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Abstract—Nonconvex feasible parameter sets are encountered
in set membership identification whenever the regressor vector is
affected by bounded uncertainty. This occurs for example when
considering standard output error models, or when the available
measurements are provided by binary or quantized sensors. In
this paper, a unifying framework is proposed to deal with several
identification problems involving a nonconvex feasible parameter
set and a procedure is proposed for approximating the mini-
mum volume orthotope containing the feasible set. The procedure
exploits different relaxations for autoregressive and input param-
eters, based on the solution of a sequence of linear program-
ming problems. The proposed technique is shown to provide tight
bounds in some special cases. Moreover, it is extended to cope
with bounds not aligned with the parameter coordinates, in order
to obtain polytopic approximations of the feasible set. A number
of numerical tests on randomly generated models and data sets
demonstrates the accuracy of the computed set approximations.

Index Terms—Errors-in-variables, output error models, quan-
tized measurements, set membership identification.

I. INTRODUCTION

HE introduction of the set membership paradigm for the

characterization of uncertainty in system identification
dates back to several decades ago. According to this approach,
uncertainties affecting the measured data and the model are
unknown-but-bounded. This framework is motivated by the fact
that in several contexts a statistical description may lead to
unreliable results, either for the limited number of measure-
ments available preventing the safe use of asymptotic results or
because the source of uncertainty does not look like a stochastic
system, i.e., the most natural characterization of noises and
disturbances can be expressed as hard bounds in an appropri-
ate norm. In this context, the Feasible Parameter Set (FPS),
defined as the set of model parameters consistent with the
constraints represented by the model equations, the available
measurements and the noise bounds, represents the fundamen-
tal set including all the admissible solutions of the estimation
problem. Hence, the structure of this set retains a great impor-
tance both for the computation of optimal or suboptimal point
estimates and for useful approximation of the entire solution
set. It is well known that if uncertainty bounds on measurements
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are given according to a max or an energy norm, the model
is linear in the parameters and the regressor variables are not
corrupted by noise, the FPS is a convex polytope or an ellip-
soid. For this linear regression model setup, a huge amount of
literature is available for describing or approximating the FPS
according to different criteria depending on the specific context
(see, e.g., [1]-[6] and references therein). However, in many
realistic contexts one cannot do without considering uncertainty
affecting regressors: this is the case for the classical output error
(OE) formulation or for errors-in-variables (EiV) identification
problems [7]. Moreover, the pervasive diffusion of digital sen-
sors as binary or quantized devices in communications systems,
industrial plants or other technological devices has pushed the
development of an identification research area where measure-
ments available on the system are binary or quantized variables
(see, e.g., [8]-[11] and references therein). In this case, the na-
ture of regressor quantization and the characterization of noise
in terms of deterministic bounds, make the problem amenable
to the set membership approach, although important devel-
opments have been made also in the stochastic setting (see,
e.g., [9], [12]-[14]) or even in a mixed stochastic/deterministic
framework [15], [16]. When considering ARX models in this
quantized information setting [17], or OE and EiV models in
general [18], [19], one is faced with a problem with perturbed
regressors. In these cases, the nice property of convexity of
the FPS is generally lost, so that almost all of the methods
and techniques proposed for the standard linear regression
formulation do not apply.

Indeed, bounding or approximating general nonconvex sets
is a formidable task and very few results can be found in the
literature on set membership identification. References [20],
[21] can be recognized as pioneering investigations on the struc-
ture of the FPS for ARMAX models, while in [22]-[24] tight
bounds for EiV models are derived for the simplified formula-
tion in which regressors are not serially correlated. In [25] an
OE model formulation is considered. Approximation of the
nonconvex FPS through ellipsoidal and parallelotopic bounds
is performed by a recursive procedure consisting in processing
one measurement at a time through a two-step procedure. The
main problem here is to bound at each time ¢ the parameter
set obtained by intersecting the FPS at the preceding time
t — 1 with the admissible parameter set determined by the
measurement at time ¢. Actually, this technique is a direct gen-
eralization of the recursive approximation procedures adopted
in the linear equation error context (see, e.g., [26], [27]). Still
in an OE context, in [28] a recursive procedure is proposed
for computing an FPS approximation, by decomposing the
nonconvex FPS in the union of convex sets. The main limitation
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of both approaches is that the approximation procedure does not
explicitly account for regressor sequential correlation, giving
rise to quite conservative results whenever such correlation is
present. More recently, in [19], [29] an EiV formulation has
been considered in which all the regressor variables are subject
to bounded noises. For this general setting, a procedure is pro-
vided to derive parameter uncertainty intervals, i.e., bounds on
the nonconvex FPS, based on a sequence of problem relaxations
leading to linear matrix inequalities and using the sparsity of
the resulting relaxed problems. Finally, it is worth mentioning
that nonconvex feasible sets are usually encountered in set
membership identification of nonlinear systems. Within this
context, the interested reader is referred to techniques based on
interval analysis [30], [31], or to a number of methods tailored
to the specific models at hand (see, e.g., [32]-[34]).

In this paper, a unifying set membership framework is given
for dealing with linear models with perturbed regressors includ-
ing ARX models with quantized measurements and OE mod-
els with or without measurement quantization. Although EiV
models can be easily embedded in this framework, for the sake
of clarity of presentation the paper will explicitly refer to the
ARX/OE context. Within this framework an exact description
of the FPS set is provided. Since the problem of approximating
the FPS turns out in nonconvex optimization problems, a batch
procedure for approximating the minimum volume orthotope
containing the FPS is constructed. For computing bounds on
each model parameter, the proposed algorithm requires the
solution of a sequence of linear programming problems ob-
tained by a suitable relaxation of the original problem. The
parameter bounding procedure converges to the tight bounds in
some special cases, while in general it converges to guaranteed
estimates. The numerical results obtained on a considerable
number of experiments involving systems of reasonable orders
generated randomly, show more than satisfactory reliability of
the algorithm. This can be explained by two features of the pro-
cedure. First, the relaxations exploit the structure of the original
nonconvex optimization problem, e.g., by adopting different
algorithms for approximating bounds on the autoregressive and
on the input moving average model parameters. Second, the
introduction of constraints accounting for parameter bounding
through hyperplanes not aligned with the parameter coordi-
nates, contributes to reduce the size of the feasible set of
the relaxed linear programs, thus improving the approximation
accuracy with respect to the basic relaxed linear programs.

The paper is organized as follows. Section II introduces
notation, the unifying framework for dealing with OE and
ARX models with quantized measurements and the problem
formulation. Section III illustrates the optimization procedure
for parameter bounds estimation, given as an iterative sequence
of linear programs. Section IV provides improved linear pro-
gramming relaxations on the basis of non axis-aligned param-
eter bounds. Section V illustrates some structural features of
the FPS for the special case of ARX model identification with
binary measurements. Section VI provides several numerical
examples showing the achievable accuracy and limitations of
the proposed procedure and the related computational burden.
Concluding remarks are drawn in Section VII together with a
perspective on future work.
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II. PROBLEM FORMULATION

Let RV denote the N-dimensional Euclidean space. A se-
quence of real numbers {x(¢),t = 1,..., N} is identified by
a vector x € RV, Let q’1 be the backward shift operator, i.e.,
q o) =2t —1).

Let us consider the linear time-invariant model

a(t) =Y am(t—i)+ > bju(t—j+1)+dt) (1)

where for each ¢ =1,2,...,d(t) is an unknown disturbance
bounded by a known quantity, i.e., [d(t)| < d;, u(t) €R is a
known input signal and z(t) belongs to a known interval

w(t) € [z(1),7(t)) - 2)

Parameters a; and b; are unknown.

Let 0 =[a1,...,an,b1,...,bp] € R"™™™ denote the pa-
rameter vector and let © represent the prior information avail-
able on such a vector. For a given input-output realization of
length NV, the feasible parameter set (FPS) is defined as the set
of parameters which is compatible with the a priori information
and the bounds (2), i.e.,

F={0€6y:(1)—(2)holdfort=1,....,N}. (3)

Notice that, since the signal z(t) is not exactly known, in
general the FPS turns out to be a nonconvex set. Hereafter, we
denote by F, and F}, the projection of the feasible set F over
the subspaces {a1,...,a,} and {b1,..., by}, respectively.

It is possible to rewrite (1), (2) as

A(q)x(t) = B(q)u(t) + d(t) )
x(t) € [z(t),=(t)] Q)
where
Alg)=1-ag = —ang™ (6)
and
B(q) =b1+baqg "+ +bpg " (7

Let us state the following technical assumptions which will
be enforced throughout the paper.

Assumption 1: The prior information on the parameters a;
and b; is such that a; € [a;, @], b; € [b;,b;], where a; > —o0
anda; <oo,i=1,...,n.

Assumption 2: Bounds x(t) and Z(t) are finite.

Assumption 1 states that a priori finite bounds on parameters
a; must be available. Notice that, conversely, a priori bounds
on parameters b; can be infinite. Assumption 2 requires a finite
bound on the signal x(t).

In the following, it is shown how a number of different
models in the set membership framework, like OE models,
ARX models with quantized measurements, etc., can be cast
in the general formulation (4), (5).
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Fig. 2. Structure of the OE model with quantized measurements.

A. Output Error

Let us consider the output error model (see Fig. 1)

A(q)x(t) = B(q)u(?) (8)
y(t) =a(t) +e(t) )

where y(¢) is the measured model output, u(¢) denotes the input
signal and e(t) is an additive noise on the system output. The
disturbance e(t) is assumed to be unknown but bounded, i.e.,
le(t)] < e, t =1,2,.... Notice that the internal signal x(t) is
not accessible.

It is easy to show that model (8), (9) can be rewritten w.l.0.g.
in the form (4), (5). Indeed, by choosing §; = 0 (and hence
d(t) =0) fort =1,2,..., one has that (8) coincides with (4),
while from (9) and |e(t)| < &; one gets

2(t) € [y(t) — e y(t) + & 2 [2(t),F®)].  (10)

Notice that for OE models Assumption 2 is always satisfied.

B. Output Error With Quantized Measurements

Let us define the quantizer operator with P thresholds as

P if zp <v < zpyg
P-1 ifzp1 <v<zp
Qv) = : (11)
1 ifz1 <v< 29
0 if zop <v <2z
where z1,...,zp denote the P thresholds and zg 2 —00,

Zp41 é “+00.

Let us now consider an OE model whose outputs are mea-
sured by a quantized sensor with P thresholds, as depicted in
Fig. 2. Such a model can be written as

A(q)z(t) = B(q)u(?t) (12)
u(t) = (t) +e(t) (13)
y(t) = Q(v(t)). (14)

Notice that only signals u(t) and y(t) are available at each
time t. By setting §; = 0 one has that (12) coincides with (4).
Let us now show that (13), (14) lead to a constraint in the
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Fig. 3. Structure of the ARX model with quantized measurements.

form of (5). From (14), according to (11), one has v(t) €
[2y(t) zy(t)_H].l By (13), z(t) = v(t) — e(t), and hence

2(t) € [2y(0) — 202 21 + &) = [(t), T (1))

Notice that, Assumption 2 requires that suitable finite values
must be available for zy and zp_1: this is not restrictive because
finite bounds on the output of the system to be identified are
usually known.

C. ARX With Quantized Measurements

Let us consider an ARX model with quantized output

A(q)z(t) = B(q)u(t) + d(t)
y(t) =Q (z())

where x(t) is unknown and |d(t)| < J; denotes an unknown-
but-bounded noise. The structure of this model is depicted in
Fig. 3. The knowledge of the quantized output y(¢) implies that
2(t) must belong to the interval

15)
(16)

2(t) € [2y0ys 290y 11) = [2(t), T (1)

Thus, (15), (16) are equivalent to (4), (5).

Remark 1: The formulation (4), (5) can cope also with the
errors-in-variables identification setting, in which also the input
signal u(t) is not known. In the bounded error framework, the
variables u(t) will belong to an interval [u(t),u(t)] and thus
the vector x(t) can be augmented including the input variables
in it, while the parameters b; can be treated in the same way
as the parameters a;. The presence of output or input quantized
measurements can be dealt with as in the OE and ARX models

shown above.

III. FEASIBLE SET APPROXIMATION PROCEDURE

In this section, an algorithm for the construction of an outer
box approximation of the feasible set defined in (3) is presented.

From (1), (2) and Assumptions 1 and 2, the feasible set F is
defined by the following constraints:

—6i S a(t) = 3 aw(t—i) = 3 bult—j+1) < b,

i=1 j=1
t=r+1,....,N
z(t) € [z(t),z(t)], t=1,...,N
a; € a;,a;],i=1,...,n
bje bj,gj],]: s ,m

a7

'With a slight abuse of notation we will always denote feasible sets by closed
intervals.
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where r = max{n, m — 1}. Notice that the first constraint in
(17) is nonlinear in the variables a; and x(t — 4), and so the
resulting feasible set F is in general nonconvex.

Let B* ={0:a; € [a},a;],bj € [b5,b 1} be the minimum

25> Vg
orthotope containing the set F, i.e., B* Nk B*), where B*)
(k)] b, e[b(k) b(k)]}

represents any set B%F) ={6: a; € [gi ,a;
such that B O F. Clearly, the exact computation of B* is
generally intractable, due to nonconvexity of /. The aim is
to find an orthotope B which is an outer approximation of
the feasible set, i.e. B O B*, by introducing a suitable convex
relaxation of (17).

Thanks to Assumptions 1 and 2, which guarantee finite
bounds on a; and z(t), let us introduce a set of transformed
variables a;, i = 1,...,nand n(t),t =1,..., N

oap=a;—aq;, t=1....n (18)
o =a;—a;, 1=1,.. (19)
n(t) =x(t) —z(t), ¢ 1, N (20)
n(t) =z(t) —z(t), t=1,...,N. 21

Moreover, let F, = F, — a be the projection of the FPS over
the subspace of the new variables «;.
Let us rewrite (17) as

—0¢ < n(t) +z(t)

m:

|

bu(t —j+1) <6, t=r+1,....N

J=1
n(t) € 0,7)], t=1,....N
ai€[07aj],z’: , N
bje[b]7 ]}7.7: ) , M.

(22)

Different procedures for bounding parameters a; and b; are
provided in the following.

A. Bounds on Autoregressive Parameters

It is worthwhile to recall that Assumptions 1 and 2 hold
and are instrumental to derive all the results in the section.
The proposed procedure firstly aims to finding bounds on
the admissible autoregressive parameters a;. Let us focus on
finding lower bounds on a;, ¢ = 1, ..., n. Similar reasoning can
be easily applied for upper bounds.

Let us introduce the following LP problem:
inf (67

S.t.:

—0; < n(t) +x(t)

— > (wi(t —1) + ciz(t — i) + an(t — i) + a;z(t — 7))

— S bjult—j+1)<é,t=r+1,....N

j=1
a0 € 0.70], t =1, N
ai€[075i],z’: s N
bjE [Qj,gj},jzl,. ,m
0<w;(t)<amn),i=1,...,nt=1,...,N
0<w;(t)<amt),i=1,...,nt=1,...,N

(23)

(in(t — i) + izt — i) +am(t — i) + a;z(t — 7))
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where the optimization variables are 7)(t),
1,...,N,i=1,....n,5=1,...,m.
Theorem 1: For any 0 € F, there exist w;(t),i=1,...,n
t=1,..., N such that problem (23) is feasible. Moreover, if
; is the solution of problem (23), one has a; = a; + &; < a;.
Proof: Let us define

wi(t), (67N bj, fort =

wi(t) = cin(t). (24)

By introducing the new variables w;(t) in (22), one has
=0 < (t) + z(t)

_ é (wi(t — i) + ouz(t — i) + an(t — i) + qz(t — i)

=2 bult—j+1) <o, t=r+1,...,N

j=1
n(t) € 0,7t)], t=1,...,N
aelal,i=1...,n
bje[Q,Ej},j: e,
wi(t)=am(t),i=1,...,n, t=1,...,N

(25)

By using the bounds on «; and 7)(t), one has that the variables
w; (t) defined in (24) satisfy the inequalities

0< wl(t) < am(t) (26)
0 <w;i(t) < aim(t) 27
foreachv=1,...,n,t=1,..., N. By substituting (26), (27)

for the last equality constraints in (25), one obtains the same
constraint set as in the LP (23). Hence, the projection of such a
constraint set over the subspace {aq,. .., ay,} contains the set
F., and the result immediately follows. |

As stated in Theorem 1, due to the relaxation on w;(t), the
solution of (23) provides in general a lower bound on a; even
in the case n = 1. Actually, an algorithm able to return the
value of a; within the desired precision when n =1 can be
constructed. Afterwards, the same algorithm will be effectively
exploited for the case n > 1.

Theorem 1 provides necessary conditions for the feasibility
of a given 4, i.e., if (23) is not feasible for a given 6, then 6 & F.
This is the simple key information which will be exploited in
the proposed procedure. For ease of presentation, let us define
the following function returning a lower bound on a; according
to (23) and Theorem 1:

[feas, opt] = INF_A (i,g, a,b,b,u,d,z, f)

where feas can be true or false depending on the feasibil-
ity of the problem, while opt contains the lower bound (in case
of feasible problems).

In Algorithm 1 a procedure written in pseudo-code is re-
ported which returns a lower bound a; to aj. The scalar
step denotes the size of the interval on parameter a;
which will be analyzed at the current iteration. Throughout
Algorithm 1, ¢ =a, ¢ =a, except for the i-th components

~and @;, which denote the current estimated bounds on the
lower bound a;, ie., a; € [g,,q;] at the current iteration. At
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line 8, the LP (23) is solved with the constraint «; € [0,q; — 7.].
If it is feasible, the lower bound ¢, is updated with the 50-
lution of the LP, while the value of step is halved. If it is
unfeasible, ¢ q; is set to g;. The algorithm terminates when the
size of the interval to be analyzed is smaller than a given
tolerance ¢,.

Algorithm 1 Lower bound on parameter a;

1: function [feas,bound] = LBOUND_ON_A (i,¢,,4a,a,
b,b,u,0,z,T)

2: q<—aq<—astep<—(q q,)/2%
3:  while (step > €,/2) do
4: if (¢, + step > a;) then
5: step « a; — q;;
6: end if B
7: q; < q, + step;
8: [feas,opt] = v_a(i,q,q,b,b,u,d,z,T)
9: if feas then a
10: step « step/2; q, < opt;
11: else -
12: q, < T
13: end if

14:  end while
15:  a;, + 4,3
16:  bound + a;
17: end function

We can now state the following theorem.

Theorem 2: Algorithm 1 converges in a finite number of
iterations.

Proof: In Algorithm 1, every time the LP solved at
line 8 is feasible, the variable step is halved. Hence, being the
stopping condition step < €,/2, in order to prove that such a
condition is eventually satisfied, it is sufficient to show that
infeasibility of the LP cannot occur indefinitely. This directly
follows by the fact that the lower bound q, s increased by step
every time infeasibility occurs (see lines 12 and 7). |

The next result concerns tightness of the bound returned by
Algorithm 1 in the case n = 1.

Theorem 3: Let n = 1 and assume that the tolerance €, in
Algorithm 1 is chosen in such a way that the function INF_A re-
turns unfeasible (i.e., feas = false), whenever g; — q, < €a
and [g,,G;] N [a],@;] = (0. Then, the lower bound a, returned
by Algorithm 1 is tight, i.e., a] — a; < €,.

Proof: Whenever aj — q, > €, in Algorithm 1 either ¢,
is increased by step > ¢,, or the variable step is halved. ThlS
will eventually lead either to a value of 4 satisfying aj — q, <
€q, OF to step < €,. In the former case, since q, is not decreas-
ing, Algorithm 1 will return an g, such that aj —a; <aj—q,
< €4. Otherwise, if step < ¢,, all the subsequent LPs with the
constraint a; € [gl,gl + step] will be unfeasible as long as
q, + step < a;j. Therefore, feasibility will finally occur only
when a] — q, < step < €,. Then, step is halved for the last
time and a, is set equal to ¢, thus satisfying aj —a; <¢,. W

Notice that the assumption in Theorem 3 is not restrictive: as
€, approaches zero, the size of the current uncertainty interval
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on a; vanishes, and asymptotically infeasibility can be checked
exactly by solving one LP.

Theorem 3 states that for the case m =1, a single run
of Algorithm 1 provides tight bounds on a;. When n > 1,
Algorithm 1 must be repeated for all a;, but in this case
tightness of bounds are not guaranteed due to the relaxation
which involves variables w;(t) (and consequently parameters
a;). To this purpose, it is convenient to iterate the previous
procedure with the updated bounds until convergence. Again,
in general, the computed bounds are not tight, but they are
tighter than those obtained by running Algorithm 1 once for
each a;.

B. Bounds on Input Parameters

Once bounds on a; are found, it remains to compute bounds
on parameters b;. To find such bounds, let us solve 2m LP
problems with the same constraints as in (23) and with objective
function inf b; (supb; for the upper bound on F;), for j =
1,...,m. In general, the obtained bounds are not tight due to
conservatism of the proposed relaxation of the FPS constraints,
even whenn = 1.

Algorithm 2 provides a procedure which permits to improve
the bounds on b; w.r.t. those obtained by solving the 2m LPs
mentioned above. Moreover, it will be proved that such a pro-
cedure provides tight bounds on the input parameters b; when
n = 1. For ease of exposition, we concentrate on computing
lower bounds on b;.

Algorithm 2 Lower bound on parameter b;

1: function [bound] =LBOUND_ON_B(j, €4, €5, a, @, b, b,
U, 0,2, T)

20 g b bg=g

3:  while ((g; 77) > €,/2) do

4: qj < (q] +4,)/2

5: [feas, bound_a] =LBOUND_ON_A(1,¢,,a,,q,

q,u,0,z,T) a

6: if feas then

7 q; < G55

8: else

9: 4; < dj;

10: end if

11:  end while

12: bj — 4;

13: bound < b;
14: end function

Algorithm 2 follows a logic similar to that of Algorithm 1.
Variables 4; and g; represent the current estimated bounds on
the lower bound bj, ie., bj S [gj,qj] at the current iteration.
The main difference w.r.t. Algorithm 1 is that in Algorithm 2
a bisection procedure is performed on the interval [gj,aj],
depending on the feasibility of the procedure LBOUND_ON_A
at line 5, which corresponds to Algorithm 1 with the constraint
b; € [gj, q;], with q; = (q; + gj)/Q. If LBOUND_ON_A returns
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feas = false, the current lower bound can be increased and
one has that b; € [qu,qj]; otherwise, the current interval is
halved and the algorithm proceeds by testing the interval [gj, qj]
at the subsequent iteration.

The next result states that the computed bounds on the input
parameters are tight when only one autoregressive parameter is
involved, i.e., n = 1.

Theorem 4: Algorithm 2 converges in a finite number of
iterations. Moreover, if n = 1, for each 1 < j < m, the lower
bound Qj returned by Algorithm 2 is tight, i.e., b; — bj < €p.

Proof: The first statement follows from a reasoning sim-
ilar to that in the proof of Theorem 2. In order to prove the
second statement, recall that when n = 1, Theorem 3 guaran-
tees that the procedure LBOUND_ON_A returns tight bounds
on the unique autoregressive parameter, irrespectively on the
available bounds on the input parameters b;. This means that
if there is no feasible value of b; in the interval [gj, q;], the
set {0 € F:b; € [gj, g;]} is empty and hence LBOUND_ON_A
must return feas = false when applied to such a set (for a
sufficiently small precision ¢,). Conversely, when there exists
a feasible b, € [gj,q~j], LBOUND_ON_A will return feas =
true. Therefore, a standard bisection allows one to approx-
imate the bounds on each parameter b; within the desired
precision €. ]

IV. POLYTOPIC FEASIBLE SET APPROXIMATION

In this section, an extension of the bounding procedure
reported in Section III aiming at reducing the bounds on pa-
rameters a; is described. Moreover, in addition to finding a
tighter box approximation of the feasible set, such an extension
can also be effectively used to bound the feasible set through a
polytope.

Let us consider the problem of computing the smallest strip,
orthogonal to a given direction, containing the FPS. Given
a direction vector ¢, a relaxation of this problem within the
subspace of autoregressive parameters a; turns out to be the
computation of

inf (sup) Z Ciay; (28)
i=1

over the same set of constraints as in (23). Let g and g be the
optimal values of such optimization problems. Then, the strip

9<> e <3 (29)
=1

is guaranteed to contain the set F,.

Now, let us assume that one wants to bound the FPS by
a polytope composed of S strips orthogonal to the vectors
ck, k=1,...,5. This can be done recursively in the follow-
ing way. At the k-th iteration, let g” and gP be constants
such that B

F <Y dai<g, p=1,... k-1 (30)

i=1
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Then, one has to solve the two LPs

n
inf (sup) 3_ cFay
i=1

S.t.:
0 <m(t) +x(?)

- Z (wi(t — 1) + az(t — i) + an(t — i) + a;x(t — 1))

Y bjut—j+1)<d, t=r+1,....N

a; € [0,a;],i=1,...,n

bg S I:b_]aij} 7j: 17" , M

0<w;(t) <an(t),i=1,...,n,t=1,...,N
ngi(t)gaj,ﬁ(t),i:l,. ,n, t=1,....,N

€29

Notice that in (31), the new constraints (30) are added at each
step. After k iterations, the feasible set F,, on parameters o; can
be approximated by the polytope described by the inequalities

g <Y dai <7 p=1...k (32)
=1

Remark 2: Notice that a less conservative relaxation can be
formulated by adding to (31) the constraints

gPn(t) < Z cFwi(t) < gPn(t),

p=1,...k—1,t=1,....,N. (33)

This approach leads in general to a tighter approximating
polytope, but it is computationally feasible only for data sets
of limited size. In fact, the constraints set grows by 2(N + 1)
inequalities at each iteration (instead of 2 as in (31)), thus
rapidly leading to intractable problems.
The polytopic approximation described in (32) can be re-
markably improved by exploiting Algorithm 1. In particular,
one can apply the following procedure:
Fork=1,...,5:
1) tighten the strip orthogonal to ¥ adopting a procedure
analogous to Algorithm 1;

2) update the bounds on ga; and @; by applying
Algorithm 1, with the function INF_A optimizing over
the constraint set (31).

In order to compute polytopic approximations of the feasible
input parameters b;, a similar approach can be taken, following
the guidelines provided in Section III-B and the procedure of
Algorithm 2.

V. A SPECIAL CASE: ARX MODELS WITH
BINARY MEASUREMENTS

In this section, a special instance of the problem described in
Section II-C is considered, i.e. ARX model identification with
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a binary sensor

0 ifz(t) <=z

o) ={] )5 (34)

where z € R denotes the unique sensor threshold.

In particular, it turns out that the FPS shows some peculiar
structural properties.

Theorem 5: For any output sequence y € {0, 1}, any input
sequence u € RY and any noise level 6;,t = 1,..., N, the set

{GEGO:blbgu-me;Zail} (35)
=1

is always contained in the feasible set F.
Proof: Let e > 0 and set

w(t):{z—i—e

Z— €

ify(t)=1

it y(t) = 0. (36)

Then, for every t, the second constraint in (17) turns
out to be

ify(t) =

{:Jc(t) € (z,400) 1
ity(t) =0

x(t) € (—o0, 2]

which is satisfied by construction, while the first constraint boils
down to

0 <zEte—) ai(zte) =Y bju(t—j+1) <. (37)
i=1 j=1

By setting by =---=b,, =0 and ay +as+---+a, =1,
(37) becomes —d; < e — > " | ta;e < &, which is satisfied
for any d; > 0, provided that a sufficiently small € is chosen. l

Remark 3: Theorem 5 shows that, in the case of binary
sensors, the hyperplane defined by the equality constraints in
(35) is always contained in the FPS, unless this is excluded
by suitable a priori information on the system dynamics (i.e.,
by choosing ©g so that the set (35) is empty). Notice that
the constraint » ;- ; a; = 1 implies that the system transfer
function has a pole in 1, which corresponds to the fact that the
system can “hold” indefinitely the constant value z even with
no input signal, thus letting an arbitrarily small noise generate
any binary output sequence .

Now, let us consider the special case of an ARX(1,1) model
x(t) = arx(t — 1) + byu(t) + d(t), |d(t)] < 6. The following
result holds.

Corollary 1: Let u,y € RN be given and u = min, u(t),
7 = max; u(t). Define the set

7

1) 1)
{96@0: 1—*§a1+%b1§1+*
z z z

x1—5§a1+ub1§1+6}. (38)
z z z

Then, Z C F.
Proof: As in the proof of Theorem 5, choose z(¢) as in
(36). The first constraint in (17) becomes

—0<zxe—ai(zte)—bu(t) <o
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which is equivalent to

1—é§@1+@b1+9(6)fl+§
z z z

(39)

where g(e) = +a1(e/z) F (¢/z). For € — 0, the inequalities
(39) represent a strip in the (aq,b;)-plane. The intersec-
tions of such strips for ¢t =1,..., N provides the set Z
in (38). |

Corollary 1 highlights that, for a given data set, there is
always a set of nonzero measure contained in the FPS (namely,
a parallelogram), which does not depend on the output provided
by the binary sensor, but only on the extreme values taken by
the input signal. Notice that for arbitrarily large input signals
and arbitrarily small 0, the set Z boils down to the point {6 :
by =0,a; = 1}, in accordance with Theorem 5. The result
in Corollary 1 can be easily generalized to ARX models of
arbitrary order.

VI. EXAMPLES

Example 1: Let us consider the following ARX system of
ordern=1,m=1

{ z(t) = ax(t — 1) + bu(t) + d(t)
y(t) = Q(x(t))

where Q(-) denotes a binary sensor with threshold z = 1.
Prior information on the system is a € [—2;2], |d(¢)| < 0.06,
|u(t)] < 1. The true parameter values are a = 0.78, b = 0.95.
Let N =100 be the length of an identification experiment.
The input signal has been uniformly generated in [—1; 1]. By
applying the proposed technique, one has a € [0.6895; 1.0600],
b € [—0.0641;1.2700], which coincides with the minimum or-
thotope containing the FPS as stated by Theorems 3 and 4. In
Fig. 4, the true feasible set (obtained by gridding), the computed
bounds and the set Z defined in Corollary 1 are reported.

The same system has been simulated by halving the noise
level, i.e., |d(t)] < 0.03, the other parameters being the same
as in the preceding case. In Fig. 5, the new feasible set along
with computed bounds and set Z are shown. Notice that in this
case the feasible set is not connected. Parameter bounds are a €
[0.7175;1.0300], b € [—0.0320; 1.1496]. Computation for both
cases takes about 13 CPU seconds.?

Example 2: Consider the following OE system of order
n=2m=2

x(t) = —0.56z(t — 1) — 0.23z(t — 2)
+1.04u(t) +0.73u(t — 1)
y(t) =x(t)+e(t).

We assume to know that the system is stable and that |e(t)]| <
0.1 for all ¢. Let us apply an input sequence of length N =
100 uniformly distributed in [—5; 5]. The output noise has been
generated with a uniform distribution in [—0.1; 0.1]. The input
signal u(¢) and output y(¢) are reported in Fig. 6.

2Computations are performed under Matlab by using IBM ILOG CPLEX for
MATLAB toolbox [35] to solve the LPs, on an Intel Core i7-3770 at 3.40 GHz.
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Fig. 4. Example 1. Feasible set (filled region), set Z (striped region) and
computed outer box. The true parameter vector is marked by a cross.

0.8

Fig. 5. Example 1. Feasible set (filled region), set Z (striped region) and
computed outer box. The true parameter vector is marked by a cross.

Let us apply the procedures described in Section III with
a tolerance €, = ¢, = 107> to obtain an orthotope containing
the feasible set. The resulting approximated orthotope and the
minimum orthotope (computed by gridding) are reported in
Table I. The projections F, and JF; of the feasible set along
with the computed bounds are reported in Fig. 7.

The total number of solved LPs is 906, for a computation
time of 6 seconds.

Example 3: To show the effectiveness of the proposed ap-
proach, the bounds obtained by Algorithm 1 are compared with
the tight bounds, for a number of different simulations. Two
sets of 1000 randomly generated stable Output Error models
of order n = m = 2 have been simulated by applying input
sequences of N = 100 samples for two different signal-to-
noise ratios. The tolerance ¢, used in Algorithm 1 has been set
to 10~°. The minimum outer box including the feasible set has
been computed by gridding.

Let q;, @;, i = 1,2, be the computed bounds, while a,

¥, 1 =1, 2, denote the tight bounds. For each simulation,

a;
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the following indexes have been computed to evaluate the
performance of the proposed method:

ay — ay a2 — Ay

Ry = Ry =

aj —aj’ a —ay
So, R; > 1, i =1,2, is the ratio between the length of the
computed interval on a;, and the length of the tight interval.

Let us define the signal-to-noise ratio as

Jwax {zi} — min | {}
SNR = {er} — min_{e)’
(max {ec) — min e

In Table II, the mean value and standard deviation of Ry, Ro
and of the computation time are reported, for SNR = 20 and
SNR = 100. In both cases, the computation times are be-
low 4 seconds. When SN R = 100, the bounds obtained by
Algorithm 1 are very close to the tight bounds. For SNR = 20,
the computed bounds are larger; this is likely due to the fact that
the true feasible interval for each parameter is larger, leading to
a more conservative relaxation in problem (23).

Notice that this comparison cannot be done for parameters
b;, since computing tight bounds on b; turns out to be a time
demanding task.? For the same reason, performance evaluation
for systems of order greater than 2 is not feasible.

Example 4: In this example, a number of simulations for
different model orders have been performed to show the com-
putation effort required to bound the parameters a; and b;, by
using the procedures described in Section III. Models have
been randomly generated and simulated over a time horizon
N = 100 with SNR = 100.

In Table III, the average number of solved LPs and the
average computation times over 100 trials are reported. It is
worthwhile to notice that the proposed procedure allows for
parameter bound computation in reasonable times even for
models with 12 parameters.

Example 5: In this example, the use of a polytopic approxi-
mation for bounding the feasible set is reported. It is also shown
how this technique may lead to a performance improvement for
orthotopic approximation.

Consider the OE model

x(t) = 0.34x(t — 1) + 0.46x(t — 2)
+0.25u(t) — 0.53u(t — 1)
y(t) = z(t) + e(t).

Let us apply a random input sequence of length N = 500
and let SNR = 20. By applying the procedure described in
Section III for finding a box approximation (with a tolerance
10~?), one obtains the bounds on the autoregressive parameters
ay € [0.33393;0.34409], as € [0.45597; 0.46466]. The compu-
tation time is less than 1 minute.

Now, let us apply the polytopic approximation algorithm
described in Section IV by choosing 200 randomly generated
strips in the (a1, az) plane. The computation time turns out to be
about 15 minutes. In Fig. 8, the true feasible set and the polyto-
pic approximation are depicted. The same figure shows the

3Computing bounds on parameters b; by a gridding technique in Example 2
takes several hours.
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Fig. 6. Example 2. Input signal «(¢) and corresponding output y(¢), ¢t =1,. ..

TABLE 1
EXAMPLE 2. TIGHT AND COMPUTED BOUNDS FOR THE FEASIBLE SET

tight bounds computed bounds
min max min max
a1 | -0.56282 | -0.55781 | -0.56303 | -0.55778
az | -0.23056 | -0.22665 | -0.23061 | -0.22663
b1 1.03755 1.04203 1.03747 1.04218
bo 0.72840 0.73550 0.72817 0.73583
-0.226 : : . . : : - .
-0.2265 e E
-0227} i i :
-0.2275} : | .
-0228} i E :
8 -02085} : | 1
-0220} i :* :
| (
-0.2295 ! | b
-0.23+ | + E E
I {
-0.2305 - L e | i R
~0.231 . . . . . . . .
-0.564 -0.563 -0.562 -0.561 -0.56 -0.559 -0.558 -0.557 -0.556
al
07361 | :
0734F | i |
| |
o732k H g
I\ I :
o | i
! :
! 1
073 | + ; -
E :
I —————————— R —————
0.728} b
0.726 . : . . .
1.037 1.038 1.039 1.04 1.041 1.042 1.043
b1
Fig. 7. Example 2. Sets F, (top) and F;, (bottom), true parameter value

(cross), minimum outer orthotope (solid) and computed outer orthotope
(dashed).

minimum outer orthotope, the approximation obtained by ap-
plying the procedure of Section III and the orthotope ob-

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 59, NO. 11, NOVEMBER 2014

y(t)
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, 100.

TABLE II

70 80 90 100

EXAMPLE 3. MEAN VALUE AND STANDARD DEVIATION
OF R, R2, AND COMPUTATION TIME

SNR =20 SNR =100
mean std mean std
R 1.241 0.280 1.047 0.079
Ro 1.303 0.354 1.060 0.092
Computation time (s) 3.491 2.518 1.896 1.003
TABLE III

EXAMPLE 4. NUMBERS OF SOLVED LPS AND COMPUTATION TIME

n=m | # trials | mean # solved LPs | mean computation time
1 100 46.85 0.12 sec
2 100 281.62 1.81 sec
3 100 1441.84 22.65 sec
4 100 2539.38 63.05 sec
5 100 4851.57 203.26 sec
6 100 6795.85 594.33 sec
0.466 T T T T T T T
0.464 - 1
0.462 q
N
S 046 1
0.458 q
0.456 q
0.454 . . . . . . .
0.332 0.334 0.336 0.338 0.34 0.342 0.344 0.346 0.348
al
Fig. 8. Example 5. True feasible set (dark) and its polytopic approximation

(light) on parameters a1,a2. Boxes denote the minimum outer orthotope
(solid), final outer orthotope (dashed) and outer orthotope obtained by the
procedure of Section IIT (dashed-dotted).

tained by bounding the polytopic approximation. The nu-
merical bounds obtained are a; € [0.33570;0.34333], aq €
[0.45739;0.46417].

By comparing indexes R; and Ry defined in Example 3, one
has that Ry reduces from 1.382 to 1.039, while Ry goes from
1.307 to 1.020. Fig. 9 shows R; and Rs as a function of the
processed strips. Notice that the knee of the plot is about 20,
meaning that few iterations, i.e. few approximating strips, are
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Example 5. Indexes R and R against the number of approximating

sufficient to provide a considerable reduction of the initial
bounds.

VII. CONCLUSION

The approach proposed in the paper has proved to be effec-
tive in computing orthotopic and polytopic approximations of
nonconvex feasible parameter sets. The main reason lies in the
exploitation of the model structure in the construction of the
relaxations of the original nonconvex problem, and specifically
in treating the autoregressive and input parameters in different
ways. The proposed techniques have been successfully tested
on a large number of numerical examples with randomly gen-
erated models and data sets.

The considered problem is far from being completely solved.
As far as the polytopic approximation is considered, a heuristic
has been proposed to prevent the explosion of the number of
constraints. Nevertheless, alternative relaxations can be devised
in order to explicitly trade-off computational complexity and
accuracy of the feasible set approximation. Another topic which
deserves further investigation is the construction of recursive
procedures for computing online approximations of the feasible
set. Techniques based on convex relaxations are usually batch
in nature and their use within recursive estimation schemes
is by no means straightforward. On the other hand, classic
recursive techniques for the approximation of convex feasible
sets can be adapted to the nonconvex case, but they typically
lead to very conservative approximations. Recursive bounding
procedures would also be useful to tackle other challenging
estimation problems, such as the simultaneous state and pa-
rameter estimation for dynamic systems affected by bounded
perturbations. Another direction of future research concerns the
extension of the proposed techniques to specific families of
nonlinear models, such as quantized NARX or nonlinear output
error models.

REFERENCES
[1] F. C. Schweppe, “Recursive state estimation: Unknown but bounded

errors and system inputs,” IEEE Trans. Autom. Control, vol. 13, pp. 22—
28, 1968.

2919

[2] D. P. Bertsekas and I. B. Rhodes, “Recursive state estimation for a set-
membership description of uncertainty,” IEEE Trans. Autom. Control,
vol. 16, pp. 117-128, 1971.

[3] E. Walter and H. Piet-Lahanier, “Estimation of parameter bounds from
bounded-error data: A survey,” Math. Comp. Simul., vol. 32, pp. 449-468,
1990.

[4] M. Milanese and A. Vicino, “Optimal estimation theory for dynamic sys-
tems with set membership uncertainty: An overview,” Automatica, vol. 27,
no. 6, pp. 997-1009, 1991.

[5] M. Milanese, J. P. Norton, H. Piet-Lahanier, and E. Walter, Eds., Bound-

ing Approaches to System Identification. New York: Plenum Press,

1996.

“Special issue on: The set membership modelling of uncertainties in

dynamical systems,” Math. Comp. Modellimg Dyn. Syst., vol. 11, no. 2,

2005.

[7] T. Soderstrom, “Errors-in-variables methods in system identification,”
Automatica, vol. 43, no. 6, pp. 939-958, 2007.

[8] L. Y. Wang, J. F. Zhang, and G. G. Yin, “System identification using
binary sensors,” IEEE Trans. Autom. Control, vol. 48, no. 11, pp. 1892—
1907, 2003.

[9] L. Y. Wang, G. G. Yin, J. F. Zhang, and Y. Zhao, System Identification
With Quantized Observations. New York: Springer, 2010.

[10] M. Casini, A. Garulli, and A. Vicino, “Input design in worst-case system
identification using binary sensors,” IEEE Trans. Autom. Control, vol. 56,
no. 5, pp. 1186-1191, 2011.

[11] M. Casini, A. Garulli, and A. Vicino, “Input design in worst-case system
identification with quantized measurements,” Automatica, vol. 48, no. 12,
pp- 2997-3007, 2012.

[12] E.Clinet and J. Juillard, “A weighted least- squares approach to parameter
estimation problems based on binary measurements,” IEEE Trans. Autom.
Control, vol. 55, no. 1, pp. 148-152, 2010.

[13] B.I. Godoy, G. C. Goodwin, J. C. Aguero, D. Marelli, and T. Wigren, “On
identification of FIR systems having quantized output data,” Automatica,
vol. 47, no. 9, pp. 1905-1915, 2011.

[14] B. C. Csdji and E. Weyer, “Recursive estimation of arx systems using
binary sensors with adjustable thresholds,” in Proc. 16th [FAC Symp. Syst.
Ident., Brussels, Belgium, Jul. 2012, pp. 1185-1190.

[15] K. Tsumura, “Optimal quantizer for mixed probabilistic/deterministic
parameter estimation,” in Proc. 45th IEEE Conf. Decision Control,
Dec. 2006, pp. 6259-6264.

[16] Y. Zhao, L. Y. Wang, J. F. Zhang, and G. Yin, “Jointly deterministic
and stochastic identification of linear systems using binary-valued ob-
servations,” in Proc. 15th IFAC Symp. Syst. Ident., Saint-Malo, France,
Jul. 2009, pp. 60-65.

[17] M. Casini, A. Garulli, and A. Vicino, “Set-membership identification of
ARX models with quantized measurements,” in Proc. 50th I[EEE Conf.
Decision Control, Orlando, FL, Dec. 2011, pp. 2806-2811.

[18] M. Casini, A. Garulli, and A. Vicino, “Bounding nonconvex feasible sets
in set membership identification: OE and ARX models with quantized
information,” in Proc. 16th IFAC Symp. Syst. Ident., Brussels, Belgium,
Jul. 2012, pp. 1191-1196.

[19] V. Cerone, D. Piga, and D. Regruto, “Set- membership error-in-variables
identification through convex relaxation techniques,” IEEE Trans. Autom.
Control, vol. 57, no. 2, pp. 517-522, 2012.

[20] J. P. Norton, “Identification of parameter bounds for ARMAX models
from records with bounded noise,” Int. J. Control, vol. 45, pp. 375-390,
1987.

[21] S. M. Veres and J. Norton, “Parameter bounding algorithms for linear
errors in variables models,” in Proc. FAC Symp. Syst. Ident., Copenhagen,
Denmark, Jul. 1991, pp. 1038-1043.

[22] V. Cerone, “Feasible parameter set for linear models with bounded errors
in all variables,” Automatica, vol. 29, pp. 1551-1555, 1993.

[23] L. Pronzato and E. Walter, “Minimal volume ellipsoids,” Int. J. Adaptive
Control Signal Processing, vol. 8, no. 1, pp. 15-30, 1994.

[24] S. A. Nazin and B. T. Polyak, “Interval parameter estimation under model
uncertainty,” Math. Comp. Modelimg Dyn. Syst., vol. 11, no. 2, pp. 225-
237, 2005.

[25] G. Ferreres and M. M’Saad, “Estimation of output error models in the
presence of unknown but bounded disturbances,” Int. J. Adaptive Control
Signal Processing, vol. 11, pp. 115-140, 1997.

[26] E. Fogel and F. Huang, “On the value of information in system
identification-bounded noise case,” Automatica, vol. 18, pp. 229-238,
1982.

[27] A. Vicino and G. Zappa, “Sequential approximation of feasible parameter
sets for identification with set membership uncertainty,” IEEE Trans.
Autom. Control, vol. 41, pp. 774-785, 1996.

[6

[t



2920

[28] A.Mbarek, H. Massaoud, and G. Favier, “Recursive updating of the exact
non convex feasible parameter sets,” in Proc. IEEE Int. Conf. Syst., Man
Cybern., 2002.

[29] V. Cerone, D. Piga, and D. Regruto, “Improved parameters bounds for set-
membership EIV problems,” Int. J. Adaptive Control Signal Processing,
vol. 25, no. 3, pp. 208-227, 2011.

[30] L. Jaulin and E. Walter, “Set inversion via interval analysis for nonlinear
bounded-error estimation,” Automatica, vol. 29, no. 4, pp. 1053-1064,
1993.

[31] L. Jaulin, M. Kieffer, O. Didrit, and E. Walter, Applied Interval Analysis.
Berlin, Germany: Springer Verlag, 2001.

[32] J. P. Horn, U. D. Hanebeck, K. Riegel, K. Heesche, and W. Hauptmann,
“Nonlinear set-theoretic localization of cellular phones,” in Proc. SPIE
5084, Location Services Navig. Technol., 2003, vol. 51, pp. 51-58.

[33] M. Di Marco, A. Garulli, A. Giannitrapani, and A. Vicino, “A set theo-
retic approach to dynamic robot localization and mapping,” Autonomous
Robots, vol. 16, pp. 23-47, Jan. 2004.

[34] K.J. Keesman and R. Stappers, “Nonlinear set-membership estimation: A
support vector machine approach,” J. Inverse Ill Posed Problems, vol. 12,
no. 1, pp. 27-42, 2004.

[35] IBM, IBM ILOG Cplex Optimizer. [Online]. Available: http://www-01.
ibm.com/software/integration/optimization/cplex-optimizer/

Marco Casini (M’00) was born in Siena, Italy, in
1973. He received the Laurea degree in information
engineering and the Ph.D. degree in control systems
from the University of Siena, Siena, Italy, in 1999
and 2003, respectively.

In 2005, he joined the Dipartimento di Ingegneria
dell’Informazione, University of Siena, where he is
currently an Assistant Professor. In 2001 he was a
Visiting Researcher at the Laboratory for Informa-
tion and Decision Systems (LIDS), Massachusetts
Institute of Technology (MIT), Cambridge. He is the
author of several publications in international journals and conference proceed-
ings. His research interests include set-membership system identification and
modeling, remote laboratories of automatic control, smart grids and forecasting
of energy from renewables.

i

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 59, NO. 11, NOVEMBER 2014

Andrea Garulli (SM’03) was born in Bologna, Italy,
in 1968. He received the Laurea in electronic engi-
neering from the Universita di Firenze, Firenze, Italy,
in 1993, and the Ph.D. degree in system engineering
from the Universita di Bologna, Bologna, Italy, in
1997.

In 1996 he joined the Dipartimento di Ingegneria
dell’Informazione of the Universita di Siena, where
he is currently Professor of Control Systems. He has
been the Dean of the Faculty of Engineering from
2011 to 2012. He is author of more than 150 tech-
nical publications and co-editor of the books “Robustness in Identification and
Control”, Springer 1999, and “Positive Polynomials in Control,” Springer 2005.
His present research interests include system identification, robust estimation
and filtering, robust control, mobile robotics and autonomous navigation.

Dr. Garulli was a member of the Conference Editorial Board of the IEEE
Control Systems Society and Associate Editor of the IEEE TRANSACTIONS
ON AUTOMATIC CONTROL and of the Journal of Control Science and
Engineering.

Antonio Vicino (F’00) was born in 1954, He re-
ceived the Laurea in electrical engineering from the
Politecnico di Torino in 1978.

From 1979 to 1982 he held several Fellowships at
the Dipartimento di Automatica e Informatica of the
Politecnico di Torino. He was assistant professor of
Automatic Control from 1983 to 1987 at the same
Department. From 1987 to 1990 he was Associate
Professor of Control Systems at the Universita di
Firenze. In 1990 he joined the Dipartimento di Ingeg-
neria Elettrica, Universita di L’ Aquila, as Professor
of Control Systems. Since 1993 he is with the Universita di Siena, where he
founded the Dipartimento di Ingegneria dell’Informazione and covered the po-
sition of Head of the Department from 1996 to 1999. From 1999 to 2005 he was
Dean of the Engineering Faculty. In 2000 he founded the Center for Complex
Systems Studies (CSC) of the University of Siena, where he presently covers
the position of Director. He is author of 260 technical publications; co-author of
the book Homogeneous Polynomial Forms for Robustness Analysis of Uncer-
tain Systems (Springer-Verlag, 2009); co-editor of several books and guest edi-
tor of several special issues on robustness in identification and control. He has
worked on stability analysis of nonlinear systems, time series analysis, robust
control of uncertain systems. His present interests include identification of non-
linear systems, smart grids, forecasting of energy from renewables, systems
biology.

Dr. Vicino was an Associate Editor and Associate Editor-at-Large for the
IEEE TRANSACTIONS ON AUTOMATIC CONTROL. He also served as Asso-
ciate Editor for the IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS II.
Presently, he serves as Associate Editor for Automatica. He is a Fellow of
the IFAC.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues false
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


