
International Journal of Approximate Reasoning 153 (2023) 172–192
Contents lists available at ScienceDirect

International Journal of Approximate Reasoning

journal homepage: www.elsevier.com/locate/ijar

Projectivity and unification in substructural logics of 

generalized rotations

Paolo Aglianò, Sara Ugolini ∗

a r t i c l e i n f o a b s t r a c t

Article history:
Received 23 May 2022
Received in revised form 25 November 2022
Accepted 25 November 2022
Available online 29 November 2022

Keywords:
Mathematical fuzzy logic
Product logic
Nilpotent minimum logic
Unification
Substructural logics

We develop a unifying approach to study projectivity and unification in substructural logics 
corresponding to varieties of residuated lattices generated by generalized rotation construc-
tions. These include many interesting varieties especially in the realm of mathematical 
fuzzy logics. Our main results pertain what we shall call radical-determined varieties of 
rotations, which include all of the most relevant varieties in this framework. We character-
ize free algebras in a radical-determined variety V of rotations in terms of weak Boolean 
products of rotations of free algebras in the variety of radicals, the latter being the inter-
sections of maximal filters of the algebras in V. Then we use such description to study 
projectivity in these varieties of rotations, characterizing finitely generated projective al-
gebras. Moreover, we show that the strong unitary unification type of a variety of radicals 
implies the strong unitary type for the generated variety of rotations, which can be used to 
deduce the decidability of the admissibility of rules. As relevant applications of our general 
results, we obtain that product logic and nilpotent minimum logic have (strong) unitary 
unification type.

© 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the 
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In this paper we develop a uniform approach to study unification problems in a large class of algebraizable logics, which 
we shall call substructural logics of generalized rotations.

The start of the study of unification problems can be traced back to Herbrand’s doctoral thesis, and in the pioneering 
work of Robinson on resolution [55]. The classical syntactic unification problem consists of a pair of terms (s, t), built 
from functions symbols and variables, and a solution or unifier is a uniform replacement of the variables occurring in s
and t by other terms in the same language that makes s and t identical. Here we are interested in unification problems 
where syntactical identity is replaced by equality modulo logical equivalence, or, from an algebraic point of view, modulo an 
equational theory. This approach to unification, originating in influential works such as [54], has acquired increasing interest 
in recent years [7,8]. Ghilardi in particular shows in [41] that, in an algebraizable logic, the study of a unification problem 
modulo logical equivalence can be carried out purely in the algebraic framework. Moreover, the unification type, which 
essentially measures the cardinality of the set of “best solutions” to a unification problem, can be studied algebraically as 
well. In more detail, if a logic has a variety V as equivalent algebraic semantics in the sense of Blok-Pigozzi [11], a unification 
problem corresponds to a finitely presented algebra in V (a finitely generated quotient of a finitely generated free algebra), and 
a unifier consists in a homomorphism to a projective algebra in V (that is, a retract of a free algebra in V). Thus, the study 
of projective algebras in varieties corresponding to a logic gives relevant information on the logical unification problems.
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Our study is grounded in the unifying framework of substructural logics. The latter are a large class of logical systems 
containing a variety of important non-classical logics, such as intuitionistic logic, mathematical fuzzy logics, relevance logics, 
linear logic to name a few, and encompass classical logic as well as a limit case. The importance of substructural logics as 
a framework is given by the semantical approach which allows to study all these logics uniformly, as axiomatic extensions 
of the Full Lambek Calculus FL (see [40]). A key fact is indeed that substructural logics are all algebraizable in the sense 
of Blok-Pigozzi, that is, the logical deducibility relation is characterized by the equational consequence in the corresponding 
equivalent algebraic semantics, which allows to study logical properties from the algebraic point of view and vice versa. The 
equivalent algebraic semantics are classes of residuated lattice-ordered monoids, or residuated lattices for short. The property 
they all share is indeed the residuation property, which in algebraic models can be expressed as: a · b ≤ c if and only if b ≤
a → c.

In this work, we will show new results involving a large class of substructural logics, which on the algebraic side are 
characterized by the fact that they are generated by particular rotations of algebras introduced in [19]. In particular, this 
class includes many logics that are relevant in the Mathematical Fuzzy Logic framework, which was first introduced by 
Hájek in the influential 1998 book [44]. Mathematical fuzzy logics, here seen as axiomatic extensions of Esteva and Godo’s 
Monoidal t-norm based Logic MTL [34], are meant to interpret reasoning with degrees of truth. They play a relevant role 
in the framework of substructural logics, as they correspond to those systems satisfying weakening (i.e., extra assump-
tions and conclusions can be added to derivations), exchange (the main conjunction connective is commutative), and where 
the intended truth-values of formulas are comparable. Substructural logics of generalized rotations include many relevant 
mathematical fuzzy logics, such as finite- and infinite-valued Gödel logic, product logic, nilpotent minimum logic, the logic 
associated to Chang’s MV-algebra, the logics corresponding to Stonean BL-algebras and many others. The rotation construc-
tion introduced in [19] allows a uniform study of this large class of logics. This framework allows in particular to transfer 
results from relatively tame logics that are extensions of Hájek Basic Logic [44] to axiomatic extensions of MTL previously 
either unknown or hard to study (see [3], [2] for other extension results). We remark that our work does not restrict to 
the fuzzy logic framework alone: other interesting systems that can be seen as substructural logics of generalized rotation 
include for instance Nelson Constructive Logic with strong negation [18] and the intermediate De Morgan Logic (whose 
corresponding equivalent algebraic semantics are, respectively, regular Nelson lattices and Stonean Heyting algebras).

As a first main result, we give a characterization of the free algebras for the varieties of interest, which we call varieties 
of generalized n-rotations, for a fixed n ∈ N, n ≥ 2. This, from a logical point of view, yields a description of the algebras 
of formulas of the logics of generalized rotations. The description will prove to be particularly transparent and useful in a 
large class of varieties, that we will call radical-determined, which includes all of the relevant examples. In such a variety V, 
free algebras can be described as particular weak Boolean products of rotations of free algebras in the variety of residuated 
lattices obtained as the class of radicals (i.e., intersections of maximal filters) of algebras in V. This is inspired by, and 
generalizes, several previous works, for instance by Busaniche [15], Busaniche and Cignoli [16], Cignoli [22], Cignoli and 
Torrens [24,25]. Building on our results, we then characterize finitely generated projective algebras in the relevant varieties 
of rotations as finite direct products of rotations of projective algebras in the variety of radicals. Moreover, we show how 
properties related to unification and admissibility are also transferred from the variety of radicals to the variety of rotations. 
Most notably, what we will define as strong unitary type transfers from the variety of radicals to the corresponding variety 
of rotations. It is relevant to stress that strong unitary unification type implies the decidability of the admissibility of rules 
for the logics whose equational theory is decidable.

The general results we obtain show a unifying framework to study unification in a large class of substructural logics of 
rotations. As particularly relevant new results, we obtain that the unification problem of product logic, the main fuzzy logic 
for which the unification type was still unknown, has (strong) unitary type, and the same holds for the logic of nilpotent 
minimum.

2. Preliminaries

While we refer the reader interested in axiomatizations of substructural logics to [40], we shall develop our study in the 
universal algebraic framework. For the unexplained basic notions from Universal Algebra, we refer the reader to [14]. We 
proceed to introduce the algebras which are objects of our study, that is, (bounded) commutative and integral residuated 
lattices. A commutative integral residuated lattice (or CIRL) is an algebra 〈A, ∨, ∧, ·, →, 1〉 such that

1. 〈A, ∨, ∧, 1〉 is a lattice with largest element 1;
2. 〈A, ·, 1〉 is a commutative monoid;
3. (·, →) form a residuated pair w.r.t. the lattice ordering, i.e. for all a, b, c ∈ A

a · b ≤ c if and only if b ≤ a → c.

In what follows, we will usually write ab for a · b. A bounded commutative residuated lattice is a commutative integral 
residuated lattice with an extra constant 0 in the signature that is the least element in the lattice order. In bounded 
structures we can also define a negation connective in the usual way: ¬x := x → 0. Since residuation can be expressed 
equationally [12,48], (bounded) commutative and integral residuated lattices form varieties called (FLew) CIRL. The name 
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FLew comes from logic, indeed this variety corresponds to the Full Lambek calculus with exchange and weakening FLew . 
Mathematical fuzzy logics seen as extensions of Esteva-Godo’s Monoidal t-norm based logic MTL [34] are extensions of 
FLew . Their equivalent algebraic semantics is the variety of MTL-algebras, that is given by FLew-algebras further satisfying 
prelinearity:

(x → y) ∨ (y → x) ≈ 1. (prel)

It can be shown ([12,48]) that a subvariety of FLew satisfies the prelinearity equation (prel) if and only if it is generated by 
totally ordered algebras (also called chains). Such varieties are called representable or semilinear, and MTL-algebras are the 
largest subvariety of FLew that is representable. This property is the algebraic counterpart to the mentioned comparability of 
truth-values characterizing mathematical fuzzy logics. Hájek’s Basic Logic BL, the logic of continuous t-norms [44], has as 
equivalent algebraic semantics the variety of BL-algebras BL, which are MTL-algebras satisfying divisibility:

x(x → y) ≈ y(y → x); (div)

The most relevant subvarieties of BL are the varieties of MV-algebras, Gödel algebras, and product algebras, which we denote 
with MV,G,P, respectively, and that correspond to infinite-valued Łukasiewicz logic, Gödel logic, and product logic. These 
three subvarieties of BL are generated by standard algebras over the real-unit interval [0, 1] determined by, respectively, 
Łukasiewicz, Gödel, and product t-norm (playing the role of the monoidal operation). They play a fundamental role since 
by Mostert-Shields’ Theorem all continuous t-norms can be constructed by these three via the ordinal sum construction [49]
(the algebraic counterpart of this result is in [1]).

Some subvarieties of MV will play a special role in this paper. The variety MV is the subvariety of BL-algebras satisfying 
involution:

¬¬x ≈ x. (inv)

Finite chains (i.e., totally ordered algebras) in MV can be described as particular subalgebras of the standard MV-algebra

[0,1]Ł = ([0,1], ·Ł,→Ł,min,max,0,1),

where x ·Ł y = max(0, x + y − 1), x →Ł y = min(1, 1 − x + y). For n ∈N, n ≥ 2, the n-valued MV-chain Łn is the subalgebra 
of [0, 1]Ł with domain:

(0,
1

n − 1
, . . . ,

n − 2

n − 1
, 1).

For n ≥ 2, we denote with MVn the subvariety of MV generated by Łn ([42]). We remark that a finite MV-chain Łm belongs 
to MVn if and only if m − 1 divides n − 1 (in symbols m − 1|n − 1). MVn-algebras are locally finite, that is, finitely generated 
subalgebras are finite. MVn-algebras will act as a skeleton of algebras in varieties of rotations, in a sense that we will make 
precise in the following subsection.

With respect to the structure theory, algebras in FLew are very well behaved, indeed, any subvariety of FLew is ideal 
determined with respect to 1, in the sense of [43] (but see also [5]). In particular this implies that congruences are totally 
determined by their 1-blocks (i.e., the set of elements in relation with 1). If A ∈ FLew , the 1-block of a congruence of A is 
called a congruence filter (or filter for short). Filters correspond to the deductive filters induced by the corresponding logic, 
which, in the algebra on formulas, are exactly deductively closed theories (see [40]). It can be shown that a filter of A
is a lattice filter containing 1 and closed under multiplication [40]. Filters form an algebraic lattice isomorphic with the 
congruence lattice of A and if X ⊆ A then the filter generated by X is

FilA(X) = {a ∈ A : x1 · . . . · xn ≤ a, for some n ∈N and x1, . . . , xn ∈ X}.
The isomorphism between the filter lattice and the congruence lattice is given by the maps:

θ −→ 1/θ

F −→ θF = {(a,b) : a → b, b → a ∈ F },
where θ is a congruence and F a filter. In what follows, if F = 1/θ is a filter of an algebra A, we shall write the correspond-
ing quotient with either A/θ or A/F .

Given an FLew algebra A, we call Boolean skeleton of A and write Bool(A), the set of Boolean (i.e., complemented) elements 
in A: x ∈ A such that x ∨ ¬x = 1, x ∧ ¬x = 0.

Moreover, given an FLew-algebra A, we will call radical the intersection of its maximal filters Rad(A), and coradical the 
set of elements whose negation is in the radical: Corad(A) = {x ∈ A : ¬x ∈ Rad(A)}. Since the radical is a filter itself, it 
is the subuniverse of a CIRL. Indeed, it follows from the definition that filters are closed under all the operations in the 
signature {·, →, ∧, ∨, 1}. By a slight abuse of notation we will denote by Rad(A) both the radical of A seen as a filter and 
the corresponding CIRL. Given any A ∈ FLew , Rad(A) ∪ Corad(A) is a directly indecomposable subalgebra of A ([25, Theorem 
3.3]), since its only Boolean elements are 0 and 1 (and this property characterizes directly indecomposable FLew-algebras as 
shown in [50]).
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Fig. 1. Respectively: a disconnected 5-rotation, a 5-lifting, and a generalized 5-rotation of a CIRL A.

2.1. Varieties of generalized rotations

We introduce here the needed context on the varieties of algebras that are the main focus of our study, which are 
generated by a particularly generalized notion of rotation construction.

The generalized n-rotation, for a fixed n ≥ 2, is defined in [19] and it is inspired by ideas in [24,6]. It generalizes both 
(dis)connected rotation constructions (developed by Jenei [46,47] for ordered semigroups) and the n-liftings of residuated 
lattices (see [19]), given by an ordinal sum of a n-valued MV-chain and a CIRL (see the center structure in Fig. 1 for a 
picture). Let us first give a pictorial intuition of this construction. In the disconnected rotation, given a CIRL (and also more 
generally in [38] given a topped residuated lattice, not necessarily commutative or integral), a bounded involutive structure 
is produced, obtained by attaching below the original CIRL a rotated copy of it. The generalized rotation in [6] takes a CIRL 
and generates a bounded CIRL, which is not necessarily involutive, by attaching below it a rotated (possibly proper) nuclear 
image of the original. The generalized n-rotation, for n ≥ 2, further adds a Łukasiewicz chain of n elements, n − 2 of which 
are between the original structure and its rotated nuclear image (see the right-most image in Fig. 1 for a sketch).

More precisely, let us first define the disconnected rotation of an IRL A as the FLew-algebra A∗ whose lattice reduct is 
given by the union of A and its disjoint copy A′ = {a′ : a ∈ A} with dualized order, placed below A: for all a, b ∈ A,

a′ < b, and a′ ≤ b′ iff b ≤ a.

In particular, the top element of A∗ is the top 1 of A and the bottom element of A∗ is the copy 0 := 1′ of the top 1. A is a 
subalgebra, the products in A′ are all defined to be the bottom element 0 = 1′ , and furthermore, for all a, b ∈ A,

a · b′ = (a → b)′, b′ → a = 1;
a → b′ = (b · a)′, a′ → b′ = b → a.

A nucleus on a residuated lattice A = (A, ∧, ∨, ·, →, 1) is a closure operator δ on A that satisfies δ(x)δ(y) ≤ δ(xy), for all 
x, y ∈ A. It is known that then Aδ = (δ[A], ∧, ∨δ, ·δ, →, δ(1)) is a residuated lattice, where x ∨δ y = δ(x ∨ y) and x ·δ y = δ(xy).

Now, let us call a rotation operator for an algebra A a map δ : A → A that is a nucleus and a lattice homomorphism. 
Given such a rotation operator, the generalized δ-rotation Aδ (defined in [6]) differs from the disconnected rotation above in 
that it replaces A′ with δ[A]′ = {δ(a)′ : a ∈ A}, where δ(a)′ is short for (δ(a))′ . Moreover, for all a ∈ A, b ∈ δ[A], the only 
changed operation is:

a → b′ = (δ(ba))′.
The generalized n-rotation via δ, Rotδn(A) or Aδ

n , of an IRL A with respect to a rotation operator δ and a natural number 
n ≥ 2 is defined on the disjoint union of Aδ and {�i : 0 < i < n − 1}. We also set �0 = 0 and �n−1 = 1, the bounds of Aδ . The 
order extends the order of Aδ by

b < �1 < . . . < �n−2 < a,

for all a ∈ A and b ∈ δ[A]′ . The operations extend those of Aδ , of the n-element Łukasiewicz chain Łn , where 0 = �0 < �1 <

. . . < �n−2 < �n−1 = 1, and for 0 < i < n − 1, a ∈ A and b ∈ δ[A]′:
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a�i = �i, b�i = 0.

The resulting structure is an FLew-algebra [19]. In particular, if δ = id, we call the construction a disconnected n-rotation, and 
if δ(x) = 1 we call the construction an n-lifting (see Fig. 1).

Recall that the radical of an FLew -algebra A is the intersection of its maximal filters, and its coradical the set of elements 
whose negation is in the radical. In a generalized n-rotation, the starting CIRL is the radical, and its rotated nuclear image 
is the coradical, which actually coincides with the negations of elements in the radical: Corad(A) = ¬Rad(A) = {¬x : x ∈
Rad(A)}. All generalized n-rotations are directly indecomposable FLew -algebras. Moreover, δ coincides with the restriction 
to the radical of the double negation ¬¬ of the generalized rotation.

For any n ∈N, n ≥ 2, we call MVRn the subvariety of FLew generated by all the generalized n-rotations of CIRLs.
MVRn , for each n ≥ 2, can be axiomatized and described using the following unary terms:

∇n(x) = ¬(¬xn)2 (1)

�n(x) = (¬(¬x)n)2 (2)

βn(x) = (x ∨ ¬x) ∨ ¬∇n(x ∨ ¬x) (3)

γn(x) = �n(x) ∧ (x ∨ ∇n(x ∨ ¬x)). (4)

The idea is that ∇n “separates” the radical of the algebra, �n “separates” the coradical, the image of βn is the radical, and 
γn is the term that gives the retraction onto an MVn-algebra.

Now, MVRn is the subvariety of FLew-algebras such that:

• the term functions ∇n, �n result in Boolean elements;
• γn is a retraction (i.e., a homomorphism that is idempotent: γn ◦ γn = γn) into an MVn-algebra;
• De Morgan laws hold;
• the coradical is involutive.

Since all these conditions can be expressed equationally (see [19, Definition 4.1]), MVRn is indeed a variety. A particularly 
relevant case is given by MVR2 , where γ2 is a Boolean retraction term in the sense of [25] (but see also [6,57]), that is a 
term that gives a retraction onto the Boolean skeleton of the algebras.

Given any algebra A ∈ MVRn , let us define its MV-skeleton to be the MVn-algebra γn(A).

Proposition 2.1 ([19]). Let A ∈ MVRn , n ≥ 2. Then:

Rad(A) = γ −1
n ({1}) = βn(A),Corad(A) = γ −1

n ({0}), γn(x) = x iff x ∈ γn(A).

Moreover, if A is directly indecomposable, A = Rad(A) ∪ Corad(A) ∪ γn(A) and

βn(x) =
⎧⎨
⎩

x if x ∈ Rad(A),

1 if x ∈ γn(A),

¬x if x ∈ Corad(A).

Given a class K of FLew -algebras, let the radical class of K, in symbols RK , be:

RK = {R ∈ CIRL : R is isomorphic to the radical of some A ∈ K}

Definition 2.2. Given a class K of CIRLs, we call term-defined rotation for K a rotation operator for every algebra in K defined 
by a term t in the language of residuated lattices. We call term-defined a subvariety W of MVRn if there is a fixed term-
defined rotation tW for RW which coincides with the double negation operator for every A in W.

Notice that, for instance, the identity map δ(x) = x and the map constantly equal to 1, δ(x) = 1, are examples of term-
defined rotations for all varieties of CIRLs (and actually, the only examples we know so far). The papers [2,3] extensively 
study term-defined subvarieties of MVRn . The two examples, δ(x) = x and δ(x) = 1, identify two relevant subvarieties of 
MVRn . The variety term-defined by δ(x) = x is the variety of involutive MVRn-algebras, that is, MVRn-algebras satisfying the 
double negation law:

¬¬x = x. (dn)

We shall denote the variety by IMVRn . The variety term-defined by δ(x) = 1 is instead the variety of MVRn-algebras that 
satisfy:

¬¬(βn(x)) = 1. (l)
176



P. Aglianò and S. Ugolini International Journal of Approximate Reasoning 153 (2023) 172–192
We call this the lifting subvariety of MVRn , and denote it with �MVRn , since it is generated by n-liftings. While such varieties 
do not constitute all possible subvarieties of MVRn-algebras, they do contain all the relevant known examples. As particular 
subvarieties of �MVR2 we have, among others, the varieties of: Gödel algebras, product algebras, Stonean Heyting algebras, 
and more generally Stonean residuated lattices. As subvarieties of IMVR2: DLMV-algebras (that is, the variety generated by 
perfect MV-algebras), nilpotent minimum algebras without negation fixpoint NM− , IBP0-algebras studied in [53]. Varieties 
of generalized n-rotation where n = 3 includes in particular regular Nelson lattices and nilpotent minimum algebras, both 
subvarieties of IMVR3 . See [6,19,57] for more examples and details.

In what follows, our aim will be to describe properties of MVRn-algebras deriving them from the corresponding proper-
ties of their radicals. In general, if we consider a subvariety V of MVRn , it is easy to see that the radical class of V is closed 
under homomorphic images and direct products.

We first show a lemma that will be useful in the rest of the paper.

Lemma 2.3. Let R ∈ CIRL, n ∈ N and n ≥ 2, δ a rotation operator for R. Then given F a filter of R, Rotδn(R)/F ∼= Rotδ̄n(R/F ), where 
δ̄(x/F ) = δ(x)/F .

Proof. Notice that Rotδ̄n(R/F ) is well-defined. Indeed δ̄ is a rotation operator for R/F since δ is the double negation ¬¬ of 
Rotδn(R) restricted to A.

We now show that Rotδn(R)/F is isomorphic to Rotδ̄n(R/F ). First, it follows by the definition of a generalized rotation that 
the universe of Rotδn(R)/F is given by

Rad(Rotδn(R))/F ∪ Łn/F ∪ Corad(Rotδn(R))/F ,

and the universe of Rotδ̄n(R/F ) is

R/F ∪ Łn ∪ δ̄[R/F ]′.
Now, R/F = Rad(Rotδn(R))/F , and it is easily seen that Łn/F ∼= Łn . Consider now y ∈ Corad(Rotδn(R)), then y = ¬x = ¬δ(x)
for some x ∈ R . Thus y/F = ¬x/F = ¬δ(x)/F = ¬δ̄(x/F ). The claim follows. �

The following is in [25, Theorem 3.3, Corollary 3.4].

Lemma 2.4 ([25]). Let A ∈ FLew , then Rad(A) ∪ Corad(A) is the domain of a directly indecomposable subalgebra of A. Therefore, given 
any variety V of FLew-algebras, RV = RVdi , where Vdi is the class of directly indecomposable algebras in V.

Proposition 2.5. Let V be a variety of MVRn-algebras. The radical class of V, RV , is closed under homomorphic images and direct 
products.

Proof. By Lemma 2.4, RV = RVdi , where Vdi is the class of directly indecomposable algebras in V. By [19, Theorem 4.8], 
every directly indecomposable algebra in V is a generalized m-rotation of its radical, for some m such that m − 1 divides 
n − 1.

From Lemma 2.3 it follows that RVdi (= RV) is closed under quotients, thus, equivalently, it is closed under homomorphic 
images.

We now check closure under direct products. By Proposition 2.1, an element x ∈ A ∈ V is in the radical of A if and only if 
γn(x) = 1. Since in a direct product the operations are defined componentwise, it follows that the radical of a direct product 
of algebras in V is the direct product of their radicals. Therefore, RV is closed under direct products. �

We have shown that given an algebra R ∈ RV , its homomorphic images are in RV , and if we take a family of algebras 
{Ri}i∈I in RV , their direct product is in RV as well. Let us now show that in general, given a subvariety V of MVRn , the class 
RV is not a variety, that is, it is not closed under subalgebras. The reason intuitively is the following. Consider a rotation 
of a CIRL R, Rotδn(R), and consider a subalgebra S of the radical R. This in general generates a subalgebra of Rotδn(R) whose 
intersection with R properly contains S. More precisely, it will contain all of the double-negations of elements of S. Thus, 
unless the double-negation (or, equivalently, the rotation operator δ) is term-definable in the language of CIRL, closure under 
subalgebras is not granted. We give an example of this fact.

Example 2.6. Consider the 0-free reduct of the three-element MV-chain (or the three-element Wajsberg hoop) W3 =
{1, a, a2}, and the following operator δ: δ(a) = δ(a2) = a, δ(1) = 1. It is easy to check that δ is a rotation operator on 
W3. Thus we can consider the generalized rotation Rotδ2(W3), as in Fig. 2. Since a = ¬¬(a2), it can be directly checked that 
a2 generates Rotδ2(W3), while it does not generate W3 as a CIRL.

Let us now consider the subvariety W of MVR2 generated by Rotδ2(W3). We show that the radical class RW is not a 
variety, that is, it is not closed under subalgebras. In particular, notice that {1, a2} is the domain of a subalgebra W2 of 
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Fig. 2. Rotδ2(W3) from Example 2.6.

W3 that is isomorphic to the 0-free reduct of the two-element Boolean algebra. Suppose by way of contradiction that W2
is the radical of an algebra in W. Then by Lemma 2.4, W2 is the radical of a directly indecomposable algebra A in W. 
Moreover, A is a generalized rotation of W2. Since W2 is simple, A is subdirectly irreducible. By Jònsson’s Lemma (see for 
instance [14, Theorem 6.8]), A ∈ HSPu(Rotδ2(W3)) (where H,S,Pu are, respectively, the operators of homomorphic images, 
subalgebras, and ultraproducts). Since Rotδ2(W3) is finite, its ultrapowers are isomorphic to itself ([14, Lemma 6.5]), thus 
HSPu(Rotδ2(W3)) = HS(Rotδ2(W3)). Moreover, it can be directly checked that HS(Rotδ2(W3)) = {Rotδ2(W3), 2, T} (where T is the 
trivial algebra), since every non-constant element generates the whole algebra, and the only non-trivial congruence filter is 
the radical. Clearly, W2 is not the radical of either Rotδ2(W3) or 2, a contradiction. Thus, W2 is not in RW , which is therefore 
not closed under subalgebras.

Thus, in general, the radical class of a variety of MVRn-algebras is not a variety. In fact, the radical class of a variety of 
MVRn-algebras is better described as a class of algebras with also the rotation operator in the signature.

Definition 2.7. We call a commutative integral residuated lattice with a rotation operator on it (R, δ) a commutative integral 
rotation algebra, or rotation algebra for short.

Rotation algebras form a variety that we shall denote by CIRot. Since every algebra in the radical class of a variety arises 
as the kernel of the MV-retraction term, rotation algebras have been called kernel DL-algebras in [24,19]. Here we choose a 
different naming since we find it more evocative in our framework.

Given a class K of MVRn-algebras, let the rotation-radical class of K, in symbols RRK , be:

RRK = {(R, δ) ∈ CIRot : (R, δ) is isomorphic to (Rad(A),¬¬) for some A ∈ K}.

Proposition 2.8. Let V be a variety of MVRn-algebras. Then RRV is a variety of rotation algebras.

Proof. The closure under homomorphic images and direct products is shown as in the proof of Proposition 2.5. We show 
closure under subalgebras. Let (A, δ) ∈ RRV , so that Rotδm(A) ∈ V. Consider a subalgebra (B, δ) of (A, δ), given by a subalgebra 
B of A that is also closed under δ. Thus, δ is a rotation operator on B, and we can consider Rotδm(B). It follows directly from 
the construction of generalized rotation that Rotδm(B) is a subalgebra of Rotδm(A), and thus (B, δ) ∈ RRV . Therefore RRV

is closed under subalgebras, homomorphic images, and direct products. We conclude that RRV is a variety of rotation 
algebras. �

The following is an easy observation.

Lemma 2.9. Let V be a variety of rotation algebras where the rotation operator is term-defined in the language of CIRL. Then V is 
term-equivalent to the subvariety Vδ of CIRL given by the δ-free reducts of the algebras in V.

Proposition 2.10. Let V be a variety of term-defined MVRn-algebras. The radical class of V is a variety.

Notice that, in particular, the previous proposition applies to IMVRn , �MVRn , and all of their subvarieties. E.g., Gödel alge-
bras, product algebras, DLMV-algebras, nilpotent minimum algebras, Stonean residuated lattices, Stonean Heyting algebras, 
for which this result is already known, but we derive it here uniformly from a more general perspective.
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3. Free algebras in varieties of rotations

Free algebras play an important role in the study of algebraic varieties, indeed the equations valid in a variety V are 
exactly the equations valid in all free algebras (equivalently, in the ω-generated one), and every algebra in V is a homomor-
phic image of some free algebra. Moreover, free algebras are also relevant in the varieties that are the equivalent algebraic 
semantics of a logic; indeed, for any n ∈ N , the free n-generated algebra of the variety is (isomorphic to) the Lindenbaum 
algebra of formulas with n variables of the corresponding logic.

In order to understand the results of this section, we remind the reader some basic facts about free algebras (for details 
see [14]). Given a class of algebras K, and an algebra U generated by a set X , we say that U has the universal mapping 
property for K over X if every map α : X → A ∈ K extends to a (unique) homomorphism β : U → A. An algebra F ∈ K
generated by a set X is free in K over X if it has the universal mapping property for K over X . All classes of algebras closed 
under isomorphic images, subalgebras, and direct products (thus, in particular, varieties and quasivarieties) contain all of 
their free algebras. Free algebras over sets with the same cardinality are isomorphic, therefore when we write FV(κ), for 
any cardinal κ , we mean (unambiguously, up to isomorphism) the free algebra in V over κ generators.

In this section we show how one can characterize free algebras in varieties generated by generalized n-rotations. In 
particular, we will identify a large class of varieties including all of the most relevant examples; given a variety V in that 
class, the κ-generated free algebra in V (κ any cardinal), can be obtained as a weak Boolean product indexed by the 
Stone space of the Boolean skeleton of the free MVn-algebra over the same number of generators. Importantly, the factors 
are generalized rotations of free algebras in RV . This will follow from a general characterization result for any variety V
generated by generalized n-rotations. In the general case, we show that the factors in the representation are rotations of 
algebras in RRV , free with respect to the rotation operator (in a sense that will be made precise). The results we find are 
in analogy with the cases studied in several papers by Cignoli [22], Cignoli and Torrens [24,25], Busaniche and Cignoli [16], 
Busaniche [15], which are all particular cases of our more general results.

Let us explain how one can obtain the weak Boolean product representation. Since subvarieties of FLew are congruence 
distributive, they have the Boolean Factor Congruence property or BFC: the set of factor congruences of any algebra is a 
distributive sublattice of its congruence lattice. This notion has been introduced by Chang, Jónsson and Tarski [21] who 
proved it equivalent to a strict version of the refinement property. The BFC implies that one can, to some extent, use the 
Stone representation Theorem for Boolean algebras to characterize algebras in less manageable varieties. Indeed algebras in 
varieties with the BFC are representable as weak Boolean products of directly indecomposable algebras [28]. Precisely, a weak 
Boolean product of a family {Ai}i∈I of algebras is a subdirect product A ≤ ∏

i∈I Ai , where I can be endowed with a Boolean 
space topology such that: the set {i ∈ I : ai = bi} is open for all a, b ∈ A; if a, b ∈ A and N ⊆ I is clopen, then the element c, 
defined by ci = ai for i ∈ N and ci = bi for i ∈ I \ N , belongs to A.

The relevant fact is that each algebra in a subvariety of FLew can be represented as a weak Boolean product of directly 
indecomposable algebras over the Stone space of its Boolean skeleton. More precisely, let A ∈ FLew , and let Bool(A) be its 
Boolean skeleton.

Theorem 3.1 ([25]). Let A ∈ FLew . Then A is representable as the weak Boolean product of the family

{A/F ilA(U ) : U is an ultrafilter of Bool(A)},
over the Boolean space given by the Stone topology on the ultrafilters of Bool(A).

We will use this description to characterize free algebras in varieties of generalized n-rotations. Thus we now proceed to 
characterize their Boolean skeleton and the factors of the decomposition. We first observe the following.

Proposition 3.2. Let V be a variety of MVRn-algebras, n ≥ 2. Given any set X, the MV-skeleton of the free algebra in V over X, 
γn(FV(X)), is the free algebra in MVn generated by γn(X) = {γn(x) : x ∈ X}.

Proof. We show that γn(FV(X)) has the universal mapping property for MVn over γn(X). Indeed, let A ∈ MVn , and α be any 
map from γn(X) to A. Consider ᾱ = α ◦ γn : X → A. Since MVn ⊆ MVRn and γn is a homomorphism, ᾱ extends uniquely to 
a homomorphism β̄ : FV(X) → A, whose restriction β to γn(FV(X)) is a homomorphism to A that extends α. �

In the case n = 2, the MV-skeleton coincides with the Boolean skeleton. In general, given an algebra A ∈ MVRn , its 
Boolean skeleton is the Boolean skeleton of its MV-skeleton, Bool(A) = Bool(γn(A)) ([19, Lemma 4.3]). Thus, in order to 
understand the Boolean skeleton of free MVRn-algebras we shall use a characterization of the Boolean skeleton of free MVn-
algebras in [17], to which we refer the reader. This makes use of the so-called Moisil operators. Let A ∈ MVn , the Moisil 
operators in A are one-variable terms σ n

1 (x), . . . , σ n
n−1(x) in the language (¬, →, 1) that map A to Bool(A), such that:

x ∈ Bool(A) if and only if σ n
n−1(x) = x (5)

σ n
n−1(x) = min{b ∈ Bool(A) : x ≤ b} (6)

σ n(x) = max{a ∈ Bool(A) : a ≤ x} (7)
1
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In particular, if they are evaluated in the MV-chain of n elements Łn = { 0
n−1 , . . . , n−1

n−1 } they are such that

σ n
i (

j

n − 1
) = 1 if i + j ≥ n, 0 otherwise. (8)

Moisil operators applied on a set X of generators of a free MVn-algebra result in a poset (Xσ , ≤), where for each x ∈ X , 
σ n

1 (x) < . . . < σ n
n−1(x), and elements from different such chains are incomparable. We say that an algebra F generated by a 

set X in a variety V is free over a poset (X, ≤) if for each A ∈ V and for each non-decreasing function f : X → A, f can be 
uniquely extended to a homomorphism from F to A.

Theorem 3.3 ([17]). Let n ∈N , n ≥ 2. Then:

1. Bool(FMVn (X)) is the free Boolean algebra over the poset (Xσ , ≤) where Xσ = {σ n
i (x) : x ∈ X, i = 1, . . . , n − 1}.

2. The correspondence that assigns each upward closed subset S ⊆ Xσ to the Boolean filter U S generated by the set S ∪ ¬(Xσ − S), 
where ¬(Xσ − S) = {¬y : y ∈ Xσ − S}, defines a bijection from the set of upwards closed subsets of Xσ onto the ultrafilters of 
Bool(FMVn (X)).

Thus, given any variety V of MVRn-algebras, the free algebra FV(X) can be represented as a weak Boolean product 
indexed by the upwards closed subset S ⊆ (γn(X))σ , or equivalently, by the ultrafilters of the kind:

U S := ultrafilter of Bool(FV(X)) generated by S ∪ ¬((γn(X))σ − S). (9)

Each factor is then going to be a quotient of FV(X) with respect to the filter generated in FV(X) by the Boolean ultrafilter 
U S , F ilFV(X)(U S ). To ease the notation, we shall write:

FV(X)/U S := FV(X)/F ilFV(X)(U S). (10)

Since U S induces a prime filter on γn(FV(X)), the algebra FV(X)/U S is directly indecomposable, indeed the resulting Boolean 
skeleton is the 2-element Boolean algebra. The next technical lemma will prove useful in what follows.

Lemma 3.4. Let X be any set of generators, and FV(X)/U S defined as above. Given any x ∈ X, the following hold.

1. γn(x/U S ) = 1 iff σ n
1 (γn(x)) ∈ S iff σ n

i (γn(x)) ∈ S for all i = 1 . . .n − 1.
2. γn(x/U S ) = 0 iff σ n

n−1(γn(x)) /∈ S iff σ n
i (γn(x)) /∈ S for all i = 1 . . .n − 1.

Proof. We prove (1) first. By (7), σ n
1 (γn(x)) = max{a ∈ Bool(FV(X)) : a ≤ γn(x)}. Thus if σ n

1 (γn(x)) ∈ S , γn(x) ∈ F ilFV(X)(U S )

and thus γn(x/U S ) = 1. Vice versa, if γn(x/U S ) = 1, equivalently γn(x) ∈ F ilFV(X)(U S ), which means there is a Boolean 
element a ∈ U S , a ≤ γn(x). Again by (7), a ≤ σ n

1 (γn(x)), which is then in S . Moreover, σ n
1 (γn(x)) ∈ S iff σ n

i (γn(x)) ∈ S for all 
i = 1 . . .n − 1 since Moisil operators on a particular element form a chain.

Let us now prove (2). By (6), γn(x) ≤ σ n
n−1(γn(x)), thus ¬σ n

n−1(γn(x)) ≤ ¬γn(x). Thus if σ n
n−1(γn(x)) /∈ S , ¬σ n

n−1(γn(x)) ∈
U S , and then ¬γn(x) ∈ F ilFV(X)(U S ). Equivalently, γn(¬x/U S ) = 1, thus γn(x/U S ) = 0. Vice versa, if γn(x/U S ) = 0, 
γn(¬x/U S ) = 1, thus ¬γn(x) ∈ F ilFV(X)(U S ). That is, there is a Boolean element a ∈ U S such that a ≤ ¬γn(x), thus γn(x) ≤ ¬a. 
By (6), σ n

n−1(γn(x)) ≤ ¬a, thus a ≤ ¬σ n
n−1(γn(x)) ∈ U S . Thus, σ n

n−1(γn(x)) /∈ S . The second equivalence follows again from the 
fact that Moisil operators on a particular element form a chain. �

Since FV(X)/U S is directly indecomposable, it is a generalized rotation of its radical. Thus, we are now going to char-
acterize Rad(FV(X)/U S ). We will follow a line of reasoning similar to [16,15], abstracting the ideas therein to our more 
general context. Let

XS = {x/U S : x ∈ X},
and let us show that the following set generates the radical as a rotation algebra:

βn(XS) = {βn(x/U S) : x ∈ X} \ {1}. (11)

It follows by Proposition 2.1 that

βn(XS) = {x/U S : x ∈ X, γn(x/U S) = 1} ∪ {¬x/U S : x ∈ X, γn(x/U S) = 0}.

Lemma 3.5. Let V be a subvariety of MVRn , n ≥ 2, and let X be any set. Then βn(X S) defined above generates (Rad(FV(X)/U S ), ¬¬)

as a rotation algebra.
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Proof. Since the algebra FV(X)/U S is directly indecomposable, by Proposition 2.1 FV(X)/U S is the union of its radical, its 
coradical, and its MV-skeleton (which is an MV-chain of m elements, with m − 1 divisor of n − 1). In this proof we will use 
the definition of the operations in a generalized rotation as described in the previous section.

Notice first that the set of elements in X S generates FV(X)/U S . We show the following by induction on the complexity 
of the term y constructed in the signature {·, →, ∧, ∨, 1, ¬} from X S :

(i) if y ∈ Rad(FV(X)/U S ), then y is in the subalgebra BS generated by βn(X S) in the language {·, →, ∧, ∨, 1, ¬¬};
(ii) if y ∈ Corad(FV(X)/U S ), then y = ¬z, with z ∈ BS .

More precisely, we consider the complexity of a term t , c(t), to be defined as follows, for ∗ ∈ {·, →, ∧, ∨}:

c(1) = c(x/U S) = 1, c(¬t) = 1 + c(t), c(t ∗ u) = 1 + c(t) + c(u).

Let y be of complexity 1. Then if y is in the radical, either y = 1 ∈ BS , or y = x/U S and γn(x/U S ) = 1 (Proposition 2.1), 
thus x/U S ∈ βn(X S) ⊆ BS and (i) holds. If y is in the coradical, then y = x/U S with γn(x/U S ) = 0. Thus ¬x/U S ∈ βn(X S ) ⊆
BS , and since the coradical is involutive in MVRn , x/U S = ¬(¬x/U S ), thus (ii) holds.

Suppose now that y has complexity m, and that the claim holds for all terms of minor complexity. We need to check 
the cases where y = a � b, for � ∈ {·, →, ∧, ∨}, and y = ¬a. Suppose first that y ∈ Rad(FV(X)/U S ), we show (i).

• If y = a ∗ b with ∗ ∈ {·, ∧}, since a ∗ b ≤ a, b, both a and b belong to the radical, thus the conclusion follows from 
inductive hypothesis.

• Suppose now y = a → b. If a ≤ b, then y = 1. Let us then consider the case a � b. There are only two possibilities, that 
is, both a, b are in the radical, or both in the coradical. In the former case, the result follows from inductive hypothesis. If 
instead a, b are in the coradical, it means that their negation is in the radical, and, given that the coradical is involutive 
in algebras in MVRn ,

y = a → b = ¬¬a → ¬¬b = ¬b → ¬a

Since ¬a, ¬b have complexity smaller than m, and they belong to the radical, by inductive hypothesis ¬a, ¬b ∈ BS , thus 
y ∈ BS .

• If y = a ∨ b, at least one of a, b is in the radical, say a. If also b is in the radical, then the result follows from the 
inductive hypothesis. If b is not in the radical, then b < a, thus y = a and the claim follows.

• It y = ¬a, then necessarily a ∈ Corad(FV(X)/U S ), thus by inductive hypothesis a = ¬b, b ∈ BS . Thus y = ¬a = ¬¬b, 
which is in BS (since the latter is generated in a language which includes ¬¬).

Let us now suppose that y ∈ Corad(FV(X)/U S ), and we show (ii).

• Let y = a ∧ b. Then at least one of a and b is in the coradical, say a. If b is not in the coradical, then y = a and 
the conclusion follows by inductive hypothesis. If both a and b are in the coradical, then by inductive hypothesis 
a = ¬c, b = ¬d and c, d ∈ BS . Thus by De Morgan laws, which hold in MVRn:

y = a ∧ b = ¬c ∧ ¬d = ¬(c ∨ d),

and clearly c ∨ d is in BS .
• The case y = a ∨ b follows again by the inductive hypothesis and the De Morgan laws.
• Suppose now y = a · b. By the definition of the operations in a rotation, either y = 0 = ¬1, or either a or b, say a, 

belongs to the radical and the other, hence b, to the coradical. Thus by inductive hypothesis a ∈ BS , and b = ¬c, c ∈ BS . 
Thus y = a · b = a · ¬c = ¬(a → c), and a → c ∈ BS .

• Let now y = a → b. Thus necessarily a is in the radical, and b is in the coradical. Therefore, a ∈ BS , and b = ¬c, c ∈ BS . 
We get y = a → b = a → ¬c = ¬(a · c), and a · c ∈ BS .

• Lastly, say y = ¬a. Necessarily, a ∈ Rad(FV(X)/U S ), and by inductive hypothesis a ∈ BS .

By (i) it follows that the elements in βn(X S) generate (Rad(FV(X)/U S , ¬¬) as a rotation algebra, thus the proof is com-
plete. �

If V is a term-defined variety of MVRn , Lemma 3.5 reads as follows.

Lemma 3.6. Let V be a term-defined subvariety of MVRn, n ≥ 2, and let X be any set. Then βn(X S) defined above generates 
Rad(FV(X)/U S ) as a CIRL.

Notice that, up to this point, the results we have shown hold for any variety V of MVRn-algebras. For the next results, 
we are going to need that the variety V is a variety of generalized n-rotations, in the following sense. We remind the reader 
that we assume n ∈N, n ≥ 2.
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Definition 3.7. A variety of generalized n-rotations is a subvariety V of MVRn , that is generated by generalized n-rotations of 
CIRLs, in the sense that: if the class of directly indecomposable algebras Vdi contains a generalized m-rotation Rotδm(A), for 
some rotation δ and m such that m − 1 divides n − 1, then Vdi also contains Rotδn(A).

We show that in this case, the radical Rad(FV(X)/U S ), seen as a rotation algebra with the double-negation operator, 
satisfies a particular kind of universal mapping property.

Definition 3.8. Let (A, δ) and (B, δ′) be algebras in a class K of rotation algebras, and let (A, δ) be generated by a set X . We 
say that a map f : X → B respects the rotation operator if, whenever x ∈ X is a fixpoint of δ, i.e. x = δ(x), f (x) is a fixpoint of 
δ′ , that is, δ′( f (x)) = f (x).

Let again (A, δ) ∈ K be generated by a set X . We say that (A, δ) is free in K over (X, δ) if given any (B, δ′) ∈ K, and any 
map f : X → B which respects the rotation operator, f can be uniquely extended to a homomorphism from (A, δ) to (B, δ′).

Theorem 3.9. Let V be a variety of generalized n-rotations, and let X be any set. Then (Rad(FV(X)/U S ), ¬¬) is free in the rotation-
radical variety of V, RRV , over (βn(X S), ¬¬).

Proof. Consider any (R, δ) ∈ RRV , and any rotation-preserving map α : βn(X S) → R . That is, α maps each ¬x/U S ∈ βn(X S)

to fixpoints of δ, i.e., δ(α(¬x/U S )) = α((¬x/U S )). We show that α can be extended to a homomorphism β from the rotation 
algebra (Rad(FV(X)/U S ), ¬¬) to (R, δ).

First, since (R, δ) ∈ RRV , by definition (R, δ) ∼= (Rad(A), ¬¬) for some A ∈ V. By Lemma 2.4, Rotδ2(R) ∼= (Rad(A) ∪
Corad(R)) ∈ V. Since by hypothesis V is a variety of generalized n-rotations in the sense of Definition 3.7, also Rotδn(R) ∈ V. 
In order to be able to use the universal mapping property of FV(X), we will now suitably define a map α̂ : X → Rotδn(R). 
In order to do so, recall that by Lemma 3.4, γn(x/U S ) = 1 if and only if σ n

1 (γn(x)) ∈ S , if and only if σ n
i (γn(x)) ∈ S for all 

i = 1 . . .n − 1. This means that if γn(x) /∈ F ilFV(X)(U S ), there is a maximum index i such that σ n
i (γn(x)) /∈ S . Let us then 

define jx (in analogy with [16]) as:

jx = max{i : σ n
i (γn(x)) /∈ S} if γn(x/Us) �= 1,

and let us set jx = 0 otherwise. Let then α̂ : X → Rotδn(R) be such that for x ∈ X :

α̂(x) =
⎧⎨
⎩

α(x/U S) if γn(x/Us) = 1,

¬(α(¬x/U S)) if γn(x/Us) = 0,

(n − 1 − jx)/(n − 1) otherwise.

By the universal mapping property of the free algebra FV(X), there is a unique β̂ : FV(X) → Rotδn(R) such that for all 
x ∈ X , β̂(x) = α̂(x). Suppose now the following claim holds.

Claim 3.10. There is a (unique) homomorphism β such that, for all z ∈ FV(X), β(z/U S ) = β̂(z), closing the following diagram:

FV(X) Rotδn(R)

FV(X)/U S

�

��
�
�

���
hS β

β̂

Now, βn(X S) generates the radical as a rotation algebra by Lemma 3.5. Moreover, any homomorphism of MVRn-algebras 
maps the radical to the radical ([19, Corollary 4.10]). Thus, the image of the restriction of β to the radical of FV(X)/U S is 
contained in R. Moreover, β respects the double negation, and so it is a homomorphism of rotation algebras. Let us show 
that β extends α. Let us consider first x/U S ∈ βn(X S), with γn(x/U S ) = 1, then:

β(x/U S) = β̂(x) = α̂(x) = α(x/U S).

Now, let ¬x/U S ∈ βn(X S ) with γn(x/U S ) = 0. Since α preserves the rotation operator we get:

β(¬x/U S) = ¬β̂(x) = ¬α̂(x) = ¬¬α(¬x/U S) = δ(α(¬x/U S)) = α(¬x/U S).

Thus (Rad(FV(X)/U S ), ¬¬) is free in RRV over (βn(X S), ¬¬). We complete the proof by proving Claim 3.10.
In particular, we show that F ilFV(X)(U S ) ⊆ β̂−1{1}, then the claim follows from the Second Isomorphism Theorem (see 

[14, Theorem 6.15]) and the fact that congruences are determined by (the congruence filter given by) their 1-block. More 
182



P. Aglianò and S. Ugolini International Journal of Approximate Reasoning 153 (2023) 172–192
precisely, we prove that all generators of F ilFV(X)(U S ) are in β̂−1{1} (recall the definition in (9)), which will complete the 
proof.

Notice first that if γn(x/U S ) = 1, α̂(x) = α(x/U S ) and then for each i:

β̂(σ n
i (γn(x)) = σ n

i (γn(α(x/U S))) = σ n
i (1) = 1.

If instead γn(x/U S ) = 0, then α̂(x) = ¬(α(¬x/U S )) which is in the coradical of Rotδn(R), thus:

β̂(σ n
i (γn(x)) = σ n

i (γn(¬(α(¬x/U S )))) = σ n
i (0) = 0.

Finally, if γn(x/U S ) /∈ {0, 1}, then:

β̂(σ n
i (γn(x))) = σ n

i

(
γn

(
n − jx − 1

n − 1

))
= σ n

i

(
n − jx − 1

n − 1

)
.

We first then consider a generator in S , of the kind σ n
i (γn(x)) for some x ∈ X . If γn(x/U S ) = 1, we have already seen that 

β̂(σ n
i (γn(x))) = 1. Suppose now γn(x/U S ) �= 1. Notice that γn(x/U S ) �= 0 since otherwise σ n

i (γn(x)) /∈ S for each i = 1 . . .n −1

by Lemma 3.4. Now, by the definition of jx , jx < i, thus by (8) we get β̂(σ n
i (γn(x))) = σ n

i

(
n− jx−1

n−1

)
= 1.

Let us now consider a generator in ¬((γn(X))σ − S), that is, ¬σ n
i (γn(x)) for some x ∈ X , σ n

i (γn(x)) /∈ S . Thus by 
Lemma 3.4, γn(x/U S ) �= 1. If γn(x/U S ) = 0, we have seen that β̂(σ n

i (γn(x)) = 0, thus β̂(¬(σ n
i (γn(x))) = 1. Suppose now 

γn(x/U S ) �= 0. Then i ≤ jx , thus by (8) we get β̂(¬σ n
i (γn(x))) = ¬σ n

i

(
n− jx−1

n−1

)
= ¬0 = 1.

Since we have shown that all generators of F ilFV(X)(U S ) are in β̂−1{1}, we obtain that there is a (unique) homomorphism 
β such that, for all z ∈ FV(X), β(z/U S ) = β̂(z), which proves Claim 3.10 and completes the proof of the theorem. �

We observe that even in the case of a term-defined variety, where the radical Rad(FV(X)/U S ) is generated by the set 
βn(X S) as a CIRL by Lemma 3.6, the previous theorem does not reduce to saying that the radical Rad(FV(X)/U S ) is free 
in the radical variety RV . However, the latter holds if we consider the two most relevant subvarieties of MVRn , IMVRn and 
�MVRn . This is due to the fact that the condition of preserving the rotation operator is trivially satisfied in such cases. 
Indeed, consider V to be a subvariety of IMVRn , thus the rotation operator is given by δ = id, and let (A, id) and (B, id) in V, 
with (A, id) generated by a set X . Any map f : X → B respects the rotation operator, since given x ∈ X , x is a fixpoint of id, 
and f (x) is also a fixpoint of id, that is, id( f (x)) = f (x). If V is instead a subvariety of �MVRn , the rotation operator is the 
map δ(x) = 1. Thus an element x is a fixpoint of δ if and only if x = 1. Thus if one considers the set βn(X S) of generators 
of Rad(FV(X)/U S ), 1 /∈ βn(X S), and the condition is trivially satisfied. Notice also that respecting the rotation operator for a 
map f would just mean that f (1) = 1. This means that for both subvarieties of IMVRn and �MVRn , Theorem 3.9 shows that 
Rad(FV(X)/U S ) is free in RV in the usual sense. That is, any map from the set βn(X S) of generators of Rad(FV(X)/U S ) to 
another algebra in RV can be extended to a homomorphism.

Following this intuition, we now define a large class of algebras where Theorem 3.9 can be simplified. The idea is to 
consider a variety V where the radicals Rad(FV(X)/U S ) are free in the usual sense in the radical variety RV . This can be 
achieved by considering algebras in a term-defined variety where any map respects the term-defined rotation operator (as 
it is the case for IMVRn and �MVRn).

Definition 3.11. Let V be a term-defined variety of generalized n-rotations. We call V a radical-determined variety of n-rotations
if for all A, B ∈ RV , and X generating set for A, any map α : X → B respects the rotation operator of V.

We then obtain the following result.

Corollary 3.12. Let V be a radical-determined variety of n-rotations, and let X be any set. Then Rad(FV(X)/U S ) is free in the radical 
variety of V, RV , over βn(X S).

Remark 3.13. Radical-determined varieties of n-rotations are a general framework in which the description of free algebras 
is particularly effective and transparent. Notice that this is a very broad class of algebras, containing all of the well-known 
and most relevant examples of MVRn-algebras (in particular, all subvarieties of IMVRn and �MVRn). In the following sections 
we will therefore focus on this class of algebras.

Let us now summarize our findings about the weak Boolean product representation of free algebras in radical-determined 
varieties of rotations in the following theorem. Given any variety of MVRn-algebras V, and any set X , in order to describe 
FV(X) recall that: given any upwards closed subset S ⊆ (γn(X))σ , U S is the ultrafilter of Bool(FV(X)) generated by S ∪
¬((γn(X))σ − S), and FV(X)/U S := FV(X)/F ilFV(X)(U S ).
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Theorem 3.14. Given a radical-determined variety of n-rotations V, and any set X, the free algebra in V over X is isomorphic to the 
weak Boolean product of the family

{FV(X)/U S : U S ultrafilter of Bool(FV(X))}.
For each U S ultrafilter of Bool(FV(X)), there is m ≥ 2 such that m − 1 divides n − 1 and

FV(X)/U S ∼= Rotδm[FRV(βn(XS))],
where δ is the term-defined rotation operator coinciding with ¬¬ in V.

Since weak Boolean products over finite discrete spaces coincide with direct products, whenever X is finite we can refine 
our result. In particular, if the cardinality of X is some k ∈N , it follows from Theorem 3.3 that the cardinality of the Stone 
space of Bool(FV(X)) is nk (see [17]).

Corollary 3.15. Given a radical-determined variety of n-rotations V and k ∈N , the free algebra in V with k generators is isomorphic to 
a direct product of generalized mi-rotations of free algebras in RV over an appropriate number of generators, for mi − 1 dividing n − 1
and i = 1 . . .nk:

FV(k) =
nk∏

i=1

Rotδmi
[FRV(ki)] (12)

where mi, ki depend on i, mi divides n − 1, δ is the term-defined rotation of V.

We remark that, while in the previous statement we left unspecified the parameters mi, ki since they are not needed for 
the results we are going to obtain in the following sections, the interested reader can obtain them following Section 4 in 
[17]. The authors indeed specify the cardinalities of the MV-chains in the representation of the free MV-skeleton γn(FV(k)), 
and considering the associated Boolean ultrafilter U S , one can calculate ki since it is the cardinality of βn(X S).

4. Projectivity and unification

The classical syntactic unification problem, given two term s, t (built from function symbols and variables), finds a unifier
for them, that is, a uniform replacement of the variables occurring in s and t by other terms that makes s and t identical. 
When the latter syntactical identity is replaced by equality modulo a given equational theory E , one speaks of E-unification, 
which is what we study here. Thus, the unification problems we consider are up to logical equivalence. Ghilardi [41] shows 
that there is an equivalent algebraic way of studying unification problems, which we follow here, which makes use of 
finitely presented and projective algebras.

An algebra is finitely presented if it can be defined by a finite number of generators and finitely many identities. For any 
set X and any variety V we will denote by FV(X) the free algebra in V over X . Thus, an algebra A ∈ V is finitely presented
in V if there is a finite set X and a finitely generated congruence θ ∈ Con(FV(X)) such that FV(X)/θ ∼= A. We remark that 
we here blur the distinction between a finitely presented and a finitely presentable algebra, as it does not affect our study. 
Notice moreover that if V has finite type then any finite algebra in V is finitely presented, and if V is locally finite any 
finitely presented algebra in V is finite. We also remark that the notion of finitely presented algebra is a categorical notion 
[37] and thus it is preserved under categorical equivalence.

Given a class K of algebras, an algebra P ∈ K is projective in K if for all A, B ∈ K, for any homomorphism h : P −→ A, and 
any surjective homomorphism g : B −→ A there is a homomorphism f : P −→ B such that h = g f .

P A

B

�

��
�

�
�

�
�

��
f

g

h

A unification problem for a variety V is a finitely presented algebra A in V; a solution is a homomorphism u : A −→ P, 
where P is a projective algebra in V. In this case u is called a unifier for A and we say that A is unifiable. If u1, u2 are 
two different unifiers for an algebra A (with projective targets P1 and P2) we say that u1 is more general than u2 if there 
exists a homomorphism m : P1 −→ P2 such that mu1 = u2. The relation “being less general of” is a preordering on the set of 
unifiers of A, thus we can consider the associated equivalence relation; then the equivalence classes (i.e., the unifiers that are 
“equally general”) form a partially ordered set UA . It is customary to assign a type to the finitely presented algebra according 
to how many maximal elements UA has: unitary type if UA has a maximum; finitary, if there are finitely many maximal 
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elements; infinitary, if there are infinitely many; nullary, otherwise. The type of a variety V, and of its corresponding logic 
by Ghilardi’s results, is the worst unitary type of its finitely presented algebras.

In the case where the type of A is unitary then the maximum in UA is called the most general unifier (mgu for short) of 
A, which can be thought of as a “best solution” for the unification problem, since all the other ones can be obtained by the 
mgu by further substitution. We separate the case in which the mgu is of a special kind: we say that A has strong unitary 
type if its mgu is the identity. A variety V has strong unitary type if every unifiable finitely presented algebra in V has strong 
unitary type. This kind of unification has been first studied in [61], and then later for instance in [32,56]. From the results 
in [13], it follows that discriminator varieties have strong unitary type, which include Boolean algebras, monadic algebras 
and MVn-algebras, while [32] shows the same for k-potent extensions of Basic Logic and basic hoops.

Let us now give more details on finitely presented and projective algebras that will be useful in the rest of the paper. In 
particular, we mention that if K contains all the free algebras on K (in particular, if K is a (quasi)variety of algebras), then 
projectivity admits a simpler formulation. An algebra B is a retract of an algebra A if there is a homomorphism g : A −→ B
and a homomorphism f : B −→ A with g f = idB (and thus, necessarily, f is injective and g is surjective). The following 
theorem was proved first by Whitman for lattices [60] but it is well-known to hold for any class of algebras.

Theorem 4.1. Let K be a class of algebras containing all the free algebras in K and let A ∈ K. Then the following are equivalent:

1. A is projective in K;
2. A is a retract of a free algebra in K;
3. A is a retract of a projective algebra in K.

In particular every free algebra in K is projective in K.

For finitely presented algebras, we get the following refinement. The proof is standard, but see [41].

Theorem 4.2. For a finitely presented algebra A ∈ V the following are equivalent:

1. A is projective in V;
2. A is projective in the class of all finitely presented algebras in V;
3. A is a retract of a finitely generated free algebra in V.

Let us observe that the algebraic definition of projectivity we have given corresponds to a categorical notion. Indeed, one 
can consider the algebraic category associated to the class of algebras K, where the objects are the algebras in K and the 
morphisms are the homomorphisms between algebras in K. Then we can rephrase the definition in a completely equivalent 
way in categorical terms, where the surjective homomorphism is a regular epimorphism (see for instance [41]). Since the 
definition only involves properties of morphisms, it follows that projectivity is preserved by categorical equivalence. The 
following is an easy observation.

Proposition 4.3. Let V be any variety; then the following are equivalent.

1. V has strong unitary type;
2. for any finitely presented algebra A ∈ V, A is unifiable if and only if it is projective.

Notice that for every non-trivial subvariety V of FLew the 2-element Boolean algebra is the free algebra over the empty 
set of generators, thus it is projective. Moreover, every free algebra in V has 2 as a homomorphic image. Thus, as it is noticed 
in [4], having a homomorphism to a projective algebra in V is equivalent to having a homomorphism to the two-element 
Boolean algebra.

Proposition 4.4 ([4]). Let V be a variety of FLew-algebras. If A is projective in V, then A has 2 as a homomorphic image. Moreover, a 
finitely presented algebra A in a variety V of FLew-algebras is unifiable iff it has 2 as a homomorphic image.

Therefore we get the following.

Proposition 4.5. For a subvariety V of FLew the following are equivalent:

1. V has strong unitary type.
2. For any finitely presented A ∈ V, A has 2 as a homomorphic image if and only if A is projective;

Notice that instead, in a subvariety of CIRL every finitely presented algebra is unifiable: since the 1-element algebra is 
free, and therefore projective, one can always find the unifier mapping everything to 1.
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In our framework, we first get the following immediate consequence of Proposition 3.2.

Theorem 4.6. Let V be any subvariety of MVRn , for any n ∈N, n ≥ 2; then any projective MVn-algebra is projective in V.

Proof. By Proposition 3.2, the free MVn-algebra over any set X is a retract of FV(X), and thus is a projective algebra in V. 
Hence, so are all of its retracts, i.e., projective MVn-algebras. �

In particular, for the case n = 2, every projective Boolean algebra (e.g., for instance, all finite Boolean algebras) is pro-
jective in every variety with a Boolean retraction term in MVR2, e.g., Gödel algebras, product algebras, nilpotent minimum 
algebras without negation fixpoint, the variety generated by perfect MV-algebras.

Using the description of free algebras, we can characterize all finitely generated projective algebras in varieties of rota-
tions.

Theorem 4.7. Let V be a radical-determined variety of n-rotations. Then finitely generated projective algebras in V are (isomorphic to) 
finite direct products of generalized mi-rotations of projective algebras in RV, for mi −1 dividing n −1, i = 1 . . . l ≤ nk, for some k ∈N .

Proof. Let A be a projective and finitely generated algebra in V. Thus A is a retract of a finitely generated free algebra FV(k), 
for some k ∈N . That is, A is isomorphic to a quotient: A ∼= FV(k)/θ that is a retract of FV(k).

From identity (12), FV(k) = ∏nk

i=1 Rotδmi
[FRV(ki)], where δ is the term-defined rotation in V. Now, in congruence distribu-

tive varieties (as it is the case for varieties of residuated lattices) all congruences of a finite direct product are product 
congruences, thus we can see θ = ∏nk

i=1 θi where each θi is exactly the restriction of the congruence θ on the i-th compo-
nent of the direct product. Then

A ∼= FV(k)/θ ∼=
⎛
⎝ nk∏

i=1

Rotδmi
[FRV(ki)]

⎞
⎠/θ ∼=

nk∏
i=1

Rotδmi
[FRV(ki)]/θi . (13)

Notice that some of the factors could be trivial (i.e., 0i/θi = 1i/θi ). We assume (without loss of generality) that the non-
trivial factors are the first l: i ∈ {1, . . . , l} for 1 ≤ l ≤ nk . Since A is projective it is not trivial, thus at least one factor is not 
trivial. Let g : ∏nk

i=1 Rotδmi
[FRV (ki)] → ∏nk

i=1 Rotδmi
[FRV (ki)]/θi be the onto homomorphism defined as:

g(x1, . . . , xnk ) = (x1/θ1, . . . , xnk /θnk ).

Since A is projective, there is an embedding

f :
nk∏

i=1

Rotδmi
[FRV(ki)]/θi →

nk∏
i=1

Rotδmi
[FRV(ki)]

such that g ◦ f = id. Thus,

f (x1/θ1, . . . , xnk/θnk ) = (y1, . . . , yκ ) where x jθ j y j for j = 1 . . .nk. (14)

Now, for each i = 1, . . . , l (not associated to a trivial factor), let us call Fi the congruence filter associated to θi . Since the 
radical in a generalized rotation is the only maximal filter, Fi is either a filter of the radical FRV (ki), or it coincides with the 
radical itself. In the latter case, Rotδmi

[FRV (ki)]/θi coincides with the MVn-chain Łmi , which is the generalized mi -rotation of 
the 1-element algebra, which is projective since it is the free algebra in RV over the empty set of generators. Suppose now 
that Fi is a proper filter of FRV(ki), then:

Rotδmi
[FRV(ki)]/θi = Rotδmi

[FRV(ki)]/Fi
∼= Rotδ̄mi

[FRV(ki)/Fi], (15)

where in the last equality we used Lemma 2.3, and thus δ̄(x/Fi) = δ(x)/Fi . We now show that f and g induce homomor-
phisms f i, gi that testify that FRV (ki)/Fi is a retract of FRV (ki).

Call πi the projection on the i-th component of 
∏nk

i=1 Rotδmi
[FRV (ki)]. Let f i be the function mapping every element of 

the radical

xi/θi ∈ Rad(Rotδmi
[FRV(ki)]/θi) ∼= FRV(ki)/Fi

to the following:

f i(xi/θi) = πi ◦ f (1/θ1, . . . ,1/θi−1, xi/θi, 1/θi+1, . . . ,1/θ k ). (16)
n
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Now, f i is well-defined because f is. Moreover, it can be shown by direct computation that f i is a homomorphism of 
residuated lattices, mapping the radical of Rotδmi

[FRV (ki)]/θi to FRV (ki). Let now gi : Rotδmi
[FRV (ki)] → Rotδmi

[FRV(ki)]/θi be 
the onto homomorphism such that:

gi(xi) = xi/θi . (17)

Clearly gi restricts to a homomorphism on the radical FRV (ki). Let us compute gi ◦ f i and show that it is the identity on the 
radical of Rotδmi

[FRV (ki)]/θi . Consider any xi/θi ∈ Rad(Rotδmi
[FRV(ki)]/θi). Then, combining (14), (16), and (17), we get:

gi ◦ f i(xi/θi) = gi(yi) = yi/θi = xi/θi .

Thus, it follows that FRV (ki)/Fi is a retract of FRV (ki), which means that FRV (ki)/Fi is a finitely generated projective 
algebra in RV .

Via (15) and (13) this implies the thesis. �
Given the previous characterization, we can also obtain the following consequence.

Theorem 4.8. Let V be a radical-determined variety of n-rotations, and RV be such that every finitely generated projective algebra is 
finitely presented. Then every finitely generated projective algebra in V is finitely presented.

Proof. Let A be a projective and finitely generated in V. Thus, given the description in Corollary 3.15, as in the proof of 
Theorem 4.7, A is isomorphic to the following:⎛

⎝ nk∏
i=1

Rotδmi
[FRV(ki)]

⎞
⎠/θ ∼=

nk∏
i=1

Rotδmi
[FRV(ki)]/θi .

For the trivial factors, the congruence θi is finitely generated (by the pair (0i, 1i)). For the other factors, let us recall that

Rotδmi
[FRV(ki)]/θi

∼= Rotδ̄mi
[FRV(ki)/Fi],

and each FRV (ki)/Fi (possibly trivial) is projective in RV , thus by hypothesis finitely presented. Hence, each congruence θi is 
finitely generated. Since this holds for each i ∈ {1 . . .nk}, we can conclude that θ = ∏nk

i=1 θi is finitely generated. Therefore, 
A is finitely presented. �

Moreover, we can also show a converse to the previous theorem, which is particularly relevant with respect to the study 
of unification problems. We first show a lemma that describes finitely presented algebras in terms of rotations.

Lemma 4.9. Let V be a radical-determined variety of n-rotations. Then every nontrivial finitely presented algebra in V is (isomorphic 
to) a finite direct product of generalized mi-rotations of finitely presented algebras in RV, for mi − 1 dividing n − 1, i ∈ {1, . . . , l}, 1 ≤
l ≤ nk, for some k ∈N .

Proof. Let A be a finitely presented algebra in V, that is, there is k ∈N and a finitely generated congruence θ ∈ Con(FV(k))

such that FV(k)/θ ∼= A. From identity (12), FV(k) = ∏nk

i=1 Rotδmi
[FRV (ki)]. Now, as in the proof of Theorem 4.7, we notice that 

θ is a product congruence and thus we can write it as θ = ∏nk

i=1 θi where each θi is exactly the restriction of the congruence 
θ on the i-th component of the direct product. Then

A ∼= FV(k)/θ ∼=
⎛
⎝ nk∏

i=1

Rotδmi
[FRV(ki)]

⎞
⎠/θ ∼=

nk∏
i=1

Rotδmi
[FRV(ki)]/θi .

Notice once again that either a factor is trivial (say for i ∈ {l + 1, . . . , nk}), or the quotient Rotδmi
[FRV (ki)]/θi is determined 

by a congruence filter Fi , which is either the radical FRV (ki) or one of its congruence filters. Since θ is finitely generated so 
is each θi , thus for each non-trivial factor with index i the algebra FRV (ki)/Fi is finitely presented in RV , and the proof is 
complete. �

Now, recall that a finitely presented algebra that does not have a homomorphic image onto 2 cannot be projective. 
However, we can show the following.

Theorem 4.10. Let V be a radical-determined variety of n-rotations, and RV be such that every finitely presented algebra is projective. 
Then every unifiable finitely presented algebra in V is projective.
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Proof. Let A be a unifiable finitely presented algebra in V. As shown in the proof of Lemma 4.9, we can write:

A ∼= FV(k)/θ ∼=
⎛
⎝ nk∏

i=1

Rotδmi
[FRV(ki)]

⎞
⎠/θ ∼=

nk∏
i=1

Rotδmi
[FRV(ki)]/θi .

Since A is unifiable, there is a homomorphism from A onto the 2-element Boolean algebra. Equivalently, there is a 
quotient of A that is isomorphic to 2. Seeing A as its isomorphic copy 

∏nk

i=1 Rotδmi
[FRV (ki)]/θi , the congruence associated 

to such quotient is a factor congruence. Since 2 is directly indecomposable, one of the resulting factors is 2. Without loss 
of generality, let us assume that the index of such factor is i = 1. Thus, Rotδ1

m1 [FRV (k1)]/θ1 is unifiable, that is, there is a 
homomorphism h0 onto 2.

Going back to the initial quotient, let us assume (again without loss of generality) that the trivial factors are in the last 
positions, say for i ∈ {l + 1, . . . , nk}, for some l: 1 ≤ l ≤ nk − 1. Thus

A ∼=
l∏

i=1

Rotδmi
[FRV(ki)]/θi .

For each i ∈ {1, . . . , l}, we call again Fi the congruence filter associated to θi . Then FRV (ki)/Fi is a finitely presented 
algebra in RV , thus by hypothesis it is projective. Equivalently, FRV (ki)/Fi is a retract of FRV (ki) and then it is eas-
ily seen that Rotδmi

[FRV (ki)]/θi is a retract of Rotδmi
[FRV (ki)]. Calling gi the natural epimorphism gi : Rotδmi

[FRV (ki)] →
Rotδmi

[FRV(ki)]/θi , we call the embedding testifying the retraction hi , thus gi ◦ hi = id. Let us consider the following map 

h : ∏l
i=1 Rotδmi

[FRV (ki)]/θi → ∏nk

i=1 Rotδmi
[FRV(ki)]

h(a1/θ1, . . . ,al/θl) = (h1(a1/θ1), . . . ,hl(al)/θl,h0(a1/θ1), . . . ,h0(a1/θ1)).

It can be directly checked that h is a homomorphism since the maps hi : i = 0, . . . , l are, and it is injective since the maps 
hi : i = 1, . . . , l are. Moreover, consider the homomorphism g : ∏nk

i=1 Rotδmi
[FRV (ki)] → ∏l

i=1 Rotδmi
[FRV(ki)]/θi that projects 

onto the first l factors:

g(a1, . . . ,ank ) = (g1(a1), . . . , gl(al)).

It follows from their definition that g ◦ h = id, and thus A is a retract of FV(k) and the proof is complete. �
Therefore, we get the following consequence on unification.

Corollary 4.11. Let V be a radical-determined variety of n-rotations. If RV has strong unitary unification type, so does V.

Interesting case studies of the general results obtained in this section will be explored in the final section of the paper. In 
particular, we characterize finitely generated projective product algebras and nilpotent minimum algebras, besides obtaining 
a different proof of known results, as it is the case for Gödel algebras.

4.1. Admissibility of clauses

A relevant problem closely connected to unification is the admissibility of clauses; a clause in a logic is an ordered pair 
(�, �) where �, � are finite sets of formulas. We usually write a clause as � ⇒ � and a clause is admissible in a logic if, 
when added to its calculus, it does not produce new theorems. A rule is a clause � ⇒ � where � contains only one formula, 
� = {γ }. We call negative a clause where � is empty. An admissible clause is not necessarily provable in the logic; a famous 
example is Harrop’s clause for intuitionistic logic (also known as Kreisel-Putnam rule):

{¬p → (q ∨ r)} ⇒ {(¬p → q) ∨ (¬p → r)}
which is admissible but not derivable. A logic is said to be universally complete if every admissible clause is derivable and 
structurally complete if every admissible rule is derivable. Since Harrop’s rule is admissible but not derivable, intuitionistic 
logic is not structurally complete. Admissibility can be studied algebraically in varieties of algebras that are the equivalent 
algebraic semantics of a logic. Now, via algebraizability, formulas of a logic are translated to equations in the algebraic 
semantics. In particular, a formula ϕ of FLew is translated to the equation ϕ ≈ 1 in FLew , and ϕ is valid in a logic if and 
only if ϕ ≈ 1 is valid in the corresponding variety (see [40] for more details). In a variety V, a clause � ⇒ � is then meant to 
consider �, � as finite sets of equations in the language of V. A quasiequation is a clause in which � = {γ }. A clause � ⇒ �

is V-admissible if every substitution that unifies all equations of � in V unifies at least one equation of � in V. Notice that a 
negative clause is admissible if and only if the premises in � are not unifiable. A clause � ⇒ � is instead valid in an algebra 
A, and we write A �� ⇒ �, if whenever A �� there is a p ≈ q ∈ � with A � p ≈ q.
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Notice that the varieties where the trivial algebra is not unifiable (as it is the case for all subvarieties of FLew ), cannot 
be universally complete given the presence of admissible negative clauses that are not derivable. But they can be non-
negative universally complete, that is, every non-negative clause that is admissible is valid, as it is the case for instance for 
classical logic (see [20]). Clearly, non-negative universal completeness implies structural completeness. Moreover, note that 
if a variety has strong unitary type, whenever the premises of a clause are unifiable, admissibility reduces to derivability. 
The latter property applied to rules has been referred to as almost structural completeness, and is studied in [31,33]. In the 
same way, we shall call almost universally complete a variety (or a logic) such that admissible clauses with unifiable premises 
are derivable. We get the following observation.

Proposition 4.12. If a variety has strong unitary unification type, then it is almost universally complete.

Note that the converse of this theorem fails spectacularly; the variety D of distributive lattices is universally complete 
([20], Theorem 16) but has nullary unification type [41]. Nevertheless, combining Proposition 4.12 and Corollary 4.11, we 
obtain the following.

Corollary 4.13. Let V be a radical-determined variety of n-rotations such that RV has strong unitary unification type. Then V is almost 
universally complete.

The previous result can be refined if all (nontrivial) finitely presented algebras are unifiable, which, as previously men-
tioned, corresponds to having the 2-element Boolean algebra as homomorphic image. Notice that, since finite MV-chains 
are simple, the only unifiable finite MV-chain is the 2-element Boolean algebra. Therefore, we obtain the following.

Proposition 4.14. Let V be a subvariety of MVRn that is not a subvariety of MVRm with m < n. Then every nontrivial finitely presented 
algebra in V is unifiable if and only if n = 2.

Proof. Suppose V is a subvariety of MVR2 . Then every algebra has its Boolean skeleton as a homomorphic image, via the 
retraction term γ2. Thus, since every nontrivial Boolean algebra has 2 as a homomorphic image, every nontrivial finitely 
presented algebra in V is unifiable.

Vice versa, if V is not a subvariety of MVR2 , there is at least an MV-chain Łm in V with m > 2. Since Łm is finite, it is 
finitely presented, and since it is simple, it does not have 2 as homomorphic image, and is therefore not unifiable. �
Theorem 4.15. Let V be a radical-determined variety of 2-rotations such that RV has strong unitary unification type. Then V is non-
negative universally complete, and thus also structurally complete.

Moreover, in a variety with decidable equational theory and (at most) finitary unification type, admissibility of rules 
is decidable if there is an algorithm which, for any unification problem A, produces a complete finite set M of maximal 
unifiers. That is, given any unifier u for A, there is a unifier v from M that is more general than u. The latter condition is 
clearly satisfied in the particular case of strong unitary type, thus we obtain the following.

Corollary 4.16. Let V be a radical-determined variety of n-rotations with decidable equational theory, such that RV has strong unitary 
unification type. Then admissibility of clauses is decidable in V.

5. Case studies

In the previous sections we have presented a general approach to the study of projectivity, unification, and admissibility 
in varieties corresponding to substructural logics of rotations. Moreover, we have seen several transfer-results from varieties 
of CIRLs to the varieties they generate via generalized n-rotations, for n ≥ 2. In this section we will see some relevant 
applications of our findings in the realm of mathematical fuzzy logics. Among the most relevant results in this respect, it is 
well-known that Łukasiewicz and Gödel logic have, respectively, nullary [51] and strong unitary type (in fact, Gödel algebras 
are the largest variety of Heyting algebras with this property [56]). Moreover, Dzik shows [30] that k-potent BL-algebras and 
k-potent basic hoops (prelinear divisible CIRLs) have unitary unification type. Structural completeness in fuzzy logics has 
been deeply studied in [27,39].

5.1. Product logic

As previously mentioned, product logic is, together with Łukasiewicz and Gödel logic, one of the main propositional 
fuzzy logics arising from a continuous t-norm. Product logic has been introduced by Hájek, Godo, Esteva in [45], and has 
been deeply studied in recent years. In particular, relevant results have been obtained about: the functional representation 
of its free finitely generated algebras [26]; structural completeness [27]; categorical representation [52] and duality [36]; 
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SMT-solvers [58]; modal extensions [59]; probability theory [35]. However, to the best of our knowledge, the unification 
type of product logic remained an open problem so far.

The corresponding equivalent algebraic semantics of product logic is the variety of product algebras, which is generated 
by the standard product algebra [0, 1]P = ([0, 1], ·, →, min, max, 0, 1) where the t-norm is the product between real num-
bers and its residuum is such that x → y = 1 if x ≤ y and x → y = y

x otherwise. Since the variety of product algebras P
can also be seen as the variety generated by 2-liftings of cancellative hoops [23], it is a subvariety of �MVR2 . Thus, it is a 
radical-determined variety of generalized 2-rotations. Therefore our results apply and RP is the variety of cancellative hoops 
CH, which is the subvariety of prelinear divisible CIRLs where the monoidal operation satisfies the usual cancellativity law.

Cancellative hoops are (term-equivalent to) negative cones of lattice-ordered abelian groups [9], and are therefore cat-
egorically equivalent to �-groups. Finitely generated projective �-groups have been characterized in [10] and coincide with 
finitely presented �-groups. Since the properties of being projective, being finitely presented, and being finitely generated 
are categorical, i.e. they can be described in the abstract categorical setting as properties of morphisms, they are preserved 
by categorical equivalences. Therefore we obtain the following.

Proposition 5.1. Finitely generated projective cancellative hoops are exactly the finitely presented algebras in their variety.

Therefore, combining Theorems 4.8 and 4.10 with Proposition 5.1 we obtain the following result.

Corollary 5.2. Finitely generated projective product algebras are exactly the nontrivial finitely presented algebras in their variety.

Rephrased in terms of unification, the previous result directly implies the following, given that the equational theory of 
product logic is decidable.

Corollary 5.3. Product algebras, and product logic, have strong unitary unification type. Therefore, they are non-negative universally 
complete and admissibility of clauses is decidable.

The same holds for the variety DLMV generated by perfect MV-algebras (i.e., disconnected rotations of cancellative 
hoops), the varieties that have been called nilpotent product in [3,2], and more in general:

Corollary 5.4. Let V be a radical-determined variety of n-rotations such that RV is the variety of cancellative hoops. Then V has strong 
unitary unification type. If n = 2, V is non-negative universally complete. In particular it holds for: product algebras and the variety 
generated by perfect MV-algebras.

5.2. Nilpotent minimum

The variety of Gödel hoops has strong unitary unification type, as it follows from [41, Theorem 5.3]. Indeed, the author 
shows that any time a finite (equivalently, finitely presented) Brouwerian semilattice ({∧, →, 1}-reducts of Heyting algebras) 
is a homomorphic image of another finite Brouwerian semilattice, it is also its retract. Gödel hoops are the subvariety of 
representable (equivalently, prelinear) Brouwerian semilattices, where the join is definable from the other operations, and 
thus Ghilardi’s result holds for Gödel hoops as well.

Well-known varieties whose radical class is given by the variety of Gödel hoops are the varieties of Gödel algebras 
G, nilpotent minimum algebras NM, and nilpotent minimum algebras without negation fixpoint NM− . They are generated, 
respectively, by 2-liftings, connected rotations, and disconnected rotations of Gödel hoops, thus our results apply.

The variety of Gödel algebras is known to indeed have strong unitary unification type (it follows for instance from 
the results in [29]), and the same result follows for nilpotent minimum algebras without negation fixpoint, since they are 
categorically equivalent to Gödel algebras ([35]). Our approach allows to obtain these results uniformly, together with a new 
result about the whole variety of nilpotent minimum algebras.

Corollary 5.5. Let V be a radical-determined variety of n-rotations such that RV is the variety of Gödel hoops. Then V has strong unitary 
unification type. In particular: Gödel algebras and NM− , which are both non-negative universally complete, and NM.

We notice that Gispert shows that NM is not even structurally complete in [39]. In [4], it is actually shown that more 
generally, all locally finite varieties of hoops have strong unitary unification type. Thus we actually get the following more 
general result.

Corollary 5.6. Let V be a radical-determined variety of n-rotations such that RV is a locally finite variety of hoops. Then V has strong 
unitary unification type. If n = 2, V is non-negative universally complete.
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6. Conclusions

In this work we have developed general results involving a large class of FLew-algebras. In particular, it is relevant to 
stress that given any variety of CIRLs, one can generate infinitely many different radical-determined varieties of n-rotations, 
considering for instance any n ≥ 2 and as rotation either the identity map or the map constantly equal to 1. For all such 
varieties our findings hold. Thus, whenever new results about free algebras, projective algebras, unification type, are obtained 
in a variety of CIRLs, our theorems can be applied. This has particular value in varieties of fuzzy logics, since divisible 
commutative integral residuated lattices (BL-algebras and their 0-free reducts) are quite well understood, while the structure 
theory of commutative integral chains (MTL-algebras and their 0-free reducts) is still not understood.

As future work, we believe that a deeper investigation in the algebraic approach to unification could help to refine our 
methods and allow to transfer also different unification types among varieties of rotations and their radicals.
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