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1. Introduction

In the last decades the analysis of S'-valued maps has been extensively developed, due to its relevance in
many physical models where topological singularities arise, such as, for example, Ginzburg-Landau vortices
in superconductors and dislocations in crystals [2-4,24,26,27,32,39]. An interesting link has been addressed
also with the Plateau problem in higher codimension and in the Cartesian setting (cf. [1,9-12,40]). A central
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issue in these contexts is the existence, for a given S'-valued map u, of suitably regular liftings, i.e., real
valued maps ¢ such that

u=e'"Y =cosp+isinp,

where we identify R? with the complex plane. We refer to the monograph [16] and references therein for an
exhaustive discussion on the topic.

In this paper we analyse compactness properties for sequences of liftings, which are essential for addressing
the following question. Let  C R™ be a suitable open set, let p > 1 and u € SBV?(Q;S!). We seek a lifting
Omin € GSBVP(Q) of u such that

H" ! (Spmn) = inf {H"71(S,) : ¢ € GSBVP(Q), €'¥ = u ae. in Q} . (1.1)

Here H"1(S,) stands for the (n — 1)-dimensional Hausdorff measure of the jump set S,, of ¢. Moreover,
SBVP(Q;S!) (resp. GSBVP(Q)) denotes the space of S'-valued maps with special bounded variation in
(resp. the space of generalized special bounded variation functions in §2) whose absolutely continuous part
of the gradient is in LP and whose jump set has finite (n — 1)-dimensional Hausdorff measure. We call a
lifting @iy as above a jump minimizing lifting. As a byproduct of our analysis we also study I'-convergence
of sequences of Ambrosio-Tortorelli type functionals for S!-valued maps, highlighting the occurrence of a
Lavrentiev phenomenon depending on the choice of the functional domain.

The next two theorems can be considered as the main results of the present paper; they provide com-
pactness and lower semicontinuity for a sequence of liftings associated to a single map v and more generally,
to a converging sequence (uy). It is clear that Theorem 1.2 extends Theorem 1.1; however, for clarity of
presentation and to make the demonstrations more readable, we prefer to give two separate statements. In
what follows 2 C R™ is a bounded open set with Lipschitz boundary.

Theorem 1.1 (Compactness and lower semicontinuity, I). Let p > 1, u € SBVP(Q;S") and (¢r)k>1 C
GSBVP(Q) be a sequence of liftings of u with

sup H"1(S,,) < +oo.
keN

Then there exist a Caccioppoli partition (E;);>1 of @ and a not relabelled subsequence of indices k for which
the following holds: '
there exist a lifting poo € GSBVP(Q) of u in Q, and a sequence (dfj))kzl C Z for any i € N, so that

lim (pp(z) — 27rd,(j)) = Poo() Vi eN, forace x€FE;,

lim \gok(a:)—27rd,(:)| =400 Vi e N, forae zeQ\E;,
k——+o0
and
liminf H" 1 (S,, ) > H" 1 (S,..). (1.3)

k—400

We recall that a Caccioppoli partition of 2 is a countable family (E;);>1 of mutually disjoint finite
perimeter sets whose union is 2 and whose series of perimeters is finite.

A direct consequence of Theorem 1.1 is the existence of a minimizer of (1.1), that is, the infimum in
(1.1) is attained, for any u € SBVP(;S!), and so a jump minimizing lifting exists (see Corollary 3.1).
Theorem 1.1 (as well as Theorem 1.2) is relevant for applications to various problems in the calculus of
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variations. For instance, finding a lifting that minimizes the length of the jump set is reminiscent of the
related question of minimizing the BV-seminorm [16]. In turn, the latter is closely connected to Plateau-type
problems and optimal transport [15]. Similarly, the structure of a jump minimizing lifting may be related
to optimal transport problems with different cost functions. We discuss these connections in some detail in
Subsection 3.3.

It is worth noticing that, somewhat surprisingly, the minimum in (1.1) is not attained within the class
SBV(Q), as shown by the example discussed in Section 3.2. This highlights the delicate nature of the
problem (1.1). At the same time, in Theorem 3.2 we show that, for suitable Sobolev maps u € W1P(Q;S?!),
there exists a jump minimizing lifting belonging to SBVP(Q)). We point out that Theorem 3.2 is currently
established only in the two-dimensional setting. Its proof relies partly on an approximation argument for ¢,
(see Proposition 3.3) which holds in arbitrary dimension, and partly on techniques from geometric measure
theory, such as decomposition of integral 1-currents, that crucially exploit properties of two-dimensional
setting. We believe that Theorem 3.2 could be extended to a more general framework, but we leave this
analysis for future developments.

A generalization of Theorem 1.1 to a sequence of maps (ug) is stated as follows.

Theorem 1.2 (Compactness and lower semicontinuity, II). Let p > 1, u,u, € SBVP(Q;S!) be such that
up —u  in BV(;SY), (1.4)
and let ¢, € GSBVP(Q) be a lifting of uk, for all k > 1. Suppose

sup H" " 1(S,,) < +o0.

keN
Then there exist a Caccioppoli partition (E;) of Q and a not relabelled subsequence of indices k for which
the following holds: _
there exist a lifting poo € GSBVP(Q) of u in Q, and a sequence (d,(:))kzl C Z for any i € N, so that

lim (pp(z) — 27rdl(j)) = Poo() Vi e N, fora.e.z€E;,

k— oo

. (1.5)
lim |g0k(w)—27rd§;)| =400 Vie N, forae xzeQ\E;,
k—+oo
and
liminf H" (S, ) > H" *(S,..) - (1.6)

k— 400

We stress that these compactness results have a local feature, in the sense that liftings converge up
to locally subtract a suitable constant. More general compactness results in the framework of functions of
bounded deformations can be found in [20] (see also [19]) and, with different techniques, obtained by slightly
modifying the given sequence of functions, in [31]. The proof of Theorems 1.1 and 1.2 is partially analogous
to the arguments in [19,20], which are here suitably modified to take advantage of the specific structure of
liftings.

The above results may be applied to free discontinuity problems, in particular to the asymptotic analysis,
via ['-convergence, of Ambrosio-Tortorelli type functionals for maps defined on 2 C R™ and taking values
in S'. More specifically, let us define the two functional domains

Agt = {(u,v) € WHHQ;SY) x WE(Q): 0|Vu| € LA(Q), 0 <wv <1} € L} (Q;SY) x LH(Q),

Ast = {(u,v) € WH(Q;S") x WH3(Q): 0<v <1} C LY(SY) x LY(Q). (1)
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For e € (0,1] let us consider the corresponding family of functionals

—~S

AT, ATS': LY(Q;SY) x LY(Q) — [0, +00]

€

given by
@ AT (u,v) if (u,v) € As1,
AT, (u,v):= (1.8)
+00 otherwise in L'(Q;S!) x L1(Q),
and
) AT (u,v) if (u,v) € Ag1,
ATS (u,v) := (1.9)
+o0 otherwise in L(Q;S!) x L1(Q),
where
2 2 2, (v—1)
AT, (u,v) := 7| Vul® + | Vo|* + P dz, (1.10)
Q

with |Vu|? indicating the Frobenius norm of Vu. With this choice, if ¢ is a suitably regular lifting of the
map u, i.e., e’ = u, then |Vyp| = |Vul|. It is clear that

-~ st —~S*
ASI C .A§1, ATE > ATE .

The next two main results connect these functionals with Mumford-Shah-type functionals, and read as
follows.

st
Theorem 1.3 (T'-convergence of AT, ). Let @ C R™ be a connected bounded open set with Lipschitz boundary.
We have

st
I-L' lim AT, = MSs;:,
e—0t
where MSg1: L1(£2;S1) x LY(Q2) — [0, +00] is given by

/|Vu\2dx +H"H(S,) if ue SBV(;SY),v=1 ae.,
MS§1(U,U) =930 (1.11)

“+oo otherwise in L*(£2;S?) x LY(Q).

Theorem 1.4 (T'-convergence of ATfl). Let Q C R™ be a connected and simply-connected bounded open set
with Lipschitz boundary. We have

L' lim ATS = MS,
e — lift

e—0t

where MSyg: L1 (Q;SY) x L1(Q) — [0, +00] is given by
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/\Vu|2 dx +malu] if ue SBV2(;SY), v=1 a.e.
MSiig (u, v) := € & (1.12)

+00 otherwise in L(2;St) x L}(Q),
with
mafu] == inf{H""(S,): ¢ € GSBV*(Q), ¥ =u a.e. in Q}. (1.13)

We emphasize that, in Theorem 1.4, the assumption that €2 is simply connected is essential. Indeed,
if © is not simply connected, the theorem fails. A simple counterexample is provided by the vortex map
uy (z) = 177 defined for z in the annulus Q := Br(0)\ B,(0) C R%, 0 < p < R. The map uy is smooth in
Q, and therefore its I-limit reduces to [, |[Vuy|? dz, whereas ma[uy] = R —p > 0.

To better understand the two theorems above, some comments are in order.

(i) The T-limit in (1.11) is the classical Mumford-Shah functional for S*-valued maps, and indeed part
of the proof of Theorem 1.3 is an adaptation of known results, together with some applications of the
properties of liftings of nonsmooth maps;

(ii) the second, more interesting, I'-limit in Theorem 1.4 is nonlocal, it does not have an integral representa-
tion and depends on the minimization problem in (1.13). The singular term ms[u] is the penalization of
a particular lifting of u, the one which minimizes the measure of the jump. It is clear that MSy;;y > MSg1.

These two theorems show the huge difference made by the choice of the two domains (1.7) where defining
the approximating functionals, in particular the requirements u € WH1(Q; S1), v|Vu| € L?(Q), as opposed to
the more standard requirement u € W12(€; S!). The reason of the corresponding different limit behaviours
is topological in nature, and it is better explained by the following example, see also [27, pag. 30].

An example of an SBV? map with vorticity. Let n = 2 and Q = B;(0) C R% We construct a map
u € SBV?(B;1(0);S!) with the following properties: it coincides with the vortex map uy (z) = ra7 for
z € B1(0) \ By/2(0) and it jumps along the segment (1, 2

function to get a map in SBV?2(2; S!) with a small jump. For example, consider the lifting of uy- given by

) x {0}. To define v we modify uy using a cut-off

the determination of argument function 6 : @ — [0, 27] jumping on the positive real axis (i.e., the choice
of a determination of the imaginary part of the complex logarithm jumping on {(z,0) : > 0}). Hence,
in B1(0), Sy = (0,1) x {0} with constant jump opening [f] = 27. Now, let h € C°°(B1(0);[0,1]) be such
that h =0 in By4(0), h = 1in B1(0) \ B1/2(0), 0 < h < 1 in By/3(0) \ B1/4(0) (hence [Vh| < C for some
C > 0), and define

eh — {h9 in Bl/2(0) \ {O}a . iGh.
¢ in By(0)\ Bi/2(0),

Thus we have (see Fig. 1)

11 1
Sg, = S5 USh  where S} = (1,5) « {0}, Sp = (5,1) x {0},

moreover [0,] varies from 0 to 27 on Sgh and [05] = 27 on Sj . This in turn implies u = uy on By(0) \
Bl/Q(O), and

Su=158] .
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Fig. 1. The dotted segment denotes the set Sg’ where [0}, ()] varies between 0 and 27, the solid segment denotes the set Séh where
6] = 2=.

We also have u € SBV?(B1(0); S1), MSs:1(u, 1) < 400, and mz[u] turns out to be the length of the shortest
segment joining the right endpoint of S, to the boundary of 2. Indeed any lifting ¢ of u has the following
properties: S, D Sgh, @ is a lifting of uy on B1(0) \ B1/2(0) and ¢ is a lifting of (1,0) on By /4(0). Hence,
in order to be minimal it must satisfy S, = Sp, and therefore ma[u] = H'(Sp, ) = 3/4.

The map u provides an example for which one may compute the two I'-limits above, and it turns out
that the gradient integrability of the approximating maps is crucial in producing the two behaviours. In
particular in Theorem 1.4, owing to topological obstructions related to the fact that u has non-zero degree on
every circle 0B,(0) with 1/2 < p < 1 (since it coincides with the vortex map on these circles), the recovery
sequence gives rise to the contribution msy[u]. To see this, any construction consisting of a perturbation
in a small e-neighborhood of S, as in [7,8] would provide approximating functions u.: B1(0) — S which
coincide with the vortex map far from the origin, and so necessarily u. has non-zero degree, which in turn
implies that u. ¢ W12(B1(0); S!). Indeed, if u. € W12(B1(0); S!), then by [16, Theorem 1.1] u. has a lifting
in W12(B;(0)), which is not possible since u. has non zero degree (cf. [16, Theorem 1.2]). In particular,
ue cannot be used to produce a recovery sequence in Theorem 1.4, but it provides a suitable construction
for the upper bound in Theorem 1.3, being of class W1 (B1(0); S') and satisfying ve|Vu.| € L?(B1(0)). In
order to construct a recovery sequence in this case, we need to consider approximating functions with zero
degree. This is possible by modifying « in a neighbourhood of the jump set of a minimal lifting (i.e., 6;,)
and then define v. accordingly. Thus, passing to the limit one gets the contribution H!(Sp, ) = ma[u].

Ideas of the proofs. Compactness properties for sequences of liftings are delicate, as liftings may escape to
infinity. To see this, it is enough to observe that one can always modify a lifting by adding integer multiples
of 27; moreover, in the GSBV setting, such shifts can be performed locally with different multiples of 2,
provided they are carried out along a Caccioppoli partition. This explains why Theorems 1.1 and 1.2 are
essentially optimal. As already pointed out, analogous compactness results have been obtained in [19,20] for
general sequences of functions in the GSBD framework. In our setting we provide a different proof, which
exploits the specific structure of liftings. In particular, the constants to be subtracted can be chosen as
suitable integer multiples of 27. In this sense, sequences of liftings naturally induce sequences of Caccioppoli
partitions of the domain 2. The proofs of Theorems 1.1 and 1.2 therefore rely on an iterative argument in
which, at each step, one selects the largest component of the underlying Caccioppoli partition and suitably
normalizes the corresponding liftings. The proof of Theorem 1.2 involves an additional difficulty, as the k-th
lifting is associated with a function uy converging to u. To address this issue, we decompose each lifting as
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the sum of a lifting of v and a remainder term that vanishes in the limit. This decomposition allows us to
apply Theorem 1.1.

We now explain how Theorem 1.2 is used in the I'-convergence analysis. The previous example shows that
the nature of the I-limit (1.12) is related to topological obstructions arising when approximating a S-valued
map whose approximate gradient is square-integrable. In particular, the non locality of MSys leads to non
trivial difficulties in the proof of the lower-bound inequality. The basic idea is to rewrite the approximating
functionals in terms of liftings. More precisely, given u € W12(Q;S!) take a lifting o € W2(Q) of u, so
that from the identity |Vu| = |Vy| it follows

AT, (u,v) = vz\v 2 2 L_ 1’
() = ol el + ) 4o, (1.14)
Q

which is the Ambrosio-Tortorelli functional for the pair (¢, v). Now, if for any sequence (ue,,ve, ) — (u, 1)
in L1(€;SY) x L1(Q2) we were able to prove that ¢., — ¢ in L*(Q), with ¢., € W12(Q) lifting of u.,, we
could conclude by applying the classical results [7,8], since the limit ¢ is a lifting of u. Unfortunately this
convergence in general is not valid, as the energy provides a control of Vi, only in regions where v,, is far
from zero. Moreover, as already observed, sequences of liftings might escape to infinity (since we can always
add integer multiples of 27). Nevertheless, by means of a truncation argument based on the Modica-Mortola
trick combined with the coarea formula, one can modify (¢, ) on a vanishing set to construct a new sequence
(¢e, ) satisfying the assumptions of Theorem 1.2 and hence the corresponding convergence conclusions. This
and a Vitali covering argument allow one to deduce the lower bound inequality in Theorem 1.4.

Content of the paper. In Section 2 we collect some notation and recall some useful tools which will be
employed to prove the main results. In Section 3 we prove (Theorem 3.2) the existence of an SBV(2)-
jump minimizing lifting for a map whose Jacobian determinant has a finite number of singularities. We also
provide an example where the jump minimizing lifting is not in SBV (€2) but just in GSBV () (Section 3.2).
Furthermore, we describe a connection with optimal transport (Section 3.3). In Section 4 we provide the
proofs of the compactness Theorems 1.1 and 1.2. Finally, in Section 5, after establishing some density and
approximation results in SBV(Q), both for S'-valued functions and for liftings, we prove Theorem 1.3. In
its proof, we do not make use of the results of Section 5.1, but instead rely on those of Section 3. Section 5.3
is devoted to the proof of Theorem 1.4. We conclude the paper with a short section containing remarks and
open problems (Section 6).

2. Notation and preliminaries

In this section we collect some notation, and recall some notions concerning SBV and GSBV functions
and related I'-convergence results [6], currents theory in dimension two [28], liftings and Jacobian of liftings
[16]. In what follows:

- n > 1is a fixed integer and p > 1 is a fixed real number;
- 0* A denotes the reduced boundary of finite perimeter set A C R";
| | and H"~! denote the Lebesgue measure and the (n — 1)-dimensional Hausdorff measure in R™,

respectively;
- x4 denotes the characteristic function of the set A C R"™;

for a,b € R™ the symbol a ® b denotes the tensor product between a and b;
- S'is the unit circle in R? which is identified with the unit circle in C, i.e.,

Sti={(z,y) eR*: 2® +y* =1} ={z +iy e C: 2* + y* = 1}.
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2.1. SBV and GSBV functions

Let U C R™ be open and bounded, and m > 1 an integer. We denote by BV (U;R™) the space of
vector-valued functions with bounded variation in U, and with | - |gy and || - || gy the BV seminorm and
norm, respectively, i.e.

lulpy := |Dul(U),  [lulsv = [lullLr + [u|pv,

see [6]. We say that u € BV (U;R™) belongs to the space of special functions with bounded variation in U,
ie, u e SBV(U;R™), if its distributional gradient is a finite R™*"-valued Radon measure without Cantor

part, that is,

Du = Vul" + [u] ® v, H" LS, ,

where Vu is the approximate gradient of u, S,, is the approximate jump set of u, [u] = u™ —u™~ is the jump

opening and v, is the unit normal to S,, see [6, Def. 3.67]. A measurable function v : U — R™ belongs
to the space of generalised special functions with bounded variation in U, that is, u € GSBV(U;R™), if
pou € SBVipc(U) for any ¢ € C1(R™) with V¢ compactly supported. Recall that f € SBVi,.(U) if
f € SBV(U’) for every open set U’ CC U. If m =1 we write BV (U) = BV(U;R), SBV(U) = SBV(U;R)
and GSBV(U) = GSBV(U;R).

Remark 2.1 (Equivalent definition of GSBV for m = 1). GSBV(U) can be equivalently defined as the
space of measurable functions u: U — R such that u A M V (—M) € SBWVo.(U) for any M > 0.

For p > 1 we set
SBVP(U;R™) = {u € SBV(U;R™) : Vu € LP(U;R™ ™) and H"*(S,) < +oo},
and
GSBVP(U;R™) = {u € GSBV(U;R™) : Vu € LP(U; R™*"™) and H"*(S,) < 4+o0}.
Again, when m = 1 we write SBVP(U) = SBVP(U;R™) and GSBVP(U) = GSBV?(U;R™). We set

BV(U;SY) = {u € BV(U;R?): |u| =1 a.e. in U},
SBV(U;S") = {u € SBV(U;R?): |u| =1 ae. in Q},
and for p > 1
SBVP(U;SY) = {u € SBV(U;S"): Vu € LP(U;R**?), H"1(S,) < 400} .

Eventually, a (finite or countable) family (F;) of finite perimeter subsets of a finite perimeter set F is called
a Caccioppoli partition of F' if the sets E; are pairwise disjoint, and their union is F. The next technical
observation will be needed later (Section 5.2).

Remark 2.2 (Approzimation of a BV function by smooth functions). Let A C R™ be a bounded open set

with Lipschitz boundary and ¢ € BV(A). By [6, Theorem 3.9], for any 6 > 0, there exists a function
w5 € C*(A) such that
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[lo-ilds<s, [|9eslds < |Del(a) + 5.
A A

Moreover, by inspecting the proof, @5 can be chosen so that

0 = s H* ! —ae. on 0A,
in the sense of BV -traces on 0A (see e.g. [6, page 181]).
2.2. Currents

In some proofs we will deal with measures in R? which can be identified with currents in the sense of
Federer. We just recall here those definitions used to our purposes, and we refer to the monographs [28,34]
for a more detailed discussion on the subject.

Let Q C R2 be open with Lipschitz boundary, and k € {0,1,2}; we denote by D*(Q) the topological
vector space of k-forms on 2. Its dual space Dy () is known as the space of k-currents in . For a current
T € Dr(9), we denote the mass of T in Q by |T'|q, defined by

IT)q := sup{T(w) : w € D*(Q), |w| < 1}. (2.1)

Notice that 0-currents in Dg(€2) with finite mass can be identified with finite Radon measures on 2 with
finite total variation.
Given a current T € Dy () with k € {1, 2}, we introduce its boundary 0T € Dy_1(Q2) as

OT(w) :=T(dw)  VYw e D" 1),

where dw denotes the external differential of w. By convention, in the case k = 0 it is 9T = 0.
A H'-rectifiable set R C € is a set for which there are (at most) countably many Lipschitz maps
én : R — R? such that

o0
RCNU|Jen(®), H'(N)=0.

h=0

We say that T € D1(Q) is rectifiable if there exist a H!-rectifiable set R, a unit simple 1-vector 7(x) for
H'-a.e. x € R, and a measurable function 6 : R — R such that

T(w) = / 0(z)(w(x), 7(z)) dH'(z),  w e DY(Q). (2.2)

R

Here (-, -) stands for the duality pairing between 1-covectors and 1-vectors. A rectifiable current T € D1 (1)
is said to be an integral l-current if 6 takes integer values, 7 is tangent to R, and |T|q + |0T|q < +o0.
Given an integral current T' € D1 () we also denote it as

T= (Ra 93 T)a (23)

whenever R is the H!-rectifiable set, 6 the Z-valued function, 7 the 1-vector tangent to R such that (2.2)
takes place.

The structure of integral 1-currents is quite rigid. Specifically, from Federer decomposition theorem [28,
Sections 4.2.25 and 4.5.9], if T € D;1(Q?) is a l-integral current, then T can be written as a sum
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400 400 “+o00
T=>"T, with Y |Tilo=|Ta, > |0Ti|q =0T )q. (2.4)
i=1 i=1 i=1

and where each T; is the image of a Lipschitz curve, in the sense that there exists a Lipschitz curve
a; : [0,1] — R? injective on [0, 1), and such that,

Ty(w) = / (wlen(t)), da(t))dt.
0

In this case, we denote T; also by [a;]. Furthermore, T; = 0 in Dy(Q) if and only if either the curve «; is
closed, or it has endpoints in 9. In general, 0T; = 6,, — 5, where z; = «;(0) and y; = «;(1). In particular,
since |0T|q is finite, it follows that 0T is a finite sum of Dirac deltas, namely

14

L
T =" 26y, > Lzl = 0T,
i=1

i=1

where ¢ € N, z; € Z, and p; are distinct points in 2.

Assume now € is simply-connected. If T; = [o;] and 9T; = 0, we distinguish two cases: if T; is a loop,
i.e. ;(0) = a;(1), we have that a;([0,1]) is a Jordan curve and we denote by G its interior. If instead
a;(0) # a;(1), a;(0),a;(1) € O we can consider the curve in 9 connecting «;(0) and «;(1) with smaller
length, and the concatenation of this curve with «; becomes a Jordan curve @; whose interior we denote by
G;. In both cases 2N 8G; = a4([0,1]). Now, by [36, Theorem 7.9.1], there exists an integral 2-current S; in
R? such that 9S; = [;] (if a; is a loop) or 8S; = [@;] (otherwise). By constancy lemma [36, Theorem 7.3.1]
it straightforwardly follows that S; coincides, up to a sign, with the integration over the finite perimeter set
G; C Q whose reduced boundary (up to H!-negligible sets) agrees with «;([0,1]) (in Q); precisely, there is

o; € {—1,1} such that the current S; € D2(Q) is

Si(w) = o; /(w, e1 A eg)dx (2.5)

(where (-, -) is the duality product between 2-covectors and 2-vectors) and 95; = T;. Moreover, by adding a
constant in Z if necessary, we can always replace the set CAY'Z by '\ éi; in particular, we can assume that the
set of integration in (2.5) is the one between G, and Q\éZ with smaller Lebesgue measure. As a consequence,
denoting this set by G;, by the isoperimetric inequality [36, Theorem 7.9.1] and by construction, since €2 is
Lipschitz, there is a constant cqg > 0, depending on €, such that

|G| < calTil3 (2.6)
2.3. Liftings of S'-valued maps

Let © C R™ be a bounded connected open set with Lipschitz boundary, and u: Q@ — S' be a measurable
function. A lifting of u is a measurable function ¢: Q — R such that

u(z) = @ for ae. x € Q.

Given a Borel set B C 2, we say that ¢ : B — R is a lifting of u on B if the previous equality holds a.e. on
B. Clearly, if ¢ is a lifting of u, then so is ¢ + 2wm for all m € Z.

If u has some regularity, a natural question is whether ¢ can be chosen with the same regularity. The
answer is partially positive, see [16,25] for more details. In particular, if  is simply connected we have



G. Bellettini et al. / J. Math. Pures Appl. 217 (2027) 103992 11

(1) If u € C*(;SY) for some k > 0, then u has a lifting ¢ € C*(Q), unique (mod 27), [16, Lemma 1.1];

(2) Ifu € CF(Q;SYHYNWP(Q;ST) for some p € [1, +00], then u has a lifting p € C*(Q)NWLP(Q); Ifn =1
and u € WHP(Q; S?) for some p € [1,+00), then u has a lifting p € WP();

(3) If n > 2 and u € WHP(Q;S?) for some p € [2,+00), then u has a lifting ¢ € WHP(Q). Moreover ¢ is
unique (mod 27);

(4) If n > 2, then for every p € [1,2) there exists u € WP(€; S') having no liftings in W1P(€), see [16,
Theorem 1.2, Remark 1.9].

A well-known example showing (4) when n = 2 is the vortex map uy discussed in the introduction. Indeed
it can be shown [16, Pages 17-19] that there are no liftings of  in W11(Bj) (and thus there are no liftings
in Wh?(By) for all p € [1,2)).

Next we recall some regularity results on liftings of BV maps (see [25, Theorem 1.1], and also [16,
Theorem 1.4]).

Theorem 2.3 (Davila-Ignat). Let u € BV (Q;S'). Then there exists a lifting o € BV () such that |¢||p~ <
2w and |§0|BV S 2‘u|Bv.

Remark 2.4. In the above theorem € does not have to be simply connected. If u € SBV (Q;S!) then ¢ of
Theorem 2.3 can be chosen in SBV(Q2). If u € SBVP(€2;S) for some p > 1 then ¢ of Theorem 2.3 can be
chosen in SBVP(Q2) N L*>(; [0, 27]).

As usual, for any lifting ¢ € SBV(Q) of u we write S, = Sé U S£ where Sé stands for the “integer” part
of the jump, and S{; for the “fractional” part. More precisely,

Sj, ={x e S, :[el(z) €2nZ}, SSJ; =55\ Sé.

Notice that in particular Sg; =S5,
Now, let u € BV (£2;S) and consider the minimum problem

inf{|o|pv: ¢ € BV(Q), "¢ = u a.e. in Q}.

We recall that there exists a minimizer ¢ € BV (Q) such that |¢|gy < 2|u|py and 0 < [, o dz < 27|Q| (see
[16, page 25]). As explained in the introduction, we are instead concerned with the existence of a lifting
that minimizes the measure of the jump set. This will be the subject of Section 3.

2.4. Jacobians and liftings of S'-valued maps from 2-dimensional domains

In this section we assume Q C R?, and consider a Sobolev map u € WH1(Q; St). We recall the definition
of distributional Jacobian determinant for Sobolev maps [16, Page 12, formulas (1.33) and (1.35)] that is

1 1
Det(Vu) = iDiv(ule‘ug —upV=4uy) =: §Div(j(u))7 (2.7)

where the divergence operator Div is considered in the sense of distributions, and we use the notation
Jjlu) = u VViug — uaV>iug € LY (Q;R?),
V1 = (=09, 0;). Following [16], for any two points x,y €  we denote by

do(z,y) := min{|z — y|, dist (z,0) + dist (y,00N)}.
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It is well-known [16] that if u € W11(Q;S!) then there are two sequences of points (y;) C Q and (x;) C
such that 7% dg (2, yi) < +oo and

“+o0
Det(Vu) =7 » (5, — dy,). (2.8)

i=1

Of course, it might happen that, instead of sequences of points, there is a finite number NV € N of couples
(w4,9;) € Q x Q such that

Det(Vu) ==« 2(61 — 0y, )- (2.9)

Remark 2.5. Assume Det(Vu) is a finite Radon measure. Since the points x;, y; might belong to 99 and
since they are not distinct in general, Det(Vu) is, as a distribution in €2, a sum of the form

M
Det(Vu) = Z 2i0p, (2.10)
i=1
where z; € Z, p; are distinct points in 2, M € N. As an example, the vortex map uy (x) = Ii_l for nonzero

z in Q = B,(0), has
Det(Vuy) = m(dg — 0q)

for any choice of ¢ € 9B,(0). In such a case, as ¢ € 9B,(0), the Dirac delta ¢, does not contribute to the
measure Det(Vuy ) in the open set B,.(0), and so we can also write Det(Vuy ) = mdy in B,(0).

Let now u € WH1(Q;St) and let ¢ € SBV(Q) be a lifting of u; then the distributional gradient of ¢
reads

Dy =V L2+ Digp, (2.11)

where D7 = [p]ng, H'LS,, ng, being a unit normal to S, and [¢] the corresponding jump amplitude.
We then consider the rotated, by the counterclockwise 7 /2-rotation, of D7, namely

(D?¢)* = [¢lng, H'LS,, (2.12)

where ni = (=(ns, )2, (ns,)1) is an oriented tangent vector to S,. The vector-valued measure in (2.12)
can be identified with 27 times the integral 1-current

T, = (Sp, %,ni) (2.13)

which indeed has % € Z H'-a.e. If we also identify the elements of Dy(f2) with scalar measures, 9T, €
Do(2) corresponds to minus the divergence of T,,, and so

1 : 1
oT, = f%Dw((th)L) = ng(ngp) (2.14)

where we have used that
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Div((Dg)*) = Curl(Dy) = 0.
Also here Curl(Dy) is defined in a distributional sense. Therefore, by (2.7), it follows
Det(Vu) = %Div(vj‘gﬁ) = —%Curl(Vgp), (2.15)
where Vi is the approximate gradient of . We can then state the following:

Proposition 2.6. Let u € WH(Q;S') and let ¢ € SBV(Q) be a lifting of u. Then (2.15) holds in the sense
of distribution. Moreover, if T, is the current in (2.13), then

1
0T, = —Det(Vu).
T
2.5. T-approximation and compactness for the Mumford-Shah functional

In view of the application to Theorems 1.3, 1.4, we recall two classical results [7,8] (see also [30] for the
generalization to the vector case), and [6, Theorem 4.8].

Theorem 2.7 (Ambrosio-Tortorelli). Let Q@ C R™ be an open set with Lipschitz boundary, and
A= {(u,v) € WEH(Q;R™) x WH2(Q): 0 < v < 1}.

Then the functionals

—1)2
/ <v2|vU|2 e[Vl + (z—)> de  if (u,0) € A,
AT (u,v) =g <
+00 otherwise in L*(£;R™) x LY(€),

I-L'-converge to the Mumford-Shah functional

/|Vu\2dx+7-[”71(5’u) ifue€ GSBVZ;R™), v =1 a.e.
MS(u,v) := ¢ 4

+00 otherwise in L*(;R™) x L1(),
ase — 0F.
Remark 2.8. By inspecting the proof of Theorem 2.7 one actually deduces the following properties:

(i) Decoupling. Let 5 N\, 0, and let ((ug,vk))r>1 C A be a sequence converging to (u,1) in L*(Q;R™) x
LY(Q) with supgen AT, (ug, vg) < +00. Then

liminf/v,%\VudexZ/\Vu|2dx,

k—+o0
Q Q

(2.16)

i o (v — 1)? n—1
lim in e|Vug|* + ——— ) dz > H""(S.).
k—+o00 deyg,
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(ii) I-convergence on a larger domain. The result still holds if one replaces A with the larger class

-~

A= {(u,v) € WHLH(QR™) x WH2(Q): v|Vu| € L*(Q), 0 < v < 1}.
Property (ii) is a consequence of the inclusion A C A and of property (i). Indeed, by A C A it follows
that a recovery sequence in A is also a recovery sequence in A, and thus the limsup inequality holds. For

the liminf inequality consider a sequence (ug,vg) C A converging to (u,1) in L1 (Q;R™) x L1(Q). Since the
integrability of |Vuyg| does not interfere with the Modica-Mortola term, by property (i) it follows

.. 2 (Uk - 1)2 n—1
lim inf er|Vogl® + e de > H" " (S.) .
k

k— 400

For the bulk term instead fix 0 < n < 1. By letting @y = ugX{v, >y} We find
. . 2 2 > . . 2 2
lklglir(g/vMVuﬂ dx > lklgl_ll_{.lof’r] /X{kan}|VUk| dx
Q
k——+o00

Q
:liminfn2/|Vﬁk|2do::772/\Vu\2dx,
Q Q

where the last equality follows by observing that x{,, >y} converges to 1 in L'(Q) and thus, up to subse-
quence, |Vig| — |[Vu| in L?(Q2). Eventually, by the arbitrariness of 1, we can take the limit as 7 — 1 and
conclude.

Theorem 2.9 (Compactness in SBV ). Let p > 1, 8 C R™ be a bounded open set and (pr)r>1 C SBV(Q) be

a sequence satisfying

sup ([ 1¥ul dz+ 171(5,0)) < +oc,
keN 5

and
sup ||k lloo < +o0. (2.17)
keN

Then there exists a subsequence of (¢r) weakly-star converging in BV (Q) to a function belonging to SBV (§2).

Removing assumption (2.17) leads to the following result, which is the GSBV? variant of [19, Theorem
1.1], and that will be applied in the proof of Lemma 4.1 to an appropriate sequence of liftings.

Theorem 2.10 (Compactness). Let p > 1, Q@ C R™ be an open set and (¢r)r>1 C GSBVP(Q) be a sequence
satisfying

sup (/ Ve |P dar +H”*1(S¢k)) < +00.
keN &

Then there exist a (not relabelled) subsequence and a function oo € GSBVP(Q) such that:
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E:={xe€Q:|pr(x)] = +oo} has finite perimeter,
Yoo =0 on F,
Ok = Yoo a.e. on Q\ E|
Vor — Voo in L'(Q\ E;R™),

n—1 * < . n—1 .
(S, UO'E) < lim inf 1 (S5,

3. On jump minimizing liftings

In view of the applications in Section 5, we are concerned with the analysis of the following minimization
problem: let p > 1, u € SBVP?({;S!) and define

my[u] == inf {H""1(S,) : p € GSBVP(Q), €Y =u a.e. in Q} . (3.1)

According to Remark 2.4, the set of competitors ¢ in (3.1) is non empty. In the next section we discuss
some consequences of Theorems 1.1 and 1.2. The first one is the existence of a minimizer of (3.1). Such
a minimizer in general is not a function of bounded variation, and for this reason is necessary to set the
problem in the space GSBVP () instead of SBVP(£). In Section 3.2 we exhibit a map u € SBVP(Q;S!)
having minimizer of (3.1) which is not a BV-function. On the other hand, in Theorem 3.2 we give some
sufficient condition for which a minimizer belongs to SBV?((Q).

8.1. Main consequences of compactness of sequences of liftings

The first consequence follows from Theorem 1.1:
Corollary 3.1 (Existence). Let p > 1. Then there exists a minimizer ¢ € GSBVP(Q) of (3.1).

As already pointed out, in general a minimizer @i, of (3.1) does not exist in SBV?(2). However, at least
in dimension n = 2, we can give some sufficient condition in order that @, € SBVP(QQ). The following
result holds:

Theorem 3.2. Let p > 1, let Q@ C R? be a bounded simply-connected Lipschitz open set and let u €
WLP(Q; St). Assume Det(Vu) € My(Q). Then there exists @,.;,, € SBVP(Q) minimizer of (3.1).

Before proving Theorem 3.2, we show the following approximation property:

Proposition 3.3. Let p > 1, let Q C R"™ be a bounded Lipschitz open set, and let u € SBVP(Q;SY). Let omin
be a minimizer of (3.1); then there exists a sequence (vr) C SBVP(2) N L>(Q) liftings of u, such that

Ok — Pmin pointwise a.e. in ), (3.2)
Hn_l(sgok) - %n—l(&pmin). (3.3)

Proof. Following [25] for any ¢ € S! we define L(t) = 6, where  is the unique number in [0, 27) such that
e’ =t (we use here complex notation for a point ¢ € R?, where R? is identified with C). Hence, given
u € SBVP(Q;S!) and a € [0,27) we consider the lifting ¢ := L(e'®u) — o of u. Thanks to [25, Theorem
1.2] we have

2m
/|30a|Bdeé < drlu|py . (3.4)
0
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In particular there exists « € [0,27) such that |¢%*|gy < 2|u|py (this is exactly the lifting for which [25,
Theorem 1.1] holds). Observe that p® € L°°(Q) with

|| < 4, (3.5)
Su € Spa, and
[p“] =27 H" ' —a.e. on Sue \ S
From this we deduce that
I (Sp) = H(S) + H (S0 \ S) S HHS) + ~luly < oo
Now we consider the map

w = %004 - @mina

that satisfies Sy, C Spe US,,.., and so H"71(S,,) < +o00. We notice that 1 takes values in 27Z, as difference
of two liftings of the same map u; hence, for all z € Z we define

E,:={xe€Q:¢(x)=2mz},

which has finite perimeter since *E, C Sy (up to H" '-negligible sets). In particular the family P :=
{E. : z € Z} forms a Caccioppoli partition of €2, i.e., a partition of  with finite total perimeter, namely

PP, Q) = % SO U0 EL) < HYHO9) + H N (Sy) < +oo. (3.6)
z2€ZL

We are now ready to define the liftings . For all k € N, k > 1, we set

©min(x) if z € E, for some |z| <k,
or(x) = ,
e*(x) if x € E, for some |z| >k

We denote

Fp:= | E.,

2€Z

|z|<k
and so, since gi(z) = ¢p*(x) for x € E, with |z| > k, we notice that |¢r(z)| < 47 on Q\ Fj, by (3.5). On
the other hand, if x € E, with |z] < k, it holds

ok ()] = lemin(@)] = [¢%(2) — P(2)| < 4w+ 27[2] < 2m(2 + ).

Therefore pr, € L>®(Q) and ||prllre < 27(2 4+ k). Moreover v # @min on Q \ Fj and since Fj, » Q as
k — +oo (up to negligible sets), we infer ¢ — @min pointwise a.e. on Q. Finally, since ¢ = @min on Fj,
we observe that, up to H"~!-negligible sets,

Ser € Spuw U | 07E.

z€Z
|z|>k
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and so

H'H (Sp) SH  (Spp) + ) HHITES).

z€Z
|z|>k

The series on the right-hand side is convergent by (3.6) and so its tail vanishes as k — oo. Thus the second

convergence in (3.2) follows by minimality of S a

min *

A consequence of this result is that the infimum in (3.1) can be computed among SBV? maps, namely,
for p > 1 and any u € SBVP(Q;S?!),

my[u] = inf {H"71(S,) : ¢ € SBVP(Q), €Y =u a.e. in Q} .
We are now in a position to prove Theorem 3.2.
Proof of Theorem 3.2. We divide the proof into two steps. In the first one we decompose the jump set of
the liftings ¢ given by Proposition 3.3. In the second one we modify these liftings in @;, to ensure that a

weak star limit of the new sequence is the lifting @,;,-
Step 1: By (2.10) the distributional determinant of u has the form

M
Det(Vu) == Z Zi0p;

i=1

for some M € N, z; € Z, and distinct points p; € Q. Let omin be a solution of (3.1), let us consider the
liftings ¢, provided by Proposition 3.3, and let T}, := T, € D1(£2) be the currents in (2.13) associate with
the lifting . By Proposition 2.6, for all & it holds

1 M M
Ty, = ;Det(Vu) = Zziépi |0Tk|q = Z |zi]-
i=1 i=1

Since by Proposition 3.3 the liftings ¢ are of bounded variation, we infer that
21| Tila = [D? p1|(Q) < +o0,

and so T} is an integral 1-current. We can then use decomposition (2.4) to write, for all k > 1,

+o0 +o00 +oo

L ) ; i i

oDk =T = Mom,  with > [Tl = |Tkla, > 0Tl = |0Tk|q, (3.8)
=1 =1 =1

and we know that for all T}, if 9T} # 0, there exists a Lipschitz arc of : [0,1] — Q such that either
a0)e{p;i:i=1,...,n}ora(l) € {p; :i=1,...,n} (or even both). In particular there are only a finite
number of indices ¢ such that this happens (since n < +00), and up to relabelling we can assume that there
exists n < N := Zfil |zi] = |0Tk|q such that

T} # 0 if and only if ¢ < ng.

Up to passing to a subsequence, we can assume that ngy = 7 for all £ > 1. In the case i > nyp = 7,
the currents T} satisfy 9T} = 0, and so there are Lipschitz curves i which have both endpoints on 9
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or have coinciding endpoints. For each of these arcs, there exist a finite perimeter set E! C Q such that
HH QN (0*ELAa([0,1]))) = 0 and, by (2.6),

Bl < cqH' (2N 0" E})? = cal T} 5
This implies, by (3.8) and according to the fact that |Tj|q < 400,

> B < +oo. (3.9)

>N

Now we notice that, from the second condition in (3.8), we have that, up to H!-negligible sets,

Se = |J ([0, 1]). (3.10)

i>1
Observing that o} ([0,1]) C Sy, by (3.10), there is a constant C' > 0, independent of 7 and k, such that

M (0} ([0,1])) < H'(S,,) < C.

Step 2: We modify the liftings ¢ as follows: we define
Pk = —2m Z XEj -
i=n+1

By (3.8) we deduce that
. ﬁ .
IDIG[(Q) =27 > |Tila
i=1

and since |V@x| = |Vu| and @, € L1(Q) by (3.9), we conclude that @, € SBVP(€). We then subtract to
©r a constant multiple of 27 so that the mean value of the new function @, belongs to [0,27); hence we
can apply Poincare inequality [6, Theorem 3.44] to infer that there is a constant C' > 0, independent of k,
such that

l@xllsv < C, Yk > 1.
To control the total variation of ;, we have used here that

ID7l(Q) =27 ) |Tila = 2wy #H'(aj([0,1]) < 200 (S,,) < C.

i<m i<m

Moreover, since 8*Ej, = o, ([0,1]) C S, , we also infer S, C Sy, , and therefore

Pk k>

H(Sp,) < H (S,):
We now pass to the limit as k — oo, and we deduce that there is a function g € SBVP?(Q) such that
DL —P weakly* in BV (Q).

We can now invoke Theorem 1.1 to exploit formula (1.3) which implies
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1 . . 1 . . 1 1
H(Sg) < liminf H'(Sg, ) < limmf (S, ) = H (Sp)-
This concludes the proof, by observing that @, ;, := @ is a lifting of u belonging to SBVP(2). O

In the preceding proof, to control the total variation of %, we have used that the number of curves o,
with some endpoint in {p;,i = 1,...,n} is bounded by 7. This makes it difficult to extend the previous
argument to the general case u € W1P(Q;S!), without assuming boundedness of the total variation of
Det(Vu). At the present stage we do not know whether Theorem 3.2 holds without this assumption.

3.2. An example

In this section we will show that, in general, a lifting minimizing the right-hand side of (3.1) cannot be
found in SBV?(Q), for any p > 1. To this purpose we will exhibit a map v € SBVP(Q;S?!), for all p > 1,
and a lifting ¢ of it, such that the following hold:

(a) ¢ € GSBVP(Q)\ SBV(Q);
(b) Sy = Su;

(c) 2\ S, is arcwise connected.

From (b) and (c) it follows that ¢ is the only minimizer (modulo addition of a constant in 27Z) of (3.1)
for u. Moreover, (a) tells us that ¢ is not a function of bounded variation, and so in particular it does not
belong to SBVP(Q).

The idea behind this example is to consider in 2 := (0,1)? C R? a function u that winds infinitely many
times around S! in a suitable subdomain Z of Q (obtained by union of rectangles R, defined below), but
having bounded L!-norm of the approximate gradient. In this way the corresponding lifting ¢ becomes
unbounded and has a very large jump on the boundary of Z in €. This makes ¢ of unbounded variation,
whereas the function v = e*¥ has bounded amplitude of the jump set; since 0Z has finite length, the total
variation of u will be controlled.

To begin with we consider  := (0, 1)? and three sequences (R,,), (T,,), (B,) of open rectangles contained
in  defined, for an even integer n > 2, as follows:

. 1 1 1 1 1 1 1 1
fin has vertices (2n+1’0)’ <20) (rﬁm—) <2—+W+n—)
T h . 1 1 1 1 1 1 1 1 1 1Y

) 1 1 1 1 1 1
B,,+1 has vertices (WJ)) , (2—n,0> , <2—n, 10"+1) ) <2n+2, 10"+1> .

Observe that the R,,’s are pairwise disjoint and the closures T, of T}, are pairwise disjoint. Also the B,,’s

are pairwise disjoint, but their boundaries share some part of the lateral edges (see Fig. 2). Furthermore,
for all n,m > 2 even,

T, C R,, Bn+1 CR,U Rn+2, Tn ﬂEm = J.
Now, we define a map ¢ : Q@ - R

n in T;, for n > 2 even,
¢:=<{ (n+1)? in B,y for n > 2 even, (3.11)
4 in \ U n>2 Rn.

n even
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Va

1 1
Ton+2 + mt+2)?

1 1 1
0 on+3 2n+2 2nFT on

Fig. 2. The rectangles T}, and B,, in a portion of Q = (0,1)2.

The value 4 has no particular meaning: any positive constant could be chosen as well. A similar comment
applies to (3.12) below. It remains to define ¢ on

U R\ (U (TaUBu)).

n>2 n>2
n éven n even

To this purpose we set

1 1 11 1 11 1
¢ := 4 in the open rectangle with vertices (Z’ O) , <§,0) , <§, 1 + W) , <Z’ 1 + 1—02> . (3.12)

Further, we consider two sequences (V4,), (W,,) of open rectangles, defined for any even n > 2, as follows:

L . 1 1 1 1 1 1 1 1
V., has vertices g1 1077 )0 \ g qgert ) \ gz )0 (e 2 )
. 1 1 1 1 1 1 1 1
W has vertices <2"+2’ 10”“) ’ (2”“7 10”“) ’ (Q"Jrl7 (n+ 2)2> 7 <2n+27 (n+ 2)2> ’

see Fig. 2.

By (3.11) the value of ¢ on the top edge of V,, is n?, whereas on the bottom edge is (n + 1)2, and we
define ¢ on V,, as the affine interpolation of these two values. The value of ¢ on the top edge of W, is
(n+2)?, whereas on the bottom edge is (n+ 1)?, and we define ¢ on W, as the affine interpolation of these
two values. Observe that, looking from top to bottom, ¢ increases in V,, and decreases in W;,. Clearly,

¢ ¢ L=(Q), (3.13)
 is piecewise constant in 2\ ( U (Vi UW,,)), piecewise affine in U Vi, UW,, (3.14)

n>2 n>2
n even n even
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and
a 12_ 2
le=|—¢\=wfw3 on V.
Ox nZ T Ton+T
2 1)2
|V|—’a¢ AP D o w,

(n+2)2 1071

being the height of V,, (resp. W,,) of order # (resp. m) However, the bases of V,, and W,, have length

QH% and 271% respectively, so

n3p—2 (n+ 1)31)—2
HVSD”ip(vn) ~ ‘Vn|n3p = on+1 =!0np, ||v§0||ip(wﬂ) ~ |Wn‘(n+ 1)3p = W =:b,.

In particular
Vo e LP(Q;R?Y)  Vp>1, (3.15)

since ) a, < 400 and ) b, < +0co. On the other hand, denoting X the union (for n > 4 even) of the
top and left edges of the T,’s, by X the union (for n > 4 even) of the lateral edges of the B,’s, and by
Yyw the union of the lateral edges of all V,,’s and W,,’s, we see that the jump set S, of ¢ is exactly

S =X UXpUlyw;
furthermore,
Q\ S, is arcwise connected, (3.16)
and it is easy to check that
HY(S,) < +oo. (3.17)

In particular, from (3.14), (3.17) and (3.15) we deduce ¢ € GSBV?(Q), for any p > 1.
However,

p ¢ SBV(Q).

Indeed, although D¢ has no Cantor part, the total variation |D7|(Q) of the jump part Dip of Dy is
infinite. This can be seen by observing that, on each lateral edge of V,,, the jump opening [¢] is of order n
on a segment of length of order n~2. Thus

Digl() > > n' =

n>2
n even

We claim that ¢ is the unique (up to addition of a constant) solution of (3.1) for
u = e,
We have u € BV (Q;S') and |Vu| = |Vy|. Now, we observe that

Su =S¢, (3.18)
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namely H'(S,AS,) =0, and therefore
u € SBVP(;SY).

Equality (3.18) is due to the fact that the subset of S, where [¢] € 27Z is H'-negligible. This additionally
implies that any lifting ¢ of u must satisfy Sy 2 Sy, and so

HY(Sy) > H(S,). (3.19)

We conclude from (3.18) and (3.19) that ¢ is a minimizer of (3.1), and ¢ ¢ SBVP?(Q), for any p > 1. Finally,
from (3.16) it follows that ¢ is unique, up to an additive constant in 27Z.

3.3. A connection with optimal transport: an example

We observe in this subsection that the minimization problem (3.1) is closely related to a question arising
in optimal transport (see [37,38] for the setting and similar formulations). To illustrate this, we consider an
example in a special case: for a connected and simply-connected bounded Lipschitz open set Q C R?, we
fix 1 <p<2, N €N, and a Sobolev map u € WP(2; S!) with distributional Jacobian determinant

N
Det(Vu) ==« 2(61 — 0y, )- (3.20)
i=1

We set p = Zf;l 0y, and v := ZZI\; dy,, where the points x; and y; belong to 2 and are not necessarily
distinct, and we consider the class of all integer-multiplicity 1-currents whose boundary is p — v, namely

T(pw,v):={T €D1(Q): T =(R,0,7) is an i.m.c. such that T = u — v}.
Here we use the notation 7' = (R, 0, 7) introduced in (2.3).
A classical optimal transport problem can be formulated in the class T(u, ) in the following way: one
studies the minimization problem
U(u,v) = inf {Hl(R) L (R,0,7) € T(p. y)}. (3.21)
We claim that

mp[u] = ¥ (p,v), (3.22)

which shows the connection between our minimization problem (3.1) and optimal transport.
By Theorem 3.2, there is ¢ € SBV?(Q), lifting of u, that is a minimizer of (3.1). Let T, be the 1-current
as in (2.13); by Proposition 2.6

0T, =p—v inDy(NQ).
In particular T,, is admissible for (3.21), i.e., T, € T (i, v), and we obtain
myplu] > inf{H"(R) : (R,0,7) € T(1,v)}. (3.23)

The opposite inequality is more delicate, and we only sketch the arguments to obtain it; let 7= (R, 6,7) be
admissible for (3.21), and let us decompose T' = jzof T; as in (2.4), so T; is either a loop with multiplicity
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+1 or a Lipschitz parametrized path from one point y; to some x. Up to erasing the loops (operation
that does not increase the energy in (3.21)) we may suppose that there are exactly N such Lipschitz paths,
T= Zfil T;. In particular T; = (R;,1,7) is such that R; is a closed set image of [0, 1] under the Lipschitz
injective map a;, and so R = UY | R; is closed. Consider then the open set O\ R and let ¢ be a lifting of u
in Q\ R with jump set of minimal length. We claim that #*(S, N (Q\ R)) = 0; this is equivalent to say that
there exists a lifting of u on \ R with no jumps. The latter can be shown by the following observation:
we connect the components of R with a curve o in such a way 2\ (RU o) is simply-connected. Then by
[16, Lemma 1.8] the lifting ¢ has no jumps on 2\ (R U o). To see that there is no jump of ¢ on o, it is
enough to observe that, given any closed loop I' in 2\ R, the topological degree of u on I" must be null (by
construction of R).
From the claim, since ¢ € SBVP(Q) satisfies S, C R, we easily infer

mp[u] < inf{H'(R): (R,0,7) € T(u,v)} (3.24)

by the arbitrariness of T

In a similar manner, we see how the problem in (3.1) and the aforementioned transport problem can be
used to solve Steiner-type problems. Again, assume for simplicity that the singularities of u € WP(Q;S!)
satisfy (3.20). Assume also that z; = T for all ¢ = 1,..., N, and that the points y; are all distinct and
different from Z. We look for the connected set of minimal length containing the N + 1 points in the family
C ={z,y;:i=1,...,N}. To do this, consider a compact connected set K with #!(K) < 400, containing
C and let us suppose that dist(C, 9€) > H!(K); then the Steiner problem for C can be proven to be

mplu] = inf{H'(L) : L is connected, L O C}, (3.25)

and the jump set of a jump minimizing lifting for v is a minimizer of the right-hand side in the above
expression.

4. Proofs of Theorems 1.1 and 1.2

In this section, we prove the compactness theorems. We point out that these results can be deduced from
the general theorems valid in GSBD proved in [20]. However, for our purposes it is crucial that the limit
be a lifting, a property that is ensured by locally subtracting an integer multiple of 2. Moreover, in our
specialized setting, the compactness proofs can be simplified, and we therefore present them in detail.

Next Lemmas 4.1 and 4.2, independent one each other, are the building blocks of an iterative argument
needed for the proof of Theorem 1.1. Some arguments in the proof of Lemma 4.2 will be also used in the
proof of Theorem 1.4.

Lemma 4.1 (Localized compactness). Let p > 1, let Q C R™ be a bounded open set with Lipschitz boundary,
and u € SBVP(;SY). Let (pr)k>1 C GSBVP() be a sequence of liftings of u, and suppose

C :=supH" " (S,,) < +oo. (4.1)
k>1

Let F C Q) be a nonempty finite perimeter set in 2. Then, for a not relabelled subsequence, there exist a
sequence of integers (dy)k>1 C Z, a finite perimeter set

ECF

in Q, and a function po € GSBVP(QY), such that:
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Voo @8 a lifting of u in E, ¢ =0 inQ\FE, (4.2)
lim (¢x(x) — 27dE) = Yoo () for a.e. x € E|
k—+4o00 (4 3)
lim |or(x) — 2mdy| = +o0 fora.e. x € F\ E,
k—+o00
n"w, |F|™
E| > 0. 4.4
EI2 o w1y~ (44)
If furthermore
lok(z) — 2mdy| — 400 for a.e. x € Q\ E, (4.5)
then
lkiminf H" Sy, NA) = H" 1 ((Sp. UO*E)NA)  for any open set A C €, (4.6)
— T 00
and
H YW FNOE)=H""YFno*(F\E)) <C. (4.7)

Proof. Define vy, := ¢ — ¢1 € GSBVP(Q) which, since ¢ and ¢ are liftings of u, is piecewise constant
(i.e., the absolutely continuous and Cantor parts of Duvy vanish) and takes values in 27Z. Therefore, it
induces a Caccioppoli partition {V,F : m € Z} of F, where

for any m € Z VE .= {z € F:vp(x) = 2rm} has finite perimeter,

v = ZQWmXVnIg» Z Vil = |F.

meZ meZ

Moreover, since 9*V,X C S, U S, UO*F, the perimeter of the partition satisfies

1
5 > PVn) SH NSy, US,,) + H'H(O'F)

meZ
4.8
< H () T (S) (O F) -
<20 +H"HO*F),
where C' is the constant in (4.1). Now, for any k € N, k > 1, we select dj € Z for which
Vil =max{|[Vil:meZ}.
In particular, from (4.8),
P(VE) <220 +H" (0 F)). (4.9)

Using also the isoperimetric inequality, we find

1 VR
FI =Y [Vl S [VEIF D0 VAT < =52 3™ p(vi)
meZ meZ nWn' ez
Vk 1/n
_‘ dk1|/n 2(2C +H" (9" F)).

nwn
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Thus passing to the limit

n"w, |F|™

lim inf [V, | > 2n(2C + H L (0*F))" (4.10)
Hence, from (4.9) and (4.10), there are a not relabelled subsequence and a finite perimeter set
GCF
such that
(dekk) converges to xg a.e. in F and weakly star in BV (9Q;{0,1}) as k — +oo. (4.11)
Consequently,
612 5y :;ilw*p))n' (4.12)

Next, we define
Pr = pr — 2md..
Notice that H"~*(S5,) < H"*(S,,) < C; moreover by construction
Pe=p1onVy  VkeN,
and, from (4.11),
Pr — 1 pointwise a.e. in G .

However, there could be other regions of F out of G, where the sequence (py) converges pointwise, that we
need to identify. To this aim, let us consider, for all integers N > 1, the sequence of truncated functions
(P A N) V (=N), which is precompact in SBV?(Q). Using a diagonal argument, we select a further (not
relabelled) subsequence such that (pr A N)V (—N) converge in L!(Q) and pointwise a.e. in F for all N € N.
Define

Fy = {xEF: lim |(<ﬁk(m)/\N)\/(—N)|:N}.

k—o0

Then Fy D Fn41, and

ﬂ Fy :={x € F:|pr(x)] = +o0}.
NeN

As a consequence, setting

E:=F\[)Fn, (4.13)
N

we have

(4.14)



26 G. Bellettini et al. / J. Math. Pures Appl. 217 (2027) 103992

E has finite perimeter in 2 (indeed F has finite perimeter in F, and F' has finite perimeter in 2, therefore
E has finite perimeter in 2), and setting

limg, @, in £
Yoo(x) = { imy, k() - in for a. e. x € 0,

0 in Q\ E
we have po € GSBVP(Q), poo = 1 a.e. in G, and ¢ is a lifting of u in E. At the same time

|Pk ()] = 400 for a.e. x € F'\ E.

n"wn|F\"
2"(20-‘1—7‘["_1(8* F))n I

Thus, using also (4.12) and (4.14), which imply |E| > |G| >
proven.
It remains to prove (4.6). Assume |gy| — +00 a.e. in Q\ E. Then, by Theorem 2.10, for any subsequence

statements (4.2)-(4.4) are

(Pk, ) we can extract a further subsequence (@khj) such that

H" (S, UO*E)N A) < lim inf?—[”_l(S%hA N A) for any open set A C (.

Jj—+oo

Hence, the same holds for the original sequence (py),

H" 1 ((Sp. UO*E) N A) < liminf H" (S, N A) for any open set A C €,

k— 400

which shows (4.6). This additionally implies

P(E,F) < C = sup ”H"_l(ka),
keN

which shows (4.7). O

Lemma 4.2. Let p > 1 and (vx)r>1 C GSBVP(Q) be a sequence of functions with

C == sup H" (S, ) < +oo. (4.15)
keN
Let N > 1 be an integer, Ey, ..., Ex C § be pairwise disjoint nonempty finite perimeter sets and oL, ..., N

be functions in GSBVP(Q) with the following properties: for anyi=1,..., N,

SO(()Q:O a.e.inQ\Ei)

-1 —1 (4.16)
liminf H"™"(S,, N B) > H" ((S @ UIE) N B) for any open ball B C Q.
k—4o00 Poo
Define @5 € GSBVP?(Q) as
gogo)(x) ifx € E; for somei=1,...,N,
Oy (z) =
0 ifveQ\ (UL, E).
Then
lim inf 7"~ (S,,,) = W (Sa U (@0 (LY, E))), (4.17)
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and
H L (Q no*(uk, Ei)) =H"! (Q No*(Q\ uﬁilEi)) <cC. (4.18)

Proof. The equality in (4.18) follows from QN O*E = QN o*(\ E), and the inequality is a consequence of
(4.17) and (4.15). So, let us prove (4.17).
To shortcut the notation we set, for alli =1,..., N,

Ez’ =0QnN 6*Ei, Si = Scp“’) \ 8*Ez y

and

are (n — 1)-rectifiable with H"~1(X) < 400, H"1(S) < +oo. We fix § € (0,1) and, for any i = 1,..., N,
for H" l-a.e. z € S; we choose a radius r(z) such that

Bp(x) g Qv
H N (B,(z)NS;) > (1 = 8)wp_1p" ",

N Vp € (0,7(x)). (4.19)
H'H(By(x)NE) + > H " H(By(x) N Sm) < dwp_1p”

m=1

We collect all such balls B,(z) satisfying (4.19) in a family denoted B;. Furthermore, possibly reducing the

value of r(z), for any i = 1,..., N and for H" l-a.e. € ¥; we may suppose that
B,(z) €,
H (By(a) N2) > (1= O)wa1p",
N peO,r(@),  (4.20)
H' 7 (By(x)NS) + Y H" N (By(x) N Em) < dwn_1p" ",
m=1

and we collect such balls in a family B;, y. The family U2Y,B,,, forms a Vitali covering of ¥ U S, and so by
Vitali covering theorem we can choose countable many points xp € Q and radii py € (0,r(xg)) such that
the family

2N
B:=<{Be¢ UBj:B:Bpk(xk)forsomek‘eN

Jj=1

consists of mutually disjoint balls and covers ¥ U S up to a H™ !-negligible set, with
400
Z P! < +oo.
k=1
In addition

+oo
H'HSUE) =Y H"HBN(SUN) > (1—8)wa1 Y o (4.21)
BeB k=1
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the inequality following from (4.19) and (4.20). From the same formulas, for any n = 1,..., N, and B =
B,(z) € B;, i # j, it holds

N

W' BNS;) <> HHBNSy) < bwp1p" .
m=1
This, together with (4.21), implies
> HTHBNS;) < dwn- 1Zp <1—H” LSuU). (4.22)
BeB\B;
Similarly, for all h =1,..., N,
> W (BN, < —57{” H(Ssum). (4.23)

BeB\BnN+h

From (4.22) and (4.23) it follows

Yo HTHBNS) =Y HTHBNS)— D HTHBNS))

BEBNB; BeB BeB\B;
SHPH(SUX
> preisy) - S5 UE) (4.24)
1-90
for all j =1,..., N, and analogously for all h =1,..., N,
SHMH(SUXE
> HTHBADY) = H NS - % (4.25)
BEBQB}\H,h o
From (4.16), for any j = 1,..., N we obtain
hm+1nf7-l" Y(Se, N B) > H""1(S, NB)>H""1(S;NB), (4.26)
k—+o00 e
and forallh=1,...,N
lim inf H" (S, NB)>H""Y(BNO*Ey) >H" (S, NDB). (4.27)
— 400

Now, summing (4.26) over all B € BNB; and (4.27) over all B € BN B4, and then over n, h respectively,
we infer

N N
Z oo HTHS;NB) Y > H'H(ERNB)
j=1 BeBNB;

h=1 BEBNBN 11 (4.28)

<1 . n—1 < 1i : n—1
j=1 BeBNB;

where the first inequality is a consequence of Fatou’s Lemma. Combining (4.28) with (4.24) and (4.25) we

get
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N N n—1
SOHHS) Y H T (S - 2ONH (SUE) < liminf H"*(S,,).
2 2 [

k— 4o

By the arbitrariness of § > 0 we conclude

HH(SUY) <liminf H"1(S,,),

k—4o00

that implies (4.17). O
4.1. Proof of Theorem 1.1

Let M := supgeny H" (S, ) < +00. To show compactness of (o), the idea is to first apply Lemma 4.1
and find a subset F; of Q0 where pointwise convergence of ¢ — 27rd§€1) takes place. Then we utilize an
iterative argument, constructing a second set Fy in Q\ Fy, then a third one E5 C Q\ (E; U E3), and so on,
(4)
k

in such a way that, for suitable constants dff), the sequence i — 27d;.’ converges pointwise in F;.

Base case N = 1. We set
F; = Q. (4.29)

From Lemma 4.1 we find, for a not relabelled subsequence, a finite perimeter set F; C Fi, a sequence
(dg))kzl C Z and a function gpéé) € GSBVP(Q), such that

o) is a lifting of u in Fy, oM =0 inF\E,
> n"wy, |F1|"
— 2n(2M + HL(00))

|E4

and

(pr(z) — 27Td§€1)) — oW () for a.e. z € By,

(4.30)
lor(z) — 27rd,(€1)| — 400 for a.e. x € F1 \ E.
Moreover, since F; = (2, from the final part of the statement of Lemma 4.1, we have
lkimj_nf H 1Sy, NA) > H”fl((Scpm UO*E1) N A) for any open set A C FY, (4.31)
—+o00 oo

see (4.6).

Iterative case N ~ N + 1. Let N > 2 be an integer, E1,..., Ex C  be pairwise disjoint nonempty finite
perimeter sets, and define, together with (4.29),

i—1
Fi:=Q\|JE; fori=2,...,N,

Jj=1

so that
Ei1CF, EoCFy,..., En CFN.

Suppose that:
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(i) For alli=1,..., N, there exists a function wgi) € GSBVP(Q) which is a lifting of v in F;, and gpgo) =0
in Q\ Ej;
(ii) For alli=1,..., N we have

N | | | Fy | ,
M + H* (0 Fy))" = 20(3M + Hr—1 ()"

|Es| > om
(iii) For all ¢ =1,..., N, there exist sequences (d,(f))k C Z, such that

(pr(z) — 27Td(i)) — oW (z) for a.e. x € F;

lor(z) — 27rd | — 400 for a.e. z € Q\ E;, (4.32)
lklmj_nf H (S, NA) > Hn_l((Swm UO*E;) N A) for any open set A C Q.
— 400 hd
We now want to find a finite perimeter set Eny,; C Q disjoint from UY | F; and a function gogx, ) ¢

GSBVP(Q), such that, for a not relabelled subsequence, E, ..., Exi1, (¢k), and ga( +1)

(i)-(iii) above, with N replaced by N + 1.
To this purpose we set, for N > 1,

satisfy properties

=

Fyiri=Q\ ( E)

i=1

and we let ®y € GSBV?(Q) be defined as

D) ifzeB fori=1,...,N
By(z) i 4 F (@) Mo e Bifori=1,.... N, (4.33)
: N
0 ifx e Q\ (UL, E;).

If Fyyr1 = 0 there is nothing to prove. Assume then Fyy1 # @. From Lemma 4.2 we have

gminfﬁ”*l(sw) >H" 1 (Sp, U(QN* (UYL E))), (4.34)
— 400
and

! (Q N 8*(U£V:1Ei)) = H" Y QNI Fysr) < M. (4.35)

Next, applying Lemma 4.1 to F' = Fy41, there exist a sequence (d,iN+1))k21 C Z, a finite perimeter set

Eni1 C Fyi1 (and thus Exyq N (MY, E;) = () and a function ot ¢ GSBVP(Q) such that

e =0 i Q\ Enyr, @ s alifting of u in Ex 1,

n wn|FN+1 |n

|EN41| > 5 M + H (0 Fy 1)) (4.36)
and
(pr(z) — 27rd,(cN+1)) — oWNFD () for a.e. z € Ent1,
lok(z) — 27Td(N+1)| — 400 for a.e. x € Fy11\ Eny1, (4.37)

lim inf H"~ 1(5’ NA)> ,Hn_l((SW(N+1) UJ*En41) N A) for any open set A C Fiyy1.

k— 400
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Combining (4.35) and (4.36) we readily get

Bxvin| > g enl Bl wonl Pl o g
=90 (2M + HP 18" Fyyq))™ — 27(3M + H*—1(99))" '
Moreover by (4.32), also
lop(z) — 2md VY| = 400 forae. z € Q\ Enyy - (4.38)

Thus the sets Ey, ..., Exq satisfy (i)-(iii) with (d\”)s>1 C Z and o) € GSBV?(Q) fori € {1,...,N +1}.

Conclusion. We now combine the base case and the iterative case to conclude the proof. First we note that
each time we apply the iterative case we have to extract a subsequence. Hence, taking a diagonal (not
relabelled) subsequence of (¢r)k>1, this yields a sequence (E;);>1 of mutually disjoint finite perimeter sets
in © such that for every m > 1, Ey,..., E,, satisfy properties (i)-(iii) (with m in place of N) with the
corresponding (d;ci))kzl C Z and @é? € GSBVP(Q) for i € {1,...,m}. In particular, from (4.34),

liminf H" " (S,,) > H" *(Se,, U (2N I* (UM E)))), Ym>1 (4.39)

k——+oo

with ®,, as in (4.33) for N = m. We next show that
2\ (U E:)| = 0.

To this aim, since Y, |E,,| < +00, the sequence (|E,,|) tends to zero as m — 4oo (note that it might
n"o.)n|Fm\2
SM+H - 1(@0))2 Ve

be E; = () for i > 4, and this case is simpler to treat), and by the inequality |E,,| > T
also infer that |Fy,| — 0. In particular,

oo | . m—1 77 — . —_
|\ (VY Ey)| = mLHEOO 2\ (Ui mLHEOO [Fm| =0.
Finally we define
Yoo () == W (z) if z € E; for some i € N.

We now show that po € GSBVP(Q) and that (1.3) holds true. By definition of ¢o, and @, it follows that

H (S, ) < lim H" 1 (Sp,,) < lim H"'(Ss,, U(QNI* (UM E))).

m——+o0 m——+oo

This together with (4.39) yields (1.3). Eventually, being . limit of liftings of w, it is itself a lifting of w in
Q and therefore from the identity |Vu| = |Vyso| we infer oo € GSBVP(R). O

4.2. Proof of Theorem 1.2
Let ¢ € SBVP(Q) N L () be a lifting of u with
lplav < 2lulpy < C, (4.40)

whose existence is ensured by Theorem 2.3 and Remark 2.4. The idea of the proof is to construct a sequence
(Vr)k>1 C SBVP(Q2) N L>®(Q) (see (4.49)) having the following properties:
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Yr — 0 in L'(Q) and weakly* in BV (Q),

Br =k —k =@ +2m > 2xF;

= (4.41)

sup H"H(@r) < 400,
keN

with (F7).cz a Caccioppoli partition of  for all £ > 1, see also (4.51). Note that each @y, is a lifting of the
limit map u. Hence we can apply Theorem 1.1 to the sequence (¢ ), and eventually from the convergence of
(a not relabelled subsequence of) (¢x)r>1 and Theorem 2.10 deduce compactness and lower semicontinuity
for the original sequence (¢x)r>1. We now give the details of the proof.

Step 1: construction of 1;;.3. For k > 1 define first
VUi = r — p € GSBVP(Q).
Since ¢ is a lifting of u, we have [p] € 27Z on S, \ Sy, thus, using also (4.40), H""1(S,) = H"1(S,) +

H" (S, \ Su) < +00, and |Vu| = [Vi| a.e. on Q. Moreover, since Sy, C S, U S, and |[Vioi| < [V | +
V| = |Vug| + |Vu| a.e. on Q, we have, using also (1.4),

sup ( / Vil d + 1 (Sy,)) < € < Hov. (4.42)
k2122

For every k € N and z € Z we define
Vi = (Y A2mz) V2m(z — 1) € SBVP(Q),
whose jump set decomposes as

_ gl 2 3 4

with
Sy = {x € Sy : 2m(z = 1) < (¥f) " (x) < (W) *(2) < 27z},
S = {x € Sy : 2m(z — 1) = (¥7) () < (V)T (z) < 272},
§3. = {w € Sy 2m(z — 1) < ()~ (2) < (V) *(2) = 272},
St = {z € Sy 1 2m(z— 1) = (W)~ (2) < ()" (2) = 272},

where (1)7)* are the two traces of 17 on Syz. As ¢, € GSBVP(Q) we have, up to a H" l-negligible set,
1 2 3
Usi-ulUsi-ulsi: sy, (4.43)
z€EZ z€ZL 2€Z

Notice that, for H" 1-a.e. x € Sy, , = belongs to at most 2 sets appearing in the union on the left-hand side
of (4.43); hence in particular from (4.42), for all k > 1

S (HN S + MU (S3) + HTNSE) ) S 2HM N (Sy,) < (4.44)
z€Z

for some constant C' > 0. Furthermore by definition of 7,
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/|V¢k|dx:2/|v¢,§|dx§0 Vk € N.
Q

2€ZL g

Consider now the function 77 € SBVP(Q), defined by

ot ae(e- )|

which satisfies 0 < 77 <,
/ V7| de = / Vrflde, ] < E]l HP - e on Sy
Q Q

1 2 3

owing to the fact that 77 has null jump on S4]§. In particular, we infer from (4.44) and (4.45) that

D IDTFIQ) <C VEEN,

z€Z

for some positive constant C.
Now, for ¢t > 0, let (Ef)" := {z € Q: 77(z) < t}; by the coarea formula,

™

[t = r @),

0

hence, summing over z and using (4.46),
[ oo mma=Y [wtewnasc
0 z€Z ZEZO

Whence, for any k € Z we can find a number ¢;, € (0,7/2) such that

D MO (ER)™) < C,

z€Z

with C > 0 independent of k. We observe that

(Ep)'* = {a: eqQ: 27r(z - %) —ty < Yi(z) = Yr(x) < 271'(2 - %) —|—tk} .

For every k let (F),cz be the Caccioppoli partition of  defined as
. 1 1
Ff = {x €0 :yYp(x) € (271'(2’— 5) —tk,Qﬂ'(z—i— 1— 5) —tk)}.
Thus 9*Ff C 0*(Ef)t* Uo*(E; )t and

SN <2 HUNON(ENM) < C,

2€ZL 2€Z

33

(4.45)

(4.46)

(4.47)

(4.48)
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and so for each k € N the family (F?).cz is a Caccioppoli partition of 2, with equibounded (in k) total
perimeter.

We finally introduce the map 1, € SBVP(€2) N L®(Q) as

YZJQ = Z (’l/)k — (27‘(‘(2 — %) — tk))Xsz — T —tk = 1,/J].C - 27TZZXFI§, (449)

z€Z 2€Z

which satisfies —m < {/Jvk < 7. Moreover, since S”(Zk C Sy, UlU.ez 0" FF, by (4.48) we deduce that

WU (Sy) + [ellsy < €, (4.50)
for all £ > 1. Therefore, up to a not relabelled subsequence, we can also suppose
A in L'(Q) and weakly* in BV (Q)

for some 1 € SBVP() N L>(Q). As asserted in (4.41), we now want to show that ¢ = 0 a.e. on €. Let us
go back to the functions wux that, up to subsequences, are converging pointwise a.e. to u. Hence for a.e. x
we have

up(z) — u(x) = @ (eler@=e@) _ 1) 50,

This in turn implies that the map x — dist(pg(z) — (), 27Z) = dist(¢x(x), 277Z) is converging pointwise
a.e. to 0, and by the dominated convergence theorem, in L'(£2). Then there is k& > 0 such that for a.e. z € Q
and for all k > k there is K = K(z,k) € Z such that

zeFE  and  |Pp(z)] = |¢r(z) — 20K| — 0 as k — 400,
and so by the dominated convergence theorem we conclude {Z =0.

Step 2: compactness and lower semicontinuity. We first observe that ¢ — 1:Z)vk € GSBVP(Q) takes values in
27Z. As a consequence, the maps @ = ¢ — ¥ = ¥, — ¥ + ¢ are all liftings of v and from (4.50) we also
have

supH" (3, ) < +oo. (4.51)
k>1

We now apply Theorem 1.1 to the sequence (@g)r>1, and deduce the existence of a Caccioppoli partition
(E;)i>1 of Q, of sequences (d;(;))k21 C 2nZ for all ¢ > 1, and of a lifting ¢, € GSBVP(Q) of u, such that

lim (@p(z) — 27rd§j)) = poo(x) forae z ek,
k— o0

lim |k (x) — 27rd,(j)| =400 forae ze€Q\E;,

k—+oo

for all ¢ > 1. As a consequence, by Step 2,

lim (¢x(z) — 27rd§j)) = @Yuo(x) fora.e. x € F;,

k——+o00

lim |pr(x) — 27rd,(j)| =400 forae. zeQ\E;,

k— o0

for all i > 1.
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Tt remains to show (1.6). For all ¢ > 1 let gpgo) ‘= Yoo in F; and gpgo) :=01in Q\ E;. By Theorem 2.10 and
the fact that S,, = Sw;r2 FORY follows
Tag

lim inf H" (S, N A) > H”*I((Swg? UJ*E;)NA),

k——+o00

for any open set A C 2. Then by Lemma 4.2 for all N > 1 we get

lim inf H"1(S,,) = H" (S n U (9" (UL, E))

k—+oco

where

_(N) ._ <,0£>2 ifze E; forsomei=1,...,N,
o ifre\(ULE).

(NV)

Hence, observing that ¢ = Poo’ in UY | E;, and letting N — +o0o we get

lim inf H" (S, ) > H*H(S,. U (0" (UECE))) > HY(S,.). O

k—4o00

5. T'-convergence of functionals on S'-valued maps
In this section we prove Theorems 1.3 and 1.4. The proof of Theorem 1.3 follows by suitably adapting the
arguments of [7,8,30]. Instead, the proof of Theorem 1.4 (and more specifically the lower bound inequality)

requires some new ideas which rely on the compactness result for liftings (Theorem 1.2). For convenience
we introduce the localised Modica-Mortola-type (or Allen-Cahn type) functionals

MM, (v, A) := / <5|W|2+ (“;&_1)2> de  WYweWh(Q),

for every open set A C .
5.1. Some density and approzimation results for S'-valued maps
For E C R™ we denote by M"~}(E) its (n — 1)-dimensional Minkowski content, i.e.,

R™: dist E
Mnfl(E) — lim |{I € 18 (‘T7 ) < P}| ,
PO 2p

provided the limit exists.
Proposition 5.1 (Density in SBV?(Q;S')). Let Q@ C R™ be a bounded open set with Lipschitz boundary,
u € SBVZ(Q;SY) and let Q C R™ be a bounded open set with @ CC 2. Then u has an extension U €
SBV?(Q;S') with

H"1(Sz NON) = 0.

Moreover, there exists a sequence (uy) C SBVQ(Q; S1) such that:

(i) ux converges to u in Ll(ﬁ; St);
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(if) VU, converges to Vu in LQ(Q NGO R

(iii) limg_yoo H" 1(Sg,) = H"1(Sa);

(iv) limg oo H"71(S5, N Q) = H"1(Sa N Q) = H*1(S.);

(v) H"Y(Sa, \ Sa,) =0 and H"1(Sz, N K) = M 1(Sz, NK) for every compact set K C Q.

Note that (ii)-(iii) guarantee the convergence of MSg1 (g, 1) to MSs1 (@, 1) in .
Proof. The proof follows by suitably adapting [14, Lemma 4.11] and [7, Proposition 5.3] to the S!-
constrained case. For this reason we give here only the main steps. According to Remark 2.4 there exists
a lifting ¢ € SBV?(Q) of u. Since 99 is Lipschitz, by a standard reflection argument we can construct an
extension $ € SBV?2(Q) of ¢ such that
H' (S5 N 0Q) = 0.

By defining

u: Q— St u:=e"?,

we immediately get that u is an extension of u, and

/\Vﬂ|2dx:/|V$\2dx, H"H(Sa) < H"H(Ss),

Q Q
and thus u € SBVQ((AZ; S1). Moreover
H' (SN o) <H" (S NoR) = 0. (5.1)

By [17, Lemma 4.3] we know that, for every integer k > 0, there exists Uy, € SBVQ(SA); S1) such that

/|Vﬂk|2dx+7-l”_1(5ak)—i—k/mk —4|dz
Q Q

= min_ /|Vw|2dx+7-["71(5w)—|—k/\w—ﬂ| dz
weSBV2(Q;S1) | J J

Clearly ||uk|lcc =1 and

/|V@k|2dx+7-t"_1(5@k)—|—k/|ﬂk _dlde < /|Vﬂ|2dx+7{"_1(5a) < 400, (5.2)

Thus, in particular, (ux) converges to u in Ll(ﬁg St) as k — 400, and (i) follows. By [5] we also get, up to
a not relabelled subsequence,

Vip — Vi in L2(Q; R™™) lim fnf H"~1(S5,) > 1" (Sa).

k—4o00

This and (5.2) imply
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/|va|2d:c+%”*1(sa)= lim /|Va,€|2dx+H"*1(Sﬁk) ,

k— 400

from which we readily deduce (7i) and (i47). Again by [5] and (5.1) we have

H (S NQ) < lim me” 1Sz, N Q) < liminf H" (S5, NQ),

k—+o00

H" 1(&;\9) H*1(S5\ Q) < liminf H"1(Sg, \ Q),

k— 400

which in turn imply (iv). Moreover, invoking [17, Lemma 4.5] we have H"~1(Sg, \ Sz, ) = 0. Finally, thanks
to the density estimate in [17, Lemma 4.9] and arguing exactly as in [7, Proposition 5.3] it can be shown
that

H*H(Sg, NK) =M™ (S5, NK),
for every compact set K C Q and (v) is proven. O
A similar result holds also for liftings:

Proposition 5.2 (Density result for liftings). Let  and Q C R" be as in Proposition 5.1. Let u €
SBVZ(Q;SY) and ¢ € SBV2(Q)NL>(Q) be a lifting of u. Then ¢ has an extension p € SBVZ(Q)NL>(Q)
satisfying H"~(Sz N OQ) = 0. Moreover, there exists a sequence (py,) C SBV2(Q) such that:

(i) @k converges to @ in Ll(ﬁ)

(ii) Vg converges to V§ in LQ(Q R™);

(iil) limp_oe H" 1 (S5,) = H"1(S3);

(iv) limy oo H" 71 (S5, NQ) = H" 1S5 N Q) = H"1(S,);

(v) H™ (S% \ Sz.) =0 and H" (S5, N K) = M Y(Sz, NK) for every compact set K C Q;
(vi) Uy := €P* converges to u in L' (€ Sl)

Note that (ii)-(iii) guarantee the convergence of MS(@y, 1) to MS(,1) in €.

Proof. From [14, Lemma 4.11] we can find 3 as in the statement and () C SBV2(Q) that satisfy (i)—(v).
This in turn implies also (vi). O

5.2. Proof of Theorem 1.3

If e \( 0 and ((ug,vi))k>1 C LH(Q;SY) x LY(Q,[0,1]) is a sequence converging to (u,v) in L' (€;S!) x
LY(Q), arguing exactly as in [30], one gets

lim inf ATS (uk7vk) > MSs1 (u, v).

k— 400

Therefore, we only need to prove the upper bound. Let e \, 0 and u € SBV?(Q2;S!). We have to find a
sequence ((ug,vi)) C As: converging to (u,1) in L(;S!) x L}(Q) for which

lim sup ATE: (ug,vr) < MSg1(u,1). (5.3)

k—+o00

We note that, in general, we cannot take ((ug,v)) C As1, as it happens for the example described in the
introduction.
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We fix a bounded open set Qcc R™, with Q CC Q. By Proposition 5.1 it suffices to show (5.3) for
u € SBV?(Q;St) with

HHS,NIN) =0, H" 'S, \S.) =0, H" ' (SuNnK)=M"S,NK), (5.4)

for every compact set K C Q.
By Theorem 2.3 and Remark 2.4 there exists a lifting ¢ € SBV?(Q) of u. For any 0 < p < 1 define

(Su), = {x € Q: dist(z, S,) < p}-

Let 0 < & with limg_, 4o &k /ex = 0 be such that (S, )¢, has Lipschitz boundary. By Remark 2.2 applied to
A = (Su)¢, and § = ¢y, there exists o, € C™((Sy)¢, ) such that

/ o — gilde < ek, / V| dz < |Do|((Su)ey) + <k (5.5)

(Su)ﬁk (S’u)ﬁk

and, in the sense of BV -traces,

k=% ae.on O(Sy)e - (5.6)

We define wy, € SBV2(Q) as follows:

_ {sok in (Su)e,
WE = oA .
v inQ\ (S,

Then by (5.5) the sequence (wy) converges to ¢ strictly in BV () and

Swp € .
We set
) ik in (9,
uy, = " = c m (A Je
U in O \ (SU)Ek
so that

u, € WHH(Q; S (5.7)

and (ug) converges to u in L(£2;S'). Since we modified u only in a neighbourhood of S, in general
uy & W1’2(§; S1), as it happens in the example in the introduction.

The construction of (v) is done as in [18]. For completeness here we sketch the proof and refer to [18]
for details. Precisely, we define (v,) C Wh2(Q) as

0 T e (Su)fk
1— exp (_ dist (m,Su)*Ek> T e Q \ (Su)e, )

28k

vg(z) :=

Then (vg) converges to 1 in Ll(ﬁ) as k — +o00. Moreover

v Vug| € L2(Q)
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and hence, using (5.7), we get the crucial inclusion
(uk:a Uk)) - A\Sl .

It remains to show (5.3). To this aim we have

limsup/v,%|Vuk|2da: < limsup / |Vul|? dz < /|Vu|2da:.

k—+oo k— 400

Q\(Su)ék Q2
Moreover
Su)e. NQ
MM, (o, ) = L3808 0,01 (8,
From (5.4) it follows
Q Q
lim sup [(Suw)e 0 €Y = lim sup [(Su)e, 09 & =0.
k—+o00 2ep k—+o00 28k €k

Moreover, following the lines of [18] it can be shown that

+oo

MM., (020 (S)6) =~ ISl + [ s+ ep)es (B)ecre N9
0

2+ 2(ser + &)

Gathering together (5.9)—(5.11) we find

400 —
Ie) —s |(SU)S€k+§k N Q‘
(8.0 10+ [ (s epe Gzt B

0

1

MMEk ('Uk, Q) = E

ds.

From (5.4) it follows

. ‘(Su)35k+€k mﬁ| -1 e}
limsup ———=—=fL —— =H"7(5,NQ).
AHJrch) 2(sep + &) ( )

This, together with the fact that f0+oo(s +er)e *ds — 1 as k — +oo, imply

lim sup MM, (v, Q) < H" (S, N Q).

k—+oco

Finally, combining (5.8), (5.10) and (5.13) we obtain (5.3). O

5.3. Proof of Theorem 1.}

ds.

39

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

Step 1: Lower bound. Let €, \, 0 as k — +o00. We have to show that, for every sequence ((ux,vx))x>1 C

LY(Q;SY) x LY(Q) converging to (u,v) in L'(Q;SY) x L1(Q),

lim inf ATi1 (ur, vr) = MSuig (u, v) .

k—+oco

We may assume

(5.14)
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sup ATi1 (ug,vr) < C < 400 (5.15)
keN
so that (ug,vg) € Asr, v =1 a.e. in © and, up to a not relabelled subsequence,
lim inf AT (uk,vk) lim ATS (uk,vk),
k——+oo k——+oo
lim inf MM, (vg, 2) = lim MM, (vg, Q).
k—+o00 k—+o00
From Theorem 2.7 and the decoupling property (2.16), it follows that
tm inf AT (1, v3) > /|Vu|2d:c—|—7-l”_1(5u),
k——+oo
hmmf/vk|Vuk|2 dz > /|Vu| dz,
Q
lim inf MM, (vg, Q) > H"(S,).
k— 400
In particular, from (5.15), u € SBV?(Q;S'). Hence it remains to show
lim MM, (vg, Q) > ma[u]. (5.16)
k——+oo
For every k > 1 we start by selecting a lifting ¢, € W12(Q) of ug. Since |Vuy| = |[Vi| we have
—1)2
oo > O > ATS (ug, vg) = / (viwk? 4 e Vul? + %) Az
J k
Thus, using the coarea formula,
1
C > MM, (v, Q / (1 —vg)|Vug|da = /(1 —tyH" YO F}) dt (5.17)
Q 0
for any k > 1, where F} := {z € Q : vg(z) < t}. Let n/,n” € (0,1), o’ < n” be fixed. By (5.17) and the
mean value theorem there exists ¢(k) € (n',n) such that
C= =" =1 & FY). (5.18)
Moreover
(5.19)

c > /v,%|Vg0k|2dg:2( ’)? /XQ\Ft<k)|Vg0k| dz.
Q Q

Then, using a standard argument (see for instance [18, Theorem 4]), we set

¢k = (kaQ\Flz(k) S SBV2(Q)
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In our present situation, such an argument will allow us to use the compactness Theorem 1.2. We have
Ss, C 3*F,§(k) and, for the absolutely continuous parts of the gradients, Vi = vg@kXQ\Flz(k) and so, from
(5.19) and (5.18),

/ Véul? dz + H"1(S,,) < Ol ") (5.20)
Q

for some C(n’,n") > 0 depending on 7', 7" and independent of k. Let also

Ty, = €%k = Uk X o ) + (1,0)XF;<k>7

which, by (5.18), are uniformly bounded in BV (£2;S?!). Since
1F ) =0, (5.21)

the sequence (uy,) weakly star converges to u in BV (€; S'). Hence, using (5.20), we can apply Theorem 1.2
to the sequence (¢y)r>1 (with p = 2) and get, for a not relabelled subsequence, a Caccioppoli partition
(E;)ien of Q, sequences (d;(:))kzl C Z for any integer i > 1 and a lifting ¢, € GSBV?(2) of u, such that

lim (¢p(x) — 27rd§j)) = Poo() Vi e N, for a.e. z € E;,

k—+o00
klirf |pr(z) — 27rd§:)\ =400 Vi € N, for a.e. z € Q\ E;.
—+oco

Again, using (5.21), the same holds for ¢y, i.e.,

lim (¢x(z) — 27rd§:)) = Poo() Vi e N, for ae. x € E;,

k—+oco

' (5.22)
lim |or(x) — 27rd,(cz)| =400 Vi e N, for ae. z € Q\ E;.
k— 400
Then (5.16) follows if we show
lim inf MM (vg, Q) > H" 1 (S,..), (5.23)
k— 400
since, being ¢, a lifting of u, we have
H (S, ) > malul.
For any integer K > 1 we consider the truncated function
O = (o — 27d) N K) V (—K) € WH2(Q), (5.24)

and

K 0K
Pk = PE X\ g
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Since Syix C 8*F£(k) and [¢0"] < K, we have

DK | () = / IV0kIX g1, _ama9 <1y 42 + / oy
Q S

i K
P

< /|v¢k|dx+KH”-1(a*F,§<k>) <C.
Q

Hence, up to a subsequence (depending on K), (gZ);’K) converges to some ¢5% in L1(2). Moreover from
(5.22) it holds ¢iX := (oo A K) V (=K) in E; and Q \ E; = F;" U F; are such that ¢3X = +K in FE.
As \Fé(k)| — 0 it follows that ng’K converges to ¢4 in L*(Q). Hence the sequence ((goz’K,vk)) converges
to (045, 1) in L1(Q) x LY(Q) and

2 i, K |2 o, (vg —1)?
VeV " |7 + ek Vg |® + de < C,
45k
A
for any open set A C 2, for some C > 0 independent of k. Thus, from the decoupling property (2.16),

lim inf / BV K2 dp > / VK| de,
k— o0
A A (5.25)

e n—1
lklgigf MM, (v, A) = H" (S,

0K n A)
In particular ¢5% € SBV?2(f2). We fix an integer N > 1 and set, for alli = 1,..., N,

= (S N E)NQ, S =80 \OE;,

N N
SVE | BE, s = | SK
i=1 =1

We now argue exactly as in the proof of Lemma 4.2, so, given § € (0, 1), after defining the families of balls
Band B; (j=1,...,2N), we arrive at

6H7L—1(SN,K U EN’K)

> o HTHBNSS) = H NS - - , (5.26)
BeBNB;
forall j=1,...,N, and
K} n—1 SN7KUEN’K
> HTHBAEE) = HNEE) - i = ) (5.27)
BEBNBy 11 N
forall h=1,...,N. From (5.25) we know that, for all j =1,..., N,
lim inf MM, (v, B) > H" "' (S)* N B), (5.28)
k—+oco
forany Be BNBj,and forallh=1,...,N
lim inf MM, (vg, B) > H" (K N B), (5.29)
k— 400
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for any ball B € BN Bn4y. So, summing (5.28) over all B € BN B; and (5.29) over all B € BN By4p, and
then over j, h respectively, we conclude again, using (5.26) and (5.27),

lim inf MM, (vi, Q) = lim MM, (vg, Q)

k—+oco k—+oco

N N
. e 25Nan—1 SN’K U EN’K
S

j=1 h=1

and by the arbitrariness of § > 0,

lim MMsk(’Uk,Q) > Hn_l(SN’K U EN’K) .

k— 400

The left hand-side in the above inequality is a limit, hence it does not depend on the subsequence, and so
in particular on K and N. Letting first N — 400 and then K — 400 we finally get

lim inf MM, (vg, Q) > H" *(S,_.),

k—+oco

and (5.16) follows.

Step 2: Upper bound. Let e N\, 0 and u € SBV?(Q;S!). We have to find a sequence ((ug,vy)) C As:
converging to (u,1) in L'(Q;S!) x LY(Q) and

limsup ATS (uy,, v4) < MSyir (u, 1) - (5.30)

k—+oco

We note that we cannot follow the strategy used in the proof of the upper bound in Theorem 1.3, since that
construction does not ensure that the functions us belong to Wh2(Q; St).
By Corollary 3.1 we can select a jump minimizing lifting ¢ € GSBV?2(Q) of u, u = €' and

H"1(S,) = malul. (5.31)

The main difference from the construction used in Theorem 1.3 is that we modify v in a neighbourhood of
S, rather than of S,. We divide the proof into two cases.

Case 1: ¢ € L(Q). Let Q, with © cC Q cC R2, be open. Since ¢ € SBV2(Q) N L>=(), by Proposi-
tion 5.2 we can assume, without loss of generality, that ¢ € SBVQ(KAZ) with

H (S, NoN) =0, H" ' (S,\S,)=0, H" ' (S,nK)=M""1S,NK), (5.32)

for every compact set K C €. In this way, arguing as in [7,8] we can construct (¢, vi) € Wl’Q(Q) X Wl’Q(Q)
such that (g, vx) — (¢, 1) in LY(Q) x L1(22) and

lim sup AT, (vk, vr) < MS(p,1). (5.33)

k— 400

Next we let uy := ei¥t € W12(Q;S1), so that (ug, vg) — (u, 1) in L1(Q; S?) x L*(Q). Moreover, from (5.31),
(5.33), [Vug| = |Ver| and |Vu| = |Vy| we get

AT, (o, 0r) = ATS (up, o), MS(p,1) = MSyire(u, 1)

and so
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lim sup ATE; (ug, vi) < MSpgt(u, 1) .

k—+oo

Case 2: o ¢ L®(Q). For N € N, N > 1 we let ¢N) := o ANV (=N) € L=(f). Then, as N — +o0, we
have

oM = inL'(Q), Ve 5 Ve in L2(QR"),
so that
W) =" e =y in LrsY, vu™ = Vu o in LAH(Q;R™™).
In addition,
H' (S ) SHTH(S,)

This in turn implies

lim sup /|W<N>|2dx+H”*1(S@<N>) < /|V<p|2da: +H"L(S,)
N —+400
Q Q

(5.34)
< [ |Vu*dz + ma[u].
/

For each N > 1 we can argue as in case 1 and find a sequence (u,(fN), v,(cN)) — (u™) 1) in L}(Q;SY) x LY(Q)
satisfying

lim sup ATi1 (u,gN), v,gN)) < / V™12 da + H"_l(SfoN)) . (5.35)
)

k—+oco

Combining (5.34) with (5.35) we have

lim sup lim sup ATi1 (u,(CN)7 v,(cN)) < / |Vu|? de + ma[u].
Q

N—+400 k—+oc0

Now we conclude using a diagonal argument. Namely, for any fixed N > 1 there exists ky > 1 such that
for k > kn:

N N
luf™ — uM™| sy + oY) = 1y < &

1
o ATE () < /IVso<N>|2dx+H“—1<S;N>) 3
Q
Without loss of generality we may assume ky 1 > ky. Now, for every k > 1, we take (uy,vy) := (ul(cN), UI(CN))

if k € [kn,kn+1) NN and the proof is concluded. O
6. Further directions and open problems

Suitable variants of the Ambrosio-Tortorelli approximation for S'-valued maps could be investigated in
order to characterise topological singularities in several settings. For instance, in the recent works [24,27]
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a free-discontinuity model for screw dislocations was proposed. The model is given by a Mumford-Shah
type energy for S'-valued maps that penalizes the measure of the jump set. The analysis carried out in
[24,27] shows that, to leading order, this model is equivalent to the Ginzburg-Landau one. This seems to
suggest that an Ambrosio-Tortorelli approximation for screw dislocations offers the possibility to extend the
aforementioned results to the three-dimensional setting [22,23,33].

In the context of Plateau problem and optimal transport, a close connection with lifting theory has been
observed [15]. In the specific case of S'-valued Sobolev maps, the singularities should be optimally connected
to one another, in a fashion similar to the minimal connection of dipoles arising in the minimization of
the BV-seminorm of liftings [15] (see also [13,41]). In the relaxed Cartesian-area setting, connecting the
singularities is related to finding an optimal Cartesian vertical current that fills the holes in the graph of
the given map wu; this, in turn, requires the study of a Plateau problem in codimension one with partial free
boundary [11]. In the simplified setting of S-constrained relaxation [35, pg. 611 eq. 4], the optimal value of
the graph area contains a singular contribution characterized in terms of S vertical Cartesian currents [35,
pg. 612, Theorem 1]. This contribution is again related to an optimal transport problem concerning how
the singularities of u should be connected. A possible direction for further research is to approximate the
relaxed area functional on S'-valued maps by an Ambrosio-Tortorelli energy whose bulk term has linear
growth in the gradient, in the spirit of [2].

We also emphasize that phase-field models based on the Ambrosio-Tortorelli functionals have already
been used in optimal transport (see e.g. [29] and references therein, and [21] for the relation with the
Steiner tree problem). While the link of Corollary 3.1 with optimal transport involves the cost function
1) =1 (see Subsection 3.3), we expect that the analysis of the Ambrosio-Tortorelli functionals for S-valued
maps with linear growth (rather than quadratic) would lead to a minimization problem similar to (1.1), but
involving different cost functions.
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