
marginal distributions with any copula to create a specific bivariate
distribution. In our case, the choice of the dependence structure reects on

the distribution of the sum through the C-convolution.

The importance of the sum of two random variables in financial
econometrics is clear if we consider a concrete example given by a
managed fund. Consider a managed fund Z promising to yield an excess
return, say Y, with respect to a benchmark index X. Assuming we know
the dynamics and the distribution of the excess return of X, the
distribution of the excess return on the managed fund Z will depend on
the investment policy implemented by the fund manager that will add up
to the return on the benchmark X + Y. Moreover, the market return X
and the excess return promised by the manager Y will be dependent, and
such a dependence may be modelled by a copula function. So, the

distribution of the managed fund return is given by a C-convolution.

However, in financial econometrics, the data cannot be assumed to be
independent and identically distributed (i.1.d.) since we develop the
applications using time series. Therefore, we employ the concept of
conditional copula, introduced by Patton [11], which allows us to handle
conditioning variables. In this framework, we extend the definition of
C-convolution in order to recover the conditional distribution of the sum
of two random variables whose dependence structure is given by a

conditional copula.
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The main contribution of this paper is to provide the asymptotic
behaviour of a three-stage quasi maximum likelihood estimator of the
parametric conditional C-convolution model. The result is based on
Theorem 6.10 in White [13]. Moreover, an application of the model to the
sum of daily log-returns of two assets from Italian financial market (Eni
and Fiat) is provided. In particular, we focus on the case where the
conditional dependence structure is described by two of the most used
archimedean copula functions: The Frank copula and the Clayton copula.
We find significant evidence that the conditional C-convolution is the

distribution of the sum of daily log-returns in the case of Frank copula.

The remainder of the paper is organized as follows. Section 2
introduces the C-convolution and its conditional version. In Section 3, we
present the three-stage quasi maximum likelihood estimator of the
parameters of the model. In Section 4, we prove the asymptotic normality
of the estimator. Section 5 discusses the small sample properties in two
particular cases via Monte carlo simulation. Section 6 presents an
empirical application to a data set of daily log-returns of two stocks from
Italian financial market. Section 7 concludes. Assumptions required for
the asymptotic normality of the estimator and the proof of the main

theorem of the paper are presented in the Appendix.
2. The Conditional C-convolution

Our data generating process is based on the C-convolution operator
introduced by Cherubini et al. [5]. The C-convolution determines the
distribution function of a sum of two dependent and continuous random
variables X and Y. The dependence structure between X and Y 1is
modelled by a copula function. The copula technique allows to write every
joint distribution as a function of the marginal distributions. In our case,
for example, we can represent the joint distribution of X and Y, say
Pr(X <a,Y <b), with a,b e R as a function of Fx(a)=Pr(X < a)

and Fy(a)=Pr(Y <b). More formally, there exists a function
Cx y(u, v) such that
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PI‘(X < a, Y < b) = CX,Y(FX(G)’ Fy(b))

Conversely, given two distribution functions Fy and Fy and a suitable
bivariate function Cx y, we may build joint distribution for the returns.
The requirements to be met by this function are that: (i) it must be
grounded (C(u, 0) = C(0, v) = 0); (i) it must have uniform marginals
(C@, v) =v and C(u, 1) = u); (iii) it must be 2-increasing (meaning that
the volume C(uq, v;) - C(uy, vy)— C(ug, vy )+ C(ug, vy) for u; > uy and
U1 > Vg cannot be negative). The one to one relationship that results
between copula functions and joint distributions is known as Sklar

theorem.

While the concept of copula functions and their use both in finance
and econometrics is well assessed, the application at hand raises a
problem that must be handled with special caution. In fact, given the

copula function Cx y(u, v) linking X and Y, we are required to recover

the copula function linking X and X + Y. Moreover, given the marginal
distributions of X and Y and their dependence, we must come up with the
probability distribution of the sum X +Y. It is clear that such a
distribution results from the convolution of X and Y. This problem was
solved in Cherubini et al. [5], with the introduction of the concept of

convolution-based copulas. If X eY be two real-valued random variables

with corresponding copula Cy y and continuous marginals Fx and Fy,

then the distribution function of the sum X +Y is given by
! -1
Fx.y(z) = IO D\ Cx y(w, Fy(z - Fx (w)))dw, 1)

Cx y(u,v)

where D;Cy y(u, v) denotes o



THE CONDITIONAL C-CONVOLUTION MODEL ... 5

The main disadvantage of this approach is that the C-convolution
may not be used when we model economic or financial variables. In fact,
an economic time series is not generated by an independent and
identically distributed sequence of random variables. In the other words,

Fx.y is a static distribution. For that reason, we need to extend the

notion of C-convolution in order to handle dynamic time series. One
possible way to proceed is to employ the notion of conditional copula
introduced by Patton [11].

The theoretical framework is the following: X and Y are the variables

of interest and Z is the conditioning variable. Let Fyxy; be the

distribution of the random vector (X, Y, Z), Fxy|z be the conditional
distribution of (X, Y) given Z and Fx|z and Fy|z be the conditional

marginal distributions of X given Z and of Y given Z, respectively. The
conditional copula of (X,Y) given Z = z, where X given Z = z has
distribution Fy|z_.({z) and Y given Z = z has distribution Fy|z_.({z),
is the conditional distribution function of U = Fy|z(X|z) and V = Fy|z

(Y|z) given Z = z. Moreover, an extension of the Sklar’s theorem is
proved by Patton [11]: there exists a unique conditional copula C(, - |z)

such that

Fxy|z(x, )2) = C(Fx|z(x]2), Fy|z(5]2)|2), V(x, y) e RxR, Vz € Z,

where Z 1is the support of the conditioning variable Z. The key point of
the ‘conditional’ version of Sklar’s theorem is that the conditioning
variable Z must be the same for both marginal distributions and the

copula and this is a fundamental condition.

In the spirit of econometric time series analysis, we condition the

variables involved to the information available at the time ¢ -1, say
Fi_1. Let C; be the conditional copula of (X;,Y;)|F;_1, Gi be the

conditional marginal distribution of X;|7;_; and G; be the conditional
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marginal distribution of Y;|F;_;, then the conditional C-convolution will
be the distribution of the sum X;|F;_; +Y;|F;_;, ie., by applying
Equation (1)

F,(z) = I;cht(w, th(zt - Gtx’fl(w)))dw,

where D;C; denotes the first partial derivative of the copula function.
From a statical point of view, the data generating process is provided by
(Gf, G, C;) whereas the conditional distribution F; is the convolution

of the three elements.
3. The Estimator

Let us suppose that the conditional marginal distributions of X;|7, ;
and Y;|F,_; be parameterized as Gi (5v°) and G?(57°), where p° and
yo are vectors of parameters belonging to compact spaces ¥ and T,

respectively. We assume that G and G} are known but that the true

O and yO must be estimated. By the conditional

parameters 1)
C-convolution, we determine the distribution of the sum Z,|F,_; in the

case where the dependence structure of (X;, Y;)|F,_; is described by a
conditional copula C;(u, v; 90) characterized by the true parameter 0°

belonging to a compact space O.

The conditional distribution of Z; depends on wo, yo, and 0°. For

estimation purposes, it is useful to emphasize the dependence of the

conditional C-convolution on the parameters. So we will write

1
F(z; 0%, 4%, 0°%) = .[0 DlCt(w, th(zt -G w, v0); yo); Oo)dw.
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We can see that the copula parameter 6 may be a constant or time-
dependent in a manner similar to Patton [11], which uses a Gaussian
copula with a correlation parameter at time ¢ as a function of a constant,

the correlation parameter at time ¢ —1 and the average of the products

O Huy_1 )DL (v,_1) over 10 lags

10
1 -1 -1
pr = Ajo+Ppsg +SE EICD (ut_j)tb (Ut—j) .
Jj=

In this case, we have that 0 = (a, B, §). Similarly, for Archimedean

copulas, the dependence parameter may be modelled taking into account
the correspondence value of the Kendall’s T coefficient. In what follows,
we consider the case where the parameter is simply an autoregressive

process.

It will not always follow that the parameters may be decomposed into
three components associated with the two margins and the copula.
However, examples where such a decomposition is possible are frequent

in financial applications (first of all the Garch models).

Our main purpose is to provide the estimate of the parameters by
three steps. In the first two steps, we estimate the vectors of parameters

of the marginal distributions, » and y, by a quasi-maximum likelihood
method. Let g/ and g} be the conditional density function of Gf and

G}, respectively. Then the logarithm of the quasi-likelihood functions

are

n
1
(100) = = > In g (3 0),
t=1

n
1
lon(y) = - E In g7 (v v)-
t=1
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Therefore, the quasi-maximum likelihood estimators of ¥ and y are

A

b = arg max (1, (x"; ),

and

A

Yn = arg max Con(¥™; 7).

The third step is given by the estimator of the copula parameter 0, which

may be obtained by the maximization of the quasi-likelihood function
relative to the conditional C-convolution. The density function of the

conditional C-convolution is the derivative of (1) with respect to z;, i.e.,
1
fi(zs; 0, 7, 0) = '[0 ct(w, th(zt - Gtx’_l(w, v); y); 6)

X gty(zt -G N w, v); v)dw,

where ¢; is the copula density. Denote by /3, (#,, v, 0) the logarithm of
the quasi-likelihood function of the C-convolution computed at @, and

¥,- We have

n
PN 1 A A
ZSn(wn: Tn> e) = n E lnft(zt; Uns Yns 9).
t=1

We can see that by construction /g3, is a function of 6 only. Therefore,

the quasi-maximum likelihood estimator of 6 will be

0, = arg mgxfsn(z”; bns V> 0)-

We call the vector of estimators 7, = (8, 7,, 0) the three-stage quasi

maximum likelihood estimator (3SQMLE).
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4. Asymptotic Normality of the 3SSQMLE

In this section, we study the behaviour of the 3SSQMLE as n — +oo.

The assumptions listed in the appendix are sufficient to ensure that 7,

has a Gaussian limit distribution. This is very important in econometric
and statistical applications to generate robust statistical tests on the

parameters of the model.
Our main result is the following:

Theorem 4.1. Under Assumptions 1-11 (see the Appendix 1) the

estimator m,, = |7, | satisfies

Volin (X" 0")
\/;(ﬁn - ﬂo) == (Ar(L) )71\/; Vy£2n(Yn; YO) + OIP’O (1)7

Volsa (2" 0", 1°, 07)
and
(B ARGy - *) S NGO, D),
where I is an identity matrix of appropriate dimension, A,? = E[H,(l)],
where H 2 is the block matrix of the second order partial derivatives
H? =

Vipl1n (X" 3%) 0 0
0
0 Vo lon (Y 70) 0 ,

Vw9€3n(Zn;w0’ ,YO,OO) V79(3n(zn;w07 yO’eO) V99(3n(zn;wov yO’OO)
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and B =E[BY], where

%Z Slt (Slt ] %Z:zl[s?t '(sgt )T] %Ztn:l[s% '(sgt )T]
rOC A CH D SN C S L D SN R C S | F

% Z 33t (slt ] % Z:zl[sgt : (sgt )T] % ijl[sgt : (sgt )T]

where sy, = sy (x,; 9°) = Vy In gf (x;; 0°), 5oy = sor (35 7°) = V,Ing

(75 yo), and sgt = s3;(2; 20, yo, 90) = Vo In f,(2; 20, yo, 90) are the
score functions.

Following White [13], the asymptotic covariance matrix of the

estimator is given by
AV ar(f,) = (40 B (AR) Y,

and it may be consistently estimated using the Hessian and the outer

product matrix of the scores evaluated at the 3SSQMLE
AV ar (W, )=H,'OP,H;",

where H,, is the Hessian matrix evaluated at [§,, 7,,, 0,,] and OP, is

given by

no_, AT LN AT
%thl[sh 1] %thl[su 5] %Z
R no o, T LN AT nora 2T
OP, = %Z (89 - 1] % [82; - 821 %Zt=1[82t “Sall,

t=1

1N e 4T LZ" Y 1
nzt:1[33t $1t | n t:1[33t $2¢] "

where §;; = slt(xt; n ), 89t = Szt(yt§ ¥n), and 83 = 33t(2t§ Vs T en)

LN AT
_ [83; - 83 ]
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Assumption 4 in the Appendix requires that the density of the
conditional C-convolution is continuously differentiable of order 2 with

respect to the parameters. Since f;(z; - -, -) depends on the copula

function a reasonable requirement for the validity of Assumption 4 is
that the integrand function and its partial derivatives are bounded from

above by an integrable function, i.e.,

o, GP e = G, v 1) Ol e - GF M, v); )| < B w),

Gale 6l - 6w vk ol b - 687 )i )] < hGa ),
;—fot(w, th(zt -G N w, v); v); G)gty(zt -G" Y (w, v); y) < o2, w),

where hy(z;, w), hy(z;, w), and hy(z,, w) are integrable with respect to

w for all ¢ =1, 2, .... Now, suppose that the conditional density g; and
its partial derivatives are bounded for all ¢ =1, 2..., then if the copula
density and its partial derivatives are bounded from above by a constant,

le.,

le;(w, v; O)] < ko, V(u,v),

‘% ¢ (u, v; 0) <k, V(u,v),
62
Eq (w, v; 0)| < ko, V(u,v),

Assumption 4 is ensured. Gaussian copula, Student’s ¢ copula and Frank
copula satisfy the conditions above. Differently, for other Archimedean
copulas like Clayton copula and Gumbel copula, the reader may find a
detailed discussion on scores assumptions in Genest et al. [8] and Chen
and Fan [2].
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5. Small Sample Properties

In this section, we present the results of a Monte Carlo simulation of
the small sample properties of the estimators discussed above in the case
where both marginals are conditionally Gaussian with the same Garch
(1,1) specifications, whose parameters are designed to reect the high

persistence conditional volatility. The simulated marginal models are

X = py + Dy ey,
2 2 2
hx,t =0y 0t COx,l(Xt—l - l’lx) + C‘)x,th,tfl’

| Fia i N(0, 1),

Yy =y + Ry gy,

2 2 2
kye = 0y0 +0y1(Yq =1y )" + oy ok 41,

id
qtlft—l = N(09 1)9

with p, =p, =0.01, 0, g = w9 =0.05 0,1 =w,; =0.1, and o, 9 =
®, 9 = 0.85. The values of parameters are taken from Patton [11]. As for

the dependence structure between the two variables, we examine the
case of the Frank copula with two different dynamics for the parameter.

Firstly, we consider the case where X; and Y; are linked by a Frank

copula with a time invariant parameter chosen so as to imply a Kendall’s
T coefficient of 0.25 and 0.50. The correspondent values of the parameter
are 0 =237 and 0 =5.74. The relationship between the copula
parameter and the Kendall's T coefficient is obtained by inverting the
“Debye” function (see for more details Cherubini et al. [4] p. 126). In a
second case, we develop simulations for studying a time-varying

conditional dependence. More precisely, suppose that 6; has an

autoregressive dynamics
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0 = Ala+PBO; 1 +5),
where ¢; is a random disturbance normally distributed with zero mean

in order to ensure that

and standard deviation o, and A(x) =
1+e ™

the corresponding Kendall’'s T remains in the interval (0, 0.6). We
develop simulations with o = 0.2, § = 0.8 and o, = 0.1. We consider
two possible sample sizes: n = 500, 1000. We present only the results

relative to the estimation of the copula parameter, which is the third step
of the 3SQMLE. Tables 1 and 2 contain the averages of estimates and the
mean squared error (MSE). The simulation results suggest that the level
of dependence between the marginal variables affects the accuracy of the
estimate in the case of constant parameter. A greater dependence leads
to higher MSE for the same sample size. However, as the sample size
raises the MSE rapidly decreases. Differently, in the case of time-varying
dependence structure, the estimates show less accuracy even if the

estimate of the autoregressive parameter is acceptable. The volatility o,

is overestimate in both sample sizes.

Table 1. Average value and relative MSE of the Monte Carlo estimates
for three different values of the sample size and two different values of

the Frank copula parameter

n = 500 n = 1000

6 = 2.37 2.5363(0.6738) 2.4383(0.3473)

0 =574 6.0671(2.4969) 5.9889(1.6427)
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Table 2. Average value and relative MSE of the Monte Carlo estimates
for two different values of the sample size and two different copula

functions in the case of time-varying conditional dependence

n = 500 n = 1000
o =02 0.2883(0.4580) 0.2663(0.3865)
B=08 0.5665(0.3801) 0.6213(0.3125)
6, = 0.1 0.3575(0.4174) 0.2512(0.3454)

6. Application

In this section, we apply the model discussed above to a data set of
daily log-returns of prices of two stocks from Italian financial market: Eni
and Fiat. The data employed runs from 1st January 2008 to 31 December
2010. The total number of observations is n = 750. Our technique
requires the estimation of conditional marginal distributions. Since the
standard Normal Garch (1,1) does not overcome the Kolmogorov-Smirnov
(KS) test of goodness of fit, we decide to model the margins with a

Student’s ¢ Garch (1,1) process; the functional forms are

Xt = My + ey,

2 2 2
hx,t =0y 0 T Oy 165 ¢ T mx,th,t—l’

v, iid
— x| Fr1 = Yo, )
ha%,t(”x - 2) *

Y, = Hy + €y 45

2 2 2
hy: = @y 0+ 0y 1€y + 0y 0hy, q,

f Uy iid
— ey | F11 ~ b))
hit(vy -2) Y
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Observe that in our notation we have ¥ = (u,, ©, ¢, ©y 1, Oy 9, V,) and
v = (1y, ®y 0, ®y1, Oy 9, Vy). The quasi-maximum likelihood estimates

are reported in Table 3. The KS statistics show that both models
overcome the goodness of fit test. Given that margins we can estimate the
conditional C-convolution. For sake of comparison, we employ two copula
functions to describe the dependence structure between the two assets:
Frank copula and Clayton copula. First, we consider the case where the
parameter is constant over time. The parameters estimates are
0 = 2.1328 for the Frank copula and 0 = 0.4709 for the Clayton copula
which correspond to a Kendall’s T coefficient equal to 0.2269 and 0.1906,
respectively. Since the most interesting case is the time-varying
conditional dependence parameter, we select two possible autoregressive
dynamics similar to the case studied in the Monte Carlo simulation. In

particular, for the Frank copula,
0, = Ao +BO,_1 +¢),
where g; is a sequence of i.i.d. normally distributed r.vs. with zero mean

and standard deviation o, and A;(x) = Lx in such a way that the
1+e

parameter remains in the interval [0, 5]. Similarly for the Clayton

copula,

0; = Ag(o + PO,y + ),

where Ag(x) = Lx in such a way that the parameter remains in the
1+e

interval [0, 3]. In our notation 0 = (a, B, ). Table 4 reports the quasi-
maximum likelihood estimates which are all significantly different from
zero. In the other words, we find significant evidence of time variation in

the conditional dependence. The parameter o, provides a measure of the

variability of the dependence structure in the spirit of autoregressive

processes. Figure 1 displays the evolution of the time-varying parameter.
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Now, thanks to parameter estimates, we construct the estimated version
of the conditional C-convolution, that is, the estimated distribution of the

sum of daily log-returns of the two assets

Fy(a) = | Olplct(w, G ey - 65 (w: 9): 7); )duw,

where Gtx and th denote the estimated Student’s ¢ Garch (1,1) margins
and C; may be the Frank copula or the Clayton copula. Figure 2 shows

the distribution with both copulas: We see that the Clayton copula
highlights a heavy left-tail. Nevertheless, the Kolmogorov-Smirnov test
for the shape of the distribution indicates that only the C-convolution
constructed with the Frank copula is accepted, whereas the case of
Clayton copula is rejected. In fact, the p-value from the KS test for the
first case is 0.1809 (we accept the null hypothesis) and for the second case
1s 0.0064 (we reject the null hypothesis).

Table 3. Quasi-maximum likelihood estimates of the marginal returns
distribution model. The asterisk denotes the parameters which are

significantly different from zero at the 5% level

Eni

Fiat

ny = 6.0154 x1074
0y, = 7.7796 x 1076
oy,1 = 0.8744"
oy 9 = 0.1088"

v, = 5.6735"

uy = 8.2173x107*

09,0 = 1.4582x107°

"H’l =0.9184"

wg, 2 = 0.0689"

vy = 6.2341"

KS = 0.0398(p = 0.1808)

KS = 0.0330(p = 0.3799)
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Table 4. Quasi-maximum likelihood estimates of conditional dependence
parameters for both copulas. The asterisk denotes the parameters which

are significantly different from zero at the 5% level

Frank Clayton
G =-0.2617" a = —0.6030"
B = -0.0552* B = -0.8987"
6, = 0.0764" 6, = 0.0498"
1.5 T T T T T T T
1.4 B
1.3 II u
11F -
L 1 (I.'IO 260 360 4(I)0 560 S(I}O 760
(a)
0.8 T T T T T T T
0.75}F =
0.7 l: B
0.65 a
0.6 .
0.55 1 1 1 1 L 1 1
100 200 300 400 500 600 700
(b)

Figure 1. Conditional copula parameters dynamics: (a) Frank copula;

(b) Clayton copula.
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09
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veeines Frank

0.7

05

0.4

03

0.2

-0.15 -01 -0.05 (o} 0.05 0.1 0.15

Figure 2. Comparison between estimated conditional C-convolutions.

7. Conclusion

This paper presented a three-stage maximum likelihood estimator of
the parameters of a conditional C-convolution model for time series and
determined its asymptotic normality. The assumptions required are not
restrictive and they are standard in econometrics. The use of the
conditional C-convolution is required because economic time series are
not 1.1.d. and conditioning variables are necessary. Moreover, numerous
situations exist where the sum of two variables is required and the
conditional C-convolution provides a model to recover the distribution of
the sum. We performed the small sample properties of the 3SQMLE in a
simulated model with marginal variables given by Garch processes and
dependence structure given by a Frank copula with time-varying
parameter. We found that the efficiency of the estimates rapidly
increased with the sample size. Finally, our application focused on the
Italian financial market with two time series of daily log-returns relative
to Eni and Fiat. After estimating the appropriate conditional margins, we

estimated the conditional C-convolution and we found evidence that this
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is the appropriate distribution of the sum of log-returns when their

dependence structure is described by a Frank copula with time-varying

parameter.
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Appendix 1

We present in this appendix the assumptions required for Theorem
4.1. Most of these assumptions are based on those presented in White
[13].

In order to make more easier the reading of the assumptions below,

we recall the notation. Let
s1e(xg; 9) = Vy In gf (x5 ),

(1) = E[01,(X™; )],

n n
1 1
Vil (x™; 9) = zsz In g/ (x;; v) = Zzslt(xt; ¥),
=1 =1

so¢ (¥ ¥) = Vy In g (s5 7),

Lon(v) = Elt2, (Y™ v)],

n n
1 1
Vilan(¥"57) = — E VyIngi (35 v) = — E s9¢ (35 7)),
t=1 t=1

s3t(zt; v, Ys 9) = Ve lnft(zt9 v, vs e)a

zSn(w’ Y e) = E[ZSn(Zn’ (w’ Y 9)]’

n n
1 1
Vols,(2"; v, v, 0) = Z;Ve In fi(z; v, v, 0) = ;;33;:(2&; ¥, v, 0).

Assumption 1.

e (a) The sets of parameters ¥, I' and ® are compacts.

o (b) gi(xs ), & (ye; - My(zs5+ + - ) are continuous on ¥, T and

Y ®T ® © respectively, a.s., forall ¢t =1, 2, ....
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Assumption 2.

e (a) B[ In gi' (X;; v)], B[ In g/ (Y;; v)], and E[In f,(Z;; v, v, 0)] exist

and are finite for each p € ¥, y € ' and for each (¢, 7,0) e Y ® T ® ©.

e (b) E[Ingi(X;; v)], E[In g/'(Y;; v)], and E[In f,(Z; v, v, 0)] are

continuouson ¥, I' and ¥ ® I' ® O, respectively, for all x;, y;, 2.

e (o) {Ing/ (X v)l;, {Ing)(Yy; v)}; and {Inf,(Z;; v, v, 0)}, obey the

weak uniform law of large numbers.
Assumption 3.

e (a) /1,() and /g,(y) are O(1) uniformly on ¥ and I'. Moreover,
71,() and 75, (") have unique maximizers p° € ¥ and y* e T, where ¥

and T are the interior of ¥ and T.

o (b) /5,1, v, 0) is O(1) uniformlyon ¥ ® I' ® O.

Assumption 4. g (x;; - ), g/ (3 ), and fi(2; - -+ - ) are continuously
differentiable of order 2 on ¥, I' and ¥ ® I' ® ®, respectively, a.s., for
allt =1, 2, ...

Assumption 5.

i (a) E[ngln(Xn; v)]’ E[VVEZn(Yn; Y)]’ and E[VOESn(Zn; v, v, 9)]
are finite for each p € ¥,y e ' and for each (y,7,0)e Y ®I ® O,

respectively.
o (0) E[Vyl1,(X"; )], B[V, £2,(Y"; )], and E[Vgl3,(Z"; v, v, 0)]

are continuous for each ¥ € ¥, y e ' and for each (¢, 7,0) e ¥ ® T ® 0O,

respectively, uniformly in n.
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Assumption 6.

e (a) E[Vy/1,(X"; p)] is finite for each yp € . E[V,,(5,(Y"; v)] is
finite for each y e I. E[Vggl3,(Z"; ¥, v, 0)], B[V ol5,(Z"; », v, 6)] and

E[V,0¢3,(Z"; ¥, v, 8)] are finite for each (v, v, 8) e ¥ @ T ® ©.

o (b) E[Vy,!1,(X"; »)] is continuous for each v € ¥, uniformly in n.
B[V, /l9,(Y"; v)] is continuous for each yeT, uniformly in n.
E[VGGZSn(Zn; 288 e)]7 E[Vwegfin(zn; ¥, 7, 6)], and E[Vy6€3n(zn; v, 7, 6)]
are continuous for each (¥, y, 0) € ¥ ® ' ® ® uniformly in n.

Assumption 7.

° (a) {Slt(Xti lﬂ)}t, {SZt(Yt§ Y)}t, and {SSt(Zt§ Vs Y, 9)}t obey the weak

uniform law of large numbers.

e (b) {szlt(Xt; W)}t, {Vyszt(Yt§ Y)}t, {Vossi(Zy; v, v, 9)}t, {VwSSt(Zt§ v,
v, 0)};, and {V,s,(Z; v, v, )}, obey the weak uniform law of large

numbers.

Assumption 8. A = E[H?]is O(1) and non-singular uniformly in n.

Assumption 9. 75,(3,, 7,,, 0) has a unique maximizer 6° e ©.

. 1 0y, 1 0y, 1 0 .0 0
Assumption 10. {—s X v ), —59(Yy; s ——=8u(Z;; 0,y ,0 }
\/; lt( t ) \/; 2t( i Y ) \/; 3t( t Y )

obeys the central limit theorem with covariance matrix ]E_},? , where E,? is
O(1) and positive definite.
Assumption 11.

e (a) The elements of E,? are finite and continuous on ¥ @I’ ® O,

uniformly in n.
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e (b) The sequence
{[slt(Xt; WO); s9¢ (Y YO ); 83¢(Zy; WO, YO, 0° )]
T T T
1o (Xes 0007 890V 10V s30(Zes 90, 40, 09)7 1},

obeys the weak uniform law of large numbers.

Andrews [1], Gallant and White [7] and White [13] provide some
results on uniform laws of large numbers and on central limit theorems
for dependent, heterogeneously distributed random variables that may be
used to justify Assumptions 2(c), 7, 10, and 11(b). White [13] also

provides a review on these topics in a wide variety of situations.
Appendix 2

The proof of the Theorem 4.1 is based on some results due to
Domowitz and White [6] and White [13] which we report here in form of
lemmas. In particular, we refer to Theorems 6.10, 3.5, and 3.10 of White
[13].

Lemma 9.1. Given a complete probability space (Q, F, P) and a

compact subset H of RP, peN, let &, :QxH — RP be a random
function such that &, (, ) is F-measurable for each n € H and &, (w, )
is continuously differentiable on H, P-a.s., n=1,2,... Let n,, : Q > H

be F-measurable, n =1, 2, ..., such that 1, E)no, where nO is interior of

‘H. Moreover Jﬁan(-, ﬁn)LP;O. Suppose there exists a sequence of p x p
matrices Bg that is O(1) and uniformly positive definite such that
(BY )71/2@%(; fin) = N(O, I,,). If there exists a sequence A, :H —
RP*P such that A, is continuous on H uniformly in n and V. &,(- 0y,)

—An(n)ﬂo uniformly in H and A0 =A,(n°) is uniformly non-

singular, then
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“/Z(ﬁn - 710) = _(Ar? )_1“/;§n(" ﬁn ) + O]P’(l)’

and

(B2 (AR) (i, - n°) S N(O, ).
Lemma 9.2. Given a complete probability space (Q, F, P) and a

compact subset H of RP, p e N, let {Q,}, be a sequence of random
functions continuous on HP-a.s. and W, = argmaxy Q,(sn). If Q,

(1) -Q,(M) » 0, P-a.s. uniformly on H and if Q,:H — R has

identifiable unique maximizer no, then M, — nO — 0 P-a.s..

Lemma 9.3. Given a complete probability space (Q, F, P), let {X,},

be a sequence of random vectors and X be a random vector. Then

X, - x5o if and only if for any subsequence n', there exits a further

subsequence n" such that X, — X — 0, P-a.s..

Proof. Proof of the Theorem 4.1. The proof is based on Lemma 9.1

on random functions when we set the positions n = (y,7,0), H =¥ ®

I'® ® and
Vylin (X" (0), ¥)
((’)9 ﬂ) = ‘in((’)9 ﬂ) = Vy£2n(Yn((’))’ Y)

Volsn(Z"(®), v, v, 0)

Here we verify the assumptions required to prove the statements. For
simplicity, we omit the checking of measurability conditions (see White

[13] for more details). Lemma 9.1 requires four crucial assumptions to be
applied. The first one is that the estimator 7, is consistent for no and

this is ensured by Assumptions 1, 2, 3, and 9 and Lemma 9.2. In fact, the
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first two components §, and 7, are strongly consistent for y° and y°,
respectively, if we apply Lemma 9.2 setting H =¥ and @Q,(; v) =
l1,(;v) and H =T and Q,(; v) = £9,(; ), respectively. Given that, the

N

strong consistency of the third component, 6,,, is ensured by applying
Lemma 9.2 with the positions H = © and @Q,(; 0) = (3,(5 ¥, V5, 0).

Under Assumption 10, we have

Vol (X", 00) Vol (X", 00)
o d
(BP0 | v, 0,(Y"40) =Bl V(Y™ %) |SN(O, D),
VGZSn(Zn’ wO, YO» 60) V6£3n(Zn’ w()» Y0> 60)

but under Assumption 5,
Vol (X", %) Vil (®°)
Bl V0, (Y" Y%  |=]| V(%)  |=o0.
Volsn (2", 87,7, 0%) ] (Vol3. (%, 7%, 0°)
Thus
Vylin (X", 30)
B Pn| 05, (v 0%) | SN(0, D),
Volsa (2", 0", v°, 07)
which is the second hypothesis of Lemma 9.1.
Under Assumptions 6 and 7, we have H,(y, v, 0)— A, (v, v, O)E)O
uniformly on ¥ ® ' ® ®, where H, (v, v, 0) denotes the block matrix of

the second order partial derivatives evaluated at (v, vy, 0) and

A, (v, v, 0) = E[H, (v, y, 0)]. This is the third hypothesis of Lemma 9.1.
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Finally, the last assumption to be verified in order to apply Lemma
vwzln(ﬁn )
9.11s that vVn vﬂzn(«}n ) % 0 and this is ensured by Lemma 9.3

VOZSn(ﬁn’ ')A(n’ en )

and Assumptions 3 and 9.
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