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The phenomenon of sloshing, i.e., the oscillation of liquids inside partially filled containers during motion, rep-
resents a significant challenge in transportation and process engineering. This paper addresses the design of an
optimized motion law to reduce unwanted liquid oscillations in automated liquid handling processes. A con-
strained optimization problem based on a linearized sloshing model is designed with the aim of minimizing
liquid oscillation both during movement and in the subsequent resting phase. To experimentally validate the

proposed method, a dedicated experimental setup is designed, including a controlled motion system and a visual
tracking system. Experimental tests confirm the reliability of the optimized motion law.

1. Introduction

Sloshing, i.e., the uncontrolled vibration of the free surface of a lig-
uid, is intrinsic to the motion of a partially filled container. Due to the
demanding motion requirements of recent liquid packaging machines,
oscillations of the free surface may cause overflows or unwanted soiling
of the containers, thus calling for ad-hoc anti-sloshing trajectory plan-
ning. To this purpose, in Richter (2010) a sliding-mode approach is de-
signed, but its application is limited by the requirement of real-time
measurement of the sloshing height. In the specific context of packag-
ing industry, trajectory planning is formulated in Grundelius and Bern-
hardsson (1999) as a minimum-energy optimization problem, whereas
Grundelius (2000) employs an iterative learning control strategy based
on experimental measurements of the liquid state. The latter approaches
consider the rectangular container case and are numerical in nature
and computationally demanding. The work in Di Leva et al. (2021) for-
mulates an optimization problem to generate time-optimal spatial tra-
jectories parameterized as B-splines. In Yano and Terashima (2005), a
hybrid-shape strategy combining notch and low-pass filters is proposed
for three-dimensional paths, while Noda et al. (2004) devise a similar
technique exploiting the effect of controlled container tilting. Neverthe-
less, tilting-based approaches are unsuitable when the container orien-
tation must remain fixed, as it is commonly required in packaging oper-
ations. Another class of anti-sloshing trajectory design methods relies on
optimization techniques for linear dynamic systems. Among these, input
shaping based on a specific class of Finite Impulse Response (FIR) filters
has been investigated. This approach has been employed to mitigate
sloshing in cylindrical containers transported by robotic manipulators
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in Aribowo et al. (2015). Robust shapers are validated using rectangu-
lar containers in Pridgen et al. (2010), while more complex configura-
tions such as pendulum-suspended containers are addressed in Alshaya
and Almujarrab (2021), Khorshid and Al-Fadhli (2020). Although in-
put shaping remains the predominant strategy, alternative formulations
have been proposed, including anti-sloshing trajectory generation us-
ing Infinite Impulse Response (IIR) filters in Feddema et al. (1997), or
FIR exponential filters in Melchiorri et al. (2018). To the best of the
authors’ knowledge, all the above techniques have been validated only
under relatively low-bandwidth conditions, with maximum container
accelerations on the order of 2.5ms™2. In contrast, automatic packag-
ing machinery requires trajectories with predefined durations to ensure
synchronization with concurrent product-handling operations, leading
to considerably higher acceleration levels.

In the recent work (Guagliumi et al., 2021) a simple methodology
is exploited to predict the sloshing height for containers following pre-
scribed planar trajectories. Such method employs a linear mass-spring-
damper model to describe the sloshing dynamics, and has been exper-
imentally proved to accurately estimate the maximum free-surface ele-
vation even under highly dynamic motion conditions. Using the above
model, Guagliumi et al. (2022) develop a technique for fast rest-to-rest
rectilinear motions, aimed at both controlling the maximum sloshing
height during movement and the residual oscillation of the liquid af-
ter the motion ends. Indeed, intermittent rectilinear motions represent
the most common case in packaging machines, where a rest period is
in place between successive translations. In such applications, the maxi-
mum sloshing height during motion must be kept below a given thresh-
old to prevent overflows or contamination of the container walls, while
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(a) Linear motion regime.

(b) Weakly nonlinear motion regime.

(c) Highly nonlinear motion regime.

Fig. 1. Schematic representation of possible liquid motion regimes (Ibrahim, 2005).

residual oscillations after the motion ends must be quickly suppressed in
order to ensure predictable conditions for subsequent operations (e.g.,
weighing).

1.1. Paper contribution

This paper focuses on optimal design of rectilinear motion trajec-
tories aimed at mitigating the sloshing phenomenon. As opposed to the
methodology in Guagliumi et al. (2022), which is based on the optimiza-
tion of the parameters of predefined well-established motion laws such
as polynomial and trapezoidal ones (see Biagiotti & Melchiorri, 2008),
in this work the sampled motion trajectory is optimized directly by solv-
ing a fixed-horizon constrained optimal control problem. This allows for
generating a reference trajectory which spans a prescribed time interval
and satisfies both a maximum sloshing height constraint and suitable
boundary conditions on acceleration and jerk in order to ensure low
residual oscillation when the motion ends. The considered performance
functional is LQR-like in order to trade off regulation performance and
control effort. The obtained optimal trajectory is then tracked on the
motion system using a high-bandwidth low-level controller as in previ-
ous approaches, thus not requiring feedback from liquid level measure-
ments.

Experimental validation is conducted on a dedicated testbed con-
sisting of a motion system and a vision-based measurement system to
monitor liquid oscillations. Experimental results are compared to those
obtained via the technique in Guagliumi et al. (2022), showing a sig-
nificant reduction in liquid oscillation both during motion and in the
subsequent resting phase.

The paper is organized as follows: in Section 2, the employed slosh-
ing model is recalled, the proposed trajectory planning technique is de-
veloped in Section 3, the experimental validation is presented and dis-
cussed in Section 4, and conclusions are finally drawn in Section 5.

2. Modeling the sloshing phenomenon

We consider the sloshing phenomenon in a cylindrical container par-
tially filled with liquid and subject to 1-D straight motions. To describe
this phenomenon, three distinct dynamic regimes can be identified for
the motion of the liquid free surface (Ibrahim, 2005):

e Linear motion regime: The free surface remains planar (Fig. 1a),
oscillating around a fixed nodal diameter perpendicular to the ex-
citation plane. This regime occurs for small oscillations induced by
limited accelerations of the container.

¢ Weakly nonlinear motion regime: The free surface becomes
curved (Fig. 1b) and rotary sloshing emerges with the nodal diameter
rotating around the container axis. This regime occurs for oscillations
with greater amplitude and closer to resonance frequencies.

¢ Highly nonlinear motion regime: Abrupt velocity changes in the
free surface create discontinuities, resulting in liquid impacts on the
container walls and pressure spikes (Fig. 1c).

To the purpose of the control problem addressed in this paper, the
linear motion regime is considered. The sloshing phenomenon is de-
scribed through an equivalent mechanical model represented by a lin-
ear mass-spring-damper model. For the equivalent mechanical model of
the weakly nonlinear motion regime, the interested reader is referred to
Bauer (1966). In the following, all quantities are expressed in SI units,
unless otherwise noted.

2.1. Linear sloshing model

The linear equivalent mechanical model is borrowed from Guagli-
umi et al. (2021). It considers a cylindrical container of radius R, filled
with a liquid of density p and height 4. The sloshing phenomenon is
approximated by a single oscillating mass m, connected to the container
by a spring with stiffness k and a damper with damping constant ¢, as
shown in Fig. 2.

Assuming that the container moves only along the horizontal axis of
a fixed reference frame with origin O, let x,, be the absolute position of
the vertical axis of the cylinder and x be the horizontal displacement of
the mass m relative to the container’s reference frame, having the origin
O’ on the vertical axis of the cylinder. The motion of the mass m is then
described by the Second Newton’s Law as follows:

m()'é+j€0) =—kx—cx, 0
which can be rewritten as:
5é+2§a),,5c+wix = =X, 2)

with w, = \/k/m the natural frequency and ¢ = ¢/(24/km) the damping
ratio of the fundamental sloshing mode.

Remark 1. The linear model in Guagliumi et al. (2021) includes sev-
eral moving masses, each representing the equivalent mass of a sloshing
mode. In this paper we consider only the fundamental mode, motivated
by the observation that it dominates the liquid motion, carrying most
of the system energy. Higher-order modes have higher frequencies and
are more significantly damped, contributing less to the overall liquid
oscillations.

Expressions for the natural frequency w, and the damping ratio ¢
to be used in (2) for the fundamental mode can be found in Guagliumi
et al. (2021). In particular, the expression for wﬁ looks as follows:

wﬁ=%tanh(%>, 3)

where g is the gravitational acceleration and ¢, is a known constant
adimensional parameter, whose value is tabulated (see Guagliumi et al.,
2021). Notice the dependence of w, on the liquid height h.

2.2. Sloshing height

The sloshing mass position x in (2) is an abstract quantity that
lacks direct physical meaning, as it represents the displacement of an
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Fig. 2. Scheme of the equivalent linear mechanical model considering only the
sloshing mass of the fundamental mode.

equivalent oscillating mass rather than the actual motion of the liquid
surface. However, the sloshing mass position can be used to reconstruct
the sloshing height relative to the undisturbed liquid surface, which oc-
curs at the container edge along the plane of excitation.

The expression for the sloshing height # as a function of the sloshing
mass position x is derived in Guagliumi et al. (2021), assuming the free
liquid surface to be planar, as shown in Fig. 3. It is given by:

4m
TR3p

n= X. @

The formula holds under small oscillations, where nonlinear effects such
as wave breaking or asymmetric deformations of the free surface are
negligible.

3. Optimal anti-sloshing trajectory design

The term % in (2) is the container acceleration, causing the displace-
ment x of the mass m and consequently the sloshing effect, see (4). The
problem addressed in this paper is to design %, with the aim of minimiz-
ing the peak sloshing height along the container motion, while reducing
residual oscillations when the container stops. To this aim, we propose
to optimize the motion law by solving a fixed-horizon constrained opti-
mal control problem.

3.1. Linear state-space models

Let the state vector at time ¢ be defined as:
(1) = [x0(1), Xo(0), %o(0), x(1), (1) I, 6
and consider the jerk of the container as the system input u(t), namely:
u(t) = Xo(1). 6)

The dynamics of ¥(r) is described by the continuous-time linear time-
invariant state-space model:

Y1) = AY(t) + Bu(?), @

where the matrices A and B are defined as:

0 1 0 0 0 0
0 0 1 0 0 0

A=|0 0 0 0 0 |, B=]|1} (8)
0 0 0 0 1 0
0 0 -1 -w? =20 0

European Journal of Control xxx (xxxx) xxx

In

e -
< =1

2R

Fig. 3. Scheme of the sloshing height model assuming planar free liquid surface.

Remark 2. One could have used the acceleration of the container as
the system input. However, considering the jerk leaves flexibility for
bounding it in the optimization problem to avoid undesired vibrations
due to excessively high jerk values.

Assuming a zero-order hold, the continuous-time model (7) is dis-
cretized exactly using standard formulas. Let T be the sampling period,
defined as:

t

T =2, ©
where ¢ is the total motion duration and N is the number of dis-

motion
crete steps into which 1,,,,;,, is divided. Moreover, let the sampled state

vector be ‘f‘(k) = Y(kT), and the sampled input be u(k) = u(kT), where
k=0,1,2,... is the discrete time index. The dynamics of ¥(k) is de-
scribed by the discrete-time linear time-invariant state-space model:

Bk +1) = A, P(k) + B, k), (10)

where the matrices A, and B, are given by:

T
A, =eT, By :/ eA"Bdr. an
0

3.2. Optimal control problem

We formulate a regulation problem where the objective is to drive
the system state to zero from an initial condition ‘TJ(O). This is achieved
by minimizing a quadratic cost function, while satisfying linear con-
straints on both the control input and the system states (Rawlings et al.,
2022). The resulting problem is a linearly constrained quadratic pro-
gram that can be solved using state-of-the-art solvers.

The cost function to be minimized is defined as:

N-1
J= Z B(k) 0 B(k) +ii(k) Ri(k), 12)
k=0
where O and R are symmetric, positive definite weighting matrices for
the states and the control inputs, respectively.

Regarding the constraints, these include the state dynamics (10) for

k=0,1,..., N — 1. In addition, the following constraints are considered.

3.2.1. Output constraints

Let 77, > 0 be the maximum tolerated sloshing height. Using (4),
the constraint || < #,,,« can be translated into a constraint on the dis-
placement x, namely:

ﬁmaxﬂ-RBp
4m

A

|x] < Xpmax- (13)
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Recalling that x is the fourth entry of the state vector ¥, the latter con-
straint can be rewritten as:

F¥k) <f, k=0,1,...,N, 14)
where:

00 0 1 0 X
F = - max ) 1

3.2.2. Input constraints

A maximum jerk value u,, is imposed to avoid excessively high
values, which could induce vibrations in the machine during container
handling (see Remark 2). The corresponding constraint [u(k)| < u,, 1S
rewritten as:

Efik)<e, k=0,1,...,N—1, (16)
where:
E = [_11], e = [Zmax]' 17)

3.2.3. Initial state

The initial position of the container is set to —s,,, where s, represents
the total distance to be covered during the motion. Since the system
starts from rest, all other state entries are initially set to zero, including
the acceleration of the container. This is done to enforce a smooth start
of the motion, without undesired vibrations. The resulting initial state
is:

P(0) =W, 2 [=50,0,0,0,07. 18)

3.2.4. Terminal state
The terminal value is set to zero for all the state entries:

P(N)=0210,0,0,0,07. (19)

This guarantees that the container stops in the right position at the end
of the motion. Moreover, imposing that both position and velocity of the
sloshing mass are zero at the final time step is expected to mitigate the
residual oscillations of the liquid in the real system. This is also pursued
by imposing that the container arrives at the final position with zero
acceleration.

Summarizing, the formulated optimization problem looks as follows:

ming ; Vo Bk QW (k) + (k) Rii(k)
s.t. Pk + 1) = Ay P(k) + B, ii(k)
) F ‘i‘(k) <f (20
Efi(ky<e, k=0,...,N—1
P0) =¥,
P(N)=0.

3.3. Control system structure

The solution of (20) provides the optimal state sequence k), from
which it is possible to extract the optimal profiles for x, x, and %,. Such
profiles are supplied off-line as references to a low-level control system
which controls the container motion accordingly (see Fig. 4). Notice that
solving problem (20) also returns the optimal jerk sequence u(k), which
is only instrumental and not directly implemented in the control system.

4. Experimental results

To experimentally validate the proposed method, a motion system
has been used to accurately implement the optimized trajectories. This
section describes the experimental setup that has been built and the
results obtained with both the proposed and state-of-the-art approaches.

European Journal of Control xxx (xxxx) xxx

Trajectory planner

wo(kT) | wo(kT) |  ig(kT)

Actuator torque
Low-level controller

Motion system

Container position feedback

Fig. 4. Control system architecture. The trajectory profile x,(kT), xo(kT), %(kT)
is fed off-line to the low-level controller.

Threshold (208/255)

Frame  (000/250) '
(b)

Fig. 5. (a) Experimental setup. (b) sloshing tracking system.

4.1. Experimental setup

The experimental setup consists of a Beckhoff brushless motor, cou-
pled with a reduction gearbox and a pulley, which transmits motion to
a transport belt via a timing belt (see Fig. 5(a)). The transport belt is
composed of several sliding carriages, one of which is equipped with
a custom-designed support to securely hold a vial during movement.
The design of the bottle holder prevents any unintended displacements
that could influence the liquid oscillations. In this way, the observed
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Evolution of liquid height over time
7.51 :

5.0 1 / \\

251 A;_/’ \

-2.51 /

-5.01 \
\
W

-7.51

Height (mm)
o
o
|

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Time (s)

Fig. 6. Experimental sloshing height over time under three different maximum
height constraints: 7,,, = 15mm (solid blue), 7, = 8 mm (solid magenta),
fmax = 6.8 mm (solid green). Dashed horizontal lines of the corresponding color
represent the sloshing height constraints. The line corresponding to 7, = 15
mm is not shown in order to preserve picture readability. The vertical red dashed
line separates the motion and resting phases.

fluctuations in the liquid level are exclusively due to the fluid dynam-
ics. The experiments were conducted using a 10R-type vial, with radius
R = 13 mm and filling height ~ = 28 mm. Single translation movements
spanning s, = 192 mm with a total movement time of 1.2 s (,,,,;5, = 0.5
s of forward motion and 0.7 s of rest phase) have been performed.

The motion system is controlled via a low-level high-bandwidth con-
troller that precisely tracks the target trajectories given in the form of a
sequence of points (x, X, X,) sampled at 1 ms, with a position error be-
low 0.3%. To capture experimental data, a Basler piA640-210gm camera
is used, mounted on a support installed on two blocks adjacent to the
bottle-holding block. This setup ensures that the camera continuously
tracks the container throughout its movement. The captured images are
then stored and later compiled into a 30fps video. The oscillation of the
liquid at the right edge of the bottle is then evaluated from the video.
This process involves creating a binary mask, highlighting in black the
regions containing the liquid. As shown in Fig. 5 (b), a selected rect-
angular region near the right edge is analyzed to determine the highest
black pixel, corresponding to the maximum liquid level. This pixel value
is subsequently converted into millimeters and normalized with respect
to the initial liquid height, providing a measurement of the height vari-
ation relative to the starting condition.

4.2. Results and discussion

In the following validation tests, matrices Q and R in the optimiza-
tion problem have been chosen as the identity matrix. A comparison has
been carried out between three runs of the optimized trajectories ob-
tained via the proposed method for three different values of the design
parameter 7j,,,,.. Fig. 6 depicts the time evolution of the sloshing height
for such trajectories. For 7,,, = 15 mm, it turns out that constraint (14)
is never active, while it becomes a determining factor for the other two
cases, i.e., . = 8 mm and 7,,,, = 6.8 mm. It is apparent that progres-
sively reducing the maximum height bound leads to an improvement
during the motion phase but also in the resting phase. In particular,
the residual oscillations of the liquid once the container has stopped
are significantly reduced for lower 7,,,,. Note that the measured peak
height turns out to be slightly higher than 7#,,, in the most restrictive
case, due to model errors. In all cases, the peak acceleration during the
motion phase amounts to around 5 ms~2, which is considerably higher
than that achieved by other design methodologies. It turns out that fur-
ther reducing 7,,,, introduces undesirable effects. In particular, during
the resting phase, the behavior slightly worsens due to vibrations in the
handling system, caused by the high acceleration and jerk values im-
posed by the stricter constraint. The impact of vibrations is not limited

European Journal of Control xxx (xxxx) xxx
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Fig. 7. Experimental sloshing height over time imposing stringent maximum
sloshing height: 7., = 6.8 mm (solid blue), 7, = 5.8 mm (solid magenta),
fimax = Smm (solid green). Dashed lines of the corresponding color represent
the sloshing height constraints.
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Fig. 8. Experimental sloshing height over time under different motion laws:
the proposed optimal one, and the poly5, trapezoidal, and trapezoidal with un-
constrained velocity trajectories from Biagiotti and Melchiorri (2008), Guagliumi
et al. (2022).

to the resting phase but also affects the motion phase (see Fig. 7). To
further demonstrate the performance of the proposed design, an experi-
mental comparative analysis has been conducted against the optimized
motion curves proposed in Biagiotti and Melchiorri (2008), Guagliumi
et al. (2022), namely the optimized poly5, trapezoidal, and trapezoidal
with unconstrained velocity trajectories, by designing their parameters ac-
cording to the experimental testbed. The proposed optimal motion law
is designed for 7,,,, = 6.7 mm. In Fig. 8, the experimental time plots of
the sloshing height under the various motion laws are compared.

A quantitative comparison of the peak sloshing heights under the
different motion laws is reported in Table 1, where #,,,, represents the
maximum sloshing height recorded during the motion phase, |7,y peak |
is the overshoot during the resting phase, Afj,,, is the difference be-
tween the peak height of each motion law and the optimal trajectory,
and Afj,,, represents the overshoot difference between the considered
motion law and the optimal one during the resting phase. In the video
supplied as supplementary material, the liquid motions corresponding
to the trajectories compared in this experiment are captured.

In many practical applications such as automatic filling machines,
the fill level of the container is usually not constant throughout its whole
processing, and the implementation of different motion laws according
to the fill level may be impractical. Therefore, it is interesting to test
the robustness of the proposed trajectory planning with respect to such
parameter. In this respect, we notice that the natural frequency w, in
(3) of the sloshing model first increases sharply with the fill level 4 and
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Table 1
Peak sloshing heights for different motion laws.

Tpeak [Tlrestpear] — Aflpeak Aflyegq

mm mm mm mm
optimal 7.525  0.875 - -
poly5 7.175  2.450 -0.350 1.575
trapezoidal 8.400 2.450 0.875 1.575
trapez. unconstrained 10.15 4.375 2.625 3.500

Dependence of w, on h

1/

25 |

al |
ol |

l
10|
|

wy, (rad/s)

— Fixed radius = 13 mm

0 20 40 60 80 100
h (mm)

Fig. 9. Natural frequency w, vs. level h.

Evolution of liquid height over time
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Fig. 10. Comparison of sloshing height by applying the optimized motion law
to vials with different fill levels A.

then it saturates when the liquid height exceeds the bottle radius R (see
Fig. 9).

This suggests that if the motion law is designed considering a fill
height greater than the radius, it will remain reasonably valid for higher
fill levels. Conversely, if the fill level falls below the radius, the liquid
behavior may no longer be consistent. To experimentally validate this
observation, the optimized motion law, computed for R = 13 mm and
h = 28 mm, has been applied to containers with different fill levels, rang-
ing from a height lower than the radius up to a near-maximum capacity.
The evolution of the free surface height over time, shown in Fig. 10, sup-
ports the claim.

5. Conclusion

Within the context of automated packaging systems, a novel
optimization-based motion planning methodology has been proposed in
this paper, with the aim of mitigating the liquid sloshing phenomenon.
As opposed to existing techniques, direct optimization of the trajectory
is performed by solving a suitable constrained optimal control problem
which ensures low while-in-motion and residual oscillations. The pro-
posed method has been validated on a dedicated testbed and its perfor-

European Journal of Control xxx (xxxx) xxx

mance has been compared to that of state-of-the-art methods, showing
a significant improvement.
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