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Analytical Inverse Design of GRIN Lens Antennas:
The Phase Tracing Method

Ilir Gashi ®, Member, IEEE, Stefano Maci

Abstract—This paper presents the phase tracing method
(PTM), an analytical framework for the direct synthesis of
graded-index (GRIN) lens antennas. PTM employs an inverse
formulation of geometrical optics (GO) principles to derive
isotropic refractive index profiles directly from user-specified
ray trajectories. By circumventing the computational expense
and convergence challenges of numerical optimization, and re-
laxing the constraints of classical analytical approaches, PTM
enables deterministic control over both phase and amplitude
transformations at the aperture. Its core innovation lies in
establishing explicit relationships between ray curvature, phase
evolution, and refractive index gradients under strict power
conservation, allowing for analytically tractable designs. The
method further leverages clothoid trajectories, characterized
by linearly varying curvature, to produce smooth, bounded
refractive index gradients conducive to fabrication. The ver-
satility of PTM is demonstrated through five examples: (a)
exact analytical retrieval of the Maxwell Fish-Eye lens, (b) a
telescopic GRIN lens achieving 2x aperture magnification, (c)
a flat-top beam generator with uniform +15° coverage, (d) a
Bessel beam launcher for non-diffracting radiation, and (e) a
GRIN lens transforming a rectangular waveguide mode into a
uniform circular aperture. The designs are validated via full-
wave simulations, GO analysis, and theoretical benchmarks,
confirming exceptional performance. PTM establishes a new
paradigm for efficient, wideband GRIN lens design, combining
analytical rigor with practical manufacturability for microwave
and millimeter-wave applications.

Index Terms—Inhomogeneous lenses, GRIN media, Geometri-
cal Optics, Phase Tracing Method, Inverse Design, Lens Synthe-
sis.

I. INTRODUCTION

Graded-index (GRIN) lens antennas offer key advantages
over conventional lenses, particularly in enabling flat interfaces
with free space and allowing control of both amplitude and
phase across an aperture over ultra-wide bandwidths. The rays
follow arbitrary curved paths inside the lens because they
are smoothly and continuously bent by the refractive index
gradient. Therefore, the use of geometrical optics (GO) [1],
[2], [3] for inhomogeneous media finds its natural applica-
tion in this class of problems. The analysis problem can be
performed by tracing the rays [4] or by employing a faster
numerical approach—the Lax—Friedrichs sweeping method,
which we have recently introduced in [5]. This method iter-
atively and efficiently solves fundamental GO equations with
higher accuracy compared to traditional ray tracing, making it
particularly suitable for integration within optimization-based
design frameworks.
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However, the practical realization of GRIN lenses has long
been constrained by manufacturing challenges. Traditional
implementations often require discretization into concentric
shells, which introduces scattering losses and degrades perfor-
mance. Recent technological advances have significantly in-
creased the feasibility of fabricating GRIN lenses, stimulating
renewed research interest. Additive manufacturing techniques,
such as 3D printing with spatially varying infill densities
and multi-material inkjet deposition, allow precise realization
of complex dielectric profiles [6], [7], [8]. Complementing
these approaches, metamaterial-inspired designs employing
subwavelength unit cells offer an effective means to achieve
smoothly graded refractive indices [9], [10]. For terahertz
applications, layered manufacturing methods combining laser-
cut dielectric sheets into stacked assemblies have proven
effective, though they introduce some anisotropy. Advances
in ceramic stereolithography now offer promising avenues for
fabricating high-permittivity GRIN structures at millimeter-
wave frequencies, helping bridge the gap between theoretical
designs and practical, manufacturable components.

Synthesis methods for GRIN lenses can be broadly clas-
sified into two categories. The first category allows the di-
rect analytical determination of the refractive index profile,
whereas the second category relies on optimization techniques
that iteratively employ analysis methods based on GO.

The first category encompasses the Abel inversion method
(AIM) and transformation optics (TO). AIM applies Fermat’s
principle to curvilinear ray paths, yielding closed-form solu-
tions for canonical lenses such as the Luneburg and Maxwell
fish-eye designs [11], [12]. However, AIM is restricted to
symmetric geometries that preserve ray momentum. TO ex-
ploits coordinate transformations to achieve novel functional-
ities, including flattened Luneburg lenses [13], but typically
requires anisotropic materials that complicate fabrication and
can compromise bandwidth.

Within the second category, numerical optimization plays
a central role. Population-based algorithms, such as parti-
cle swarm optimization (PSO) [14] and genetic algorithms
(GA) [15], enable systematic exploration of the GRIN lens
design space, accommodating multi-objective constraints and
fabrication-aware discretization. Gradient-based methods, par-
ticularly adjoint optimization, have proven highly effective in
shaping index distributions to achieve far-field performance
targets [16], [17]. Nevertheless, as iterative approaches, they
are computationally intensive and susceptible to convergence
toward local minima.

The method presented in this paper, namely the phase
tracing method (PTM), belongs to the second category of
synthesis techniques, which provide direct analytical determi-
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Fig. 1: Illustration of the refractive index retrieval problem: (a) The input
ray directions are defined on curved surfaces Aj, and Aoy The rays between
these surfaces form a bundle whose density and curvature dictate the refractive
index variations. (b) Cross-section of an azimuthally symmetric ray bundle
with flat input and output surfaces, yielding a refractive index distribution
independent of the azimuthal angle ¢.

nation of the graded-index profile. PTM introduces a synthesis
framework that overcomes the limitations of existing design
approaches by reformulating the problem through an inverse
strategy. By reversing the conventional GO analysis paradigm,
the method computes the refractive index distribution directly
from predefined ray trajectories, enabling deterministic trans-
formation of input fields into desired aperture profiles. Unlike
TO-based approaches, PTM does not require anisotropic ma-
terials, while retaining the analytical transparency of a closed-
form design. Moreover, it is applicable to any index variation
that supports a ray-type description, without being restricted
to the momentum-conserving variations required by AIM.

The paper is organized as follows. Section II outlines the
theoretical foundations of the direct synthesis methodology,
presenting phase control (Section II-A), amplitude control
(Section II-B), and clothoid ray trajectories (Section II-C).
Section II-D details the overall GRIN lens synthesis algorithm
and Section II-E presents a detailed technical comparison with
existing inverse methods. Section III presents comprehensive
numerical validations: Section III-A retrieves the Maxwell
Fish Eye lens profile to verify the analytical approach; Section
III-B demonstrates a telescopic GRIN lens design; Section
III-D illustrates near-field focusing through Hankel distribution
synthesis for Bessel beam generation; and Section III-E show-
cases a rectangular-to-uniform circular 3D lens transformation.
Collectively, these developments advance GRIN lens design
by providing a versatile framework that combines analytical
precision with practical implementation for next-generation
electromagnetic systems.

II. FORMULATION

This section outlines the theoretical foundation of the PTM.
The objective is to design an inhomogeneous, isotropic, and
lossless dielectric lens that transforms a specified incident ray
field at the input surface, A;,, into a prescribed output ray field
at Aqy, controlling the ray trajectories within the enclosed vol-
ume V. As depicted in Fig. 1(a), the lens volume is bounded
by the surfaces Ay, and Ay, and may optionally include an

orthogonal lateral surface A,. The medium is characterized by
a spatially varying refractive index n(r) = /e, (r).

The boundary conditions for this problem are defined by the
ray direction and the ray density (or power distribution) at both
the input and output interfaces. While many practical GRIN
lens applications feature flat interfaces, this specific geometry
is not a fundamental restriction of the PTM framework.

Although the core formulation can be presented for general
three-dimensional geometries, we initially focus on the
computationally tractable case of azimuthally symmetric
index profiles. This approach reduces the synthesis problem
to a two-dimensional analysis in the plane of revolution,
where ray trajectories can be visualized as shown in Fig. 1(b).
The PTM framework remains fully extensible to arbitrary
3D configurations, as demonstrated in Section III-E through
the design of a lens that transforms a rectangular waveguide
mode to a uniform circular aperture. In such 3D scenarios,
the synthesis is performed on multiple angular cuts in the
¢-plane, with the refractive index profile determined by
enforcing power conservation and phase matching across all
sections.

A. Phase Control

The core objective is to transform an input wavefront 1)y, at
the entrance aperture Aj;, into a desired output wavefront 1o
at the exit aperture A, through controlled propagation within
the lens volume. This wavefront transformation is physically
realized by strategically shaping ray trajectories, which are
orthogonal to the wavefronts. For an azimuthally symmetric
lens, we consider a two-dimensional cross-section in the p-
z plane, where z is the axial coordinate and p is the radial
coordinate. In this plane, we parameterize a family of ray
trajectories as

r(t,p) = p(t,p)p + 2(t,p)z, (1)

where the parameter ¢ varies along each individual ray, and p
labels different rays in the family. When ray trajectories are
simple and smooth, (1) establishes a diffeomorphism between
the parametric space (¢,p) and the geometrical space (p, z).
While ray trajectories are the mapping of the p = const lines,
wavefronts have not a simple counterpart in the parameter
space. In fact, constant ¢ curves are not in general wavefronts
and are not orthogonal to the rays. For each ray, we define
the arc length s measured along the ray, with the unit tangent

vector given by
dr  0Or/0t

S= 05 Torjor @
As discussed in [1] [Sec. 3.2.3], a physically realizable family
of rays in an inhomogoneous isotropic medium must form a
normal ray congruence, meaning that the tangent field satisfies
§-(V x 8) = 0, which guarantees the existence of wavefronts
orthogonal to the rays.

In geometrical optics (GO), the field is split into the product
of a slowly varying vector amplitude and a rapidly varying
phase

E(r) = Eo(r)e /0 (3)
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in which wavefronts are described by isosurfaces of the eikonal
phase function 4 (r), obeying to the Eikonal equation

[Vip(r)| = n(r), )

with n(r) denoting the refraction index at any point in the
inhomogeneous medium. In GO, the Eikonal equation (4)
is solved by using the method of the charactristics; i.e., by
defining rays such that Vi) = ns, which can be traced by
solving the ray equation

d
s (n8) =Vn %)

for a given starting point and initial direction. The ray equation
(5) is simply derived by taking the gradient of the square of
the Eikonal equation (4). Expanding (5) and using the fact that
dn/ds = Vn - §, we obtain

ds

ds
Next, by recalling that the curvature vector of a ray is defined
as K = d§/ds = ko, where « is the scalar curvature and ©
is the unit normal vector to the ray pointing toward the center
of curvature, the curvature - refractive index relationship is
obtained

=(1-88)-Vinn. (6)

k=V(lnn) - D. 7

Therefore, the refractive index can be retrieved by integrating
(7) along a wavefront. Since wavefronts are not directly
available from (1), the following procedure was established to
trace wavefronts. Let ¢ denote the arc length along a wavefront,
and let u be a parameter that labels different wavefronts. A
point on a wavefront can be expressed as q(¢,u). Since the
tangent to the wavefront, dq/d¢, must be perpendicular to §,
we have the ordinary differential equation (ODE)

dq .
ﬁ—sxﬁ ®)

where qAS is the azimuthal unit vector (out-of-plane direction
in the 2D cross-section). For planar ray congruences, the
binormal vector b is constant and equal to —qAS. Integrating
(7) along a wavefront from a reference point qq to a point q
yields the refractive index distribution on that wavefront

¢
’ V(lnn)-dq = / k(") de, 9)
Qo Lo
¢
n(f,u) = ng(u) exp / k(0 u)dl ), (10)
Lo

where ng(u) = n(fy, ) is an arbitrary value of the refractive
index at the starting point q,, which can be selected to keep the
refractive index in a feasibility range (e.g., mein {n(l,u)} > 1).
Equation (10) is the cornerstone of the PTM: it provides a
direct analytical relationship between the ray curvature field
% and the refractive index profile n. Once the ray trajectories
(and hence their curvatures) are specified, the index distribu-
tion can be computed by integrating along wavefronts. The
fact that only the transverse component to the ray of the
gradient of the refractive index is constrained by (7), while the
component along the ray dn/ds is unconstrained, physically

AOUl

0.75 ¢

)
w 057

—Rayr(, p)

0.257 Wavefront

Planar congruence: ¢=-b

0 0.25 0.5 0.75 1

L

Fig. 2: Geometry of the problem: ray trajectories (red solid lines) and
wavefronts (green solid lines) in a 2D cross-section. The ray family is
parameterized by label p, with pmax denoting the outermost ray. At the
intersection of a ray and wavefront, § is the unit tangent to the ray, ¥ is
the unit normal to the ray (tangent to the wavefront), and b = —¢ is the
out-of-plane binormal (azimuthal unit vector). The wavefront arc length ¢ and
the starting point q are also indicated.

corresponds to the fact that enforcing the ray trajectories
does not dictate the velocity with which those trajectories
are followed. Different velocities along the same ray paths
would result in different refractive index profiles. This degree
of freedom corresponds the arbitrary ng factor in (10). The
exponential relationship in (10) enables precise phase control
by linking ray curvature to refractive index gradients. By
selecting ray trajectories with low curvature, one can minimize
index variations, facilitating fabrication. In Section II-C, we
introduce clothoid curves as a particularly advantageous family
of ray trajectories that yield smooth, bounded index gradients.

The geometry of rays and wavefronts, including the relevant
vectors and parameters, is illustrated in Fig. 2. As noted, for
planar ray congruences the binormal vector b coincides with
the azimuthal unit vector 7(;3 (pointing out of the page), and
the outermost ray is labeled pyax. The ray family extends from
p = 0 t0 p = Pmax, Where ppax corresponds to the lateral
boundary of the lens.

B. Amplitude Control

The precise transformation of electromagnetic field ampli-
tudes through a GRIN lens is fundamentally governed by the
principle of power conservation in ray tubes, a core tenet
of GO for lossless media. When an inhomogeneous lens
transforms an input field distribution to a target output profile,
it must redistribute the power without dissipation, maintaining
total power flow while adapting to spatial scaling require-
ments. This energy redistribution manifests as controlled ex-
pansion or compression of ray tubes, infinitesimal bundles of
rays propagating through the lens volume, where changes in
ray density directly correspond to amplitude variations.

The field amplitude transformation is therefore expressed as

Iin(xin)dxin = Iout(l'out)dxoun (11)
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where [in(x) o |fin(z)* and Low(z) o< |fuareet(z)|? are the
power densities at the input (A;j,) and output (A,y) planes,
respectively. The ray mapping function zoy = M (zi,), which
defines how points on the output plane connect to points on the
input plane via ray trajectories within the lens, is determined
through cumulative power distributions

Cin(in) = / Tn(u)dt,  Cou(trow) = / Lou(v)d,
0 0 (12)
satisfying Ciy(zin) = Cout(Tou), which implicitly defines the
mapping Zoyt <> Tin

Lout = M(xin) = C(Inl (Cin(fin)) . (13)
The field amplitude transformation is then given by
dx;
‘fout(l‘out)|2 = |fin(xin)‘2 d = 5 (14)
Lout
where the Jacobian determinant |.J| = |dxi,/dzon| quantifies

ray tube expansion (when |J| < 1) or contraction (when
|J| > 1). The amplitude control complements the phase ma-
nipulation, allowing simultaneous synthesis of both magnitude
and phase in the output aperture field by resorting to the PTM.

C. A Convenient Choice: Clothoid Trajectories

In the context of PTM-based lens synthesis, the selection
of ray trajectories is fundamental, as these define the phase
evolution and refractive index gradient via the curvature field
(10). A particularly advantageous class of curves for this
purpose is the clothoid (Euler or Cornu spiral) [18], which
is defined by the property that its curvature s varies linearly
with arc length ¢. This property ensures a smooth and gradual
bending of rays, resulting in minimal and continuous variations
in the refractive index, an essential feature for practical GRIN
lens implementation.

To mathematically describe a clothoid in two-dimensional
space, we adopt a complex representation of the position
vector

r(t) =z(O)x+y()y —  z() ==() +jy(t), (15)

where ¢ is the curvilinear abscissa, or arc length, and z(¢) € C
is the complex representation of the spatial trajectory.
The clothoid is defined via its integral form

t
2(t) =20 + / e’ Mdr,
0

where 2 is the initial point of the trajectory, and 6(t) is the
local angle of the tangent vector to the curve at position t.
The first derivative gives the unit tangent vector

diTEst) — /90, (17)
The second derivative gives the curvature vector
d?z(t)
dt?
and the amplitude of this expression corresponds to the local
curvature
_do(t)

m()—T.

(16)

— gl(t)ej[e(t)Jr%L (18)

19)

01)\1‘(

0.8+ Curvature k |
0.6 |
= P
@ 04l |
al
02} |

Entry Clothoid

0111
OF----—-@Y- oo = Central Segment | _|
= Exit Clothoid

0 02 04 06 08 1
R(z)

Fig. 3: Piecewise clothoid trajectory in the complex plane C: the path begins
at a point zg € A;p, with an initial direction 6g. The first clothoid segment
(green solid line) ends at the junction point oL, where L denotes the total
length of the clothoid. The second segment (blue solid line) continues to the
next junction point SL, leading into the final clothoid segment (red solid
line), which terminates at the point 21 € Aour, With a final direction Goyc.
The inset in the top-left corner illustrates the curvature k along the trajectory,
highlighting its linear progression.

This linearity of curvature naturally complements the PTM
formulation, in which the logarithmic gradient of the refractive
index is directly proportional to the ray curvature, as shown
in (7). Therefore, clothoid rays inherently promote refractive
index profiles with bounded gradients and smooth variations.

A powerful tool for constructing such clothoid curves under
practical boundary constraints is the G2 Hermite problem [19].
This problem involves synthesizing an interpolating curve
between two endpoints zy and z; with specified tangent angles
O, Oy and curvatures Ky, Koy at both ends. The general
solution involves a piecewise composition of three clothoid
segments, as illustrated in Fig. 3, where the parameters o and
[ define the junction points of these segments. The total arc
length L is determined to ensure

L

/ k(T)dT = 61 — by, (20)
0

as well as z(L) = z;. Solving this system yields the con-

tinuous curvature profile x(t) along the entire ray trajectory,

suitable for direct use in the PTM framework.

The inherent smoothness and compatibility of clothoids
with the PTM equations enable analytical, fabrication-friendly
synthesis of lenses with reduced refractive index distributions,
making them a convenient choice for practical GRIN lens
implementations.

D. GRIN Lens Overall Design Algorithm

The PTM GRIN Lens Design algorithm begins by per-
forming a power mapping between the input and target field
distributions, and the normalized power profiles I, and oy
are computed. The cumulative distributions of Cj, and Cyy,
are then calculated and used to establish a mapping from the
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Algorithm 1 Phase-Tracing GRIN Lens Design

Require:
a, b, d: Input width, output width, lens thickness
Elarget(x): Desired field at target plane
Np: Number of rays
Ny: Number of sample points per ray
/l power mapping
Iin <~ |fm‘2/f|fm‘2dx
Tout ‘ftargel|2/f ‘ftarget|2d$
Oin(x) < foz Iin(g)df
Coul(x) «— fox Iout(f)dg
Tout < C(;ul (Cin(in))
/I phase mapping
6: Ui, < Input eikonal distribution
7: Woue < Output eikonal distribution
/l ray tracing
8: for i < 1 to N, do
(I‘Z', Hi) — ClOthOidS(.’L’in’i, Yin,i»
Zout,i» Yout,is Yin,is Yout,i)

noR Wy

10: end for
// phase tracing
11: for j < 1 to N; do
12: qo < ry,(j) {Start from output}
13:  g; < ODE(dq/ds,qo)
14:  for i<+ 1to NN, do
15: pi; < r; Ng; {Ray-wavefront intersection}
16: [Xup(iaj)aYUp(i,j)] < pij
17:  end for
18:  c¢; « interpCurvature(p;;, £;)
19 myp(s, J) < exp([cjds)
200 myp(s,J) nup(:,j)/min (2, 5)]
21: end for
/Il refractive index interpolation
22: n(z,y) < interp(Xyp, Yup, Mup, X, y)
23: e,.(z,y) < n?(x,y)

input points zj, to the output points x.y that preserves the
power flow.

Next, the algorithm sets the input and output eikonal
(phase gradient) distributions, W;, and Wy, which define
the direction of the rays on the input A;, and output Ay
surfaces. Using these, for each ray 7 (out of N, total rays), a
clothoid curve is generated by connecting the input and output
points with specified initial and final directions. The function
clothoids from [20] is used to generate the curve r; and
the corresponding curvature k;, which defines the bending
required for each ray trajectory.

The phase tracing step involves propagating wavefronts
from the output ray by numerically solving the ODE (8) for the
wavefront curves g;, sampled at N; points. At each wavefront
point, intersections p;; with all rays r; are determined to
establish the spatial sampling grid. The local curvature values
are interpolated at these intersection points to calculate the
refractive index profile along each wavefront via (10). The re-
fractive index profiles are normalized relative to the minimum
desired values ng to ensure physical consistency.

Finally, the discrete refractive index samples n,, on the
wavefront grid are interpolated over the entire lens domain
to produce a continuous refractive index distribution n(x, y),
from which the relative permittivity &,(z,y) = n?(z,y) is
derived. This procedure yields a graded-index lens design that
transforms the input field into the desired output distribution
following the PTM framework. The detailed algorithmic pro-
cedure is presented in Algorithm 1.

E. Comparison with Existing Inverse Methods

The PTM distinguishes itself from established inverse de-
sign approaches in several key aspects. Transformation optics
(TO) [21], [22] and numerical optimization [14], [17] represent
the dominant paradigms, while Abel-type inversions [11], [23]
and analytical ray-prescription methods [24], [25] provide
specialized solutions.

TO derives material parameters from coordinate mappings,
enabling advanced functionalities such as flattened Luneburg
lenses [13]. Nevertheless, this framework generally results
in anisotropic and magneto-dielectric material prescriptions,
which substantially complicate fabrication and limits oper-
ational bandwidth. In many practical implementations, sub-
stantial simplifications are introduced by neglecting anisotropy
and magnetic response, which breaks the strict correspondence
with the original transformation and introduces errors on the
electromagnetic response that are difficult to predict.

In contrast, PTM is explicitly grounded in GO, as it directly
synthesizes the refractive index profile from prescribed ray
trajectories and phase evolution. By operating within the GO
regime and employing purely isotropic graded-index distribu-
tions, PTM avoids artificial magnetism and tensor anisotropy,
preserves the intrinsic broadband nature of GRIN media, and
provides a more controlled and fabrication-oriented approach
to wavefront engineering.

Numerical optimization, whether population-based [14],
[15] or gradient-based [16], [17], iteratively adjusts index
distributions to meet electromagnetic targets. While flexible
for complex constraints, these methods are computationally
intensive and prone to local minima. PTM provides deter-
ministic, non-iterative synthesis with analytical transparency,
eliminating computational bottlenecks while offering physical
insight into ray-material relationships.

The Abel Inversion Method (AIM) [11] solves the inverse
problem for rotationally symmetric media, producing canon-
ical solutions like Luneburg and Maxwell fish-eye lenses.
Recent extensions focus on index reconstruction from mea-
sured ray deviations [26], [27] but remain confined to sym-
metric geometries. PTM removes this symmetry restriction
entirely, enabling synthesis of arbitrary asymmetric profiles
while maintaining analytical tractability through the curvature-
index relationship.

Analytical ray-prescription methods provide the closest
precedent to PTM. In [25], the authors derived index distri-
butions for given one-parameter ray families, while in [24]
it is presented how to obtain profiles producing prescribed
two-dimensional paths using conformal mapping. In [28], the
authors provided mathematical comparison between Fermat’s
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principle and eikonal equation formulations. However, these
methods share critical limitations: they typically operate within
paraxial approximations, prescribe limited ray families without
full wavefront control, and lack amplitude transformation
capabilities. PTM transcends these limitations by (1) operating
beyond paraxial regimes through exact GO relations, (2) pro-
viding complete wavefront synthesis via clothoid ray bundles,
(3) enforcing power conservation for amplitude control, and
(4) explicitly linking curvature to index gradients through
exponential integration that guarantees smooth, fabricable pro-
files.

In summary, PTM occupies a unique position by combining
the analytical rigor of Abel-type methods with the flexibility of
TO, while avoiding the computational burden of optimization
and the limitations of earlier ray-prescription approaches. This
enables deterministic synthesis of isotropic, manufacturable
GRIN lenses for complex wavefront transformations across
microwave and optical domains.

III. NUMERICAL EXAMPLES

This section demonstrates the capabilities of the PTM
through practical GRIN lens implementations. We first validate
the analytical framework by recovering the refractive index
profile of the Maxwell Fish Eye lens. Subsequently, we present
four advanced GRIN lens designs: a telescopic GRIN lens
achieving 2x aperture magnification, a flat-top beam generator
with uniform *15° coverage, a Bessel beam launcher for
non-diffracting radiation, and a GRIN lens transforming a
rectangular waveguide mode into a uniform circular aperture.
Each design addresses distinct electromagnetic manipulation
challenges while showcasing the PTM’s versatility across
different application domains.

A. Closed Form GRIN test: Maxwell Fish Eye Lens

As a validation of the PTM, we derive here the refractive
index distribution of the well-known Maxwell fish eye (MFE)
lens [12], a classical GRIN structure capable of achieving
perfect imaging in the geometrical optics limit. The MFE
is defined as a spherical region of radius a, centered at the
origin in the p-z plane. We consider a point source located
at ryp = —aZ, launching rays that follow circular trajectories.
Each ray path lies on a circle centered at C' = —a cot 0y,
where 6 is the initial launch angle of the ray. The radius of the
path of the rays is given by R = a csc6y. The corresponding
wavefronts are also circular and centered at a point C' along
the z-axis, with radius R = v/¢? — a2, as illustrated in Fig. 4.
According to the PTM formulation, the curvature  of the rays
determines the gradient of the refractive index (7), and the
refractive index is retrieved by integrating the curvature along
the wavefront (equation (10)). The initial angle of the ray at

radial position p is given by 6y = arctan (ag_mip) which

p2—22
in the equatorial plane z = 0, simplifies to sinfy = a?%,
yielding to the ray curvature
sin 0 2p
=0)= = 21
K(p, 2z =0) - L (21)

Fig. 4: Phase tracing in a Maxwell Fish Eye (MFE) lens in a vertical plane,
with the source located at the “south pole” ro = —az. The background color
represents the refractive index n, with the surrounding medium having n = 1
outside the MFE boundary (black line). The analytically retrieved wavefronts
are shown as green solid lines, along with a highlighted ray (white solid
line) whose trajectory follows an arc of a circle with radius R, centered at
C = —acot 6pp, where 0y denotes the initial direction of the ray within the
MEFE. The red dashed line indicates the location at which the PTM is applied
to reconstruct the refractive index distribution of the MFE.

which is used in the PTM to compute the refractive index
distribution.

By integrating this curvature along the wavefront as shown
in (10), and assuming the central refractive index value n(0) =
2, the refractive index is given by

r2p 2
:2 — 7(1 / = " YY 22
n(p) eXp( /0 PEN P) - (5)2 (22)

which is the analytical solution for the MFE lens refractive
index profile. This example demonstrates that the PTM can
recover the analytical refractive-index profile of the Maxwell
fish-eye lens directly from its known ray curvatures. More
generally, whenever the ray curvature can be expressed in
analytical form, the PTM provides a straightforward route to
deriving closed-form GRIN profiles. In this sense, the PTM
offers a practical and versatile alternative to the classical Abel-
transform—based inversion methods for GRIN.

B. Telescopic Lenses

As a first design example, we present the refractive-index
synthesis of a telescopic lens [29]. Telescopic lenses have
been known for more than four centuries, originating from
Galileo’s pioneering work on refracting telescopes [30]. In
their conventional implementation, telescopic systems are
formed by cascading a diverging and a converging lens.
Developing an equivalent continous GRIN implementation,
however, remains a significant challenge despite the poten-
tial advantages in compactness, efficiency, and wavefront
quality. A non-conventional GRIN telescopic configuration,
based on a cascade of diverging and converging cylindrical
GRIN elements, was proposed in [31], where closed-form
analytical expressions were derived. Nevertheless, the solution
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Fig. 5: Refractive index retrieval of the telescopic lens: (a) ray mapping (both amplitude and phase) is performed to determine the output points in Aoy,
thereby realising the desired transformation from Aj,; (b) the corresponding rays are connected using clothoid trajectories (white solid lines), and the associated
wavefronts are reconstructed (green solid lines) by integrating (8) from the lateral boundary inward; (c) the PTM is then applied to compute the refractive
index distribution, shown in the background of the plot. Lens boundaries are outlined in black.

in [31] introduces an interface between the two GRIN sections,
which may cause reflections and mode mismatch. A fully
continuous GRIN lens capable of achieving telescopic aperture
magnification without internal interfaces is therefore highly
desirable. and the solution developed here provides an elegant
and practical approach to this longstanding problem.

=—TFeed
==Feed + Lens

20

Gain Boost: 3 dBi

—_
(=]

Gain (dBi)
o

'
(=]
T

'
393
=]
O
(=]
'
N -
(=]
)
'
W L
S

0 30 60 90
0 (deg)

Fig. 6: CST simulation results showing the gain (in dBi) in the ¢ = 0O plane
for: (a) the TE1g feed alone (blue solid line), and (b) the feed combined
with the telescopic lens (red solid line). The observed gain enhancement is
approximately 3 dBi, which matches the theoretical expectation of 3 dBi for
a telescopic lens with magnification M = 2.

A telescopic lens provides an aperture magnification by
transforming an input aperture of width a into an expanded
output aperture of width Ma, where M > 1 is the magnifica-
tion factor. This expansion leads to significant performance
enhancement: the effective aperture area increases by M?2,
corresponding to a theoretical maximum gain improvement
of 10log,, M dB. Furthermore, the beamwidth is reduced by
a factor of M. The telescopic lens synthesized here has an
input aperture A;, = a = 10 cm and an output aperture of
Aoyt = Ma = 20 cm (with M = 2).

The synthesis follows the Algorithm 1 through the following
structured steps, each directly linked to the corresponding
equations and to Fig. 5:

1) Ray mapping (Algorithm 1, lines 1-5). The input power

density is given by the TE;y mode profile I, (i) o
cos?(mxin/a). The target output is a uniform plane

wave, hence Iyt (Tout) 1S constant over |xous| < Ma/2.
Equating the cumulative power distributions Cj, and
Cous (Sec. 11-B) yields the linear mapping zouy = My,
The amplitude then scales as |foue| = |fin]/VM via
(14), exactly conserving energy. The ray endpoints are
shown in Fig. 5(a).

2) Clothoid ray construction (Algorithm 1, lines 8—12). For
each ray indexed by its input coordinate 2\, the start

point (aci(fl),O), end point (M 2V d), boundary angles

m
7/2, and zero curvatures are supplied to the G?> Hermite
clothoid solver (Sec. II-C). The junction parameters «, 3
are chosen to minimise the maximum absolute curvature,
yielding a smooth curvature profile x;(s) that varies
linearly with arc length s (Eq. (19)). The resulting ray
family appears in Fig. 5(b).

3) Wavefront construction (Algorithm 1, lines 13-15).
Wavefronts are generated by integrating the wavefront-
tracing ODE (8) inward from the lateral boundary traced
by the outermost ray (¢ = NV,). With the initial con-
dition qg = ry, (s), integration produces a family of
wavefronts q(¢) parameterised by arc length ¢. These
wavefronts, orthogonal to the ray bundle by construction,
are drawn as green solid lines in Fig. 5(b).

4) Refractive index integration (Algorithm 1, lines 16-22).
For each wavefront, intersections with all rays are com-
puted, forming a curvilinear grid. Curvature values x;(s)
are interpolated onto the grid points, and the exponential
integral (10) is evaluated along the wavefront. The refer-
ence index n({y) at the intersection with the outermost
ray is scaled so that minn = 1 throughout the lens.

5) Continuous profile reconstruction (Algorithm 1, lines
24-25). The discrete refractive index samples (z,y,n)
on the curvilinear grid are interpolated onto a regu-
lar Cartesian mesh covering the entire lens volume.
This produces a smooth, continuous distribution n(x, y),
shown in Fig. 5(c).

This deterministic, non-iterative procedure demonstrates the
directness of the PTM: each design quantity follows explicitly
from the prescribed ray data.

Simulation validation: A parallel-plate waveguide was mod-
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eled in CST Microwave Studio at 15 GHz and filled with
the synthesized GRIN profile. Excited by the TE;; mode,
the structure yields the gain patterns at ¢ = 0 of the feed
with and without the lens are shown in Fig. 6. The observed
gain enhancement of 3.1 dBi agrees with the theoretical
10log;o 2 = 3.01 dBi, confirming the intended 2x aperture
magnification.

C. Flat-Top Beam Lenses

The PTM, being a general design methodology, allows the
realization of arbitrary field transformations. In this example,
we address a more challenging case: the synthesis of a flat-top
beam, using the same parallel-plate waveguide (PPW) config-
uration as in the previous section, excited by the fundamental
TE;( rectangular mode.

Flat-top beam synthesis addresses a critical need in radar
and communication systems by generating far-field radiation
patterns with uniform intensity over a specified angular sector.
Broad beams or flat-top radiation patterns are engineered to
provide uniform coverage within a specified angular sector
while ensuring a rapid roll-off of radiated power outside this
region. Various approaches can be used to shape the beam,
including lenses [32], [33], antenna arrays with prescribed
amplitude and phase excitations [34], [35], or leaky-wave
antenna arrays [36]. Here, we introduce a novel GRIN lens
approach that transforms the fundamental TE;y mode profile
into an optimized aperture distribution, which inherently pro-
duces a flat-top pattern spanning 6 € [—15°,15°]. The output
field distribution is derived via spectral propagation of the
ideal sinc-based pattern, explicitly accounting for the output
aperture width b.

At z = 0, the reference aperture field Eyqf(x) o sinc <%””)
contains sign reversals (negative amplitudes) in its sidelobes.
Direct implementation would require 7-phase shifts (equiva-
lent to \p/2 path delays) at the sign-change boundaries, intro-
ducing frequency-dependent path differences that fundamen-
tally limit lens bandwidth. By propagating to zy > 0, the field
is transformed into a complex distribution where the amplitude
| Eout ()| becomes a broad tapered distribution with no nulls
but only with a limited ripple, and the phase ¢quada(z) =
arg{Eou} evolves smoothly eliminating sign-reversal. This
approach eliminates phase discontinuities present in traditional
designs, preserving the wideband advantage inherent to GRIN
media while achieving the desired flat-top pattern.

We consider a PPW with input field given by the funda-
mental TE;; mode

Ein(z) o cos (%3:) , < a/2, (23)

where a = 4.3)\¢ (~ 13 cm) at fy = 10 GHz defines the
input aperture width. The target far-field pattern is Pg(6)
rect (%) , corresponding to a rectangular angular spectrum
bounded by ki max = kosin15°, where kg is the free-space
wavenumber. The aperture field at zp = 13)\ is computed
via inverse fast Fourier transform (IFFT) of the propagated
spectrum

Eout () lz] < b/2, (24)
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Fig. 7: Amplitude (V/m) (red solid line) and phase (degrees) (blue solid line)
of Eout(x), representing the defocalized sinc distribution used to achieve a
flat-top beam scanning over the angular range [—15°,15°]. This amplitude
and phase profile is employed in the synthesis of the inhomogeneous lens,
starting from a rectangular TE19 mode.
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Fig. 8: Flat-top beam GRIN lenses: (a) Thick flat-top beam GRIN lens, and
(b) thin lens with half the dimensions of (a). The background color represents
the refractive index distribution, with the thin lens having twice the maximum
permittivity of the thick lens. Rays, shown as white solid lines, are generated
using the method from [4].

where k., = \/ki—k2 and b = 13\ (39 cm) is the
output aperture width. This spectral integration introduces the
required quadratic phase ¢quad(x) = arg{Eou} for optimal
beam collimation. Fig. 7 shows the normalized amplitude (red
solid line) and phase (blue solid line) of the propagated sinc
distribution.

To investigate the trade-off between lens thickness and

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Transactions on Antennas and Propagation. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAP.2026.3676548

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION

—==Theoretical
=== CST: Thick Lens
=== CST: Thin Lens

'
wn

Norm. Rad. Pattern (dB)
=

-90 -60 -30 0 30 60 90

Fig. 9: Flat-top beam normalized radiation pattern distributions (in dB) at ¢ =
0: theoretical prediction from the FFT of (24) (red dashed line), CST results
for the thick lens (green solid line), and CST results for the thin lens (blue
dashed line). All results show excellent agreement within the [—15°,15°]
beam formation region.

refractive index contrast, we design two GRIN lens variants
using the PTM: a thick lens with thickness d = 30 cm
and a thin lens with half the thickness, d = 15 cm. Fig. 8
illustrates the refractive index distribution of both lenses, with
the solid white lines representing the ray trajectories computed
using the ray tracing algorithm from [4], and the orange
arrows indicating the transmitted rays from the output aperture.
As expected, the thin lens exhibits approximately twice the
maximum permittivity of the thick lens, demonstrating the
expected inverse relationship between thickness and index
contrast.

Figure 9 compares the normalized radiation pattern distri-
butions (in dB) at ¢ = 0: CST results for the thick lens (green
solid line), CST results for the thin lens (blue dashed line),
and the theoretical IFFT solution of (24) (red dashed line).
Excellent agreement among all methods confirms successful
flat-top beam formation within § = [—15°,15°] for both lens
implementations, validating the PTM’s ability to accommodate
different design constraints while maintaining performance.

D. Bessel Beam Lens

In the previous examples, we demonstrated the design of
GRIN lenses using the PTM, starting from a flat input interface
such as the aperture of a rectangular waveguide in a PPW. In
this example, we employ a point source positioned at a focal
distance F' from the lens input aperture to generate a non-
diffractive, self-healing Bessel beam in a three-dimensional
(3D) configuration.

Bessel beams [37] are a class of non-diffractive solutions to
the scalar Helmholtz equation, characterized by a transverse
field profile governed by the zeroth-order Bessel function of
the first kind

E(p, 2) = EoJo(kyp)e 772, (25)

where Fj is the electric field magnitude, k, is the transverse
(radial) wavenumber, ko = 27/ is the free-space wavenum-
ber, and § = k% — k% is the longitudinal propagation
constant. These beams exhibit two important features:

1) Non-diffractive propagation: The beam maintains a lo-
calized transverse field distribution over a finite range
Zmax = 7T cotf,, called non-diffractive range, where
8, = arcsin(k,/ko) is the axicon angle and r is the
aperture radius.

2) Self-healing: The beam reconstructs itself after obstruc-
tion, providing robustness in near-field communication
and power delivery applications.

These properties make Bessel beams attractive for wireless
power transfer, chip-to-chip communication, and near-field
links. In response to these use cases, there has been growing
interest in generating Bessel beams in recent years, leading to
various innovative launcher designs. Notable examples include
radial waveguides with metasurfaces [38], [39], leaky wave
antennas [40], radial line slot arrays (RLSAs) [41], [42], patch
arrays [43], lenses [44], and spline-profile horns [45], [46].

An interesting approach, demonstrated in [47], uses inward-
propagating cylindrical waves for the synthesis of the Bessel
beam, with the tangential aperture field following a Hankel
distribution. Using this approach, in this section, we design
a GRIN lens which generates a Bessel beam distribution via
Hankel aperture synthesis. The input field of the lens at z = 0
is excited by a point source located at z = —F with a
normalized pattern equal to cos*#®@ and a progression of
phase of type e~7%0" where r = \/p2 + F2, and p € [0, d]
spans the lens input aperture of radius a. The target output
field at the lens output (z = d) is defined using the zeroth-
order Hankel function of the first kind

Eout(p) = E))UIH(gl) (kpap) ,

where EQ™ is the output amplitude, p € [0,b/2] and b is the
radius of the output aperture, and k, = kg sind, is the radial
wavenumber, where 6, is the angle of the axicon, generating
a non-diffractive range zm.x = % cot(d,).

(26)

Under rotational symmetry, the distribution Hél) represents

inward-propagating conical waves converging toward p = 0
from all azimuthal directions. Along the optical axis (p = 0),
the interference of these inward Hankel waves produces the
Bessel profile Jy(k,p). However, since Hél) exhibits a singu-
larity at the origin, a spectral filtering step has been applied
to remove this non-physical divergence. The removed spectral
components correspond to highly evanescent modes, whose
contributions decay rapidly and do not influence the observable
near-field region. As a result, the filtered field accurately
preserves the physical behavior of the beam while eliminating
the central singularity. We design our GRIN lens to operate
in the Ka-band (26.5-40 GHz) with a central frequency of 33
GHz. The lens dimensions are: focal distance F' = 50 mm,
thickness d = 100 mm, input aperture radius a = 50 mm, and
output aperture radius b = 100 mm. The axicon angle is set
to 6, = 10°, resulting in a non-diffractive range zn.x = 280
mm.

Figure 10(a) illustrates a 2D cross-section of the Bessel
beam launcher. The red filled circle represents the point source
at z = —F, radiating with an amplitude pattern proportional
to cos*#5(f). The blue rays show the source radiation incident
on the lens at z = 0, while the solid white rays inside
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Fig. 10: Bessel beam launcher configuration: (a) 2D cut in the x-z plane showing the source located at z = — F, radiating an amplitude pattern proportional

to cos?45(0) towards the lens. The blue rays represent trajectories from the source impinging on the lens at z = 0. Inside the lens, rays (white solid lines)
follow clothoid trajectories that transform the incoming wave into the desired Hankel distribution, thus generating the Bessel beam. The output ray direction
6, corresponds to the axicon angle (here 6, = 10°), producing a nondiffractive range of approximately 280 mm at the central frequency fo = 33 GHz. (b)
3D representation of the Bessel beam launcher, with the circle indicating the Jo(k,p) Bessel function profile formed.
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Fig. 11: Bessel beam launcher GRIN lens outlined by its geometry (black solid
line), with the background color representing the refractive index distribution,
and the white solid lines representing the ray trajectories.

the lens follow clothoid paths, transforming the spherical-
shaped wavefront into the desired Hankel distribution. This
transformation enables the generation of a Bessel beam over
the non-diffractive range zy.x, with the output ray angle 6,
corresponding to the axicon angle. Fig. 10(b) presents the
3D configuration of the Bessel beam launcher, highlighting
the formation of the Bessel profile Jy(k,p). After defining
the ray trajectories, the PTM was employed to reconstruct the
lens refractive index distribution. Fig. 11 shows the resulting
refractive index map, with rays overlaid as white solid lines
and the lens boundaries outlined in blue. Fig. 12 shows the
normalized electric field (in dB) in the z-z plane, obtained
from full-wave simulations, spanning from z = 100 mm (lens
output) to z = 350 mm. Fig. 13 presents a cross-section
in the z-y plane at z = 240 mm, clearly illustrating the
formation of the Bessel beam produced by the GRIN lens
designed using the PTM. The results are presented for the
three operating frequencies: 26.5, 33, and 40 GHz, showing
excellent agreement with the expected behavior. Despite the
fact that the incident cos*#°(#) pattern was simulated using
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Fig. 12: CST-simulated normalized electric-field magnitude (| E|, in dB) in the
zoz plane at 26.5, 33, and 40 GHz. The Bessel-beam launcher is designed
with an axicon angle of 6y ~ 10°, and the corresponding non-diffractive
range is approximately 280 mm.

a rectangular open-ended waveguide, the resulting Bessel
beam still exhibits good rotational symmetry. In particular,
the central nondiffractive region remains well defined across
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Fig. 13: CST-simulated normalized electric-field magnitude (|E|, in dB) cuts
in the zoy plane at 26.5, 33, and 40 GHz, evaluated at z = 140 mm (half
of the non-diffractive range), showcasing the formation of the Bessel profile
Jo(kpp) corresponding to an axicon angle of 10°.
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Fig. 14: Eikonal distribution ¥ (in mm) at the lens aperture for the generated
Hankel beam. Theoretical design at the central frequency (red solid line) is
compared with CST simulations at 26.5 GHz (green dashed), 33 GHz (blue
dashed), and 40 GHz (orange dashed).

all frequencies, confirming the effectiveness of the lens design.

Despite the fact that the incident cos*45(f) pattern was
simulated using a rectangular open-ended waveguide, the
resulting Bessel beam still exhibits good rotational symmetry.
In particular, the central nondiffractive region remains well
defined across all frequencies. Fig. 14 shows the eikonal
distribution ¥ (in mm) at the lens aperture for the generated
Hankel beam. The theoretical eikonal, computed at the central
design frequency, is compared with CST simulation results
at the three operating frequencies. The eikonal is essentially
identical across all frequencies, demonstrating the broadband
and frequency-stable behavior of the lens. This confirms that
the lens preserves the designed phase distribution at the
aperture, ensuring consistent Hankel beam generation over
the operating band, a key advantage of GRIN-lens antenna
designs.

Table I compares the theoretical first null of the Jy(k,p)
Bessel function with the corresponding values obtained from
simulations at the three frequencies, evaluated in three planes:
¢ = 0° (E-plane), ¢ = 45°, and ¢ = 90° (H-plane). The
results show very good agreement across all frequencies and
planes.

E. Transformation of Rectangular TE;9 Mode to Uniform
Circular Aperture

As a final example, we apply the PTM to transform the
field of a fundamental TE;y mode in a rectangular waveguide
into a uniform distribution over a circular aperture. This task is
particularly challenging due to the geometric transition from a
rectangle to a circle. To address this, the PTM is applied along
multiple angular cuts, ensuring local power conservation while

TABLE I: Comparison of theoretical and simulated first null positions (in
mm) of Jo(kpp) in different planes.

Theoretical Simulation
¢ =0° ° ¢ = 90°
o o J—
¢ € [0°,360°] (E-plane) ¢ =45 (H-plane)
26.5 GHz 24.95 25.21 24.75 25.81
33 GHz 20.04 20.0 20.37 20.2
40 GHz 16.53 16.2 16.41 16.60

preserving the polarization of the incident field. The design
carefully maps the rectangular input onto the circular output,
accounting for both azimuthal and radial variations, making
the system inherently three-dimensional and non-trivial to
synthesize.

The normalized input power density for the TE;y mode on
a rectangular aperture of dimensions a X b in cylindrical is

given by
2 ( TP COS qb)
—cos” | — |,
ab a

where the maximum radial extent at a given angle ¢ is

Iin(pa QS) = (27)

Pmax,i(¢) = min (m, m) This angle-dependent
boundary accounts for the rectangular shape of the input
aperture and defines the spatial limits of the TE( field. The
input field is thus non-uniform and varies along both the radial
and azimuthal directions. For the output, our objective is to
transform this distribution into a uniform power density over a
circular aperture of radius R, Iy (p’,¢') = RQ, with a fixed
maximum output radius pmax,, = I2. Achieving this trans-
formation requires careful redistribution of energy from the
rectangular input to the circular output while preserving total
power and phase continuity. This sets the stage for applying
the PTM along selected angular cuts, allowing a smooth and
physically realizable mapping between the two geometries.
The mapping between the input and output azimuthal angles,
¢ < ¢, is determined by enforcing power conservation

¢ pPmax,i ()
/ / Iin(p, ) pdpdp =
0 0
& [ Prmax,0(®)
/ / Tou(p', ") p' dp’ di'.
0 0

For the specific case of transforming a rectangular TEqq
aperture of size a X b to a circular aperture of radius R, this
relation reduces to

(28)

¢ Pmax,i ()
VA RS L CE
= 5i(0) = 2= 18,

which defines the mapping between input and output an-
gles. Equivalently, the mapping can be expressed as ¢ =
I fo (@) or ¢ = f51[fi(¢)]. This procedure ensures that
the cumulative power up to angle ¢ in the rectangular input is
matched to the cumulative power up to angle ¢’ in the circular
output, preserving total energy during the transformation.
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Fig. 15: Three-dimensional GRIN lens design transforming a rectangular TE;( input aperture into a circular output aperture. (a) Input (Aj,, red solid line)
and output (Aou, blue solid line) regions in the z—y plane, with four angular cuts at ¢. = 0°,30°,60°,90° where the PTM is applied to enforce power
conservation. The background shows the amplitude of the TEj¢ mode in dB. (b) Refractive index distribution and ray trajectories in the —z plane (¢, = 0°).
(c) Refractive index distribution and ray trajectories in the y—z plane (¢. = 90°). (d) Three-dimensional view of the GRIN lens showing the four cuts of the

refractive index profile.

Due to the rotational symmetry of the circular output,
the azimuthal coordinate is preserved (¢' = ¢). However, a
¢-dependent radial mapping is required to account for the
geometric asymmetry between the rectangular input and the
circular output. This radial mapping, p <> p’, is established
by enforcing local power conservation within differential ray
tubes, by means of the implicit definition

fop Iin(O', ()ZS) odo
pmaX,i(¢)

Jo

In(o.0) 0 do = gi(p)

fop/ Ioul(OJ7 ¢) o' do’ _
fopmax,o Iout(alv (b) o' do’

(30)

9o(p'),

which defines the relationship between input and output
radii. Equivalently, the mapping can be expressed as p =
9; Hgo(p")] or o' = g5 '[gi(p)]. This ensures that the fractional
power enclosed within a given input radius p is matched
exactly to the corresponding fractional power within the
output radius p’, thereby preserving the local power density
and achieving a physically realizable transformation from the
rectangular TE; field to a uniform circular distribution. For
this example, we consider an input aperture of dimensions
a = 16 cm and b = 8 cm, an output aperture with radius
R = 10 cm, and a lens thickness of d = 30 cm, at the
operating frequency fy = 10 GHz. Fig. 15(a) illustrates the
x—y plane of the lens configuration: the input TE,, field (in
V/m) is shown within the input region Aj,, delimited by the
red solid line, while the output region A,y is bounded by
the blue solid line corresponding to a circle of radius R.
Four angular cuts at ¢. = {0°,30°,60°,90°} are shown for
illustration. The PTM is applied along the cuts to ensure
power conservation, as expressed in (30). Figures 15(b) and
15(c) show the refractive index distribution of the GRIN lens
together with the corresponding ray trajectories (depicted as
white solid lines) for the cuts at ¢. = 0° (x—z plane) and
¢ = 90° (y—z plane), respectively. Finally, Fig. 15(d) presents
the three-dimensional view of the GRIN lens, including the

four cuts where the refractive index distribution is displayed.
The cuts and the number of rays shown are only for illustration
purposes; in the actual synthesis process, a larger number of
cuts and rays were employed.

Fig. 16 depicts two cuts of the real part of the electric field,
R{E} (in dB), at ¢. = 0° and ¢. = 90°. In both cuts, a plane
wave is clearly generated at the output, with power spreading
as expected. For ¢. = 90°, some power is observed close
to the input due to the high field intensity along the y-axis
of the TE;y mode, as depicted in Fig. 15(a). This behavior
is reasonable and expected, since spillover effects naturally
occur when a strong guided field transitions to free space and
cannot be entirely eliminated near the aperture edges. Finally,
Fig. 17 compares the gain (in dBi) between the CST-simulated
GRIN lens at 10 GHz (green solid line) and the theoretical
gain of a uniform circular aperture of radius ¢ = 10 cm (red
dashed line), whose theoretical gain is 26.42 dBi. The excellent
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Fig. 16: Two cuts of the real part of the electric field, *{E} (in dB) at
¢c = 0° and 90° (from left to right). A plane wave is generated at the
output in all cuts, with some power appearing near the input for 90° due to
spillover effects from the TE1o mode.

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Transactions on Antennas and Propagation. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAP.2026.3676548

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION

30 |
L CST
:I ‘\‘ —==Theoretical
20+ !\ |
z [
= j
g al o ia ’
&) At i
W U in
0F AV A i
e R R
VA ST I S N (T VAN
) TS W N N I N W A
-90 -60 -30 0 30 60 90
0 (deg)

Fig. 17: Comparison of the gain (in dBi) at ¢ = O between the CST-
simulated (green solid line) GRIN lens at 10 GHz and the theoretical gain (red
dashed line) of a uniform circular aperture of radius 10 cm, whose maximum
directivity is 26.42 dBi. The agreement between the two curves is excellent,
demonstrating that the GRIN lens effectively forms an equivalent uniform
circular aperture, starting from a rectangular TE19 mode.

agreement between the curves demonstrates that the GRIN
lens effectively forms an equivalent uniform circular aperture,
starting from a rectangular TE;y mode.

IV. CONCLUSIONS

The core theoretical contribution of PTM is the establish-
ment of explicit relationships linking ray curvature, phase
progression, and refractive-index gradients, which enables
closed-form expressions for spatially varying dielectric pro-
files. Its analytical nature allows designers to choose ray paths
that reduce fabrication complexity, with clothoid trajectories
identified as an optimal solution because their linearly varying
curvature produces smooth, bounded refractive-index gradi-
ents.

Comprehensive validation through five distinct design ex-
amples demonstrates the method’s versatility and rigor:

o The exact analytical retrieval of the Maxwell Fish-Eye
lens profile confirms the theoretical foundation and math-
ematical consistency of the PTM formulation.

e The telescopic GRIN lens design achieves precise 2x
aperture magnification with corresponding 3 dB gain
enhancement, validating amplitude and phase control
capabilities.

o The flat-top beam generator successfully transforms a
rectangular waveguide mode into uniform +15° angular
coverage, demonstrating complex field transformation
capabilities.

o The Bessel beam launcher produces extended non-
diffractive propagation through Hankel aperture synthe-
sis, showcasing near-field manipulation potential.

e The 3D transformation from rectangular TE;; mode
to uniform circular aperture distribution illustrates the
method’s applicability to geometrically complex scenar-
i0s.

These examples demonstrate the ability to address scenarios
that are notoriously difficult to treat with conventional GRIN
synthesis methods, that would typically require extensive
numerical optimization, cases that indeed are handled analyt-
ically by PTM. Full-wave simulations and geometrical optics

analysis consistently validate the designs, showing excellent
agreement with theoretical predictions across multiple fre-
quency bands. The PTM establishes a new paradigm for GRIN
lens design that unites analytical exactness with practical man-
ufacturability, offering significant advantages for microwave
and millimeter-wave applications where bandwidth, efficiency,
and fabrication constraints are critical. The method’s direct
synthesis approach eliminates iterative optimization while
providing physical insight into the relationship between ray
trajectories and material properties, making it a powerful tool
for next-generation antenna systems.
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