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We generalize the results on the monotonicity of equilibria for network games with incomplete information.
We show that not only the distinction between strategic complements and strategic substitutes is important in
determining the nature of the Bayesian Nash equilibria, but the nature of the statistic itself is also determinant.
We show that understanding the underlying forces behind people’s choices may be of fundamental importance
for a policymaker that wants to incentivize efficient behavior.

1. INTRODUCTION

Following the paper “Network Games” by Galeotti et al. (2010) (henceforth: NG), many
recent models on games with local externalities assume that the agents playing the game are
nodes of a network environment, and that they have to take an action that has local exter-
nalities channeled through the topology of the network. However, the agents have a limited
ability to observe the structure of the network and even the identity of their peers. Essentially,
the agents as nodes know only their own degree in the network and have some information
about the general network formation process that generated the whole social network. The
realization could be such that the degree of neighbors is independently and identically dis-
tributed, and is also independent on the degree of the node itself. More generally, it is possible
to formalize any stochastic process for the realization of the network, as in the recent paper
by Acemoglu et al. (2016), taking into account any possible source of correlation. In network
games with limited observability, the nodes compute the expected payoff through a statistic
over the sample of the actions of the neighbors that they will end up finding in the pool.
From an applied point of view, such models are good tools for analyzing many complex social
phenomena, such as peer effects, the spread of habits, marketing for goods with externalities,
vaccination policies, and contributions to public goods, to name a few. In most of these cases,
a policymaker who wants to increase or reduce a certain action of citizens, or a firm that wants
to increase effort or consumption of clients, does typically also observe from surveys only a
proxy of the degree of each player and the action that each player takes.

It must be noted, however, that currently, the theoretical predictions across the models
based on network games are not always consistent when it comes to assigning some corre-
lation between the degree of nodes and their actions: that is, who will endogenously have a
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greater tendency to vaccinate during a flu pandemic, those with many or those with few links?
When a bad habit, such as smoking, spreads in a school and there are peer effects, who will
be more likely to smoke, those with many or those with few links?! Since some of the theo-
retical predictions in these models differ from those of NG, from a theoretical point of view, it
becomes important to study what differs within apparently similar assumptions.

Here, we point out that the distinctions made up to now are not sufficient to understand the
possible outcomes of those games. Apart from the degree of correlation mentioned above, the
literature has focused on the sign of the externality, distinguishing between local public goods
and local public bads, on the cross derivative between the externalities and own actions, dis-
tinguishing between games of substitutes and games of complements,”> and on the degree cor-
relation of the network formation process. However, not much attention has been placed on
the nature of the statistic on neighbors’ actions that is affecting the payoff.

Although many statistics are expected to be constant with respect to the number of links
that a node has,®> we note that some statistics (like the maximum) are expected to increase
with the number of links, whereas other statistics (like the minimum) are expected to de-
crease. We provide novel and nontrivial results for these type of statistics and show that
knowledge of the nature of the statistics is not only crucial for the correct computation of the
equilibria but also for the identification of the nature of the game (substitutability or comple-
mentarity).

The article is organized in the following way: next section provides introductory examples,
and in Section 3, we describe the general model. Section 4 contains the main results. Section 5
discusses the main results and the relation with the previous literature. In particular, Subsec-
tion 5.2 discusses an example to show why our theory is useful for a policymaker, who could
otherwise observe data from the real world, misinterpret the incentives of people and, be-
cause of that, implement a counterproductive policy. Section 6 concludes the discussion and
provides possible directions for further research. Formal proofs, with some ancillary results,
are found in the Appendix.

2. THREE SIMPLE SCENARIOS

This section presents and analyzes simple examples of games played on networks, to illus-
trate the effect of the type of the statistics (used to aggregate the neighbors’ actions) on the
individual decisions. As first two simple scenarios, we consider, respectively, a strategic vacci-
nation model,* and a model of acquisition of information. These are both activities with posi-
tive externalities and the substitute property (i.e., in equilibrium, the more my neighbors con-
tribute the less I will). However, they differ in terms of how the neighbors’ decisions affect
the payoffs. In the information acquisition case, an agent is influenced by the neighbor who
knows more (this is a best-shot game), so that having more neighbors increases the probabil-
ity of finding a well-informed one, and agents with a higher degree will be more likely to free
ride and not acquire information themselves. In the strategic vaccination case, an agent is in-
fluenced by the minimum contribution in own neighborhood (this is a weakest-link game),’
so that having more neighbors increases the probability of finding a nonvaccinated one, and
agents with a higher degree will be more likely to vaccinate.

1 On the vaccination example, see Goyal and Vigier (2014, 2015), Galeotti and Rogers (2015), and again Acemoglu
et al. (2016). On the smoking example, see Currarini et al. (2013).

2 On this, see also the discussion in Jackson and Zenou (2014) and Bramoullé and Kranton (2016) about strategic
complements and strategic substitutes.

3 This last category includes the mean and the mode, which are the statistics most used in the empirical literature on
peer effects and reference groups (a good survey is given in Blume et al., 2010).

4In Subsection 5.2, we discuss an alternative assumption of incentives when modeling vaccination decisions.

5 Minimum and maximum contributions from neighbors relate respectively to weakest-link and best-shot games, as
introduced by Hirshleifer (1983) in a nonnetwork context. NG and Boncinelli and Pin (2012) discuss network best
shot games, whereas classical weakest-link games are those related to contagion, as Galeotti and Rogers (2015).
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Assume n players, each one represented by a node in a directed network. A link in the net-
work represents an interaction. Players do not know the network structure but are informed
only about their own degree (i.e., the number of other players whose actions affect their pay-
off) and that each link of the network is formed by an independent probability p € (0, 1). In
this way, beliefs about neighbors’ degrees follow a binomial distribution, that is, for all nodes,
the probability that a neighbor is of degree k is given by

Q(k: p) = <Z _ %) P p) T

Players take action a € {0, 1} in a one-shot game. If they choose 1, their payoff is 1 minus a
cost ¢ € (0, 1); otherwise, choosing 0 the payoff depends on the actions taken by neighbors
in the following two ways: In the first scenario, the payoff is equal to 1 if at least one of the
neighbors has chosen 1; otherwise, it is 0; in the second scenario, the payoff is equal to 1 if all
neighbors have chosen 1; otherwise, it is 0. In the first case (which refers to the example of ac-
quisition of information), the statistic (on the neighbor actions) affecting the individual payoff
is the maximum, in the second case (which refers to the example of vaccination), the relevant
statistic is the minimum. Because the expected payoff from action 0 is strictly related to the
expected value of the statistic, agents with a higher expected value of the statistic have an in-
centive to take action 0.

Let us concentrate our attention on symmetric strategies, which means that all agents with
the same degree play the same strategy. Let o be the probability that an agent with degree
equal to k chooses action 1. Then, the probability that a randomly selected neighbor is choos-
ing action 1 is given by p, = Y /_1Q(h; p) - op.

We start considering the first scenario (information acquisition case) where the relevant
statistic affecting the individual payoff is the maximum of the neighbors’ actions. The ex-
pected payoff of playing 0 is

1—(1-po).

For all strategy profiles, this value is increasing in the degree k of the agent. This is enough to
state that an equilibrium cannot be constant (i.e., all players play the same strategy), and that
every equilibrium is decreasing with respect to the agent degree k, that is, agents with degree
above a certain threshold will play action 0 and agents with degree below a certain threshold
will play action 1 (with agents at the threshold possibly randomizing).®

Now consider the second scenario (strategic vaccination case) where the relevant statistic
affecting the individual payoff is the minimum of the neighbors’ actions. The expected value
of playing 0 now is p,*, which is decreasing in the degree k of an agent. This is enough to state
that an equilibrium cannot be constant, and that every equilibrium is increasing with respect
to the degree k.

Comparing these two scenarios, the relation between the equilibrium strategies depends on
the characteristics of the statistic, even if we are always in the case of strategic substitutes.

We are aware that in many empirical applications, the relevant statistic is the average on the
neighbors’ actions, and therefore, we include a third scenario. As in the two previous exam-
ples, if an agent chooses action 1, his payoff is 1 minus a cost ¢ € (0, 1); otherwise, choosing 0,
his payoff is given by an increasing function of the average of the neighbors’ actions. Let this
function be equal to 0 when the average of the neighbors’ action is 0 and equal to 1 when this
average is equal to 1.

In this case, under symmetric strategies, the action that a randomly selected neighbor will
play is a random variable with expected value E(a) = p,, and variance var(c) = (1 — p,) -

% For the sake of clarity, we provide a direct proof of this statement in Appendix A.1, even if this can be proven also
with the main result of this article.
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po. For a node with degree k, the expected value of the average on the neighbors actions is
independent on the agent degree k, and is always just £(a). But the variance of the statistic
for a node of degree k is %(“), and this depends on the degree. For an agent with degree k,
the variance of the expected value of the mean is decreasing in k. This implies that, for any
strategy profile, individuals with many neighbors face less uncertainty about the realization of
the statistic.

Therefore, if the payoff from playing action 0 is not linear with respect to the average
of neighbors actions, we could again expect some relation between degree and equilibrium
strategies. It is possible to prove (and we do so in Appendix A.1) that when the payoff from
action 0 is a strictly concave function of the average action of neighbors, agents with high de-
gree will have a higher expected payoff from action 0, and therefore, all equilibria will be de-
creasing with the degree. If instead the payoff from action 0 is a strictly convex function of the
average action of neighbors, agents with low degree will have a higher expected payoff from
action 0, and therefore, all equilibria will be increasing with degree.

In this third scenario, where the statistic is the mean, the relation between the equilibrium
strategies depends on the second derivative of the expected payoff from playing O, with re-
spect to the mean of neighbors’ actions. As a player compares the expected payoff from play-
ing 0 with the payoff from playing 1 (which is sure in these examples), what becomes pivotal is
the second-order derivative of the marginal payoff, which, in turn, can be seen as a third-order
derivative of the payoff.

Note that it is possible to build similar examples for strategic complements simply assuming
that if subjects choose 0 their payoff is 0; otherwise, choosing 1, the payoff is determined by a
statistic s (computed on the actions taken by neighbors) minus a cost ¢ € (0, 1). It is easy to
show that when the statistic is the minimum (maximum), all equilibria are not increasing (not
decreasing) with respect to degree k. Therefore, it is clear from these examples that the simple
observation that actions increase or decrease with respect to degree is not enough to identify
the strategic nature of the game (which, as we stressed in the introduction, is crucial for the
implementation of policies and marketing strategies). Once we have discussed the model and
its results, we will come back to this point in Subsection 5.2.

3. THE GENERAL MODEL

Let N ={1,2,....n} be a finite set of agents. Each agent i € N obtains some partial infor-
mation about the realization of a random network and then chooses an action x; € X', where
X C R is a compact set. Payoffs are assigned in a way that depends on the realized network
environment and, as we allow for mixed strategies, on the realized strategy profile. The struc-
ture is the one of a Bayesian game, and we follow the notation of NG, integrating it with some
of the formalization from Acemoglu et al. (2016).

3.1. The Network. Our network environment is represented by a (possibly directed) net-
work g, in which the set of nodes is the set of agents, and a link ij € g denotes that the action
of agent j affects i’s payoff. By Ni(g) = {j € N : ij € g}, we denote the set of neighbors of i in
g (excluding i) and by k; , € K, we mean the number of such neighbors (i.e., i’s out-degree in
the network) where K is the set of natural numbers {0, 1,2, ...,n —1}. We call V; , the set of
nodes that have degree k in network g, and by v, , the cardinality of this set. Network g is ob-
tained from a probability distribution P over all the 2""~1) possible networks. We call P the
network formation process.

Following NG, we call degree independence the lack of correlation between own degree and
the neighbors’ degree.” Instead, when knowing own degree k changes the expectation on the

7 The configuration model proposed by Bender and Canfield (1978) is an example of network formation process
characterized by degree independence. This is a model of random network where a certain degree distribution is
given, and as the number » of nodes grows to infinity, knowing only own degree provides no additional information
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neighbors’ degree, we may have either degree assortativity or disassortativity.® More in de-
tail, the assortativity is measured by the Pearson correlation coefficient of the degree between
pairs of linked nodes. Positive values of this coefficient indicate that it is more likely that the
relationships will be between nodes of similar degree, whereas negative values indicate that it
is more likely that the relationships will be between nodes of opposed degree.’

3.2. The Statistic. In our games, player i chooses x; and her k; , neighbors choose the ac-
tion profile Xj, = (x1, ..., x,). The effects of local interaction are aggregated by the function
s. Formally, s is a different k-dimensional function for every k € K. So, s is a family of n func-
tions!'” and each of these functions is anonymous on the arguments, which means that any per-
mutation of the elements of xj , will give the same result.

Furthermore, we assume that functions s are monotonically increasing in the actions of the
neighbors. This general specification includes measures of central tendency as the mean, the
median, and the mode, as well as minimum and maximum values. In the following, we refer to
any measure s as a statistic:

3.3. Payoffs. Payoffs are based on the realized network g. Player i’s payoff function when
she chooses x; and her k; ; neighbors choose X; ; = (x1, ..., x,) is as follows:

1) My, (xi, Xig) = f(xi,5(Xig)) — c(xi),

where s is the aggregator computed on the set of the neighbors’ actions, as defined above, and
f(x, s) is continuously differentiable function f : R*? — R with:

fr>0, and f, <0.

We say that when f; > 0, we have positive externalities, and when f; < 0, we have negative
externalities with respect to the statistic. Moreover, if fi; < 0 or fi; > 0, we say, respectively,
that f has the substitutes or the complements property with respect to the statistic. Finally, c(x)
is a convex cost function such that ¢, > 0 and ¢,, > 0.

REMARK 1. We are aware that our definition of externalities, and consequently, the defini-
tions of the properties of complementarities and substitutabilities are not exactly the conven-
tional one. Indeed (and following NG), in the literature, externalities are usually defined ac-
cording to how the neighbors’ actions directly affect the players’ payoffs. Note, however, that
our definition coincides with the standard definition because we assume that the statistic s is
monotonic increasing in its arguments as, for example, in the three scenarios of Section 2 (we
analyze this issue with more details in Subsection 5.1 below).!!

on the degree of neighbors, which can be supposed as being drawn uniformly and i.i.d. from that degree distribution.
On this see also Pin and Rogers (2016).

8 In NG, this notion is related to the function that rules the network externalities of the game (i.e., f), and they talk
about positive or negative neighbor affiliation.

9 This coefficient lies between —1 and 1. When it is equal to 1, the network is said to have perfect assortative mix-
ing patterns, when it is equal to 0, the network displays degree independence, when it is equal to —1, the network is
completely disassortative. For details, refer to Newman (2002)

10 Formally, s is a function from Ri‘g to Ry and, if k; ; = 0, then s is a constant. In principle, we even allow them to
be different functions for each k. We can write this dependence on k as s : |k} x X% — R. In this way, s(-, -) is a
function of two arguments: the degree k and a vector of dimension k. With this notation, the general expression for
the payoff functions needs a small change and becomes: Ty, , (x;, ¥ig) = f(x;, s(kig, Xig)) — c(x;).

"ndeed, it is directly verifiable that assuming s(%jg) > s(¥,) for all &g => %, we have that for all
xizxp [ s(Fig)) = fxs(Fig)) = flxis(Xp)) — f(x8(X7 ) i fis >0 and  f(xi, s(Xig)) — [(x}, 5(Fig)) <
F 55 0)) — F O 55 ) fis < 0.
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3.4. Strategy Profiles. A strategy for player i is a mapping o; : K — A(X), where A(X) is
the set of probability distributions on X', that is, o; = [0k];cxc» Where o is the mixed strategy
played by player i of degree k. In this way, o; indicates a vector of functions: for each possible
degree k that player i observes before choosing her action, she chooses a probability distribu-
tions on X'.

Furthermore, i, is the strategy profile of i’s neighbors in network g, & = [0;]; is the strat-
egy profile of the game, and ¢_; = [o/] jeni 1s the set of strategy profiles of all players, exclud-
ing i.

3.5. Information. The only piece of information that an agent i obtains before decid-
ing her action, on top of the common prior P, is her own degree k;, in the realized net-
work g. Then the players play a game of incomplete information described by the quadruple
V. X, (M), o P

In the following, we consider symmetric Bayesian Nash equilibria in which every agent with
the same information and facing the same ex ante conditions (i.e., each agent i with the same
degree k) chooses the same strategy, that is, oy = o for any k € K and for any i, j € NV.
Whenever this does not generate ambiguity, we start denoting only with subscript k all the
quantities that are common for all agents with degree k.

Here, we define the properties of strategies that will turn useful in the analysis.

DeriniTION 1. A symmetric strategy profile & is all equal if oy = o), for any two different
k,hek.

DEeFrINITION 2. A symmetric strategy profile & is first-order stochastic dominance (FOSD) in-
creasing if, for every k € K \ {n — 1}, we have that either oy, = o} or ox+1 FOSD oy, and for
at least one k € K\ {n — 1}, we have that o3 ; FOSD o.

Analogously, ¢ is FOSD decreasing if, for every k € K \ {n — 1}, we have that either ox11 =
oy or o FOSD oy 1, and for at least one k € K\ {n — 1}, we have that o, FOSD oy.

It immediately follows that, in the context of pure strategies, FOSD increasing means that
Xi+1 = Xk, with strict inequality for at least one k € K\ {n — 1}.

Given a realized network g and a strategy profile &, the expected payoff of agent i of degree
k, if she knows the exact network realization, her own position, and the positions of all other
nodes, is given by:!?

@) o) = [ T80 0.

In addition, we also have to include the uncertainty about the realization of the network.
Adding to this, the expected payoff of agent i of degree k is

> P8 Zievk_gnﬁg(oi’ )
ZgP(g) “Vkg -

(3) k(0i, o) =

Describing this in words, an agent evaluates all possible nodes i with degree k in any pos-
sible realized network g, updating priors with the information that her degree is actually k."
For each such node i’s position and network g, and for each realization of &, there will be a
vector X; ¢ that lists each neighbor’s action, depending on their degree in network g.

12 With a slight but unambiguous abuse of notation, we denote with the integral notation also expected outcomes
derived from discrete probabilities that, for example, are always the case when X’ is finite.

_ Yiev, 115, (0i.0ig)
13 Note that IT¢ (7. ;) = 3", P(glk) - —£ 5=

m where P(glk) = LeaPE) e updated probability of net-
-8
work g.

> gk g P(8)
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The Bayesian Nash equilibria can be represented simply as a (mixed) strategy profile &*,
where every agent i, depending on her degree k;, will choose an optimal strategy o/, which
maximizes the individual expected payoff for agent i from (3).

Let ¢;,(s|07) be the probability density function of s exactly for node i in network g when
the strategy profile of the i’s neighbors is &;,. For an agent observing only her own degree £,
the posterior distribution for the statistic s will be:

ng(g) : Zievk_gwig(sﬁig)
ng(g) " Uk,g .

(4) ¢k(s|57 P) =

In words, for a given strategy profile, the distribution of the statistic s, for an agent observ-
ing that her own degree is k, is simply the average of the distributions of s for all nodes with
degree k across all possible networks, weighted by the probability that a specific network is
realized. Therefore, since the Bayesian updating based on the network structure is linear, the
expected value of s for an agent of degree k is

2_P(8) - Zievaig (s107g)
2.P(8) - vig ’

(5) Ek(s|6:’ P) =

where Ej4(s|0j,) is the expected value of s for node i in network g and when the strategy pro-
file of the i’s neighbors is &j,. Then, for a given strategy profile, the expected value of s, for an
agent observing that her own degree is k, is simply the average of the expected value of s for
all nodes with degree k across all possible networks, weighted by the probability that a specific
network is realized.

We call ®,(s|&, P) the cumulative probability distribution on s from ¢;(s|&, P). Then
@ (s|c, P) summarizes all the information provided by P (the network formation process)
and & (the strategy profile), given k. Finally, by Var,(s|, P), we denote the variance of s for
an agent of degree k when the strategy profile of the game is ¢ and the network formation
process is P.

3.6. Definitions. Given that the type of statistic s affects the individual payoff and the op-
timal individual behavior, through the network formation process P and the equilibrium strat-
egy &, we highlight its relevant characteristics. In Definitions 3—-6, we consider nonnecessarily
symmetric strategy profiles &'.

DeriNtTION 3. Given a network formation process P, a statistic s is degree-stable with re-
spect to P if for every 6 and k € K\ {n — 1}, we have that E (5|5, P) = Ex(s|&, P).

DEeriNiTION 4. Given a network formation process P, a statistic s is degree-increasing
(degree-decreasing) with respect to P if for every ¢ and k€ K\ {n — 1}, we have that
Exi1(s|6, P) > Ex(s|&, P) (Ers1(s|d, P) < Ex(s|g, P)). A statistics s is weakly degree-
increasing (or degree-decreasing) when the conditions are satisfied only for every not all
equal &.

Using the standard definitions of FOSD and second-order stochastic dominance (SOSD)
for random variable, we can classify statistics s according to the following criteria.'*

DerInITION 5. Given a network formation process P, a statistic s is FOSD degree-increasing
(or FOSD degree-decreasing) with respect to P if for every &, k € K\ {n — 1}, and x € R,

141et be o and B two random variables distributed on R with cumulative functions, respectively, of ®,(x) and
®g(x). We say that « FOSD 8 if, for all x € R, 4 (x) < ®g(x) with strict inequality for some x. Furthermore, we say
that o SOSD Biif, forally € R, ¥ ®q(x) dx < [*  ®p(x) dx with strict inequality for some y.
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TaBLE 1
EXAMPLE OF THE MAIN STATISTICS AND THEIR PROPERTIES WHEN P SATISFIES DEGREE INDEPENDENCE

Statistic Properties

Average Degree-stable and SOSD

Minimum Weakly degree-decreasing and weakly FOSD degree-decreasing
Maximum Weakly degree-increasing and weakly FOSD degree-increasing
Mode Degree-stable and SOSD

Median Degree-stable and SOSD

Range Weakly degree-increasing and weakly FOSD degree-increasing
Sum Degree-increasing and FOSD degree-increasing

we have that &1 (x|5, P) < &y (x|, P) (Prr1(x|6, P) > dr(x|5, P)) with strict inequality for
some x. A statistics s is weakly FOSD degree-increasing (or degree-decreasing) when the
strict inequalities hold only for every not all equal &.

DEerINITION 6. Given a network formation process P, a statistic s satisfies SOSD with re-
spect to P if for every ¢ and y € R, we have the following inequality:

y y
(6) f Dy 1(x|d, P) dx 5/ @ (x|5, P) dx,

with strict inequality for some y. A statistic s is weakly SOSD when the strict inequalities hold
only for every not all equal &'

We remark that the difference between a statistic that is monotone increasing in its argu-
ments (as we define a statistic, at page 7) and the notion of statistic that is degree-increasing
with respect to P is given in Definitions 4 and 5 (the latter two imply that statistic s is increas-
ing, in expectation, in the number of peers that are sampled). When P is degree-independent,
then all the examples discussed in Section 2 are monotone statistics in their arguments, the
max and min are, respectively, degree-increasing and degree-decreasing. Table 1 shows these
and also other cases.

The following two results are useful to understand the meaning of the assumptions made in
our propositions:

(1) It is directly verifiable that an FOSD degree-increasing statistic (Definition 5) implies a
degree-increasing one (Definition 4).

(2) If s is degree-stable and satisfies SOSD (Definitions 3 and 6), then s is converging, in the
sense that for every o and k € K\ {n — 1}, we have that Vary,,(s|&, P) < Var,(s|&, P)
(we prove this in Appendixz A.2 as a corollary to Lemma A.1).

When P has degree independence, for any strategy profile ¢, many standard statistics as the
mean, the median, or the sample variance, are both degree—stable and converging. Even so,
under degree independence, examples of degree—increasing and degree—decreasing statistics
are the maximum and the minimum, respectively (whenever the strategy profile & is not all
equal).

In general, when P does not show degree-independence, the value of the statistics s for
an agent of given degree k will depend on both P and on the strategy profile &. Consider a
degree-stable statistic under degree-independence, for example, the mean. Suppose that the
players play a symmetric FOSD increasing strategy profile & and that P is characterized by
degree assortativity. In this case, one should check that the expected value of the mean over
the neighbors actions is increasing with the degree.
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E(fc k)

Xic+1

FIGURE 1

INTUITION FOR LEMMA 1 WHEN x* (k) > x*(k + 1) [COLOR FIGURE CAN BE VIEWED AT WILEYONLINELIBRARY.COM|

4. RESULTS

In this game, the existence of a symmetric Bayesian Nash equilibrium follows directly from
the Kakutani fixed point theorem, as mixed equilibria on a compact set X’ form a convex com-
pact set. So, we immediately start to characterize the equilibria.

4.1. Characterization of Equilibria. Our first lemma provides a general result, in which we
aggregate in a single expression the function f that determines the payoffs together with all
the information we have about the network structure and the statistics from ¢ (y|&, P). This
result provides a general check to determine whether there is monotonicity in the equilibrium
of the game

and we use it as a lemma for the following results:

LemMmA 1. Consider the expected marginal payoff given by quantity

™) Efmar) = [ ) - o016, P) dy,

where f, is the derivative of f with respect to x. Then:

(1) if (7) is nonincreasing in k for any &, then in every symmetric Bayesian Nash equilibrium
of the network game, the equilibrium strategy o* is either all equal or FOSD decreasing
ink;

(2) if (7) is nondecreasing in k for any &, then in every symmetric Bayesian Nash equilib-
rium of the network game, the equilibrium strategy o* is either all equal or FOSD in-
creasing in k.

The formal proof is in Appendix A.3, as all the proofs of the following results. Figure 1
provides a visual interpretation of the argument in the proof, which is classical and is simply
based on best responses: From the payoff function (1), the optimal response for a player is
when the marginal costs (increasing by assumptions) intersect with the expected marginal rev-
enues (decreasing by assumption). So, if an increase/decrease in k has a monotonic effect on
these expected marginal revenues, also the intersection point will move monotonically.
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Our second result is about a characterization of Bayesian Nash equilibria that is based on
the definitions provided in the previous section. The following proposition describes the equi-
librium strategies and their relation with the characteristics of the statistics s:

ProrosiTioN 1. Consider some network formation process P, then:

la. if s is FOSD degree-increasing (degree-decreasing) with respect to P, then for any sym-
metric Bayesian Nash equilibrium o*: (i) if f.s > 0, then o* is FOSD nondecreasing
(nonincreasing), if instead (ii) fys < 0, then o* is FOSD nonincreasing (nondecreasing);

1b. and if s only weakly satisfies FOSD, then o* could also be all equal;

2a. if s is degree-stable and satisfies SOSD with respect to P, then for any symmetric Bayesian
Nash equilibrium o*, (i) if fis > 0, then o* is FOSD decreasing, (ii) if fis < 0, then o* is
FOSD increasing, and (iii) if fis =0, then o* is all equal;

2b. if instead s only weakly satisfies SOSD, then, in cases (i) and (ii) above, o* could also be
all equal.

The proofs of points (1a) and (1b) are analogous to the proof of Proposition 2 in NG, points
(2a) and (2b) follow directly from a result that we prove in Lemma A.1 in Appendix A.2.

Points (1a) and (1b) show that when the statistic s is increasing (decreasing) with respect
to the degree, then the equilibrium strategies are increasing (decreasing) with respect to the
degree in the case of strategic complements and decreasing (increasing) with respect to the
degree in the case of strategic substitute. The statistic given by the sum of neighbors actions,
under degree independence, satisfies point (1a). Examples of statistics that satisfy the proper-
ties in point (1b) under degree independence are, respectively, the maximum (as in one shot
games, see, e.g., in NG and Boncinelli and Pin 2012) and the minimum (as in weakest links or
in minimum effort games). These are also the cases discussed in Section 2 above.

Points (2a) and (2b) of Proposition 1 show that when the statistic s is degree-stable and sat-
isfies SOSD, equilibrium strategies do not depend on the characteristics of complementarity
or substitutability of the utility function but on the sign of the third partial derivative f. The
equilibrium strategies are FOSD increasing (decreasing) when fi < 0 (fiss > 0) irrespective
of the utility function’s properties of complementarity or substitutability. This result arises
from the fact that the assumptions of degree-stability and SOSD for the statistics s, together
with fis <0 (fus > 0), imply that the expected marginal utility of action x; is increasing (de-
creasing) in k. Furthermore, we want to stress that this is not only a theoretical and abstract
case but an effective one.

Indeed, under degree independence, the mean represents a case of statistic satisfying the as-
sumptions in point (2b)!° and, as described in Blume et al. (2010), it is largely used in the em-
pirical literature on peer effects and reference groups.

4.2. The Mean and All Equal Strategies. When the statistics is the mean, it is directly ver-
ifiable that SOSD is only weakly satisfied. Then, from points (2a) and (2b) of Proposition 1,
equilibria could be all equal, as well as FOSD increasing or decreasing, according to the sign
of fy. Then it is of interest to understand the conditions under which all equal equilibria arise
or are excluded. Because of this, we provide an example, similar to those in Section 2, where
all equal strategy profiles cannot be equilibria.

151t is not difficult to check that, under degree independence, the mean satisfies SOSD. The argument is, however,
more subtle than it appears at a first sight. Even if it is easy to see that if we move from the expected outcome of a
node with degree k to the expected outcome of a node with degree k + 1, we maintain the mean and we decrease the
variance in the distribution of the realized mean, what we obtain is only a necessary condition for SOSD (if this was a
sufficient condition, we would have the inverse logical implication of point 2 at page 11, which is instead not necessar-
ily true). The actual sufficient condition for SOSD, which is satisfied by the mean under degree independence, is that
when passing from the distribution faced by a node of degree k + 1 to the distribution faced by a node of degree k it
is as if we were doing a mean preserving spread, and it is well known that this induces an SOSD shift (see, e.g., Stiglitz
and Rothschild 1970).
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ExampLE 1. Suppose that P has degree independence and that s is the mean. Assume that
X = {0, 1}, that

fx,s) =x(—as® = Bs+1),

and that ¢(x) =c-x, with « + 8 > 1 — ¢ > 0. We also do not impose separate conditions on
the sign of @ and B, and in principle, this does not tell us whether f has the complements or
the substitute property, because f,; = —2as — § is not defined—but this is not what actually
determines the characterization of the equilibrium.

First, under these conditions, we cannot have an all equal equilibrium where all players play
pure strategy O or pure strategy 1.

Now, suppose that there is an equilibrium in which all players mix between 0 and 1. Equi-
librium conditions require that players are all indifferent between the two actions. Then, the
expected payoffs from the two actions are equal if, for all k with positive support from P, we
have E;(—as? — Bs + 1 — ¢) = 0, that rewritten is:

aVar(s) + a(Ex(s))* + BEi(s) =1 —c.

However, as k increases, Var(s) decreases, and then we cannot have all players being indiffer-
ent, independently on their degree k. So, we exclude the all equal equilibrium and points (1a)
and (1b) of Proposition 1 tell us that we have a monotonic equilibrium that will be strictly in-
creasing or decreasing depending on the sign of fi;, = 2.

In general, and not only when the statistic s is the mean, one concern that arises from
Lemma 1 is that it allows for equilibria where all agents play the same strategy, independently
of their degree (all equal equilibrium). Here below, we exclude this case whenever the equi-
librium is in mixed strategies. Note that the following proposition does not require degree in-
dependence of the network formation process P:

ProrosiTiON 2. All equal equilibria in mixed strategies cannot exist in the following cases:

(1) If s is weakly FOSD increasing or weakly FOSD decreasing with respect to P
(2) if s is (stable), weakly satisfies (SOSD) with respect to P and either fy > 0 0or fis <0

When the conditions stated in the previous proposition are satisfied, all equal equilibria in
pure strategies can still exist. But a direct consequence of the previous result is that these
equilibria are not robust to small perturbations as stated in the following corollary:

CoroLLARY 3. Under the condition of Proposition 2, all equal equilibria in pure strategies are
not trembling hand perfect

Now we consider the case in which agents’ strategy is perturbed by errors, that is, they
make, with some positive probability ¢, random errors and with probability 1 — ¢ that they
play a best response to the perturbed strategy. We refer to this situation like that where agents
are affected by bounded rationality. The next corollary shows that when the nodes are af-
fected by bounded rationality, then only FOSD increasing or decreasing equilibria exist. '°

CorOLLARY 4. Consider some network formation process P, and suppose that agents are af-
fected by bounded rationality. Then, in every symmetric Bayesian Nash equilibrium, the equi-
librium strategy, o}, is FOSD increasing (decreasing) if:

16 In this perturbed environment, a Bayesian Nash equilibrium is a strategy profile o* such that, for every k, of is
a best response to the perturbed o*, that is, to a strategy profile o = (1 — ¢)o* 4 €0, where o, is the strategy profile
played in the case of a random error
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(1) s is stable, and weakly satisfies SOSD and f.s3 < 0 (fiss > 0);
(2) sis weakly FOSD increasing and fis > 0 (fis < 0); and
(3) sis weakly FOSD decreasing and fys < 0 (fis > 0)

The proof is omitted as this corollary is a direct application of the result stated in Propo-
sition 2 to the case of a perturbed environment. The previous corollary has direct empirical
implications on the equilibria we expect to observe in the real world. Indeed, in the behav-
ioral literature, there is large evidence that individuals are characterized by bounded rational-
ity that induces them to make mistakes. For example, Costa-Gomes et al. (2001) and Sutter
et al. (2013) calibrate that when those errors happen, actions are chosen from a uniform dis-
tribution. From the point of view of opponents, this case is analogous to having agents play-
ing mixed strategies. So, the result of this corollary is a straight application of Proposition 2.
Moreover, it implies that with real subjects, we mainly expect to observe equilibria that are ei-
ther FOSD increasing or decreasing.

5. DISCUSSION OF THE RESULTS

Lemma 1 and Proposition 1 state the conditions that allow for either increasing or decreas-
ing equilibria for a given network formation process P. Although Lemma 1 is very general
and uses simple best response arguments to establish a sufficient condition under which all
equilibria are monotone either increasing or decreasing, Proposition 1 provides more strict
but easier to check sufficient conditions, focusing on the properties of the statistic s. There-
fore, it follows that when statistics s does not meet the conditions of Proposition 1 there is still
room to meet the condition of Lemma 1.

To prove the examples in Section 2 we used the arguments described by Lemma 1, that
is, we prove that the expected marginal revenue is either increasing or decreasing with the
degree. Under degree independence Proposition 1 allows straightforward conclusions for the
most common statistics. Indeed, under degree independence, the properties of the statistics
are the same that under random sampling with the degree replacing the size of the sample. It
is directly verifiable that, in Section 2 , the statistics used in scenarios 1 and 2 (the maximum
and the minimum) satisfy Definitions 4 and 5, whereas the statistic used in scenario 3, the av-
erage, satisfies Definitions 3 and 6. Therefore the conclusions of the three scenarios can be de-
rived by a straight application of Proposition 1.

We note that the conditions of Proposition 1 could be difficult to prove when the network
process P does not display degree independence. Using some argument of continuity we could
assume that the equilibria in the case of degree independence could be robust to some (small)
amount of either negative or positive degree correlation. The next example shows actually a
case where this happens and Lemma 1 can be directly applied to check for this.

ExawmpLE 2. Consider P such that networks are undirected, the nodes can have only de-
gree 1 or 2, and they face ex ante symmetric probability 0 < p < 1 of finding all neighbors
of the same degree, and 1 — p of finding all neighbors of the other degree (so, when p — 1,
we have a network made almost only of circles and disconnected couples, and as p decreases,
we have more and more triplets of nodes in a line). Suppose that the nodes play symmetric
pure strategies y1, y» € X € R,, and that the statistic s is the sum of neighbors’ actions.

Lemma 1 tells us that we need to consider the relation between

Ei(filx, o, P) = pfi(x,y1) + (1 = p) fe(x, y2)

and

Ey(filx, &, P) = pfi(x,2y2) + (1 = p) fu(x, 2y1).
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FIGURE 2

THE NETWORK CONSIDERED IN EXAMPLE 3

We note that P displays degree independence when p = 0.5, then we assume that 1/3 <
p <2/3,s0 that 2p > (1 — p) and 2(1 — p) > p. Assume also that f, is increasing (fy; > 0,
complementarity between x and s) and convex (f,s > 0) in s, so that f,(x,2s) — fi(x,0) >
2(fi(x,5) — fe(x,0)). Then, for any y;, y» > 0, the following holds:

Ex(filx, &, P) = p(fi(x,2y2) — fe(x,0)) + (1 = p)(fe(x, 2y1) = fu(x,0)) + fe(x,0)
> 2p(fe(x,y2) = f2(x,0)) +2(1 = p)(fe(x, y1) — fe(x, 0)) + fi(x,0)
> (1= p)(felx, y2) = fe(x, 0)) + p(fe(x, y1) — fe(x,0)) + fi(x. 0)
= Ei(filx, o, P).

So, according to Lemma 1, in every symmetric Bayesian Nash equilibrium of the network
game, the optimal best responses are increasing, such that x] < xj. Note that this conclusion
is valid for the interval 1/3 < p < 2/3, that is, for degree independence as well as for some
amount of degree correlation

Previous example suggests that in cases of strong degree correlation (either p < % or p >
%), the condition required by Lemma 1 could not be meet. So, a natural question is what hap-
pen in these cases. The next example, using a similar setup to the previous one, shows that
a monotone equilibrium may still always exist, but both increasing and decreasing equilibria
may coexist.

ExampLE 3. Consider the network process of Example 2 and assume that p = 0.1 so that it
shows degree disassortativity. An example of this network is given in Figure 2 where an agent
is assigned by uniform probability to any node and knows only its own degree and does not
know in which of the disconnected components she is placed. The action space of the nodes is
X = {0, 1}, the statistic s is just the sum of neighbors actions (a case of increasing statistic) and
the payoffis

Xi

I'Ik,:g(x,-,s) = 1—_|_S —C X,

with ¢ = 0.6. This is a game of substitutes with negative externalities.
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This network game has the two following equilibria: a decreasing one in which degree-1
nodes play 1 and degree-2 nodes play 0, but also an increasing one in which degree-1 nodes
play 0 and degree-2 nodes play 1.

The reason why the two equilibria coexist is that conditions 1 and 2 in Lemma 1 are not
met. In detail, we observe that condition 1 is satisfied only for all &' that are decreasing, in the
same way as condition 2 is satisfied only for all those & that are increasing. However, statistic s
is not FOSD decreasing (or increasing) for all possible &'

5.1. Relation to the Previous Literature. Here, we discuss how the results provided in
Lemma 1 and Proposition 1 generalize those of NG. First, our results depend on whatever
statistic enters in the strategic interaction, and on the statistic’s relation with the game struc-
ture. Second, the relation between monotonicity of equilibria and the strategic nature of the
game (substitutability or complementarity) holds only when this statistic is naturally increas-
ing or decreasing with the size of the sampling set of the players. Otherwise, we need to check
for third cross-derivatives or for monotonicity of the expected marginal profits with respect to
the degree.

So, the question here is: what are the analogies with NG? Most of the results in that pa-
per (from their Proposition 2) are based on what they call Property A: the value of the payoff
computed on a vector does not change when the vector size is increased by one, adding a null
element. Then we can restate an analogous definition that fits our framework. The formal def-
inition is easy if we remember that s is actually a class of function from R¥ to R, for any k € N,
and that these functions are all anonymous on the arguments.
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DEFINITION 7. A statistic s satisfies property A if for every ¥ € R and ¥,y = (0, ¥)' € R¥*1,
we have that s(k, X) = s(k + 1, x9).

Common examples of statistics that satisfy property A are the sum or the maximum. There-
fore, for these statistics, our results are coincident with those in NG. But our model covers all
situations where the statistic does not satisfy property A as, for example, all sample moments
(where the sample is represented by the set of actions of the neighbors). The easiest and more
common example is the average.!” The only restriction of our model is that statistic s has to be
increasing in its arguments. So, the natural question that arises is: what happens when this as-
sumption is not satisfied? The following example shows that unexpected equilibria might arise
when the statistic s is not monotone in its arguments:

ExampLE 4. Consider the case in which X' = {0, 1}, with the statistic s defined on every vec-
tor of at least two elements, as the difference between its two greatest elements. This statistic
clearly satisfies Property A from NG, but it does not satisfy our definition of a statistic (given
that is not monotone increasing in its arguments).'® Since X = {0, 1}, we have that s is 1 if and
only if there is one and only one element 1 in the vector. Otherwise it is 0. Consider the case
of degree independence, so that the matching process is i.i.d.. So, if a fraction p of the nodes
plays 1, then the probability that s is 1 is

pr="k-p(l—p)",

which can be nonmonotonic in k. Imagine that the degree distribution is such that a fraction
0.15 of the nodes have degree 2, a fraction 0.7 have degree 3, and the remaining fraction 0.15
of nodes have degree 4. Payoff is ITj, (x;,s) = v/x + 5 — ¢ - x; (a case of substitutes) where ¢ =
0.75.

In this case, there is an equilibrium in which the nodes with degree 2 and 4 contribute 1,
whereas the nodes with degree 3 contribute 0. With this strategy profile p = 0.3, p, = 0.42,
p3 = 0.441, and p4 = 0.4116. The expected net value of contributing is given by

Ak:Pk<‘/§_1)+(1_Pk)’

and this is above 0.75 for k € {2, 4}, but not for k = 3, proving that this strategy profile is
an equilibrium.

In the previous example, the statistic s is not monotonically increasing. So, it produces a dif-
ferent ordering of vectors of the neighbors’ actions with respect to the model in NG, where
the definitions of complements and substitutes are implicitly based on the natural partial order-
ing between vectors."

So, although according to our definition, the previous example is a case of strategic substi-
tutes, it is undefined under the standard definition used in NG. Therefore, our definitions of
strategic substitutes and strategic complements do not coincide with those of NG when the
statistic does not respect the natural partial ordering of vectors. As we noted before, choosing
a statistic s that is monotonically increasing in all its arguments, that is, respecting the natu-
ral partial ordering,?’ the definitions of strategic substitutes/complements coincide in both our

17 There are also other statistics that do not satisfy property A and that are not sample moments, for example, me-
dian, mode, and range.

18 It also does not satisfy any of the definitions from Definitions 3-5.

19 As an example, in the case of degree equal to 3, the ordering of the possible vectors of neighbors’ actions (from
the smaller to the larger) under statistics s is: (0,0,0) ~ (0,1,1) ~ (1,1,1) < (0,0, 1). Using the criterion NG, the or-
dering would be: (0,0,0) < (0,0,1) < (0,1,1) < (1,1, 1).

20 This naturally relates to standard utility theory and to the assumption of nonsatiation. Note that, except from
Example 4, all our examples have statistics monotonically increasing in all their arguments.
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framework and in the one of NG. Moreover, even if in NG’s payoff function, there is not an
explicit statistic s but only a vector of the neighbors’ actions, it is possible to check that the
main results in NG are a specific case of our framework. Indeed, assuming that s is increasing
and satisfies property A, the resulting (compounded) payoff function has the same properties
of the payoff function in NG.

The next proposition formalizes these considerations and provides a link between our for-
mulation and the results from NG when the network displays degree independence.

ProrosiTioN 5. Suppose that X C R,, and that 0 € X. If s satisfies Property A, then s is
FOSD increasing with respect to a network formation process P with degree independence.

Therefore, when s satisfies property A and the network formation process P is character-
ized by degree independence, then the characteristics of Bayesian Nash equilibria are de-
scribed in point 1 of our Proposition 1. So, it is straightforward that all the results from NG
that are consequences from their Proposition 2 are specific cases of our model.

5.2. An Example on the Implications for Policy makers. The following extended exam-
ple is a good illustration of why our theoretical results could be of interest to policymakers.
Imagine an authority facing a world of agents that decide endogenously upon a vaccination
program. The decision of each agent i is to vaccinate or not, and the policymaker observes
x; € {0, 1}. The information that the policymaker has comes from a survey, where she observes
how many interactions agents have and their choice. To keep things simple, imagine that
agents can have degree 1, 2, or 3, with probabilities, respectively, %, _%, and %, and that the
degree correlation is null.”! The policymaker also observes only those agents with degree
2 or 3 adopt vaccination, whereas those with degree 1 do not. The policymaker also knows
from the survey that the cost for vaccinating is % for each agent. However, the policymaker
does not know the statistic that affects the behavior of people and what is the function f that
relates own actions with peers’ actions.

In fact, she is in doubt between two different models that are both consistent with the ob-
served data. According to the first model, which is the same discussed in Section 2, the main
force governing the choice of agents has the substitute property and is affected by the min-
imum of other’s actions. So, f(x,s) is equal to 1 if x =1 and is equal to the minimum of
peers actions (i.e., s) if x = 0. This first approach captures the typical free riding aspects of
vaccinations.

The second model that the policymaker is considering explains people’s behavior by a pre-
dominance of complementarity effects. In this case, people will tend to conform to what their
peers are doing, either because there are peer effects in the payoffs, or because there is flow of
information about the vaccination scheme.?” In this second case, the statistic that people look
at is the maximum, and f(x, s) is equal to 0 if x = 0 and is equal to the maximum of peers ac-
tions (i.e.,s)if x = 1.

21 Since the payoff comparisons that drive players decision are given by strict inequalities, even small perturbations
to the probabilities of each agent to meet others agents, will not affect the outcome, as discussed in Example 2.

22 Both types of externality effects are documented in the epidemiological literature that has analyzed individual
incentives for vaccinating or not. For example, citing Bauch et al. (2003):

History details numerous examples of vaccine refusal (Durbach, 2000; Streefland, 2001; Albert et al., 2001). Some
of these examples embody the prisoner’s dilemma effect. The grounds for refusal vary widely but often are related
to perceived risks of vaccination.

More recently, Bodine-Baron et al. (2013) discuss how both complementarity and substitute effects could be at play
in peer-based vaccination decisions. Rao et al. (2017) and Romley et al. (2016) provide evidence, respectively, for the
substitute and for the complements effect.

23 Note that since the strategy space X’ has only two elements, in both models, functions f and c trivially satisfy
continuity and are at the same time concave and convex with respect to X, as discussed in the model description in
Section 3.
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It is easy to check that for both these models what the policymaker observes is an
equilibrium.

Now assume that she wants to implement a policy to maximize some objective function, as,
for example, increasing the coverage of the vaccination scheme. Several problems arise if she
is not able to identify which of the two models is at work. Imagine, in fact, that she believes
that the second model is the right one. In this case of complements, there is also another equi-
librium where everybody vaccinates and there is full coverage. So, the policymaker imagines
that if she offers the vaccine to a share of the population of size %, among those not already
vaccinated, she will obtain her desired result.

However, if she is wrong and the world is instead in the scenario of the first model, then
the effect of her policy would be to (temporarily) disincentivize vaccination among all those
that were originally vaccinated. Furthermore in this case (strategic substitutes), a policy can
have only temporary effects as there exists only one equilibrium. This implies that to get a
permanent higher rate of vaccination, it is necessary to implement a structural change, for ex-
ample, a policy that changes the people perception of costs and benefits, and that produces a
new (alternative) equilibrium (with higher rate of vaccination). By a straight computation, we
can see that when the cost reduces to 711 half of the agents with degree 1 vaccinate in (unique)
equilibrium.

6. CONCLUSION

In many applications, externalities, peer effects, learning, and/or strategic interactions be-
tween individuals, can all be easily modeled as network games between agents of a social
network. The neighbors of a node are in one to one correspondence with the peers of the
individual, and the actions of those neighbors enter in that individual’s payoff function. The
existing literature addresses whether there is a complementarity or substitutability effect
between own action and the statistic on the actions of neighbors, and points out the influence
that the payoff function has on the correlation between the players’ degree and the actions
they take in equilibrium. Even if our model is a Bayesian game with ordered types and the
existence of monotone equilibria derives from standard arguments (see, e.g., Milgrom and
Shannon, 1994, Van Zandt and Vives, 2007, and Reny, 2011), there are some differences with
this literature. In network games, the type (the degree) defines not only the agent’s utility
function, but also the number of interactions.

We note that the way in which the neighbors’ actions affect the individual payoff can be
channeled, for example, by the average, as in most of peer effects framings or non-Bayesian
learning models. Individual payoff can also be the maximum of neighbors’ actions, as in lo-
cal public goods games, or the minimum, as in vaccination games that simulate the risk of
pandemic contagion. More, in general, the neighbors’ actions can affect some statistic that, in
turn, affects the individual payoff. In this article, we have shown that to characterize the equi-
libria, it is also important to know the nature and the characteristics of the statistics aggregat-
ing the neighbors’ action.

Figure 3 summarizes the classification that we apply and shows how our results integrate
with those in the literature. Our Lemma 1 and Proposition 1 provide a characterization of
the domain in which monotonic equilibria are the only possible ones, when the statistic is the
mean, as in Example 1. or when there is some positive or negative degree correlation, as in
Example 2. Example 3 shows instead that under too extreme correlation (a negative one in
the example) both increasing and decreasing equilibria can coexist.>* Finally, with Proposi-
tion 5, we have included all the results from NG in the domain of increasing statistics.

24Tt should be noted that Example 3 falls exactly within the assumptions of Proposition 4 in NG, which is about the
existence of monotonic equilibria (decreasing in the case of the example), but does not claim that all equilibria are of
that form.
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Additional comments are the following: First, a statistic may not be stable or monotone, as
in our Example 4. In such cases, equilibria that are nonmonotonic in the degree may exist. Fi-
nally, the case of a stable statistic is the most intuitive and is the most used in the empirical
literature on peer effects and reference groups. In this case, we have shown that it is impor-
tant to also look at third order derivatives of the payoff function. We have also shown that as-
suming some noise or a slight amount of bounded rationality provides a strict monotonic char-
acterization of the equilibria (Corollary 4). However, we leave to future research the identi-
fication of necessary conditions that may be more easily identifiable in real data, and give a
clearer economic interpretation.

Our results can be useful for empirical analysis. The monotonicity of equilibria provides
theoretical restrictions on equilibria that can be used to identify the strategic nature of in-
teractions (complementarity versus substitutability). Furthermore, these monotonicity results
are derived between two characteristics that are easily observed and recorded (degree and
action). Finally, we note that if only one of these two variable is observed, monotonicity
can be used to infer the value of the other variable. For example, we can use it if we want
to estimate the number of contacts of a subject in a context where we observe only her
decisions (or actions). In our model agents differs only for the degree that they have in
the network. An interesting extension of our model is a setting where agents differ also
for some other observable/unobservable characteristics. In this new framework, it would be
very useful for econometric analysis to find the conditions under which monotonicity results
survive.

For these reasons, we believe that our results will turn out to be useful for both theorists
who are studying specific models, and for applied researchers who are studying the interac-
tions of economic agents.

APPENDIX

A.1 Proof for the Example in Section 2 Italy. Proof first and second scenario: A strategy
profile where all agents choose a = 1 is not an equilibrium. Suppose such strategy profile, each
agent gets a payoff of 1 — c. Any agent deviating to a = 0 can increase her payoff to 1. A strat-
egy profile where all agents choose a = 0 is not an equilibrium. Suppose such strategy profile,
each agent gets a payoff of 0. Any agent deviating to a = 1 can increase her payoffto1 —c. A
strategy profile where agents with different degree play a mixed strategy cannot be an equilib-
rium. Suppose a strategy profile where agents with degree k and k" where k # k' play a mixed
strategy. The equilibrium conditions 1 — (1 — p,)*=1—cand 1 — (1 — p, )k’ =1 — ¢ cannot
be both satisfied because the left-hand side (LHS) is increasing in the degree and the right
hard side is constant. Therefore, a strategy profile where all agents play the same strategy is
not an equilibrium. It follows that in an equilibrium strategy profile, some agents of degree k
will play a = 1, and some agents of degree k' will play a = 0, with the possibility that agents
of a given degree k” will play a mixed strategy. The equilibrium conditions are, respectively,
1-(1=p.)f<1—c,1—(1=p,)¥>1=cand1—(1-p,)" =1—c. Given that the LHS
of the three conditions is increasing in the degree, in equilibrium has to be k < k” < k’. This
completes the proof. The proof of the second scenario uses similar arguments, and therefore
is omitted.

Proof Third Scenario: Let s, be the average action of the neighbors of a node of degree k,
f(sx) be a strictly concave function of s; and p, be the probability that a randomly selected
neighbor is choosing action 1. Now we claim that E[f(sx)] < E[f(sk+1)]. This last inequality
can be written as:

k+1

S (Yot (1) < (M) e p ()

n=0 n=0
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The LHS can be written as

k

g <:> P (U= po) T Pl (1= )T £ (T)

and arranging the terms inside the summatory, this becomes

(1= P 50+ 3 (5 ) () < () @)

n=1

+ pgt f().

We replace by this expression the LHS of the inequality and we get:

i[p'; (1= po) ((nfl) ' f(%) + (ﬁ) ' f(%))}

We note that (nfl) oy (ﬁ) - % = - Then, by the strict concavity of f(-), we can say that
the nth element of the summatory on the left is smaller than the n-th element of the right
summatory. This proves the claim. So, we can conclude that for all strategy profiles, the ex-
pected payoff from action 0 is increasing in the degree k of the agent. Then, using similar ar-
guments to those in the proof of the first scenario, we can state that an equilibrium cannot be
constant (i.e., all players play the same strategy), and that every equilibrium is decreasing with
respect to the agent degree k. The proof of the case of strictly convex function uses similar ar-
guments, and therefore, is omitted

A2 Some Lemmas. We extend the results from utility theory (see, e.g., section 4.2 in the
notes from Levin 2006) to our context with the following corollary.
We define by s a random variable distributed on R with density function ¢ (s) that depends

on k € K, and we call ®x(s) its cumulative function. Following Definition 6, we say that s satis-
fies SOSD if for every y € R, we have:

(A1) /j Dpiq(x) dx < /j D (x) dx.

LemmA A.1. Let statistic s be stable and satisfying SOSD.

(1) Ifu(-) is a positive-valued concave function, then

(A2) [ u(s) - puon(s) ds = / u(s) - pi(s) ds.

(2) Ifu(-) is a positive-valued convex function, then

(A3) [ 4 o) ds = [ us)-outs) ds.
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Proor. Let us start by assuming that s is stable and satisfies SOSD, and that u is pos-
itive valued and concave, that is, that u > 0 and u, < 0. Let us call I(x) = ffoo Dy (s) ds —

[*.. ®ks1(s) ds, which is nonnegative by inequality (A.1). Also, integrating by parts

f; Dy (s) ds = [s- Pr(s)] o, — /;s d®(s).

Replacing into the expression for /(x) and taking its limit to oo, the stability of s implies that

(A.4) xli)nolol(x) = fjo s d®p1(s) — /;oo s d®(s) =0.
Since I(x) is nonnegative, also
— /fO ugs(8)I(x)ds > 0.
Integrating by parts, expression (A.4) is equivalent to
(AS) [0 IO+ [ 1005) (@) = P () ds 2 0

By (A.4), the first term is equal to 0. Then again integrating by parts, we get

(A6) [t(s) (Pi(s) — Pry1(5))] 7 — /OO u(s) (@r(s) — grr1(s)) ds > 0.

It is directly verifiable that the first term is equal to 0. Therefore, inequality (A.4) can be
rewritten as:

(A7) -/ " u(s) (r(5) — g () ds = 0,

s0 [ u(s)(pk(s) — @r+1(s))ds is non-positive, which proves the statement. With the same rea-
soning, the case in which u is positive valued and convex leads to the reverse inequality. O

CoROLLARY 6. If statistic s is stable and satisfies SOSD, then Vari;(s|o, P) < Vari(s|o, P).

Proor. We have that
Va0, P) = [ £+ u(s) ds = (Ei(s))"

So, when s is stable, (E(s))* remains constant, and since s? is convex, we get the result from
the previous Lemma A.1. O

LemMA A.2. If the statistic s is FOSD increasing, and u(-) is a positive valued nondecreasing
(nonincreasing) function, then

(A.8) fu(s) - @k41(8) ds = (<, respectively)) / u(s) - gk(s)) ds
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with strict inequality if u(-) is strictly increasing (decreasing). If the sample statistic s is FOSD
decreasing, and u(-) is a positive nondecreasing (nonincreasing) function, then

(A9) fu(s) - @k+1(s) ds < (=, respectively)) / u(s) - r(s)) ds

with strict inequality if u(-) is strictly increasing (decreasing).

[e.¢]

Proor. Integrating by parts [°. u(s)(Pk(s) — Pr41(s))dy. we have that:

/ " Ua(5) (@(s) — Dira(5)) dy = — / " u(s) (k(5) — e (5)) ds

o0 —

(see the proof of Lemma A.1, Equations (A.5) and (A.6)). So, a sufficient condition to deter-
mine the sign of

[ " 4(5) (@1 (5) — u(s)) ds

oo

is the sign of the integral on theLHS. |

When statistic s is FOSD increasing and u(-) is nondecreasing (nonincreasing), we have
that (®x(s) — Pr1(s)) > 0 and u(s) > 0 (uy(s) < 0) for every s so the integral on the LHS is
nonnegative (nonpositive). Moreover, if u(-) is strictly increasing (decreasing), we have that
us(s) > 0 (us(s) < 0) for every s so that the integral on the LHS is strictly positive (negative).
The second part of the lemma is proved in a similar way and it is omitted

A.3 Proof of the Propositions. We first prove the technical results of Lemma 1, then we
use it as a lemma to prove Proposition 1. Finally, we prove Proposition 5.

Proor oF LEMMA 1 (PAGE 12). Suppose the quantity in (7) is nonincreasing in k. To compute
x;, we need to maximize the expectation of (1). Applying Leibniz’s rule, the first-order condi-
tions are:

0 . o .,
B[ 6155.0) | = (e,
or equivalently

[ £ (L y) - 015, P) dy = e,(x)).

Since f, and c, are both strictly positive, and they are both strictly monotone with different
sign, there is a unique xj, € R that satisfies the equality. If this x; € X, then o = xj is a pure
strategy. However, this x; could not be an element of &. In this last case, the optimal o}
should play one of the two (possibly both), leftmost x;~ or rightmost x;*, elements of X' clos-
est to x} in R. If x;~ and x;* give different expected payoffs, then o} would be a pure strategy
playing the best one of the two. Only in the case in which x;~ and x;" give the same payoff,
then any randomization o, between these two points would be an optimal best response.
Using an equivalent argument, we can state that

[ fr (Kt y) - 0k 16 P) dy = ex(xk).

o0
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Note that the two LHS of the FOCs are the expectation in (7) rewritten for agents with, re-
spectively, degree k and k + 1. Given that expectation (7) is not increasing w.r.t. k, by assump-
tion, it directly follows that c,(x}, ) < ci(x}). By assumption on c(x), since x; ; and x are at
the intersection of strictly monotone curves, it follows that x| < xj .

If xj, | = x; for all k, then the strategy is all equal. If instead x; , < x; for some k, then
there are four cases, depending on whether x,; and xj are members of xj ¢ X'. Only if any of
the two is not in X’ and the quantity in (7) is not locally strictly monotone, then we could have
equality of best response strategies. This proves that if the quantity in (7) is nonincreasing in
k, for every x € X, then in every symmetric Bayesian Nash equilibrium of the network game,
the optimal action ¢* is either all equal or FOSD nonincreasing in k. The reverse inequality
can be proved analogously. O

Proor of ProrosiTioN 1. Let s be FOSD increasing . If fi; > 0 by Lemma A.2, we have
that the quantity (7) is strictly increasing in k. Then, by Lemma 1, it directly follows that o*
is FOSD increasing or all equal. Note that as the quantity (7) is nondecreasing in k, FOCs
require that c,(x;, ) > c.(x}) that implies that xj_, > x;. If ¢, (.) = 0 again FOCs require
Xj4q = Xj, because fy is not decreasing . This proves point (a). When s is weakly FOSD in-
creasing it is directly verifiable that quantity (7) is constant w.r.t. k for all equal o. Then FOCs
require xj,; = x;. This proves point (b).

Point 2. Let s be stable and converging. The derivative with respect to x; of i’s expected
payoff J-TIf (x;, &) = [° fu(x,s) - gi(5], P) ds. If fiis > 0 by Lemma A.1, we have that
the derivative is decreasing in k. Then, by Lemma 1, it directly follows that ¢* is FOSD de-
creasing. If fi;; <0 by Lemma A.1, we have that the derivative is increasing in k. Then, by
Lemma 1, it directly follows that o* is FOSD increasing.

Finally, if f.;s = 0, again by Lemmas A.1 and 1, then o* is stable in k. O

Proor of ProposiTioN 2. Assume an all equal strategy profile &'. It can be represented by a
linear combination of two nonequal strategy profiles, that is, & = %5/ + %6’”, where ¢’ and &”
are not all equal strategy profiles. Therefore, for an agent of degree k, the posterior distribu-
tion for the statistic s will be:

— 1 —/ 1 —//
vi(s|o, P) = zwk(SIo .P)+ §<pk(SIa , P),

and the derivative with respect to x; of i’s expected payoff, [* fi(x,s) - ¢x(s|&, P) ds, can be
written as follows:

(A.10) : / " s) (sl P) ds 3 / R (es) - gu(sla” P) ds.

Part 1. Let s be FOSD weakly increasing. Conditional on either 6’ or ¢” to be played, statis-
tic s is FOSD increasing. Then if fi; > 0 by Lemma A.2, we know that both terms of (A.10)
are increasing in k. By Lemma 1 directly follows that o* is FOSD increasing in k. If fi; <0
by Lemma A.2 we know that both terms of (A.10) are decreasing in k. Then, by Lemma 1, it
directly follows that o* is FOSD decreasing. Following similar steps for the case of an FOSD
weakly decreasing s we can show that ¢* is either FOSD increasing or FOSD decreasing for,
respectively, fis < 0 and f; > 0. This eliminates the possibility to have an all equal equilib-
rium in mixed strategies

Part 2. Let s be stable and weakly satisfying SOSD. Conditional on either 6" or ¢” to be
played statistic s satisfies SOSD. If f,; > 0 by Lemma A.1, we have that both terms of (A.10)
are decreasing in k. Then, by Lemma 1, it directly follows that ¢* is FOSD decreasing. If
frss < 0, by Lemma A.1, we have both terms of (A.10) are increasing in k. Then, by Lemma 1,
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it directly follows that ¢* is FOSD increasing. This eliminates the possibility to have an all
equal equilibrium in mixed strategies O

Proor oF CoroLLARY 3. Let denote a totally mixed strategy a strategy profile in which ev-
ery pure strategy is played with (eventually small) positive probability. Then following the
proposition 8.F.1 in Mas-Collel et al. (1995) to prove this corollary, we need to show that an
all equal equilibrium is never a best response to any sequence of totally mixed strategy con-
verging to it. Therefore, it is enough to prove that an all equal equilibrium strategy never is
a best response to any totally mixed strategy profile. Indeed, if the totally mixed strategy is not
all equal, the proof of Proposition 1 shows as the expected marginal revenue is not constant
with respect to k; otherwise, if the totally mixed strategy is all equal, the proof of proposition
2 shows that the expected marginal revenue is not constant with respect to k. These two re-
sults together with Lemma 1 are enough to state that an all equal strategy profile cannot be a
best response to any totally mixed strategy for all k. O

Finally, we prove Proposition 5, that relates our result with those in NG.
Proor oF ProposITION 5 (PAGE 22). For every y in R, we have that
®[yls, k] = Prob [¥ € X* :s(¥) < y],
and
®[yls. k + 1] = Prob [¥ e X 1 5(x) < y].

Consider the operator o : X**! — X**1 that takes a random element of ¥ (with uniform
probabilities) and puts it to 0. Then, also E[s o op(-)] is a statistic (as it is anonymous), and by
monotonicity of s, it is always the case that s(X) > E[s o 0p(X)]. Note also that it is probabilis-
tically the same to extract with uniform probabilities k elements, or to extract k + 1 elements,
and then, remove randomly one of them. So, we have that for every y

Byls, k +1] = @[YIE [s 0 09()], k + 1] = @[yls, k],

which proves the statement. |
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