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The paper proposes a novel input—output approach to characterize the dynamical properties of
a class of circuits composed by a linear time-invariant two-terminal element coupled with one
of the ideal memelements (memory elements) introduced by Prof. L. O. Chua, i.e. memristors,
memcapacitors, and meminductors. The developed approach permits to readily determine the
conditions under which the dynamics of any circuit of the class admits a first integral. It is
also shown that the circuit dynamics can be obtained by collecting the dynamical behaviors
displayed by a canonical reduced-order input—output system subject to a constant input of any
amplitude. Notably, the reduced-order system exactly describes the dynamics of a circuit forced
by a constant generator and with a nonlinear memoryless element in place of the memelement.
The relation between the proposed input—output approach and the available state space ones
(e.g. Flux-Charge Analysis Method (FCAM)) is also addressed. The main result is that explicit
expressions of the invariant manifolds can be directly obtained in the voltage—current state space.
Finally, it is shown how the approach also applies to circuits which contain forcing generators. It
is believed that the proposed input—output approach can be a useful alternative to state space
methods for studying multistability and control issues.

Keywords: Memristive circuits; input—output representation; nonlinear dynamics; invariant man-
ifolds; multistability.

element introduced in 1971 by Prof. L. O. Chua
|. More recently, an increasing interest

Packard of memristor (memory resistor) in 2008

IStrukov et all, [2008] generated a strong renewed

worldwide interest in the fourth fundamental circuit

TAuthor for correspondence

has been devoted also to memcapacitors and memin-
ductors, the elements proposed to model memory

effects for capacitors and inductors [Di Ventra et alJ,
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M] This is witnessed by the number of contribu-
tions concerning physical modeling, theoretic anal-
ysis, simulations, implementation and applications
of memcapacitors and meminductors [Pershin &

Di Ventra, 2011; Radwan & Fouda, 2015; [Pei et all,
12015; Biolek et all. 2011} [Li et al], 2013; Biolek et all.
2013; (Georgiou et all, 2018]

Memristors, memcapacitors and meminductors,
which are also termed memelements, have rapidly
gained a prominent role as completely new electri-
cal components with unconventional functions and
dynamics that are capable of outperforming similar
CMOS implementations to sustain the growth of
the electronics industry at the end of Moore’s law
[Waldrop, 2016; Williams, 2017; [Zidan et all, 2018].
On-chip memory, biologically inspired computing
and in-memory computing, i.e. the integration of
storage and co utatlon in the same physical loca-
tion ﬂ%m , are categories that are expected
to significantly beneﬁt from memelement develop-
ments. This is in turn particularly relevant to future
computing needs as cognitive processing, big-data
analysis and low-power intelligent systems based on
the Internet of Things. A new era for computational
systems can be foreseen based on new analogue
and non-Boolean computational schemes for real
time processing owing to the possibility of attain-
ing via the use of memelements high bandwidths
with much reduced power consumption [Mazumder

et al., 12012; [Tetzlafl, 2014; |Adamatzky & Chua,
2014; Mvaversa & Di Ventrd, 2015; (Chud, 2015
Perez—TQmaé, 2019).

This huge interest towards the use of memele-
ments in several applications has motivated the
need to deeply understand the dynamical proper-
ties of circuits containing these memory elements.
Indeed, it has been well established that the state
space of circuits containing ideal memristors is “foli-
ated”, i.e. it can be decomposed in a continuum
of invariant manifolds where the circuit dynamics
is described by a reduced order system. Specifi-
cally, in [Amador et all, [2017; [Ponce et all, 2017
it is shown that the dynamics of a third order
memristor circuit admits a first integral in the
current—voltage domain and hence it can be equiv-
alently described by a family of second order sys-
tems indexed by an additional constant parame-
ter. Notably, the existence of a first integral implies
that the second order systems have a smoother
vector field, which is a useful property when the
memristor has a piecewise linear characteristic. In

Corinto & Forti, 2016, 201 ﬂ] a more systematic

technique has been proposed to investigate circuits
containing ideal flux- or charge-controlled memris-
tors. The technique, which is referred to as the
flux-charge analysis method (FCAM), provides an
equivalent state space description of memristor cir-
cuits in the flux-charge domain, which is indeed
shown to be a more natural domain than the
voltage—current one for a deeper understanding of
the circuit dynamics. In both cases, the dynamics of
the original memristor circuits can be equivalently
described by a family of state space reduced-order
systems indexed by some constant parameters (usu-
ally, one for each memristor), whose values depend
on the initial conditions of the memristor circuit
and uniquely identify the specific invariant mani-
fold. Hence, changing this parameter (i.e. the initial
conditions) implies changing the invariant mani-
fold where the memristor circuit can display either
convergent, or oscillatory, or even more complex
behaviors. This dynamical richness of ideal memris-
tor circuits is often referred to as “extreme multista-

bility” [Li_et all, 2014; [Scarabello & Messias, 2014;
Messias e all, 2010 Bao ef all, 2016; Yuan ef al,
2016h; |Qh.angj_t_al.|, |2Q1£j and involves the so-called

“bifurcations without parameters” phenomenon,
i.e. bifurcations which are induced without varying
the system parameters [Fiedler et _all, 2000; Cor-
into & Forti, DDH] More recently, FCAM has been
extended to much broader classes of circuits con-

taining more than one memristor |[Corinto & FQrﬂ,
2018; [Chen et all, 2020] as well as memcapacitors
and meminductors "Coplnto et_all. 12019:; Rajagopal
ot al.. 018, Nuan of o, 20160, Voo of 2l BOLGH)
Also in this case, it is shown that the orlglnal circuit
can be equivalently described by a family of state
space reduced-order systems indexed by a number
of constant parameters, usually equal to the number
of ideal memelements.

Several contributions make it clear that cir-
cuits containing memelements are able to display a
rich variety of multistability phenomena ﬂﬁaﬁ'

2014; [Scarabello & Messias, 2014; Messias et _all,
2010 [Bag_et_qll. [2016: Yuan_ef_all. 20164: Yuan
et al., M m Rajagopal et all,
2018, Varshuey ef_all, [2018; Corinto et all, 2019
Yuan et gl], I2Q19, Wang et alJ, lZQ]_Q, tha.ugj_t_aﬂ,
2019; [Chen et al, 2020; [Zhang et all, 12019]. To this
respect, it is worth noting that multistability con-
trol is a field of general growing interest (see, e.g.

[Pisarchik & Feudel, 2014] and references therein),
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also for its connection to the development of new
computational paradigms, such as reservoir com-

uting , 2011 lJensen & Tufte,
[ﬁ] Indeed, some multistability control aspects
have been recently considered for targeting the
memristor circuit state space towards the attractors
contained in one of the invariant manifolds [Chen
et al., 2018; (Corinto & Forti, 2018; Di Marco et all,
M] as well as to mimicking neuron dynamics via a
Murali-Lakshmanan—Chua memristor circuit [Inno-
centi et al., 2019a].

In this paper, an input—output approach is
developed for a systematic analysis of the dynamics
of classes of circuits containing ideal memelements.
Besides being the natural counterpart of state space
methods, input—output approaches allow for a thor-
ough use of the several frequency domain tools avail-
able for analysis and control purposes. Some pre-
liminary results in this direction have been already
obtained in ﬂDLMar_@J_t_aU, 2018; nnocenti et al,

| for the prediction of limit cycles and their
bifurcation in both forced and unforced circuits
containing one ideal memristor via the Harmonic
Balance Method (HBM). In Sec. I the considered
class of circuits, which is composed of the inter-
connection of a linear time-invariant two-terminal
(one port) element and a single ideal memelement,
is described. Specifically, the linear element can con-
tain linear R, L, C' components and ideal opera-
tional amplifiers and controlled generators, while
the memelement can be a flux- or charge-controlled
memristor, a flux- or charge momentum-controlled
capacitor, a flux momentum- or charge-controlled
inductor. The problem of developing an input—
output description of the considered class of circuits
for each one of the six memelements is addressed
in Sec. It is shown that any circuit can be
equivalently represented via a canonical reduced-
order input—output system, thus implying that the
circuit dynamics admits a first integral. Specifi-
cally, the reduced-order system is composed of an
internal feedback interconnection between a linear
dynamical subsystem and a nonlinear memoryless
one, plus a feedforward linear dynamical subsys-
tem driven by an external constant input. It turns
out that the linear subsystems are characterized by
either the impedance or the admittance of the lin-
ear two-terminal element, while the nonlinear sub-
system is described by the characteristic of the
memelement. This again highlights that the flux-
charge domain is the natural ground for obtaining

the reduced-order representation. Section Ml relates
the developed input—output representation with the
state space one. Specifically, it is shown how for
each considered circuit the relative invariant man-
ifolds can be analytically computed via a suitable
state space realization of either the impedance or
the admittance of the linear two-terminal element.
Section [3] considers the extension to the case when
the linear two-terminal element also contains exter-
nal generators, by showing that this simply requires
to add feedforward linear dynamic subsystems to
the canonical reduced-order input—output system
developed in Sec.[3 Several examples are presented
throughout the paper to illustrate the features of
the proposed approach.

2. Class of Circuits Description and
Problem Formulation

In this section, we introduce the considered class of
circuits and formulate the problem of interest. The
class of circuits is assumed to contain linear ele-
ments and one ideal memelement. Specifically, it is
composed of a finite-dimensional causal linear time-
invariant two-terminal (one port) element L, with
voltage vy, and current iy,, and an ideal memelement
ME, with voltage vy; and current 7y, as described
in Fig. [l Clearly, we have vy, = vy and if, = —iyy.

2.1. The linear two-terminal
element L

The two-terminal element L can be either a passive
circuit containing only linear resistors, capacitors
and inductors or an active one including also ideal
operational amplifiers and controlled generators. In
both cases the impedance and admittance of L
are real rational functions of the complex variable
but in the passive case they are subject to some
restriction (see Remark 2.1]). The case where L also

i1,

)
- A\ .
uL l’LM

UM

O

Fig. 1. The class of circuits.
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Fig. 2. (a) Current-voltage model ML; ,

contains external generators will be considered in
Sec. Bl

Two different finite-dimensional causal linear
time-invariant input—output models can be adopted
for L: the current-voltage model ML, ,,, where i,
and vy, are the input and the output of L, respec-
tively; the voltage-current model ML, ;, where
v, and 7, are the input and the output of L,
respectively. Models ML; , and ML, ; are depicted
in Fig. @ and formally defined below, where D
denotes the differential operatmEl (i.e. Df(t) = f(t),
D2f(t) = f(t), and so on).

Definition 2.1. The current-voltage model ML; ,,
is described by input—output relation

vL(t) = L;i(D)iL(t), (1)
where
L(D) = 1) )

is a proper real rational function and P;(D), R;(D)
are coprime polynomials of order n;, i.e.

Pi(D) = D" + p,, 1D ' + - 4+ p1D + po,

Ry(D) = 1o, D" + 1,1 D" 4 - 1D A+ 1.

(3)
Definition 2.2. The voltage-current model ML, ;
is described by input—output relation

iL(t) = Ly(D)vL(?), (4)
where
L(D) = ) )

is a proper real rational function and P,(D), R, (D)
are coprime polynomials of order n,, i.e.

Py(D) =D"™ + pp,1D"™ ' + -+ p1D + po,
Ry(D) = r,, D™ + Tnvflpnvil 4+ -4+ rD+rg.

(6)

1Thlroughout the paper, the inverse operator D™
for the value of D f(t) at t = tg.

Lis the integral operator (i.e. D~Lf(t) = ffoo

vV, ————

and (b) voltage—current model ML,, ;.

Remark 2.1. If s denotes the complex variable,
then L;(s) is exactly the equivalent impedance of
L, while L,(s) is the equivalent admittance. This
implies that L;(D) and L,(D) are such that

Li(D)L,(D) =1 (7)

and, therefore, either only one between L;(D) and
L, (D) is strictly proper, or L;(D) and L,(D) are
both proper but not strictly proper. Moreover, if L
is a passive circuit, i.e. it contains only resistors,
capacitors and inductors, then the impedance L;(s)
of ML;, and the admittance L,(s) of ML, ; are
constrained to be positive real ﬂﬁEL 2002]. This
implies that the relative degree of L;(s) and L,(s)
cannot exceed one, ie. 1,1 # 0 and r,,_1 # 0.
Hence, to have a relative degree greater than one
L must be an active circuit, i.e. it must contain
also ideal operational amplifiers and/or controlled
generators.

Remark 2.2. Observe that Eqs. (Il) and () can be
equivalently written as —wvr(t) = L;(D)(—iL(t))
and —ir,(t) = L,(D)(—vy(t)), respectively. This for-
mulation will be exploited in Sec.

Remark [2J makes it clear when ML;,
and ML, ; can be used to ensure that L is a
finite-dimensional causal linear time-invariant two-
terminal element.

Proposition 1. Let L;(D) be strictly proper, i.e.
rn, = 0. Then, L is uniquely described by ML; ., and
iL(t) and vr(t) obey the following linear time-
inwvariant ordinary differential equation

P;(D)vr(t) — Ri(D)in(t) = 0. (8)
Let L,(D) be strictly proper, i.e. rn, = 0. Then,
L is uniquely described by ML, ; and vy (t) and

ir(t) obey the following linear time-invariant ordi-
nary differential equation

P(D)i(t) — Ry(D)or,(t) = 0. (9)

f(r)dr) and th(to) stands

2050110-4



Int. J. Bifurcation Chaos 2020.30. Downloaded from www.worldscientific.com
by 79.20.80.175 on 07/01/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Input—Output Characterization of the Dynamical Properties of Circuits with a Memelement

Let L;i(D) and L,(D) be proper but not strictly
proper, i.e. o, # 0 and r,, # 0. Then, L is
described by both () and (9).

The following assumption concerns the struc-
tural properties of controllability and observability
enforced on L.

Assumption 2.1. Model ML, , is completely con-
trollable and observable from input 7y, and out-
put vr,. Model ML, ; is completely controllable and
observable from input vy, and output ir,.

Remark 2.5. Assumption 2] ensures that the dif-
ferential equations (§) and (@) completely describe
the internal dynamics of L. In particular, it turns
out that ML, , and ML, ; admit equivalent state
space representations of orders n; and n,, respec-
tively (see Sec. H).

Some examples of passive or active L are
reported in Fig. [3] and discussed below.

Example 2.1. Let us consider the passive two-
terminal element of Fig.[3(a). It can be verified that

Ry i
—AAMAA o
C, T ve,

Cin
Ry
@]
| |
L AAMAA o
I
R;
w, 11117
(d)
e - Cy Ry

Rz vy,

777777
(e)

Fig. 3. Examples of (a)—(c) passive and (d) and (e) active two-terminal element L.
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the equivalent impedance L;(s) is such that

R
Ipy 2
Li(D) = —C—LC . (10)
D? D —
TI77Ic

Hence, according to Proposition Il L is modeled by
the current—voltage model ML; , and the differen-
tial equation (&) becomes

(D?+RD+E%) @y—<éD+£%>'@
= 0. (11)

Example 2.2. Consider the passive circuit of
Fig. B(b). It turns out that the equivalent admit-
tance L,(s) is such that

1
D
LlD) = ——f—— (12)
DIt D 4 o
TV Io

Hence, according to Proposition Il L is modeled by
the voltage—current model ML, ; and the differen-
tial equation (@) boils down to

(D?+RD+E%)'(y—%Dw@y:Q (13)

Example 2.3. For the passive circuit of Fig. Bl(c),
the equivalent impedance L;(s) and the equivalent
admittance L,(s) of the network L are such that

R PR R
Li(D) LI (14)
R+ R; 1
D2+ ——D+ —
L LC
1 R+ R; 1
—D*+ "D+
R; R;L R, LC
Ly(D) = . (15)
2 _ R
D= + LD + C

Hence, according to Proposition [Il L can be mod-
eled by both M/L; , and ML, ; as

(16)

and
R 1
D? TP+ 75 )it
( + +LC) ()
1 R+ R; 1
_ _D2 D t) =
<RZ + R;L +RLC> (1) =0,
(17)
respectively.

Example 2.4. The circuit of Fig. B(d) is active
since it contains one ideal operational amplifier. It
can be verified that the equivalent impedance L;(s)
is such that

_ Ra
P R R;C1Co
RlRiCl RlRiCICQ
(18)

According to Proposition [Il in this case L is mod-
eled by ML;,, and (8) becomes

Ri+ R+ R; 1
<D2+ LD 27 Mpy >vL(t)

RlRZCl RlRiCICQ
Ry .
——— i,(t) = 0. 19
rrcc, (19)

Example 2.5. Consider the active circuit of
Fig. Ble). In this case the equivalent admittance
L,(s) is such that

1
_ RiRyR3C1Cy
Ly(D) = D2+Cl+02 Ry + Rs+ Ry~ (20)
R1C1Cy RiRyR3C1Cy

Hence, according to Proposition [I], L is modeled by
ML, ; and (@) becomes

Ci1+Cy
D? D
( TROG T

Ro+ Rz + Ry in(t)
R1RyR3CCYy

1
_<RJEEZﬁ3>mﬁ):O (21)

2.2. The memelement ME

The memelement ME in Fig. 0 can be any of
the following six memelements 2009 (reaf-

firmed 2013); (Corinto et al, ]: (1) a flux-con-
trolled memristor MR,; (2) a charge-controlled

2050110-6
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memristor MR; (3) a flux-controlled memcapaci-
tor MC,; (4) a o-controlled memcapacitor MC,;
(5) a charge-controlled meminductor MLgy; (6) a
p-controlled meminductor ML,. The definitions of
these memelements are recalled below and involve
the flux ¢as, the charge gas as well as their time inte-
grals. The time integral of the flux (or flux momen-
tum) is defined as

t
pu®) = [ oulrdr =D lu(t) (22
and in the differential form

om(t) = Dpr(t). (23)

Analogously, the time integral of the charge (or
charge momentum) is defined as

op(t) = / qu(T)dT = DilqM(t) (24)

and in the differential form
qm (t) = DJM(t). (25)

e A flux-controlled memristor MR, is described by
the nonlinear flux-charge characteristic ¢ : R — R
relating the flux ¢,s and the charge gas as follows:

av = 4(pm). (26)

In the voltage—current domain the dynamics of
MR, obeys

{DwM(t) =om(t),
iv(t) = § (oar(t))on(t),

where the derivative ¢’(pas) is known as the mem-
conductance of the memristor. Note that MR, is

(27)

PYm am
vy — D H—4(+) > D —> iy

(a)

YM oM qm
UM — D {5 (") > D > D =iy
(c)
¥YM PM qm
UM — D D 1) —> D —>in

modeled by a first order causal time-invariant non-
linear system with input vy, output i, and state
©ar. The block diagram representation of (21) is
depicted in Fig. [@f(a).

e A charge-controlled memristor MR, is described
by the nonlinear charge-flux characteristic ¢ : R —
R relating the charge gs and the flux ¢y as follows:

om = ¢(qnr). (28)

In the voltage—current domain the dynamics of
MR, obeys

(29)

where the derivative ¢'(qps) is known as the mem-
ristance of the memristor. Note that MR, is mod-
eled by a first order causal time-invariant nonlinear
system with input 7,7, output vy and state gas. The
block diagram representation of (29) is depicted in
Fig. d(b).

e A flux-controlled memcapacitor MC,, is charac-
terized by the nonlinear characteristic 6 : R — R
relating the flux s and the charge momentum o
as follows:

om = 6(pm). (30)
In the voltage—current domain MC, obeys

Don(t) =vm(t),
am(t) = &' (em(t))vm(t), (31)
ZM(t) = DqM(t),

where the derivative &'(¢p) is known as the
memcapacitance of MC,. Note that the first

qm YM
ivy — D o) D — vum

(b)

qm oM PM
ing — DD 1—o() > D —> U
(d)
qm PM YM
iv—>D ' —>p()—> D > D —>"'M

Fig. 4. Block diagram representations: (a) MRy, (b) MRg, (¢) MCy, (d) MCy, (¢) ML, and (f) MLg.

2050110-7
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two equations represent a first order causal time-
invariant nonlinear system with input v,s, output
qu and state @pr, while the third equation provides
iy as the output of a pure derivative system with
input gas. The block diagram representation of (1)
is depicted in Fig. @l(c).

e A o-controlled memcapacitor MC, is described
by the nonlinear characteristic ¢ : R — R relat-
ing the charge momentum o), and the flux ¢,; as
follows:

oy = lon). (32)

In the voltage—current domain the dynamics of
MC, obeys

DqM (t) = iM(t), (33)
(

where the derivative ¢/(op/) is known as the inverse
memecapacitance of MC,. Note that MC, is mod-
eled by a second order causal time-invariant non-
linear system with input i, output vys and state
variables o and gas. The block diagram represen-
tation of ([B3)) is depicted in Fig. @{d).

e A p-controlled meminductor ML, is characterized
by the nonlinear characteristic ¢ : R — R relat-
ing the flux momentum py; and the charge gqp; as
follows:

am = q(pm). (34)

In the voltage—current domain ML, obeys

Dpm(t) = pum(t),
Dom(t) = vm(?), (35)
iv(t) = q (pa(t))enr(t),

where the derivative ¢'(pas) is known as the inverse
meminductance of ML,. Note that ML, is mod-
eled by a second order causal time-invariant non-
linear system with input vys, output ip; and state
variables pys and ¢jar. The block diagram represen-
tation of (BH) is depicted in Fig. d(e).

e A charge-controlled meminductor ML, is charac-
terized by the nonlinear characteristic p : R — R
relating the charge ¢ps and the flux momentum pjys
as follows:

pyr = p(qur)- (36)

In the voltage—current domain ML, obeys

Dan(t) = in (1),
om(t) = 0 (qnr(t))ing (), (37)
oM (t) = Dopum(t),

where the derivative ' (qps) is known as the memin-
ductance of ML,. Note that the first two equations
represent a first order causal time-invariant nonlin-
ear system with input 7,7, output s and state qay,
while the third equation provides vys as the output
of a pure derivative system with input ¢ps. The
block diagram representation of ([B7) is depicted in
Fig. E(f).

Throughout the paper, it is assumed that the
nonlinear characteristics 26)), 28), BQ), 32)), 34,
(B8) vanish as the argument is equal to zero. Also,
it is enforced that they are as smooth as needed to
ensure existence and uniqueness of the solutions of
the system of differential equations describing the
dynamics of the class of circuits of Fig. [

2.3. Problem formulation

We are interested in studying the dynamics of the
class of circuits of Fig. [[l where ME can be any of
the six memelements considered in Sec. In this
respect, from Fig. [ it follows that the input and
the output of each ME are clearly well defined.
This implies that, since vy, = vy and i, = —iyy,
the class of circuits of Fig. [ admits six input—
output feedback representations in the voltage—
current domain, each one pertaining to a given
memelement. Specifically, the representations cor-
respond to interconnecting the memelements MR,
MC, and ML, with the current-voltage model
MUL;, [see Fig. Bla)] and the memelements MR,
MC, and ML, with the voltage-current model
ML, ; [see Fig. BIb)]. Note that for the systems
of Fig. Bl(b) the input and the output of ML, ; are
indeed —vy, and —ir, (see also Remark 2.2)), respec-
tively. Clearly, the dynamics of each representation
is completely described by either the differential
equation (8) or the differential equation (@) plus
the dynamical relations pertaining to the considered
memelement ME [i.e. (27) for MR, (29) for MR,
BI)) for MC,, and so on].

Our aim is to find the most simple input—output
description of the dynamics displayed by each one
of the six representations of Fig. Bl In Sec. 3, we
show how a canonical reduced order input—output
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1 UL
O—> Li(D)
X
| o
M | MR, / MC,, / ML, |

(a)

O] L.(D) L

A

VM )
MR, / MC, / ML, [«

A

(b)

Fig. 5. Input-output feedback representations in the voltage—current domain: (a) ML;, with MRy, MCy, and ML, and

(b) ML, ; with MRy, MC, and MLy

representation, able to completely describe the
sought dynamics, can be found in the flux-charge
domain. Specifically, the dynamics of each one of the
six representations of Fig. Bl can be exactly obtained
by collecting the dynamics of a family of reduced
order nonlinear differential equations involving only
the variable used for controlling the memelement,
i.e. the flux ¢y for both MR, and MC,, the
charge gy for both MR, and ML, the flux
momentum py; for ML, and the charge momen-
tum o s for MC,. The relation of this input—output
approach with the state space one developed in
Corinto et all, 12019] is discussed in Sec. @l Finally,
Sec. [0l deals with the extension to the case where L
also contains generators.

3. A Canonical Reduced Order
Input—Output Representation
of the Class of Circuits

In this section, we focus on the possibility of describ-
ing the dynamics of each one of the six feedback
representations of Fig. [l via that of the canonical
input-output system ¥ depicted in Fig.[f, where the
external input 7 is assumed to be any constant value
(i.e. 7(t) = Xo, Xo € R). It is worth observing that
> has an internal feedback interconnection between
the linear subsystem Lj(D) and the nonlinear sub-
system described by the function n(-), while Lo(D)
is a feedforward linear block driven by the exter-
nal constant input r. A lot of attention has been
devoted in the literature to the study of dynamical
properties of systems enjoying this structure, due
to its connection with the celebrated Lur’e control

problem (see e.g. [Khalil, 2009)).

Specifically, in the next three subsections, we
show that each one of the six feedback represen-
tations of Fig. admits an equivalent descrip-
tion via the canonical system >, where the system
output y and the nonlinear function n(-) of ¥ are
the controlling variable and the nonlinear charac-
teristic of the considered ME (i.e. the flux ¢ps
and the flux-charge characteristic ¢ for MR, and
so on), while the rational functions L;(D) and
Ly(D) depend on L;(D) for the feedback inter-
connections of Fig. Bla) and L,(D) for those of
Fig. BIb). Memristors MR, and MR, are con-
sidered in Sec. Bl while Sec. deals with
MC,, and MC,, and Sec.[3.3is devoted to ML, and
ML,. Finally, Sec. 3.4 summarizes the obtained
results.

n(y)

n() e

Fig. 6. System X: a canonical input—output representation
of the class of circuits.
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3.1. The case of ideal memristor

Consider the class of circuits of Fig. [l with MR, as
ME. Exploiting (§)) and (27]), it turns out that the
relative representation of Fig. Bl(a) is governed by
the system of differential equations

{R(D)UM(t) + Ri(D)inm(t) =0,
Dom(t) =vm(t),

with ips as in the second equation of (27)). The next
result holds true.

(38)

Proposition 2. Consider the class of circuits of
Fig. [0 with MR, as ME and L such that L;(D) is
strictly proper, i.e. r,, = 0, and let Assumption [2]]
hold. Then, the dynamics of the class of circuits is
completely described by the one-parameter family of
differential equations of order n;

o [R@en) + RiD)iten0) = 2,
% | ol e R,
(39)

Proof. We first observe that Assumption 21
ensures that ([B8) completely describes the internal
dynamics of the considered class of circuits. Then,
since ip; = Dqpy, it can be verified that the system
of differential equations (B8] is equivalent to the fol-
lowing single differential equation of order n; + 1

P (D)Don(t) + Ri(D)Dam(t) =0,  (40)

where qar(t) = G(en(t)) according to (26). More-
over, the condition r,, = 0 ensures that the solu-
tions of (A0), and hence of (BY), are uniquely
determined by the initial conditions @as(to), var(to),
Dups(to), ..., D% tup(tg). Now, it turns out
that ([#0) can be equivalently rewritten as

D(Pi(D)pn(t) + Ri(D)gum(t)) = 0. (41)
This implies that the scalar variable
(1) = Pi(D)pu(t) + Ri(D)gua(t)
= Fi(D)pu(t) + Ri(D)d(pm () (42)
is constant over time, i.e.
R (1) = dB)(tg) = & vty  (43)

which is exactly the differential equation defining
by - To complete the proof, it remains to show
0

that <I>(()R) must assume any real value to ensure

that X p( generates all the solutions of the system
0

of differential equations (B8]). Observe that CD(()R)
depends on the initial conditions ¢ar(to), var(to),
Dups(to), - .., D" Loy (to) of B]) as follows

n;—2
o = D" Loy (t) + > prarD v (to)
h=0
n;—1
+poenr(to) + Y rnD"q(enr(to)).
h=0

(44)

Also, it can be verified that 37" r, D (o (to))
does not depend on D% luy(tg) but only
on (pM(t()), UM(t()), DUM(t()), - ,’Dmfva(t()), and
hence <I>(()R) can be written as

(I>((JR) — Dm_lvM(to) + ng(@M(tO)va(tO)’

Do (to), ..., DV 2oy (to)) (45)
with
FW(QOM(to), 1}]\4(750)7 DUM(to), L. ,Dni_QUM(to))
n;—2
= Z pha1D oar(to) + povar(to)

h=0
n;—1

+ > rD"lpu(to))- (46)
h=0

This implies that the solution of ¥ s with
0

initial conditions @as(to), wvar(to), Duvar(to),- .-,
D"i2uyr(tg) is exactly the solution of the system
of differential equations ([B8]) with initial conditions
(pM(t()), UM(t()), DUM(t()), Ceey ’Dmfl’UM(to) once

D Lop(to) = DY — Fu(on (o), var (o),
Dup(to), ..., D" Pup(to)), (47)

which in turn shows that <I>(()R) must assume any real
value. W

Remark 3.1. The proof makes it clear that (B8]
admits a first integral and thus its dynamics is con-
fined to lie in some invariant manifold according to
Egs. @2) and (@3). Indeed, this fact is related to
the well-known property that the state space of cir-
cuits containing an ideal memelement is foliated, as
it will be discussed in Sec. [l
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Remark 3.2. Note that E
described by the input— output relation

em(t) = —Li(D)q(em(t)) +

can be equivalently

(R)
D)

oW eRr, (48)

thus implying that qu(R) admits the canonical

0
input—output representation of Fig. [d once
n() = Cj()a

Ly(D) =

Y= oM, n(y) = qu,

Ly(D) = Li(D), sy o
(49)

In addition, it can be shown that this representation
is exactly that of a circuit containing a nonlinear
resistor in place of the memristor plus an additional
constant generator (see, e.g. Example B3).

Consider now the class of circuits of Fig. [l with
MR, as ME. Exploiting (@) and (29), it follows
that the dynamics of the relative representation of
Fig. B(b) is governed by

{PU(D)iM(Q + Ry(D)our(t) =0, (50)
Daur(t) = in (1),

with vy as in the second equation of ([29). In this
case, the following result holds.

Proposition 3. Consider the class of circuits of
Fig. @ with MR, as ME and L such that L,(D) is
strictly proper, i.e. ry,, = 0, and let Assumption [2]]
hold. Then, the dynamics of the class of circuits is
completely described by the one-parameter family of
differential equations of order n,

P,(D)qui(t) + Ro(D)@(qu (1) = Q5Y,

by (R)
6 () g,

(51)
Proof. The proof parallels that of Proposition
once iy, Var, qr, Y, Li(D) and ¢(-) are replaced

with var, inr, ©nr, qur, Ly(D) and @(+), respectively.
In particular, it turns out that the scalar variable

QUW(t) = Py(D)qur(t) + Ro(D)ons (t)
= Py(D)qm(t) + Ro(D)S(qum (1))  (52)

is constant over time, i.e.
QU (1) = QM (ty) = Q4

where the constant QE)R) is given by the sum of the
initial conditions D™ ~'iy/(tg) and a term depend-
ing only on the remaining initial conditions gz (o),
ZM(to),DiM(to),...,Dn“_QiM(to). [ |

Remark 3.5. Note that also (B0]) admits a first inte-
gral. Moreover, ¥ ) is equivalently described by
0

Vt>to, (53)

the input—output relation

qui(t) = — Lo (D)@ (au (t)) + Q"

Py(D)

W eRr. (54)

This implies that X QP admits the canonical repre-

sentation of Fig. [G] once
y=aqu, n()=¢(), nly)=em,

1 NG
Py(D)’ 0

Li(D) = Ly(D), La(D) =

(55)

Also in this case, there exists a circuit contain-
ing a mnonlinear resistor in place of the memris-
tor plus an additional constant generator (see, e.g.

Example B.2).

From Proposition 2 (resp., Proposition B) it
turns out that, among the two-terminal elements
of Fig. Bl MR, (resp., MR,) can be intercon-
nected only with those of Figs. Bl(a) and [B(d) [resp.,
Figs. B(b) and Bl(e)]. Three examples are now con-
sidered in some details: the first two deal with the
cases of Figs. Bla) and B(b), the third one discusses
why Propositions [2] and [l do not apply to the case
of Fig. Blc).

Example 3.1. Consider the circuit of Fig. Bl(a) with
MR, as MEFH From (I0) it follows that the reduced
order family g, in (89) amounts to

<D2 + RD + %) m(t)

+ (CD + %) dom () =2, (56)

R)

where the parameter @8 is any real number.
Proposition B ensures that each solution of the

2This circuit is the unforced version of the well-known Murali-Lakshmanan—Chua oscillatory memristive circuit (see, e.g.

[Ahamed & Lakshmanan, [2017)).
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system of differential equations ([B8]) can be recov-

R)

ered as a solution of (B6]) for a specific value of <I>g
Indeed, let vy (t) and @pr(t) be the solution of ([B),
ie.

(<D2+ RD+%> m(t)
+<CD+%)' (t) =0,

Doy (t) = UM (t)’

with ipz () as in the second equation of ([27)) and ini-
tial conditions vps(to), Dvar(to) and ar(to). Then,
it can be checked that this solution is exactly the
solution of the second order differential equation
in (BA), once CIJE)R) is given by

R 1
DY = Dunr(to) + Fom(to) + T (to)

+ 2 ilpu (o) + 5Dilpu (o). (58)

Moreover, it turns out that the dynamics of (Bf)
is exactly that displayed by the circuit of Fig. [(a)
where V' is a constant voltage generator and the
memristor is replaced by a nonlinear resistor with

INLR

ve E UNLR

INLR

|
|
L C
R m UNLR
-
\_/
I

(b)

Fig. 7. Equivalent circuits with nonlinear resistors and
additional constant generators of the memristor circuits:
(a) Example B and (b) Example B2

voltage—current characteristic §(-), i.e. igyy =
g(vrnL). Indeed, it can be verified that the dynam-
ics of this circuit obeys the following differential
equation

R 1
<DQ + =D+ LC> vRNL(t)

+ (CD + %) g(vrNL(t)) = %, (59)

which exactly coincides with (B6) once V =

‘I)(()R)LC, URNL = YM and (j() = Q()

Example 3.2. Consider the circuit of Fig. Bl(b) with

MR, as ME. From (I2]) the family ZQ“” in (B is
0

given by

(274 T2+ 7 ) () + Dot (1) = A",
(60

with QE)R) € R. Also in this case the dynamics
of @) can be exactly recovered by the circuit of
Fig. [(b), where I is a constant current generator
and the memristor is replaced by a nonlinear resis-
tor with current—voltage characteristic 7(-), i.e.
vrnr =T (irng)- Indeed, the dynamics of the circuits
obeys

(DQ + RD + L10> irnL(t) + %Df(iRNL(t)(t))
I
- L (61)

which is equal to (60) once I = Q(()R)LC, IRNL = M
and ¢(+) = 7(+).

Example 3.3. Consider the circuit of Fig. [Bl(c) with
MR, as ME. It turns out that L;(D) is proper but

not strictly proper and the differential equation ()
becomes

<D2+R+RD+L> L(t)

L LC

— (Rﬂ)? 4 B el > iL(t) =0. (62)

L LC

It can be readily verified that the dynamics of the
circuit is described by the differential equation

R+R 1

+ <Rﬂ>2 RIJ? fc) Dq(pnr(t)) Z(Z;)
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whose solutions are uniquely determined once the
initial conditions was(to), var(to) and Dups(to) are
fixed. Now, ([G3) can be equivalently rewritten as

D(<D2+RER D+%) m(t)

+(rot 4 Bip 4 B o)) ~o

(64)

from which it follows that

R+ R; 1
(D2+ 2 D+m> M (t)

RR, R;
T2 ) 7 ~
+(Rﬂ> + 7 LC) q(em(t))

= vt >, (65)

Og " = (14 Riq'(par(to)))Don(to)
F e (onlio) + Rad(ar (o))
RR;

+ (RzRi Li (o (to))

+Riq"<goM<to>>vM<to>) oni(to).  (66)

Hence, the differential equation (G3) still admits a
first integral. However, (G0 shows that, differently
from the case when L;(D) is strictly proper as in
the proof of Proposition 2 for fixed ¢ps(tg) and
va(to) the relation between <I>(()R) and Duys(tg) is
not in general invertible. Indeed, the family of dif-
ferential equations (GOl generates all the solutions
of ([63) by varying <I>E)R) € R once ¢(-) and R; are
such that 1 + R;¢'(¢) # 0, V¢ € R. It can be
shown that this condition is related to the well-
known impasse point issue, which prevents the exis-
tence of a state space representation for the circuit
(see, e.g. [Chudl, m}) Clearly, the same conclu-
sion can be reached by considering the circuit of
Fig. Bl(c) with MR, as ME.

Remark 3.4. Example makes it clear that if
L;(D) (resp., L,(D)) is not strictly proper, then
by B (resp., E (r)) does not provide an equivalent
representatlon of B8) [resp., (BO)] for all the non-
linear characteristics (26) [resp., (28)], but only for
some of them.

3.2. The case of ideal
memcapacitor

Consider the class of circuits of Fig. [l with MC,, as
ME. In this case, the dynamics of the correspond-
ing representation of Fig. Bla) is governed by

P(D)vm(t) + Ri(D)im(t) =0, (67)
where i) is obtained from ¢, and vys according

to the second and third equations in ([BII). We have
the following result.

Proposition 4. Consider the class of circuits of
Fig.[@ with MC, as ME and L such that L;(D) has
relative degree greater than one, i.e. 1y, = Ty,—1 =
0, and let Assumption [21] hold. Then, the dynam-
1cs of the class of circuits is completely described by
the one-parameter family of differential equations of
order n;

o [P@en() + DR(D)s (oui (1) = 7,
@ @(C) eR.
(68)

Proof. The proof is similar to that of Proposition [2]
once it is observed that, since iy = Dqyr = Do,
Eq. ([@7) can be equivalently rewritten as the follow-
ing differential equation of order n; + 1

Pi(D)Doum(t) + Ri(D)Dan(t)
= D(P;(D)en(t) + DRi(D)on(t)) =0,
(69)

and that the degree of DR;(D) is strictly less than
that of P;(D). In particular, according to ([B0), it
turns out that the scalar variable

() = P(D)gnr (t) + DR(D)orns (1
2 (t) + DR(D)s(pr () (70)

is constant over time, i.e.

2 (t) = () (1) = Bf”

= P;(D)p

Vit >to, (71)

where <I>(()C) is given by the sum of the initial con-
ditions D" lups(tg) and a term depending only
on the remaining initial conditions was(to), vas(to),
Dup(to), ..., D™ 2up(ty). N

Remark 3.5. Note that also ¥ () admits a first
0
integral and it is equivalently described by the
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input—output relation

L —©
B (D)0

om(t) = =DLi(D)o(pm(t)) +

o9 eRr. (12)

Hence, also 2 p(0) can be put in the form of Fig.
0
once

y=o¢m, n()=5(), nly)=ou,
Li(D) = DLi(D), Ly(D)= Pi(lD)’ r=a\.

(73)

Finally, note that Proposition H requires that the
relative degree of L;(D) is greater than one and,
hence, according to Remark[2.1], L must be an active
two-terminal input. If the relative degree of L;(D)
is equal to one, then a conclusion analogous to that
of Remark 3.4 is reached, i.e. Zé(@ does not pro-

0
vide an equivalent representation of (G7) for all the
nonlinear characteristics (30).

The observation of Remark on the relative
degree of L;(D) implies that MC,, can be intercon-
nected, among the two-terminal elements of Fig. Bl
only with that of Fig. B{(d).

Consider now the class of circuits of Fig. [[l with
MC, as ME. In this case, the dynamics of the
relative representation of Fig. Bl(b) obeys

Py(D)ine(t) + Ro(D)on (t) = 0,
Do (t) = qu(t), (74)
Dynr(t) = inr(t),

where vjs is obtained from o) and ¢y according
to the third equation in ([B3). The next result holds
true.

Proposition 5. Consider the class of circuits of
Fig. [ with MC, as ME and L such that L,(D)
is proper and let Assumption [21 hold. Then, the
dynamics of the class of circuits is completely
described by the one-parameter family of differen-
tial equations of order n, + 1

DP,(D)ou(t) + Ry(D)p(ou (1) = QL
Y ©:

%7 Q@ er.

(75)

Proof. The proof is similar to that of Proposition
once it is observed that (74]) can be equivalently

rewritten as a unique differential equation of order
Ny + 2
P,(D)D%*001(t) + Ry(D)Dipps(t)
=D(DPy(D)ou(t) + Ru(D)pnm(t)) =0
(76)
and that the degree R, (D) is strictly less than that

of DP,(D). In particular, it turns out that the scalar
variable

Q) = DP,(D)on

= DP,(D)oy

() + Ro(D)en(t)

(t) + Ro(D)p(om (1)) (77)

is constant over time, i.e.
Q(t) = Q1)

where Q(()C) is given by the sum of the initial con-
ditions D™~ Liy/(ty) and a term depending only
on the remaining initial conditions oa/(to), gar(to),
iM(to),DiM(to),...,’Dnv*Q’L’M(to). [ |

= Q) Vizty, (18

Remark 3.6. Note that also E © admits a first inte-

gral and it is equivalently descrlbed by the input—
output relation

7us(t) = ~ LD (1) + 55 04
Der (19
Hence, ZQg@ can be put in the form of Fig. [6] once
y=om, n()=¢(),
n(y) =eom, Li(D)= %LU(D)v (80)
Lo(D) = #@, —al

Proposition [ implies that MC, can be inter-
connected, among the two-terminal elements of

Fig. Bl with those of Figs. Bi(b), Blc) and Bl(e).

3.3. The case of ideal meminductor

Consider now the class of circuits of Fig. [l with
ML, as ME. In this case, the dynamics of the rel-
ative representation of Fig. [H(a) obeys

P;(D)vnm(t) + Ri(D)ine(t) =0,
Dpm(t) = pum(t), (81)
D(PM (t) = UM (t)v
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where i) is obtained from py; and @) according
to the third equation in ([BH). The next result holds
true.

Proposition 6. Consider the class of circuits of
Fig. @ with ML, as ME and L such that L;(D)
18 proper and let Assumption [2.1 hold. Then, the
dynamics of the class of circuits is completely
described by the one-parameter family of differen-
tial equations of order n; + 1

DP,(D)pur(t) + Ri(D)i(pr (1)) = @

Y (L) *
0 lalb er.

(82)

Proof. The proof parallels that of Proposition
once var, v, M, qu, oum, Ly(D) and o(-) are
replaced with inr, var, qar, o, par and Li(D) and
4(+), respectively. In particular, it turns out the
scalar variable

o) (t) = DP,(D)par(t) + Ri(D)qur(t)
Mm(t) + Ri(D)q(pm(t))  (83)

is constant over time, i.e.

o1 (t) = 0P (1) = @ff

= DPy(D)p

Vi >ty,  (84)

where <I>((JL) is given by the sum of the initial con-
ditions D™ lvps(tg) and a term depending only
on the remaining initial conditions pys(to), ar(to),
UM(to),DUM(to),...,Dn“_QUM(to). [ |

Remark 3.7. Note that also X P admits a first inte-

gral and it is equivalently descrlbed by the input—
output relation

pu(t) = = LDl (1) + 54

ol er. (85)

Hence, ¥ (1) can be put in the form of Fig. [@l once
0

y=pm, n(-)=4q(),

n(y) =qu, Li(D)= %Li(D)’ (86)
LZ(D) = D.Pj(Dy r= q)éL)

Proposition [@ implies that ML, can be inter-
connected, among the two-terminal elements of
Fig. B with those of Figs. Bl(a), Blc) and Bl(d).

Consider the class of circuits of Fig. [ with
ML, as ME. In this case, the dynamics of the rel-
ative representation of Fig. Bl(b) is governed by

{pz,(za)m(t? TR@oH =0 o
Danr(t) = i (1),

where vy is obtained from ¢,; and 77 according
to the second and third equations in ([B7). We have
the following result.

Proposition 7. Consider the class of circuits of
Fig.[Q with ML, as ME and L such that L,(D) has
relative degree greater than one, i.e. ry, =1ryn,—1 =0,
and let Assumption [2Z1 hold. Then, the dynamics
of the class of circuits is completely described by
the one-parameter family of differential equations
of order n,

P,(D)qu(t) + DR(D)plqu (1)) = Q"

by :
5 Q)

(83)

Proof. The proof parallels that of Proposition M
once iy, VM, 9y, YM, onM, Li(D) and o(-) are
replaced with vas, inr, ©ar, qur, par and Ly (D) and
p(+), respectively. In particular, it turns out that the
scalar variable

Q) (t) = Py(D)qu(t) + DRy(D)pu(t)

= Py(D)qm(t) + DRy(D)p(ane(t))  (89)
is constant over time, i.e.
QP(1) = QW (1) = QY Vt>to,  (90)

where Q(()L) is given by the sum of the initial con-
ditions D™~ Liy/ () and a term depending only
on the remaining initial conditions qas(to),inr(to),
DZ‘M(to),...,Dn’J*ZiM(to). |

Remark 3.8. Note that also X Q) admits a first inte-

gral and it is equivalently descrlbed by the input—
output relation

ai(t) = —DLy(D)plar (1)) + ﬁ (&)

QP er. (91

Hence, can be put in the form of Fig. [6l once

o

y=qu, n()=p), nly)=pu,
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r= Q(()L).
(92)

Finally, note that, if L,(D) has relative degree
equal to one, then a conclusion analogous to that
of Remark [3.4] is reached. Moreover, the condition
of Proposition [ on the relative degree of L, (D)
requires that L must be an active two-terminal
element.

Li(D) =DL,(D), Lo(D)=

Py(D)’

The last observation of Remark implies
that ML, can be interconnected, among the two-
terminal elements of Fig. Bl only with that of
Fig. Bl(e).

3.4. Summary of the results

In the previous subsections it has been shown that
each one of the six representations in the voltage—
current domain can be equivalently described via
the canonical input—output representation of Fig. [6],
where the external input r is assumed to be any
constant value. Table [Il summarizes the obtained
results for each one of the representations. Specif-

the voltage—current domain minus one, which is due
to the fact that the dynamics of the original rep-
resentation admits a first integral. Also, the input
and output of the nonlinear subsystem are the flux
pn and the charge gps or their time integrals pys
and oy, which puts into evidence the importance
of the flux-charge approach recently developed (see,
e.g. i ,2016]) for the analysis of cir-
cuits containing memelements. Clearly, the voltage
vy and the current 757 of each memelement can be
obtained by simply differentiating the input and the
output of the nonlinear subsystem.

An application example is now developed to
show how the canonical input—output representa-
tion can be readily obtained for a given circuit con-
taining a memelement.

Example 3.4. Consider the celebrated Chua’s cir-
cuit reported in Fig. §(a) with the nonlinear resis-
tor (Chua’s diode) replaced by a memristor MR,,.
It can be verified that the impedance of L;(D) of
L is such that

1 1 1
—(P?+—— D1+ —
a7 ( TRe, T L02>

ically, for each memelement ME a column is L;(D) =
reported containing the order of its dynamical D3 + D* + D+
model, the models ML and ¥ and their relative RC1C LGy RLCLCy
orders, the output y, the nonlinearity n(-) and its (93)
output n(y), the constant input r, the rational func- and hence
tions L1(D) and Ly(D) together with the condi-
tions on their coefficients. The table clearly high- P,(D) = D3 4 Ci1+Co D2 4 1 D+ 1 .
lights that, for each ME, the order of the system RC1C LCy RLC,Cy
> is equal to that of the original representation in (94)
Table 1. Summary of the characteristics of the canonical input—output representation related to each ME.
ME MR, MR, MC,, MC, ML, ML,
ME order 1 1 1 2 2 1
ML ML; o ML, ; ML; ML, ; ML; o ML, ;
ML order n; N n; Ny n; Ny
b E(I)(()R) ZQ(()R) Zq)(()c) ZQ(()C) E(I)(()L) EQ(()L)
3 order n; Ny n; ny + 1 n; +1 Ny
Yy oM am oM oM M am
n(-) q() @(-) () @) q() ()
n(y) am oM oM oM am PM
. @63) QéR) q)(()C) Qéc) (I)(()L) QéL)
1 1
L1(D) Li(D) Lo(D) DL;(D) 5Lv(D) 5Li(D) DL, (D)
Lo(D) 1 1 1 1 1 1
2 P;(D) P, (D) P;(D) DP,(D) DP;(D) P, (D)
Conditions rn;, =0 Tn, =0 ; =Tn;—1 =0 Tn, =Tn,—1 =0
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R

L I\
VVVAMVA/ o

L ve, | T Gy v | T O g v E g = q(par)
i

O
"

C

R . .
VVVAVA o L
L ve, | —  Cy ve, | T Cr wn | vRNL E irnL = §(VRNL)
ir () o
\/
1%

(b)

Fig. 8. (a) Memristive Chua’s circuit and (b) equivalent circuit with the nonlinear resistor in place of the memristor and the
additional constant voltage generator.

According to the first column of Table[ll, the canon- 1, 5. 1 .

ical input—output representation of the memristive + ED Q(pm(to)) + RCC, Dg(em(to))

Chua’s circuit is in Fig. [0 with L;(D) and P;(D) as 1

in [@3) and (@4), respectively, and + G(on(to)). (95)

o LC1Cy
+
CI)(()R) = D2y (to) + WDUMGO) The dynamics of the memristive Chua’s circuit is

102

thus obtained by collecting the dynamical behav-
iors of the canonical representation generated by
all the constant values <I>(()R). It is interesting to
note that the dynamical behaviors pertaining to a
given value of CD(()R) are exactly those displayed by
1 the classical Chua’s circuit of Fig. B(b) where the
memristor is replaced by a nonlinear resistor with
voltage—current characteristic such that g(-) = ¢(-),
i.e. ignr, = q(vrnL), forced by an additional con-
stant voltage generator given by

b unr(to) + o pns (f0)
LCy, M) T e oy PMO

o+

m
S

Li(D) -O - o v =0o"RLC,\C,. (96)

Hence, the dynamics of the memristive Chua’s cir-
cuit can be equivalently obtained via a family of
classical Chua’s circuit, which clearly highlights the
i) richness of a memristive circuit over a classical one

(see also [Di Marco et all, 2018]).

Fig. 9. The canonical input—output representation of the Remark 3.9. It is worth underlining that having
memristive Chua’s circuit. reduced the study of the dynamics of the class of

qm
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circuits in Fig. [l to the analysis of a system enjoy-
ing the structure of ¥ is quite important. Indeed,
>, is completely defined by the nonlinear character-
istic pertaining to ME and the impedance or admit-
tance of L. In this respect, note that the impedance
and admittance can be obtained experimentally
even if a model is not available. Moreover, sev-
eral tools are available for the dynamical analysis of
systems enjoying this structure, including the well-
known Harmonic Balance Method (HBM) [Ather-
ton, 1975; Mees, [1981; [Khalil, 2002]. The HBM has
been widely used to predict periodic solutions, their
bifurcations_and more complex dynamics [Gene-

sio & Tesi, [1992; [Piccardi, [1994; (Tesi et all, 1996
Basso_et_all, [1997:

|_9_9_Q' Di Marco
et al., ; ,

Bonani & Gilli. |1
2018; Innocenti et all, M] In a forthcoming
paper, it will be applied in a systematic way to the

canonical input—output system 3.

4. State Space Representations and
Invariant Manifolds
Characterization

In this section, we focus on state space represen-
tation of the six interconnected systems of Fig. [l
First, we introduce a suitable state representation of
the current—voltage and the voltage—current models
of LE by considering that the input and the output
of ML, , are it, and vy, [see Fig.[Bl(a)], while those of
ML, ; are —vy, and —ig, [see Fig.Bl(a)], respectively.

Proposition 8. Let Assumption [21 hold and con-
sider the state space representation

{Dx(t) = Ax(t) + Bu(t),

(97)
z(t) = Cx(t) + Du(t),

where x € RY is the state vector, u is the scalar
input, z is the scalar output, and A € RN*N
B e RV ¢ e RN D e RY™! are the following
matrices:

—pn_1 1 0 - 0
—pn_2 0 1 -+ 0

A= ,
-p1 0 0 - 1
—po 0 0 -+ 0

'N—1 —TNPN-1

'N—2 —TNPN-2

B = ;
1T —TNP1
To — TNDPO
C=(1 0 0 0),
D=ry

(98)

Then, ML;,, and ML, ; admit the state represen-
tations (97)-(28) with N = n;, uw =iy, z = vr, and

N =n,, u= —vL, 2 = —iy,, respectively.

Proof. The proof follows from Assumption 2] and
by observing that in the ML, , casd]

C(DIy — A)'B+ D = L;,(D) (99)
and in the ML, ; case

C(DIy — A)'B+ D = L,(D). (100.)

Remark 4.1. Note that if L;(D) and L,(D) are
strictly proper, i.e. r,, = r,, = 0, then D = 0 and
B = (rN_1,7N—2,.-.,71,70) . Moreover, if L;(D)
and L, (D) have relative degree greater than one,
ie.ry, =rp,—1 ="y, =7n,—1 =0, then D =0 and
B =(0,7N-2,...,71,70)

Remark 4.2. There are infinite equivalent state
space representations depending on the choice of
the state vector x. For instance, consider the nat-
ural representation in the voltage—current domain
where the state vector € RV collects the voltages
of all capacitors and the currents of all inductors of
L. Let us write this new state representation as

{Di;(t) = AZ(t) + Bul(t),

_ _ (101)
z(t) = CZ(t) + Du(t),

where A € RV*N B ¢ RVX1 ¢ e RN D ¢

R and w = iy, # = v, in the ML, ,, case, while

u = —vL, 2z = —ir, in the ML, ; case. The unique

nonsingular transformation matrix S € RV*¥ such

that 7 = S~ 'a can be computed by solving the

3To avoid the trivial case we assume that the order N of L, defined as in Proposition B is such that N > 1. If N = 1 state

space models boil down to the differential Egs. (§) and (@).
4Tn denotes the identity matrix of order N.
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linear equations
SA=AS, SB=B, C=CS, D=D. (102)

Let us now develop a state space represen-
tation of each one of the six systems of Fig. bl
The next result readily follows from Proposition
and Eqgs. (27) and (29) describing the dynamics of
MR, and MR, respectively.

Proposition 9. Let Assumption [2Z1 hold and let
L;(D) and L,(D) be strictly proper, i.e. ry, = 1y, =
0, respectively. Then, the representation of Fig.[3(a)
with MR, and the representation of Fig. [A(b) with
MR, admit the state space representation

.y D)\ [ 0 O\ (&)
A\ pzt)y)] \oner A) \z@)

0
—<B>f%&@»0x@%
(103)
once N = N, 51 = VM, f — (j7 and N = Ny,
&1 = qm, [ = @, respectively.

We can now show that (I03) enjoys the funda-
mental property that its state space is foliated, i.e.
it amounts to a continuum of invariant manifolds
where different lower-order dynamical behaviors are
displayed.

Proposition 10. Let (&(t),z(t))T € RN*! be the
solution for t > tog of the state representation
S with initial condition (& (t),x(tg))"T € RNFL.
Then,

&), zt)T e MP, Vi>ty,  (104)
where
M = {(&,2)T € RN s oy + poy + rof (&)
= xn(to) + po&i(to) + rof(&1(to))
= Kk} (105)

The dynamics on the invariant manifold M(()I) 15
described by the equations

§1(t) =m(t),
zi(t) = ni+1(t) — pn—im ()
—TN_if(nl(t)), i=1,...,N—1,

en(t) = K5 — pom (£) — rof (m (t)),
(106)

where n(t) € RY is the solution of the reduced order
state space model

D (t) m(t)
Dra(t) n2(t)
Sy L =4 — Bf(m(t)
Dnn-1(t) nn-1(t)
Dy (t) nw (t)
0
0
+ |, (107)
0
K

with initial condition
(&1(to), z1(to) + py-1&1(to) + rv-1f (& (t0))s- -
wn_1(to) + p1&i(to) + m1f (& ()" € RY.

Proof. See the Appendix. H

Remark 4.3. Proposition [0 characterizes the invari-
ant manifolds of the state space of the representa-
tion of Fig.[Bl(a) with MR, once N = n;, &1 = o,
f = g, and that of Fig. Blb) with MRy, once
N = ny, & = qu, f = ¢. In both cases any
solution (&;(t),z(t))" of SU) can be computed by

first obtaining K 81) according to the last equality

in (), then solving 8% for 1y (£), m2(t), ..., N (t)

and finally using relations (I08]). In this respect, it
is interesting to note that Sg) does not contain the
derivative of the function f, which is a useful prop-
erty when piecewise linear flux-charge and charge-

flux characteristics are considered.

Remark 4.4. Note that the solution n(t) of (I0T) is
such that

m(t) = —C(DIy — A)~'Bf(m(t))
LK
det[DIN — A]

Hence, from Egs. ([@9) and ([I00) and relations (48]

and (54) it follows the constant K (()I) is indeed equal

to the parameter <I>(()R)

(108)

defining the family > ()
0

in the case of a flux-controlled memristor, while is
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equal to the parameter Q(()R) defining o in the
0

charge-controlled case.

Remark 4.5. According to Remark B.2] the invari-

ant manifold /\/l(()[) can be expressed in terms of the
state vector T of (I0T) as

N
> snnn + pofs + rof(€1) = K, (109)
h=1

where syp, h =1,..., N are the entries of the Nth
row of S. It is interesting to note that the invari-
ant manifold is linear when rg = 0, which means
the polynomials R,(D) and Ry(D) must vanish at
D =0.

Let us now develop a state space representation
for the system of Fig.[Bl(a) with MC,, and the one of
Fig. Bl(b) with ML,. The next result readily follows
from Proposition B and relations (31I), (B1).

Proposition 11. Let Assumption [Z] hold and let
L;(D) and L,(D) have relative degree less than one,
.. Ty, = Tpn,—1 = Tn, = Tn,—1 = 0. Then, the repre-
sentation of Fig.[Xa) with MC,, and the represen-
tation of Fig. [A(b) with ML, admit the state space
representation

(o) v ) ()
-\ Dx(t) Onx1 A) \ z(t)

0 " 2
—| 5 ) @O)Cx®)

+f/(& (1) CAx(t)),  (110)

once N = N, fl = VM, f — 6" and N = Ny,
&1 = qum, [ = p, respectively.

It can be shown that also in this case the state
space is foliated.

Proposition 12. Let (&(t),z(t))T € RN*! be the
solution for t > to of S with initial condition
(&1(to), x(to)) " € RN*L. Then,

E),z@) " e M w1, (111
where
/\/l(()m = {(&1, %‘)T ERN L zn +poy + rof'(&1)x
= xn(to) + poéi(to) + rof'(&1(to)) w1 (to)

= k(M. (112)

)

The dynamics on the invariant manifold ./\/l(()U

described by the equations i
&u(t) =m(t),
z1(t) = na(t) — pn-1m(t) — rv—af(m(t)),
zi(t) = nit1(t) = pn—m(t) — rv—1-if (m(t))
—rn—if (m @) (n2(t) — pn—1m(t)
—ry—of(m(t)), i=2,...,N—1,
v (t) = K§ = poni () = rof (m (1) (na(?)
—pN-1m(t) = rv—2f(m(t))),
(113)

where n(t) € RY is the solution of the reduced order
state space model

D (t) m(t)
Dnp(t) n2(t)
SU. : =A — Bof(m(t))
Dnn-1(1) nn-1(t)
D (t) N (1)
0
0
+ |, (114)
0
KD

with initial condition

(€1(t0), z1(to) + pn-1&1(to) + rn—2f(£1(t0)), z2(t0)
+pn—281(to) + rv—3f(&1(to))
+rn_of (&1(to))z1(to), - ., 2N—1(t0)
+p1&1(to) +rof(&1(to))
+rf (&1(t0))z1(t0)) T € RN and

T Nx1
BOZ(TN_Q,TN_;),,...,’I’(),O) c RNV >,

Proof. See the Appendix. H

Remark 4.6. Proposition characterizes the state
space invariant manifolds of the representation of
Fig. Bla) with MC,, once N = n;, & = @,
f = ¢, and that of Fig. B(b) with ML,, once
N = ny, &1 = qu, [ = p. In particular, according
to Remark 4.2}, the invariant manifold /\/l(()H) can be
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expressed in the voltage—current domain as

N

Z sNnTh +poé1 +rof'(€)0T = K/, (115)

h=1
where syp, h =1,..., N are the entries of the Nth
row of S and C' is the output matrix in (I01]). Also in
this case for rg = 0 the invariant manifold is linear.
Finally, it can be verified that the constant K (()H)
is equal to the parameter <I>(()C) defining the family
Eé(@, in the case of MC,, and to the parameter

0

QE)L) defining EQ(L> in the case of ML,.
0

We now consider a state space model for the
representation of Fig. Bl(a) with ML, and the one
of Fig. Bl(b) with MC,. The next result readily fol-
lows from Proposition [§ and relations (35), (31).

Proposition 13. Let Assumption [2.1 hold. Then,
the representation of Fig. [Aa) with ML, and the
representation of Fig. [A(b) with MC, admit the
state space representation

D& (1)
SU ;| Déy(t)
Dx(t)

0 I 0w\ /&(1)

=1 0 0 C &2(1)

Onx1 Ownx1 A x(t)
0

— | D | f(&1(t)62(2), (116)

B

once N = n;, & = pym, &2 = om, f = G, and
N =ny, & = o, 2 = qu, [ = @, respectively.

It can be shown that also in this case the state
space is foliated.

Proposition 14. Let (£1(t),&(t), 2(t))T € RN*2 be
the solution fort > to of SUD with initial condition
(€1(to), &2(t0), x(to)) " € RNF2. Then,

G ), &), 2)T e MU™ Ve >ty (117)
where

MY = (&1, €,2)T €RNF2 2y + po&y + 10 f (&1)
= xn(to) + poéa(to) + rof (&1(to))
= k(™. (118)

The dynamics on the invariant manifold /\/l(()m) 18

described by the equations
&1(t) = m(2),
&a(t) = ma2(t) — pn—ami(t) — rv f(m (1)),
zi(t) = niva(t) — (PN—1-i — PN—iPN-1)M (1)
—pN—im2(t) = (rN—i — pn—irN) f(m(2)),
1=2,...,N—1,

rn(t) = Kém) + popN—1m1(t) — poma(t)
\ - (TO - pOTN)f(nl (t))v

(119)

where n(t) € RN is the solution of the reduced
order state space model

D (1)
Dy (t)
Sg%m) :
Dnn(t)
Dnn ()
m(t)
n2(t)
B A Oixn
a <0N><1 0 )
nn (t)
nn+1(t)
0
0
D
1z fm(@)) + : , (120)
Kém)

with initial condition
(§1(t0); Pn—1&1(to) + &2(to) + rav f(§1(t0)), w1 (to)
+pN—2&1(to) + pN—1&2(to)
+ryv-1f(&(to)) -, zn-1(to) + po&i(to)
+p1&a(to) +r1f(€i(h))) T € RVFL
Proof. See the Appendix. M

Remark 4.7. Proposition [I4] characterizes the state
space invariant manifolds of the representation of
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Fig. B(a) with ML,, once N = n;, & = pw,
& = pum, f = ¢, and that of Fig. B(b) with MC,,
once N = ny,, & = ou, & = qu, [ = . In partic-
ular, according to Remark 2] the invariant mani-
fold M(()IU) can be expressed in the voltage—current
domain as

N

> snnZn + poba +rof (€1) = K

h=1

(- (121)

where syp, @ = h,..., N are the entries of the Nth
row of S. Also in this case for ro = 0 the invariant
manifold is linear. Finally, it can be verified that
the constant K ém) is equal to the parameter CIJE)L)

defining the family X »@)> in the case of ML,, and
0

to the parameter Q(()C)
of MC,.

defining ZQ(@ in the case
0

Table summarizes the expressions in the
voltage—current domain of the invariant manifolds
for each one of the six representations of Fig. [
Specifically, Z € RY is the natural state vector
in the voltage—current domain (see Remark [£1.2])
and syj, are the components of the last row of the
matrix S € RY*N which can be computed accord-
ing to relations ([I02)). The next example shows in
some detail how to compute the invariant manifolds
for all admissible interconnection between the two-
terminal elements L of Fig. Bl and each ME.

Table 2.

Example 4.1. For the two-terminal element L of
Fig. Bla) the state vector in the voltage—current
domain is 7 = (ve,iz)" € R2. It can be verified that
its time evolution is described by the state space
representation ([I0T]), where u = ir,, z = vy, and

0 1
_ C
A= :

LR

L L

122

1 (122)
B=|C],

0
C=(1 0), D=0

From the expression of L;(D) in (I2), we have
ro = R/(LC), r = 1/C, po = 1/(LC), p1 = R/L
and thus we get the matrices ([@8). To obtain the
expressions in Table ] of the invariant manifolds
it remains to compute the last row of the matrix
S € R?*2, By solving the linear equations (I02), we
get s91 = R/L and s93 = 1/C and, hence, the ana-
lytical expressions of the invariant manifolds of the
circuit of Fig. B(a) with MR, and ML, as ME are
readily obtained (see Table [3]).

Consider now the two-terminal element L of
Fig. B((b). The time evolution of the state vector

Summary of the invariant manifolds of the state space representation related to each ME.

ME

Invariant Manifolds

1
MR, o, T) e RMT

MR, qm,T

h=1

MC, (oas M,

MLP pI\/I7SOM7

ML, qM,7T

{

{
e, {W,

i

i

!

h=1

1 =
eR™ i Z Sp;hTh T POYM + o0 (901\/1)037 =

Ty

2 _ .
TeR™2 3" s, 13n +poaus + rodlon) =

h=1

ng

i+2 = -
TEeRMT2> " 5,0 Zn + o +rod(py) =

h=1

R) (R
Z Snh T+ pownr + rod(ear) = &Y, 80 € R}
h=1
: R
Termtt, ZSnvhﬂﬁh +poanr +rodlanr) = QY. QY € }
h=1

o{@ () e ]R}
Qi Qi € R}

oi oM e ]R}

L) (L
Ter™t!: Z S$n,hTh + poan + 1o (anr)CT Q( )7Q(() ) e R}
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T = (vc,ig)" € R?is described by the state space

this case, according to Remark 3] the invariant

representation (I01]) where u = —vy,, 2 = —iy, and manifolds are linear.
Similar arguments apply to the linear two-
0 1 0 terminal elements of Figs. Blc)-38e). The resulting
1 C o, invariant manifolds are reported in Table [3
L E i (123) Two numerical examples are now developed to
L L provide some insights on the structure of the invari-
_ _ ant manifolds.
C=(0 1), D=0

From the expression of L, (D) in (I2), it follows that
ro =0,m =1/L, po = 1/(LC), p1 = R/L from
which we get the matrices (O8)). By solving (I02]),
we obtain s9; = 1/L and sy = 0 which complete
the analytical expression of the invariant manifolds
of the circuit of Fig. Blb) with MR, and MC,, as
ME (see Table [3]). It is interesting to note that, in

Example 4.2. Let us consider the interconnection
between the passive circuit of Fig. Bl(b) (with R =
0.6, C = 0.5 and L = 1) and a charge-controlled
memristor MR, with a cubic charge-flux charac-
teristic given by

N aq
ov = @lam) = aoqur + gq?im (124)

Table 3. State space invariant manifolds of the admissible interconnection between the two-terminal elements L of Fig.
and each ME.
L ME Invariant Manifolds

~ s B 1 By — e
Fig. Ba) MR, { en,voyin) R tpvet FiLt pEeM T+ LOQ(SDM) =9,

. CR LR
Fig. Bla) ML, { prs e, vesin) | € RY: Tvc+ FiL+ paem + LCQ(PM) =4
Fig.B(b) MRy 1 (qar,vc,in)' € R lvc b — = QP

4 e L LC

. T 4 1 1 ()
Fig.B(b) MCs < (onr,qm,ve.ir) €R™: Vet TeIM = Qg
Fig. B(c) MCo < (oar,qar,vesip) | € RY: lvc + LqM + ;S‘A’(UM) — Q@

: M T L LC R,LC 0

. 4 Ry 1 R; L
Fig.Blc) ML, { pMy A Ve i) €R fvc troem+ padlen) = L )}

. R1+ R+ R; 1 R (R)
Fig. M R3: — — (oM ) = ®

1g B(d) R"P { PM,VCy UCQ) € RlCQ ve, + RlRicl VCy + RlRiCIC2 (901\/1 + RQQ(@]\/I)) 0
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10

5 -10 ve
qm
Fig. 10. Planar invariant manifolds (for QéR) = —6 and
QE)R) = 0) and state trajectories for the circuit obtained

connecting the passive circuit of Fig. Blb) with a charge-
controlled memristor (Example [2). Initial conditions are
marked with a green o symbol, while stable equilibrium points
are marked with a red % symbol.

where ag = —1.02 and a1 = 0.1. According to
Table B the state space solutions (qas(t),ve(t),
ir,(t)) evolve on planar manifolds. This property is
highlighted by the trajectories illustrated in Fig. 0]
which have initial conditions (gas(0) = 0.5,i1,(0) =
—0.5,0¢(0) = —7) and (qar(0) = 0.5,77,(0) = —0.5,
vc(0) = —1). They correspond to QE)R) = —6 and

QE)R) = 0, respectively, and, therefore, evolve on
different planar manifolds parallel to the i axis,
as emphasized in the figure. Figure [[I] shows the
limit sets for several solutions of the circuit with
initial conditions belonging to different invariant

vc

qm

Fig. 11. Limit sets and planar invariant manifolds (for val-

ues of Q(()R) between —8 and 6) for Example Stable equi-
librium points are marked with a red * symbol.

150

100

50

’1)02

-50

-100

-150

Fig. 12. Limit sets and nonplanar invariant manifold (cor-

responding to Q(()R) = 0) for Example 3] Initial conditions
are marked with a green o symbol.

manifolds. It can be noted that, depending on the
initial conditions, the circuit shows both station-
ary and oscillatory solutions, thus it undergoes the
so-called Hopf bifurcation “without parameters”

[Fiedler et all, 2000].

Example 4.3. Let us consider the interconnection
between the active circuit of Fig. Ble) (with Ry =
0.6, RQ = 1, Rg = 0.5, R4 = 0.3, Cl = 1 and
Cy = 0.6) and a charge-controlled meminductor
ML, with a cubic charge-flux momentum charac-
teristic given by

R aq
pm = plam) = aoqmr + ?Q%Ja (125)

where ag = —1.02 and a1 = 0.1. Figure [[2 shows
the state evolution starting from initial conditions

’UC2

qm 4 4

’UCl

Fig. 13. Nonplanar invariant manifolds corresponding to

Q(()R) = —15 and QéR) = 15 for Example 3]

2050110-24



Int. J. Bifurcation Chaos 2020.30. Downloaded from www.worldscientific.com
by 79.20.80.175 on 07/01/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Input—Output Characterization of the Dynamical Properties of Circuits with a Memelement

g (0) = 0.2, v, (0) = —0.2, v, (0) = 0.028 and
the associated invariant manifold corresponding to

Q(()R) = 0, whose expression is reported in the last
line of Table Bl Figure 3] shows two of such invari-

ant manifolds, corresponding to Q(()R) = —15 and
(()R) = 15, respectively.

5. Extension to the Case of
Nonautonomous Classes
of Circuits

In this section, we show how the structure of the
canonical input—output system X of Fig. [@] can be
suitably modified to incorporate also the case where
L contains voltage or current generators. For the
sake of simplicity, the analysis is limited to the case
of a single generator w(t), but the extension to the
case of more generators is straightforward and it
will be illustrated by an example.

The current-voltage model ML;, and the
voltage—current model ML, ; are assumed to be
described by the following input—output relation

vL(t) = Li(D)iL(t) + Li(D)w(t) (126)
and
13, (t) =Ly (D)UL (t) + ZU(D)U)(t), (127)

respectively. The rational function L;(D) (resp.,
L,(D)) is as in (@) [resp., (H)], while

P(D)’ WD) = P,(D)
with P;(D) (resp., P,(D)) as in @) [resp., [@)] and

(128)

Ry(D) = 73, D" + Ty, D™ " 4 - + 71D + T
(129)
The dynamics of ML;, is thus governed by the
nonautonomous linear differential equation
P(D)on(t) — Ri(D)in (t) = Ri(D)w(t),  (130)
while that of ML, ; by
P,(D)ip(t) — Ry(D)vL(t) = Ry(D)w(t).  (131)

Let us now consider the six interconnections of
Fig. B with ML;, and ML, ; modeled by (I30)
and (I3T]), respectively. Each one of these intercon-
nections can be put in the form of the system X
of Fig. M4, according to the next result.

_;’_V
o
T > LQ(D)
+
+ Y
L1(D) () -y

n(y)

n()

Fig. 14. System X p: canonical input—output representation
of the nonautonomous class of circuits.

Proposition 15. The dynamics of the interconnec-
tions of ML;, in [I30) with MR,, MC,, ML,,
and of ML, ; in (I31) with MR,, MC,, ML, are
described by the canonical system Xp where r is
assumed to be any constant value (i.e. r(t) = Xo,
Xo € R), w is defined as

b(t) = D w(t) :/

—00

t w(o)do (132)

and for each memelement L1(D), Lo(D), y, n(-),
n(y) are as in Table 0 and L3(D) is given in

Table [

Proof. Let us focus on the interconnection between
ML;,, and MR,,. From (I30) and @27) it can be

Table 4. Canonical system Xp:
expression of the rational function
L3(D) related to each ME.

ME L3(D)
MR, Li(D)
MR, Ly(D)
MC, Li(D)
1 =
MCo' BLU (D)
1—
MLﬂ 5 z(D)
ML, Ly(D)
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readily verified that the corresponding dynamics
obeys

P;(D)Dep(t) + Ri(D)Di(pn(t)) = Ri(D)w(t).
(133)

Now, since w = Dw, ([I33) can be equivalently
written as

D(Pi(D)em (t) + Ri(D)d(pm (t)) — Ri(D)iv(t))
=0 (134)
and hence the scalar variable
X(t) = Pi(D)pm (t) + Ri(D)q(en(t))

— Ri(D)w(t) (135)
is constant over time, i.e.
X(t) = X(to) =Xg Vit>ty. (136)

By reasoning as in the proof of Proposition [2] it can
be shown that the family of reduced order nonau-
tonomous differential equations

Pi(D)en(t) + Ri(D)q(pn (1))
= Ri(D)w(t) + X9, Xo€R (137)

generates all the solutions of the original differential
equation ([I33)). Clearly, the above family admits an
equivalent representation in terms of the following
input—output relation

eu(t) = —Li(D)q(en(t)) + Li(D)id(t)

1
+ PZ(,D) X07
This implies that the dynamics of the considered
interconnection is described by X once L3(D) =
L;(D) and r = X. Quite a similar argument applies
to the other interconnections. M

X € R. (138)

Remark 5.1. Proposition [[5 makes it clear that volt-
age and current generators can be incorporated
in the canonical representation X as feedforward
blocks driven by their time integrals and whose
rational function depends on either L;(D) or L,(D)
(see Example 5.3), as reported in Table @l Also, it
follows that each one of the six interconnections
admits a first integral, i.e. a scalar variable (X (t)
in the proof) is constant over time and its value
(X0 in the proof) is indeed the value of the input r
in EF.

Some illustrative examples are reported next.
In particular, the third one shows how to deal with
the presence of two generators.

Example 5.1. Consider again the well-known
Murali-Lakshmanan—Chua oscillatory memristive
circuit of Fig. [[Dla) (see, e.g. [Ahamed & Laksh-
manan, 2017]) where w(t) is a voltage generator. It
can be readily verified that L is described by (I28])
with L;(D) as in (I0) and

1
L:(D) = }%C —. (139)
D24+ =D+ ——
L LC
Moreover, ([I30) boils down to
R 1 1 R
2 - . o - i .
<D +LD+LC> vL(t) (CD+LC)ZL(t)
= () (140)
— e

Hence, Proposition ensures that the circuit of
Fig. [[H(a) admits the canonical representation of
Fig. [4 with y = ¢, 72(+) = ¢(+) and
1 R
il 5 DN
¢ "Ic
R 17
D2 tpa -
I 7 1o

1
Ly(P) = R 1 (141)

DQ —D _
TP Ie

1

Ly(D) = LC .

pzy fpy L

L LC
Example 5.2. Consider the forced circuit of
Fig. [8l(b) composed of the two-terminal element
of Fig. B(b), MR, as ME and a current generator
w(t) in parallel to the resistor. In this case, L is

described by (I21), with L, (D) as in (I2) and

Li(D) =

L,(D) = — L . (142)

pzy fpy L

C LC

The differential equation (I31]) reduces to
R 1 1
2 R _ —_—
<D + LD+LC>ZL(t) 7 Do (?)

= —%Dw(t), (143)

which implies that the circuit of Fig. [5(b) admits
the canonical representation of Fig. T4l with y = ¢,
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. L . ,
L L M
V
vo | —L UL UM qm = 11 Sﬂu
— C
w
E M= QM

ve
i L |
588 |
w <,1‘> R
(b)
RN iy
ws <'1‘ R (/6] :: . uL UM an = G(enr)

w1
(c)
Fig. 15. Nonautonomous circuits: (a) Example 5] (b) Example and (c¢) Example (.3

n(-) = ¢(+) and with an additional current generator. In this case
1 the current—voltage model of L is described by the
-D following input—output relation
Sy o (t) = Li(D)ir (1) + L (D)un (1
D2+ D+ — vL(t) = Li(D)w,(t) + L (DP)wy
e T Ic v Z
1 + Lia(D)wa(1), (145)
Lo(D) = , _ _
2(D) D24 RD N 1 (144) where L;(D) is given in (I0), while L;1(D) = L;(D)
c LC and L;j3(D) = RL;(D) with L;(D) as in (I39). The
R D corresponding differential equation is
L
L3(D) = - : < R 1 1 R
R 1 D? + D+—> (t)—(—D+—)i ()
D2+ —D+ — L
+ C + C LC C LC
Example 5.3. Consider the circuit of Fig. [I5lc) Lw (t) + iw () (146)
which has the same structure as that of Example (.l Lo ! LC
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Wy ————————>

L32(D)

W) ————————>

L31(D)

Fig. 16. Example block representation of the feedfor-
ward system which replaces that driven by w in Fig. [4l

Hence, according to Remark [ the circuit of
Fig. [H(c) admits the canonical representation of
Fig. Idl once the feedforward subsystem driven by
w is substituted by the system of Fig. given by
the parallel interconnection of two linear subsys-
tems driven by the input signals w; and ws, which
are defined according to ([I32]). Specifically, we have
y = ar, () = q(), L1(D) and Lo(D) as in (1),
L31 (D) = Lg(D) and L32 (D) = RLg(D) with L3(D)
as in (I41).

6. Conclusions

A novel input—output approach to investigate the
dynamical properties of a class of circuits with
memelements has been proposed. The circuits are
given by the interconnection of a linear time-
invariant two-terminal (one-port) element and an
ideal memelement. The two-terminal element can
be either passive or active, while the memelement
can be a (flux- or charge-controlled) memristor, a
(flux- or o-controlled) memcapacitor or a (charge-
or p-controlled) meminductor.

It is first shown that the dynamics of any circuit
of the class admits a first integral, thus implying
that the circuit can be represented via a reduced-
order input—output system. In particular, the two-
port element must be active in the case of a flux-
controlled memcapacitor and a charge-controlled
meminductor, while it can be also passive in all the
other cases. Interestingly, the reduced-order system
enjoys a structure which is quite popular in the area
of control systems, i.e. it is composed of an internal
feedback interconnection between a linear dynami-
cal subsystem and a nonlinear memoryless one, plus
a feedforward linear dynamical system driven by an
external constant input. Moreover, it turns out that

the dynamics of the reduced-order system is exactly
the same as that displayed by a circuit with a stan-
dard nonlinear resistor /capacitor /inductor in place
of the memristor/memcapacitor/meminductor and
an additional constant generator. It is also shown
that the existence of the first integral, and hence
of the reduced-order system, implies the presence
of invariant manifolds in the state space repre-
sentation of the circuit. An explicit expression of
the invariant manifolds in the voltage—current state
space is developed for any circuit, also pointing
out cases where the invariant manifolds are linear.
Finally, it is shown how the case of circuits forced
by external generators can be readily encompassed
within the proposed approach. Several examples
are considered throughout the paper for illustrative
purposes.

Future research issues are the extension of
the developed input—output approach to circuits
containing more than one memelement and the
exploitation of the structure of the reduced-order
system for tackling analysis and control problems
in the emerging area of multistability control.
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Appendix
Proof of Proposition[Id We first need the following

preliminary result.

Lemma A.1. Consider the nonlinear state trans-
formation T : RNTL — RN+ from (¢1,2)7 €
RN+ to n € RNTL defined as
m = 517
N = i—1 + pNy1-i€1 + rvr1-if (&),
i=2... N+1.
(A1)

Then, TU is invertible on RNt and SO admits
the following equivalent representation

7@ .

D (t) m(t) 0
Dnpa(t) n2(t) 0
Sé{l) : =A - Bf(nl (t)) + ’ (AQ)
D1 (t) nN-1(t) 0
Dnn(t) nn (t) nN+1(t)
(Dnn4a(t) = 0.
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Proof. Observe that the N 4 1 equations of SU)
in (I03) can be rearranged as

D&y(t) = 21(t)

Dy (t) + pv—121(t) + rv—1f'(§1 ()21 (1) = 22(2)

Dan—_o(t) + paz1(t) +raf (&1(t
Day_1(t) + pre1(t) +rif (&t

Dry11(t) + por1(t) +rof'(&(t))z1(t) = 0.
(A.3)

S~— N—
~—
8
[y
—~
~~
S~— N—
I
8
r
—
—~
~~
N—

By taking into account that
FlE@)z1(t) = f'(€())DE(t) = DF(E())
and exploiting (AJl), (A3) can be equivalently

rewritten as
D (t) = z1(?)
Dnpa(t) = z2(2)

(A.4)
Dnyn-1(t) = zn-1()

Dy (t) = zn(t)
D77N+1 (t) =0.

By inverting the nonlinear transformation TU) we
can obtain z1,...,zN in terms of 11, ...,ny41 and

rewrite (A4 as

D (t) = —pn—1m(t) +m2(t) — rv—1f(m(t))
Dna(t) = —pN—am(t) +n3(t) — rv—2f(m(t))

Dyn—1(t) = —pim () +nn () — rif(m(t))
Dy (t) = —pom(t) + nv+1(t) — rof (m(t))
D77N+1 (t) =0,

(A.5)
thus completing the proof. W

Now, from the last equation of (AZ2) it fol-

lows that each solution n(t) € RN*! of Se{l) is such

that:

nn+1(t) = nv41(to), Vi = to. (A.6)
This implies that the hyperplane ny11 = K ((JI), with
()

K 81) = nn+1(to), is an invariant manifold of S
Now, the last equation of (Al ensures that

N +po&i +rof (&) = KE)I)

is indeed an invariant manifold of SU). Hence, it fol-
lows the solution (£(),z(t)) " with initial condition
(E(to), z(to)) " is such that

zN(t) +poi(t) +rof(§1(t))

=y (to) + po&i(to) +rof(&i(to)), Vit = to,

(A7)

thus proving (I04).
To complete the proof we observe that the

dynamics on the invariant manifold M(()I) can be
obtained by first determining the dynamics on the

invariant hyperplane ny4; = K E)I) in terms of
m(t),...,nn(t) and then by inverting the nonlinear

transformation TU) to get & (t),z1(t),...,zn(t).
Indeed, the dynamics of the invariant hyperplane

is described by Sg) since its equations are exactly
equal to the first N equations of (A.H]) once nyi1 =

K ((JI). Also, Eqgs. (I06]) are exactly those obtained
by solving ([(AJ]) with respect to &1, 21, ...,z N with

nN+1 = K (()I), thus completing the proof. W

Proof of Proposition 1[4 The proof is based on the
following preliminary result.

Lemma A.2. Consider the nonlinear state trans-

formation TUD : RN+ — RN*L from (&,2)7 €

RN*L to € RNTL defined as

m = &1,

ne = 1 +pN-1&1 +rv—2f (&),

TUD L pi =21 4 py1iés +rv—if (m)
+TN+1—ifl(§1)$17 i:3a"'aNa

(N1 = 2N + poét +rof (§1(t))2.

(A.8)
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Then, TUD is invertible on RN and SUD) admits the following equivalent representation

4

D (1) m( 0
Dnp(t) n2(t)
s =A — Bof(m(t)) + : ; (A9)
Dnn-1(t) nN-1(t) 0
D (t) nn (t) nN+1(t)
Dnn+a(t) = 0.

Proof. The proof parallels that of Lemma[A 1l once
T is replaced by TUD. 1

Given Lemma[A2] the proof Proposition 12 fol-
lows by reasoning as in Proposition 10, W

Proof of Proposition The proof is based on the
following preliminary result.

Lemma A.3. Consider the nonlinear state trans-
formation TUD - RN+2  RN*®2 from (€1, &,2)T €

RN*2 to n € RN*2 defined as |

B A Oixn
0N><1 0

Dy (1)
Do (1)
Sé{lﬂ) :
Dnn(t)
Dnn1(t)

D +2(t) = 0.

m = &1,

n2 = pn-1§1 + & + 1N f(§1),

M = Ti—2 + PN+1-i§1 + PN+2-i&2
+ryio—if(&), i=3,...,N+1,

(N2 = 2N + poda + 1o f(&1)-

(A.10)

Then, TUD s invertible on RN*2 and SUD admits
the following equivalent representation

m(t) 0
n2(t) 0
() sonen +
B)"" C(AD)
nn(t) 0
nn+1(t) nN+2(t)

Proof. The proof parallels that of Lemma [A1 once T is replaced by TU).  m

Given Lemma[A.3] the proof is completed via an argument similar to that used in Proposition [0, W
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