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Entanglement in Quantum Systems Based on Directed

Graphs

Lucio De Simone* and Roberto Franzosi

The entanglement properties of quantum states associated with directed
graphs are investigated. Using a measure derived from the Fubini-Study
metric, multipartite entanglement is quantitatively related to the local
connectivity of the graph. In Entanglement in Directed Graph States (2025),
arXiv:2505.10716, it is demonstrated that the vertex degree distribution fully
determines this entanglement measure and remains invariant under vertex
relabeling, highlighting its topological character. As a consequence, the
measure depends only on the total degree of each vertex, making it
independent of the distinction between incoming and outgoing edges. This
framework is applied to several specific graph structures, including
hierarchical networks, neural network—inspired graphs, full binary tree and
linear bridged cycle graphs, demonstrating how their combinatorial properties
influence entanglement distribution. These results provide a geometric
perspective on quantum correlations in complex systems, offering potential

applications in the design and analysis of quantum networks.

1. Introduction

Entanglement, besides being one of the most historically puz-
zling properties of quantum mechanics, serves as the pri-
mary resource for quantum cryptography, computation, and
other quantum-based technologies. Over the past decades, the
quantum information community has developed numerous ap-
proaches to characterize its rich phenomenology and diverse
properties.[2] Tt has been found that entanglement in multipar-
tite states is a significantly more complex concept compared to
bipartite states. The methods for quantifying entanglement in
multipartite states are diverse.['?] The present study will adopt
the Entanglement Distance (ED) as an entanglement measure,
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initially introduced in ref. [3]. It is a measure
for general multipartite pure states. The ED
has been extended to multipartite mixed
states!* and has been applied to various in-
triguing systems.!>8! Its theoretical founda-
tion lies in the Fubini-Study metric associ-
ated with the local-unitary invariant projec-
tive Hilbert space, referred to in this context
as the Entanglement Metric. The profound
geometric implications of this metric have
been further explored in Ref. [9]. In partic-
ular, the present study shows that the ED is
especially effective in measuring the entan-
glement of a special class of states, known
as graph states, and is also able to highlight
their topological properties.

Graph states are a rich class of multi-
partite entangled states.'%1 They can
be described by a number of parameters
that is limited compared to the dimen-
sion of the full Hilbert space of a system.
In quantum information processing, graph states provide a pow-
erful formalism, especially useful in measurement-based quan-
tum computation,!'>! quantum error correction,!'/ and protocols
for secret key sharing.['”] Like graphs, they display a combinato-
rial nature.

This work is dedicated to the study of directed graph states,
which are generalizations of graph states, associated with di-
rected graphs. Even for directed graphs, a combinatorial ap-
proach is necessary to characterize their properties relevant to
quantum information processing. Surprisingly, as will be demon-
strated later, the ED can be determined through direct calcula-
tion, bypassing the challenges associated with the combinatorial
nature of these states. Moreover, the resulting functional form
can be interpreted in terms of the topological properties of the
graphs associated with the various states in this class.

The present work is organized as follows. In the Section 2, Di-
rect Graph States, the structure of general undirected and directed
graph states is defined. In the Section 3, Entanglement in General
Graph Configurations, the Entanglement Distance is introduced
and its application to the class of graph states is discussed. In
Section 4, Applications, the results obtained for the Entanglement
Distance applied to various examples of states belonging to the
class of graph states are reported. In Section 5, Concluding Re-
marks is the last section.

2. Directed Graph States

At the base of the definition of a graph state is a graph, a collection
of vertices and pairs of vertices connected by edges. Each graph
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is represented by a diagram in a plane, where the vertices are
represented by points and the edges by arcs joining two vertices.
The arcs are oriented, in the case of a directed graph, and not
oriented in the case of an undirected graph. The most commonly
implied graphs in this context are simple graphs, meaning they
have no loops, at most one edge between any two vertices, and are
undirected, meaning the edges do not have a specific direction.
In the present work, we will consider directed graphs.

Mathematically, a directed simple graph G(V, L) is a pair of sets
(V, L), where V is the set of vertices, V = {1, ..., M}, M € N*, and
L is the set of ordered couples of elements of V, identifying the
set of oriented edges, L = {(a,b)| a,b € V}. Let M = | V] be the
number of vertices and let E = |L| be the number of edges in
the graph. Furthermore, let I' be the oriented adjacency M x M
matrix associated to the graph G(V, L), with elements

lif(a,b)eL
Ly = : (1)

0 otherwise

A directed graph state is a special pure multiparty quantum state
of a distributed quantum system. It corresponds to a direct graph
where each edge represents an Ising-like interaction between an
ordered pairs of quantum spin systems or qubits. More precisely,
one can provide the basic definitions for graph states with the no-
tations introduced above. The graph state can be done using the
stabilizer formalism, ' nevertheless here we give their definition
in terms of interaction patterns as follows. To each vertexa € V
is associated a qubit state |¢)*, and to any ordered pair (a, b) of
connected vertices is associated a nonlocal operator

U, =110 + 9 g, )

where TI(IT7) is the projector of the subspace of the a-th qubit
onto the state |0) (|1)“), I’ and U? are respectively the identity
matrix and a generic U(2) operator acting on the subspace of the
b-th qubit. Here, by |0) and |1) we denote the computational ba-
sis, i.e., the eigenstates of the o, operator with eigenvalues +1
and —1 respectively. The matrix U? determines the interaction
strength, which is assumed to be the same for all the connected
pairs. The graph state associated to a graph G(V, L) is

Gy =[] Ual&)®" . 3)

(ab)eL

where we assumed that each qubit starts from the same single-
qubit state, represented by the ket |¢). In this framework, a com-
pletely empty graph corresponds to the state |¢)®™. This assump-
tion is not only the simplest and generally adopted basis for fur-
ther development but is also crucial for performing our topolog-
ical analysis of the quantum graph via entanglement measures.

3. Entanglement in General Graph Configurations

3.1. General Framework

In the present study, we adopt the Entanglement Distancel>*7*]
as a measure of entanglement. The ED is derived from the
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Fubini-Study metric associated with the projective Hilbert space.
The ED per qubit is

M
— 11— l (1) 2
E(IG) =1 M;||<G|a G117, (4)
where 60 = (5, o)(,i), o) is the vector of the Pauli matrices oper-
ating on the qubit i. The ED equals M if |G) is maximally entan-
gled, and 0 if it is fully separable.

The interaction pattern of a graph state is completely spec-
ified by a simple graph G, if 1) there is no ordering of the
edges, namely all two—particle unitary operators commutate, that
is [U,, U] =0, Ya,b,c € V; 2) all qubits interact through the
same two-particle unitary operator U,, = U, V(a, b) € L.

These conditions can be satisfied by significantly restricting
the single-qubit operator U to the form

_ » eif 0
U=e W<0 e-ia) ©)

withy, 0 € R.

It is worth emphasizing that condition 1)—namely, that all
two-qubit operators commute— while restrictive, is consistent
with the standard literature on graph states. This requirement is
necessary in order to derive a state directly from a graph, where
edges are not endowed with any intrinsic ordering. For this rea-
son, the results of the present work hold under assumption (1).

3.2. Initial State

To determine the initial state |¢)®M that allows one to gener-
ate a maximally entangled network, we consider two general ver-
tices a,b € V, connected by an arc, and derive the single-vertex
reduced density matrices p, = tr,[p,,], and p, = tr,[p,], Where
Pap = Wap) (W, is the density matrix of the entangled state

|Wab> = Uab |¢>®2 . (6)

Therefore, the initial state is determined by the constraint that the
distance between the single-vertex density matrix p, (p;), and the
single-qubit density matrix p,, = [/2 corresponding to the maxi-
mum entanglement, is zero.

The Hilbert-Schmidt distance D, gives the distance between
two square matrices p,; and p, as

Dys(p1,py) = \/%tr[(m - )i (p = /72)] . )

With this, one can derive the distance between the single-vertex
density matrix p, (or equivalently p,) and p,,. We have

Par = Wa) (Wl = TopTly @ p+ T, p T, @ UpU* )
+(MopT, @ pU' +h.c.) 9)

where p = |¢) (¢]. In the case of a general state |¢) = a, |[0) +
a, |1) with |ay|? + |y |> = 1, the square of the Hilbert-Schmidt
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Figure 1. This figure reports the color map ofDi,S(py, pm). fory =a, b, as
a function of p and 6.

distance is
D} (p, p) = %{ —2p" +4p’ = 2p* +2(1 - p)’p’ cos(20),  (10)
where y = a,b, and p = |a, |2

Figure 1 shows the color map of Dés (0, Py)> fory=a,b,asa
function of p and 6.

Figure 1 clearly shows that the distance between p,, fory = a,b
and /2 is zeroifand only if p = 1/2 and 6 = = /2.

Alternatively, the initial state |¢)®" that allows one to gener-
ate maximally entangled states can also be derived through the
analysis of entanglement, either by the von Neumann entropy of
the reduced density matrices p,, y = a, b, which is an entangle-
ment measure for bipartite systems, or by calculating the ED of
the pure state |y,,). By directly calculating the eigenvalues of p,,
for y = a, b, one obtains

j=1

=3 [(—1)1\/1 —16p2(1 — p)?sin*(9) + 1] , (11)

for j=1,2, and then the von Neumann entropy S(p,) =

~trlp, Inp,] = - ij=1 4;/1n[A], for y = a,b. Figure 2 shows the
color map of S(p,), for y = a, b, as a function of p and 6.

A direct calculation of the ED (4) for the state (6) yields
E(lw,)) = 169°(1 — p)’ sin’ 0. (12)

Both the von Neumann entropy S and the entanglement distance
E(lw,,)) reach their maximum at the point (p, §) = (%, ,E[) Further-

more, along the line p = 1/2, the eigenvalues of p, y = a, b, are
1
2

2 1 1—|cosé|
=1 = 1 —_— . 1
s Og<|sin¢9|>+2|COS‘9I og(1+|c050|> (13)

From the calculations reported above, it is clear that the entan-
glement properties of a graph state do not depend on the phase of
a, and ; in the initial state |¢), but rather on their modulus. Ad-
ditionally, a maximally entangled network is obtained only when

A=<+ %l cos 0, and the von Neumann entropy results

Adv. Quantum Technol. 2025, €005 14 e00514 (3 of 7)

www.advquantumtech.com

3.0
0.6
2.5
0.5
2.0
0.4
3
®© 15 1
0.3
1.0
0.2
0.5 1 01
0.0 ; . : :
0.0 0.2 0.4 0.6 0.8 1.0

p

Figure 2. von Neumann entropy S(p,), for y = a, b, as a function of p and
0.

lag| = |ay| =1/ /2. Therefore, from now on, we will adopt the
initial state |¢) = (|0) + |1))//2.

3.3. Entanglement Distance Computation

To compute the ED (4) for a general graph G(V, L), one has to cal-
culate the value || (G| 6" |G) ||> for each i € V. Let I"_ (i) (T'_(i))
denote the set of vertex labels connected to i by an outgoing (in-
coming) link,

r.@={eVvi@ijel} (14)

I_(i)={je V(i e L}. (15)

The set I'(i) =T"_ (i) UI'_(i) thus is the set of vertices connected
to i by an edge, and d(i) := |I'(i)| the degree of the vertex i.

Remarkably, the numerical value of the contribution to the ED
from a generic vertex i depends on d(i) rather than on the indi-
vidual values of |["_ ()| and |T"_(i)|, as demonstrated in Ref. [18].

Furthermore, the numerical value of the contribution to the
ED arising from the i-th vertex, as well as the total ED, remains
invariant under vertex renumbering. Thus, we expect that the
ED depends only on the local graph topology, specifically the co-
ordination number of each vertex. Therefore, set E(6; {d(i)}) :=
E(|G)). In Ref. [18], we have shown that the ED per qubit for a
general graph is

EO:{d)}) = 1=~ Y [cos(O) 0. (16)

eV

Notably, the ED is independent of the parameter y in U. Since
entanglement in the present case, does not depend on the ori-
entation of the edges, from now on, we will describe the graph
topology purely in terms of its connectivity, without distinguish-
ing between outgoing or incoming links. A more general deriva-
tion, extending the arguments in Ref. [18], is presented in Ap-
pendix A. There, we consider a generic state |¢) = a; [0) + a; |1),
with |e,|? + |;|* = 1, and show that the Entanglement Distance
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Figure 3. Graph topology for the ED per qubit (21).

still depends solely on the degree distribution of the graph, with
Equation (16) arising as a particular case of this general result.
The Equation (16) can be expressed in terms of the degree dis-
tribution of the vertices. Let n, denote the number of vertices with
a degree of connection equal to k. Then, we have
IL|

D cos(O)]0 = Y m[cos(O), (17)

eV k=0

and the ED per qubit becomes

I
1
E(6;{m}) = _M; L[cos(@ (18)

In addition, in the following examples, we consider graphs
with a somewhat regular structure, which allows us to view them
as the result of a sequence of elementary operations on sub-
graphs. These elementary operations consist of adding vertices
and appropriate links to a subgraph.

The general scheme is as follows. For each graph G(V,L) in
the examples, we identify an integer K and consider a family of
subgraphs G,(V,, L), for k=1, ..., K, such that
G1(V1, L)) © Gy(Vy, Ly) € - Gy(Vi, Lg) = G(V, 1), (19)
where the symbol C indicates that each subgraph is a proper sub-
graph of the following one. Furthermore, we have

Gl (Vi L) =

here, the symbol + denotes the joining of the two subgraphs
G (Vi L) and g, (v, I,), meaning they are joined together by ad-
ditional edges X,. The set of vertices v, identifies a new layer C,
in Gy (Vigr, Liyq) such thatv, n V, =@, and V,,, = V, Uv,. The
sets of edges I, and L, are disjoint, and during the joining opera-
tion, the additional edges X are added, sothat L., = L, U], U X,.

Gi(Vi, L) + g (v k) (20)

4. Applications

4.1. Variant of Young-Fibonacci Graph

The topology of this type of graph is shown in Figure 3. Let C;
be the i-th layer, with C; being the top layer and Cj the bot-
tom layer, where N is the total number of layers. Denoting by
v; the set of the vertices in the Ci-th layer, the total number of
vertices is M = ZL i = N(N+1)/2, where i = || is the num-
Dber of vertices in the i-th layer. Let n,(:) denote the number of ver-
tices with a degree of connection equal to k, in the i-th layer. It

is straightforward to recognize that the degree distribution is: 1)
fori=1, ng) =6, 2)fori=2,...,N—-1, ng] =283+ (i — 2)64
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Figure 4. The figure reports the entanglement E(0; N) for N = 3 (dashed
line), N =5 (dot-dashed line), N = 10 (dotted line) and N = +co (contin-
uous line).

3)fori=N, nl(;) =26, + (N = 2)8,,, where §;, denotes the (j, k)-
th element of the Kronecker delta. Therefore, the function N(d)
is N(d) = 26,1 + (N = 1)5,, + 2(N = 2)8,, + 2525, , and the
ED per qubit (18) is

2
€OS 0 _ (44 2(N - 1)cos? 0+

E@O;N)=1- —= 7 _
(©:N) N(N +1) 1)

+4(N = 2) cos* 0 + (N — 2)(N — 3) cos®0) .

We see that, in the limit N — +o0, the entanglement per qubit
asymptotically approaches the bound

E(6;+0) =1—cos® 6. (22)

This suggests that the predominant contribution comes from the
internal vertices. Figure 4 shows the plots of this function for
various values of N.

4.2. Deep Feed Forward Neural Network

The topology of this graph consists of an input layer C;, an out-

put layer Cy, and multiple hidden layers C; fori=2,..., N - 1.

Let v; be the set of neurons in the i-th layer, and let M; = |v;| de-

note the number of neurons in that layer. An example of this

graph is shown in Figure 5. The distribution of the degrees

is as follows; 1) for i =1, n(i) =M;6y,; 2) fori=2,... ,N-1,
) =M,y i 3) fori=Nnl' =M, .

Figure 5. An example of a recurrent neural network, with M; = 3, M, = 4,
My =4, M, =2.
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Figure 6. The figure reports the graph for the ED per qubit in (24).

The function N(d) is N(d) = M;6,,,, + Zi;l Midy, om,, +

i

My6,,,_, and the entanglement distance (18) becomes

E(6;{M})=1- %(M][COS(O)]ZMZ + My[cos(8)]Mv
(23)
+ Z Mi[cos(e)]z(MHl*M»l)),

where M = Zfil M, represents the total number of vertices.

4.3. Full Binary Tree

The structure of this graph is shown in Figure 6). The division
into subgraphs is similar to the case in (4.1), where now the num-
ber of vertices in the i-th layer is |v;| = 2" and the total number
of vertices is M = 2N — 1. For the distribution of the degrees, we
have; 1) for i = 1, n;j) =6, 2 fori=2,...,N-1, nl(j) =2"15,5;
3)fori= N, n| =2V"5, . Therefore, the degrees distribution is
N(d) = 2716, + 84, + 2(2N2 — 1), ; and the entanglement per
qubit (18) becomes

cos? 8

E@;N)=1-
(6;N) W1

(2¥" +cos’ 0+ (2N = 2)cos* ). (24)
It is notable that, as the number of layers approaches to infinity,
the entanglement asymptotically approaches

2
E(g;+w)=1_ﬂ(

1+ cos*0), (25)
i.e., the predominant contribution comes from internal and last
vertices. In Figure 7 we plot E(0; N) for various values of N.

4.4. Linear Bridged Cycle Graph

The design of this graph is shown in Figure 8. Let C, be the i-
th circle, with C; being the leftmost circle and C), the rightmost.
We denote by v, the set of the vertices in the C;-th circle, and by
M= Zil M, the total number of vertices, where M, = |v;| repre-
sents the number of vertices in the i-th circle. The distribution
of the degrees is as follows; i) for i =1, n! = (M; — 1)5,, + 6,
i) for i=2,...,N=1, nl) = (M, - 2)6,, +28,,; iii) for i =N,
ng) = (My —1)8,, + 6;,. Therefore, the number N(d) is N(d) =
2(N —1)6;4+ (M — 2N + 2)6, ; and the ED per qubit (16) is

cos* @

E@;M,N)=1- (M —2(N-1)sin*0). (26)
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Figure 7. The figure reports the ED per qubit for N = 2 (dashed line), N =
4 (dot-dashed line) and N = +oo (continuous line).

This construction is valid provided that N > 2 and M; > 3 for all
i, which ensures that the total number of vertices M satisfies the
condition M > 3N. These requirements are indispensable for the
construction of the proposed topological structure.

5. Concluding Remarks

The present work provides an analysis of the entanglement of
quantum states associated with directed graph states, employing
an entanglement measure derived from the Fubini-Study met-
ric. We have shown that the vertex degree distribution solely de-
termines the entanglement in this class of states and remains
invariant under vertex relabeling. This invariance highlights the
topological nature of the measure applied to quantum networks,
emphasising that it is the topological properties of the graph—
rather than the specific orientations of the edges— that govern
the entanglement distribution.

By establishing a direct link between graph topology and en-
tanglement distribution, an extension of our work to weighted
graphs with non-homogeneous vertex states could provide a
geometric framework for the design and analysis of quantum
networks.[*2! This perspective may open new opportunities for
integrating entanglement and network topology within quantum
machine learning. In this setting, rather than relying on a fixed
network structure, the learning process could be guided by the
dynamic maximization of entanglement, allowing the topology
to evolve in real time during training, with the aim of enhancing
adaptability and improving overall efficiency.

A natural extension of this work is the study of decoherence
effects by modelling the environment as a source of stochastic
rearrangements of the graph connections. This approach could
offer new insights into the stability of entanglement under topo-

//’}</—‘\: :,—‘\> C\\\

/ \

! !

\ !

\ 7

AN //
Figure 8. The figure shows multiple cycle graphs, each connected by a
single edge between distinct vertices.
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logical perturbations, potentially contributing to the development
of more resilient quantum communication protocols and fault-
tolerant quantum operations. One possible strategy to mitigate
decoherence involves exploiting the quantum Zeno effect, which
could be used to control and stabilise entanglement near a de-
sired value. The ability to manage and preserve entanglement is
crucial not only for ensuring the robustness of quantum systems
but also for applications in quantum metrology, where entangle-
ment serves as a key resource for achieving high-precision mea-
surements.

Appendix A

The ED per qubit (16) is derived in Ref. [18] by assuming that all vertices

start from the commonly used state |¢p) = \/LE(|0> + (1)), in line with the

standard literature on graph states. As shown in 2, this state maximizes
both the Entanglement Distance and the von Neumann entropy, while at
the same time minimizing the Hilbert—-Schmidt distance between |¢) and
the maximally mixed state 1/2. In this Appendix, we derive the general
expression for the ED arising from the i-th vertex, by considering an arbi-
trary single-qubit input state |@) = ag |0) + a; | 1), with |ag]? + |a7]? = 1.
Following the calculations of case iii) in [18], where the vertex i is con-
nected to d_, (i) vertices, jy, ..., j_ (, eI'_ (i), by d_, (i) outgoing links, and
to d_(i) vertices, my, ..., mg_ € (i), by d_(i) incoming links. Let us
set z = (¢|U|$). The complete unitary operator results from the product
of the operators (2), with the corresponding adjustments in the indices,
and is given by

u=Tl o, ﬁ Uny: o)

where, for the following calculations, we denote U_, and U_ as H:;(') Ujj,

do(i) .
and HIF1 Upn,i respectively.
By direct calculation we get

N0 i i\
(¢| a(’)U’LG;E’) U—>|¢> (i)

=10} (1D -0 4 1) (0] D z#- () (A2)
=10y (110 2%-0 411y (0] 4~
fory =x,y, and
@00 P U1 =60 (A3)

From the three relations above, one can directly calculate

(@10}, Uy )M
i) 7\d- (i) o d (i) 7\ ()
= U ) ]
@@=t (1™ L1500 1601 »
d._ (i)
=2 Z Bk d_ (i), ),,OO,]Zd () g=itd (Dy+2Kk0)
k=0
(@1%"UL,0) Uy )5
= (@@= U (IO DU 1) Ou_1F) 1)
(A5)
d_ (i)
=23 Z B k d %0‘12 (t)e—i(d_>(i)y/+2k€)’
k=0
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and

(@1} Uy 1) &

1010
= @17 U iR U Nip? (Ae)
= |0‘o|2 - |0‘1|2~

Here, B(k;d_(i),p) denotes the binomial probability mass function

B(k;d_(i), p) = (d‘-(i))pk(1 — p)9-0-k_ Expressing z, ag, and a; as z =

k
re, ay =+/T—pe® and a; = \/56’51, we obtain the following expecta-

tion values of the Pauli operators
24/p(1 = p) r) cos (@)
(6 = =2+/p(T = p) ) sin (@) (A7)

1-2p

where r=4/cos2(0) +sin2(0)(1-2p)2 and @ =6y—6; —d()s+
d_, (i)w + d_(i)6. The contribution of the i-th vertex to the Entanglement
Distance is then given by

ED =1 (1-2p)% - 4p(1 - p)r**0). (A8)

This result shows that, even for a generic input state, the Entangle-
ment Distance depends only on the degree distribution, thus preserving
its purely topological character.
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