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The aim of this paper is to prove controllability and stabilization properties for
a degenerate and singular Schroédinger equation with degeneracy and singularity
occurring at the boundary of the spatial domain. We first address the boundary
control problem. In particular, by combining multiplier techniques and compactness-
uniqueness argument, we prove direct and inverse inequalities for the associated
adjoint system. Consequently, via the Hilbert Uniqueness Method, we deduce exact
boundary controllability for the control system under consideration in any time
T > 0. Moreover, we investigate the stabilization problem for this class of equations
in the range of subcritical coefficients of the singular potential. By introducing a
suitable linear boundary feedback, we prove that the solution decays exponentially

in an appropriate energy space.
© 2024 The Author(s). Published by Elsevier Inc. This is an open access article
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The controllability and stabilization of Schrédinger equations without degeneracies and singularities have

received a lot of attention during the past years. Under the so-called geometric control condition, it is shown

by G. Lebeau [26] that the Schrodinger equation is exactly controllable for arbitrary short time. This is

due to the fact that the Schrédinger equation can be viewed as a wave equation with an infinite speed

of propagation. We also quote the article by E. Machtyngier [29] where observability inequalities for the

Schrodinger equation are established by means of the multiplier method developed in [28]. The corresponding

exponential decay is obtained by E. Machtyngier and E. Zuazua [30] when the boundary dissipation is linear

(see also [23]).
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The literature on well posedness, controllability, stabilization and inverse problems for the Schrédinger
equation is abundant. We refer to [1,2,6,7,9-11,13,19,24,25,31,32,34,35,41-43] and references therein.

In this paper, we are mainly interested in extending the known results on observability inequalities to-
gether with exponential stabilization in [29,30] to the Schrédinger equation with degeneracy and singularity
at the boundary.

It is interesting to note that observability inequalities for the Schrédinger equation can be obtained from
the corresponding ones for the wave equation and vice versa by an abstract framework (see Remark 1 for
more details).

Here, we establish observability inequality and exponential stabilization of degenerate/singular Schrodinger
equation based on a direct application of the usual multiplier method developed recently by F. Alabau-
Boussouira et al. [4] in the context of the controllability and stabilization of purely degenerate wave
equations. Although the approach is classical, these results are new for the degenerate/singular Schrodinger
equation.

The first objective of this paper is to study the exact boundary controllability for Schrédinger equations
of the form

1y + (m"yz)w + zzL—ay =0, (tvx) S Q = (Oa T) X <07 1)7
{y(t,O)zO, ifo<a<l, te 0.1,
(x%y,)(t,0) =0, ifl<a<2, (1)
y(t7 1) = f(t)v te (OaT)7
y(O,IIJ> = yo(x), T e (07 1)7

where y = y(t, x) is the state and f = f(¢) is a control function to be determined which acts on the system
by means of the Dirichlet boundary condition at the point = 1. Both are complex valued functions. Here
i € C is the imaginary unit, while « € [0,2) and p are two real parameters, yg is regarded as being the
initial value and T' > 0 stands for the length of the time-horizon. In particular, if o € (0,1) we say that the
problem is weakly degenerate (WD), if a € [1,2) then it is strongly degenerate (SD).

The control problem we shall address can be formulated, roughly, as follows: given T > 0 and yo, yq
belonging to a suitable Hilbert space we look for a control function f such that the solution y of (1) satisfies
y(T) = yq. This is called an exact controllability problem.

In order to study system (1), we assume that the parameters o and p satisfy the following assumption:

a€[0,2)\ {1} and p < p(a), (2)
where

(1= a)?
pla) = L0 ®

is the constant appearing in the following generalized Hardy inequality: for all a € [0, 2),

1 1
1— 2 2
( 40‘) /x“;la dxg/xa|u£\2d:1:, (4)

0 0

for all uw € C¢°(0,1) (the space of infinitely smooth functions compactly supported in (0,1)). We refer for
example to [18, chap 5.3].
We emphasise that (4) ensures that, if « € [0,2)\{1} and if u € H} ((0,1]) is such that 2°/?u, € L?(0,1),

then ﬁ belongs to L?(0,1). On the contrary, in the case o = 1, (4) (which reduces to a trivial
r2—a
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inequality) does not provide this information anymore. Hence, it is not surprizing if with our techniques we
cannot handle this latter special case and we refer to [20] and [39] where this issue is attacked in a different
way for the heat equation.

Now, observe that when u = 0, the problem above is purely degenerate. In this case, controllability
properties by means of a locally distributed control have been investigated in [17] using a Carleman approach.

On the other hand, when a = 0, system (1) becomes purely singular with a singularity that takes the form
of an inverse-square potential. To the best of our knowledge, [14] and [40] are the unique published works
on this subject; they are concerned with the problem of exact controllability for the linear multidimensional
Schrédinger equation with singular potentials.

As far as we know, there are currently no controllability results for the Schréodinger equation that couples
a degenerate variable coefficient in the principal part with a singular potential.

In this work, we are interested in studying precisely this issue, extending the results obtained in [5], where
the authors discuss the same issue in the case of wave equations.

Thanks to the linearity and the time reversibility of the Schrodinger system (1) (see [43]), exact control-
lability is equivalent to null controllability. Henceforth we shall assume that the target y; = 0. Thus, we
look for a suitable control f such that the solution of (1) satisfies y(7") = 0.

By the now classical HUM (Hilbert Uniqueness Method), this result is actually equivalent to the so-called
observability inequality for the solution of the adjoint system (see [43])

it + (2%Uz )z + wu =0, (t,z) € Q,
£,0) =0, if0<a<l,
w0 o € (0.7),
(x%uz)(t,0) =0, ifl<a<2, (5)
ut,1) =0, te(0,7),
u(0, z) = up(x), z € (0,1),

which formally states that, for any pu < p(a) and T' > 0, there exists C' > 0 such that

<lu0.2)?} do < C [ fus(e. )P, ©)

2% (0, x)|? —

O\H

where u solves (5). The proof of (6) relies on both multiplier method and compactness-uniqueness argument.
As a consequence of this inequality, it follows that system (1) is null controllable for arbitrarily small time
T by a control acting at z = 1 (that is, away from the degenerate and singular point).

Remark 1.

1. In the observability estimate (6), we only prove the existence of some positive constant without explicit
constants. This is due to our method which is based on a compactness-uniqueness argument.

2. Note that the proof of (6) can be deduced applying the general theory in [38, Chapter 6], from the result
proved for the wave equation in [5]. Indeed, it is well-known that exact observability for an (autonomous)
wave equation implies observability for the associated Schrodinger equation. However, as far as we know,
this general theory does not work for nonautonomous evolution equation (see [21]). Thus, we believe that
our approach, that consists in deriving the observability estimate directly for the Schrédinger equation,
is a first step and can be adapted to address the observability of a one-dimensional Schrédinger equation
on certain time dependent domain. This equation can be transformed into a non-autonomous equation
on a fixed domain, via a change of variable (see [8,21]).
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3. Besides being of interest in itself, the Schrédinger equation may serve also as a preliminary step to study
an Euler-Bernoulli (plate) equation. We refer to [23], where the connection between these two problems
is discussed in details.

In the last part of this paper, we study the energy decay rate of the degenerate and singular Schrodinger
equation with a boundary damping. More precisely, we shall consider the following Schrédinger equation

"

iug + (2%ug), + ——u=0 in (0,T7) x (0,1), (7)
z

with dissipative boundary condition:
ug(t, 1) + ug (¢, 1) + Bu(t,1) = 0, (8)

where g > 0.

The main purpose of this part is to show that (8) stabilizes exponentially the corresponding solution of
(7) under suitable assumptions on the parameters «, p and .

Prior to give the precise statement of our main results, we firstly give the main notations that will be
used throughout the paper.

In what follows, Re and Im stand for the real and the imaginary part of a complex number, (-,-) denotes
the usual scalar product on L?((0,1);C) i.e.

(u,v) = Re/u(aj)@daz, Yu,v € L?((0,1); C),
0

and the notation A < B means that there exist two constants C7,Cy > 0, such that C1A < B < CyA.
Finally, we recall the following technical lemma, whose proof is a simple adaptation of [5, Theorem 1.1
and Lemma 2.1] to the complex case.

Lemma 1. Let p(a) be as in (3). Then, for all o € [0,2) and for all u € C°((0,1); C), we have

1

/x2|uz(x)|2 dw < c&/1 <xa|uz(aj)|2 — () |7“;(;f)f> dx 9)
0

0
and
/ / ju(a)?
o u(z
[ e < ¢, [ (st - pie 20 (10
0 0
where
1, if 0<a<l,
Ca = —a) (=2 . 11
{1+4(1(2_)(§)2 3), if 1<a<?2 (1)
and
. 4 16 .
o ) n ((1704)(3*04)7 (241)2) , i 0=sa<l, (12)
« (2ii)27 Zf 1§a<2.
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2. Preliminary results

In order to study well posedness and controllability properties for (1), we shall need some basic properties
of the corresponding homogeneous problem (5).

Before going into further details, we first introduce the functional setting associated to the degener-
ate/singular problems (see [12] or [39]). For any u < u(a), we consider the Hilbert space H1#((0,1);C)
given by

H((0,1);C) = {u e L2((0,1):C) N HL_((0,1]; C) such that

1
I
/ s (@) — = |u(a;)\2) do < +oo}
0

endowed with the scalar product

(U, V) grimo,1) = Re/ v(x) + 2%y (7) v, () — xiau(x)v(x)) dz,
0

for all u,v € HY#((0,1);C).
The previous scalar product obviously induces the related respective norm

1

s lu(@)?) dz)”,

)2+ 2%ug (2)* —

Hu”Hé‘“(O,l) =

O\H

for all uw € H}*((0,1); C).
According to [39], the trace at x = 0 of any u € H1#((0,1); C) makes sense as soon as « < 1. This leads
us to introduce the following space:

(i) For 0 < o < 1, we define
H,5((0,1);C) = {u € Hy"((0,1);C) | u(0) = u(1) = 0}.
(if) For 1 < a < 2, we change the definition of H, i’g (0,1) in the following way
H,6((0,1);C) := {u € Hy"((0,1);C) | u(1) = 0} .

Let us mention that in both cases, Hi’g((O, 1); C) may be seen as the completion of C2°((0,1);C) with
respect to the norm || - || 1w g q); thus (4), (9) and (10) also hold true in H;g((o, 1); C). Moreover, thanks

to (10), one can see that Hivg((O, 1); C) is a Hilbert space with respect to the inner scalar product

1

<u,v>H};jg(o,1) = Re/ sc Uy (z)vg(x) — xf_au(m)@) dzr, Vu,ve H;’fg((o, 1); C),
0
and associated norm
1 3
lullgon = | [ (s uale) = Falu@)l) do | o vue HE(0.250),
0
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which is equivalent to || - || 1.0 ;) on Hi:’g((o, 1);C).
Next, we will indicate with H_1#((0,1);C) the dual of Hé’fé((O, 1); C) with respect to the pivot space
L?((0,1); C), endowed with the natural norm

”fHH;L“ = sup (f, 9>H(;1v“,H;vf5-
lgllg71.n=1

In order to simplify the notations, in the sequel, we denote by L2(0,1), Hi’fé(& 1), and H;**(0,1) the
spaces L?((0,1);C), Hi’fé((o, 1);C), and H;**((0,1);C), respectively.

Remark 2. It is classical that, even though H ;16‘ (0,1) is a Hilbert space, one generally does not identify
HZ'#(0,1) with H.%(0,1). One rather identifies L2(0,1) with its dual, so that H;'#(0,1) becomes a
subspace of D’(0, 1) containing L2(0,1). In particular, if u € Hi’é (0,1) and v € L?(0,1), then

1
<v,u>Ha_1,,b7H1,,5 = Re/v(x)u(x) dx.
0

Further, we define

H24(0,1) = {u € HY(0,1) N HR((0,1)) | (2%ua), + 4w € L*(0, 1)}

2—«

In the following lemma, we collect useful properties of the above functional spaces which play an important
role in oder to evaluate boundary terms, see [4, Proposition 2.5] and [5, Lemma 4 and 5].

In the rest of the paper, we use the following notation: H%#=°(0,1) and Hi:ﬁ:O(O, 1) denote the spaces
HE#(0,1) and H;;g(o, 1) when p = 0.

Proposition 2. Assume that 0 < a < 2. Then the following properties hold true:

1. For every u € H:*=9(0,1)

li ?= 1
lim zfu(z)|” = 0, (13)
thus
liﬂ)l zu(z)v(x) =0, (14)
for every u,v € H-#=°(0,1).
2. For every u € H2"=°(0,1)
lim 2 |/ (z)|> = 0. (15)
z]0

Moreover, for all u € H>#=°(0,1) and for all v € HL#=°(0,1) such that v(0) = 0, if a € [0, 1] then

lzlf(% %' (z)v(z) = 0. (16)

3. Assume 0 < a < 1. Then, for all u € H2#=°(0,1) such that u(0) = 0, one has

r* Hu(@))? =0 asx—0". (17)
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4. Assume 1 < o < 2. Then, for allu € H,5~°(0,1)
r* u(2))? =0 asaz— 0. (18)
Finally, for all 4 < p(«), we define the operator
Abu = (2%uy), + ﬁL_au
with domain depending on the value of a:
D(AL) = {u € Hyg(0,1) N H ((0,1)) | Afu € Hy5(0,1)},
if0<a<1,and
D(AZ) = {u € Hy{(0,1) N HE.((0,1]) | Afw € HYE(0,1) and (2%uz)(0) = 0},
ifl<a<?2.

Remark 3.

1. Notice that, if u € D(A"), then u satisfies the Dirichlet boundary conditions u(0) = 0 and u(1) = 0 in
the first case. Also, it is proved in [39] that if u € D(A*), then 2%u, € W1(0,1) and thus the condition
(x%u3)(0) = u(1) = 0 in the second case makes sense, as well.

2. Thanks to the definition of D(A#), we can apply the results in Proposition 2 to give a sense and to
evaluate the boundary terms involving u; appearing in the proof of Lemma 5

We have the following properties of (A¥; D(AX)).
Proposition 3. Assume that (2) holds. Then iA¥ is a mazimal dissipative operator on Hé”’g (0,1).

Proof. Let u € D (A*). We have

1 1
noo_
x vmuz— :U Uz z—a“ vdx,
0 0

for every v € C2°(0,1). Since in both cases Holt’,’g(O, 1) is the closure of C2°(0,1) with respect to the norm
induced by (-,-) g1i(o 1) (see [39, page 768]), one can deduce that the above inequality holds for every

vE Hé’g (0,1). Applying this inequality with v = Au € Hi’é (0,1), we obtain that

ro1

= Re z/ (zo‘(Agu)x@ - x;io‘ Aguﬂ) dz
L 0

. o wo_
= Re —Z/Agu ((x Ugz), + xQ_—au) dx
0
oo
= Re —i/|A’C€u|2da: =0.
0
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Therefore, i A# is dissipative.
In order to show that ¢A# is maximal dissipative, it remains to check that I —iA¥ is surjective. Equiva-
lently, given any f € H, ;’7‘5(0, 1), we have to prove that there exists u € D (A*) such that
u—1iAbu = f. (19)

For this, note that for all u,v € Holé:g(O, 1)

1
(u, )10 ::/ (xo‘uz(x)vr(:c) - gc;i“ u(x)m) dx
0

defines another scalar product in Hi’fo‘((), 1) with the corresponding norm || - ”HI"S(OJ)' Hence, Hé’fo‘(o, 1)
endowed with the scalar product (-, -)1 ¢ is also a Hilbert space. 7
Now, we consider the sesquilinear form I' : H, é’o‘ (0,1) x H, é:g((), 1) — C given by

1
D(u, z) = / (z Uz + c%Ug 2y — ac;ia ﬂz) dr, Yu,z € Hé’fO‘(O, 1).
0

‘We have

‘TQ*a

1
Rel(u,u) = Re/ <z lul? + 2% |u,|* — L|u|2> dx
0

1

= / (x0‘|ua¢|2 - x;ia |u\2> dx

0

=l 0,1y

and thus T'(+, ) is coercive. Moreover, applying the Cauchy-Schwarz inequality, for all u,z € H, ig (0,1), we
have

D (u, 2)| < lulle20m 12l z20.0) + el g o, 12 2 0.0)

(by (10))

< (Co + D Ml g 0.0y 121 2 0,19

and then T'(-,-) is continuous.
Next, we introduce the linear form ¢ : H é’é (0,1) — C given by

1
(z) = z/ fzdz, Vze Hi’)g(o, 1).
0

Using again the Cauchy-Schwarz inequality and in view of (10), we see that

[6(2)| < ||fHL2(o,1)HZHL2(0,1)
<V C(,x”fHLz(O,l)HzHHi”’g(o,l)'
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That is, £ is a continuous linear functional on H, ig (0, 1). Therefore, by the complex form of the Lax-Milgram
Theorem (see [33, Lemma 1.3]), there exists a unique solution u € H ”5(0 1) of

I(u,2) =€(2), Vz€HyH(0,1). (20)

In addition, since C2°(0,1) C ij:g(o, 1), from (20), we have

1 1
/ (mz + 2%Ugzy — 2ﬂ_a ﬂz) dr = 2/ fzdx, Yze CX(0,1).
x
0 0

This gives
it — Al =if. (21)

Multiplying (21) by ¢ and taking its complex conjugate, one can see that identity (19) holds. It remains
to prove that u € D(A#). Since u € H, ”6(0 1), we have u € H}. _((0,1]). Thus, in order to prove that
€ H2.((0,1]), it suffices to show that u,, € L? _((0,1]). To this aim, let € > 0 and observe that

loc

1 1
/|um|2 dx = / (xfo‘((xauz)m — cvxo‘*lux))2 dx
I

which is finite since (2%ug), + #==u € L?(0,1), u € L*(0,1) and u, € L7 ((0,1]). Therefore, u, €
L? ((0,1]). Now, we prove that (z*u,)(0) = 0 when a € (1,2). Coming back to (21) and integrating by
parts, we have

1 1
/ (Zﬂz + 2 Ugpzy — 2” uz) dx — [z%Ug 2 / fzdz Vze€ H;”S(O, 1).
- ;
0 0

This, combined with (20), gives
[2°u52]2=t = 0 VzEHi’S(O 1).
Recalling that u € H2 ((0,1]), the term (z°%)(1) makes sense. Since z(1) = 0, then

h?ol Uz =0, Vze Hii’é(o, 1).

Now, define z(z) :==1 —x for all z € (0,1); then z € Hé:ﬁ((), 1) and lim, o z(x) = 1, thus
lim z%u,, = 0.
Qgrolx Uy =0

In conclusion, v € D(A#) and solves (19). O

Therefore, from standard semigroup theory, we get the following well posedness result:
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Theorem 4. Let T > 0 be given and assume (2). Given uy € H, ’5(0 1), problem (5) has a unique solution

ueC ([0, +oo)7H;:6‘(0,1)) N C ([0, +00), Hy“1(0,1))..

Moreover,

lu®)llz2(0,1) = lluoll 20,1y, VT €[0,T7. (22)

If up € D (A%), then

u e C ([0, +00), D (AM)) N C* ([o, +00), HLA(0, 1))

and

[wll g2 a1y = lluoll gino,ny: V€[0T (23)
,0(0,1) o

Proof. Likewise [16, Proposition 3.5.13], from the skew-adjointness of iA#, we deduce the desired exis-

tence, uniqueness and regularity results (see also [15, Proposition 2.1.1]). Let us prove the other facts.
Suppose that ug € D(AX) so that u is a classical solution of (5) in the sense that u € C ([0, 7], (A“))
Cct ([O,T], Hé”’é(o, 1)) (see [16, Theorem 3.2.3]). Then, multiplying (5) by @ and integrating over (0, 1), w

obtain

Il
o —_

iu(t x) {iut(t x) + (z%ug), (t,z) + $2,u_a u(t,x)} dx

=1

c(t,x) — i mauwQ—Ltﬂ dr + |ix%u, (¢, z)u(t, z
x?—a

1
/ =0 ’
0

Moreover, according to (16), we see that the boundary terms vanish. Then, taking the real part, we get

d
EH“@)H%%OJ) =0,

N | =

which guarantees the conservation of the L?-norm of u:
[u(®)l|z2(0,1) = [luollz2(0,1), for every t € [0,T].

On the other hand, multiplying (5) by u; and integrating over (0, 1), we have

0

/ut(t,x) {iut(t x) + (%), (t,z) + x;iau(t, z)} dx

o o~ _ ©

Uru

i|ug | — (x Ug Uty — M:cQ—O‘>} dx + {x“uw(t,m)ut(t,x)}

{z|ut + g (t, 2) (2%Ug ) o (t, ) + p
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Noting that the boundary terms vanish because of the boundary conditions and thanks to (16) in both the
weakly and strongly degenerate cases, we obtain

1 1
Ut
/ (mauxu_tm - p2—t> dr = z/ |ut\2d:£ € iR.
€T —
0 0

Therefore,

N | =
Q.|Q‘

1
uu
IOy = Re [ (%0 - 05 ) do =0
0

and we deduce that

Hu(t)HHi’y‘é(O,l) = ||UOHH(1!’5(0,1)7 for every ¢t € [0, 7.
Finally, an approximation argument allows us to extend the conclusion to mild solutions. O
3. Boundary observability

By employing the nowadays classical multiplier method, we begin by establishing an identity which is
the crucial starting point to prove the desired direct and inverse inequalities for the adjoint system (5).

Lemma 5. Let T > 0 be given and assume (2). If u is a classical solution of (5), then we have

1 t=T

1
/|u$ (t,1)|*dt = —THUOHHl“(() nts Im/m@udm . (24)
0 t=0

Proof. Multiplying (5) by zu, + %H and integrating over (), we obtain

1 1
0= /iut(xu_er 5%) dx dt + /(zo‘uT)T(xu_TJr 5@) dx dt

Q Q
1 25
+/(xuw+§u)mudxdt (25)
Q
=7+ J+K.

We proceed integrating by parts the first two terms on the right-hand side of this equality as follows. For
the first integral, we have

1 t=T T 1
= /ixu@dw — /ixumda: dt—|—% /ixutﬂdt
0 t=0 Q 0 0
1 [, _ rr
—3 /mumu dx dt — 3 /zxutux dz dt
Q Q
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1 t=T T 1
1
/ixuu_zd:z: — /ixuu_md:r dt + 3 /ixuﬂdt
0 t=0 Q 0 0
1 t=T
1 /. _ 1 L O
-3 XU dx dt — 3 1TUly, dx + 3 1TUUg, dx dt.
Q 0 t=0 Q
Then, using the boundary conditions together with the fact that u, = iA%u € H, i‘é (0,1), by (14) it follows
that
1 t=T
7= % /xuu_x dx - %/a:(uu_m + ug W) da dt. (26)
0 t=0 Q
Moreover, after suitable integrations by parts, we also have
T 1
J = /ma+1|uw|2dt — /ac(’u:,v(xu_m):E dx dt
0 0o @
T 1
1 _ 1 _
+ 3 /scauzu dt| — 3 /xauzux dx dt
0 0 Q
T 1
= /xa+1|uz|2dt —/xo‘|uz|2dacdt
0 0o @
T 1
1
- /xo‘ﬂuzu—mdm dt + 3 /xauzﬂdt
Q 0 0
T 1
1 a+1 2 1 a,,
-3 T lug|®dt| —+ 3 x(xUuyly ), dx dt.
0 0 Q
In view of the boundary conditions and (15), we obtain
T
1 -2
=5 / g (t,1)|? dt + aT /xo‘|uz|2dmdt
’ @ (27)
1
~3 /x”‘“(uzu—m — Uglyy ) dx di.
Q
Inserting (26) and (27) into (25) and taking the real parts, we have
1 t=T
/|uzt1 )Pt = —/ x| Uy \2dxdt—ReIC—|—— Im/ Uy dr (28)
0

t=0

On the other hand, after an integration by parts and making use of (17) and (18), we deduce that
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_2-a o
ReC = 5 /$2_a

Q

Then the identity (24) follows inserting (29) into (28) and using (23). O
With the help of Lemma 5, we can now prove the main result of this section.

Proposition 6. Let T > 0 be given and assume (2). Then, there exist some constants ci,ca > 0 such that,
for every uy € Hi’fé(O, 1), the solution u of (5) satisfies

T
[ st 0P d < eruol (30)
0
and
||u0||§{;:g(0’1) < cQ/\ugE(m)th. (31)

Proof. By the Young inequality, due to (9) and (10), there exists a positive constant C' = C(«) such that,
for all ¢ € [0, 7], we have

1 1
1 1
Im/xuw(t,z)u(t,x) dz| < §/|u(t,m)|2dx+ §/z2|ux(t,x)|2 dz
0 0

< C’/1 (xa|um(t,x)|2 - 52(—52|u(t,x)|2> dx
0

< CH’LL( )HHl #(0,1)

since || - ||H(11:g<a) <|- ”H;;g (V pu < p(a)). Then (23) yields

Yt e lo,T). (32)

1
Im/zux u(t,z)dz <C’Huo||Hw 1)
0

Using this inequality in (24), we then deduce that there exists a positive constant ¢; = ¢1(T, @) such that

/|ux(t, D2t < exlluolZnp o -

Let us now prove the inverse inequality (31). We split the proof in two main steps. First, applying Young’s
inequality, for all € > 0, we have

1
Im/:c sudx <Ca6/|u|2dx+—/ 22 |ug |* de,
0

where C\, denotes the constant in (9). Using (9) together with (22) and (23), one has
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1

Im/x%udm < Coelluol320.) + <ol .0, (33)
0

Thus, choosing £ < 2527, by (24) and (33), we deduce that

T

22—« 1

(3527 =) bl = 5 lualt: D+ Cocliualagoy: (34)
0

In a second step, to complete the proof, it is enough to prove that there exists a constant K > 0 such that

T
|mﬁm@§K/mwm%t (35)
0

Following [29], we argue by contradiction via a compactness-uniqueness argument. Let us assume that (35)
is not satisfied. This implies that there exists a sequence {u, } of solutions of (5) such that

|un(0)][z2(0,1) =1, VneN (36)

and
T
/ |t (£, 1) dt — 0 as n — 4o0. (37)
0

From (34) we deduce that {u,(0)} is bounded in Hé:’g((), 1) and, using Theorem 4, we get
{un} is bounded in L>(0,7 H, % (0,1)) N W">°(0,T; Hy (0, 1)).
Hence, extracting a subsequence (that we will still denote by {u,}) we have

Up — U, in L*™® (0, T; H;;g(o, 1)) weakly *,
(un), = ue, in L (0,T; HZ"#(0,1))  weakly *.

The function u € L*(0, T} Hi’)’g(o, 1)) N Whee(0,T; H;*#(0,1)) is clearly a solution of (5). Moreover, by
the compactness of the embedding (see [36, section 8])

L0, T; Hy'h(0,1)) N WHe(0, T; Hy (0, 1)) — € ([0,T]; L(0,1))
and, by (36), we deduce
[u(0)][r2(0,1) = 1. (38)
On the other hand, (37) implies
ug(t,1) =0on (0,T). (39)

Applying the standard unique continuation method (see [37]), it results that (5) combined with (39)
implies « = 0, which is in contradiction with (38). Indeed, unique continuation results may be applied far
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from the origin where the coefficients of the Schrédinger operator i0; - +0, (z*0;-) + J}QL,Q are analytic
in time (actually, they are independent of time and bounded in space). Then one can apply Holmgreen’s
unique continuation (see [37, section 5.2]) that may be justified as described in [40, Theorem 6.1] (see also
[14, Remark 4.1]), to get u = 0, a.e. in (g,1) for any & > 0. Thus, we will conclude that v = 0 in (0,1). This
proves (35). Finally, by (34) and (35), the desired inverse inequality (31) follows. O

4. Boundary controllability

Prior to the formulation of the exact controllability theorem we have to give a sense to the solution of the
system (1) which has non homogeneous Dirichlet data on a part of the boundary. To this aim, we need to
make some necessary preparation. First of all, let us consider the degenerate/singular Schrodinger equation
with homogeneous boundary conditions and a source term:

i + (2%Ye)e + =y = h, (t,r) € Q,
t,0) =0, if 0 < o<1,
y(t,0) ' @ te(0,T),
((anm)(t, O) =0, ifl<a<2, (40)
y(t7 1) = 07 t 6 (07 T)7
y(0,z) = yo, z € (0,1),

with yo € HY%(0,1) and h € L! (O,T; HYA(0, 1)).

The following result is a consequence of Proposition 3 and [16, Lemmas 4.1.1 and 4.1.5].

Theorem 7. Assume (2). Given h € L* (O,T; Hé’fg((), 1)) and yo € Hé’fé(O, 1), the system (40) admits a
unique solution

y € C([0, 77, Hi’,g(o7 1)).

In addition, we have

Wl om0 =€ ('yOHH;#a(o,l) + ||h||L1(o,T;H:f5(o,1>)> : (41)
In the following, we will give a sharp trace regularity result for problem (40).

Lemma 8. Assume (2) and consider y the unique solution of (40) corresponding to the initial data yo €
Hl,p
a0(0,1). Then

y.(t,1) € L*(0,T).
Moreover, there exists Cp > 0 such that

T
[ttt e < (Il o+ 1 (o)) (12)
0

and y satisfies the identity
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1
/wztlfﬁ 4—*TMﬂyu01 Im/@%ym
0 t=0
+Re/xyzhdac dt + - Re/yhdxdt. (43)
Q Q

Proof. Similar computations as in (24) lead to the identity (43). Then, inequality (42) follows from (43)
and the energy inequality (41). O

As a consequence, in a second step, we are going to prove well posedness of the non-homogeneous
boundary value problem (1) with zero initial data. For this purpose, we introduce the following definition

of a solution by transposition in the spirit of [22,28].

Definition 1. Let f € L?(0,7). We say that y is a solution by transposition of the problem

iy + (2%%e)e + =y =0, (t,r) € Q,
£,0) =0, ifo<a<l,
y(t.0) e € (0,7),
(x%Y)(t,0) =0, ifl<a<2, (44)
y(t,1) = f, te(0,7),
y(0,7) =0, z € (0,1),

when y € L= (0, T; Hy (0, 1)) and,foreachlu,e‘Ll(O,TﬁlﬁigﬂLl)),oneluw

T
J 0010 10 g e = (.t ) o, (45)
0

where w is the solution of the backward Schrodinger equation

iwg + (2%We )y + FEzw = ha, (t,z) € Q,
£.0) =0, if0<a<l,
w(t,0) U= te (0,T),
(z%w,)(¢,0) =0, fl<a<?2, (46)
w(t,1) =0, te(0,7),
w(T,z) =0, z € (0,1).

Remark 4. Observe that Lemma 8 can be applied to the backward Schrédinger equation (46). Indeed, system
(46) can be reduced to (40) by changing ¢ in T'—¢. In particular, we have that the solution w of (46) satisfies
wy(t,1) € L*(0,T) so that the above definition makes sense.

We now state the following theorem that concerns the existence and uniqueness of solution to the new
system (44) using the method of transposition.

Theorem 9. Assume (2) and let f € L*(0,T). Then the system (44) has a unique solution y belonging to
the space C ([O T); H;1#(0, 1)) in the sense of transposition. Moreover, the operator f v y is linear and
continuous from L*(0,T) into C ([0, T]; Hy**(0,1)).
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Proof. Let us define a linear form £ on L' (0, T, H(i’fot(o, 1)) by

L(h1) = (f,wz(t, 1)) L2(0,1)5

where w is the unique solution to the adjoint system (46) with given source term h;. The map L is well-
defined because of the hidden regularity as mentioned in the remark above.
Using Cauchy-Schwarz’s inequality, from the estimate (42) for the solution w of (46), we obtain

1
2

T
£(h)] < [ F 220 / w8, 1)) dt
0
< CH.fHLQ(O,T)”thLl (O,T;H;’,’S(O,l))7

so that £ is continuous on L! (O,T; H ig‘ (0, 1)) Therefore, from the Riesz representation Theorem, there

exists a unique y € L™ (O,T; H;1bH(0, 1)) that satisfies (45) for every f € L! (O, T; Hi’fé((), 1)) Moreover,
the continuity of £ reads as

190 o (o715 t05) < O 20 (48)

Thus, the map f +— y is continuous from L?(0,T) into L> (0,7 H;'(0,1)).

It remains to prove that y actually belongs to C ([O,T];Ht;l’”(O, 1)) We take a sequence of smooth
approximation f, — f strongly in L?(0,7). The problem (44) with boundary condition f, admits a
smooth solution y,, which is also a transposition solution. In particular, y, € C ([O,T]; H; (0, 1)) (see
for example [27]) and the estimate (48) implies that y is the limit of y, in L> (0,7; H;"*(0,1)). Since
C ([0, T); Hy*#(0,1)) is a closed subspace of L> (0,T; H; **(0,1)), this implies y € C ([0, T]; Hy"*(0,1)).
Thus the proof is complete. 0O

After these preparations, we deduce the well posedness of the full initial boundary value problem (1).

Definition 2. Let f € L%(0,T) and yo € H,#(0,1). We say that y is a solution by transposition of the
problem (1) when y € L™ (0,T; H;**(0,1)) and, for each h; € L* (O,T; Hi’,’ot(O, 1)), one has

T
/<y(t)a hl(t)>H;1'“,Hi!‘5 dt = <f7 wm(ta 1)>L2(0,T) + Z‘<y07 w(0)>H;1>/"7Hi:*(’;v (49)
0

where w is the solution of the backward Schrodinger equation (46).

Theorem 10. Assume (2). For every f € L?(0,T) and every yo € H,*(0,1), the system (1) has a unique

weak solution y belonging to the space C ([O,T], H_1#(0, 1)) in the sense of transposition and the operator
defined by

(yoaf) =Y,

is linear and continuous from HZ;"*(0,1) x L?(0,T) into C ([0, T]; Hy**(0,1)).
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Proof. Observe that, for a given yo € L%(0,1), the system (40) with A = 0 admits a unique solution
y € C([0,T)], L?(0,1)) which satisfies

lylleqo,m,220.1)) < Cllyoll£2(0,1)-

In fact, this solution is also a transposition solution. This is the consequence of an integration by parts if y
is smooth enough, and the general case follows by a standard density argument. This fact, Theorem 9 and
linearity imply the thesis. O

Now we can prove the null controllability theorem.

Theorem 11. Let T > 0 be arbitrary and assume (2). Then, given yo € H;1#(0,1), there exists a control
f € L?(0,T) such that the corresponding solution of problem (1) (in the sense of transposition) satisfies

y(T,z) =0, forall x € (0,1). (50)

Proof. We employ the Hilbert Uniqueness Method (HUM) introduced by J.L. Lions in [28]. Given ug €
H;:’g(O, 1), by the direct inequality (30), we know that the solution u of (5) satisfies:

u,(t,1) € L*(0, 7).

Now, let us introduce the following system:

iyt + (2°Yz)e + F=y =0, (t,z) € Q,
y(t,1) = ug (L, 1), te (0,7),
£,0) =0, if0<a<l, o1
/0 LT teo), o
(z%y,)(t,0) =0, ifl<a<2,
y(T) =0, x € (0,1).

By Theorem 9, problem (51) has a unique solution y, satisfying yo := y(0,x) € H_1#(0,1). Hence the linear
map

AIHoléig*)H(;l’M7 ug — —1iYo

is continuous from H 51{,0 into H; 1#. It is evident that, if A is surjective, then the null controllability problem
for (1) is solved with a control of the form f(t) = u,(t,1), where u is the solution of (5) with initial data

Ug = A1 (—iyo).
Multiplying equation (51) by @, integrating by parts over @ and taking the real parts, it follows that:

T
<7iy0’U0>H;1*“,H§_'g = /|uz(t, 1)|2 dt.
0

Equivalently,

T

(it w0 0y = [ sl D .
0

By Proposition 6, for every T > 0 and ug € H;:‘OL(O, 1), we have
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T

2
/|uw(t,1)\ dt = HUOHE;:@;(OJ)‘
0

Therefore, for every T' > 0, one has:
<AUO U0> —1p pple X ||u0||2 1 .
’ Hq ™ 7Ha10 Ha:‘g(O,l)

Then, thanks to the Lions-Lax-Milgram Lemma (see [27]), A is an isomorphism from Hé:’é(O, 1) onto
H;1#(0,1) and this completes the proof of Theorem 11. O

5. Exponential stabilization

This section is devoted to the study of boundary stabilization for the degenerate and singular linearly
damped Schrodinger equation:

im+w¢mgm+5£3u:0, in (0, +00) x (0,1), (52)
with

ur(t, 1) + ug (¢, 1) + Pu(t,1) =0,  t>0,

u(t,0) =0, if0<a<l,
t>0, (53)
(x%u,)(t,0) =0, fl<a<?2,
u(0, z) = up(x), 0<z<1,

where € R and 8 > 0 is given.
In order to study problem (52)-(53), we now make the following assumption:

Assumption 12. We assume that the parameters a and p satisfy:

a€10,2)\ {1} and p < p(a). (54)

Remark 5. In the controllability problem, we have assumed (2) which include both cases: the subcritical
potential 4 < p(a) and the critical one u = p(e). But for the stabilization problem, we only treat the
first one, i.e. u < p(«). The reason relies on the fact that we need the Hardy-Poincaré inequalities given
in Lemma 1 valid in the space H}*(0,1) instead of H ;’75(0, 1). In the subcritical case, we can work on the
space HL#=9(0,1) (see [39]), where we prove the Hardy-Poincaré inequality (55). Also, to deal with the
critical case, similar results to the ones stated in Proposition 15 will be needed to be proved in the space
WLt(0,1) instead of W21#=9(0,1) (see the next subsection for the definition of these two spaces).

5.1. Preliminary results and well posedness

We start introducing the functional setting needed to treat our problem. Let us denote by W2+#(0,1) the
space HL#(0,1) itself if o € (1,2) and, if a € [0,1), the closed subspace of H}#(0,1) consisting of all the
functions u € H}#(0,1) such that w(0) = 0. Moreover, we set

W2H(0,1) = H2*(0,1) N Wa*(0,1).

Notice that W2:#(0,1) = H2*(0,1) when « € (1,2).
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In the Hilbert space W1#(0,1) we consider the following scalar product

mQ—a

(g =Re | [ (u@o00) + 00, (0000 — - u(e)ofa) ) o+ Bu()olD) |
0

for all u,v € Wl#(0,1), and the associated norm

1
a K
g = | [ (W@ + 2@ = S lu@P) o+ Bu()? |
0

for all u € WLH(0,1).
Let us also set

(1, 0) 0 1) = Re / (2°ua (@) (@) = f5u(@)o(@)) do+ Bu(1)o(1] |,
0

for all u,v € W#(0,1), and its corresponding norm

1 2

. a 2 K 2 2
Julyre oy = /(x [ua ()2 = = |u(@)?) do+ Blu()? |
0

for all u € W1H(0,1).
We first show the following Hardy-type inequality.

Lemma 13. Let a € [0,2). There exists a constant D, such that, for every u € W+#=0(0,1), we have

—Q

(1 —04)2 / |U(l‘)|2 dr < 1ma|u (l‘)|2d$+D |u(1)|2 (55)
4 0/ z 0/

More precisely,

Proof. Let u € W1#=0(0,1). We can assume that u is a real function, since the result can be easily extended
to the complex case using the fact that [u|? = (Rew)® + (Imu)®.
It is well known that (55) is valid for all @ € [0,1) (see for example [3, Proposition 2.1]). Let us prove

the result in the case « € [1,2). For all « € (0,1), we have that

1 1 1
o (1—a)? [ |u(s)]? e 1 /
= /s [u'(s)|*ds + 1 2=a ds — 5 o (u?(s)) ds

x
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1

= [ (s R = n@) " Y as - S P - S e o)

x

1

< / (so‘|u’(s)|2 ~ ) |Z§S)a2> ds+ Lu(,

x

where we recall that u(a) is defined in (3).
Thus we get

1 1
( 4“> /h;gf)i dzs/sa|u’(s)|2dz+Dalu<1>l2-

x

Therefore, taking the limit as « | 0, we obtain the announced result. 0O

In the subcritical case u < p(«), thanks to (55), one can easily prove that | - |W§‘“(0 ) s equivalent to
the norm | - [};,1.4=0, and hence W, #(0,1) = W, #=°(0,1). To be more precise, in the subcritical case, one
can prove the following result.

Lemma 14. Assume Hypothesis 12 and consider 5 > 0. Then there exist two constants C’é# > 0 and ng,u >0
such that, for every u € WE+#=0(0,1)

C(i,y|u|?/[/a1#:°(071) S |u‘%/valvﬂ(0,1) S ng (56)

7u|u|?xvév“:°(o,1)'

More precisely,

Next, we recall some preliminary results that will be very useful to tackle well posedness and stabilization
issues for system (52)-(53) (see [4, Proposition 4.3]). First, let us set

1 3
[ullau=0 = /(IU(!E)I2 +afug(@)?) de | . Yue Wer0(0,1).
0

Then, we have the following two results.

Proposition 15. Assume Hypothesis 12. Then, for every u € W2+=9(0,1)

1
lullZ0,0) < 2lu(D)]* + éa/x°“|ua:(®“)|2d%‘v (57)
0

where

~ 2
L =mind4 4.
C mm{ 2_@}

Moreover, assuming that 8 > 0, we have

lu(1)] < Yu e Whr=%0,1). (58)

1
W|U|W;~":°(o,1)’
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Proposition 16. Assume Hypothesis 12 and consider 8 > 0. We have

WP picoiory 2 Callulagn. V€ WE(0,1), (59)
where
{2}
Ca,p =Mming =, — .
C’ )
Moreover, we also have
Ca,B _
Co ;+ 1 ( ?v,p,:O + ﬁ‘u(1)|2) < |u|$/vévi‘:0(071) < 'Ya,/3||u||i,uzo, Vue Wolzﬂu 0(07 1)’ (60)

where

2
Yo, = max {25, 1+ 2_6}

In view of (56) and (60), we have the equivalence below.

Corollary 17. Assume Hypothesis 12 and consider 3 > 0. Then the two norms ||-||yy1.u=0q 1y and |- [yy1.0 1)
are equivalent in W1 +=0(0,1).

We are now ready to study the well posedness of problem (52)-(53). For this, we consider the linear
unbounded operator Ag: D (Ag) C W2r=9(0,1) — W2+=9(0,1) given by

I

Agui= (@), + —fu,

for all uw € D (Ag), where the domain D (Ag) is defined in the following way:
5) = {u e War=%0,1) : Agu € Wy*=°(0,1) and u, (1) + Bu(l) = —i(Agu)(1)} .
Remark 6. Observe that:

1. In view of [39, Proposition 1], if v € D (Ag) then, in addition to the boundary conditions u(0) = 0
in the weakly degenerate case, also the condition (z%u,)(0) = 0 in the strongly degenerate case makes
sense, as well.

2. Because of the classical Sobolev embedding Theorem, u,(1), (Agu)(1), and Su(l) are well defined for
all w € Wht(0,1).

3. Let us also note that the identity

ux (1) + Bu(l) = —i(Agu)(1)

has to be understood in the following variational sense:

1
/ z® uxzx—
0

1
dx—|—/ Uy ), Za ;i uE) dxr
1- «
0

+ Bu(1)2(1) + i(Agu)(1)=(1) = 0,

for all z € W2#(0,1).
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The next result holds.

Proposition 18. Assume Hypothesis 12 and consider f > 0. Then iAg is a mazimal dissipative operator in
whn=09(0,1).

Proof. Let u € D (Ag). Then, by using (16), we have

1
(1Apu, u)yyrn o) = Re z/ (a:o‘(Agu)I@ - ﬁ%Aguﬂ) dz + B(iAgu)(1)u(l)
0

1
= Re [(ZAﬁu)g;au_m](l) — z/A,g”LL ((xau_z)x + x;iaﬂ> dx + ﬂ(ZAgu)(l)m
0

— Re —i/|A5u|2dx - (iAgu) (V) ua (D) + BiAsu)(L)u(l)

—Re |~ [ [Aguf dz = (450)(1) | = ~|(Agu) (D do < 0

Therefore, iAg is dissipative.
In order to show that Ag is maximal dissipative, it remains to check that I —iAg is surjective. Equivalently,
given any f € W1#=9(0,1), we have to prove that there exists u € D (Ag) such that

u—iAgu = f. (61)

To this aim, observe that, by Corollary 17, for all u,v € W1+#=9(0,1)

= [ (5 @@~ (@) de+ fu(VeD

defines another scalar product in W2+#=%(0,1) whose corresponding norm | - |Wé-,u(0 1) is equivalent to
|+ =0 g,1)- Hence W2i#=9(0,1) endowed with the scalar product (-,-); is also a Hilbert space.
Let us consider the sesquilinear form A : W1#=0(0,1) x W1#=0(0,1) — C given by

1
. _ no —— —
= / (z Uz 4+ Uz 2y — o uz) de+ (B+ Du(l)z(1), Yu,z € Wh#=9%0,1).
0

‘We have

1
Re A(u,u) = Re/ (z lul? + 2% |u,|* — 2’“_@ |u|2) dz + (B + 1)|u(1)?

1

= [ (s%1uaP = ) do (3 + Du(V)

0

|u|W1 *(0,1) = Ci7u|u|€vé’“=°(o,1)’
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and hence A(+, ) is coercive. Moreover A(+, ) is continuous: indeed, applying the Cauchy-Schwarz inequality,
for all u,z € W1+=9(0,1), we have

|A(u, 2)| < flullp20,1) |2l L2(0,1) + [ulyyrn o,1)|2lwae0,1) + (B4 1) [u(1)]|z(1)]

(by Proposition 16)

1 B+1
S ;|U|W014’“=0(0,1)|Z|Wa1’“=0(0,1) + |U|W;’“(0,1)|Z|Wa1’“(0,1) + T|U|Wa1’u=0(0,1)‘Z|Wc}/“=0(0,1)
o,
(by Lemma 14)
1 B+1
2
< [Oa,u + Caps + T} |ulyy =0 0,1 [Zlwan=0(0,1)

and the claim follows.
Now, we introduce the linear form F : W2#=9(0,1) — C given by

1
F(z)= z/fzdx + f(1)z(1), Vze Whr=00,1).
0

Using again the Cauchy-Schwarz inequality, in view of (58) and (59), it is clear that

[E(2)] < 1 fll20m 12l 20,0y + [F(DI[2(1)]

1 1
m”f”Lz(OJ)|z|W;‘“:°(0,1) + ﬁ|f(1)”z|wgv“:°(o,1)-

<

Then, we obtain

1 1
P(:)| < ( =l + ﬁﬂm) EIp.

i.e. F is a continuous linear functional in W1+#=0(0,1).

As a consequence, by the complex form of the Lax-Milgram Theorem (see [33, Lemma 1.3]), there exists
a unique solution u € W1 #=0(0,1) of

Au,z) = F(z2), YzeWh+*=%0,1). (62)

Now, we will prove that u € D(Ag) and solves (61). Since C°(0,1) € W1#=0(0,1), from (62), we have

1 1
/ (mz + e Ugzy — QL_aﬂz) dr = i/fzdx, YV zeC(0,1).
x
0 0

This implies that
it — Agi = if, (63)

or equivalently (61).
Moreover, coming back to (63) and thanks to (16), we infer that

1 1 1
i/ﬂzdw +/ (ma%za: - ia ﬂz) dx —u,(1)z(1) = i/fzdx, Yz e Wh(0,1).
x
0 0 0
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This, combined with (62), gives

(D) (w() + (8 + Du(D) - F)) =0 ;2 € W2r=(0,1).

Since the function z defined by z(z) = x for all z € (0,1) is in W2+=9(0, 1), we deduce that

ug (1) + (B + Du(l) - f(1) =0.

Thus,

uz (1) 4+ fu(1) = i(Agu)(1),
which implies that u, (1) + Su(l) = —i(Agu)(1). In conclusion, u € D(Ag) and solves (61). O
Consequently, from semigroup theory, we find the following well posedness result.

Theorem 19. Assume Hypothesis 12 and consider 3 > 0. Then, for any ug € W+#=0(0,1), problem (52)-(53)
has a unique solution

u € O ([0,+00), Wa*=0(0,1)) N C* ([0, +00), (D (45))")-
If up € D (Ag), problem (52)-(53) has a unique solution
w€ C([0,+50), D (A3)) N C* ([0, +00), WE=0(0, 1))

The last result, which will be crucial to obtain the stabilization of (52)-(53), is given by the following
proposition.

Proposition 20. Assume Hypothesis 12 and consider > 0. Then, for every A € C, the variational problem

1
[ (#0m — 02) o 80D = XL Yz € W00, (o1
0

admits a unique solution v € W2+=0(0,1), which satisfies the following estimates

AP AP

|U|?/Vé"“(0,l) S —— and HUH%Z(OJ) S m (65)
Moreover, v € W2+=9(0,1) and solves
_ (q;avm)z — IQL_QU =0, (66>
ve (1) + Bo(1) = .

Proof. For all z € W2#=0(0,1) consider

Clearly, L is a continuous antilinear form. Indeed, by (58), one has
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Al
|L(2)] < ﬁ|Z|W§~H:°(o,1)‘

Now, we recall that W1#=0(0,1) is a Hilbert space for the scalar product (-,-);. Consequently, for all
z € Wht=9(0,1), there exists a unique v € W21#=%(0,1) such that

(v,2)1 = L(2).

It means that, the above variational problem admits a unique solution v € W2#=9(0,1). Moreover, we have

— A
L(v) = v(1) < %M)Wé’”(o,l)‘

|”|3Vé""(0,1) -

Thus,

Combining (56)and (59) together with this last estimate, we obtain

A

2
v < .
” HL2(0’1) ﬂca750é7“

Proceeding as in the proof of Proposition 18, one can show that v € W2+#=0(0,1) and solves (66). O

5.2. Stabilization result

In this subsection we prove the main exponential stabilization result of the paper when condition (54)
holds. To this aim, let u be a solution of (52)-(53) and consider its energy, given by

1

eult) = | [ (o%lual? = 5 1ul) do -+ Blu(e, P

2
0 (67)
1 2
:§|u(t) Wé’”(o,l)’ t Z O

With this definition in hand, we will prove that the energy is nonincreasing.

Theorem 21. Assume Hypothesis 12 and let u be a classical solution of (52)-(53). Then the energy is non-

increasing, in particular

d

E5u(t) = —|ug(t,1)|* <0, Vt>0. (68)

Proof. By multiplying the equation (52) by @z, integrating over (0,1) and using (16), one has

0

/ut(t,m) {iut(t,a:) + (x%uy), (t,x) + xQL_au(t,a:)} dx
0

1 1

. . wo_ o x=1
:z/\ut(t,x)P dx — / (m Uplhig — Futu) dx + [x um(t,x)ut(t,a:)]
0 0
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1

1
:i/|ut(t,gg)‘2dx—/(xau$u7$——xiauju) da + ua(t, 1) a6 1),
0

0

Taking into account the boundary conditions, we get

1
/ x Uy gz — 2” utu) dx + Bu(t, )uy(t,1) = /|ut (t,2)|* dx — |ug(t,1)|%
0

Hence

1
@(t) = Re (/ (xaumm — M;Sita) dx + Bu(t, 1)u(t, 1)) = —|u(t, 1)|2 <0,
0

forallt>0. O

Since t — &£, (t) is nonincreasing, we can then address the question to know how fast this energy decays.
For this reason, in the rest of the paper, we will prove an exponential decay result for system (52)-(53).

Theorem 22. Assume Hypothesis 12 and consider 3 > 0. Then for any ug € Wk+#(0,1), the solution of
(52)-(53) satisfies the uniform exponential decay

Eu(t) < el7Mapng (0), Vt€[Mag,+0), (69)
where My g, > 0 is given in (84) and is independent of uo.

Proof. We prove the theorem for regular solutions, the general case will follow by a density argument. We
divide the proof into several steps.
Step 1. We begin deriving the following key identity:

T 1 T
1
2—a/5u :——Im /mu@da@ +§/h dt, v0<S<T, (70)
S 0 s

where

h(t) =lu(t, 1)]* + (6% + B+ p — af)|u(t, 1)]?

— (71)
— Im(u(t, Du(t, 1)) + (28 — 1) Re(u (¢, D)u(t, 1)).

For this purpose, we multiply both sides of (52) by au, + %ﬂ and integrate by parts over (S,T) x (0,1).
Then we have
17T
1 1
Ty (mux—&— §u) dx dt + //(xaug;)x (xuw—i— §u> dx dt
00

T
1 .. -
/ i u(:cug;—i——u) dedt :=1+J+K
reme 2
s

After suitable integration by parts, we obtain

0=

C\H
St a—

+
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t=T

1 17
1::% /zuur dx %//z (g + wiw) da dt (73)
0 t=S8 0o S
T
1
—+ E/ut dt,
s

1

2
— /\um (t,1) |2dt+—// 2 |ug | da dt (74)

0

1T T
1 1
~3 //xa+1 (UgTUzg — Uglyy) drdt + 5 /um(t, Du(t,1)dt
0 s 5
and
T 1
K= 1 o (uty —u )dxdt+ | (t,1)|? dt
2 gl—o \Wa U2l ’
50
) . (75)
_— // a |u|? da dt.
2 x2—e
50
In light of (73)-(75), by taking the real part of equation (72), we get
T 1 T . T
(2-a) /Su = ——Im /xuu_zdm —|—§/{ — Im (g (t, 1)u(t, 1))
5 0 s 5
+ ug (8, 1)|* 4+ Re(ug (t, Du(t, 1)) + (u+ (2 — ) B) |u(t, 1)|2}dt.
Recalling that u,(¢,1) = —u(t,1) — Bu(t, 1), we have
—Im(u(, 1)ult, 1)) + |us (8, 1)]” + Re(ua (t, Du(t, 1) + (1 + (2 = a)B)|u(t, DI* = (1),
where h is defined in (71). Hence the conclusion follows.
Step 2. We claim that for every 0 < § < T and § > 0,
1 1 r 1 1
D2dt < (e
/|ut )< dt 5( ﬂ3)/5“(t)dt+26< +56a’5001t#)€u(5)
s ' (76)

2 1
1+ — .
T sl Co ﬁcé Ji ( * 62)5u(5)

Set A = u(t, 1) and denote by v the solution of the degenerate/singular elliptic problem (66). We multiply
(52) by T and integrate the resulting equation over (S,T) x (0, 1). This gives, after appropriate integration
by parts, together with (16),
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Ju—

0= v(t zut (t,z) + (z%ug(t,x)), + %u(t,x)) dx dt
x
=T 7 T
w(t, x)u(t, z) de / 1 (t, x)u(t, dmdtJr/v( Du, (¢, 1) dt
5

v (t, Du(t, 1) dt.

I
i = ¢ D

Taking into account the boundary conditions in both systems of v and u, we immediately have

_L/W,x)u(t,x)dx 7 //wt S

T
+ [ o(t, 1) (ug(t, 1) + Bu(t, 1)) dt — [ |u(t,1)[*dt
[ Jr

=T

1 T
= L/ iv(t, x)u(t, ) de //wt u(t, z) dzdt — 5/v(t,l)ut(t,l)dt

t=S

Hence

T 1
/|u(t,1)|2dt = /iv(t,x)u(t,z) dx // v (t, x)u(t, ) de dt
S 0

We need to estimate the terms on the right-hand side of the previous equality as follows. First, thanks to
the second inequality in (65), we have

2 1 2
< ———|we(t, 1)]7. 78
||Ut||L2(O,1) — Bca1501 |U’t< I )| ( )

QL

Moreover, thanks to the first inequality in (65), we have

1
Aot DI < ol o) < 5t D,

so that

mmWséme<@u> (79)
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We repeat the same argument that we have used above to obtain

1 1 1
1 1
/iv(t,x)u(t,x)dz < §/|v(t,x)|2 dx+§/|u(t,m)|2dx
0 0 0

1 2 1 2 (80)
26004[3 | (t’ 1)| + ,ﬁcé”u“/l” 1“(0,1)
< L Y Ve, veelsT
= B2ca,ﬂ001¢”u, coé“BCéJ_L u 9 ) .
Using Young’s inequality and inserting estimates (78)-(80) in (77), we have for any ¢ > 0
T
/|ut1|2dt<6< )/su
s
1 2 1
1 (t,1)|* dt 14+ — ) &u(S).
s <+5a )/|u Rt o (145 ) €09
Using the dissipation relation (68), the claim follows.
Step 3. Now, we establish the existence of a positive constant M, g, such that for all 0 < S < T,
T
/gu 1) dt < Mo g Ea(S). (81)
s
Let h be the function given in (71). Using Young’s inequality, one has
h(t) < 2lu(t, D +nlu(t, 1P, Vite(ST),
) 1 , 1
where n = 8 +|1fo¢|ﬂ+|,u|+§(2571) +3
9 _
Thanks to (76) with 6 = : a N we have
n (Ca,/fc(lx,u + 53)
T T ( 1 + 1)
1 Ca 1 B3 1
—/h 1) dt < Ea( O‘/gu Va4 N Chn T B () £4(5)
2 4(2 — ) Bca,pCL
5 5 (82)
n 1
1 Eu(S
+Ca/301 ( +52> )

On the other hand, by using Young’s inequality, we write

1 1
. 1 1
Im/xuum dz| < §||u\|%2(071) + §/x2|uz|2 dx
0 0
1

IA

1 1
§||u\|%2(0’1) + §/xa|uw|2dm.
0
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Now, using Lemma 14 and (59), it follows that

1
Imo/xumdx < 26:ﬁ|u|€vé,uo(071) + %|U|$/Vé,u:0(071)
1 2 2
= m|“|m»“(o,1) + m|u|wé*“(o,1)'
Hence
L T
%Im /xu@ dx < C'EL(1), (83)
0 S
1 1
where C' = cr, + canCL
Using (82) and (83) in (70), we deduce that (81) holds with
(et + )
Vo= gy [+ O+ e (W emer) t e ()| @

By invoking [22, Theorem 8.1], this implies the desired stability estimate (69). O
Acknowledgments

G. Fragnelli is a member of Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro Appli-
cazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INAAM), a member of UMI “Modellistica
Socio-Epidemiologica (MSE)” and of UMI “Climath”. She is partially supported by FFABR Fondo per il
finanziamento delle attivita base di ricerca 2017, by INdAAM GNAMPA Projects: CUP E53C22001930001
“Modelli differenziali per ’evoluzione del clima e i suoi impatti” and CUP E53C23001670001 “Analysis,
control and inverse problems for evolution equations arising in climate science”, and by the PRIN 2022
PNRR P20225SP98 Some mathematical approaches to climate change and its impacts.

References

[1] M. Aassila, Exact controllability of the Schrédinger equation, Appl. Math. Comput. 144 (2003) 89-106.

[2] B. Aksas, S.E. Rebiai, Uniform stabilization of the fourth order Schrédinger equation, J. Math. Anal. Appl. 446 (2017)
1794-1813.

[3] F. Alabau-Boussouira, P. Cannarsa, G. Fragnelli, Carleman estimates for degenerate parabolic operators with applications
to null controllability, J. Evol. Equ. 6 (2006) 161-204.

[4] F. Alabau-Boussouira, P. Cannarsa, G. Leugering, Control and stabilization of degenerate wave equations, STAM J. Control
Optim. 55 (2017) 2052-2087.

[5] B. Allal, A. Moumni, J. Salhi, Boundary controllability for a degenerate and singular wave equation, Math. Methods Appl.
Sci. 45 (2022) 11526-11544.

[6] K. Ammari, H. Bouzidi, Exact boundary controllability of the linear Biharmonic Schrédinger equation with variable
coefficients, J. Dyn. Control Syst. (2022) 1-17.

[7] K. Ammari, M. Choulli, L. Robbiano, Observability and stabilization of magnetic Schrédinger equations, J. Differ. Equ.
267 (2019) 3289-3327.

[8] G.O. Antunes, M.D.G. Da Silva, R.F. Apolaya, Schrédinger equations in noncylindrical domains: exact controllability, Int.
J. Math. Math. Sci. 2006 (2006) 1-29.

[9] C. Audiard, On the non-homogeneous boundary value problem for Schrédinger equations, Discrete Contin. Dyn. Syst. 33
(2013) 3861-3884.

[10] L. Baudouin, J.P. Puel, Uniqueness and stability in an inverse problem for the Schrédinger equation, Inverse Probl. 18
(2002) 1537-1554.


http://refhub.elsevier.com/S0022-247X(24)00212-9/bibBF8AD55E5393FA36D21E2092AEE87C7As1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib6FC9CE1FA8B4BEF58178DCD453514854s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib6FC9CE1FA8B4BEF58178DCD453514854s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib0C7FFBC280FE75AB44C70629A1D4A173s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib0C7FFBC280FE75AB44C70629A1D4A173s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibA2B9AAE5641E49C3939ED50F208EA9EAs1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibA2B9AAE5641E49C3939ED50F208EA9EAs1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib065D784B407AA4ED171C0461A8E7CCA7s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib065D784B407AA4ED171C0461A8E7CCA7s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib4D35972FB666160F89DFA67E22F1E0B8s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib4D35972FB666160F89DFA67E22F1E0B8s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib799D15ACFB78FD4ECCAEC0CD3434F0C1s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib799D15ACFB78FD4ECCAEC0CD3434F0C1s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibBB8D49C59765BFF075546529BCD10325s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibBB8D49C59765BFF075546529BCD10325s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib5EFCEB32BBC138D19213A7C2D60FB8FDs1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib5EFCEB32BBC138D19213A7C2D60FB8FDs1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib2CE5C1D69E3EE12898EE6EBFADAF817Es1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib2CE5C1D69E3EE12898EE6EBFADAF817Es1

32 G. Fragnelli et al. / J. Math. Anal. Appl. 537 (2024) 128290

[11] K. Beauchard, M. Morancey, Local controllability of 1D Schrédinger equations with bilinear control and minimal time,
Math. Control Relat. Fields 4 (2014) 125-160.
[12] U. Biccari, V. Herndndez-Santamaria, J. Vancostenoble, Existence and cost of boundary controls for a degenerate/singular
parabolic equation, Math. Control Relat. Fields 12 (2022) 495-530.
[13] R.A. Capistrano-Filho, M. Cavalcante, Stabilization and control for the biharmonic Schréodinger equation, Appl. Math.
Optim. 84 (2021) 103-144.
[14] C. Cazacu, Schrodinger operators with boundary singularities: Hardy inequality, Pohozaev identity and controllability
results, J. Funct. Anal. 263 (2012) 3741-3783.
[15] T. Cazenave, Semilinear Schrédinger Equations, American Mathematical Soc., Providence, 2003.
[16] T. Cazenave, A. Haraux, An Introduction to Semilinear Evolution Equations, Oxford University Press, Oxford, 1998.
[17] A. Chrifi, Y. Echarroudi, Null controllability of a degenerate Schrédinger equation, Complex Anal. Oper. Theory 15 (2021)
1-32.
[18] E.B. Davies, Spectral Theory and Differential Operators, vol. 42, Cambridge University Press, Cambridge, 1995.
[19] E. Fernédndez-Cara, M.C. Santos, Numerical null controllability of the 1D linear Schrédinger equation, Syst. Control Lett.
73 (2014) 33-41.
] G. Fragnelli, D. Mugnai, Control of Degenerate and Singular Parabolic Equation, BCAM Springer Briefs, 2021.
] D.T. Hoang, Controllability and observability of non-autonomous evolution equations, Ph.D. thesis, Bordeaux, 2018.
] V. Komornik, Exact Controllability and Stabilization (the Multiplier Method), Wiley, Masson, Paris, 1995.
] I. Lasiecka, R. Triggiani, Optimal regularity, exact controllability and uniform stabilization of Schrédinger equations with
Dirichlet control, Differ. Integral Equ. 5 (1992) 521-535.
[24] I. Lasiecka, R. Triggiani, X. Zhang, Global uniqueness, observability and stabilization of nonconservative Schrédinger
equations via pointwise Carlemann estimates, J. Inverse I1l-Posed Probl. 12 (2004) 183-231.
] C. Laurent, Internal control of the Schrédinger equation, Math. Control Relat. Fields 4 (2014) 161-186.
] G. Lebeau, Contréle de I’équation de Schréodinger, J. Math. Pures Appl. 71 (1992) 267-291.
1 J. Lions, E. Magenes, Problémes aux limites non homogenes et applications I, Dunod, Paris, 1968.
] J.L. Lions, Controlabilité exacte, perturbation et stabilisation de Systémes Distribués, Masson, Paris, 1988.
|
|
]

(2014) 646-651.

[32] A. Mercado, A. Osses, L. Rosier, Inverse problems for the Schrédinger equation via Carleman inequalities with degenerate
weights, Inverse Probl. 24 (2008) 015017.

[33] E.M. Ouhabaz, Analysis of Heat Equations on Domains, Math. Soc. Mono. Series, vol. 31, Princeton Univ. Press, Princeton,
NJ, 2005.

[34] K.D. Phung, Observability and control of Schrédinger equations, STAM J. Control Optim. 40 (2001) 211-230.

[35] L. Rosier, B.-Y. Zhang, Exact boundary controllability of the nonlinear Schrédinger equation, J. Differ. Equ. 246 (2009)
4129-4153.

[36] J. Simon, Compact sets in the space L?(0,¢;b), Ann. Mat. Pura Appl. 146 (1987) 65-96.

[37] D. Tataru, Unique continuation for solutions to PDE’s; between Hérmander’s theorem and Holmgren’s theorem, Partial
Differ. Equ. 20 (1995) 855-884.

[38] M. Tucsnak, G. Weiss, Observation and Control for Operator Semigroups, Birkhduser Advanced Texts: Basler Lehrbiicher,
Birkhiuser Verlag, Basel, 2009.

[39] J. Vancostenoble, Improved Hardy-Poincaré inequalities and sharp Carleman estimates for degenerate/singular parabolic
problems, Discrete Contin. Dyn. Syst., Ser. S 4 (2011) 761-790.

[40] J. Vancostenoble, E. Zuazua, Hardy inequalities, observability, and control for the wave and Schrodinger equations with
singular potentials, SITAM J. Math. Anal. 41 (2009) 1508-1532.

[41] R. Wen, S. Chai, B.Z. Guo, Well-posedness and exact controllability of the fourth-order Schrodinger equation with bound-
ary control and colocated observation, STAM J. Control Optim. 52 (2014) 365-396.

[42] C. Zheng, Z. Zhou, Exact controllability for the fourth order Schrédinger equation, Chin. Ann. Math., Ser. B 33 (2012)
395-404.

[43] E. Zuazua, Remarks on the controllability of the Schrodinger equation, in: CRM Proc. Lecture Notes Ser., AMS Publica-
tions, Providence, RI, 2003, pp. 181-199.


http://refhub.elsevier.com/S0022-247X(24)00212-9/bib488E82F2F6586A6691E6B84DA31C95DAs1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib488E82F2F6586A6691E6B84DA31C95DAs1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibEDBA1B95AAF34571AAC5A7B9E6F957BEs1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibEDBA1B95AAF34571AAC5A7B9E6F957BEs1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibE88C7888C7E1DB31C353444EFBA41053s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibE88C7888C7E1DB31C353444EFBA41053s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibAAFA435DB17C09C8CF0EF98A2D80046Fs1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibAAFA435DB17C09C8CF0EF98A2D80046Fs1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibF0DF9DC7444D1EBBFCCADE825758E313s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibA046CB2F4FB760425328B6C6C5E02BFEs1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib23BF59A42D8E2A7D2810541AB60BF661s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib23BF59A42D8E2A7D2810541AB60BF661s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibB67BAC18D8ED13F362D59380ED9EA26Cs1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib059A8CE5AD9C0F77561CD6B68A479C04s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib059A8CE5AD9C0F77561CD6B68A479C04s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib68C5767EA74053B981FD11AA8649C547s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib5E0D479D3A1F0A7B1D94438C0E48BFA9s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibBFDDCCA38B019A37D7E1CF1912366A65s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib2FF32CD4B837DA34B78DBD0555BDA509s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib2FF32CD4B837DA34B78DBD0555BDA509s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib56531F86409258E1BEF2CD5DEBD70161s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib56531F86409258E1BEF2CD5DEBD70161s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibF31679F536486B9888DB9760E3392348s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib174F9A59538D6602212D2FB5F1161D51s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibC4CE837BF13AD75C438C4208A1C9E829s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibE6B77FC75B75718CE9F73E8019936EC1s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibBBCB5F86D721F5D2AEA7DA9E62E61E2Fs1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib5CCD57A4ADF6C17A8B2CF13FBC1F79D7s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibDCB98C6CE3B78B0B6B8B97FC1A221B45s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibDCB98C6CE3B78B0B6B8B97FC1A221B45s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibE69AC1079473DEE4C15DC7BB67C1CAD3s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibE69AC1079473DEE4C15DC7BB67C1CAD3s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibB10B7A2DACEB78DB27E188C6EAEC2858s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibB10B7A2DACEB78DB27E188C6EAEC2858s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibF035AC7089389F285FD7CC18C880CA29s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibDC8433D05D894F5E0A79E339B94BD515s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibDC8433D05D894F5E0A79E339B94BD515s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibF41BA1E5F669F670FB0175D467E379F8s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib09B3C0B3131440D87D1C2B21ACC9C658s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib09B3C0B3131440D87D1C2B21ACC9C658s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib217581A8163B9D52819C4AE1F2503815s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib217581A8163B9D52819C4AE1F2503815s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibCF359E26F7336391A52B35C7C7C04F92s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibCF359E26F7336391A52B35C7C7C04F92s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib5732F38DA85C08430365C91F7C83A036s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib5732F38DA85C08430365C91F7C83A036s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib06C11B5D04C2AC8ABD4209A866A8B337s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib06C11B5D04C2AC8ABD4209A866A8B337s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibBD3F5C096AE966B3FEBB21FE11D78182s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bibBD3F5C096AE966B3FEBB21FE11D78182s1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib4788EF89D91CF9F54635EEF65EA7C72Bs1
http://refhub.elsevier.com/S0022-247X(24)00212-9/bib4788EF89D91CF9F54635EEF65EA7C72Bs1

	Controllability and stabilization of a degenerate/singular Schrödinger equation
	1 Introduction
	2 Preliminary results
	3 Boundary observability
	4 Boundary controllability
	5 Exponential stabilization
	5.1 Preliminary results and well posedness
	5.2 Stabilization result

	Acknowledgments
	References


