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Let V be a vector space over the finite field Fq with q elements 
and Λ be the image of the Segre geometry PG(V ) ⊗ PG(V ∗)
in PG(V ⊗V ∗) under the Segre map. Consider the subvariety 
Λ1 of Λ represented by the pure tensors x⊗ ξ with x ∈ V and 
ξ ∈ V ∗ such that ξ(x) = 0. Regarding Λ1 as a projective 
system of PG(V ⊗ V ∗), we study the linear code C (Λ1)
arising from it. We show that C (Λ1) is a minimal code and 
we determine its basic parameters, its full weight list and 
its linear automorphism group. We also give a geometrical 
characterization of its minimum and second lowest weight 
codewords as well as of some of the words of maximum weight.
© 2025 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Following [29], an interesting and very geometric way to construct linear codes is to 
start from a projective system, that is a spanning set of points in a finite projective space. 
Indeed, if Ω is a set of N distinct points of an n-dimensional projective space over a finite 
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field Fq then it is possible to construct a projective code C (Ω) out of Ω by taking the 
coordinate representatives (with respect to some fixed reference system) of the points of 
Ω as columns of a generator matrix.

In general, C (Ω) is not uniquely determined by Ω, but it turns out to be unique up to 
monomial equivalence; as such its metric properties with respect to Hamming’s distance 
depend only on the set of points under consideration. With a slight abuse of notation, 
which is however customary when dealing with such projective codes, we shall speak of 
C (Ω) as the code defined by Ω = {[v1], [v2], . . . , [vN ]} where the vi’s are fixed chosen 
vector representatives of the points of the projective system.

The parameters [N, k, d] of C (Ω) depend only on the point set Ω: clearly, the length 
N is the size of Ω and the dimension k is the (vector) dimension of the subspace spanned 
by Ω. The spectrum of the cardinalities of the intersections of Ω with the hyperplanes 
of PG(⟨Ω⟩) is used to determine the list of the weights of the code; in particular, the 
minimum Hamming distance d of C (Ω) is

d = N − max
H

|Ω ∩H|, (1)

as H ranges among all hyperplanes of the space PG(⟨Ω⟩); we refer to [29] for further 
details.

This approach for obtaining codes from projective systems has been effectively ap
plied to construct and study several families of projective codes, such as, for example, 
Hermitian codes [7] Grassmann codes [19,23], Schubert codes [18,20], polar Grassmann 
codes [8--10,13].

In this paper we shall consider one family of projective codes arising from a special sub
variety of a Segre variety corresponding to the Segre embedding of the point-hyperplane 
geometry of PG(V ).

Suppose that V is an (n+1)-dimensional vector space over a finite field Fq and let V ∗

be its dual. The tensor product V ⊗V ∗ can be identified with the vector space Mn+1(q)
of all square matrices of order n + 1 with coefficients in Fq.

The Segre variety Λ of PG(V ⊗ V ∗) ∼ = PG(Mn+1(q)) is the variety whose point set 
consists of those projective points represented by pure tensors x ⊗ ξ with x ∈ V and 
ξ ∈ V ∗, i.e. by (n + 1)-square matrices of rank 1 in PG(Mn+1(q)). Another way of 
defining Λ is to regard it as the image under the Segre map of the Segre geometry 
Γ = PG(V ) ⊗ PG(V ∗); see Section 2.4 for more information.

The linear code C (Λ) arising from Λ has been introduced and extensively studied 
in [5]. In particular, not only the minimum distance but also the full Hamming weight 
distribution of C (Λ) is known (see [5, § 4]), as well as its higher Hamming weights.

Here, we investigate the subvariety Λ1 of the Segre variety whose point set is repre
sented by (n+1)-square matrices of rank 1 having null trace, or equivalently, defined by 
the pure tensors x⊗ ξ with x ∈ V and ξ ∈ V ∗ such that ξ(x) = 0.

As mentioned before, the variety Λ1 can also be regarded as the image under the 
Segre embedding of the point-hyperplane geometry of PG(V ) (also called the long root 
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geometry Γ̄ for the special linear group SL(n + 1, q)). Briefly, the points of Γ̄ are the 
point-hyperplane pairs (p,H) of PG(V ) where p ∈ H. We refer to Section 2.5 for more 
information on Γ̄.

We focus on the linear code C (Λ1) constructed as explained at the beginning of 
the Introduction, starting from the projective system Λ1. We determine the parameters 
of C (Λ1) and its full weight list, as well as a description of its linear automorphism 
group; see [21] for the definitions. We prove that C (Λ1) is a minimal code and we give 
a complete geometric characterization of the words having minimum weight and second 
lowest weight. We also characterize a remarkable family of words of maximum weight.

The following are the main results of the paper.

Theorem 1.1. Suppose V is an (n+1)-dimensional vector space over Fq and let Λ1 be the 
projective system of PG(V ⊗ V ∗) whose points are represented by the pure tensors x⊗ ξ

such that ξ(x) = 0. The [N1, k1, d1]-linear code C (Λ1) associated to Λ1 has parameters

N1 = (qn+1 − 1)(qn − 1)
(q − 1)2 , k1 = n2 + 2n, d1 = q2n−1 − qn−1.

A direct consequence of Theorem 1.1 is that limn→∞
d1
N1

= 1; so, the asymptotic min
imum distance for these codes is actually good, even if the information rate limn→∞

k1
N1

goes to 0.
The following theorem gives information on the weight list of C (Λ1) as well as its 

automorphism group.

Theorem 1.2. Let C (Λ1) be the linear code introduced in Theorem 1.1. The following 
hold.

1. The set of weights of C (Λ1) is in bijective correspondence with the set

{(g1, . . . , gt) :
t ∑︂

i=1 
gi ≤ n + 1, 1 ≤ g1 ≤ · · · ≤ gt ≤ n + 1, 1 ≤ t ≤ q} ∪ {0}.

2. The code admits an automorphism group isomorphic to the central product PGL(n+
1, q) · F⋆

q .

Many properties of the geometry Γ̄ will play a crucial role in giving information on 
the structure of the code C (Λ1) arising from Λ1.

In particular, the concept of geometrical hyperplane of Γ̄ arising from an embedding 
recalled in Section 2.2 will be used to characterize codewords having minimum, second 
lowest or maximum weight in geometric terms. We refer to Section 2.6 for the definition 
and description of the hyperplanes of Γ̄ mentioned in Theorem 1.3.
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Theorem 1.3. Let C (Λ1) be the linear code introduced in Theorem 1.1. The following 
hold.

1. C (Λ1) is a minimal code.
2. The minimum weight codewords of C (Λ1) have weight q2n−1−qn−1 and correspond to 

the quasi-singular but non-singular hyperplanes of the point-hyperplane geometry Γ̄. 
These hyperplanes arise from (diagonalizable) matrices of rank 1 and non-null trace.

The second lowest weight codewords of C (Λ1) have weight q2n−1 and correspond to 
the singular hyperplanes of Γ̄. They arise from (non-diagonalizable) matrices of rank 
1 and null trace.

3. The maximum weight codewords of C (Λ1) have weight qn−1(qn+1 − 1)/(q − 1) and 
correspond to matrices admitting no eigenvalue in Fq. Every spread-type hyperplane 
of Γ̄ is associated to a maximum weight codeword. Conversely, those maximum weight 
codewords arising from matrices having a minimal polynomial of degree 2 are associ
ated to spread-type hyperplanes of Γ̄.

1.1. Organization of the paper

In Section 2 we will set the notation (Subsection 2.1) and recall all the basics 
we need about embeddings of geometries (Subsection 2.2), minimal codes (Subsec
tion 2.3), the Segre geometry (Subsection 2.4), the point-hyperplane geometry Γ̄ of 
PG(V ), its embeddings (Subsection 2.5) and the saturation form (Subsection 2.6). We 
will then define the quasi-singular, singular and spread-type hyperplanes of Γ̄ (Subsec
tion 2.7).

Section 3 is focused on the code arising from the variety Λ1 of the pure tensors x⊗ ξ

with x ∈ V and ξ ∈ V ∗ such that ξ(x) = 0 and here we will prove Theorems 1.1, 1.2 and 
1.3.

2. Notation and basics

2.1. Notation

Let V = V (n + 1,Fq) be an (n + 1)-dimensional vector space over the finite field 
Fq and V ∗ its dual. Henceforth we always assume that E = (ei)n+1

i=1 is a given basis of 
V and E∗ = (ηi)n+1

i=1 is the dual of E; hence a basis of V ∗. We shall regard a vector 
x =

∑︁n+1
i=1 eixi of V , represented by the (n + 1)-tuple (xi)n+1

i=1 of its coordinates with 
respect to E, as a column, namely an (n + 1) × 1-matrix.

Similarly, every vector ξ =
∑︁n+1

i=1 ξiηi ∈ V ∗ is regarded with respect to E∗ as a 
1× (n+1) matrix (ξ1, ξ2, . . . , ξn+1). Clearly, ξx = 0 in terms of the usual row-by-column 
product if and only if ξ(x) = 0, that is 

∑︁n+1
i=1 ξixi = 0. Henceforth we shall always use 

Greek lower case letters to denote vectors of V ∗ (regarded as row vectors) and Roman 
lower case letters to denote vectors of V (regarded as column vectors).
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The tensor product V ⊗ V ∗ is isomorphic to the vector space Mn+1(q) of the square 
matrices of order n + 1 with entries in Fq. Hence, we will freely switch from the matrix 
notation to the tensor notation and conversely, whenever these changes of notation will 
be convenient. The elements E ⊗ E∗ = {ei ⊗ ηj}1≤i,j≤n+1 form a basis of V ⊗ V ∗. If 
we map ei ⊗ ηj to the elementary matrix eij whose only non-zero entry is 1 in position 
(i, j), we see that this gives the isomorphism ϕ : V ⊗ V ∗ → Mn+1(q) described by

x⊗ ξ ∈ V ⊗ V ∗ ↦→

⎛
⎝ x1

...
xn+1

⎞
⎠ (ξ1 . . . ξn+1 ) ∈ Mn+1(q),

where

x =

⎛
⎝ x1

...
xn+1

⎞
⎠ and ξ = (ξ1 . . . ξn+1 ) .

Thus, the tensor x ⊗ ξ ∈ V ⊗ V ∗ can be regarded as the column-times-row product xξ
and for a matrix M ∈ Mn+1(q), the product ξMx is the scalar obtained as the product 
of the row ξ times M times the column x.

Turning to projective spaces, let PG(n, q) = PG(V ) be the n-dimensional projective 
space defined by V . When we need to distinguish between a non-zero vector x of V
and the point of PG(V ) represented by it, we denote the latter by [x]. We extend this 
convention to subsets of V . If X ⊆ V \{0} then [X] := {[x]|x ∈ X}. The same conventions 
will be adopted for vectors and subsets of V ∗ and V ⊗ V ∗. In particular, if ξ ∈ V ∗ \ {0}
then [ξ] is the point of PG(V ∗) which corresponds to the hyperplane [ker(ξ)] of PG(V ). 
In the sequel we shall freely take [ξ] as a name for [ker(ξ)]. Accordingly, if 0∗ ∈ V ∗ is the 
null functional, we write [0∗] = PG(V ) (or, more simply, [0] = PG(V )).

2.2. Embeddings and hyperplanes of point-line geometries

The approach we follow to construct our codes is to start from a point-line geometry 
and then embed it into a projective space, so that its image will be a spanning set, hence 
a projective system, for the ambient projective space.

More precisely, let Γ = (P,L ) be a point-line geometry with point set P, line-set 
L and incidence given by inclusion. The collinearity graph GΓ of Γ is the graph whose 
vertices are the points p ∈ P and whose edges are the pairs (p, q) ∈ P × P where p is 
collinear with q.

A subspace of a point-line geometry Γ is a non-empty subset X of the point set P of 
Γ such that, for every line ℓ of Γ, if |ℓ ∩X| > 1 then ℓ ⊆ X. A proper subspace H of Γ
is said to be a geometric hyperplane of Γ (a hyperplane of Γ for short) if for every line 
ℓ of Γ, either ℓ ⊆ H or |ℓ ∩H| = 1. By definition, hyperplanes are proper subspaces of 
Γ but in general they are not necessarily all maximal with respect to inclusion among 
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all the proper subspaces. An important characterization of maximal hyperplanes is the 
following, see [27, Lemma 4.1.1].

Proposition 2.1. A geometric hyperplane H of a point-line geometry Γ is a maximal 
subspace if and only if the collinearity graph induced by GΓ on P \H is connected.

For more details we refer the reader to [26] and [27].
A projective embedding ε : Γ → Σ in a projective space Σ is an injective mapping ε

from the point set P of Γ to the point set of a projective space Σ such that ε(P) spans 
Σ and it maps lines of Γ onto projective lines of Σ. The dimension of ε is the vector 
dimension of Σ.

Given a projective embedding ε : Γ → Σ of Γ and a projective hyperplane W of Σ, the 
point set W := ε−1(W ) ⊆ Γ is a geometric hyperplane of Γ and ε(ε−1(W )) = W ∩ε(P).

We say that a geometric hyperplane W of Γ arises from ε if ε(W ) spans a projective 
hyperplane of Σ and W = ε−1(W ) ⊆ Γ for some hyperplane W of Σ. Note that, in 
general, it is possible that there are many hyperplanes of Γ which do not arise from any 
embedding.

2.3. Minimal codewords and minimal codes

Let C = C (Ω) be a projective [N, k, d]-code, where Ω ⊆ PG(k − 1, q) is the defining 
projective system. For any c = (c1, . . . , cN ) ∈ C the support of c is the set supp(c) = {i :
ci ̸= 0}. Write also suppc(c) := {i : ci = 0} = {1, . . . , N} \ supp(c).

Massey in 1993 [22] introduced the notion of minimal codewords (or minimal vectors) 
in a code, in order to devise an efficient secret sharing scheme. Minimal codewords have 
also numerous applications besides cryptography; e.g. they are relevant for bounding the 
complexity of some decoding algorithms; see [4].

Minimal codewords and minimal codes are defined as follows.

Definition 2.2. A codeword c ∈ C is minimal if

∀c′ ∈ C : supp(c′) ⊆ supp(c) ⇒ ∃λ ∈ Fq : c′ = λc.

A code is minimal if all its codewords are minimal.

Minimal codes have been extensively investigated, since they are also amenable to 
efficient decoding [4], see also [15,2,3,6,12].

Ashikhmin and Barg in 1998 [4] determined a well-known and widely used sufficient 
condition for a code C to be minimal:

wmax

wmin
<

q

q − 1 , (2)
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where wmin and wmax are respectively the minimum and the maximum weight of the 
non-null codewords of C . The aim is to determine codes which are minimal but do not 
satisfy condition (2); see e.g. [6].

The notion of strong or cutting set has been introduced in [16].

Definition 2.3. Let Ω ⊆ PG(⟨Ω⟩) be a projective system. Then Ω is a cutting set (with 
respect to the hyperplanes) if and only if for any hyperplane H of PG(⟨Ω⟩),

⟨H ∩ Ω⟩ = H.

In 2021 Alfarano et al. [1] proved that projective minimal codes and cutting sets with 
respect to hyperplanes are equivalent objects (see also [28]).

Relying on the notion of cutting sets and on Proposition 2.1, we have proved in [12] 
the following.

Proposition 2.4. Let Γ := (P,L ) be a point line geometry and ε : Γ → PG(V ) a 
projective embedding. If the graph induced on the vertices P \ ε−1(H) by the collinearity 
graph of Γ is connected for any hyperplane H of PG(V ), then the projective code C (ε(Γ))
is minimal.

Proposition 2.5. Suppose that Γ = (P,L ) is a point-line geometry where every geometric 
hyperplane is a maximal subspace. Then the projective code C (ε(Γ)) is minimal, for any 
projective embedding ε of Γ.

2.4. The Segre geometry and its natural embedding

Suppose PG(V1) and PG(V2) are two given projective spaces having respective point 
sets P1 and P2 and respective line sets L1 and L2. The Segre geometry (of type 
(dim(PG(V1)),dim(PG(V2)))) is defined as the point-line geometry Γ having as point 
set the Cartesian product P1 × P2 and as line set the following set:

{{p1} × ℓ2 : p1 ∈ P1, ℓ2 ∈ L2} ∪ {ℓ1 × {p2} : ℓ1 ∈ L1, p2 ∈ P2};

incidence is given by inclusion. It is well known that this geometry, which can be regarded 
as the product PG(V1)⊗PG(V2), admits a projective embedding (the Segre embedding) 
in PG(V1 ⊗ V2) mapping the point ([p], [q]) ∈ P1 × P2 to the projective point [p⊗ q] ∈
PG(V1⊗V2). This embedding lifts the automorphism group PGL(V1)×PGL(V2) of Γ to 
act on PG(V1 ⊗ V2). The geometric hyperplanes of the Segre geometries have been fully 
classified and described; see [30].

In this paper we shall be concerned with the case where V1 = V (n+1,Fq) and V2 = V ∗
1 . 

Thus, the points of Γ are all the ordered pairs ([p], [ξ]) where [p] and [ξ] are respectively 
a point and a hyperplane of PG(n, q). We will denote by ε the Segre embedding of Γ
in PG(V ⊗ V ∗), also called the natural embedding of Γ. Since V ⊗ V ∗ is isomorphic to 
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the vector space Mn+1(q) of the square matrices of order n + 1 with entries in Fq (see 
Subsection 2.1), the Segre embedding is given by

ε : Γ → PG(Mn+1(q)), ε(([x], [ξ])) = [x⊗ ξ]. (3)

The linear automorphism group PGL(V ) ⊗ PGL(V ∗) of Γ acts on the pure tensors of 
PG(Mn+1(q)) as

([M ], [N ]) : [x⊗ ξ] → [Mx⊗ ξN ], ∀[M ], [N ] ∈ PGL(n + 1, q)

and this action extends to all of PG(Mn+1(q)) by linearity. The pure tensors x ⊗ ξ ∈
V ⊗V ∗ with 0 ̸= x ∈ V and 0 ̸= ξ ∈ V ∗ yield the matrices of Mn+1(q) of rank 1. With x
and ξ as above, let [x] and [ξ] be the point and the hyperplane of PG(n, q) represented by 
x and ξ. Then the point set of Γ is precisely the set {([x], [ξ]), [x] ∈ PG(V ), [ξ] ∈ PG(V ∗)}
and the image of Γ under the Segre embedding is

Λ := ε(Γ) = {[x⊗ ξ] : [x] ∈ PG(V ), [ξ] ∈ PG(V ∗)}, (4)

also called the Segre variety of PG((n+ 1)2 − 1, q). Accordingly, Λ is represented by the 
set of all (n + 1)-square matrices of rank 1.

Regarding Λ as a projective system of PG(Mn+1(q)), we can consider the linear code 
C (Λ) defined by it. This is called the Segre code. It is easy to determine the length N
and the dimension k of it. Indeed, N is the number of point-hyperplane pairs of PG(n, q)
and k is the dimension of the Segre embedding. The minimum distance as well as the 
full weight enumerator is also known.

Proposition 2.6 (See [5]). C (Λ) is an [N, k, d]-code with

N = (qn+1 − 1)
(q − 1) 

(qn+1 − 1)
(q − 1) , k = (n + 1)2, d = q2n.

2.5. The point-hyperplane geometry of a projective space

Let Γ̄ be the subgeometry of Γ having as points, all the points (p,H) of Γ with the 
further requirement that p ∈ H. Two points are collinear in Γ̄ if and only if they are 
collinear in Γ; explicitly, the points (p,H) and (p′, H ′) are collinear in Γ̄ if and only if 
p ∈ H ′ or p′ ∈ H.

If p := [x] and H := [ξ], then the point ([x], [ξ]) of Γ is a point of Γ̄ if and only if 
ξ(x) = 0. The geometry Γ̄ is called the point-hyperplane geometry of PG(V ) or, also, the 
long root geometry for the special linear group SL(n + 1,Fq). The linear automorphism 
group of Γ̄ is PGL(n + 1, q) and it acts transitively on the points of Γ̄.

The group PGL(n + 1, q) lifts through the Segre embedding (see Definition (3)) ε to 
a subgroup of the automorphism group PGL(n2 + 2n, q) of PG(Mn+1(q)). In particular, 
it acts on the pure tensors as follows
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g([x], [ξ]) ε −→ [gx⊗ ξg−1], ∀g ∈ PGL(n + 1, q) (5)

and this action can be extended to all elements of PG(Mn+1(q)) by linearity. Conse
quently, PGL(n+1, q) acts on the matrix representatives of the elements of PG(Mn+1(q))
by conjugation and its projective orbits correspond to the conjugacy classes of matrices 
up to a non-zero proportionality coefficient. The following is trivial.

Proposition 2.7. Suppose x ∈ V and ξ ∈ V ∗. The vector x⊗ ξ ∈ V ⊗ V ∗, regarded as an 
(n + 1)-square matrix of rank 1, is null-traced if and only if ξ(x) = 0.

Denote by M0
n+1(q) the hyperplane of Mn+1(q) of null-traced square matrices of order 

n+ 1, then by Proposition 2.7 we have ε−1(M0
n+1(q)) = Γ̄. So, according to Section 2.2, 

Γ̄ is a geometric hyperplane of Γ arising from ε; in the terminology of [30, Lemma 3], Γ̄ is 
a so-called black hyperplane of Γ; all black hyperplanes of Γ correspond to subgeometries 
of Γ isomorphic to Γ̄, but these hyperplanes do not arise, in general, from ε. We point 
out that M0

n+1(q) is also the module which hosts the adjoint representation of the special 
linear group SL(n + 1,Fq).

Let now ε̄ be the projective embedding of Γ̄ obtained as the restriction ε|Γ̄ of ε to Γ̄. 
From Proposition 2.7 we have

ε̄ : Γ̄ → PG(M0
n+1(q)), ε̄(([x], [ξ])) = [x⊗ ξ]. (6)

This is a projective embedding of Γ̄ with dimension dim(ε̄) = dim(M0
n+1(q)) = (n +

1)2 − 1. Define

Λ1 := ε̄(Γ̄) = {[x⊗ ξ] : [x] ∈ PG(V ), [ξ] ∈ PG(V ∗) and [x] ∈ [ξ]}. (7)

Suppose now that Fq admits non-trivial automorphisms and take σ ∈ Aut (Fq), σ ̸= 1. 
It is possible to define a ‘twisted version’ ε̄σ of ε̄ as follows (see [17] and [25]):

ε̄σ : Γ → PG(Mn+1(q)), ε̄σ(([x], [ξ])) = [xσ ⊗ ξ],

where xσ := (xi
σ)n+1

i=1 . The map ε̄σ is again a projective embedding of Γ̄ with dimension 
dim(ε̄σ) = (n + 1)2. Put now

Λσ := ε̄σ(Γ̄) = {[xσ ⊗ ξ] : [x] ∈ PG(V ), [ξ] ∈ PG(V ∗) and [x] ∈ [ξ]}. (8)

In this paper we shall study in detail the properties of the projective system Λ1 since 
we want to construct a linear code from it. In the forthcoming paper [11], which is a 
direct continuation of the present work, we shall focus on Λσ and on the code arising 
from it. As we will soon illustrate, many properties of the geometry Γ̄ play a crucial 
role in providing information on the structure of the code arising from Λ1. In particular, 
some families of geometric hyperplanes arising from ε̄ will be used to characterize in 
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geometrical terms all the codewords having minimum weight, second lowest weight and 
some codewords having maximum weight.

2.6. The saturation form

Let f : Mn+1(q) × Mn+1(q) → Fq be the non-degenerate symmetric bilinear form 
defined as

f(X,Y ) = Tr(XY ), ∀ X,Y ∈ Mn+1(q), (9)

where XY is the usual row-times-column product and Tr(XY ) is the trace of the matrix 
XY . So, with X = (xi,j)n+1

i,j=1 and Y = (yi,j)n+1
i,j=1 we have

f((xi,j)n+1
i,j=1, (yi,j)

n+1
i,j=1) =

∑︂
i,j 

xi,jyj,i.

Note that this definition does not depend on the choice of the basis of Mn+1(q). The 
form f is called the saturation form of Mn+1(q) (see [25]).

Denote by ⊥f the orthogonality relation associated to f . Since f is nondegenerate, the 
hyperplanes of Mn+1(q) are the orthogonal spaces M⊥f = {X ∈ Mn+1(q) : Tr(XM) =
0}, for M ∈ Mn+1(q) \ {O} and, for two matrices M,N ∈ Mn+1(q) \ {O}, we have 
M⊥f = N⊥f if and only if M and N are proportional matrices.

By Definition (9), it is clear that I⊥f = M0
n+1(q), where I is the identity matrix. 

Therefore, for M ∈ Mn+1(q)\{O}, we have M⊥f = M0
n+1(q) if and only if M = λI with 

λ ∈ Fq\{0} i.e. M is a non-null scalar matrix. Hence, every hyperplane of M0
n+1(q) can be 

obtained as M0
n+1(q)∩M⊥f = I⊥f ∩M⊥f for a suitable matrix M ∈ Mn+1(q), M ̸∈ ⟨I⟩. 

In terms of projective spaces, for M ∈ Mn+1(q) \ ⟨I⟩, [M⊥f ∩M0
n+1(q)] is the projective 

hyperplane of [M0
n+1(q)] corresponding to the hyperplane M⊥f ∩M0

n+1(q) of M0
n+1(q).

The next result follows from well-known properties of polarities associated to non
degenerate reflexive bilinear forms; see [25, Proposition 2.1].

Proposition 2.8. For M,N ∈ Mn+1(q)\{O}, we have M⊥f ∩M0
n+1(q) = N⊥f ∩M0

n+1(q)
if and only if ⟨M, I⟩ = ⟨N, I⟩.

The orthogonal space of a pure tensor, namely the orthogonal space of a matrix of 
rank 1, admits an easy description. Indeed,

Proposition 2.9. Let x ∈ V \ {O}, ξ ∈ V ∗ \ {O} and M ∈ Mn+1(q). Then x⊗ ξ ∈ M⊥f

if and only if ξMx = 0.

Proof. By definition, M⊥f = {X ∈ Mn+1(q) : Tr(XM) = 0}. Hence x ⊗ ξ ∈ M⊥f if 
and only if Tr((xξ)M) = 0 if and only if Tr(x(ξM)) = 0. By Proposition 2.7, this is 
equivalent to (ξM)(x) = 0. Turning to projective spaces, this means that the projective 
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point [x] belongs to the hyperplane [ξM ] if M ̸= 0 or that it (trivially) belongs to the 
space PG(V ) = [0∗] if M = 0. □

In more geometrical terms, by Proposition 2.9 we have that the point [x⊗ ξ] is con
tained in [M⊥f ] if and only if the point [x] is contained in the hyperplane [ξM ].

2.7. Hyperplanes of Γ̄

In this section we will briefly recall from [24] and [25] the most significant results 
related to the hyperplanes of Γ̄ arising from the embedding ε̄.

Take M ∈ Mn+1(q) \ ⟨I⟩ and let ε̄ be the Segre embedding of Γ̄, as defined in (6). 
Then

HM := ε̄−1([M⊥f ∩M0
n+1(q)]) = ε̄−1({[X] ∈ PG(M0

n+1(q)) : Tr(XM) = 0})

is a geometric hyperplane of Γ̄ called a hyperplane of plain type, as defined in [25]. By 
Proposition 2.8, given any two matrices M and M ′ we have HM = HM ′ if and only if 
M = αM ′ + βI with (α, β) ̸= (0, 0).

Recall now the definition of hyperplanes of Γ̄ arising from an embedding from Sec
tion 2.2.

Proposition 2.10. [25, Corollary 1.7] The hyperplanes of Γ̄ which arise from the Segre 
embedding ε̄ are precisely those of plain type.

Take p ∈ PG(V ), A ∈ PG(V ∗). Put Mp := {(p,H) : p ∈ H} and MA := {(x,A) : x ∈
A}. Then,

Hp,A := {(x,H) : (x,H) collinear (in Γ̄) with a point of Mp ∪ MA} (10)

is a geometric hyperplane of Γ̄, called the quasi-singular hyperplane defined by (p,A). If 
p ∈ A, then Hp,A is called the singular hyperplane with deepest point (p,A) and consists 
of all points of Γ̄ not at maximal distance from (p,A) in the collinearity graph of Γ̄.

Proposition 2.11. The following hold.

1. The cardinality of the singular hyperplanes of Γ̄ is

(qn+1 − 1)(qn−1 − 1)
(q − 1)2 + qn − 1

q − 1 
qn−1. (11)

2. The cardinality of the quasi-singular but not singular hyperplanes of Γ̄ is

(qn+1 − 1)(qn−1 − 1)
(q − 1)2 + (q

n − 1
q − 1 

+ 1)qn−1. (12)
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Proof. Suppose Hp,A with p ∈ PG(V ) and A ∈ PG(V ∗) is a quasi-singular hyperplane 
of Γ̄. In order to determine the cardinality |Hp,A| of Hp,A, we will first count the number 
|C(Hp,A)| of points (r, S) ∈ Γ̄ such that (r, S) ̸∈ Hp,A. By Definition (10), |C(Hp,A)|
is precisely the number of points of Γ̄ not collinear with any point in Mp ∪ MA. Then, 
|Hp,A| is the difference between the number of points of Γ̄ and |C(Hp,A)|, that is

|Hp,A| = (qn+1 − 1)
q − 1 

(qn − 1)
q − 1 

− |C(Hp,A)|.

Suppose p ̸∈ A, i.e. Hp,A is a quasi-singular, non singular hyperplane of Γ̄. We have 
that (r, S) is not collinear with any point in Mp∪MA if and only if r ̸∈ A, p ̸∈ S and r ̸= p. 
More in detail, the number of points r ∈ PG(V ) different from p and not contained in A

is (qn+1−1)−(qn−1)
q−1 − 1 = qn− 1 and the number of hyperplanes S ∈ PG(V ∗) through the 

point r and not containing p is (qn−1)−(qn−1−1)
q−1 = qn−1. So, |C(Hp,A)| = q2n−1 − qn−1.

Now suppose p ∈ A, i.e. Hp,A is a singular hyperplane of Γ̄. We have that (r, S)
is not collinear with any point in Mp ∪ MA if and only if r ̸∈ A and p ̸∈ S. So, 
|C(Hp,A)| = ( (qn+1−1)

q−1 − (qn−1)
q−1 )( (qn−1)

q−1 − (qn−1−1)
q−1 ) = q2n−1. The claim follows. □

The following theorem describes the quasi-singular hyperplanes of Γ̄.

Proposition 2.12. [25, §1.3] Take [x] ∈ PG(V ) and [ξ] ∈ PG(V ∗). The quasi-singular 
hyperplane H[x],[ξ] is the hyperplane of plain type HM where M = xξ.

By Proposition 2.12, there is a one-to-one correspondence between quasi-singular hy
perplanes of Γ̄ and proportionality classes of matrices of rank 1.

In particular, all quasi-singular hyperplanes are hyperplanes of plain type arising 
from matrices M of rank 1 and, conversely, for each matrix M ∈ Mn+1(q) of rank 1 the 
hyperplane of plain type HM is quasi-singular.

Suppose S is a line spread of PG(V ), that is a family of lines of PG(V ) such that 
every point of PG(V ) belongs to exactly one member of S. We say that S admits a 
dual if there exists a line spread S∗ of PG(V ∗) such that for every line ℓ∗ ∈ S∗ (i.e. for 
every 2-codimensional subspace of PG(V )), the members of S contained in ℓ∗, form a 
line spread of ℓ∗; see [25]. A line spread S admits at most one dual spread S∗, see [25, 
Lemma 1.9]. In [25] it is proved that if a line spread S admits a dual S∗, then it is 
possible to define a geometric hyperplane H(S,S∗) of Γ̄ as follows

H(S,S∗) := {(p,H) ∈ Γ̄ : H ⊃ ℓp} = {(p,H) ∈ Γ̄ : p ∈ LH} (13)

where ℓp is the unique line of S through p and LH ∈ S∗ is the unique 2-codimensional 
subspace of PG(V ) contained in H. The hyperplane H(S,S∗) is called a spread-type hy
perplane of Γ̄.
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Proposition 2.13. [25, Theorem 1.14] A hyperplane HM of plain type is of spread-type if 
and only if M admits no eigenvalue in Fq and M2x ∈ ⟨x,Mx⟩ for every non-zero vector 
x ∈ V .

3. The code C (Λ1) from the Segre embedding

In this section we consider the subcode of the Segre code C (Λ) defined by the pro
jective system Λ1 ⊂ PG(M0

n+1(q)); see Definition (7). We will denote by C (Λ1) the 
[N1, k1, d1]-linear code arising from Λ1. The length of this code is the number of point
hyperplane pairs (p,H) of PG(n, q) with p ∈ H, that is

N1 = (qn+1 − 1)(qn − 1)
(q − 1)2 .

The dimension of C (Λ1) is the dimension of the embedding ε̄, so

k1 = n2 + 2n.

To determine the weight of the codewords of C (Λ1) we need to compute the cardi
nality of Λ1 ∩ [W ] where [W ] is a hyperplane of [⟨Λ1⟩]. Recall from Section 2.6 that any 
hyperplane of PG(V ⊗ V ∗) can be regarded as the orthogonal subspace [M⊥f ] of an 
(n + 1) × (n + 1)-matrix M with respect to the saturation form f . The next lemma is 
crucial. Observe that in this paper, when we speak of eigenvectors of a matrix M we 
always mean left eigenvectors; also by ker(M) we mean the set of row vectors ξ such 
that ξM = 0.

Definition 3.1. For any matrix M ∈ Mn+1(q), denote by νM the number of eigenvec
tors of M and by θM := νM

q−1 the number of projective points of PG(V ∗) whose row 
representatives are eigenvectors for M .

Lemma 3.2. Let [M⊥f ] be a hyperplane of PG(V ⊗ V ∗), for M ∈ Mn+1(q) \ ⟨I⟩. Then

|Λ1 ∩ [M⊥f ]| = (qn+1 − 1)(qn−1 − 1)
(q − 1)2 + θM · qn−1 (14)

where θM is given by Definition 3.1.

Proof. First note that we can write Λ1 = {ε̄(([x], [ξ])) : [x] ∈ [ξ]} as a disjoint union

Λ1 = ⊔
[ξ]∈PG(V ∗)

{[x⊗ ξ] : [x] ∈ [ξ]}.

So,
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[M⊥f ] ∩ Λ1 = ⊔
[ξ]∈PG(V ∗)

({[x⊗ ξ] : [x] ∈ [ξ]} ∩ [M⊥f ]).

By Proposition 2.9, [x⊗ξ] ∈ [M⊥f ] if and only if [x] ∈ [ξM ]. Hence, [x⊗ξ] ∈ Λ1∩[M⊥f ]
if and only if [x] ∈ [ξ] and [x] ∈ [ξM ], i.e.

Λ1 ∩ [M⊥f ] = ⊔
[ξ]∈PG(V ∗)

({[x⊗ ξ] : [x] ∈ ([ξ] ∩ [ξM ])}).

Turning to cardinalities,

|Λ1 ∩ [M⊥f ]| =
∑︂

[ξ]∈PG(V ∗)

|[ξ] ∩ [ξM ]|. (15)

Note that |[ξ]∩ [ξM ]| = |[ξ]| = (qn−1)
(q−1) if [ξ] ⊆ [ξM ] and |[ξ]∩ [ξM ]| = (qn−1−1)

(q−1) otherwise. 
On the other hand, [ξ] ∩ [ξM ] = [ξ] if and only if ξM is a scalar multiple of ξ, that is ξ
is an eigenvector of M . Since θM denotes the number of points of PG(V ∗) whose vector 
representatives are eigenvectors of M we have

|Λ1 ∩ [M⊥f ]| = θM · q
n − 1
q − 1 

+
(︃
qn+1 − 1
q − 1 

− θM

)︃
· q

n−1 − 1
q − 1 

=

(qn+1 − 1)(qn−1 − 1)
(q − 1)2 + θM · qn−1. □

3.1. The codewords of C (Λ1)

Suppose Λ1 := {[X1], [X2], . . . , [XN ]} ⊆ PG(M0
n+1(q)) and denote by M∗

n+1(q) the 
dual of the vector space Mn+1(q). For any functional 𝔪 ∈ M∗

n+1(q), there exists a unique 
matrix M ∈ Mn+1(q) such that 𝔪 = 𝔪M and

𝔪 : Mn+1(q) → Fq, 𝔪(X) = Tr(XM)

for all X ∈ Mn+1(q). Consider now the N -tuple

c𝔪 = (𝔪(X1), . . . ,𝔪(XN )) (16)

with

𝔪(Xi) = Tr(XiM), 1 ≤ i ≤ N, (17)

where M ∈ Mn+1(q) is associated to 𝔪 as before. In this setting,

C (Λ1) = {c𝔪 : 𝔪 ∈ M∗
n+1(q)}.
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In general there are more than one functional 𝔪 (resp. matrix M) defining one codeword 
c𝔪.

Lemma 3.3. Let M be a matrix such that Tr(XM) = 0 for all X ∈ M0
n+1(q). Then 

M ∈ ⟨I⟩.

Proof. The claim is straightforward because M0
n+1(q)⊥f = (I⊥f )⊥f = ⟨I⟩. □

Proposition 3.4. C (Λ1) is vectorially isomorphic to the quotient space Mn+1(q)/⟨I⟩.

Proof. Define the evaluation function

ev : M∗
n+1(q) → C (Λ1), 𝔪 ↦→ c𝔪.

By [29], ev is linear and surjective and C (Λ1) = {c𝔪 : 𝔪 ∈ M∗
n+1(q)} = ev(Mn+1(q)). 

The kernel of ev is given by all 𝔪 such that c𝔪 = 0, i.e., by (17), the kernel of ev
can be identified with the space of all M ∈ Mn+1(q) such that Tr(XM) = 0 for all 
X ∈ M0

n+1(q), since ⟨Λ1⟩ = PG(M0
n+1(q)).

By Lemma 3.3, ker(ev) = {𝔪αI : α ∈ Fq}, where 𝔪αI : Mn+1(q) → Fq,𝔪αI(X) =
Tr(XαI) = αTr(X). So, the function ev induces the vector space isomorphism

M∗
n+1(q)/⟨𝔪I⟩ ∼ = C (Λ1).

Since the vector space Mn+1(q) is isomorphic to M∗
n+1(q), we have that

Mn+1(q)/⟨I⟩ ∼ = M∗
n+1(q)/⟨𝔪I⟩

and the claim follows. □
Corollary 3.5. Suppose Λ1 = {[Xi] : i = 1, . . . , N}.

1. If p ∤ (n + 1), then

C (Λ1) = {c𝔪 : 𝔪(X) = Tr(XM) with M ∈ M0
n+1(q)}

= {(Tr(X1M), . . . ,Tr(XNM)) : [Xi] ∈ Λ1, M ∈ M0
n+1(q)}. 

2. If p|(n + 1), then

C (Λ1) = {(Tr(X1M), . . . ,Tr(XNM)) : [Xi] ∈ Λ1,M ∈ Mn+1(q) with m1,1 = 0}. 

Proof. By Proposition 3.4, the function ev/⟨I⟩ : Mn+1(q)/⟨I⟩ → C (Λ1) is a vector space 
isomorphism. Suppose p ∤ (n + 1). Each class ⟦M⟧ = M + ⟨I⟩ in Mn+1(q)/⟨I⟩ contains 
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exactly one matrix M0 ∈ Mn+1(q) of trace 0; we choose that matrix as a canonical1
representative for the coset in Mn+1(q)/⟨I⟩.

If p | (n + 1), then all matrices M in the same class ⟦M⟧ = M + ⟨I⟩ have the same 
trace. We can now choose as representative of ⟦M⟧ the only matrix N ∈ ⟦M⟧ given by 
N := M −m1,1I whose entry in position (1, 1) is 0. □

As a consequence of Proposition 3.4 and Theorem 1.2, it is easy to define an effi
cient encoding function for C (Λ1), without the need of explicitly writing out a generator 
matrix; in particular if ⟦M⟧ ∈ Mn+1(q)/⟨I⟩ and X1, X2, . . . , XN are matrix represen
tatives of the points [X1], . . . , [XN ] of the projective system of Λ1, then the codeword 
corresponding to ⟦M⟧ is given by (Tr(X1M), . . . ,Tr(XNM)).

The following is straightforward from Lemma 3.2, considering that for any codeword 
c ∈ C (Λ1), the weight of c is wt(c) = N1−|[M⊥f ]∩Λ1|, where M is the matrix associated 
to c.

Corollary 3.6. The spectrum of weights of C (Λ1) is

{qn−1 (qn+1 − 1)
(q − 1) − qn−1θM : M ∈ Mn+1(q)}

where θM is given by Definition 3.1.

3.2. Proof of Theorem 1.1

Lemma 3.7. If M is a diagonalizable matrix having t > 2 eigenspaces of dimensions 
g1 ≥ g2, · · · ≥ gt then it is always possible to construct a matrix M ′ with t−1 eigenspaces 
of dimension respectively g′1 ≥ g′2 ≥ · · · ≥ g′t−1, with g′1 = g1 +g2, g′i = gi+1, 2 ≤ i ≤ t−1
so that νM ′ > νM .

Proof. The number of eigenvectors of M is νM =
∑︁t

i=1(qgi − 1) with gi ≤ n. For i =
1, . . . t, let λi be the eigenvalue of M corresponding to the eigenspace having dimension 
gi. Define as follows a diagonal matrix M ′ which has λ2, . . . , λt as eigenvalues:

M ′ := diag(λ2, . . . , λ2⏞ ⏟⏟ ⏞
g1+g2

, λ3, . . . , λ3⏞ ⏟⏟ ⏞
g3

, . . . , λt, . . . , λt⏞ ⏟⏟ ⏞
gt

).

Clearly, the dimensions of the eigenspaces of M ′ are g′1 ≥ g′2 ≥ · · · ≥ g′t−1, with g′1 =
g1 +g2, g′i = gi+1, 2 ≤ i ≤ t−1 and νM ′ =

∑︁t−1
i=1(qg

′
i −1) = (qg1+g2 −1)+

∑︁t−1
i=3(qgi −1). 

We have νM ′ − νM = (qg1+g2 − 1)− (qg1 − 1)− (qg2 − 1) > 0 if and only if qg1+g2 − qg2 =
qg2(qg1 − 1) > qg1 − 1, that is qg2 > 1. Since q > 1 and g2 > 0, it follows νM ′ > νM . □
1 In more formal terms, the map π : Mn+1/⟨I⟩ → M0

n+1(q) given by π(⟦M⟧) := M − Tr(M)I is a 
well defined vector space isomorphism, which commutes with matrix conjugation, in the sense that for all 
g ∈ GL(n + 1, q), π(⟦M⟧g) = (π(⟦M⟧))g.
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Lemma 3.8. A non-scalar (n+1)-square matrix has a maximum number νmax = qn+q−2
of eigenvectors if and only if it admits exactly two eigenspaces of respective dimensions 
n and 1.

Proof. Let M be a non scalar (n+ 1)-square matrix. If M cannot be diagonalized, then 
the sum of the dimensions of its eigenspaces is at most n and, consequently it has at 
most qn − 1 eigenvectors. Suppose now that M can be diagonalized and let t be the 
number of eigenspaces of M and g1 ≥ g2 ≥ · · · ≥ gt be the respective dimensions of the 
eigenspaces. Since M / ∈ ⟨I⟩, we have t ≥ 2. By recursively applying Lemma 3.7, we see 
that the maximum number of eigenvectors for a non-scalar diagonalizable (n+1)-square 
matrix can be attained only for t = 2. So, suppose we have a matrix M with just two 
eigenspaces of dimensions g ≤ n and n + 1 − g. Assume g ≥ n + 1 − g. The number of 
eigenvectors of M is then νM = (qg − 1) + (qn+1−g − 1). This is maximum when g = n

and gives νmax = qn + q − 2 ≥ qn > qn − 1. The converse follows immediately. □
The length and dimension of C (Λ1) are computed at the beginning of Section 3.
By Corollary 3.6 and Lemma 3.8, since θmax = νmax/(q − 1), we have that the 

minimum distance of C (Λ1) is

d1 = qn−1 (qn+1 − 1)
(q − 1) − qn−1 q

n + q − 2
q − 1 

= q2n−1 − qn−1.

Theorem 1.1 is proved. □
3.3. Proof of Theorem 1.2

Let M be a non-scalar matrix of Mn+1(q) and let t denote the number of eigenspaces 
of M . Since the number of eigenspaces of any matrix is, clearly, the same as the number 
of its eigenvalues (which ranges in Fq), we have t ≤ q and since M is non-scalar, t ≤ n; 
so t ≤ min(n, q).

Consider the following sets, where θM is given by Definition 3.1:

E = {θM : M ∈ Mn+1(q) \ ⟨I⟩} (18)

and

D = {0} ∪ {(g1, . . . , gt) :
t ∑︂

i=1 
gi ≤ n + 1, 

1 ≤ g1 ≤ · · · ≤ gi ≤ gi+1 ≤ · · · ≤ gt ≤ n + 1, 1 ≤ t ≤ q}. (19)

Observe first that if m(x) is a monic irreducible polynomial over Fq of degree n+1, then 
its companion matrix has order n + 1 and does not have any eigenvalue in Fq. Clearly, 
such a companion matrix is not a scalar matrix; so 0 ∈ E.
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Assume 1 ≤ t ≤ q. Take t distinct elements λ1, . . . , λt ∈ Fq and for any t-tuple 
(g1, . . . , gt) ∈ D, define a matrix M(g1,...,gt) ∈ Mn+1(q) \ ⟨I⟩ as a block matrix of the 
form

M(g1,...,gt) = diag(λ1, . . . , λ1⏞ ⏟⏟ ⏞
g1

, λ2, . . . , λ2⏞ ⏟⏟ ⏞
g2

, . . . λt, . . . , λt⏞ ⏟⏟ ⏞
gt−1 

, Rλt
)

where Rλt
is the Jordan block of order n + 2 −

∑︁t
i=1 gi of the form

Rλt
=

⎛
⎜⎜⎜⎜⎝

λt 1 0 . . . 0
0 λt 1 . . . 0
...

. . .
...

0 0 . . . λt 1
0 0 . . . 0 λt

⎞
⎟⎟⎟⎟⎠ .

Then M(g1,...,gt) has exactly t eigenspaces V1, . . . , Vt of respective dimensions g1, . . . , gt
and the number of its eigenvectors is ν(g1,...,gt) =

∑︁t
i=1(qgi − 1). Since θ(g1,...,gt) :=

ν(g1,...,gt)/(q − 1) we see that the map

φ : D → E

φ((g1, . . . , gt)) = θ(g1,...,gt)
φ(0) = 0,

(20)

is well defined.

Lemma 3.9. Take 1 ≤ t, t′ ≤ q and let 1 ≤ α1 ≤ · · · ≤ αt and 1 ≤ β1 ≤ · · · ≤ βt′ be 
integers such that

t ∑︂
i=1 

(qαi − 1) =
t′∑︂

i=1 
(qβi − 1). (21)

Then t = t′ and αi = βi for all i = 1, . . . , t.

Proof. Reducing (21) modulus q we obtain −t ≡ −t′ (mod q). As 1 ≤ t, t′ ≤ q this 
implies t = t′. Since t = t′, we can now rewrite (21) as

t ∑︂
i=1 

qαi =
t ∑︂

i=1 
qβi . (22)

In order to prove the claim, we now proceed by induction on the number t of terms 
in (22).
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• If t = 2, suppose qα1 + qα2 = qβ1 + qβ2 , that is

qα1(1 + qα2−α1) = qβ1(1 + qβ2−β1).

Assume by contradiction α1 ̸= β1; so we can take without loss of generality α1 > β1. 
So we get

qα1−β1(1 + qα2−α1) = (1 + qβ2−β1), (23)

where all the exponents are non-negative. If we reduce (23) modulus q we get (1 +
qβ2−β1) ≡ 0 (mod q). If qβ2−β1 ̸= 1 this gives 1 ≡ 0 (mod q), a contradiction. So it 
must be β2 = β1 and we get 2 ≡ 0 (mod q), which is possible only if q = 2. However 
in this case (23) becomes

2α1−β1(1 + 2α2−α1) = 2,

which forces α2 = α1 and α1 = β1, contradicting the hypothesis. So α1 = β1 and, 
consequently, α2 = β2.

• Suppose 2 < t < q − 1 By induction hypothesis, the condition

t ∑︂
i=1 

qαi =
t ∑︂

i=1 
qβi ⇔ (α1, . . . , αt) = (β1, . . . , βt)

holds. We claim that it also holds for t + 1 ≤ q terms. If 
∑︁t+1

i=1 q
αi =

∑︁t+1
i=1 q

βi

with αt+1 = βt+1, then, subtracting on the left and right hand side qαt+1 and then 
applying the inductive hypothesis we get (α1, . . . , αt) = (β1, . . . , βt) and we are done. 
Suppose then αt+1 ̸= βt+1 and assume without loss of generality βt+1 ≤ αt+1 − 1
and that, by contradiction,

t+1 ∑︂
i=1 

qαi =
t+1 ∑︂
i=1 

qβi .

Observe that for all 1 ≤ i ≤ t + 1 we have qβi ≤ qβt+1 ≤ qαt+1−1 and qαi ≥ q0 = 1, 
so

qαt+1 =
t+1 ∑︂
i=1 

qβi −
t ∑︂

i=1 
qαi ≤

t+1 ∑︂
i=1 

qαt+1−1 −
t ∑︂

i=1 
1 = (t + 1)qαt+1−1 − t.

Since 0 < t+ 1 ≤ q this implies qαt+1 ≤ qαt+1 − t which is a contradiction. It follows 
that it must be αt+1 = βt+1. This completes the proof. □

Proposition 3.10. The sets E and D defined in (18) and (19) are in bijective correspon
dence.
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Proof. We need to prove that the map defined in (20) is a bijective correspondence.
Injectivity follows from Lemma 3.9. For the surjectivity, 0 ∈ D is uniquely mapped to 

0 ∈ E. If θ ∈ E and θ ≥ 1, by definition of D there exists a matrix M ∈ Mn+q(q) \ ⟨I⟩
with θM = θ where νM = (q − 1)θM is the number of its eigenvectors. By Lemma 3.9
the list (g1, . . . gt) of the dimensions of the eigenspaces of M is uniquely determined 
by νM . In particular g1, . . . , gt must satisfy 1 ≤ t ≤ q and 

∑︁t
i=1 gi ≤ n + 1. We can 

take without loss of generality gi ≤ gj if i ≤ j. So there is (g1, . . . , gt) ∈ D such that 
φ(g1, . . . , gt) = θM . □

Part 1 of Theorem 1.2 follows from Proposition 3.10 and Corollary 3.6.
We now prove Part 2 of Theorem 1.2. Recall that an automorphism of a code C (Λ)

is a linear map C (Λ) → C (Λ) preserving the weights of all of the codewords; see [21].

Proposition 3.11. The code C (Λ1) admits the group PGL(n + 1, q) as an automorphism 
group acting transitively on the components of the codewords.

Proof. We need to distinguish two cases.

(A) p ∤ (n + 1) In this case Mn+1(q)/⟨I⟩ ∼ = M0
n+1(q); see [14, Lemma 1.5] Since the 

group GL(n+ 1, q) acts by conjugation on M0
n+1(q) and the kernel of this action is 

given by the scalar matrices ⟨I⟩, the group of transformations induced by GL(n+1, q)
on M0

n+1(q) is isomorphic to PGL(n + 1, q). By Proposition 3.4 and the proof of 
Corollary 3.5, C (Λ1) and M0

n+1(q) are isomorphic as vector spaces and for any 
codeword c ∈ C (Λ1) there exists M ∈ M0

n+1(q) such that c = c𝔪, where 𝔪 ∈
M∗

n+1(q) and 𝔪(X) = Tr(XM).
For g ∈ GL(n + 1, q), consider the action ϕ on C (Λ1) given by c → cg where cg

is cg = c𝔪g with 𝔪g(X) := Tr(Xg−1Mg). Clearly, Tr(M) = Tr(g−1Mg) = 0; so 
cg ∈ C (Λ1).

The map ϕ is linear, since for any two codewords c1, c2 induced respectively by 
matrices M1 and M2 with functionals 𝔪1 and 𝔪2 we have, for any α, β ∈ Fq

(αc1 + βc2)g = ((α𝔪1 + β𝔪2)g(X1), . . . (α𝔪1 + β𝔪2)g(XN )) =

(Tr(X1g
−1(αM1 + βM2)g), . . . , (Tr(XNg−1(αM1 + βM2)g)) =

(Tr(αX1g
−1M1g + βX1g

−1M2g), . . . , (Tr(αXNg−1M1g + βXNg−1M2g)) =

α(Tr(X1g
−1M1g), . . . ,Tr(XNg−1M1g))+

β(Tr(X1g
−1M2g), . . . ,Tr(XNg−1M2g)) =

α(𝔪g
1(X1), . . . ,𝔪g

1(XN )) + β(𝔪g
2(X1), . . . ,𝔪g

2(XN )) = αcg1 + βcg2. 

Since the number of eigenvectors of M and that of g−1Mg is the same and, by Corol
lary 3.6, the weight of a codeword depends on the number of eigenvectors defining 
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it, the weight of cg is the same as that of c. Finally, since the group PGL(n + 1, q)
acts flag-transitively on the geometry PG(V ), it is also transitive on the geometry 
Γ̄ and, consequently, by the homogeneity of the embedding ε̄, also on the projective 
system Λ1. This completes the proof of this case.

(B) p | (n + 1) By Proposition 3.4, ev/⟨I⟩ : Mn+1(q)/⟨I⟩ → C (Λ1) is a vector space 
isomorphism but in this case we cannot identify Mn+1(q)/⟨I⟩ with M0

n+1(q). The 
group GL(n + 1, q) acts on the space Mn+1(q) by conjugation and since ⟨I⟩ is 
fixed (element-wise) by this action, it also acts on Mn+1(q)/⟨I⟩ by considering the 
action on the equivalence classes. Indeed for any ⟦M⟧ ∈ Mn+1(q)/⟨I⟩ we have 
⟦M⟧ = {M +λI : λ ∈ Fq}; as g−1(M +λI)g = g−1Mg+λI for any g ∈ GL(n+1, q), 
we have that the map ⟦M⟧ → ⟦M⟧g := ⟦g−1Mg⟧ is well defined. The kernel of 
this action is given by ⟨I⟩; so PGL(n + 1, q) = GL(n + 1)/⟨I⟩ acts faithfully on 
Mn+1(q)/⟨I⟩. As in Case (A), this induces an action on the components Xi of the 
codeword c⟦M⟧ = (Tr(X1M), . . . ,Tr(XNM)) by c⟦M⟧ → cg⟦M⟧ := c⟦M⟧g and this 
action is linear. It remains to prove that the action is an isometry. However, the 
weight of the codeword c⟦M⟧ depends only on the number of eigenvectors of any 
matrix in ⟦M⟧ (and all such matrices have the same number of eigenvectors). As 
conjugate matrices have also the same number of eigenvectors, it follows that the 
weight of cg⟦M⟧ = c⟦M⟧g is the same as the weight of c⟦M⟧. This completes the 
proof. □

Remark 1. The automorphism group of a code over Fq always contains a cyclic subgroup 
isomorphic to F∗

q in its center, acting on the words by scalar multiplication. As PGL(n+
1, q) has a trivial center, we can see that the automorphism group of C (Λ) must be the 
direct product PGL(n + 1, q) · F∗

q . Observe however that the action of this group is not 
the action of GL(n + 1, q) by conjugation and that the action of PGL(n + 1, q) on the 
codewords is different in the case p ∤ (n + 1) and p | (n + 1).

3.4. Proof of Theorem 1.3

In 2025, Pasini [25, Theorem 1.5] proved that all hyperplanes of the point-hyperplane 
geometry Γ̄ of PG(V ) are maximal subspaces; so point 1 of Theorem 1.3 follows imme
diately from Proposition 2.5.

Remark 2. We point out that the minimality of C (Λ1) does not follow directly from the 
Ashikhmin and Barg Condition (2) of Section 2.3. Indeed, in order to apply Condition (2)
to test a code for minimality we need to know the minimum and the maximum weight 
of the codewords. These are known or C (Λ1), thanks to Theorem 1.2 and Corollary 3.6
and turn out to be wmax = qn−1(qn+1 − 1)/(q − 1) and wmin = qn−1(qn − 1). However,

wmax

wmin
= (qn+1 − 1) 

(q − 1)(qn − 1) >
q

q − 1 .
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The following is an elementary remark on matrices of rank 1.

Lemma 3.12. A rank 1 matrix M ∈ Mn+1(q) is diagonalizable if and only if Tr(M) ̸= 0.

Proof. Suppose M is diagonalizable of rank 1. Clearly, the eigenspace V0 of 0 must have 
dimension n. So there must also be another eigenspace Vλ of dimension 1 associated to 
a non-zero eigenvalue λ. The trace of the diagonalized matrix is thus λ ̸= 0 and, since 
similar matrices have the same trace, also Tr(M) = λ ̸= 0. Suppose now M has rank 
1 and it is not diagonalizable. Choose a basis (e1, . . . , en+1) of Fn+1

q where the first n
vectors belong to the kernel of M . So, up to conjugation, we can assume without loss of 
generality that only the last column of M contains non-zero entries. The characteristic 
polynomial pM (λ) of such a matrix M is (−λ)n(mn+1,n+1 −λ). If it were mn+1,n+1 ̸= 0, 
then M would have one further eigenvalue with eigenspace of dimension (at least) 1; so 
M would be diagonalizable, a contradiction. It follows that it must be mn+1,n+1 = 0; 
consequently, Tr(M) = 0. □
Proposition 3.13. Any minimum weight codeword of C (Λ1) corresponds to a hyperplane 
of the form [N⊥f ] where N is a matrix of rank 1 and trace different from 0.

Proof. By Lemma 3.8, any minimum weight codeword corresponds to a hyperplane 
[M⊥f ] where M is a diagonalizable non-scalar (n + 1)-square matrix having two 
eigenspaces of dimensions n and 1. Denote by λ1 and λ2 the two eigenvalues of M . 
By Proposition 2.8 we have [M⊥f ] ∩ Λ1 = [(M − λ1I)⊥f ] ∩ Λ1. Put N := M − λ1I. So, 
by Proposition 3.4, N and M determine the same codeword. Clearly, N has eigenvalues 
0 = λ1 −λ1 and λ2−λ1 with multiplicities n and 1. Thus, N is diagonalizable with rank 
1. By Lemma 3.12, this implies that N has trace different from 0. □
Proposition 3.14. Any second lowest weight codeword of C (Λ1) corresponds to a hyper
plane of the form [N⊥f ] where N is a (non-diagonalizable) matrix of rank 1 and trace 
0.

Proof. By Lemma 3.8 and Proposition 3.13 the minimum weight codewords occur when 
M has rank 1 and trace different from 0, i.e. M has rank 1 and is diagonalizable; in 
this case θ = θmin = qn−1

q−1 + 1. Suppose now that N is a non-diagonalizable matrix of 
rank 1. By Lemma 3.12, this is the same to say that N has rank 1 and trace 0. Then, 
θN = qn−1

q−1 = θmin − 1. It follows from Corollary 3.6 that N determines a codeword with 
second lowest weight.

Conversely, suppose that N defines a codeword with the second lowest weight. By 
Corollary 3.6, θN = θmin − 1 = qn−1

q−1 . By Proposition 3.4, we can replace N with N −λI

where λ is the eigenvalue of N whose eigenspace has the highest dimension. If N has 
rank 1, i.e. just one eigenspace, then we are done. Otherwise, suppose that N has t > 1
eigenspaces and let d1 = (n + 1) − rank (N) ≥ d2 ≥ · · · ≥ dt be the corresponding 
dimensions. Clearly, d1 < n. Counting the eigenvectors of N we have that the following 
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must hold νN =
∑︁t

i=1(qdi − 1) = qn − 1, that is νn = qd1 + qd2 + · · · + qdt = qn + t− 1. 
On the other hand

qd1 + qd2 + · · · + qdt ≤ qd1 + qd1−1 + · · · + 1 = qd1+1 − 1
q − 1 

≤ qn − 1
q − 1 

< qn − 1 + t.

This is a contradiction. So, it must be t = 1 and N has rank 1. □
Propositions 3.13 and 3.14 give a geometrical interpretation for the minimum and 

the second lowest weight codewords. Note also that a matrix N of rank 1 determines 
a minimum weight codeword of C (Λ1) if and only if [N ] ̸∈ Λ1 while it determines a 
codeword with the second lowest weight if and only if [N ] ∈ Λ1. 

By Section 2.7, the quasi-singular hyperplanes of Γ̄ are in correspondence with ma
trices of rank 1. By Proposition 3.13, any minimum weight codeword corresponds to 
a matrix of rank 1 and trace different from 0. Hence any minimum weight codeword 
of C (Λ1) corresponds to a quasi-singular hyperplane H := H([x],[ξ]) of Γ̄ defined by a 
matrix x ⊗ ξ with non-null trace. This last condition amounts to say that [x] ̸∈ [ξ], i.e. 
H is a quasi-singular but not singular hyperplane of Γ̄.

Take now a codeword having second lowest weight. By Proposition 3.14, it is in cor
respondence with a quasi-singular hyperplane H ′ := H([y],[η]) of Γ̄ defined by a matrix 
y ⊗ η with null trace. This last condition amounts to say that [y] ∈ [η], i.e. H ′ is a 
singular hyperplane of Γ̄. Part 2 of Theorem 1.3 is proved.

We now focus on the maximum weight codewords. By Corollary 3.6 we immediately 
have

Proposition 3.15. Maximum weight codewords have weight qn−1(qn+1 − 1)/(q − 1) and 
correspond to hyperplanes of the form [M⊥f ] where M has no eigenvalues in Fq.

By Proposition 2.13, a hyperplane HM of Γ̄ is of spread-type if and only if M is 
a matrix having no eigenvalue in Fq and M2x ∈ ⟨x,Mx⟩ for any x ∈ V \ {0}. By 
Proposition 3.15, maximum weight codewords have weight qn−1(qn+1−1)(q−1) achieved 
for θM = 0 and correspond to hyperplanes [M⊥f ] where M has no eigenvalues in Fq. So, 
any spread-type hyperplane of Γ̄ arising from the Segre embedding ε̄ of Γ̄ is associated 
to a maximum weight codeword.

The following proposition provides conditions for the converse.

Proposition 3.16. Any maximum weight codeword of C (Λ1) corresponding to a matrix 
M ∈ Mn+1(q) \ ⟨I⟩ such that the minimal polynomial of M is irreducible of degree 2 is 
a spread-type hyperplane of Γ̄.

Proof. Since M is associated to a maximum weight codeword, by Proposition 3.15 M

has no eigenvalue in Fq. By hypothesis, the minimal polynomial of M is an irreducible 
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polynomial over Fq of the form pM (x) := x2+αx+β, for α, β ∈ Fq. Then M2+αM+βI =
0. So, M2v = −αMv − βv,∀v ∈ V . Hence, M2v ∈ ⟨Mv, v⟩ and, by Proposition 2.13, 
HM is a spread-type hyperplane of Γ̄. □

Theorem 1.3 is proved. □
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