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Let V' be a vector space over the finite field IF; with g elements
and A be the image of the Segre geometry PG(V) ® PG(V*)
in PG(V ® V*) under the Segre map. Consider the subvariety
A1 of A represented by the pure tensors x ® £ with x € V' and
& € V* such that {(z) = 0. Regarding Ay as a projective
system of PG(V ® V*), we study the linear code % (A1)
arising from it. We show that ¢ (A1) is a minimal code and
we determine its basic parameters, its full weight list and
its linear automorphism group. We also give a geometrical
characterization of its minimum and second lowest weight
codewords as well as of some of the words of maximum weight.
© 2025 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Following [29], an interesting and very geometric way to construct linear codes is to
start from a projective system, that is a spanning set of points in a finite projective space.
Indeed, if Q is a set of NV distinct points of an n-dimensional projective space over a finite
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field F, then it is possible to construct a projective code €'(£2) out of Q by taking the
coordinate representatives (with respect to some fixed reference system) of the points of
Q as columns of a generator matrix.

In general, €' () is not uniquely determined by 2, but it turns out to be unique up to
monomial equivalence; as such its metric properties with respect to Hamming’s distance
depend only on the set of points under consideration. With a slight abuse of notation,
which is however customary when dealing with such projective codes, we shall speak of
% (Q) as the code defined by Q = {[v1], [v2],...,[vn]} where the v;’s are fixed chosen
vector representatives of the points of the projective system.

The parameters [N, k, d] of € () depend only on the point set €2: clearly, the length
N is the size of © and the dimension k is the (vector) dimension of the subspace spanned
by Q. The spectrum of the cardinalities of the intersections of {2 with the hyperplanes
of PG((£2)) is used to determine the list of the weights of the code; in particular, the
minimum Hamming distance d of €(2) is

d:N—m}z}X|QﬂH|, (1)

as H ranges among all hyperplanes of the space PG((€)); we refer to [29] for further
details.

This approach for obtaining codes from projective systems has been effectively ap-
plied to construct and study several families of projective codes, such as, for example,
Hermitian codes [7] Grassmann codes [19,23], Schubert codes [18,20], polar Grassmann
codes [8-10,13].

In this paper we shall consider one family of projective codes arising from a special sub-
variety of a Segre variety corresponding to the Segre embedding of the point-hyperplane
geometry of PG(V).

Suppose that V is an (n+ 1)-dimensional vector space over a finite field F, and let V*
be its dual. The tensor product V ® V* can be identified with the vector space M,,11(q)
of all square matrices of order n + 1 with coefficients in F,.

The Segre variety A of PG(V ® V*) =2 PG(M,,11(q)) is the variety whose point set
consists of those projective points represented by pure tensors z ® £ with x € V and
& € V* ie. by (n+ 1)-square matrices of rank 1 in PG(M,11(q)). Another way of
defining A is to regard it as the image under the Segre map of the Segre geometry
I' =PG(V) @ PG(V*); see Section 2.4 for more information.

The linear code ¥(A) arising from A has been introduced and extensively studied
in [5]. In particular, not only the minimum distance but also the full Hamming weight
distribution of €’(A) is known (see [5, § 4]), as well as its higher Hamming weights.

Here, we investigate the subvariety A; of the Segre variety whose point set is repre-
sented by (n+ 1)-square matrices of rank 1 having null trace, or equivalently, defined by
the pure tensors x ® £ with € V and £ € V* such that £(x) = 0.

As mentioned before, the variety A; can also be regarded as the image under the
Segre embedding of the point-hyperplane geometry of PG(V) (also called the long root
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geometry T for the special linear group SL(n + 1,q)). Briefly, the points of T' are the
point-hyperplane pairs (p, H) of PG(V) where p € H. We refer to Section 2.5 for more
information on T.

We focus on the linear code € (A;) constructed as explained at the beginning of
the Introduction, starting from the projective system A;. We determine the parameters
of € (A1) and its full weight list, as well as a description of its linear automorphism
group; see [21] for the definitions. We prove that €' (A1) is a minimal code and we give
a complete geometric characterization of the words having minimum weight and second
lowest weight. We also characterize a remarkable family of words of maximum weight.

The following are the main results of the paper.

Theorem 1.1. Suppose V' is an (n+1)-dimensional vector space over Fy and let Ay be the
projective system of PG(V ® V*) whose points are represented by the pure tensors x ® £
such that £(x) = 0. The [Ny, k1, d1]-linear code € (A1) associated to Ay has parameters

n—i—l_l n_1
Ny = (q )(q )’ ki = n2 + 2n, dy = @1 — gL,

(g—1)2

A direct consequence of Theorem 1.1 is that lim,, . ]a\l,—ll = 1; so, the asymptotic min-
imum distance for these codes is actually good, even if the information rate lim,, o ]Ii,—ll
goes to 0.

The following theorem gives information on the weight list of € (A1) as well as its
automorphism group.

Theorem 1.2. Let € (A1) be the linear code introduced in Theorem 1.1. The following
hold.

1. The set of weights of € (A1) is in bijective correspondence with the set

t

{9 Y gi<n+1,1<g < <g<n+1, 1<t<qU{0}.
=1

2. The code admits an automorphism group isomorphic to the central product PGL(n +
Lq) F,.

Many properties of the geometry T’ will play a crucial role in giving information on
the structure of the code €' (A;) arising from A;.

In particular, the concept of geometrical hyperplane of T' arising from an embedding
recalled in Section 2.2 will be used to characterize codewords having minimum, second
lowest or maximum weight in geometric terms. We refer to Section 2.6 for the definition
and description of the hyperplanes of T' mentioned in Theorem 1.3.
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Theorem 1.3. Let € (A1) be the linear code introduced in Theorem 1.1. The following
hold.

1. €(A1) is a minimal code.

2n=1_gn=1 and correspond to

2. The minimum weight codewords of € (A1) have weight q
the quasi-singular but non-singular hyperplanes of the point-hyperplane geometry T.
These hyperplanes arise from (diagonalizable) matrices of rank 1 and non-null trace.

The second lowest weight codewords of € (A1) have weight ¢*"~1 and correspond to
the singular hyperplanes of T. They arise from (non-diagonalizable) matrices of rank
1 and null trace.

3. The mazimum weight codewords of € (A1) have weight ¢" 1(¢"*! —1)/(¢ — 1) and
correspond to matrices admitting no eigenvalue in F,. Every spread-type hyperplane
of T is associated to a mazimum weight codeword. Conversely, those mazimum weight
codewords arising from matrices having a minimal polynomial of degree 2 are associ-

ated to spread-type hyperplanes of T.
1.1. Organization of the paper

In Section 2 we will set the notation (Subsection 2.1) and recall all the basics
we need about embeddings of geometries (Subsection 2.2), minimal codes (Subsec-
tion 2.3), the Segre geometry (Subsection 2.4), the point-hyperplane geometry T' of
PG(V), its embeddings (Subsection 2.5) and the saturation form (Subsection 2.6). We
will then define the quasi-singular, singular and spread-type hyperplanes of T (Subsec-
tion 2.7).

Section 3 is focused on the code arising from the variety A; of the pure tensors z ® &
with 2 € V and £ € V* such that £(z) = 0 and here we will prove Theorems 1.1, 1.2 and
1.3.

2. Notation and basics
2.1. Notation

Let V = V(n + 1,F,;) be an (n + 1)-dimensional vector space over the finite field
F, and V* its dual. Henceforth we always assume that E = (e;)}7}' is a given basis of
V and E* = (n;)7] is the dual of E; hence a basis of V*. We shall regard a vector
x = Z?;ll e;x; of V, represented by the (n + 1)-tuple (z;)7}' of its coordinates with
respect to F, as a column, namely an (n + 1) x l-matrix.

Similarly, every vector £ = Z?:Jrll &n; € V* is regarded with respect to E* as a
1x (n+1) matrix (£1,&s,...,&+1). Clearly, &x = 0 in terms of the usual row-by-column
product if and only if £(z) = 0, that is Z;’:f ;x; = 0. Henceforth we shall always use
Greek lower case letters to denote vectors of V* (regarded as row vectors) and Roman

lower case letters to denote vectors of V' (regarded as column vectors).
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The tensor product V ® V* is isomorphic to the vector space M, 1(q) of the square
matrices of order n 4 1 with entries in F,. Hence, we will freely switch from the matrix
notation to the tensor notation and conversely, whenever these changes of notation will
be convenient. The elements £ ® E* = {e; ® 1;}1<i j<n+1 form a basis of V @ V*. If
we map e; ® 1; to the elementary matrix e;; whose only non-zero entry is 1 in position
(i,7), we see that this gives the isomorphism ¢: V ® V* — M, 1(q) described by

T1
TREEV RV (& &ng1) € Muya(g),
Tn+41
where
Z1
r = and =& -0 &nt1).
Tn+1

Thus, the tensor x ® £ € V ® V* can be regarded as the column-times-row product z&
and for a matrix M € M, 1(q), the product (M is the scalar obtained as the product
of the row £ times M times the column .

Turning to projective spaces, let PG(n, q) = PG(V) be the n-dimensional projective
space defined by V. When we need to distinguish between a non-zero vector x of V
and the point of PG(V) represented by it, we denote the latter by [z]. We extend this
convention to subsets of V. If X C V\{0} then [X] := {[z]|z € X }. The same conventions
will be adopted for vectors and subsets of V* and V ® V*. In particular, if £ € V*\ {0}
then [¢] is the point of PG(V*) which corresponds to the hyperplane [ker(£)] of PG(V).
In the sequel we shall freely take [€] as a name for [ker(§)]. Accordingly, if 0* € V* is the
null functional, we write [0*] = PG(V') (or, more simply, [0] = PG(V)).

2.2. Embeddings and hyperplanes of point-line geometries

The approach we follow to construct our codes is to start from a point-line geometry
and then embed it into a projective space, so that its image will be a spanning set, hence
a projective system, for the ambient projective space.

More precisely, let I' = (£2,.Z) be a point-line geometry with point set &2, line-set
% and incidence given by inclusion. The collinearity graph Gr of I" is the graph whose
vertices are the points p € & and whose edges are the pairs (p,q) € ¥ x & where p is
collinear with q.

A subspace of a point-line geometry I' is a non-empty subset X of the point set & of
T such that, for every line £ of T, if [¢ N X| > 1 then £ C X. A proper subspace H of T
is said to be a geometric hyperplane of T' (a hyperplane of T for short) if for every line
¢ of T, either £ C H or [N H| = 1. By definition, hyperplanes are proper subspaces of
I" but in general they are not necessarily all mazimal with respect to inclusion among
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all the proper subspaces. An important characterization of maximal hyperplanes is the
following, see [27, Lemma 4.1.1].

Proposition 2.1. A geometric hyperplane H of a point-line geometry I' is a mazimal
subspace if and only if the collinearity graph induced by Gr on & \ H is connected.

For more details we refer the reader to [26] and [27].

A projective embedding €: I' — ¥ in a projective space ¥ is an injective mapping ¢
from the point set & of " to the point set of a projective space ¥ such that €(4?) spans
> and it maps lines of I" onto projective lines of ¥. The dimension of € is the vector
dimension of X.

Given a projective embedding €: I' — X of I and a projective hyperplane W of 3, the
point set # := e~ }(W) C T is a geometric hyperplane of I and e(¢ =1 (W)) = WNe(2).

We say that a geometric hyperplane # of T arises from ¢ if e(#') spans a projective
hyperplane of ¥ and # = ¢ (W) C T for some hyperplane W of ¥. Note that, in
general, it is possible that there are many hyperplanes of I' which do not arise from any
embedding.

2.3. Minimal codewords and minimal codes

Let € = €(Q2) be a projective [N, k, d]-code, where Q C PG(k — 1,¢) is the defining
projective system. For any ¢ = (c1,...,cn) € € the support of ¢ is the set supp(c) = {i :
¢; # 0}. Write also supp®(c) :={i: ¢; =0} ={1,..., N} \ supp(c).

Massey in 1993 [22] introduced the notion of minimal codewords (or minimal vectors)
in a code, in order to devise an efficient secret sharing scheme. Minimal codewords have
also numerous applications besides cryptography; e.g. they are relevant for bounding the
complexity of some decoding algorithms; see [4].

Minimal codewords and minimal codes are defined as follows.

Definition 2.2. A codeword ¢ € € is minimal if
V¢ € € :supp(c’) Csupp(c) = INEF, : ¢ = Ae.
A code is minimal if all its codewords are minimal.

Minimal codes have been extensively investigated, since they are also amenable to
efficient decoding [4], see also [15,2,3,6,12].

Ashikhmin and Barg in 1998 [4] determined a well-known and widely used sufficient
condition for a code € to be minimal:

wmax < q (2)

Wmin q— 17
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where Wiy, and wpax are respectively the minimum and the maximum weight of the
non-null codewords of %. The aim is to determine codes which are minimal but do not
satisfy condition (2); see e.g. [6].

The notion of strong or cutting set has been introduced in [16].

Definition 2.3. Let @ C PG((f2)) be a projective system. Then € is a cutting set (with
respect to the hyperplanes) if and only if for any hyperplane H of PG((£2)),

(HNQ) = H.

In 2021 Alfarano et al. [1] proved that projective minimal codes and cutting sets with
respect to hyperplanes are equivalent objects (see also [28]).

Relying on the notion of cutting sets and on Proposition 2.1, we have proved in [12]
the following.

Proposition 2.4. Let T' := (£,.%) be a point line geometry and ¢ : T — PG(V) a
projective embedding. If the graph induced on the vertices 2\ e~*(H) by the collinearity
graph of T is connected for any hyperplane H of PG(V'), then the projective code € (e(T))
is minimal.

Proposition 2.5. Suppose that T’ = (£, L) is a point-line geometry where every geometric
hyperplane is a mazimal subspace. Then the projective code € (e(T')) is minimal, for any
projective embedding € of T'.

2.4. The Segre geometry and its natural embedding

Suppose PG(V;) and PG(V3) are two given projective spaces having respective point
sets &2 and &5 and respective line sets & and %. The Segre geometry (of type
(dim(PG(V1)),dim(PG(V3)))) is defined as the point-line geometry I'" having as point
set the Cartesian product &1 x &5 and as line set the following set:

{{p1} xla:p1 € P10y € Lo} U{ly x {p2}: l1 € L p2 € P}

incidence is given by inclusion. It is well known that this geometry, which can be regarded
as the product PG(V1) @ PG(V2), admits a projective embedding (the Segre embedding)
in PG(V4 ® V2) mapping the point ([p], [¢]) € 1 x P2 to the projective point [p R ¢] €
PG(V1 ® V). This embedding lifts the automorphism group PGL(V;) x PGL(V3) of T to
act on PG(V; ® V3). The geometric hyperplanes of the Segre geometries have been fully
classified and described; see [30].

In this paper we shall be concerned with the case where Vi = V(n+1,F,) and Vo = V;*.
Thus, the points of T are all the ordered pairs ([p], [(]) where [p] and [¢] are respectively
a point and a hyperplane of PG(n,q). We will denote by & the Segre embedding of T’
in PG(V ® V*), also called the natural embedding of T'. Since V' ® V* is isomorphic to
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the vector space M, ;1(q) of the square matrices of order n + 1 with entries in F, (see
Subsection 2.1), the Segre embedding is given by

e: ' = PG(Mn11(q)), e(([z], [€])) = [z @ &]. (3)

The linear automorphism group PGL(V) ® PGL(V*) of T' acts on the pure tensors of
PG(Mni1(q)) as

([M],[N]) : [zr®¢&] = [Mz ®&N], V[M],[N] € PGL(n+1,q)

and this action extends to all of PG(M,41(g)) by linearity. The pure tensors z ® £ €
VeV* with0#2x €V and 0 # £ € V* yield the matrices of M,,11(q) of rank 1. With x
and £ as above, let [z] and [¢] be the point and the hyperplane of PG(n, ¢) represented by
x and £. Then the point set of T is precisely the set {([z], [¢]), [z] € PG(V), [¢] € PG(V*)}
and the image of I' under the Segre embedding is

A=e(l) = {lz@{]: 2] € PG(V), [{] € PG(VT)}, (4)

also called the Segre variety of PG((n+1)? — 1, q). Accordingly, A is represented by the
set of all (n 4 1)-square matrices of rank 1.

Regarding A as a projective system of PG(M,,11(q)), we can consider the linear code
% (A) defined by it. This is called the Segre code. It is easy to determine the length N
and the dimension & of it. Indeed, N is the number of point-hyperplane pairs of PG(n, q)
and k is the dimension of the Segre embedding. The minimum distance as well as the
full weight enumerator is also known.

Proposition 2.6 (See [5]). €(A) is an [N, k,d]-code with

_(qnﬂ—l) (qnﬂ—l) —(n 2 _ 2n
A e R v R A

2.5. The point-hyperplane geometry of a projective space

Let T be the subgeometry of ' having as points, all the points (p, H) of T with the
further requirement that p € H. Two points are collinear in T' if and only if they are
collinear in T'; explicitly, the points (p, H) and (p/, H') are collinear in I if and only if
p€ H orp € H.

If p := [z] and H := [¢], then the point ([z],[£]) of T is a point of T' if and only if
£(x) = 0. The geometry T is called the point-hyperplane geometry of PG(V) or, also, the
long root geometry for the special linear group SL(n + 1,F,). The linear automorphism
group of T is PGL(n + 1, ¢) and it acts transitively on the points of r.

The group PGL(n + 1, ) lifts through the Segre embedding (see Definition (3)) € to
a subgroup of the automorphism group PGL(n? + 2n, q) of PG(M,,+1(q)). In particular,
it acts on the pure tensors as follows



I. Cardinali, L. Giuzzi / Finite Fields and Their Applications 111 (2026) 102766 9

9([z],[€]) — [9z®&g7"], ¥g € PGL(n+1,9) ()

and this action can be extended to all elements of PG(M,41(q)) by linearity. Conse-
quently, PGL(n+1, ¢) acts on the matrix representatives of the elements of PG(M,,+1(q))
by conjugation and its projective orbits correspond to the conjugacy classes of matrices
up to a non-zero proportionality coefficient. The following is trivial.

Proposition 2.7. Suppose x € V and § € V*. The vector x @ £ € V ® V*, regarded as an
(n + 1)-square matriz of rank 1, is null-traced if and only if £(x) = 0.

Denote by MY ;(q) the hyperplane of M, 11(q) of null-traced square matrices of order
n+ 1, then by Proposition 2.7 we have e ~}(M2, , (q)) = T. So, according to Section 2.2,
T is a geometric hyperplane of T arising from ¢; in the terminology of [30, Lemma 3], I is
a so-called black hyperplane of T'; all black hyperplanes of I' correspond to subgeometries
of T isomorphic to T, but these hyperplanes do not arise, in general, from . We point
out that MY ,(q) is also the module which hosts the adjoint representation of the special
linear group SL(n + 1,F,).

Let now & be the projective embedding of T' obtained as the restriction elp of € to I.
From Proposition 2.7 we have

&: T = PG(Myy,(q), e(([=], [€)) = [+ ® €]. (6)

This is a projective embedding of ' with dimension dim(&) = dim(M?,,(¢q)) = (n +
1)2 — 1. Define

Ay :=E&(T) = {[z®¢]: [z] € PG(V),[¢] € PG(V*) and [z] € [¢]}. (7)

Suppose now that F, admits non-trivial automorphisms and take ¢ € Aut (F,), o # 1.
It is possible to define a ‘twisted version’ &, of € as follows (see [17] and [25]):

Eo: I' = PG(Myy1(q), &6(([2], [€]) = [27 @ ¢&],

where 7 := (2;7)"%'. The map &, is again a projective embedding of T' with dimension

dim(&,) = (n + 1)%. Put now

Ag =& (I) = {[z” ®¢]: [2] e PG(V), [¢] € PG(V7) and [2] € [¢]}. (8)

In this paper we shall study in detail the properties of the projective system A; since
we want to construct a linear code from it. In the forthcoming paper [11], which is a
direct continuation of the present work, we shall focus on A, and on the code arising
from it. As we will soon illustrate, many properties of the geometry I' play a crucial
role in providing information on the structure of the code arising from A;. In particular,
some families of geometric hyperplanes arising from & will be used to characterize in
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geometrical terms all the codewords having minimum weight, second lowest weight and
some codewords having maximum weight.

2.6. The saturation form

Let f: My41(q) X My+1(q) — F, be the non-degenerate symmetric bilinear form
defined as

f(X,Y):TI‘(XY)7 VXaYEMnJrl(Q)a (9)

where XY is the usual row-times-column product and Tr(XY") is the trace of the matrix

XY. So, with X = (z;;)7'/2; and Y = (yi;)}'}2; we have

f((mld)zj— 1> (Yis) 1] ) lejyjl

Note that this definition does not depend on the choice of the basis of M, 1(q). The
form f is called the saturation form of M,11(q) (see [25]).

Denote by L the orthogonality relation associated to f. Since f is nondegenerate, the
hyperplanes of M, 1(q) are the orthogonal spaces M*+ = {X € M, 1(q): Tr(XM) =
0}, for M € M,11(q) \ {O} and, for two matrices M, N € M,11(q) \ {O}, we have
M5 = Nts if and only if M and N are proportional matrices.

By Definition (9), it is clear that I*7 = M2, (g), where I is the identity matrix.
Therefore, for M € M,41(q) \{O}, we have M+ = M?_ ,(q) if and only if M = X with
A € F,\{0} i.e. M is a non-null scalar matrix. Hence, every hyperplane of MY, (g) can be
obtained as M2, ,(¢)NM=*7 =I5 N ML/ for a suitable matrix M € M,41(q), M & (I).
In terms of projective spaces, for M € M,1(q) \ (I), [M*7 N M2, (g)] is the projective
hyperplane of [M?_(g)] corresponding to the hyperplane M*f N M2, (q) of M2, (q).

The next result follows from well-known properties of polarities associated to non-
degenerate reflexive bilinear forms; see [25, Proposition 2.1].

Proposition 2.8. For M, N € M,1(q)\{O}, we have M+ N M2, ,(q) = N**NM?, (q)
if and only if (M,I) = (N,I).

The orthogonal space of a pure tensor, namely the orthogonal space of a matrix of
rank 1, admits an easy description. Indeed,

Proposition 2.9. Let x € V' \ {0}, £ € V*\ {O} and M € M,,11(q). Then x ® £ € M++
if and only if EMx = 0.

Proof. By definition, M/ = {X € M, 1(q): Tr(XM) = 0}. Hence z ® £ € M7 if
and only if Tr((z€§)M) = 0 if and only if Tr(x(§M)) = 0. By Proposition 2.7, this is
equivalent to ((M)(x) = 0. Turning to projective spaces, this means that the projective
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point [z] belongs to the hyperplane [EM] if M # 0 or that it (trivially) belongs to the
space PG(V) =[0"]if M =0. O

In more geometrical terms, by Proposition 2.9 we have that the point [z ® £] is con-
tained in [M*7] if and only if the point [z] is contained in the hyperplane [¢M].

2.7. Hyperplanes of T

In this section we will briefly recall from [24] and [25] the most significant results
related to the hyperplanes of T' arising from the embedding .

Take M € M, 1(q) \ (I) and let & be the Segre embedding of T', as defined in (6).
Then

Aag = (M0 MY (q)]) = & ({X] € PO(MY, 1 () TH(XM) = 0})

is a geometric hyperplane of T called a hyperplane of plain type, as defined in [25]. By
Proposition 2.8, given any two matrices M and M’ we have 4, = 74, if and only if
M = oM’ + BI with (a, 8) # (0,0).

Recall now the definition of hyperplanes of I' arising from an embedding from Sec-
tion 2.2.

Proposition 2.10. /25, Corollary 1.7] The hyperplanes of I which arise from the Segre
embedding € are precisely those of plain type.

Take p € PG(V), A€ PG(V*). Put A, :={(p,H) :p€ H} and #4 :={(z,A): z €
A}. Then,

Hy 4 = {(z,H): (z,H) collinear (in T') with a point of .#, U .#4} (10)

is a geometric hyperplane of T, called the quasi-singular hyperplane defined by (p,A). If
p € A, then 2, 4 is called the singular hyperplane with deepest point (p, A) and consists
of all points of T’ not at maximal distance from (p, A) in the collinearity graph of T.

Proposition 2.11. The following hold.

1. The cardinality of the singular hyperplanes of T is

("' ="' =1) =1,

+ q (11)
(¢ —1)? q—1
2. The cardinality of the quasi-singular but not singular hyperplanes of T is
(@ -1 -1  g" -1 1
+ +1)¢" . 12)
(¢ —1)? (qfl (
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Proof. Suppose 7, 4 with p € PG(V) and A € PG(V*) is a quasi-singular hyperplane
of T'. In order to determine the cardinality | 5%, 4| of 7, 4, we will first count the number
|C(#,.4)| of points (r,S) € T such that (r,S) & 5, 4. By Definition (10), |C(, 4)|
is precisely the number of points of I not collinear with any point in My U M 4. Then,
|7, 4| is the difference between the number of points of I' and |C(.%, 4)|, that is

1) (gt - 1)

(g
JC, Al =
| Hp,al q—1 q—1

— |C(H,a)].

Suppose p € A, i.e. J, 4 is a quasi-singular, non singular hyperplane of I'. We have
that (r, S) is not collinear with any point in #,U.# 4 if and only ifr ¢ A, p & S and r # p.
More in detail, the number of points r € PG(V) different from p and not contained in A
is W —1=¢" —1 and the number of hyperplanes S € PG(V*) through the

n n—1
point r and not containing p is (q_l)q__# =q" 1. So, |C(H#;),4)| = ¢ — gL

Now suppose p € A, i.e. 5, 4 is a singular hyperplane of I'. We have that (r,S)
is not collinear with any point in .4, U .#4 if and only if » ¢ A and p ¢ S. So,

Oy )| = (WD @Dy (@ =D) (" o)) — 201 The claim follows. O

The following theorem describes the quasi-singular hyperplanes of T.

Proposition 2.12. [25, §1.8] Take [z] € PG(V) and [{] € PG(V*). The quasi-singular
hyperplane ;) (¢ is the hyperplane of plain type Hy where M = x€.

By Proposition 2.12, there is a one-to-one correspondence between quasi-singular hy-
perplanes of I' and proportionality classes of matrices of rank 1.

In particular, all quasi-singular hyperplanes are hyperplanes of plain type arising
from matrices M of rank 1 and, conversely, for each matrix M € M,,11(q) of rank 1 the
hyperplane of plain type %}, is quasi-singular.

Suppose S is a line spread of PG(V'), that is a family of lines of PG(V') such that
every point of PG(V) belongs to exactly one member of S. We say that S admits a
dual if there exists a line spread S* of PG(V*) such that for every line £* € S* (i.e. for
every 2-codimensional subspace of PG(V)), the members of S contained in ¢*, form a
line spread of ¢*; see [25]. A line spread S admits at most one dual spread S*, see [25,
Lemma 1.9]. In [25] it is proved that if a line spread S admits a dual S*, then it is
possible to define a geometric hyperplane g g+ of I as follows

Hssy ={p,H)el: HDl}={(p,H)€T: pe Ly} (13)
where ¢, is the unique line of S through p and Ly € S* is the unique 2-codimensional

subspace of PG(V) contained in H. The hyperplane (g g-) is called a spread-type hy-
perplane of T.
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Proposition 2.13. /25, Theorem 1.14] A hyperplane 7 of plain type is of spread-type if
and only if M admits no eigenvalue in Fy and M?x € (x, Mz) for every non-zero vector
zeV.

3. The code ¥ (A1) from the Segre embedding

In this section we consider the subcode of the Segre code € (A) defined by the pro-
jective system Ay C PG(MJ,(q)); see Definition (7). We will denote by € (A1) the
[Ny, k1,dq]-linear code arising from A;. The length of this code is the number of point-
hyperplane pairs (p, H) of PG(n,q) with p € H, that is

("t =1)(¢" - 1)

N = (q—1)?

The dimension of @ (A1) is the dimension of the embedding &, so
ky =n?+ 2n.

To determine the weight of the codewords of € (A1) we need to compute the cardi-
nality of A; N [W] where [W] is a hyperplane of [{A1)]. Recall from Section 2.6 that any
hyperplane of PG(V ® V*) can be regarded as the orthogonal subspace [M*¢] of an
(n+1) x (n 4 1)-matrix M with respect to the saturation form f. The next lemma is
crucial. Observe that in this paper, when we speak of eigenvectors of a matrix M we
always mean left eigenvectors; also by ker(M) we mean the set of row vectors £ such
that EM = 0.

Definition 3.1. For any matrix M € M,1(q), denote by vj; the number of eigenvec-
tors of M and by 0y, := % the number of projective points of PG(V*) whose row
representatives are eigenvectors for M.

Lemma 3.2. Let [M1¢] be a hyperplane of PG(V @ V*), for M € M,11(q) \ (I). Then

(" =1(¢" ' =1
(g—1)2

AL N [MY)| = + 0 q" (14)

where Oy is given by Definition 3.1.

Proof. First note that we can write Ay = {&(([z], [€])): [z] € [€]} as a disjoint union

M= L {leeg: 2] e €}

[€]ePG(V™*)

So,
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MM = ] ({leed: R eg}nmMt).
[€]ePG(V™)

By Proposition 2.9, [x®¢] € [M*¢] if and only if [2] € [¢M]. Hence, [z®¢&] € AjN[M 7]
if and only if [z] € [£] and [z] € [€M], i.e.

mnMl= | ({lzed: ] e (EnEMD)).
[1ePG(V)

Turning to cardinalities,

AN = Y (N [eM]l. (15)

[ElePG(V™)

Note that [[¢]N[€M]| = (€] = (=5 it €] € (0] and |[]N[€M]| = U=t otherwise.

On the other hand, [¢] N [¢M] = [€] if and only if EM is a scalar multiple of £, that is £
is an eigenvector of M. Since 6, denotes the number of points of PG(V*) whose vector

representatives are eigenvectors of M we have

n __ n+1_1 n—1 _
Ay (1 [M]] = 0y - 1+(q —aM)-i———iz

q—1 q—1 q—1
(@ -1 -1 n-1
(q — 1)2 + 0 q .0
3.1. The codewords of €(A1)
Suppose Ay = {[X1], [Xa],...,[Xn]} © PG(M;,(q)) and denote by M, (q) the

dual of the vector space M, 11(q). For any functional m € M ,(q), there exists a unique
matrix M € M,+1(q) such that m = my; and

m: Mpt1(q) > Fp, m(X) =Tr(XM)
for all X € M,4+1(q). Consider now the N-tuple
Cm = (M(X1),...,m(Xn)) (16)
with
m(X;) = Te(X; M), 1 <i <N, (17)
where M € M,,1+1(q) is associated to m as before. In this setting,

(A1) ={cm:-me M) (q)}
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In general there are more than one functional m (resp. matrix M) defining one codeword

Cm.-

Lemma 3.3. Let M be a matriz such that Te(XM) = 0 for all X € M2, ,(q). Then
M e (I).

Proof. The claim is straightforward because M2, ,(¢)*/ = (I*)* =(I). O
Proposition 3.4. (A1) is vectorially isomorphic to the quotient space M, 11(q)/{I).
Proof. Define the evaluation function

ev: M) (q) = C(Ar), m = .
By [29], ev is linear and surjective and €' (A1) = {cm: m € My, 1(q)} = ev(Mp41(q)).
The kernel of ev is given by all m such that ¢, = 0, i.e., by (17), the kernel of ev
can be identified with the space of all M € M,1(q) such that Tr(XM) = 0 for all
X € MY (q), since (A1) = PG(M} 1 (q)).

By Lemma 3.3, ker(ev) = {mqs: a € F,}, where myr: My11(q) — Fg,mer(X) =
Tr(Xal) = aTr(X). So, the function ev induces the vector space isomorphism

My i1(q)/(mr) = F(As).

Since the vector space M, 41(q) is isomorphic to M;:_ ,(q), we have that

Myi1(q) /(1) = My 4(q)/(m5)
and the claim follows. 0O
Corollary 3.5. Suppose Ay = {[X;]: i=1,...,N}.

1. If pt (n+1), then

% (A1) = {cm: m(X) = Te(X M) with M € M), (q)}
= {(Tr(X1M),..., Te(XyM)): [X;] € Ay, M € M2, (q)}-

2. If p|(n+1), then
%(Al) = {(TI'(XlM), e ,TI'(XNM)) [XZ] c Al,M c Mn+1(q) wzth m171 = O}

Proof. By Proposition 3.4, the function ev/(I): M,11(q)/{I) — € (A1) is a vector space
isomorphism. Suppose p 1 (n + 1). Each class [M] = M + (I) in M,,+1(q)/{I) contains
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exactly one matrix My € M, 1(q) of trace 0; we choose that matrix as a canonical’
representative for the coset in M, 1(q)/(I).

If p| (n+ 1), then all matrices M in the same class [M] = M + (I) have the same
trace. We can now choose as representative of [M] the only matrix N € [M] given by
N := M — my 11 whose entry in position (1,1) is 0. O

As a consequence of Proposition 3.4 and Theorem 1.2, it is easy to define an effi-
cient encoding function for € (A1), without the need of explicitly writing out a generator
matrix; in particular if [M] € My4+1(q)/{I) and X1, Xs,..., Xy are matrix represen-
tatives of the points [X1],...,[Xn] of the projective system of Ay, then the codeword
corresponding to [M] is given by (Tr(X1M),...,Tr(XyM)).

The following is straightforward from Lemma 3.2, considering that for any codeword
c € € (A1), the weight of ¢ is wt(c) = Ny —|[M+7]NA;|, where M is the matrix associated
to c.

Corollary 3.6. The spectrum of weights of € (A1) is

{qnfl (qn+1 — 1)

(¢—1)

where Oy is given by Definition 5.1.

—q" 'O M € Myuya(q)}

3.2. Proof of Theorem 1.1

Lemma 3.7. If M is a diagonalizable matriz having t > 2 eigenspaces of dimensions
g1 > g2, -+ > g; then it is always possible to construct a matriz M’ with t—1 eigenspaces
of dimension respectively gy > gh > -+ > g;_1, with ¢§ = g1+92, ¢; = giy1,2 < i <t—1
so that vap > vy

Proof. The number of eigenvectors of M is vy, = Zgzl(qgi — 1) with g; < n. For i =
1,...t, let \; be the eigenvalue of M corresponding to the eigenspace having dimension
g;- Define as follows a diagonal matrix M’ which has Ag, ..., \; as eigenvalues:

MI = diag(/\27...,)\2,)\3,...,Ag,...,)\t,...,)\t).
N—— N—— —_——
91+92 g3 gt

Clearly, the dimensions of the eigenspaces of M’ are ¢g) > gb > -+ > g,_,, with ¢g] =
g1+g2, 0= gir1, 2 < i< t=Tandvap = 371 (¢% — 1) = (¢ 79 — 1)+ 315 (¢% 1),
We have vy —vpr = (¢91 192 —1) — (¢9* — 1) — (¢92 — 1) > 0 if and only if ¢91 192 — ¢92 =
q92 (g% — 1) > ¢% — 1, that is ¢92 > 1. Since ¢ > 1 and g5 > 0, it follows vp; > vy, O

! In more formal terms, the map m© : M, 1/(I) — M2+1(Q) given by w([M]) := M — Tr(M)I is a

well defined vector space isomorphism, which commutes with matrix conjugation, in the sense that for all
g € GL(n +1,q), n([M]?) = (= ([M]))’.
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Lemma 3.8. A non-scalar (n+1)-square matriz has a mazimum number Vpmaz = q"+q—2
of eigenvectors if and only if it admits exactly two eigenspaces of respective dimensions
n and 1.

Proof. Let M be a non scalar (n + 1)-square matrix. If M cannot be diagonalized, then
the sum of the dimensions of its eigenspaces is at most n and, consequently it has at
most g™ — 1 eigenvectors. Suppose now that M can be diagonalized and let ¢ be the
number of eigenspaces of M and g1 > g2 > -+ > g¢ be the respective dimensions of the
eigenspaces. Since M ¢ (I), we have t > 2. By recursively applying Lemma 3.7, we see
that the maximum number of eigenvectors for a non-scalar diagonalizable (n 4+ 1)-square
matrix can be attained only for ¢ = 2. So, suppose we have a matrix M with just two
eigenspaces of dimensions g < n and n+ 1 — g. Assume g > n + 1 — g. The number of
eigenvectors of M is then vy = (¢9 — 1) + (¢" 179 — 1). This is maximum when g = n
and gives Vmax = ¢ +q— 2 > ¢" > q" — 1. The converse follows immediately. O

The length and dimension of € (A1) are computed at the beginning of Section 3.
By Corollary 3.6 and Lemma 3.8, since Omaz = Vmaz/(¢ — 1), we have that the
minimum distance of € (A7) is

1) ¢"+q-2
di = g1 (¢ _ n—1 L N
1=q TESVR i1 q q

Theorem 1.1 is proved. O
3.3. Proof of Theorem 1.2

Let M be a non-scalar matrix of M,,;1(¢q) and let ¢ denote the number of eigenspaces
of M. Since the number of eigenspaces of any matrix is, clearly, the same as the number
of its eigenvalues (which ranges in F,;), we have ¢t < ¢ and since M is non-scalar, ¢t < n;
so t < min(n, q).

Consider the following sets, where 6y is given by Definition 3.1:

E={0u: M € My,y1(g9) \ (D)} (18)

and

D ={0tU{(g1,---,9¢): ZgiénJrL

i=1
1<g1 < <gi<gin<--<g<n+L,1<t<q}. (19)
Observe first that if m(z) is a monic irreducible polynomial over F, of degree n+ 1, then

its companion matrix has order n + 1 and does not have any eigenvalue in F,. Clearly,
such a companion matrix is not a scalar matrix; so 0 € E.
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Assume 1 < t < g. Take t distinct elements Aq,...,A; € F; and for any t-tuple
(91,--.,9t) € D, define a matrix My, . 4y € Mny1(q) \ (I) as a block matrix of the
form

Mg,....q0) = diag(A1, ..., A1, gy Ag,y oo Ay, A, Ry)

g1 g2 gt—1

where R), is the Jordan block of order n 42 — Zle g of the form

A1 0 0
0 X 1 0
Ry, =
0 0 A1
0 O 0 X
Then M, .. 4,) has exactly ¢ eigenspaces V1,...,V; of respective dimensions gy, ..., g
and the number of its eigenvectors is vy, 4,) = Zzzl(qgi — 1). Since Oy, ... 4, =

V(ghm,gt)/(q — 1) we see that the map

p:D—FE
90((917-‘-791‘/)) :9(917---790 (20)
¢(0) =0,

is well defined.

Lemma 3.9. Take 1 < t,t' < qgandlet 1 <a; < - < arandl1 < fp; < -+ < By be
integers such that

Thent =1t and a; = B; foralli=1,...,t.

Proof. Reducing (21) modulus ¢ we obtain —t = —¢' (mod q). As 1 < ¢, < ¢ this
implies ¢ = t'. Since ¢t = t/, we can now rewrite (21) as

Z ¢ = " (22)

In order to prove the claim, we now proceed by induction on the number t of terms
in (22).
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o If t =2, suppose ¢®* + ¢** = ¢™ + ¢, that is
¢ (1 + qaz—a1) — qu(l + qﬂQ—ﬂl)'

Assume by contradiction a; # (1; so we can take without loss of generality a; > 1.
So we get

qa1—ﬁ1(1 + qaz—a1> _ (1 + qﬁ2—ﬁ1)’ (23)

where all the exponents are non-negative. If we reduce (23) modulus ¢ we get (1 +
¢%7P1) =0 (mod q). If ¢%2751 #£ 1 this gives 1 = 0 (mod ¢), a contradiction. So it
must be S = 1 and we get 2 =0 (mod ¢), which is possible only if ¢ = 2. However
in this case (23) becomes

)

2041751(1 + 26!2*&1) -9

which forces as = a7 and o7 = 1, contradicting the hypothesis. So a; = ;1 and,
consequently, as = [s.
e Suppose 2 <t < g — 1 By induction hypothesis, the condition

t t
ani :Z:qﬁI @}(al,...,at):(ﬁla”wﬁt)
i=1 i=1

. . t+1 g, t+1 g,
holds. We claim that it also holds for ¢t + 1 < ¢ terms. If ;71 ¢ = Y, 7] ¢
with ar11 = Bi+1, then, subtracting on the left and right hand side ¢**+* and then
applying the inductive hypothesis we get (a1,...,a;) = (B1,-..,[:) and we are done.
Suppose then aiy1 # Bry1 and assume without loss of generality Siy1 < app1 — 1

and that, by contradiction,

t+1 t+1

> g => g%
i=1 =1

Observe that for all 1 <4 < t+ 1 we have ¢% < ¢+ < ¢+17Land ¢ > ¢° =1,
so

t+1 t+1 t

t
g =" =Y g <y g T =Yy =t gt
i=1 i=1 i=1 i=1

Since 0 < t 4+ 1 < ¢ this implies g¥t+! < ¢*+1 — ¢ which is a contradiction. It follows
that it must be a1 = Bey1. This completes the proof. O

Proposition 3.10. The sets E and D defined in (18) and (19) are in bijective correspon-
dence.
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Proof. We need to prove that the map defined in (20) is a bijective correspondence.

Injectivity follows from Lemma 3.9. For the surjectivity, 0 € D is uniquely mapped to
0€ E. If € E and 6 > 1, by definition of D there exists a matrix M € M,44(q) \ (I)
with 8y = 6 where vy = (¢ — 1)0s is the number of its eigenvectors. By Lemma 3.9
the list (g1,...g:) of the dimensions of the eigenspaces of M is uniquely determined
by vys. In particular gq,...,¢g; must satisfy 1 < ¢t < ¢ and Zle g; < n+ 1. We can
take without loss of generality g; < g; if ¢ < j. So there is (g1,...,9:) € D such that
o(g1s---s9t) =0m. O

Part 1 of Theorem 1.2 follows from Proposition 3.10 and Corollary 3.6.
We now prove Part 2 of Theorem 1.2. Recall that an automorphism of a code €(A)
is a linear map € (A) — € (A) preserving the weights of all of the codewords; see [21].

Proposition 3.11. The code € (A1) admits the group PGL(n + 1,q) as an automorphism
group acting transitively on the components of the codewords.

Proof. We need to distinguish two cases.

(A) [pf(n+1)| In this case M,+1(q)/{I) = M2, ,(q); see [14, Lemma 1.5] Since the
group GL(n + 1, ¢) acts by conjugation on MY, (g) and the kernel of this action is
given by the scalar matrices (I), the group of transformations induced by GL(n+1, q)
on M2+1(q) is isomorphic to PGL(n + 1, ¢q). By Proposition 3.4 and the proof of
Corollary 3.5, ¢(A1) and M ,(q) are isomorphic as vector spaces and for any
codeword ¢ € €'(A1) there exists M € MY, ,(q) such that ¢ = ¢, where m €
M}, (q) and m(X) = Tr(XM).

For g € GL(n + 1, q), consider the action ¢ on % (A1) given by ¢ — ¢ where ¢?
is ¢ = cmo with m9(X) := Tr(Xg ' Mg). Clearly, Tr(M) = Tr(g~'Mg) = 0; so
€ €(A).

The map ¢ is linear, since for any two codewords ¢y, co induced respectively by
matrices M; and M, with functionals m; and my we have, for any «, 5 € F,

(acr 4 Bez)? = ((amy + fmg)9(Xq), ... (amg + fmy)d(XN)) =
(Tr(X1g™ (@M + BMz)g), ..., (Tr(Xng ™' (aMy + Ms)g)) =
(Tr(aX1g™ ' Mg+ BX1g™ " Mag), ..., (Tr(aXng™ ' Mig + SXng ™ Mag)) =
a(Tr(X19~ ' Mig), ..., Tr(Xng™ ' Mig))+
B(Tr(X1g™ ' Mag), ..., Tr(Xng ™ Mag)) =
a(m{(X1),...,m{(Xn)) + BmI(X1),...,m§(Xn)) = ac] + Bei.

Since the number of eigenvectors of M and that of g~ ' Mg is the same and, by Corol-
lary 3.6, the weight of a codeword depends on the number of eigenvectors defining
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it, the weight of ¢ is the same as that of ¢. Finally, since the group PGL(n + 1, q)
acts flag-transitively on the geometry PG(V), it is also transitive on the geometry
I' and, consequently, by the homogeneity of the embedding &, also on the projective
system A;. This completes the proof of this case.

(B) |p| (n+1)| By Proposition 3.4, ev/{I): M,11(q)/{I) — € (A1) is a vector space
isomorphism but in this case we cannot identify M, 11(q)/(I) with M?_,(q). The
group GL(n 4+ 1,q) acts on the space M,11(q) by conjugation and since (I) is
fixed (element-wise) by this action, it also acts on M,41(q)/{I) by considering the
action on the equivalence classes. Indeed for any [M] € M,1(q)/{I) we have
IM] ={M+X:XeF,};as g (M+X)g =g Mg+l for any g € GL(n+1,q),
we have that the map [M] — [M]? := [¢g~'Mg] is well defined. The kernel of
this action is given by (I); so PGL(n + 1,q) = GL(n + 1)/(I) acts faithfully on
My41(q)/{I). As in Case (A), this induces an action on the components X; of the
codeword cpyy = (Tr(X1M), ..., Te(XnM)) by cpuy — cfpg = cqugs and this
action is linear. It remains to prove that the action is an isometry. However, the
weight of the codeword cppsp depends only on the number of eigenvectors of any
matrix in [M] (and all such matrices have the same number of eigenvectors). As
conjugate matrices have also the same number of eigenvectors, it follows that the
weight of Cﬁ]%]] = cpu]s is the same as the weight of cppsp. This completes the
proof. O

Remark 1. The automorphism group of a code over I, always contains a cyclic subgroup
isomorphic to F; in its center, acting on the words by scalar multiplication. As PGL(n +
1,q) has a trivial center, we can see that the automorphism group of % (A) must be the
direct product PGL(n +1,q) - F;. Observe however that the action of this group is not
the action of GL(n + 1,¢) by conjugation and that the action of PGL(n 4 1,¢) on the
codewords is different in the case pt (n+1) and p | (n + 1).

8.4. Proof of Theorem 1.3

In 2025, Pasini [25, Theorem 1.5] proved that all hyperplanes of the point-hyperplane
geometry T' of PG(V) are maximal subspaces; so point 1 of Theorem 1.3 follows imme-
diately from Proposition 2.5.

Remark 2. We point out that the minimality of (A1) does not follow directly from the
Ashikhmin and Barg Condition (2) of Section 2.3. Indeed, in order to apply Condition (2)
to test a code for minimality we need to know the minimum and the maximum weight
of the codewords. These are known or ¢ (A1), thanks to Theorem 1.2 and Corollary 3.6
and turn out to be wyax = ¢" (¢ —1)/(¢ — 1) and wpin = ¢" (g™ — 1). However,

Wmax _ (an - 1) q

> .
Wmin (q—1)(¢" - 1) q—1
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The following is an elementary remark on matrices of rank 1.
Lemma 3.12. A rank 1 matriz M € M, +1(q) is diagonalizable if and only if Tr(M) # 0.

Proof. Suppose M is diagonalizable of rank 1. Clearly, the eigenspace Vj of 0 must have
dimension n. So there must also be another eigenspace V) of dimension 1 associated to
a non-zero eigenvalue A. The trace of the diagonalized matrix is thus A # 0 and, since
similar matrices have the same trace, also Tr(M) = X # 0. Suppose now M has rank
1 and it is not diagonalizable. Choose a basis (eq,...,e,41) of IF;L‘H where the first n
vectors belong to the kernel of M. So, up to conjugation, we can assume without loss of
generality that only the last column of M contains non-zero entries. The characteristic
polynomial pas(A) of such a matrix M is (=)™ (Mp41,n+1 — A). If it were my41 pt1 # 0,
then M would have one further eigenvalue with eigenspace of dimension (at least) 1; so
M would be diagonalizable, a contradiction. It follows that it must be mg,41 1,41 = 0;
consequently, Tr(M) =0. O

Proposition 3.13. Any minimum weight codeword of € (A1) corresponds to a hyperplane
of the form [N+s] where N is a matriz of rank 1 and trace different from 0.

Proof. By Lemma 3.8, any minimum weight codeword corresponds to a hyperplane
[M+7] where M is a diagonalizable non-scalar (n + 1)-square matrix having two
eigenspaces of dimensions n and 1. Denote by A; and Ay the two eigenvalues of M.
By Proposition 2.8 we have [M/] N A; = [(M — A\ I)*/]NA;. Put N := M — \1. So,
by Proposition 3.4, N and M determine the same codeword. Clearly, N has eigenvalues
0 = A1 — A1 and Ao — Ay with multiplicities n and 1. Thus, N is diagonalizable with rank
1. By Lemma 3.12, this implies that N has trace different from 0. O

Proposition 3.14. Any second lowest weight codeword of € (A1) corresponds to a hyper-
plane of the form [N+7] where N is a (non-diagonalizable) matriz of rank 1 and trace
0.

Proof. By Lemma 3.8 and Proposition 3.13 the minimum weight codewords occur when
M has rank 1 and trace different from 0, i.e. M has rank 1 and is diagonalizable; in
this case 6 = Oy, = % + 1. Suppose now that N is a non-diagonalizable matrix of
rank 1. By Lemma 3.12, this is the same to say that N has rank 1 and trace 0. Then,
On = % = Omin — 1. It follows from Corollary 3.6 that N determines a codeword with
second lowest weight.

Conversely, suppose that N defines a codeword with the second lowest weight. By
72_1
qq_1
where A is the eigenvalue of N whose eigenspace has the highest dimension. If N has

Corollary 3.6, Oy = Oy — 1 = . By Proposition 3.4, we can replace N with N — AI
rank 1, i.e. just one eigenspace, then we are done. Otherwise, suppose that N has ¢t > 1
eigenspaces and let d; = (n 4+ 1) —rank (N) > ds > --- > d; be the corresponding
dimensions. Clearly, d; < n. Counting the eigenvectors of N we have that the following
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must hold vy = Z:Zl(qdi —1)=q"—1,thatisv, = qh + ¢ +--- +q% =¢" +t— 1.
On the other hand
qd1+1 -1 qn _

1
qd1+qd2++th§qd1+qd1—l++1: q_l Sq_l <qn_1+t.

This is a contradiction. So, it must be ¢ =1 and N has rank 1. O

Propositions 3.13 and 3.14 give a geometrical interpretation for the minimum and
the second lowest weight codewords. Note also that a matrix N of rank 1 determines
a minimum weight codeword of ¥ (A;) if and only if [N] ¢ A; while it determines a
codeword with the second lowest weight if and only if [N] € A;.

By Section 2.7, the quasi-singular hyperplanes of T' are in correspondence with ma-
trices of rank 1. By Proposition 3.13, any minimum weight codeword corresponds to
a matrix of rank 1 and trace different from 0. Hence any minimum weight codeword
of €(A1) corresponds to a quasi-singular hyperplane J# := [ [¢]) of T defined by a
matrix ¢ ® £ with non-null trace. This last condition amounts to say that [z] & [€], i.e.
J is a quasi-singular but not singular hyperplane of T.

Take now a codeword having second lowest weight. By Proposition 3.14, it is in cor-

respondence with a quasi-singular hyperplane " := | y of I' defined by a matrix

[y],[n]
y ® n with null trace. This last condition amounts to say that [y] € [n], i.e. S is a
singular hyperplane of I'. Part 2 of Theorem 1.3 is proved.

We now focus on the maximum weight codewords. By Corollary 3.6 we immediately

have

Proposition 3.15. Mazimum weight codewords have weight ¢"~*(¢"** —1)/(q — 1) and
correspond to hyperplanes of the form [M=+] where M has no eigenvalues in Fy,.

By Proposition 2.13, a hyperplane %, of ' is of spread-type if and only if M is
a matrix having no eigenvalue in F, and M?z € (z,Mz) for any z € V \ {0}. By
Proposition 3.15, maximum weight codewords have weight ¢"~!(¢"*1 —1)(¢—1) achieved
for 037 = 0 and correspond to hyperplanes [M~7] where M has no eigenvalues in F,. So,
any spread-type hyperplane of ' arising from the Segre embedding & of T is associated
to a maximum weight codeword.

The following proposition provides conditions for the converse.

Proposition 3.16. Any maximum weight codeword of € (A1) corresponding to a matrix
M € My11(q) \ (I) such that the minimal polynomial of M is irreducible of degree 2 is
a spread-type hyperplane of T.

Proof. Since M is associated to a maximum weight codeword, by Proposition 3.15 M
has no eigenvalue in F,. By hypothesis, the minimal polynomial of M is an irreducible
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polynomial over F,, of the form pys(z) := 2?+az+4, for a, B € F,. Then M?+aM+8I =
0. So, M?v = —aMv — Bv,Vv € V. Hence, M?v € {Mwv,v) and, by Proposition 2.13,
Sy is a spread-type hyperplane of I. O

Theorem 1.3 is proved. O
Acknowledgments

Both authors are affiliated with GNSAGA of INAAM (Ttaly) whose support they
kindly acknowledge. This work was partially supported by the project “CONSTR: a
COllectionless-based Neuro-Symbolic Theory for learning and Reasoning”, PARTENAR-
IATO ESTESO “Future Artificial Intelligence Research - FAIR”, SPOKE 1 “Human-
Centered AI” Universita di Pisa, “NextGenerationEU”, CUP 153C22001380006.

Data availability
No data was used for the research described in the article.

References

[1] G.N. Alfarano, M. Borello, A. Neri, A geometric characterization of minimal codes and their
asymptotic performance, Adv. Math. Commun. 16 (1) (2022) 115-133, https://doi.org/10.3934/
amc.2020104, ISSN 1930-5346, 1930-5338.

[2] G.N. Alfarano, M. Borello, A. Neri, A. Ravagnani, Three combinatorial perspectives on minimal
codes, SIAM J. Discrete Math. 36 (1) (2022) 461-489, https://doi.org/10.1137/21M1391493, ISSN
0895-4801, 1095-7146.

(3] N. Alon, A. Bishnoi, S. Das, A. Neri, Strong blocking sets and minimal codes from expander graphs,
Trans. Am. Math. Soc. 377 (8) (2024) 5389-5410, https://doi.org/10.1090/tran/9205, ISSN 0002-
9947, 1088-6850.

[4] A. Ashikhmin, A. Barg, Minimal vectors in linear codes, IEEE Trans. Inf. Theory 44 (5) (1998)
2010-2017, https://doi.org/10.1109/18.705584, ISSN 0018-9448, 1557-9654.

[5] P. Beelen, S.R. Ghorpade, S.U. Hasan, Linear codes associated to determinantal varieties, Discrete
Math. 338 (8) (2015) 1493-1500, https://doi.org/10.1016/j.disc.2015.03.009, ISSN 0012-365X, 1872-
681X.

(6] M. Bonini, M. Borello, Minimal linear codes arising from blocking sets, J. Algebr. Comb. 53 (2)
(Feb. 2021) 327-341, https://doi.org/10.1007/s10801-019-00930-6, ISSN 0925-9899, 1572-9192.

[7] M. Bonini, S. Lia, M. Timpanella, Minimal linear codes from Hermitian varieties and quadrics, Appl.
Algebra Eng. Commun. Comput. 34 (2) (2023) 201-210, https://doi.org/10.1007/s00200-021-00500-
z, ISSN 0938-1279, 1432-0622.

[8] I. Cardinali, L. Giuzzi, Minimum distance of symplectic Grassmann codes, Linear Algebra Appl.
488 (2016) 124-134, https://doi.org/10.1016/j.1aa.2015.09.031, ISSN 0024-3795, 1873-1856.

[9] I. Cardinali, L. Giuzzi, Line Hermitian Grassmann codes and their parameters, Finite Fields Appl.
51 (2018) 407-432, https://doi.org/10.1016/j.ffa.2018.02.006, ISSN 1071-5797, 1090-2465.

[10] I. Cardinali, L. Giuzzi, Minimum distance of orthogonal line-Grassmann codes in even characteristic,
J. Pure Appl. Algebra 222 (10) (2018) 2975-2988, https://doi.org/10.1016/j.jpaa.2017.11.009, ISSN
0022-4049, 1873-1376.

[11] I. Cardinali, L. Giuzzi, Linear codes arising from the point-hyperplane geometry — part II: the
twisted embedding, https://doi.org/10.48550/ARXIV.2507.16694, July 2025.

[12] I. Cardinali, L. Giuzzi, On minimal codes arising from projective embeddings of point-line geome-
tries, Technical report, Arxiv, 2025.


https://doi.org/10.3934/amc.2020104
https://doi.org/10.3934/amc.2020104
https://doi.org/10.1137/21M1391493
https://doi.org/10.1090/tran/9205
https://doi.org/10.1109/18.705584
https://doi.org/10.1016/j.disc.2015.03.009
https://doi.org/10.1007/s10801-019-00930-6
https://doi.org/10.1007/s00200-021-00500-z
https://doi.org/10.1007/s00200-021-00500-z
https://doi.org/10.1016/j.laa.2015.09.031
https://doi.org/10.1016/j.ffa.2018.02.006
https://doi.org/10.1016/j.jpaa.2017.11.009
https://doi.org/10.48550/ARXIV.2507.16694
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib2FA7B041EEA9EE875E012BAC495A639Cs1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib2FA7B041EEA9EE875E012BAC495A639Cs1

I. Cardinali, L. Giuzzi / Finite Fields and Their Applications 111 (2026) 102766 25

[13] I. Cardinali, L. Giuzzi, K.V. Kaipa, A. Pasini, Line polar Grassmann codes of orthogonal type,
J. Pure Appl. Algebra 220 (5) (2016) 1924-1934, https://doi.org/10.1016/j.jpaa.2015.10.007, ISSN
0022-4049, 1873-1376.

[14] I. Cardinali, L. Giuzzi, A. Pasini, On the 1-cohomology of SL(n, K) on the dual of its adjoint module,
https://doi.org/10.48550/ ARXIV.2502.11808, Feb. 2025.

[15] G.D. Cohen, S. Mesnager, A. Patey, On minimal and quasi-minimal linear codes, in: Cryptography
and Coding, in: Lecture Notes in Comput. Sci., vol. 8308, Springer, Heidelberg, 2013, pp. 85-98,
ISBN 978-3-642-45239-0; 978-3-642-45238-3.

[16] A.A. Davydov, M. Giulietti, S. Marcugini, F. Pambianco, Linear nonbinary covering codes and
saturating sets in projective spaces, Adv. Math. Commun. 5 (1) (2011) 119-147, https://doi.org/
10.3934/amec.2011.5.119, ISSN 1930-5346, 1930-5338.

[17] A. De Schepper, J. Schillewaert, H. Van Maldeghem, On the generating rank and embedding rank
of the hexagonic Lie incidence geometries, Combinatorica 44 (2) (2024) 355-392, https://doi.org/
10.1007/s00493-023-00075-y.

[18] S.R. Ghorpade, K.V. Kaipa, Automorphism groups of Grassmann codes, Finite Fields Appl. 23
(2013) 80-102, https://doi.org/10.1016/j.ffa.2013.04.005, ISSN 1071-5797, 1090-2465.

[19] S.R. Ghorpade, G. Lachaud, Hyperplane sections of Grassmannians and the number of MDS linear
codes, Finite Fields Appl. 7 (4) (2001) 468-506, https://doi.org/10.1006/{ta.2000.0299, ISSN 1071-
5797, 1090-2465.

[20] S.R. Ghorpade, M.A. Tsfasman, Schubert varieties, linear codes and enumerative combinatorics,
Finite Fields Appl. 11 (4) (2005) 684-699, https://doi.org/10.1016/j.ffa.2004.09.002, ISSN 1071-
5797, 1090-2465.

[21] F.J. MacWilliams, N.J.A. Sloane, The Theory of Error-Correcting Codes, North-Holland Mathe-
matical Library, vol. 16, North-Holland Publishing Co., Amsterdam-New York-Oxford, ISBN 0-444-
85009-0, 1977.

[22] J. Massey, Minimal codewords and secret sharing, in: Proceedings of the 6th Joint Swedish-Russian
International Workshop on Information Theory, 1993, pp. 276-279.

[23] D.Y. Nogin, Codes associated to Grassmannians, in: Arithmetic, Geometry and Coding Theory,
Luminy, 1993, de Gruyter, Berlin, ISBN 3-11-014616-9, 1996, pp. 145-154.

[24] A. Pasini, Embeddings and hyperplanes of the Lie geometry A, (1 3 (IF), Comb. Theory 4 (2) (2024)
5, 25.

[25] A. Pasini, Geometric hyperplanes of the Lie geometry A, 11 ,1(F), Ric. Mat. (ISSN 1827-3491)
(Apr. 2024), https://doi.org/10.1007/s11587-024-00859-4.

[26] E.E. Shult, Embeddings and hyperplanes of Lie incidence geometries, in: Groups of Lie Type and
Their Geometries, Como, 1993, in: London Math. Soc. Lecture Note Ser., vol. 207, Cambridge Univ.
Press, Cambridge, ISBN 0-521-46790-X, 1995, pp. 215—232.

[27] E.E. Shult, Points and Lines, Universitext, Springer, Heidelberg, ISBN 978-3-642-15626-7, 2011.

[28] C. Tang, Y. Qiu, Q. Liao, Z. Zhou, Full characterization of minimal linear codes as cutting blocking
sets, IEEE Trans. Inf. Theory 67 (6) (2021) 3690-3700, https://doi.org/10.1109/TIT.2021.3070377,
ISSN 0018-9448, 1557-9654.

[29] M. Tsfasman, S. V1&dut, D. Nogin, Algebraic Geometric Codes: Basic Notions, vol. 139, American
Mathematical Society, ISBN 9781470413668, Sept. 2007.

[30] H. Van Maldeghem, Hyperplanes of Segre geometries, Ars Comb. 160 (2024) 59-71, https://doi.
org/10.61091/ars-160-07.


https://doi.org/10.1016/j.jpaa.2015.10.007
https://doi.org/10.48550/ARXIV.2502.11808
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib90F8421D34299EA9CF13EFD15396FFE4s1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib90F8421D34299EA9CF13EFD15396FFE4s1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib90F8421D34299EA9CF13EFD15396FFE4s1
https://doi.org/10.3934/amc.2011.5.119
https://doi.org/10.3934/amc.2011.5.119
https://doi.org/10.1007/s00493-023-00075-y
https://doi.org/10.1007/s00493-023-00075-y
https://doi.org/10.1016/j.ffa.2013.04.005
https://doi.org/10.1006/ffta.2000.0299
https://doi.org/10.1016/j.ffa.2004.09.002
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib7A663CAEA1B722A63DC2868158ED584Ds1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib7A663CAEA1B722A63DC2868158ED584Ds1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib7A663CAEA1B722A63DC2868158ED584Ds1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bibDBD3B8DBEBDA109A62D0007D36138AD6s1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bibDBD3B8DBEBDA109A62D0007D36138AD6s1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib71EBD8731042BC625865C7B0FC99D4E5s1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib71EBD8731042BC625865C7B0FC99D4E5s1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib9706F61CC2DA672EBEAFBDF18315E891s1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib9706F61CC2DA672EBEAFBDF18315E891s1
https://doi.org/10.1007/s11587-024-00859-4
http://refhub.elsevier.com/S1071-5797(25)00196-0/bibC96686DB875F048F951E4BF9341EB373s1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bibC96686DB875F048F951E4BF9341EB373s1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bibC96686DB875F048F951E4BF9341EB373s1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib5BF2F112B9272069D47376297AC555DEs1
https://doi.org/10.1109/TIT.2021.3070377
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib6C5953D7C830404BE189A4622BC00F00s1
http://refhub.elsevier.com/S1071-5797(25)00196-0/bib6C5953D7C830404BE189A4622BC00F00s1
https://doi.org/10.61091/ars-160-07
https://doi.org/10.61091/ars-160-07

	Linear codes arising from the point-hyperplane geometry-Part I: The Segre embedding
	1 Introduction
	1.1 Organization of the paper

	2 Notation and basics
	2.1 Notation
	2.2 Embeddings and hyperplanes of point-line geometries
	2.3 Minimal codewords and minimal codes
	2.4 The Segre geometry and its natural embedding
	2.5 The point-hyperplane geometry of a projective space
	2.6 The saturation form
	2.7 Hyperplanes of Γ̄

	3 The code C(Λ1) from the Segre embedding
	3.1 The codewords of C(Λ1)
	3.2 Proof of Theorem 1.1
	3.3 Proof of Theorem 1.2
	3.4 Proof of Theorem 1.3

	Acknowledgments
	Data availability
	References


