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Maximum Gain of Lossy Antennas Without
and With Q-bounds

Laura Passalacqua, Student Member, IEEE, Cristina Yepes, Member, IEEE, Alejandro Murillo, Bruno
Biscontini, Member, IEEE, Enrica Martini, Senior Member, IEEE, Stefano Maci, Fellow, IEEE

Abstract—Authors of this paper have recently formulated a
maximum bound of super-directivity of self-resonant antennas for
a given minimum Q (maximum frequency bandwidth). This paper
complements the above work treating the influence of the losses.
The problem is faced by assuming small losses in terms of surface
resistance over the metalized surface of the minimum sphere
circumscribing the antenna. The final closed form formula shows
that the maximum gain is obtained by a summation that resembles
the well-known Harrington’s sum for maximum directivity, except
that the expansion coefficients are weighted by the radiation
efficiency of each spherical harmonic. The formulation is next
generalized to the case of self-resonant antenna, providing a
tighter bound for any losses. For small antennas, we provide a
simple interpretation of the field corresponding to the maximum
gain in terms of dipolar and quadrupolar source contributions,
weighted by the appropriate efficiency, offering a physical insight
into the phenomenon. The formulation is then extended to also
account for a Q-bound, deriving a final series expression as a
function of the loss resistance and of the antenna electrical size.
This expression seamlessly merges to the previously derived Q-
bounded maximum directivity as losses tends to zero and
converges to Q-unbounded maximum Gain for Q that tends to
very large values.

Index Terms—Super-directivity, super-gain, antenna efficiency,
antenna bandwidth, quality factor.

I. INTRODUCTION

relationship between super-gain and super-directivity

has been a highly debated issue in antenna theory,
prompting extensive research and numerous publications.
Many papers have been published since the Fifties [1]-[22]
aiming to provide guidance to antenna designers on achieving
the maximum directivity and gain compatible with a given
space constraint. Assuming sources fitting inside a minimum
sphere of radius 7min, the maximum directivity Dmax can be
found as a function of 7min as suggested by Harrington [5]. His
method is based on the expansion of the radiated field in a finite
number of spherical wave (SW) modes excited on the minimum
sphere, and on the maximization of the directivity with respect
to the coefficients of the expansion. This procedure leads to

D = Z:; 2n+1)= (Nmax )2 +2N_ where N 21 is the

max

maximum polar index of the SW5s that contribute to the far field
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for the given minimum sphere. However, there are antennas that
exhibit directivities larger than the value suggested by
Harrington. These antennas are occasionally referred to as
super-directive antennas. However, achieving such a high
directivity often comes at the expense of a narrow bandwidth
and a low efficiency. The Harrington process does not explicitly
impose any constraints on bandwidth and losses, and the bound
of directivity is obtained just imposing a truncation of the series
at the number of Degrees of Freedom (DoF) of the field. It is
not possible, indeed, to establish a rigorous limit of super-
directivity without introducing a limit on bandwidth or on
losses. Recently, a limit of super-directivity constrained by a
maximum quality factor Q (inverse of relative bandwidth) has
been provided by these authors [1].

However, [1] does not address the extent to which small losses
can affect the performance of super-directive antennas. Indeed,
it is widely acknowledged that super-directivity does not
always translate into "super-gain", especially in cases involving
high Q factors. The primary objective of this paper is to
examine this specific aspect by assessing the impact of losses
on the maximum super-gain.

In [22], a fundamental bound on antenna gain is found by
solving a problem of convex optimization of the current
density. The optimal current distribution is found expressing the
antenna gain and the product bandwidth-gain as a quadratic
form of the corresponding matrix operators. This procedure
leads to the definition of a convex optimization problem, which
is finally solved via an eigenvalue problem. However, the
results in [22] do not explicitly impose frequency bandwidth
maximization in the limit of maximum gain.

We articulate the presentation of this paper as follows.
Section II briefly summarizes the results obtained in [1].
Section III presents a derivation of the maximum antenna gain
without bandwidth limitations. A closed form formula is
derived and compared with the numerical approach presented
n [22]. Section IV focuses on small antennas, providing an
interpretation in terms of dipolar and quadrupolar contributions
and simple approximations valid for maximum gain smaller
than 7. Section V formulates the gain maximization problem by
introducing a limit on the total O of the antenna and derives new
exact analytical expressions. Section VI draws some
conclusions.

laura.passalacqua2(@unisi.it, cristinayepes@jieee.org, martini@dii.unisi.it,
macis@dii.unisi.it).Alejandro Murillo and Bruno Biscontini are with Huawei
Technologies ~ Co., Ltd, 80992  Munich, Germany (e-mail:
alejandro.murillo.barrera@huawei.com, bruno.biscontini@huawei.co).
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II. MAXIMUM DIRECTIVITY WITH Q-BOUNDS

Recently, a limit of super-directivity constrained by a
minimum quality factor Q (inverse of relative bandwidth) has
been provided by these authors [1] as

2n+1
D‘“ﬁ*("g°)"§éfo(g,l—g)+1

where & is the value that maximizes the series D__ (§) in the

max

(1

interval & eI:O,(Q—QI )_l:l and Q» are the quality factors of

each individual harmonic according to the Fante’s definition for
self-resonant  antennas [18]. These correspond to

0, =3(0,'+0 ") ,where Q 'and Q " are defined in Appendix

C, and will be introduced later. The analytical form (1) is
obtained by applying the Lagrange multipliers method to a
convex problem of directivity maximization bounded to a given
constant, minimum quality factor Q. The value of & that
minimizes the series has been approximated in [1], leading to
simple closed form expressions for certain values of the antenna
size, as given below.

e —erfie-ap)

rl < min < quuad
b Q,-Q, o
" i (2n+1) kr, <k, <20
n=1

0.16(Q"—IJ+1 .
Q

The two terms k7 = 0.4(é+%j and k7, = (é'ké]

correspond to the values at which the maximum directivity is 3
(Chu Limit) and 7.5, respectively.

III. MAXIMUM GAIN WITHOUT Q-BOUNDS

We present here a formulation for the maximum gain without
O-bound. This formulation resorts to Spherical Wave (SW)
Expansion (SWE), using the notation of Hansen [9],
summarized in Appendix A, for the representation of the
electric field. According to this notation, the polar index n
refers to the order of the Hankel functions, the index m refers to
the azimuthal angular wave number, and the index s=1, and 2
denotes the TE and TM polarization with respect to the radial
direction r, respectively. Whenever convenient, we compact the
notation, using the single index i which renumbers the tern of

indexes s,m,n by the rule i= 2(n(n+ 1)+ m— l)+s .

A. Equivalent Currents and SW Radiation Resistances

The Love formulation of the equivalence theorem is first
applied to the minimum spherical surface which includes all the
sources (Fig.1(a)). The equivalent electric and magnetic
currents radiate zero field inside the surface. The external field
is the same as that provided by magnetic currents radiating on
a perfectly conducting sphere of radius rmin, as predicted by the
Schelkunoff formulation (see Fig.1(b)). In the latter case, the
induced electric currents J over the conducting sphere are the

same as the electric currents J in Fig.1(a).

L EH)

: (E.H)
\(EH)=0,0) /

S M =ExF /M:Exf /M:Exf
(a) (b) (©

Fig. 1 Application of the equivalence principle to the minimum sphere surface.
(a) Equivalent surface electric and magnetic currents radiating in free space
with zero field inside (Love formulation); (b) magnetic current radiating over a
perfectly electric conducting sphere; (c) Magnetic currents radiating over a
metallic sphere with small losses.

Electric
Conducting

In Appendix A, the conventional SWE of the radiated field is
presented. It is however convenient writing the SWE of the
field in a form which is related to the radiation resistance of the
individual harmonics. Due to the orthonormality of the

spherical waves one has ‘1‘|:(_”" ’JszA)”z where J, =1f is

the electric current of the i-th SW harmonics over the minimum
sphere and the orthonormal functions f, are defined in

Appendix A. |I l.| represents the mean-square over the minimum

sphere of the electric currents of the i-th SW harmonics. The
radiated power can be expressed in terms of radiation resistance

RY  associated with the i-th harmonic, as P= %Z RY

2
rad ,n rad‘nl [| .

This radiation resistance does not depend on the azimuthal
index m, but only on the polar index » and on the polarization
index s and it can be explicitly obtained through the spherical
Hankel’s function of the second type 2* (kr_ ) ; i.e.,

)
d
g‘— ke h® (k)] fors=1(TE)
R:(jt)l,n = d(kr) (3)
g(kr;m'n )_2 ht(lz) (krmin ) N for S:2 (TM)

Note that these functions have a weak dependence on k#min for
n>kr,_and tend to C for n >> krmin. We also observe that even

rad.,n

|1, [ involves only the electric current

coefficients I; it represents the fotal power associated to both
the equivalent electric and magnetic currents radiating together
in free-space (Fig.1(a)) or, equivalently, the power radiated by
the magnetic currents alone on top the perfectly electric surface
(Fig.1(b)), on which it induces electric currents. This
formulation brings to (3) as a definition of the radiation
resistance and makes the radiated power congruent with a zero-
field (and zero total energy) inside the minimum sphere.
Considering instead only the contribution of the electric
currents radiating alone in free space leads to a different
expression of radiation resistance as well as a non-zero value of
field inside the surface. This aspect will be investigated further
in section F.

It is seen that for small values of kr R® and R®

min rad 1 rad,

» (TM)

go to zero as (kr_ )* and (kr

min min

4 . . (1)
)", respectively, while R, 1
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and R"

rad,2

(TE) go to zero as (kr . )* and (kr,. )°, respectively.

3

10

10%F

Rmd [52}

k Tmin

Fig. 2 Radiation resistance of individual harmonics for some values of n as a
function of the normalized radius of the minimum sphere.

B. Gain Representation as a Function of the Current
Coefficients

To estimate the gain, we assume that the magnetic currents
of Fig.1(b) radiate in presence of a lossy conductor with
resistivity for square-surface Ra. This resistance, also known

as sheet resistance, has a value that depends on \/? , (for copper
it is approximately R, =2.82x107"4/f Q). We assume that

the electric currents induced on the conductor by the forced
magnetic currents will not change significantly wrt the currents
on a PEC (Fig.1(b)). The total power P-+Pa (i.e., radiated plus
dissipated power) is given by

1 5
P+ B =3 S (RS, + Ry, @)
The gain is obtained in Appendix A as
2
Y JRY IK,
U - rad,n i i
G=4r—=" 5)

P Y(RY +R)ILF

where K, are the normalized far-field functions defined in

Appendix A. In deriving (5) we have assumed that the modal
currents on the surface are not perturbed by the presence of the
small losses. Due to the symmetry of the problem, the gain can
be maximized in an arbitrary observation direction and with an
arbitrary polarization. It is therefore not restrictive to assume

(6,0)=(0,0) as well as a O—polarization. Therefore, K. in (5)

can be substituted by its projection along 6 evaluated at
(6,0)=(0,0) ; this projection depends only on the polar index 7
and will be hereinafter denoted by K. This value is a complex
number whose magnitude is |K |[=v2n+1. Applying the

Swartz identity to the numerator of (5), yields

2
[2 R |1 j

NI =G,(1,D (6)
Z(R:a;,n + RQ) | [n |2 ’

Kn

G<

where the equality symbol is valid when the phase of K, is
equal to the phase of 7 .

C. Maximum Gain for Antennas with External Tuning.

Eq. (6) is well suited to make a maximization of the gain in
absence of O-bounds, but with an external tuning circuit for
reaching the resonance. This is different from the case
presented in [1], relevant to self-resonant antennas. In order to
find the maximum value G,(/Z,[) for any possible set of

amplitudes /_, we impose 9G, /a|1q| =0 for any ¢. This approach

follows the method applied by Harrington in [3] to maximize
the directivity, but without imposing a priori a truncation on the
harmonic series, which was necessary in the Harrington’s
process to get a finite result. In Appendix B, it is demonstarated

that the solution for the maximum gain G, =G,

1S
%G _
iy~

o

G, = %Z(zn + 1)(77”"5 + nHTM)
@)

1
TE, TM __
™ 1+R, /R

rad ,n

where 1™ are the radiation efficiencies of any individual

TE and TM SW harmonic and Rf:;’n is defined in (3). It is noted

that a similar formula, with a different efficiency definition, was
derived in [19]. This maximum gain is obtained with the current
coefficients over the minimum sphere given in Appendix B.
These correspond to SWE electric field coefficients (with
Hansen’s normalization)

C =50 2n+1 ()
where
0 if |m|=1
8=1 NCI,(~j) ifs=l,m=%1(TE) )
JCIm(=j)" ifs=2,m=%1 (TM)
and the superscript TE, TM stands for s=1 and s=2,
respectively. In deriving (8) we have used the relationship

C.=1,R"

rad ,n

. The constant / is arbitrary, since it disappears

in calculating Gmar. The radiation efficiency =P /(P.+ F,)

in condition of maximum gain is indeed given by

SR ILE Senen| () «(n) |

n — n=l

i Z(R)(:c)ln +RQ)|I;1 |2 - i(2n+1)[n,,” +775M:|
n=1

(10)

n

Fig. 3 shows the values of maximum gain obtained
implementing (7) for various values of the surface resistance

R, (continuous lines). It also shows the directivity (dashed
lines) obtained dividing the maximum gain in (7) by the
efficiency in (10).

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Transactions on Antennas and Propagation. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAP.2024.3358977

Maximum Gain of Lossy Antennas. IEEE-TAP. V24, January 7, 2024

10 T
——Ro =107Q
Rq = 1073Q
) Rq =1072Q
107§ ——Rg = 1071Q
—— Rq =10
g
S 1L
O 10
100 £
107

l“’mm

Fig. 3. Continuous lines: maximum gain of non-resonant (externally tuned)
antennas calculated for different values of Rq as a function of kry,;,. Dashed
lines: corresponding directivity obtained by Gmay/n.

The maximum gain and the corresponding directivity show
inflection points at the maxima of the radiation efficiency. The
lower frequency inflection point occurs at Gmax=1.5. For
smaller electrical sizes the directivity saturates to 1.5. It is worth
noting that this value corresponds to the directivity of an
electric dipole and not to the directivity of a Huygens’ source.
This behavior was already underlined in [22], and its meaning
stems from the higher radiation resistance level exhibited by the
first TM dipolar mode (electric dipole) for very small antennas.
In contrast, the radiation resistance of the first TE mode is much
lower, and therefore more affected by the losses. It is also worth
noting that the second inflection points of the maximum gain
correspond to the fact that in the summation in (7) one more
mode becomes significantly excited.

D. Value of Q on the Maximum Gain Curve

The Q-factor can be defined in two different ways depending
on weather the antenna is self-resonant or it is matched by
providing an external reactive energy from a lossless circuit. In

the first case, one has W, =W_, Q=2wW,/P =20W, /P

where o is the angular frequency, P; is the radiated power and
WE and W are the electric and magnetic energies stored in the
external region, respectively. For non-resonant antennas, one

has Q=2wW,/ P. for capacitive antennas and Q0 =2wW, / P,

for inductive antennas. This definition assumes that an external
energy has been added to the system to get the resonance. In
both cases, the O-factor can be interpreted as the reciprocal of
the fractional bandwidth BW =1/Q when it is larger than 10
[16].

The calculation of the stored energies Wgm of a general
spherical wave expansion is an old topic [27],[17],[2]-[30].
Essentially, the most used approaches are the ones provided by
Chu [25], Collin and Rothschild [16] and Fante [2], the latter
generalized to the case of arbitrary field internal to the
minimum sphere in [28]. In [16], the quality factor of each
individually tuned spherical wave is defined, for a unit radiated
power, as

ZwWE’n TM modes

= 11
9 20W,, TE modes (1

where W, and W, are the electric and magnetic energy

associated with the n-th mode. In [2], Fante introduced
additional subdominant terms needed for the calculation of the
Q-factor of a generic non-resonant antenna with unit power as

20W, ~ TM modes
o= ’ (12)
ZwWE’n TE modes

The exact expressions of Q' and Q " are reported in Appendix

C. It is noted that they are independent from the azimuthal index
m. A general expression of the O of a non-resonant antenna is
given by

Sk
™
S
(S
™
Sl

where C’ and C” are the coefficients of the TM and TE modes,

g3l o)
TE W >W

2 E H

o+ Ycr ZQ;]
IE W >SWw

2 H E

oy

(13)

2 14
+ | C’

respectively. In the specific case we are dealing with, the
antenna is not resonant due to the unbalancing provided by the
different efficiency of TE and TM modes. This implies that till
a certain dimension of the antenna, the reactive electric energy
dominates, and therefore we should always apply the first of
(13); therefore, using (8) leads to

oo

S(ene () o+ o
0, = : (14)

The value of O on the maximum Gain curve as a function of the
antenna size is presented in Fig. 4 for various values of the loss
resistances. It is seen that the bandwidth (the inverse of Qtor)
becomes extremely small for small resistance, even if it
corresponds to very high maximum gain limit. Furthermore, all
the curves tend asymptotically for small electrical size to the
value of Q that satisfies the Chu limit, namely

1 1
>0 =—7+ for kr. —0 15
th Ql ( krmin )3 ( krmin ) " ( )
It is worth noting that for resonant antennas that maximize the
directivity ~the convergence as kr, —0 is like
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This behavior is

Qtat - Ql:%(Ql, +Ql”) = %(krmin)_3 + (krmin)_l :

due to the lower efficiency of the TE modes in the quasi-static
limit.

10
106 L
3
&
10%F
102 L
1073 1072 1071 10° 10?
krnl,’/',n

Fig. 4. Quality factor Q of spherical wave expansion with coefficients
associated to the maximum gain for various values of the loss resistance (values

in Ohm). The two dashed dotted lines represent O] and Q; .

E. Maximum Gain for Self-Resonant Antennas

The solution in (8) is not self-resonant; namely, there should be
an additional external reactive tuning circuit to reach the
maximum gain. For self-resonant antennas (which is also the
case treated in [1]), the maximum gain is obtained by using a
method similar to the one given in the Appendix B of [1], based
on the dual (Lagrange) problem. We don’t repeat here the
process, showing only the result, that is

%n:E(2n+1) gan(an)
G — + 16
&2 Teen(o-0)] Trenle o))"

where & is the value that minimizes the series G_ (&) in the
interval
£e|- 1 ) 1
max{n7"(Q;-)}" min{n"(0;-07)]

n n

(17)

The gain in (16) is obtained with field coefficients

M\ 2n+1

C= 5,.[1+ é:nim‘”“ 0- Q:)] (18)

where 6;i is defined in (9). The coefficients for the current
expansion are obtained dividing by the square root of the
individual TE and TM n-indexed radiation resistance.
Comparison between (16) and (7) are given in Fig. 5. The
resonant antenna maximum gain is tighter than the one for
externally tuned antenna, especially for small antennas and it
drops rapidly to zero for gain approximately equal to 3. This
aspect has been also underlined in [22].

GT’!IUI

k T'min

Fig. 5 Maximum antennas gain calculated for different values of Ra as a
function of kry,;,. Dashed lines: externally tuned antennas. Continuous lines:
self-resonant antennas.

F. Comparison with Gustafsson-Capek results

It is important to compare our result with the one obtained by
Gustafsson and Capek in [22]. The formulation presented there
is based on a Methods of Moments (MoM) applied to the
surface of an arbitrary metallic body and by a convex
optimization procedure. They found the maximum super-gain
by imposing a maximization of the power intensity with
constant radiated power for any coefficient of the MoM basis
functions, assuming small losses on the metallic surface.

This procedure is quite general and can be applied to
arbitrary shapes. In Fig.1 of [22], the authors apply the
procedure to a spherical shape, using spherical modes as basis
functions. In the externally tuned case, the convex optimization
is carried out without conditions on the reactance of the MoM
matrix. In the self-resonant case, they impose also a vanishing
reactive average power through the imaginary part of the MoM
matrix. We have re-implemented the convex optimization
procedure of Gustafson-Capek for both cases, and we have
found results very close (but not equal) to the results provided
by (7) and (15). Fig. 6 shows the discrepancy between our
results and the ones in [22] for the externally tuned case (a
similar situation is found for the self-resonant case). Although
this has initially puzzled us, finally we have found the reason of
it. We found indeed that the results from our procedure become
identical to those obtained in [22] if one uses the radiation
resistance produced by electric currents only. More
specifically, we can reproduce exactly the results in [22],
changing the SW radiation resistances in (7) with the following
expression

(s) _
rad J—only,n

(19)

These radiation resistances are the ones corresponding to
harmonics of electric currents only radiating in free-space. It
should be noted that using the electric currents only, provides
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field (and energy) different from zero inside the minimum
sphere, which leads to a slightly tighter value of the maximum
gain.

106 T T T
—— R, = 10 3Q
—— Ro = 1075Q
—— Ry = 1071Q
4 Ry = 1072Q
107 F Q 3
—— R, = 10
— —(krmin)2
b} ”
© 102} 1
10° F iy 1
//
/
1072 10° 102

krmin

Fig. 6 Comparison between the maximum gain for the externally tuned case of
our formulation (continuous lines) and the formulation in [20] (dashed lines),
also obtained by using (19) in (7).

G. Distribution of the Coefficients of the Currents

Fig. 7 shows the histogram of the n-indexed current
coefficients’ amplitude corresponding to the maximum gain for
externally tuned case in (8). The coefficients are normalized in
such a way to have unitary radiated power. Fig.7(a)-(b)
correspond to different values of surface resistance
(Ro=1€2 and Ra=0.1Q, respectively). Both cases of externally
tuned coefficients and self-resonant coefficients are reported.
The calculation is carried out for k7mix=2. It can be seen that the
maximum coefficient amplitude is given at the index at which
the ohmic losses resistance approaches the resistance of the

harmonic, that is R, = R

a2 » Namely, when the efficiency of

(TE.TM) _ 1
2 a2

the harmonic is 50%, i.e. 1

It is apparent that for smaller values of the loss-resistance the
optimal current coefficients are concentrated on super-reactive
harmonics, it means SWs with polar index larger than k7min=2.
This makes it challenging to achieve their excitation on the
minimum sphere. Consequently, the bound described in (7) is
difficult to achieve. It is also apparent from Fig. 7 that the TE
optimal coefficients for the resonant case are higher, aligning
with their reduced efficiency for small antennas. Furthermore,
lower losses correspond to larger optimal coefficient values, as
noted by the disparity in the vertical scales between Fig.7(a) and
7(b).

IV. EXTERNALLY TUNED SMALL ANTENNAS

For small antennas the interpretation of the previous
formulas becomes interesting. We limit the analysis to the
externally-tuned case, but similar considerations can be carried
out for the self-resonant antennas. We first observe that the n-
th TE and TM spherical harmonics, with azimuthal index

6

m=11 have different coefficients, and this implies different
impact on both bandwidth and gain.

04

04

™
Ext tuned
Ro=1Q

TE
Ext tuned 03
Ra=1Q

0.3

[Z,] 02 |7,] 02

0.1 0.1

1234567 8910

12345678910

n n
0.4 0.4
TE ™
0.3 Self resonant 03 Self resonant
Ro=1Q Ro=1Q
[Z,] 02 [Z,] 02

0.1

1234567 8910 12345678910

n n
(@)
TE ™
1 Ext tuned 1 Ext tuned
Rg=0.1Q R=0.1Q
12,1 |,
0.5 0.5

12345678910 12345678910

TE ™
Self resonant Self resonant
1 Rp=0.1Q 1 Ro=0.1Q
12,1 [,
0.5 0.5

1234567 8910

12345678910
®)

Fig. 7 Histograms of current coefficients for TE (inductive, right-hand side) and
TM (capacitive, left-hand side) harmonics; both externally tuned case (blue
bars) and self-resonant case (red bars) are reported. (a) Rg = 1 Q; (b) Rg =
1071Q). The maximum gain is in this case approximately equal for self-resonant
and tuned case. The amplitudes are normalized to have a unit radiated power
(P~=1Watt). The maximum coefficients are obtained for the n where the
harmonics efficiency is about 50%. Note the difference of vertical scale for (a)
and (b).

This is in contrast with what happens for the maximum
directivity, namely in absence of losses [1]. In the latter case
and for #n=1, the maximum directivity field can be interpreted
as the one produced outside the minimum sphere by an
elementary Huygens’ dipole (HD) located at the origin. By
duality, the energy density of the HD is balanced outside the
minimum sphere. In the same lossless case, the combination of
the spherical wave harmonics for n=2 provides the field of a
Huygens’ Quadrupole (HQ) combined with the one of a Dual
Vertical Quadrupole (DVQ) [1]. In presence of losses, the
maximum gain is obtained by unbalanced coefficients, that
renders the antenna non resonant. This means that outside the
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minimum sphere electric and magnetic energies are not
balanced, thus, requiring the use of (13). In particular, the
coefficients associated to the electric and the magnetic dipoles
and quadrupoles field are weighted by their efficiency, as
prescribed by the general form (8). In the far zone this leads to
the electric field proportional to

h= g(nl(TM)hiTM) + nl(TE)hiTE))_i_%(n;TM)h(zTM) +n£TE)h(2TE)) (20)

where
h{"™ = (cos@cosgb)é—sinq’)qs (21)
h{™ = cos¢d — cos Osinpg (22)
h(™ = (cos 29cos¢)9 cos@singg (23)
h(™ = (cosOcosq))H— c0s20sin ) (24)

In particular, h{"™" h{"" are the electric far-field pattern of a x-

directed electric and y-directed magnetic dipoles, respectively,
and h{"™ h{™ are electric and magnetic quadrupoles,
respectively. The latter are obtained by in phase combination of
x-directed and z-directed electric quadrupoles, and y-directed
and z-directed magnetic quadrupoles, respectively. The
situation is illustrated in Fig. 8.

(TM) |

()
R

Fig. 8. Elementary sources associated with the far field pattern of dipolar h;

>

/

(a), hgTE) (c) and quadrupolar h(ZTM) (b) héTE), (d) contributions. Electric

dipoles (TM) are denoted in blue with a single arrow and magnetic dipoles (TE)
in red with a double-arrow. The vertical doublet is aligned along x for electrical
dipoles and along y for magnetic dipoles.

The maximum gain for this approximation is given by

Gmax - %(nl(TE) + nl(TM)) (n;TE) n;TM)) 25)
which is associated to a total quality factor
0.~ ( (TM)) o4 +3( <TE>) Q"+5( (TM)) 0 +5( <TE>) 2 o6)

(" Ve 3(m s 450

In (17) and (18) the explicit expressions of the SW efficiency
posing x=krmin, are

7
2 2
() _ x x
m =~ @7
SRR S
4 4
(E) _ x x
n = (28)
1 x4+&[(xz—l)2 +x2} xRy/G
¢
x* x’
" = 7 29
R 9R,
x4+§9[(x2—3)2+9x2} o Q/g
x° x°
ny= (30)

x'ﬁ%[(—xﬁ 6x)2+ (—3x2 + 6)2} X'+ 36RQ/C

where the first equality is derived directly by (3);
approximation at the last members are valid for any value of x

from 0 to infinity and for R, < 107'Q  with maximum relative
error  emax  limited by the following values
e, <2x10%e <8x107%e <8x107e <2x10~ for

egs. (27), (28), (29), (30), respectively. The exact values of the
quality factors are given by

, 1
=
I8 6 3 3 3 Gl
=ttt —+=
Qz JC5 x3 X Q )C3 X

It is interesting to compare the maximum gain obtained
considering two source contributions in (25) and the full series
in (7). Fig. 9 shows this comparison for values

R, e [10'49, 1 Q] . Itis seen that the two expressions coincide
bGIOW Gmax =6 and agree till Gmax =T7.

BT O N
T

G"L(IZL‘
w
T

1072 107! 10°

kT7rLin
Fig. 9 Maximum gain for calculated for different values of Ra as a function of
ki using the full series in (7) (continuous line) and the two terms
approximation in (25) (dotted line). Dash-dotted lines are the corresponding
directivities obtained by Gmax/1 by using the full series.
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Fig. 10 Maximum gain of self-resonant antennas calculated for different values
of Ra (in Ohm) as a function of kry,;, using the full series in (16) (continuous
lines). Dotted lines: first two terms of the series in (16). Dash-dotted lines:
directivities obtained by Gmay/n with the full series.

The directivity is also reported in the same plot. It is worth
noting that the insertion in (25) of the approximation in the last
expressions in (27)-(30) does not practically provide numerical
differences. For completeness, Fig. 10 shows similar results as
those of Fig. 9 for self-resonant antennas.

V. MAXIMUM GAIN WITH MINIMUM-Q BOUND

In [1], the exact formula for minimum-Q and maximum
directivity has been derived through a convex optimization for
the radiation density bounded to have a unit power and a
minimum Q. Following the same approach, we can obtain the
(O-bounded super-gain applying the Lagrange’s multiplier
method shown in Appendix C of [1]. In obtaining the bounded
maximum gain, we assume that the condition Wr>Wru is
respected, so as to impose as a bound the first expression in
(13). Since the procedure is like the one in [1], we omit the
demonstration, and we present only the final expression, that is,

oo 1M 1 TE
G )=y in™(2n+1) Ln/(2n+1) 2

p [1+ vy (0 - Qﬂ ’ [1 +v, (n[EQ;'—Q)]

where vo is the values that minimize the series G__ (V)in the

interval v € [0,(Q— nfTE)Q{)fl:I )]. In (32), Q is the maximum

desired total quality factor of the antenna. It is worth noting
that the above expression changes when Wg < Wa; in such a
case, in accordance with (13), it is sufficient to interchange the

Q' and Q”. In the implementation one should therefore switch

formula at the resonance (Weg=Wwu). The field coefficients for
the Q-bounded maximum gain are given by

C=5 n"™M\2n+1

i i vo(n:E,TMQ;/_ Q) + 1

(33)

, Q=10
10 .
Rq =2Q
Rg =109
_____ Q-bounded D4z
S
=107 F
&)
10°- o)
10 10°
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(a)
, Q=100
10 !
_____ Q-bounded D0
Rq=107'Q
— Ry=10
———Rg =100
Ee
=107 F ]
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10°= )
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(®)
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10° 10° 10 10
k7 min
(©)

Fig. 11 Q-bounded maximum gain Gmax as a function of the antenna size
calculated for Q=10 (a), Q=100 (b), and Q=1000 (c) and different values of the
ohmic losses resistance Rq; the curves tend smoothly to the Q-bounded
maximum directivity (black line) when the losses tend to zero.
Ro=0 corresponds to the maximum Q-bounded superdirectivity Dumax as in (1).

The curves obtained with eq. (32) are compared with a
numerical convex optimization obtained by expanding electric
and magnetic currents in terms of small-domain basis functions
(dotted lines); excellent agreement has been found. We should
highlight that the intricate interplay between bandwidth and
losses implies that, for a fixed antenna size, a larger required
bandwidth may necessitate a slight increase in losses to
minimize the disparity between maximum gain and maximum
directivity. Eventually, the O-bounded parametric curves of
maximum gain gradually tend to the Q-bounded maximum
directivity in (1) for vanishing losses (dash-dotted lines in all
Fig. 11(a)-(c)), with level of admissible losses depending on the
required Q. More precisely, the discrepancy between maximum
Directivity and maximum Gain vanishes for smaller losses
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when Q is larger. This aspect is quantified in Fig. 12, where the
percentage error £=(D_ —-G_ )/D_ =1-1n between the
(O-bounded gain in (32) and the O-bounded directivity in (1) has
been calculated as a function of the antenna size for different
value of Ra. Fig. 12(a),(b),(c) correspond to O=10, 100, 1000,
respectively. A more exhaustive analysis revealed that € less
than 7% (which corresponds to an overall radiation efficiency
larger than 93%) is found for Q < 9/ Ra%¥+3. This means that
in this range one can calculate the maximum gain with the
simple formula in eq. (2) for maximum directivity. The
situation is illustrated in with the help of a picture Fig. 13.
Finally, we should also emphasize the fact that the direct use of
(32) may provide inconsistencies in the region Q < 9/ Ra %843,
since (32) is not valid when We < Wu, where one has to
interchange O’ and Q” to get the rigth gain maximization.

Q=10

10 10
kT min
(a)
=100
30 Q
——Rq=5x10"'Q
——Rq=3x10"'Q
25 Ro=2x10"'Q
——Rq=10"1Q
20 ——Rg = 0.5 x 1071Q|1

0

10 10
kT min
(b)
=1000
30 Q r
——Rp=3x1072Q
251 ——Ra=2x107Q
Rq =102
—— R =0.5x1020Q
20 | ——Rq =0.3x 10720/
X 15
w

1 1

10 10
k}T,,,,‘,,,

Fig. 12 Percentage difference between maximum Q-bounded directivity and
maximum Q-bounded gain for different values of the loss resistence. The green
curves correspond to an efficiency larger than 93% in the overall range from
the Chu limit. (a) Q=10; (b) Q=100; (c) Q=1000. The horizontal scale start form

the Chu limit.

10

1000
3 SR Eq. (32)
@ 0
% 100 %,
> Eq. (2)
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103 102 10! 100

Rq [ Ohm] (log-scale)

Fig. 12 Region of validity of the formulas for O-bounded maximum gain with
losses (eq. 32) and without losses (eq. 2). For 0<9/ Ra **+3 eq. (2) can be used
with a maximum error less than 7% for all antenna sizes.

VI.  CONCLUSIONS

This paper has delineated various fundamental
characteristics of the maximum gain exhibited by arbitrary
antennas with specified electrical sizes. Analytical expressions
for the maximum antenna gain, contingent upon losses and
subject to O bounds, have been presented for both resonant and
non-resonant (externally tuned) cases. The exact solution is
given in terms of a series that should be minimized wrt a single
parameter. For smaller antennas, a concise closed form has been
furnished, delivering accuracy up to a maximum gain of 7.
Additionally, an intriguing interpretation in terms of magnetic
and electric dipoles has been provided. The findings showcased
in this study have also unveiled the range of losses and Q values
wherein super-directivity corresponds to super-gain.
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APPENDIX A: SPHERICAL WAVE EXPANSION

The equivalent electric and magnetic currents of the Love
formulation (Fig. la) are given in terms of SWE by

RNC Y CL R, and MY C R, X
respectively, where { is the free space impedance, C, , ,are the

expansion coefficients of the electric field, Fs(fn)nare the

spherical wave functions evaluated over the minimum sphere,
as defined in the Hansen’s book [9], except for a different time
dependency (which is here exp(jw¥)). In this notation, the
superscript “3” corresponds to the spherical Hankel second-
type r-dependent function. The polar index n refers to the order
of the Hankel function and the index m refers to the azimuthal
angular wave number. The subscript s=1,2 denotes TE and TM
polarization with respect to the radial direction r, respectively.
The proper normalization of the spherical wave functions of
Hansen and their orthogonality imply that the radiated power is
given by the summation of the squared amplitude of the

coefficients, P =%25’m,n|Cmn ’. The expansion of the
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(0,0) -dependent
0,0)=(1/r,, JFxFE> x7/RY

currents can be rewritten through the

f=01/r )T

min s,m,n

functions

where R;jl)(kr) are defined through the spherical Hankel

functions [9]. To compact the notation, we have used, the index
i which renumbers the tern of indexes s,m,n in a single index

i= 2(n(n+1)+m—1)+s .
The far field radiation density for unit solid angle can be

U=1,ﬂ£i\rE|2: 2 CK,

. The same quantity can be expressed

written as where

K, =47 T lim kr R<3>

oo

in terms of the electric current coefficients/ through
’CiHIi‘ Rf:;,n where Rf:;’n is the radiation resistance of the
individual harmonics given in (3). Using the above expression
the antenna gain in direction (9,¢) is given by (5).

APPENDIX B: MAXIMUM GAIN COEFFICIENTS

The maximization of the function G (| 1)) in (6) with respect

to the coefficients | 7, | is obtained by imposing the vanishment
of the derivative wrt | 7_|; namely

o o |SVE k)]
TN a\f\ SRS, A RIILT

(34

The above is equivalent to
(2] [ R, | ZRL, + R, =
' (35)
2|]q‘(R};;q+RQ)(Z r(;o)in J
which is respected if and only if

& YRS, =[] RS, + R )

for any ¢. When substituted in (6), (36) leads to (7), and
together with the phase condition £/ + £ K, =0, yields the

(36)

current coefficients

0 if |m|#1
’ (1)
I = ( )\/2n+ R ifs=1,m==1 (37
: RV 4R,
rad ,n Q
/ 2
I,m(=j)'N2n+1 20 rad]; ifs=2,m=+1
radrz Q

The relation between current coefficients and electric fields

coefficients ‘Ci‘ =<1i| R®) leads (8).

rad ,n

10

APPENDIX C: Q-FACTORS FOR SPHERICAL WAVES

The analytical expression of the Fante’s dominant and
subdominant Q-factors of n-indexed spherical waves is given
by

0= x|, [4x +x(n+1) |2, (o)f
(38)
+ 122 (2n+3) (), (), () + 3, (), (¥)
07=x-4+| =3, 0,0 | 69

where x=kr . and & ,j , y, are the spherical Hankel of

second kind, Bessel, and Neumann functions of order =,
respectively. For n=1 and 2 they assume the exact expressions
in (31).

REFERENCES

[1] L. Passalacqua, C. Yepes, E. Martini, S. Maci, “Q-bounded
superdirectivity for resonant antennas”, submitted for publication in /EEE
Trans on Antennas Propagat, Vol. 71, no. 12, Dec. 2023.

[2] R. Fante, “Quality factor of general ideal antennas,” IEEE Transactions
on Antennas and Propagation, vol. 17, no. 2, pp. 151-155, Feb.1969.

[31 R. F. Harrington, “Effect of antenna size on gain, bandwidth,
andefficiency,” Journal of Research of the National Bureau of Standards-
D. Radio Propagation, vol. 64D, no. 1, Jan.-Feb. 1960.

[4] R.F. Harrington, “Antenna excitation for maximum gain,” IEEE Trans.
Antennas Propagat., vol. AP-13, no. 6, pp. 896-903, Nov. 1965.

[5] R.F. Harrington, “On gain and beamwidth of directional antennas,” /RE
Trans. Antennas Propag., Vol. 6, no. 3, pp. 219-225, July 1958.

[6] A.Yaghjian and S. Best, “Impedance, bandwidth, and Q of antennas,”
IEEE Transactions on Antennas and Propagation, vol. 53, no. 4,
pp-1298-1324, 2005.

[71 A.D.Yaghjian, T. H. O’Donnell, E. E. Altshuler, and S. R. Best, “Electri-
cally small supergain end-fire arrays,” Radio Sci., vol. 43, p. RS3002,
2008. doi: 10.1029/2007RS003747

[8] E. E. Altshuler, T. H. O’Donnell A. D. Yaghjian, and S. R. Best, “A
mono- pole superdirective array,” I[EEE Trans. Antennas Propag., vol. 53,
no. 8, pp. 2653-2661, Aug. 2005.

[9] J.E. Hansen, & Institution of Electrical Engineers, Spherical near-field
antenna measurements. London, UK: P. Peregrinus on behalf of the
Institution of Electrical Engineers, 1988.

[10] O. S. Kim, S. Pivnenko, and O. Breinbjerg, “Superdirective magnetic
dipole array as a first-order probe for spherical near-field antenna
measurements,” [EEE Trans. Antennas Propag., vol. 60, no. 10, pp.
4670-4676, Oct. 2012

[11] P.-S.Kildal, E. Martini, and S. Maci, “Degrees of freedom and maximum
directivity of antennas: A bound on maximum directivity of nonsuper-
reactive antennas.” IEEE Antennas and Propagation Magazine, vol. 59,
no. 4, pp. 16-25, 2017.

[12] E.Martini and S. Maci, “A closed-form conversion from spherical-wave-
to complex-point-source-expansion,” Radio Science, vol. 46, no. 05,
pp.1-13,2011.

[13] P.-S. Kildal, A. Vosoogh and S. Maci, “Fundamental directivity
limitations of dense array antennas: A numerical study using hannan’s
embedded element efficiency,” IEEE Antennas Wireless Propag. Lett.,
Vol. 15, pages 766-769, Aug. 2015.

[14] B.L.G. Jonsson, S. Shi, L. Wang, F. Ferrero, and L. Lizzi, “On methods
to determine bounds on the Q-factor for a given directivity,” IEEE Trans.
Antennas Propag., vol. 65, no. 11, pp. 5686-5696, 2017.

[15] M. Gustafsson, D. Tayli, and M. Cismasu, Physical bounds of antennas.
In Chen, Z. (eds) “Handbook of Antenna Technologies”. Springer-
Verlag, 2015, pp. 1-32. doi.org/10.1007/978-981-4560-75-7_18-1.

[16] R.E. Collin and S. Rothschild, “Evaluation of antenna Q,” /EEE Trans.
Antennas Propag., vol. 12, no. 1, pp. 23-27, 1964.

[17] G. A. E. Vandenbosch, "Reactive Energies, Impedance, and Q-Factor of
Radiating Structures," IEEE Transactions on Antennas and Propagation,
vol. 58, mno. 4, pp. 1112-1127,  April 2010, doi:
10.1109/TAP.2010.2041166.

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Transactions on Antennas and Propagation. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAP.2024.3358977

Maximum Gain of Lossy Antennas. IEEE-TAP. V24, January 7, 2024

[18] R. Fante. “Maximum possible gain for an antenna with specific Quality
Factor,” IEEE Trans on Antennas and Propagat, vol. 40, no. 12, Dec
1992.

[19] A. Arbabi and S. Safavi-Naeini, “Maximum Gain of a Lossy Antenna,”
in [EEE Transactions on Antennas and Propagation, vol. 60, no. 1, pp. 2-
7, Jan. 2012.

[20] A.Tornese, A. Clemente and C. Delaveaud, "A New Method for End-Fire
Array Gain Optimization Using Spherical Wave Expansion," 2022 IEEE
International Symposium on Antennas and Propagation and USNC-URSI
Radio Science Meeting (AP-S/URSI), Denver, CO, USA, 2022, pp. 1232-
1233.

[21] A.D. Yaghjian, “Sampling criteria for resonant antennas and scatterers,”
J. Appl. Physics, vol. 79, no. 10, pp. 7474-7482, 1996.

[22] M. Gustafsson and M. Capek, “Maximum gain, effective area, and
directivity,” IEEE Transactions on Antennas and Propagation, vol. 67,
no. 8, pp. 5282-5293,2019.

[23] O. Bucci and G. Franceschetti, “On the spatial bandwidth of scattered
fields,” IEEE Transactions on Antennas and Propagation, vol. 35, no. 12,
pp. 1445-1455, 1987.

[24] O. Bucci and G. Franceschetti, “On the degrees of freedom of scattered
fields,” IEEE Trans. Antennas Propag., vol. 37,no. 7, pp. 918-926, 1989.

[25] L.J. Chu, “Physical limitations of omni-directional antennas,” Journal of
Applied Physics, vol. 19, no. 12, pp. 1163-1175, Dec 1948.

[26] J. S. McLean, "A re-examination of the fundamental limits on the
radiation Q of electrically small antennas," [EEE Transactions on
Antennas and Propagation, vol. 44, no. 5, pp. 672-676, May 1996, doi:
10.1109/8.496253

[27] R. F. Harrington, “Effect of antenna size on gain, bandwidth, and
efficiency,” Journal of Research of the National Bureau ofStandards-D.
Radio Propagation, vol. 64D, no. 1, Jan.-Feb. 1960.

[28] T.V.Hansen, O. S. Kim and O. Breinbjerg, “Stored Energy and Quality
Factor of Spherical Wave Functions—in Relation to Spherical Antennas
with Material Cores,” IEEE Transactions on Antennas and Propagation,
vol. 60, no. 3, pp. 1281-1290, March 2012.

[29] M. Capek, V. Losenicky, L. Jelinek, and M. Gustafsson, “Validating the
characteristic modes solvers,” IEEE Transactions on Antennas and
Propagation, vol. 65,no0. 8, pp. 4134-4145,2017.

[30] R. Harrington, Time-Harmonic Electromagnetic Fields. ser. IEEE Press
Series on Electromagnetic Wave Theory. Wiley, 2001. Available
online at: https://books.google.it/books?id=4-6kNAEACAAJ.

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



