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Abstract

We show how to construct a stick figure of lines in P? using the Hadamard product of
projective varieties. Then, applying the results of Migliore and Nagel, we use such a stick
figure to build a Gorenstein set of points with given z—vector h. Since the Hadamard product
is a coordinate-wise product, we show, at the end, how the coordinates of the points, in the
Gorenstein set, can be directly determined.

1 Introduction

In the last few years, the Hadamard products of projective varieties have been widely studied
from the point of view of Projective Geometry and Tropical Geometry. In fact, the Hadamard
products of projective varieties and the Hadamard powers of a projective variety are well-
connected to other operations of varieties: they are the multiplicative analogs of joins and
secant varieties, and in tropical geometry, tropicalized Hadamard products equal Minkowski
sums. It is natural to study properties of this new operation, and see its effects on various
varieties.

From the point of view of Projective Geometry, several directions of research have been
considered. The paper [1], where Hadamard product of general linear spaces is studied,
can be considered the first step in this direction. Successively, the first author, with Calussi,
Fatabbi and Lorenzini, in [2], address the Hadamard product of linear varieties not neces-
sarily in general position, obtaining, in IP? a complete description of the possible outcomes.
Then, in [3], they address the Hadamard product of not necessarily generic linear varieties
and show that the Hilbert function of the Hadamard product XY of two varieties, with
dim(X), dim(Y) < 1, is the product of the Hilbert functions of the original varieties X and Y
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and that the Hadamard product of two generic linear varieties X and Y is projectively equiv-
alent to a Segre embedding. An important result contained in [1] concerns the construction
of star configurations of points, via Hadamard product. This result found a generalization in
[4] where the authors introduce a new construction, using the Hadamard product, to obtain
star configurations of codimension ¢ of P and which they called Hadamard star configura-
tions. Successively, Bahmani Jafarloo and Calussi, in [5], introduce a more general type of
Hadamard star configuration; any star configuration constructed by their approach is called
a weak Hadamard star configuration.

The use of Hadamard products in this context permits a complete control both in the
coordinates of the points forming the star configuration and the equations of the hyperplanes
involved on it. Thus, the question if other interesting geometrical objects can be obtained by
Hadamard products naturally arises. In this paper, we give a first positive answer showing how
to construct a Gorenstein set of points in P3 with given h—vector, via Hadamard products.

Our approach is related to the well-known construction of Migliore and Nagel [6], based
on Liasion Theory, where the Gorenstein set of points is obtained as the intersection of two
aCM curves, linked by a complete intersection which is a stick figure of lines. We want to
point out, one more time, that our method permits a complete control of the coordinates of
the points in the Gorenstein set, and, moreover, this allows one to build such set in an easy
algorithmic way. Briefly speaking, we use suitable values A = {«;, i}, i = 0,...,3 to
define a line L and two sets of collinear points {PiA} and {Q;“}. In Theorem 4.7 we prove

that the set Zfb, consisting of the Hadamard products PiA*Q;.A, for a suitable choice of
indices i and j, is a planar complete intersection. As pointed out in Remark 4.8, it is not true,
in general, that the Hadamard product of two sets of collinear points, in P3, gives rise to a
planar complete intersection. As a matter of fact, the result follows from an ad hoc choice of
the points PiA and Qf. Successively, we compute the Hadamard product Zfb*LA and, in

Theorem 5.7, we prove that Z ;‘_‘b*LA is a stick figure of lines, which is exactly the required
one for the construction of the Gorenstein set of points in [6].

The paper is organized in the following way.

In Sect. 2 we recall the definitions of a Hadamard product of varieties and Hadamard
powers. We recall some results about Hadamard transformations, contained in [7], leading
to Theorem 2.10, which proves the connection between the ideals of V and PxV, where
V C P" is a variety and P € P" is a point without zero coordinates.

In Sect. 3 we recall the construction of a Gorenstein set in P? from the h—vector, as
introduced in [6].

In Sects. 4 and 5 we define the objects LA, Pl.A and Q}“ involved in our construction. We
also show some preliminary results about these objects. These results lead to Theorem 4.7
stating that Z;‘}h is a planar complete intersections and to Theorem 5.7, stating that Z ;‘}b*LA
is a stick figure of lines.

Finally, in Sect. 6 we describe the Gorenstein set of points obtained from Zj}b*LA by the
method of Migliore and Nagel.

During the whole paper, we work over the complex field C.

We wish to thank the referee for his/her very accurate reading of the paper and for his/her
helpful suggestions.
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2 Basic facts on Hadamard product of varieties

The Hadamard product of points in a projective space is a coordinate-wise product as in the
case of the Hadamard product of matrices.

Definition 2.1 Let p,q € P" be two points with coordinates [py : p; : -+ : p,] and
[qo : q1:---:gn] respectively. If p;q; # O for some i, the Hadamard product pxq of p and
g, is defined as

p*q = [poqo : p1q1 = -+ : Pugnl-
If pigi =0foralli =0, ..., n then we say pxq is not defined.
This definition extends to the Hadamard product of varieties in the following way.

Definition 2.2 Let X and Y be two varieties in P". Then the Hadamard product X*Y is
defined as

XxY ={p*xq : p € X,q €Y, pxq is defined}.

Remark 2.3 The Hadamard product XY can be given in terms of composition of the Segre
product and projection. Consider the usual Segre product

XxYcPV
([ag = -+~ anl, [Bo: -+ i Bul) = [aoBo : oy i -+ - an Bl

and denote with z;; the coordinates in PN.Let 7 : PV - P" be the projection map from
the linear space A defined by equations z;; = 0,i =0, ..., n. The Hadamard product of X
and Y is

XxY =n(X x7Y),

where the closure is taken in the Zariski topology.

Remark 2.4 Let K[x] = K[xg, ..., x,] be a polynomial ring over an algebraically closed
field.

Let Iy, I, ... I, be ideals in K[x]. We introduce (n + 1)r variables, grouped in r vectors
yj = (vjo,---,¥jn), j = 1,2,...,r and we consider the polynomial ring K[x, y] in all
(n 4+ 1)(r 4+ 1) variables.

Let 1;(y;) be the image of the ideal /; in K[x, y] under the map x > y. Then the
Hadamard product I1*Ipx - - - 1, is the elimination ideal

(Hyp) + -+ L(y,) + i — yriyai - yri |1 =0,...,n)) NK[x].

The defining ideal of the Hadamard product XY of two varieties X and Y, that is, the ideal
I1(X«Y), equals the Hadamard product of the ideals 7 (X)*/(Y) [1, Remark 2.6].

As in [1] we give the following definition.
Definition 2.5 Let H; C P",i =0, ..., n, be the hyperplane x; = 0 and set
A = U Hjlm"'mHjn—i'

0<ji<..<jn-i=n
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In other words, A; is the i —dimensional variety of points having at most i + 1 non-zero
coordinates. Thus Ay is the set of coordinates points and A,,_1 is the union of the coordinate
hyperplanes. Note that elements of A; have at least n — i zero coordinates. We have the
following chain of inclusions:

Ag={1:0:---:0],---,[0:---:0: 1} CAI C...CA,_1C A, =P" (1
We end this section recalling some useful results contained in [7] and [1].

Lemma 2.6 Let L C P" be a linear space of dimension m. Then, for a point P € P, PxL is
either empty or it is a linear space of dimension atmostm. If P ¢ A, _1, thendim(PxL) = m.

Lemma 2.7 Let L C P" be a linear space of dimension m < n and consider points P, Q €
P"\Ap_1. If P# Q, LN Ay_y—1 =0, and (P, Q) N Apy_p—2 = 0, then PxL # QL.

Lemma 2.8 Let P, Q1, Q2 be three points in P" with P ¢ A,_1. Then PxQ| = PxQs if
and only if Q1 = Q».

. If I = (o, ..., 0n) is a vector of nonnegative integers, we denote by X’ the monomial
xgx)' -+ x; and by |[I| = ig + --- + iy,. Similarly, if P is a point of P" of coordinates
[po: p1:---: pal, wedenote by P! the monomial X/ evaluated at P, thatis py p' - - py".
Definition 2.9 Let f € k[xo, ..., x,] be a homogenous polynomial, of degree d, of the form
f= Z|I|=d oy X! and consider a point P € P" \ A,. The Hadamard transformation of f

by P is the polynomial
*P _ o1 o7
=3 orx’

| |=d

Theorem 2.10 Let V C P" be a variety and consider a point P € P" \ A, If f1,..., fs C
klxo, ..., xy] is a generating set for I(V), that is (V) = (f1, ..., fs), then fl*P, A S*P
is a generating set for [ (PxV).

Corollary 2.11 Let V C P" be a variety. Then for any point P € P" \ Ag one has Q € V if
and only if PxQ € PxV.

3 Gorenstein points in P2 from the h-vector

If X is a subscheme of P"* with saturated ideal /(X), and if # € Z then the Hilbert function
of X is denoted by

hx(t) = dim(k[P"];) — dim(1(X),).

If X is arithmetically Cohen-Macaulay (aCM) of dimension d then A = k[P"]/I(X) has
Krull dimension d + 1 and a general set of d + 1 linear forms forms a regular sequence for
A. Taking the quotient of A by such a regular sequence gives a zero-dimensional Cohen-
Macaulay ring called the Artinian reduction of A. The Hilbert function of the Artinian
reduction of k[P"]/I(X) is called the h—vector of X. This is a finite sequence of integers.
The h—vector can be also defined as the (d + 1)-th difference of the Hilbert function of X.
Thus, when X is a set of points, its h—vector is the first difference of its Hilbert function.
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Let n and i be positive integers. The i —binomial expansion of n is

n; n;— n;
o= () (1) o (%),

where n; > n;_y > --- > n; > j > 1. The i —binomial expansion of n is unique (see, e.g.
[8, Lemma 4.2.6]). Hence we may define

<i> 1 ni—1 nj+1
"o <i+1> ( i ) (j+1>

Definition 3.1 Let h = (hg, hy, ..., h;,...) be a finite sequence of nonnegative integers.
Then h is called an O-sequence if ho = 1 and h; .1 < h'~ forall i.

By Macaulay’s theorem we know that O —sequences are the Hilbert functions of standard
graded k-algebras.

Definition 3.2 Let h = (1, hy, ..., hy_1, 1) be a sequence of nonnegative integers. Then &
is an SI-sequence if:

e hy =hs_;jforalli =0,...,s,
e (ho,hy — ho, ..., hy — h;—1,0,...) is an O-sequence, where ¢ is the greatest integer

< 5

i 2'

Stanley, in [9], characterized the h-vectors of all graded Artinian Gorenstein quotients of
k[xo, x1, x2], showing that these are SI—sequence and, moreover, any S/ —sequence, with
h1 = 3, is the h-vector of some Artinian Gorenstein quotient of k[x¢, x1, x2].

Geramita and Migliore [10], show that every minimal free resolution which occurs for a
Gorenstein artinian ideal of codimension 3, also occurs for some reduced set of points in P3,
a stick figure curve in P* and more generally a “generalized” stick figure in IP”. In this case
the points in P3, with such minimal free resolution, can be found as the intersection of two
stick figures (defined below) which are arithmetically Cohen-Macaulay. It is, however, very
hard to see where these points live, that is describe them in term of their coordinates.

We start recall some basic definitions and results that we find in [6], [11], and [9].

Definition 3.3 A generalized stick figure is a union of linear subvarieties of P, of the same
dimension d, such that the intersection of any three components has dimension at most d — 2
(the empty set has dimension -1).

In particular, sets of reduced points are stick figure, and a stick figure of dimensiond = 1
is nothing more than a reduced union of lines having only nodes as singularities.

Definition 3.4 Let C;, C» and X be subschemes of P of the same dimension, where X is
a Complete Intersection (arithmetically Gorenstein) such that Ix C I¢, N Ic,. Then Cj is
directly Cl-linked (directly G-linked) to C; by X, if

Ix :Ic, =Ic, and Ix : Ic, = Ic,.

If C; is directly linked to C by X, we will write C X C, and two schemes C; and C»
are said to be residual to each other. If, in addition, C; and C; have no common components
then we say that they are geometrically linked by X.

There is a important fact that we will use about Liaison: the possibility to built arithmeti-
cally Gorenstein zeroscheme starting from two schemes linked by a Complete Intersection.
In fact we have the following theorem.
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510 C.Boccietal.

Theorem 3.5 (Theorem4.2.1in[12]) Let Cy, Ca be two aCM subschemes of P" of codimen-
sion ¢, with no common components and saturated ideals Ic, and Ic,. If we suppose that
X = C1 U Cy is a codimension c¢ arithmetically Gorenstein scheme, then Ic, + Ic, is the
saturated ideal of a codimension ¢ + 1 arithmetically Gorenstein scheme Y.

Now we recall how Migliore and Nagel, in Sect. 6 of [6], find a reduced arithmetically
Gorenstein zeroscheme, for the case of P3, with given h—vector. This set of points will
result from the intersection of two arithmetically Cohen-Macaulay curves in IP?, linked by a
complete intersection curve which is a stick figure.

Let

h:(hO,hlmuyhx):(1337}12,~~,h171,ht,h1,~~~7ht,h171,~~,h2,3, 1)

be a S1—sequence, and consider the first difference

Ah=1,2,hy —hy,....,h —hi—1,0,0,...,0,hy—1 — hy, ..., —2,—1).
Define two sequences @ = (ag, ..., a;) and g = (go, - - - , &s+1) in the following way:
a; =h; —h;_1forO<i <t 2)
and
i+1 forO<i <t
gi=13t+1 fort <i<s—t+1 . 3)

s—i+2 fors—t+1<i<s+1

We observe that a; = g; = 2, a is a O —sequence since k is a ST—sequence and g is the
h-vector of a codimension two complete intersection. So, we would like to find two curves
C1 and X in P? with h-vector respectively @ and g. In particular it is easy to see that, for that
h-vector g, X is a complete intersection of two surfaces in P3 of degree f + 1 and s — 7 + 2.

We can get X as a stick figure by taking, as equations of those surfaces, two polynomials
which are the product, respectively, of Ao, ..., A; and By, ..., Bs_;11, all generic linear
forms. Considering the entries of @ = (ay, . . . a;), Migliore and Nagel build the stick figure
C1 (embedded in X), as the union of ¢; consecutive linesin A; = 0 (always the firstin By = 0),

that is they take ag lines given by the intersections of Ao = 0 with By =0, ..., Bs,—1 =0,
then a; lines given by the intersections of A1 = 0 with By = 0, ..., B;;—1 = 0. Here
consecutive is referred to the indices of the forms By, ..., Bs_;+1: two lines are consecutive

if they are given by the intersections of a certain A; = 0 with B; = 0 and Bj;; = 0 for
a given j with 0 < j < s — . Migliore and Nagel proved that C, build in this way, is
an aCM scheme with i-vector a (Corollary 3.7 in [6]). In this way, if we consider C», the
residual of C in X, the intersection of Cy and C» is an arithmetically Gorenstein scheme Y
of codimension 3, by Theorem 3.5. This is also a reduced set of points because X, C; and
C; are stick figures and it has the desired i-vector by the following theorem:

Theorem 3.6 (Lemma 2.5 in [6]) Let Cy, Ca, X and Y be defined as above. Let g =
(1,¢c,82,...,8s,8s+1) be the h-vector of X, and let a = (1,a1,...,a;) and b =
(1, b1, ..., by) be the h-vectors of C1 and C», then

bi = gyr1—i — asy1-i

fori > 0. Moreover the sequence di = a; + b; — g; is the first difference of the h-vector
h = (ho, hy, ..., hs) of Y.

As a matter of fact we have d; = h; — h;_; since:
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o forO<i <twehaved;, =a; =h; — h;_1;
e forr+1<i<s—twehaved; =b; — g =0;
e fors —t+1<i<s+1wehaved; =b; — gi = —as41-i = —(hg41-i — hs_i).

Example 3.7 Let h = (1, 3,4, 3, 1) be a SI-sequence. Consider the first difference of &, i.e.
Ah=(1,2,1,—1,-2,—1).

So,t =2and g = (1,2,3,3,2,1) is the h-vector of X, a stick figure which is the
complete intersection of F; = [[~, A; and F» = [[;_, B;, where A; and B; are general
linear forms.

Now, we call L; ; the intersection between A; = 0 and B; = 0. Since @ = (1, 2, 1), then
Ci=LooULjoULj ULy is the scheme, in X, with h-vector a.

So, it is clear that the residual C, of Cy in X is the union of the lines of X which aren’t
components in C. Then the reduced set of points Y with h-vector (1, 3, 4, 3, 1) consists of
12 points which exactly are:

e 3 points on Ly o, intersections between Lo o and Lg,1, Lo2 and Lo 3;

e 2 points on L o, intersections between L o and L1 2, L1 3;

e 4 points on Ly, intersections between Ly, and Ly, L13, Lo,1 and L 1;
e 3 points on L o, intersections between L2 g and L2 1, Ly 2 and L 3.

4 Planar complete intersections via Hadamard product

In this section we show how to get a zero-dimensional planar complete intersection Z;}b, as
the product of two sets of collinear points. Observe that, by Corollary 4.5 in [2], if the two sets
of collinear points lie in two general lines, in P3, then their Hadamard product gives points
on a quadric. However, this could also happen when the lines are coplanar, as explained in
the following Remark 4.8. Hence, for our construction of Z ;‘}b it is mandatory to carefully

choose the coordinates of the points. We start by considering four points in P! without zero
coordinates.

Let A be a collection of four distinct points A; = [&; : B;] in P!\ Ay, fori =0,...,3,
and let

“

aoxo + a1x] +oox2 +a3x3 =0
Boxo + Bix1 + Paxa + Bax3 =0

be the equations of a line L in P3.
We define two families of points in IP3 associated to the set A (and hence to the line LA):

pA = [Oto-i-kﬁo : ar +kpi :062+k,32 L3 +k,33] ke N
) o o) o3
and
0/t = [k(xo-!—ﬁo : kot + B : kas + B2 : koz3+ﬁ3} L eN.
Bo B1 B2 B3

Note that Pt = Qgt =[1:1:1:1].

Example 4.1 Consider Ag =[1:1], Ay =[1:2], A, =[1:3],and A3 = [1 : 4] giving, by
(4), the line

LA xo+x1+x+x3=0
“xo+2x1 4+ 3% +4x3=0
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One has
PA=1[2:3:4:5,P=[3:5:7:9],P{"=[4:7:10:13],
P =[5:9:13:17],...

and
Qf:P:%éﬁ%}Qf:P 22%}Q£=P:%2 ﬂ,
Qf=|:5:3:;:2i|,...

%

Remark 4.2 The condition that the four points A; are distinct implies B #* Z—j for any

0 <i < j < 3. In particular this fact assure us that LAN A1 = (. As a matter of fact,
suppose that, for example, LA intersects Aj in the point [0 : O : y» : y3], with y; # 0, for
i =2, 3. Then, from (4), we get

ay2 +azy3 =0

B2yv2 + B3y3 =0
which gives

w_ r»n_4A

a3 v B

or equivalently %2 = 3* which implies Ay = Aj.

Notice that
PA=[+kE 1 kBh 1+ kB2 1+ kB =

=A=BM: 1l +k+2 1484 24 By =

_ A A
=1 — k)P + kP;

and similarly Q,’f =1-k) Q()“ + kQ{‘, for all k > 2. Hence the points PkA lie in the line
£F spanned by POA and PIA and the points Q,’{4 lie in the line £ spanned by Q(“)4 and Qfl.
In particular, for any fixed k, the points POA, R PkA are collinear and, similarly, the points
Q(’]“, R Q,’:‘ are collinear.

Consider now the matrices

2 2 2 2

M = Ol% cx% a% oz%

By Bi By B

and denote by |M (i)| the determinant of the submatrix of M with the i —th column removed

and by |N(i, j)| the determinant of the submatrix of N with the i —th and j—th columns
removed.

apfo a1B1 az2Br a3Bs
N= (/30 Bi a B

ap oy as)

Proposition 4.3 The defining equations in k[P*] of the lines of £ and €2 are:

o {Z?_()(—l)f“ath(r +Dlx; =0

S (=D N(1, 1+ 1)]x, =0
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Gorenstein points in P3 via... 513

p0. | Tl B M + D =0
S D BN+ DI =0

Moreover £¥ and €2 are two distinct coplanar lines.

Proof We prove the first part of the statement only for £7 since the proof is identical for £€.
The equations of £7 are given by the equation of the plane through POA, PIA and Qf‘,

S T R
i o 1
e - S R - B

@0 ar o a3
1+ﬂo 1—‘_/31 1+ﬂ2 1+/33

=0

which is, up to rescaling,

3
S =1 e By M+ Dl =0
=0

and by the equation of the plane through P64, PIA and[1:0:0:0]
X0 X X2 X3
1 1 1 1

B B B B

I+ 1+ 001+ 22 1+ 22
1 0 0 0

=0,

which is, up to rescaling

3
Y (=D IN(L 1+ Dx, = 0.

t=1

To prove the second part of the statement notice that £” and ¢ intersectat [1:1: 1 : 1].
Thus it és enﬁougl}j to ;/grove that £° and ¢9 are distinct. To this aim, observe that the point

_ . . . _ pA A fiae s P : _ . . a3y
Sp = [ﬁ : 071 : a—; : ﬁ] = P{* — Py liesin £ and the point Sp = [‘;—8 : % : % : ‘g—;] =
07 — Qg lies in £2. Suppose that £” = ¢2. Then the points [I : 1 : 1 : 1], Sp and Sg
would be collinear, that is the matrix

11
B B3

oy o3
a o3

B2 B3

8
SR8 —

would have rank 2. Applying the operations Ry — g—gRl — Ry and R3 — %Rl — Rj3 (and
then C; — C1) we get the matrix

1 0 0 0
0 aofi—aiBo  awfo—xfo  wBf3—a3fo

apo] o aoas
0— aoBi—a1Bo _ aofo—arfo _ aB3—a3fo

BoB1 BoB2 BoBs

Then we apply the operation R3 + %Rz — Rj3 obtaining
1 0 0 0
aoB1—a1Bo a@0B2—a280 a0B3—a3Bo
apo] apon a3
0 0 (aoﬂzfotzﬂo%(alﬂz*azﬁl) (aoﬂ3*a3ﬁog(a1ﬂ3*a351)
a2 Bopi B2 a3Bop1 B3

@ Springer



514 C.Boccietal.

Since %—8 #~ ‘/’;—i, by hypothesis, we can simplify the second row obtaining

1 0 0 0

0 050/301“;)[01‘1/30 0 0

0 0 (opa—ar o) (1 po—c2 B1)  (coB3—a3fo)(aiBz—a3f1)
a2 BoP1B2 a3BoB1B3

Thus the matrix would have rank 2 if and only if

(B2 — azBo) (@1 B2 — azB1) = 0 and (a3 — azfo) (o183 — azf1) = 0.

Such equalities are verified in the following cases

o Y0 @ _ 03
Bo — BT B3>
o Y @ _ o3
aTR-ER
a _ a3 ap _ o
° gg _g% andg} _52’
L] % = E and E = ﬁ?,
which give contradictions since the points A; are distinct. O

By the previous proposition, we immediately get the following
Corollary 4.4 One has Pl.“‘l # Q;“, foreveryi, j > 1.

Proof Suppose that, for some i, j > 1 one has PiA = Q}“. Then ¢% and ¢€ would intersect

in the points [1, 1, 1, 1] and PZ.A(: Q}“) giving 2P = ¢2, which is a contradiction, by
Proposition 4.3. O

Example 4.5 Consider Example 4.1. In this case one has

123 4
M=|1111 N:G;;‘D
14916

from which we get
IM(D]:==2M©2)|:=—6[M3)|:=—6 [M#)]:=—-2
and
IN(L,2)|:=1 |[N(1,3):=2 |[N(1,4)|:=1.
Hence the line £° through the points PkA is defined, up to rescaling, by the equations
o {2x0 —12x) 4 18x; — 8x3 = 0
—x1+2x2 —x3=0
and the line £€ through the points Q,’:‘ is defined, up to rescaling, by the equations
ey {Zxo —12x1 +18xp — 8x3 =0
—2x1 4+ 6xp —4x3 =0

We add, now, another condition on the points in 4. Let W; be the point [1 : —i], then we
define the set of points W as

w=J (wuw)
ieN* l
where N* = N\ {0}.
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Gorenstein points in P3 via... 515

Remark 4.6 1t is easy to verify that if A; ¢ W, fori = 0,..., 3, then P ¢ A,, for any i,
and Q' ¢ Ay, for any j, that is such points do not have any zero coordinate. This fact will
be fundamental in the successive parts of the paper in order to apply Lemmas 2.6, 2.7 and
2.8. Clearly, A; ¢ W if its coordinates are both strictly positive.

Denote by Z(n) = {io, i1,...,in—1} a set of nonnegative integers with 0 = ip < i| <
- < ip—1. Given positive integers a and b, we define the set of points Z ;“b by the pair-wise
; A A
Hadamard product of points P;* and Q 7 as

z}, = {PA%Q4 1 i € T(a), j € (b))
We can represent these sets in matrix form as:

A A A A A A
Pi&*Qi?\ Pi%*Qi}‘ Pi%*Qi}Z('
Pil 1'(Qio Pi1 *Qi1 e Pi1 *Qib,l

P"4 *Q;’? Plf—l*Q;? P‘A *Q'A

la—1 la—1 ip—1

Observe that, by the conditions on Z(a) and Z(b) one has

PA=pPi=1:1:1:11= Q¢ = 05.

Theorem4.7 If A; ¢ W, fori =0, ..., 3, then, for any positive integers a and b, Z;“b isa
planar complete intersection of ab points.

Proof Consider i, k € Z(a) and j, I € Z(b). We prove first that PAxQ! = P*+Q" if and
only ifi = k and j = [, implying that Z ;L,lb is a set of cardinality ab.

Suppose that PiA*Q;.“ = PkA*QlA and distinguish two cases. First, we consider the
case in which two indices are equal. Suppose, for example, that i = k and j # [, i.e.
Pl.““*Q;.4 = PI.A*QIA. Since, by Remark 4.6, PI-A ¢ A, one has, by Lemma 2.8, that
Qf = QlA, which is a contradiction since j # [. The same approach works if i # k and

Jj = 1. Let us consider the case i # k and j # [. Looking at the coordinates, the condition
PZ.A*Q;.4 = PkA*QlA, is

(@0+ipo)(jao+po) . (a+iBD(ai+B1) . (ea+ifr)(jaa+B2) . (a3+if3)(joz+pB3) | _
a0po : a1 B ) a2 B ’ a3fB3 -

_ | (wot+kBo)Uao+po) . (a+kBDlai+p1) . (ea+kpa)(ar+pr) . (e3+kp3)(laz+p3)
- 0o : a1 : a2 : a3f3

or equivalently

(as +iBs)(jas + Bs)
(a5 + kBs)(las + Bs)

for some A # 0. This implies

(a0 +iBo) (jao + Bo) _ (as +iBs)(jas + Bs)
(o +kBo)Uao+ Bo) (o5 +kBs)Uas + Bs)

Hence [ao : Bol, [@1 : Bi1], [2 : B2] and [a3 @ B3] must satisfy

(@o+iBo) (jao+Po) (as+kBs) (Lot +Bs) — (as +i Bs) (j s +Bs) (o +k Bo) (Lo +Po) =0 (5)

=Afors =0,...,3

fors=1,...,3.
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fors =1, ..., 3. If we rewrite (5) as an equation in o, we get tzaf + t10t5 + 190 = 0 where

T2 = (g + i Bo) (jao + Bo)l — (o + kBo) ey + Bo) J,
71 = [(ao +iBo) (joo + Bo) (kI + 1) — (a0 + kBo) (o + o) (ij + 1)]Bs,

w0 = [(ao +iBo)(jero + Po)k — (a0 + ko) (leto + Po)ilB; .
The discriminant of ‘L'zozs2 + t10t5 + 70 turns to be equal to
B(jad — lag — ijlad + jklad + 2jkaoBo — 2ilagfo — i B + kBE + ijkpd — iklp3)*
which gives, after some tedious computation, the solutions of « as

apBs
Bo

oy = orag; = pfs, fors =1,...,3,

where

(k= iDeo + (ijk — i — ikl +k)Bo

CGjl—j+1— jkDag + Gl — jk)Bo’
Computing the solutions of (5) for s = 1, ..., 3, we obtain that P« Qj.“ = P+ Q7" if one
of the following cases is verified

i) a1 = a%ff],a = 0‘%’:2 o = “%/33.
W) a1 = %ﬁ’ o0 = Y2, o3 = pPy;
V) = a%fl @y = ppa, a3 = pp3;
(V) a1 = ppf1, 02 = "‘252 o = Ot%%.
(Vi) a1 = ppr. oy = 2. 03 = pPy:

(vil) ar = pp1, a2 = pp2, a3 = 0%53,

(viil) a1 = pBi, a2 = pPa, a3 = pPs.
However, all cases implies that there are at least two pairs of indices (p1, p2) and (p3, p1)
with 7 o — ;” 2 and gz 3 = Z" “ which is a contradiction since the points A; must be distinct.
2 3

Hepce PIA*Q;“ = Pk *Qz if and only if i = k and j = [ and then Z;‘}b consists of ab
points.
To prove that Zfb is a planar complete intersection, notice first that, since, PiA ¢ Ao, for

i € Z(a) and Q;“ ¢ A for j € Z(b), we can apply Lemma 2.6 obtaining that Pl.A*EQ isa
line for i € Z(a) and Q;“*ZP is a line for j € Z(b). Moreover, by Corollary 2.11, one has

PAxQ4 € Q7L fori € Z(a)

PAxQ# € Pt for j € Z(b)
that is the points Pi;)“*Q“.“, R Pi:“_l*Qf lie in the line Q,-*EP, for j € Z(b) and similarly
the points PI.A*Q;(‘)‘, R PiA*Q;;‘,| lie in the line Pi*ZQ, fori € Z(a).

For any i and j the lines P;x¢€ and Q j*(ZP clearly intersect in the point PiA*Qf‘, hence,

as i varies in Z(a) and j varies in Z(b), the ab intersections Pi*£2 N Q j*EP give the ab
points in Z ;41). O
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0p* Qf Lp* QP Op* Qg Ip*Qft lp* Q3 Op* Q3 lp*Qft

Lo x Pt gQi + Pt J0i Pt Qf Qf Qi lox P Qe + Pt Q07 x Pt LOF « Bt LQs'+ P 201+ Pt
L L O O— @ L L 4 L 4 *—

fQ*Pﬁ‘Qﬁ‘*Pr‘ ‘Qf‘*Pr‘ f@*Pﬁ‘Qﬁ‘*Pr‘ ‘Qf‘*Pf‘ ‘Qf‘*Pr‘ ‘Qf*Pr‘ ‘Qf*Pf‘

P LRI CoblelP CORtel) ol ChledP Sty

(PPBA fcz*lﬁf‘?Qﬁ‘*F’:{‘ ?Qf‘*P;{‘ ?@?*Pf ?Q;?‘*Px" Q7'+ Pt

. oo
(@ (i)
lpx Qg lpxQf lp* Q3 lpx Q3 lpxQf lpx Qg lpxQf p* Qs lpx Q3 lp*Qf

fQ*PuA‘QfJ‘*PGA ‘Qf‘*PuA ‘Q’zA*PnA kQ*PnA‘QuA*PGA ‘Q‘ZA*P(;A ‘Qf*PtyA
I'Q*Pf“Qﬁ'*l’f‘ ‘QT‘*I’(‘ ‘Qf‘*l’{1 Lo * PPt
Lo *Pst fcz*l’z’“QG‘*Pf ‘Qf*ﬁf .Qf‘*Pz"
(g * P§t (g * Pt

(i) (iv)

Fig. 1 Four examples of Z;‘b for different choices of Z(a) and Z(b)

In Fig. 1 we can see four different examples of Z‘;‘}b. The example in (i) is fora =b =2
with Z(a) = Z(b) = {0, 1} and the white points are represented to show the behaviour
of the families of points P** and Q. The example in (ii) is for a = 4 and b = 5 with
Z(a) =1{0,1,2,3} and Z(b) = {0, 1, 2, 3, 4}. The examples in (iii) and (iv) are fora = 2
and b = 3, but, while in (iii) we use Z(a) = {0, 1} and Z(b) = {0, 1, 2}, in (iv) we use
Z(a) = {0,2}and Z(b) = {0, 2, 4}.

Remark 4.8 In [2], the authors prove that the Hadamard product of two generic lines is a
quadric surface. This leads to the question if the Hadamard product of two coplanar lines is
a plane. The following example shows that even when the lines ¢ and ¢’ are coplanar, £x{’
might still be a quadric. Consider the points

S—[llll]S—3357 S—3347
1= s Ay Ay s D2 = ,27 727 3= 275375

and the coplanar lines

L=281S ¢ =358;.
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One has

‘- 3x;1 +4xp —Tx3=0
' 7X()—4X1—3X2=0

e x1 +24xy —25x3 =0
"110x9g—x; = 9x2 =0

Using the Singular procedure HPr, described in Sect. 5 of [2], we can easily see that
€xl’ is a quadric:
> ring R=0, (x(0..3)),dp;
> ideal J1=3*x(1)+4*x(2)-7*x(3),7*x(0)-4*x(1)-3*x(2);
> ideal J2=x(1)+24*x(2)-25*x(3), 10*x(0)-x(1)-9*x(2);
> ideal K=HPr(J1,J2,3);
> K;
K[1]1=1120%*x(0) "2-68*x(0) *x (1) +x (1) "2+1056*x(0) *x(2) -
-30%x (1) *x(2)+216*x(2) "2-3500%x (0) *x(3) +110*x (1) *x(3) -
-1530*x(2) *x(3) +2625%x(3) "2

On the other hand, our construction shows that there are cases in which ¢x¢’ is a plane.
As an example consider the points

Ao =1[1,2], Ay =1[2,1], A2 =[1,3], A3 =[2,5]
giving

.3,

: Ik
3’

N W
Uw -

=03 =1 1,1.1], [334]QA—[
0o — 2 2 1 =
For the lines £ = POA PIA and £Q = Qé“ 0+, we know, by Theorem 4.7 that £x£’ is a plane.
If we write down the equations of the two lines

0P X1 +4xy; —5x3=0
“5x0—2x1 —3x,=0

00 X1+ 24xy —25x3 =0
' 10xg —x1 — 9%, =0

we can do a direct check in Singular:
> ring R=0, (x(0..3)),dp;
> ideal Il1=x(1)+4*x(2)-5*%x(3),5*x(0)-2*x(1)-3*x(2);
> ideal I2=x(1)+24*x(2)-25*x(3), 10*x(0)-x(1)-9*x(2);
> ideal K=HPr(Il1l,I2,3);
> K;
K[1]=40*%x(0)-x(1)+36*x(2)-75*x(3)

Hence we have two examples of coplanar lines with different behaviour of their Hadamard
product. In these examples the lines are are generated by respectively the following points

Si=[L1LL1, $=[33573]. S3=[3.3.3. 1]

P =101,1,1,11, PA=[33,41], o =[3.3, 4. 7].

Notice that S| = P64, and S3 = th while S and PIA differ only by an entry.
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Corollary 4.9 Let Z;‘}b as in Theorem 4.7, and let
h= 30 (=D e i Mt + Dlx; =0
f=Y0(=D'aIN(L 1+ Dl =0

g =32 [(=D)!BIN(I, 1+ 1)|x; = 0.

*Q'A

A A
ip—1 , g*PI *P

*0A , :
Then the ideal of Z7, is generated by h, f 2% ... f 0 .. g amt,

a,b

Proof Recall that /& and f are the equation of £” and h and g are the equations of £2. By
A A
Theorem 2.10, the equations of Qf*ﬁp are given by /*%7 and £*% and the equations

of PiA*ZQ are given by h*P . and g*F iA. By Theorem 4.7, since all the lines Q;.“*ZP and

PiA*ZQ are coplanar, then one of the generators for the ideal of each of them can be chosen

to be the equation of the plane H where they lie. Since this plane contains P64* Q(“)4 =[1:

1:1:1], Pi“l“*Q()4 = Pl.“]4 and P(;“*Q;j‘ = Q;T‘, we get that the equation of H is exactly
A

h. Thus the ideal of Q;“*ZP is generated by & and f *0j , while the ideal of PZ.A*KQ is

generated by & and g*© iA, from which we get, by Theorem 4.7, that Z;‘}h is generated by

A A A A
h, f*Q"o o f*Qih—l , g*Pio .. .g*Pia—l . [}

5 Stick figures of lines via Hadamard product

In this section we show how to get, via the Hadamard product, the stick figure of lines, in
P3, required for the construction in [6].

To this aim, we consider, for a suitable choice of Z(a) and Z(b), the set Z ;‘}b defined in
thf:4 pre\:ious section, and the line L defined in (4) and we take their Hadamard product
Za, * L7

Before proving that Z;}b*LA is a stick figure, we need two preliminary lemmas.
Lemma5.1 IfA; ¢ W, fori =0,...,3, then t¥ N Ag =B and £2 N Ag = 0.

Proof We prove the statement only for the ¢7 since the proof is identical for £2. Suppose
that, for example, 2F intersects Ag in the point Eg = [1: 0 : 0 : O]. Notice that PJA # Ey,
forall j, since A; ¢ Wfori =0, ..., 3. In particular, PlA has all coordinates different from
zero. Since we are assuming that Eq € 2P E( can be written as a linear combination of P64
and PIA, that is

[1:0:0:0]:A[1:1:1:1]+u[1+@:1+é:1+&:1+é] 6)
o o] an o3

which is possible only if

A B+ ai ap  ay o3
— = and — = — = —
s aj B B B3
which is a contradiction since the points A; are distinct. O
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Lemma 5.2 Let riji be the line through PI.A*Q;.“ and PkA*QlA. IfA; ¢ W, fori =0,...,3,
then rijkl N Ao = 0.

Proof We distinguish three cases:

(1) i=kand j #1,
2)i#kandj=I,
(3) i #kand j # 1L

If we are in case (1), the line through PZ.A*Q;.“ and PA» Q7 is the line P*4%¢< which does
not intersects Ao by Corollary 2.11 and Lemma 5.1. Similarly, if we are in case (2), the line
through P;“*Q;.4 and P,(Av(Q;.4 is the line Q;.“*ZP which, again, does not intersects Ag by
Corollary 2.11 and Lemma 5.1.

For case (3), suppose that r;; intersects Ao in Eg = [1 : 0 : 0 : 0] (the other cases being
similar). Notice that PiA*Q}4 # Eyp, and PkA*QlA # Egsince A; ¢ Wfori =0,...,3.
Since we are assuming that Eq € r;jx;, Eo can be written as a linear combination of Pl.A* Q;.“
and P+ Q7

[1:0:0:0]=
A I:(a0+iﬁo)(jao+ﬁo) . la+ipyGai+B1) . (e+iB)(jartha) . (0f3+i/33)(ja3+ﬁ3):| +
a0po : aiBi : a2 B2 ’ a3fB3 @
[(a0+kﬂo)(lao+ﬁo) . (e +kpDai+p1) . (eat+kpfr)(lan+p) . (a3+k,33)(10t3+/33)]
K 0B ’ a1 B : L%):5) ’ a3f3
and looking at all the coordinates but the first, this means
A(as +iBs)(Jas + By) =—u (s + kBs)(las + Bs) fors =1,2,3
o Bs as By
or equivalently
. Mmoo (as +iBs)(jos + Bs) fors =1.2.3 ®)

A (s + kB Uas + By)

which gives rise to the same set of equations (5) of Theorem 4.7. Arguing as in the proof
of Theorem 4.7, but considering that now we have one less equation (since we are not

considering the first coordinate), we get that any non-zero solution of (8) requires that there

. L. .. o Qi . . .. . .

is a pair (i1, i) of indices such that = B which is a contradiction since the points A;
O ]

are distinct. O
Coming back to Z;‘}b*LA, we first prove that no pairs of points Pl.A* Q;.“, P,(A* Q[A e’z ;‘_‘b
can give PiA*Q;.‘l*LA = PkA*QlA*LA.
Proposition 5.3 In the same hypothesis of Theorem 4.7, Zfb*LA is a set of ab distinct lines,
for any choice of positive integers a and b and sets Z(a) and Z(b).
Proof Since, by hypothesis, PI.A*Q;.4 ¢ Ao, by Lemma 2.6, one has that PZ.A*Q;.“*LA is a
line for all i and j withi € Z(a) and j € Z(b). Let us show now thatif P07 # PAxQ7!
then PiA*Q;.‘l*LA # PkA*QlA*LA. We distinguish three cases.
Ifi = kand j # I then PA%Q7 # PAxQf". By Lemma 5.1, £¢ N Ag = # which
implies PiA*ZQ N Ag = #. Since
; A, nA pA,NHA
€y Pi *Qj 7Pi *Q[ ¢ Az,
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(i) LA ¢ Ap,
(i) (PAxQ7, PAxQf) = PAxLC,

we can apply Lemma 2.7, obtaining P;“*Q;.“*LA # PAx QLA
The case i # k and j = [ is similar to the previous one. The same proof, but using the
line €7, gives PiA*Q;.“*LA #* PkA*Q;‘l*LA.
Finally if i # k and j # [ then PA%xQ7' # P/+Q7!. By Lemma 5.2, riju N Ag = 0.
Since '
() PA%O7, PAXOM ¢ Ao,
(i) LA ¢ Ay,
(i) (PA*Q7, PA*Q1) = riju.

we can again apply Lemma 2.7, obtaining PiA*Q“,.“*LA # PA% Q7 « LA,

Thus we conclude that Z;“b*LA consists of ab distinct lines. ]

We study now the intersection properties of the set Z fb*LA. More precisely we have the
following.

Proposition 5.4 Assume that 1 ¢ Z(a) U Z(b). In the same hypothesis of Theorem 4.7, let
PiA*Q;.4 and PkA*QlA in Zfb. Then PiA*Q;.“*LA n PkA*Qfl*LA # W ifand only ifi = k
or j = 1. Moreover,

(i) if j # 1, the intersection PPAxQ2x LA N PAxQAXLA is given by
i Jj i !

_ (a0+i o) (o +Bo) Lo +Bo)
a0 Bo (o1 —a1 o) (o f2—a2 Bo) (o B3—a3 Bo)

(e +iB(ar+BDUai+B1)
a1 B1(aof1—a1 fo) (1 fo—a2 B1) (a1 f3—a3 B1)

; 9
_ (a+ip)(jar+p2)(lar+pr)
a2 o (aofo—arfo) (1 fr—a2 f1) (2 B3 —a3 B2)
(a3+ip3)(jaz+p3)(laz+B3)
L a3B3(@ofs—a3po)a1fz—azpi)(af3—azf2)
(ii) if i # k, the intersection PI.A*Q;.“*LA n PkA*Q;.“*LA is given by
M (oe0+iBo) (@0 +kBo) (o +Bo) 7
a0 Bo (o B1—r1 fo) (o f2—02 Bo) (o B3 —a3 Bo)
(1 +ip1) (a1 +kB1) (ar+B1)
a1 B1(eof1—a1Bo) (e Ba—a B1) (a1 B3—a3 1)
(10)

_ (aa+ipo)(ar+kBa)(joar+B2)
a2 B (0o —a2 Bo) (1 P2 —a2 B1) (a2 f3—3 82)

(a3+ip3) (3 +kp3) (jos+p3)
L a3p3(aoBs—a3fo)(aiB3—azfi)(az2f3—a3zfa)

Proof By Theorem 2.10 one has that the equations of Pl.A* Q;.“*LA are
A, QA

(aox0 + a1x1 + aaxs 4+ azxzy) ) — ¢
A, 0A

(Boxo + Bix1 + Baxa + Bax) 79 =0
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which can be written explicitly as

2o @i 3B o3B3
o iPo) oo+ A0y *0 T (a1+lﬁ1)(1a1+/31) X1+ (az+lﬂ2)(1a2+ﬂ2) x2 + (a%+tﬁz)(1a%+ﬁ%)x3 0
206 + illii + wh 4 L S
(w()+l/30)(/ao+/30) X0 (a1 +ip1)(jai+p1) X1 (w2+lﬂ2)(1az+ﬂz) 2 (@ tif)ast+p3) "3 =

Similarly the equations of PkA*QlA*LA are

(coxo + a1x1 + aoxp + a3x3)*(PkA*Q74) =0
A, HA
(Boxo + Bix1 + Boxa + Bax3)* i +2i) = 0
which can be written explicitly as

a2po a3 3p 33
o +ko) Lo +B0) 0 T (w1+kﬂ1)(la1+ﬂ1)x1 + (w2+kﬂz)(1a2+ﬂ2)x2 + (a3+kﬂ3)(la3+ﬂ3)x3 0

@0f) a1 B} a3 a3p?
oA A X0 T @t X! t w2 T e tn <3 =0

Passing to the system of the two lines PiA*Q’.“*LA and PPA* QLA

2o o2p a2pr o2ps
(0t0+lﬂo)(10t0+ﬂo)x0 + (rx1+lﬂ1)(1a1+ﬂ1)x1 + (a2+tﬁ2)(10!2+ﬁ2)x2 + (a3+tﬁ3)(1a3+ﬂ3)x3 0
@B + a1 p? X1 + B2 x> + a3p? -0
(ao+zﬁo)(1<¥0+ﬂo) X0 (a|+zﬂ|)(10tl+/3|) 1 (az+lﬂ22>(1012+ﬂ2) 2 (az+tﬁz)(1az+ﬂz)
0
0

a3 Bo aipi a5 aips
oG T et t e a2 T et =
«0f] a1 B7 wp3 @33
TR a0 T @B tar A ! T Gtk B et p 2 T Gk a3 =

(an
one has the following matrix of coefficients

a3 Bo alpi 3B o383
(Oéo+lﬁ0)(/040+ﬁ0) (011+1/31)(1061+ﬂ1) (Dlz+lﬁ2)(]0lz+ﬁ2) (m-*—lﬂz)(mz—#—ﬂz)

010,30 (Xlﬁl 0‘2.32 0‘3ﬂz
M= (Olo+l/30%(1ao+ﬁo) (0t1+l/31)2(1a1+/31) (052+l/32%(1a2+/32) (0t3+l/33)2(1a3+/33)

ayBo aiBi oy B o3B3
(o+kpo)lao+po) (a1+kBr)Uai+p1) (ea+kpf2)(loa+pB2) (a3+kp3)(az+p3)

a0p? a1 p? ap? a3p?
(o+kBo)Uao+Po) (ai+kpr)Uar+p1) (ca+kB2)lazr+p2) (az+kp3)(asz+p3)

Clearly this matrix has rank greater than or equal to 3, otherwise the two lines PiA*Q;.“*LA

and PkA* Q;“*LA will be coincident, in contradiction with Proposition 5.3.
Computing the determinant of M one has

(M=o @b ) (Tocsr<(ashr = arby)) G = b = DGk = DGl = 1)

det(M) = 3 - .
H;:o ((ar +1ib;)(a; + kby)(jar + by)(las + bz))

By definition of the points A; and by Remark 4.2 we know that the two terms (]_[fzo atb,)
and ([To<,~,<3(asb, — aby)) are different from 0. By the condition 1 ¢ Z(a) U Z(b) one
as that (jk — 1)(il — 1) # O forall i,k € Z(a) and all j,! € Z(b). Hence M has rank 4
wheni # k and j # [ and has rank 3 when i = k or j = /, which concludes the first part of
the proof. The second part of the proof follows directly substituting the values in (9) in the
system (11) taking i = k, and the values in (10) in the same system (11) but taking j = /. O

Remark 5.5 Although, by Proposition 5.3, any choice of the sets Z(a) and Z(b) always gives
a set of ab distinct lines, the condition 1 ¢ Z(a) U Z(b) of the previous proposition is
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mandatory to avoid extra intersections among the lines in Z;“b*LA‘ In fact, without this
condition Z ;“b*LA could be still a stick figure, but it is not complete intersection.

As a corollary we get the following fact.

Corollary 5.6 Assume that 1 ¢ Z(a) U Z(b). With the same hypothesis of Theorem 4.7, one
has:

° PJ)“*Q}“*LA, ey Pil*Q;A*LA are coplanar for all j € Z(b);

1

° PiA*Q;(‘)‘*LA, cees PiA*Qlf;til*LA are coplanar for all i € Z(a).
We have now all ingredients to state the main result of this section.

Theorem 5.7 Assume that 1 ¢ Z(a) U Z(b). With the same hypothesis of Theorem 4.7,
Zc“l‘}b*LA is a stick figure of ab lines in P3. Moreover Z;‘}b*LA is a complete intersection.

Proof By Proposition 5.3, we know that Z ;‘}b*LA consists of ab distinct lines. By Corollary
5.6, it follows that Z::}b*LA is a complete intersection. By the first part of Proposition 5.4,
we know that two lines in Z ;}h*A intersect in a space of dimension at most 0. By the second
part of Proposition 5.4, we know that the coordinates of the point of intersection of two lines
PiA*Q;.“*LA and PiA*QlA*LA (resp. PiA*Q;.“*LA and PkA*Q}‘l*LA ) are dependent of
the indices i, j and [ (resp. i, j and k) assuring us that three lines in Z;‘}b*LA intersect in a

space of dimension at most -1. Hence Zfb*LA satisfies the conditions to be a stick figure of
lines and the statement is proved. O

6 Gorenstein sets of points

As a final step of our construction, we apply the procedure described in Sect. 3 to our stick
figure to get a Gorenstein set of points in P3 with a given h—vector.
Again, let

h = (hOahlv"'vhS) = (13371127"'»h[—lvhhhta'0'7ht7h[—17"'sh2537 1)
be a SI-sequence, and consider the first difference
Ah=1,2,hy —hy,...,hy —h;—1,0,0,...,0,h—1 — hy, ..., —2,—1).

Define the two sequences @ = (ag, ...,a;) and g = (go, ..., g&s+1) as expressed in (2)
and (3). As already said in Sect. 3, g is the h-vector of a complete intersection, X, of two
surfaces in IP? of degree r + 1 and s — 1 + 2.

Hence we consider, as X, the stick figure Z;i Ls—t +2v(L““ (for a suitable choice of A,
Z(t + 1) and Z(s — t + 2) with the hypotheses of Theorems 4.7 and 5.7).

If we set
Zt+ 1) ={ug,...,us;yand Z(s —t +2) = {vo, ..., Vs—r+1}, (12)

then the aCM scheme C; with h—vector a is given by the following set of lines in
Z;j-l,s—l+2*LA:

PM“I‘_‘*Q;)‘}*LAforj=O,...,ai—1andi=0,...,t.

and, obviously, the residual scheme C; is the set of lines in Z;f}_l ot +2*LA and not in Cj.
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We use the following notation for the points of intersections of lines in the stick figure

A A.
2 s—ip2* L7
Gi{j,k} = P’LA*Q‘{)?*LA N PJ?‘*Q';]E*L.A
and

A A TA A DA T A
Giinj =P *ij*L N Puk*ij*L .

Theorem 6.1 Let h, a and g be as above. Then the set of points

Gijjgy withO<j<a —landa; <k =<s—t+1fori=0,...,t

Giixyj with min{a;, ax} < j < max{a;,ar} —1for0<i <k <t
is a Gorenstein zeroscheme with h—vector h.
Proof This follows directly from Theorem 3.5 and Theorem 3.6. O

Using the description, in Proposition 5.4, of intersections in the stick figure, we can state
the previous theorem in terms of the coordinates of the points in the desired Gorenstein set.

Consider Z(t + 1) and Z(s — ¢ + 2) as in (12). Denote by [V;(; x}] the point whose
coordinates are

(o + ui Bo)(vjoo + Bo) (vreo + Bo)

[Vigixlo =—
apBo(aofi — a1Bo)(aoB2 — a2 Bo)(coB3 — a3fo)
Wi = (o1 +ui fr)(jor + Br) (vt + Br)
' a1 Br(apBr — a1 fo) (a1 B2 — azB1) (a1 B3 — a3 fr) (13)
Wiyl = — (a2 +uiB2)(vjjaz + B2)(vka2 + B2)
' azBa(apBa — azfo) (a1 B2 — azfi) (a3 — a3z fr)
WVijals = (a3 +u;B3)(vjaz + B3)(vkas + B3)
' a3B3(aofs — azfo) (a1 B3 — azfi)(a2fs — azfz)
and by [V}; k] the point whose coordinates are
WVisslo = — (o + u; Bo) (o + urfo)(vjao + Bo)
o apBo(aoBi — a1Bo)(aoB2 — a2B0)(coB3 — a3fo)
Vil = (a1 +uiBr)(ay + upBr)(vjar + Br)
’ aiBi(aoBr — a1Bo) (@182 — axB1) (o183 — a3Bi) (14)

_ (a2 +u;Bo)(az + up ) (vjar + B2)
azBa(aoB2 — az2Bo) (a1 B2 — a2 B1) (a2 — a3 )

Vi, s = (a3 + uiB3)(az + urB3)(vjaz + B3) '

’ a3B3(aofs — a3z fo) (a1 B3 — azfi)(a2fs — azfr)

[Vikjl =

Corollary 6.2 Let h be an admissible h—vector for a Gorenstein zeroscheme in P of the
formh = (ho,...,hs) = (1,3, ho, ... byt e hyy oo by, by, ..., 3, 1) and let a; =
hi — hi_y for 0 < i < t. Fix four distinct points A; = [e; : Bil in P\ (A9 UW),
fori = 0,...,3 and fix the sets of nonnegative integers Z(t + 1) = {ug, ..., u;} and

@ Springer



Gorenstein points in P3 via... 525

Z(s—t4+2) ={vo, ..., Vs—s+1}with0 e Zt+1DNZ(s—t+2)and 1 ¢ Z(t+1)UZ(s—1+2).
Then the set of points

[Vigjyl withO0<j<a —1,0s <k=<s—t+1, fori =0,...,¢

[Viikyj1 with min{a;, ar} < j < max{a;,a;} — 1, forO <i <k <t
is a Gorenstein zeroscheme with h—vector h.

Example 6.3 Let h be h-vector (1,3, 4,3, 1) of Example 3.7. One has t = 2, s = 4 and
a=(1,2,1).
Fix

Ag=1[1:1], Ay =[1:2], Ay =[1:3], A3 =[1:4]
and
Z@+1) = {ug, ur, uz} ={0,2,4}
Z(s —t+2) ={vg, vy, v2, v3} = {0, 2, 4, 6}.

Substituting these values in (13) and (14) we get, by Corollary 6.2, that the Gorenstein set of
points with h-vector (1, 3, 4, 3, 1) is given by

m o Ck+D@j+DQi+1) T
Q422 ) @i+
[Vi{j,k}] = _(2k+3)(2j4+3)(6i+1) with0<j<ag —1,a; <k <3, fori =0,1,2
k142 @it
L G i
and
m @k+D@Ej+DQi+]) ]
@D @i+ | with minfa;, ax} < j < max{a;, ax} — 1,
Vil =|  @ksnetineiin .
Sh+DC ) 8i+1) forO0=i<k=2.
|
that is

21 . . 105 . 45 5. . _65. 25 . .91 .68
[-% 4010 %], [-3:18: -G 007], [-3:27:-%: 2,

35 .36 . 117 .85 3.5..35.9 15 . g5 . 455 . 153

We can check in Singular if this set of points is Gorenstein. The procedure IP (n, M)
computes the ideal of a set of points given in matrix form M, where each column of M
represents a point. The procedure HF (n, I, t) computes the Hilbert function of anideal /, in
degree . The integer n refers to the number of variables in the polynomial ring k[xo, . . ., X ].
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int n=3; ring R=0, (x(0..n)),dp;

matrix G[4][12]=-1/2,-5/6,-7/6,-5/2,-7/2,-15/2,-21/2,-5/2,
-25/6,-35/6,-3/2,-15/2,2,3,4,15,20,30,40,18,27,36,5,45,
-5/2,-7/2,-9/2,-49/2,-63/2,-245/6,-105/2,-65/2,-91/2,
-117/2,-35/6,-455/6,1,4/3,5/3,12,15,18,45/2,17,68/3,85/3,
9/4,153/4;

ideal I=IP(n,G);

HF (n,I,0);
1

HF (n,I,1);
4

HF (n,I,2);
8

HF (n,I,3);
11

HF (n,I,4);
12

Hence, the first difference of the Hilbert function fo this set of points is exactly (1, 3, 4, 3, 1).
Funding Open access funding provided by Universitd degli Studi di Siena within the CRUI-CARE Agreement.
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