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Abstract

In the past twenty years many papers on basic logic (BL)-algebras have been published and many problems about them have
been solved; thus, we may safely assume that our understanding of BL-algebras is quite mature. However there is at least one
relevant topic which remains open i.e. describing the structurally complete and/or primitive varieties and quasivarieties of
BL-algebras and basic hoops. This is precisely the argument of this paper. Though we do not reach a complete solution, we
believe we have covered sufficient ground to make the investigation worthwhile. In detail, after recalling the state of the art
for Wajsberg algebras and Wajsberg hoops, we add some further results about them. Next, we give a complete classification
of locally finite varieties of BL-algebras and basic hoops that are structurally complete or primitive and we describe several
other interesting classes of varieties with the same property. We then move our analysis to quasivarieties, where we find
several non structural examples. Finally, we show how our techniques can be used to investigate beyond BL-algebras.
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1 Introduction

A large class of substructural logics (i.e. logics that lack some structural rules) is given by the
extensions of the Full Lambek Calculus F L (see [37] p. 76). All extensions of F L have a primitive
connective 0 that denotes falsum; so if £ is an extension of F L, it makes sense to study its positive
fragment £T. The language of £ is obtained from the language of £ by deleting 0 from the
signature; the valid derivations in £ are the valid derivations in £ that contains only 0-free formulas.

An important subfamily of substructural logics over FL consists of logics that satisfy both
exchange and weakening but lack contraction; in this case the primitive connectives can be taken
as V, A, —, 0,1 where of course 1 represents truth. The minimal substructural logic of this kind is
denoted by F L., and hence all the substructural logics lacking contraction are an extension of it.
These logics are algebraizable with an equivalent algebraic semantics (in the sense of Blok—Pigozzi
[22]) that is at least a quasivariety of algebras. Algebraizability in Blok—Pigozzi’s fashion entails
that the deducibility relation of an algebraizable logic is characterized by means of the algebraic
equational consequence of its equivalent algebraic semantics. Therefore, interesting properties of
algebraizable logics can be studied via algebraic means, and structural completeness and hereditary
structural completeness are among them.

This has been a well-travelled path both for logics in general and for substructural logics in
particular, starting from the seminal paper by Bergman [18] that sparked interest in the subject.
Among the many papers that have been devoted to the general topic in the past 20 years, we quote
[26, 35] and the more recent [15]. For applications to substructural logics, we quote [45] and [29];
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2 Structural completeness in basic hoops and BlL-algebras

the characterization of the hereditarily structurally complete axiomatic extensions of Intuitionistic
Logic and its positive fragment are both due to Citkin [30, 31].

Basic logic (BL)-algebras and their zero-free counterparts basic hoops (as equivalent algebraic
semantics of Hajek’s Basic Logic BL [43] and of its positive fragment BL™) are among the most
investigated classes of algebras coming from substructural logics. One of the reasons is that there is a
very powerful structure theorem that gives a decomposition of arbitrary totally ordered BL-algebras
as ordinal sums of a Wajsberg algebra and a class of zero-free subreducts of Wajsberg-algebras, often
called Wajsberg hoops [7]. Using this result, the lattice of subvarieties of BL-algebras (and basic
hoops) has been investigated at length [1, 7, 8]; splitting algebras have been identified [2, 3] and
strictly join irreducible subvarieties have been described [12]. Possibly the crowning achievement
in the use of this technique is in [36], where all varieties of BL-algebras and basic hoops with the
amalgamation property are identified.

Given all this, one may say that our understanding of BL-algebras is quite mature. However, there
are still some stones that need to be turned; one of them is to describe the structurally complete
and/or primitive varieties and quasivarieties of BL-algebras and basic hoops. The main technique
used involves again ordinal sums; the idea is first to describe the varieties (and quasivarieties) of
Wajsberg algebras and Wajsberg hoops that are structurally complete and/or primitive and then to
use ordinal sums to ‘climb the ladder’, so to speak. The first part has been mostly carried out in [4,
6] and [38]; we will quote freely from them, but sometimes a little more context might be necessary.
Another relevant part is played by the generalized rotation of a basic hoop; this is a construction
foreshadowed in [25] and developed in [10, 11] and [13].

Obtaining a complete classification for varieties (and even worse, quasivarieties) seems out of
reach. As a matter of fact, we believe that here we have pushed the known techniques to their limit:
new techniques are needed and their discovery is the focus of an ongoing investigation.

Let’s now describe the structure of the paper. In Section 2 we state some results and definitions
that will be used in the sequel. In Section 3 we recall the state of the art for Wajsberg algebras and
Wajsberg hoops and we add some further results. In Section 4 we give a complete classification
of locally finite varieties of basic hoops that are structurally complete or primitive and we describe
several other interesting classes of varieties with the same property. In Section 5 we do the same for
BL-algebras. In Section 6 we tackle quasivarieties of basic hoops and BL-algebras. Our concluding
remarks are in Section 7.

In order to get the results, some detours are needed; not to interrupt the flow of information, we
created two Appendices. Appendix A deals with ordered sums of varieties, while Appendix B shows
that some of our techniques can be applied beyond BL-algebras.

2 Preliminaries
2.1 Structural and primitive (quasi)varieties

We will use the language of universal algebra throughout most of this paper; for all unexplained
notions the reader can consult [23] or [49]. Let K be a class of algebras; we denote by I, H, P, S, P,
the class operators sending K to the class of all isomorphic copies, homomorphic images, direct
products, subalgebras and ultraproducts of members of K. The operators can be composed in the
obvious way; for instance ISP(K) denotes all algebras that are embeddable in a direct product of
members of K; moreover there are relations among the classes resulting from applying the operators
in a specific orders, for instance PS(K) C SP(K) and HSP(K) is the largest class we can obtain
composing the operators. We will use all the known relations without further notice following [52].
A class of algebras is a variety if it is closed under H], S and IP, a quasivariety if it is closed under
LS,P and PP, and a universal class if it is closed under I, S and PP,,. The following is well-known:
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Structural completeness in basic hoops and BL-algebras 3

LEMMA 2.1.
Let K be any class of algebras. Then:

1. Kis a quasivariety if and only if ISPP,(K) = K if and only if it is the class of algebras in which
a given set of quasiequations is valid,

2. Kis a variety if and only if HSP(K) = K if and only if it is the class of algebras in which a
given set of equations is valid.

Finally, as it is traditional, we will often write V for HSP and Q for ISPP,,.

If Q is a quasivariety and A € Q, a Q-congruence of A is a # € Con(A) such that A/0 € Q; the
Q-congruences of A form an algebraic lattice (that is not in general a sublattice of Con(A)) which we
denote by Cong(A). An algebra A € Q is Q-irreducible if Cong (A) has a unique minimal element.
There are two fundamental results that we will be using many times and deserve a spotlight.

Let B, (A))ie; be algebras in the same signature; we say that B embeds in [[;;; A; if B €
IS([ [;e; Ai)- Let p; be the ith projection, or better, the composition of the embedding and the ith
projection, from B to A;; the embedding is subdirect if for all i € I, p;(B) = A; and in this case we

will write
B <. []A
iel
If V is a variety, we denote by Vg the class of subdirectly irreducible algebras in V.

THEOREM 2.2.

1. (Birkhoff [20]) Every algebra can be subdirectly embedded in a product of subdirectly
irreducible algebras. So if A € V, then A can be subdirectly embedded in a product of members
of V.

2. (Jonsson’s Lemma [44]) Suppose that K is a class of algebras such that V(K) is congruence
distributive; then Vg; € HSP,(K).

If Q is a quasivariety we denote by Qi the class of Q-irreducible algebras in Q.

THEOREM 2.3.
Let Q be any quasivariety.

1. (Mal’cev [47]) Every A € Q is subdirectly embeddable in a product of algebras in Q.
2. (Czelakowski-Dziobiak [32]) If Q = Q(K), then Qi C ISP, (K).

A quasivariety Q is structurally complete (structural for short) if for every quasivariety Q' € Q,
if H(Q) = H(Q') then Q' = Q. A quasivariety Q' C Q is equational in Q if Q' = H(Q') N Q; a
quasivariety is primitive if every subquasivariety Q" C Q is equational in Q.

LEMMA 2.4.
For a quasivariety Q the following are equivalent:
1. Q is structural;
2. every proper subquasivariety of Q is contained in a proper subvariety of H(Q) and

3. 0 =QFq(w)).

COROLLARY 2.5.
A variety V is structural if and only if every proper subquasivariety of V is contained in a proper
subvariety of V; therefore if A is such that V(A) is structural, then V(A) = Q(A).
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4 Structural completeness in basic hoops and BlL-algebras

LEMMA 2.6.

For a quasivariety Q the following are equivalent:
1. Qs primitive;
2. every subquasivariety of Q is structural.

PROOF. If Q is primitive and Q" € Q, then Q' = H(Q") N Q; so (2) follows. If (2) holds, then let
Q' € Qandlet Q" = H(Q') N Q; then H(Q") = H(Q') and thus Q” = Q. Hence (1) holds. O

COROLLARY 2.7.
For any variety V the following are equivalent:
1. Vis primitive;
2. every subquasivariety of V is a variety and
3. Vs structural and every proper subvariety of V is primitive.

We observe that condition (2) above is a sufficient condition for primitivity of quasivarieties.
LEMMA 2.8.
Let Q be a quasivariety such that every proper subquasivariety of Q is a variety; then Q is primitive.

PROOF. We must show that for all Q" € Q, Q" = H(Q') N Q. If Q" = Q there is nothing to prove;
otherwise Q' is a variety so Q' = Q' N Q = H(Q) n Q. O

We have several sufficient conditions for structurality and a necessary and sufficient condition for
primitivity for some varieties (see Corollary 2.10 and Theorem 2.12 below). However to get to them
we need some definitions: let A be an algebra and K a class of algebras of the same type as A. We
say that:

e A is projective in K if for all B € Kif f : B — A is a surjective epimorphism, then there is
an embedding g : A —> B with gf = id};
e A is weakly projective in K if for all B € K if A € H(B), then A € IS(B).

It is clear that if A is projective in K, then A is weakly projective in K.

An algebra A is finitely presented in Q if it is nontrivial and can be defined by a finite set of
generators and relations in Q. This means that there is a finite set X and a compact congruence 6 of
Fq(X) such that Fq(X)/6 = A. Now if Q is a quasivariety and A € Q let’s define

[Q:A]l={B:A ¢ S(B)}.

If A is finitely presented and Q-irreducible, then [Q : A] is a quasivariety (see Lemma 3.5 in [4]).
There is a deep connection between structural quasivarieties, weakly projective algebras and
finitely presented algebras.

THEOREM 2.9.
Let Q = Q(K) for some class K of algebras. Then:
1. ifevery A € Kis weakly projective in Q, then Q is structural;
2. if Q is structural, every algebra in K is Q-irreducible and for all A, A’ € K, A ¢ IS(A"), then
each finitely presented algebra in K is weakly projective in Q.

PROOF. For (1), let Q' € Q with H(Q') = H(Q); then for any A € K there exists a B € Q' with
A € H(B). As A is weakly projective in Q, A € IS(B) and so A € Q. This implies Q" = Q and so
Q is structural.
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Structural completeness in basic hoops and BL-algebras 5

For (2) we argue by counterpositive. Suppose that there is a finitely presented A € K which is not
weakly projective in Q. Then there is an algebra B € Q such that A € H(B) and A ¢ IS(B). Then
B € [Q : A] which is a quasivariety. Note also that if A’ € K with A # A/, then A’ € [Q : A] by
hypothesis. Since A € V([Q : A]), as A € H(B), we get that V([Q : A]) = V(Q); but this implies
that Q is not structural. O

We observe that given a class K of algebras it is always possible to find a class K’ such that Q(K) =
Q(K') and K’ satisfies the hypotheses of Theorem 2.9(2). As a consequence of Theorem 2.9(1) we
have:

COROLLARY 2.10.
Let Q be a quasivariety; if either

1. every finitely generated algebra in Q is weakly projective, or
2. every finitely presented algebra in Q is weakly projective, or
3. every finitely generated Q-irreducible in Q is weakly projective,

then Q is structural.

PROOF. These are consequences of Theorem 2.9, the well-known fact that every algebra is
embeddable in an ultraproduct of its finitely generated subalgebras (for (1)) and that any quasivariety
Q is generated by its finitely presented algebras ([42], Proposition 2.1.18). ]

Since the trivial algebra is a homomorphic image of any algebra, for varieties it is sufficient to ask
that every nontrivial finitely presented algebra be weakly projective. We will use this observation in
the paper without further mention.

For primitivity, Corollary 2.10(3) above becomes a necessary condition:

THEOREM 2.11.
Let Q be a quasivariety of finite type. If Q is primitive, then every finitely presented Q-irreducible
algebra in Q is weakly projective in Q.

Moreover:

THEOREM 2.12.
If Q is locally finite quasivariety, then the following are equivalent.
1. Q is primitive;
2. every Q-irreducible finitely presented algebra A € Q is weakly projective in Q and
3. every Q-irreducible finitely presented algebra A € Q is weakly projective in the class of
finitely presented algebras in Q.

Theorems 2.11 and 2.12 were proved by V. Slavik for locally finite varieties of lattices [53] and
extended to locally finite quasivarieties of algebras by Gorbunov ([42], Proposition 5.1.24); a self
contained proof of Theorem 2.12 is in [15] (Theorem 4.11).

We close this section with a definition that will be useful in the sequel. A finitely presented algebra
A is unifiable in a quasivariety Q if there is a homomorphism / : A —> P, where P is projective in
Q. A quasivariety Q has the Baker—Beynon property if every unifiable finitely presented algebra
in Q is weakly projective in Q. From Corollaries 2.10 and Theorem 2.11 we get:

THEOREM 2.13.
If a variety V has the Baker—Beynon property and every nontrivial finitely presented algebra in V is
unifiable, then V is structural. If V is also locally finite, then it is primitive.
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6 Structural completeness in basic hoops and BlL-algebras

EXAMPLE 2.14.

Not surprisingly, having the Baker—Beynon property is way stronger than being primitive even in
locally finite varieties. The variety of distributive lattices is locally finite and primitive (since it is an
idempotent dual discriminator variety [15]), but it does not have the Baker—Beynon property. First
notice that any lattice is unifiable, since the one-generated free lattice is trivial and every algebra
has a homomorphism onto the trivial algebra; moreover, since lattices have finite type, any finite
lattice is finitely presented. However, Balbes [17] showed that the finite distributive lattices that are
(weakly) projective in the variety of distributive lattices must have the property that the join of two
meet irreducible elements is again meet irreducible.

2.2 Bl-algebras and basic hoops

A hoop is an algebra A = (4, —, -, 1) with two binary operations and a constant, where (4,-, 1) isa
commutative monoid and moreover the following equations hold:

X—>@Y—o>2z)Rxy—>z
x—>x~1

x—=yx=y—x)y.

For the basic (and not so basic) facts about hoops, the reader can consult [21]. Here we point out the
following:

e in any hoop the operation x A y := (x — y)x is a semilattice operation and 1 is the largest
element in the ordering, that will be denoted by <;
e — and - form a residuated pair, i.e. for all a,b,c € 4

ab <c¢ ifandonlyif a<b-— c.

A hoop is basic if it satisfies
x—=y) >z ((x—>y) >z —>z

Basic hoops have been introduced and investigated in [5]; it turns out that every basic hoop is a
subdirect product of totally ordered hoops and thus every subdirectly irreducible basic hoop is totally
ordered. In a basic hoop one can define a join operation whose induced ordering agrees with the
underlying semilattice ordering:

xVy =((x—=>y) > »A(Y—x) = x).

Therefore any basic hoop is a commutative and integral residuated lattice and the entire theory of
commutative residuated lattices can be applied to it; in particular there is a good interplay between
congruences and certain subsets called filters. We will not enter into details here but we feel free to
use the general theory as illustrated for instance in [14] and in many other papers on the subject.

A BL-algebra is an algebra (4, —,-,0, 1) where (4, —,-, 1) is a basic hoop and 0 is a constant
satisfying 0 < a for all @ € 4. Of course there is a deep connection between basic hoops and BL-
algebras; the theory of filters is identical (the congruences of a BL-algebra are the same as those of
its hoop reduct) and a bounded basic hoop is termwise equivalent to a BL-algebra. This allows us to
use theorems about BL-algebras when we deal with bounded basic hoops with almost no change. In
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Structural completeness in basic hoops and BL-algebras 7

spite of this, there are also significant differences between the two theories, and we will see some of
them in this note.
A hoop is a Wajsberg hoop if it satisfies

x—=>y)>y=y—>x) —x

a hoop is cancellative if its underlying monoid is cancellative in the usual sense. Every cancellative
hoop is a Wajsberg hoop and every Wajsberg hoop is a basic hoop [21]. A Wajsberg algebra
is a bounded hoop satisfying the above equation; again, a Wajsberg algebra is a BL-algebra, and
moreover, Wajsberg algebras are termwise equivalent to the more famous MV-algebras (see [9]).

2.3 Ordinal sums

Let (I, <) be a totally ordered set and let (A;);c; be a family of basic hoops; the ordinal sum
A =@, A; of the family is an algebra such that

e the universe of A is | J;c;(4; \ {1}) U {1};

e the ordering is defined by @ < b if and only if either a,b € A4; for some i and a < b in A;, or
else there are i,j such thati < j,a € 4; and b € 4;

e the operation — and - are defined as

a—>a; b, ifa,be A;for some i

a—>b=11, ifa < b;
b, ifa GA,',b GAJ' andj <.
a-a; b, ifa,b e A;for some i;
ab = 1b, ifaed;,bedjandj < i
a, ifaed;,bedjandi <.

It is obvious that the multiplication is commutative and that the ordinal sum of hoops is still a
hoop; however, the ordinal sum of basic hoops is not in general a basic hoop, in that the resulting
ordering might not be a lattice ordering. If K is a class of basic hoops such that the ordinal sum of
any family of basic hoops from K is a basic hoop, we will say that ordinal sums exist in K; it is
easy to check that if K is the class of basic hoops in which 1 is strictly join irreducible, then ordinal
sums exist in K. In particular, any ordinal sum of totally ordered basic hoops is a basic hoop. If now
(I, <) has a minimum, say 0, and A is BL-algebra then the ordinal sum construction, whenever
it exists, produces a BL-algebra. Therefore, when we write that, for a basic hoop or BL-algebra A,
A = @,; A; we will tacitly assume that the ordinal sum exists. Next we will explore how the ordinal
sum construction interacts with the class operators, slightly extending the results in [7].

LEMMA 2.15.
If A = @,.; Ai where A, is a basic hoop, then

IS(A) = [@Bi :B; € ]IS(A,J]
iel

(B; can be trivial). If A = @, _; A, is a BL-algebra (hence / has 0 as a minimum), then

iel

IS(A) = ’BO ® @ B, : By € [S(Ag),B; € ]IS(Ai)]

i>0
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8 Structural completeness in basic hoops and BL-algebras
(B; can be trivial if i > 0).

LEMMA 2.16.

Let A = €p,_; A, be a basic hoop or a BL-algebra, let F be a filter of A and let

T={i:FO;\ (1)) #9).

iel

Then
1. ifinf7 does not exist then 4 = F ;
2. ifinf/ =i ¢, then F = P, ;A; and
3. ifinf/ =i € I then
F=FnN4H @Ai.

>1

PROOF. We observe that since a filter is upward closed, if i € Tandi < J,thenj € T; for the same
reason I' N A; = A; if i < j. The thesis follows. 0

COROLLARY 2.17.
Let A = P, ., A; be a basic hoop or a BL-algebra; then B € H(A) if and only if one of the following

iel
hold
1. BEA;
2. thereisai € I suchB € @B, 7 A; ® H(Ay).
Moreover if I = {0, ..., n} is finite

BeH(A)U{A)DC:CeHANIU---U{Ag® - ® Ay ®C:C e HA,.

LEMMA 2.18.
([7], Lemma 7.1) Let A @}_, A, be a totally ordered basic hoop or a BL-algebra. Then

ISP,(A) = [@ B, : B; € ISP,(A;) ]

i=0

Therefore

n k
HSP,(A) = HSP,(Ag) U U i@Bi : B; € ISP, (A;) fori < k,By € HS]P’H(Ak)}.
k=1 Ui=0

We have already mentioned that the theory of BL-algebras and that of basic hoops are deeply
interconnected; this connection has been exploited first in [7].

THEOREM 2.19.

[7] Every totally ordered basic hoop is an ordinal sum of a family of Wajsberg hoops; every totally
ordered BL-algebra is an ordinal sum of a family of Wajsberg hoops (the first of which is a Wajsberg
algebra). Moreover, since the sum of two nontrivial Wajsberg hoops is never a Wajsberg hoop, the
components of the sum are unique up to isomorphism.
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Structural completeness in basic hoops and BL-algebras 9

For this reason, from now on, when we write a totally ordered hoop or BL-algebra as A = @;; A;
we always mean that the ordinal sum is composed of Wajsberg hoops, which will be called the
Wajsberg components of A. To denote a totally ordered Wajsberg hoop or algebra, we will often
use the term ‘Wajsberg chain’.

2.4 Wajsberg chains

Here we make a list of specific Wajsberg chains; this is possible because Wajsberg algebras (and
hence bounded Wajsberg hoops) have a standard representation. Let G be an abelian £-group; by
[50], if u is a strong unit of G we can construct a bounded Wajsberg hoop I' (G, u) = ([0, u], —, -,
0,u) where ab = max{a + b — u,0} and a — b = max{u — a + b,u}. Of course I'(G,u) is a
chain if and only if G is totally ordered; here we will look at Z, Q and R as totally ordered £-groups.
Let now Z x; Z denote the lexicographic product of two copies of Z. In other words, the universe
is the Cartesian product, the group operations are defined componentwise and the ordering is the
lexicographic ordering (w.r.t. the natural ordering of Z); then Z x; Z is a totally ordered abelian
£-group and we can apply I” to it. Now we introduce:

o the finite Wajsberg chain with n + 1 elements L., = I"(Z,n);

e for 0 < k < n, the infinite Wajsberg chaint, ; = I'(Z x; Z, (n, k));

e the infinite bounded Wajsberg chain [0, 1]y = I'(R, 1), i.e. the real interval with operations
induced by the Wajsberg t-norm, i.e. xy = max(x +y — 1,0), x - y = min(1 +x — y, 1) and

e the unbounded cancellative Wajsberg chain C, that has as universe the free commutative
monoid on one generator, where the product is the monoid product and ¢’ — ™ = g™ (m=10),

In many papers L, is denoted by £.2° and the same symbol is used for Wajsberg chains regardless
of whether they are Wajsberg algebras or Wajsberg hoops. However in our case this distinction
becomes rather significant so, we will denote the hoop reducts of £,, and L, by Lj‘ and LIk
respectively. Similarly we will write A™ for the hoop reduct of the BL-algebra A. The proofs of
the following facts are either trivial or can be found in [7].

LEMMA 2.20.
Forany n,k > 1
1. L, issimple and £, € IS(Ly) if and only if ., € IS(Ly ) if and only if n | k.
2. For any k > 0, L, 4 is subdirectly irreducible, and £, € IS(L,x) if and only if m divides
ged(n, k).
3. If A is a nontrivial totally ordered cancellative hoop then, C,, € IS(A).
4. If A is a nontrivial totally ordered cancellative hoop then ISP, (A) = ISP, (C,,).

Moreover, (1) and (2) hold, mutatis mutandis, for the hoop reducts.

The radical of a bounded Wajsberg chain (hence of any totally ordered Wajsberg algebra) A, in
symbols Rad(A), is the intersection of the maximal filters of A; it is easy to see that Rad(A) is a
cancellative basic subhoop of A. We say that a bounded Wajsberg hoop A has rank n, if A/Rad(A) =

L,. For any bounded Wajsberg hoop A, da, called the divisibility index, is the maximum % such that
L is embeddable in A if any; otherwise dy = oo.

2.5 Connections with logic

Thanks mainly to the pioneering work of Blok and Pigozzi [22], there is a standard way to associate
a (quasi)variety of algebras (the equivalent quasivariety semantics) to the so-called algebraizable
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10  Structural completeness in basic hoops and BL-algebras

logics. As we said in the introduction, algebraizability in Blok—Pigozzi’s fashion entails that the
deducibility relation of an algebraizable logic is characterized by means of the algebraic equational
consequence of its equivalent algebraic semantics. Therefore, interesting properties of algebraizable
logics can be studied via algebraic means and vice versa, algebraic properties reflect naturally into
the structure of the logics. The translation matrix is well-known and explained many times in many
papers (see for instance [15]) and we will not go over it. However:

PROPOSITION 2.21.

(Folklore) Let £ be an algebraizable logic with equivalent quasivariety semantics Q. Then there is a
(dual) isomorphism between the lattice of finitary extensions of £ and the lattice of subquasivarieties
of Q. Moreover, every axiomatic extension of £ corresponds to an equational subquasivariety of Q
and viceversa; if Q is a variety, then the lattice of axiomatic extensions of Q is (dually) isomorphic
with the lattice of subvarieties of V.

It is well-known that:

e the variety of BL-algebras is the equivalent quasivariety semantics of Hajek’s Basic Logic BL
and the variety of basic hoops is the equivalent quasivariety semantics of its positive fragment
BLT;

o the variety of Wajsberg algebras is the equivalent quasivariety semantics of Lukasiewicz Many
Valued Logic MYV and the variety of Wajsberg hoops is the equivalent quasivariety semantics
of its positive fragment MV,

For us a logic £ over an algebraic language p, is identified as a substitution invariant finitary
consequence relation = C P(T,(w)) x T,(w). A rule of L is an ordered pair (I",§) where I" U § is
a finite set of formulas that we write suggestively as I" = §. We say that a rule I" = § is derivable
in £if I' b, 8. If | and -, are two logics over the same language, I is an extension of - if
1 Ck»; 2 is an axiomatic extension of  if there is a set of formulas I” such that F, is the
smallest logic that is an extension of - satisfying -, y forall y € I'. A rule I' = § is admissible
in L if for every substitution o:

F o(a) foralle € I' implies + o (3).

A logic L is structurally complete if every admissible rule of £ is derivable; it is hereditary
structurally complete if all its finitary extensions are structurally complete.

PROPOSITION 2.22.
(Folklore) Let £ be an algebraizable logic with equivalent quasivariety semantics Q. Then

1. L is structurally complete if and only if Q is structural;
2. L is hereditary structurally complete if and only if Q is primitive.

Therefore, structural completeness and hereditary structural completeness of extensions of those
logics can be dealt with using purely algebraic arguments; for Lukasiewicz logic, the task has been
carried out (in various stages) in [4, 38] and [6]. Here we take care of extensions of BL and its
positive fragment.

3 Structural completeness in Wajsberg algebras and Wajsberg hoops

We will build our knowledge about (quasi) varieties of BL-algebras and basic hoops using Wajsberg
algebras and Wajsberg hoops as building blocks of our knowledge. Here we recall some known facts
(mostly from [6]) and also improve a little on them.
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Structural completeness in basic hoops and BL-algebras 11

The proper subvarieties of both Wajsberg algebras and Wajsberg hoops have a nice description in
terms of reduced pairs and triples of finite subsets of natural numbers. Let /,J be two finite subsets
of positive integers. A pair (/,.J) is reduced if

e noi € [ divides an elementj € T UJ \ {i};
e noj € J divides an element j/ € J \ {j} and
o [UJ #0.

A triple (/,J, K) is reduced if (/,J) is reduced, K C {w} and if J # @, then K = @.

3.1 Wajsberg hoops

If (I,J, K) is a reduced triple we define varieties of Wajsberg hoops
WH(, 9, {w}) = VUL :i € I} U{C,))
WH(,J,8) = V{L! :ielju {Ljfo j e KY).

THEOREM 3.1.

[9] The mapping (I,J,K) —> WH(/,J, K) is a bijection between the reduced triples and the proper
subvarieties of Wajsberg hoops; moreover, every proper subvariety of Wajsberg hoops is axiomatized
by equations in just one variable.

Structural varieties of Wajsberg hoops have been completely described in [4] and [6].

THEOREM 3.2.
[4] [6] For a variety V of Wajsberg hoops the following are equivalent:

1. Vis structural;
2. V=WH(,J,K) where J C {1} and
3. Vis primitive.

For structural quasivarieties of Wajsberg hoops we have:

THEOREM 3.3.
[6] Let Q be a quasivariety of Wajsberg hoops; then Q is structural if and only if it is either Q =
Q(FwH (x)) or there is a reduced triple (1, ./, K) such that

Q = WH({,9,K) or
Q:Q({Lj:ie]}u{q1 jeldJy) ifJ #40.

For primitivity we need a notation. Let P = (/,J,K) be a triple (not necessarily reduced); then
Q[l,J,K] is

Q[,9,0] = QUL :iel})
Q[ 0, {w}] = QL] : i € I} U{Cy)})
Q[7,J,8] = QUL  :iel}U {L;fl jelJ)

If I € N, we denote by /| the set of all the divisors of elements of /.

9202 1890100 €| U0 1s8nb Aq 961 2£88/S0BEX8///9¢/0[014e/W0o60|/Wo dNo"oIWspese Wol) papeojuMo(]



12 Structural completeness in basic hoops and BlL-algebras

THEOREM 3.4.
[6] Let Q be a quasivariety of Wajsberg hoops; then Q is primitive if and only if Q = Q[/,J,K]
where either / = Jorelse K =@ and 7| NJ| C {1}.

3.2 Wajsberg algebras
If 1,J is a reduced pair we define the variety of Wajsberg algebras
MV({,J) =V({L; :i eI} U{L;o :j € K}).

THEOREM 3.5.

[46] The mapping (I,J) ——> MV(,J) is a bijection between the reduced pairs and the proper
subvarieties of Wajsberg algebras; moreover every proper subvariety of Wajsberg algebras is
axiomatized by equations in just one variable.

For Wajsberg algebras the situation is different because of:

THEOREM 3.6.

(see [14] Proposition 5.10 and Corollary 5.16) Let V be a variety of BL-algebras; if A € V is weakly
projective in V then A has 2 (the two-element boolean algebra) as a homomorphic image. If V is
locally finite and A is finite, then the converse holds.

This clearly implies (via Theorem 2.11) that no variety of Wajsberg algebras containing a simple
algebra different from 2 = L can be primitive. Now all the L., are simple and by the description
of varieties of Wajsberg algebras in Theorem 3.5 if MV (/,J) is such that [,J Z {1}, then MV (/,J)
contains L., for some n > 1; thus, it cannot be primitive. So the only candidates are V(L) and
V(LT®). The former is the variety of Boolean algebras that is well-known to be primitive; for the
latter, one can show that V(L{®) covers Q(L1) = V(L) in the lattice of subquasivarieties (see the
discussion after Lemma 8.3 in [4]). So to show that V(L{°) is primitive, it is enough to show that it
is structural.

Are there structural varieties of Wajsberg algebras that are not primitive? First we observe that
WA is not structural; in fact, by Theorem 3.5, H(Q(Fwa (x))) = WA. However Fya (x) satisfies the
quasi equation

¥ayxandx—> 0=0 = x~ 1.
This is well-known and follows from the description of free Wajsberg algebras in [51]. Thus
Q(Fwa(x)) is a proper subquasivariety of WA and WA is not structural. For proper locally finite
subvarieties we have the following:

LEMMA 3.7.
(Lemma 8.3 in [4]) Let V = MV(/, #) with I # {1}; then

QUL x Li:iel})
is a proper subquasivariety of V.

As clearly H(Q({Ly x L; : i € I})) = V, V cannot be structural and hence the only structural
locally finite variety of Wajsberg algebras is V(L 1), the variety of Boolean algebras. For proper non
locally finite subvarieties we have:

LEMMA 3.8.
LetV =MV(,J) with J € {1}; then V is not structural.
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Structural completeness in basic hoops and BL-algebras 13

PROOF. Just copy the proof of the forward direction of Theorem 4.3 in [6], making the obvious
modifications to the case of Wajsberg algebras. O

So again the only possible candidate is V(L1 ). To prove that it is structural, we can argue as
in the other direction of Theorem 4.3 in [6]; so we need an analogue of Theorem 3.10 in [6] for
Wajsberg algebras. But the analogue has been proved in [38] (Theorem 3.3 and Lemma 3.4) so we
conclude that

THEOREM 3.9.
The only structural varieties of Wajsberg algebras are the variety of Boolean algebras and the variety
generated by L1 o; they are also the only primitive subvarieties.

Quasivarieties are harder to deal with for the same reason as Wajsberg hoops. The classification
of structural quasivarieties of Wajsberg algebras is essentially due to J. Gispert [38] (but see also [4],
Section 7). Again, let us denote, for /,J finite subsets of N

QU,J] = QUky x ki:ie YUk x ki :j€J}).

THEOREM 3.10.
[38] A quasivariety of Wajsberg algebras is structural if and only if either Q = Q(Fwa(x)) or
Q = Q[/,J] for some reduced pair (1, J).

Now obviously Q(L; x £1) = QL) and QL1 x £1;1) = Q(L1,1) (see [38]), so Q(L;) and
Q(L1,1) are the only structural varieties of Wajsberg algebras generated by chains.

Primitivity is easy for locally finite quasivarieties; by the results in [40] a quasivariety Q of
Wajsberg algebras is locally finite if and only if it is finitely generated. Now we have:

LEMMA 3.11.
Let Q = Q[/,¥]; if Q' is a subquasivariety of Q, then Q" = Q[/’, @] for some I’ C I.

PROOF. Q is locally finite and so is Q’, hence, by Theorem 2.9 in [40], Q" has to be generated
by its critical algebras. Moreover, by Theorem 2.11 in [40], every critical algebra is isomorphic to
L, x---xL,,, where

1. ng #n forevery 1l <s #t <m;

2. there exists at most one s such that n, is a multiple of an n; with s # ¢.

Let A be a critical algebra in Q'; in particular A € Q, so A € ISPP,({£; x }; : i € I}), and, since
{L1 x L; : i € I} is a finite set of finite Wajsberg algebras, we have that A € ISP({L| x L; : i € I});
in other words A is embeddable in B = [[, ., £1 x L;,, for some K and i; € I for every k € K. This
means that B is of the form HjeJ Ly, where {n; : j € J} € 1 U {1}; thus, the family {n; : j € J} is
finite and we are in the hypothesis of Lemma 2.10 in [40].

Now, A =L, X ---x1L,, is embeddable in B = [[,.x £1 x L£;,, and B always has at least one
factor equal to L1, so by Theorem 2.10 (2) in [40], there exists at least one factor of A equal to L.
Recalling the second condition of the characterization of critical algebras at the beginning of this
proof, if a factor of A is L then, either A = L, or A has only two factors, because every natural
number is a multiple of 1. Moreover, if A has a second factor L, then » has to divide ani € /.

Therefore, Q" is generated by algebras of the form £ x £, where n € 1], so Q" = Q[I’, #] for
somel' C 1. O

As a corollary we get at once.
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14 Structural completeness in basic hoops and BlL-algebras

COROLLARY 3.12.
For a locally finite quasivariety Q of Wajsberg algebras the following are equivalent:

1. Q is structural;
2. Q = Q[I, @] for some finite set 7 and
3. Qs primitive.

PROOF. Assume that Q is structural; since it is locally finite, by Theorem 3.10, it is equal to Q[/, #]
for some / and (2) holds. But if it such, then by Lemma 3.11 all of its subvarieties have the same
form and thus they are all structural. Therefore Q is primitive and (3) holds. Finally (3) trivially
implies (1). O

The general case is still open. However we remark that, as observed in [6], the condition in
Theorem 3.4 is still necessary for a quasivariety of Wajsberg algebras to be primitive. It follows
that there are quasivarieties that are structural but not primitive.

4 Structural varieties of basic hoops

4.1 Two constructions

4.1.1 The ordered sum of varieties

Every variety of BL-algebras or basic hoops is totally determined by its chains and each chain is the
ordinal sum of totally ordered Wajsberg hoops that are either bounded or cancellative (and in the case
of BL-algebras then the first component is necessarily bounded and it is a Wajsberg algebra). This
suggests a way to describe varieties of BL-algebras in a fashion in which the varieties generated by
the Wajsberg components are in evidence. Of course not every variety of BL-algebras or basic hoops
can be described in this way, but the definition captures enough varieties to allow some meaningful
results. First if V is a variety of BL-algebras or basic hoops we denote by V' the class of chains in V.
Next, if V is a variety of basic algebras or basic hoops and W is the variety of basic hoops we define
the ordered sum of V and W as

Ve'W=V{A®B:AcV BecWY)),

The operation is clearly associative, so we may dispose of the parentheses in case of three or more
summands. It is also obvious that V &’ W is a variety of BL-algebras if and only if V is such.
Moreover, if for a variety V of BL-algebras we denote by VT the variety of its hoop subreducts
(it is always a variety by Proposition 1.10 in [5]) then it follows immediately from congruence
distributivity and Lemma 2.18 that

V' W) =Vta'W.

In general there is a way to axiomatize V@’ BH where V is a variety of Wajsberg algebras. First we
remind that every variety proper variety V of Wajsberg algebras or Wajsberg hoops is axiomatized
(relative to Wajsberg algebras or Wajsberg hoops) by a single equation in one variable #y(x) ~ 1 [9,
34].

Recall that in every variety with a constant 0 in the signature, one can define a new unary operation
—x in the usual way as x — 0.

LEMMA 4.1.
If V is a proper variety of Wajsberg algebras, then V &’ BH is axiomatized modulo BH by the single
equation #y(——x) &~ 1.
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Structural completeness in basic hoops and BL-algebras 15

PROOF. Let A = Ay @ A be a totally ordered algebra in V @' BH; then for any a € 4, —=—a € Ay,
which proves that ty (——x) ~ 1 holds in A and hence V&'BH. Conversely, suppose that A ¢ V&'BH;
by replacing A with one of its subdirectly irreducible factors we may assume that A is totally ordered
and thus the first component Ag ¢ W. Hence there is an a € Ay with ty(a) # 1; as =—a = a we
obtain that #,(——x) & 1 does not hold in A.

AsV®'BH=V{A®B: A eV B e BH"}), if C is a totally ordered algebra in V &' BH by
Jénnson Lemma

C cHSP,{A®B:A eV BeBHY.

Now a straightforward application of Corollaries 2.17 and 2.18 yields that C = Cy & C; where
Cy € HSP,(Ap). So C € V' as wished. [l

For example, as an easy consequence, we get that the variety V(L o) &' BH, often referred to as
dIBL, is axiomatized by

where x @ y := —(—x - —y).

The case in which we have the ordered sum of proper subvarieties (and/or more than two
summands) is more complex; not to interrupt the flow of information, we have moved all the proofs
to Appendix A.

4.1.2 Generalized rotations

Generalized rotations of BL-algebras and basic hoops have been studied in several papers [10, 11,
13, 41]. Here we will deal mostly with a special kind of generalized rotations: given any basic hoop
A the n-lifting of A is the algebra L, @ A. Given a variety V of basic hoops its n-lifting is the variety
V(&,) ®' V; by Lemma 4.1 it follows that

Vi, ® V=V({L; ®A:k|nandA is a totally ordered algebra in V}).

Note that in our definition the n-lifting of a variety of basic hoops is always a variety of Wajsberg
algebras. We will also consider its BH-n-lifting as the variety

V(L;f) e'V= V({L,’{F @ A : k| nand A is a totally ordered algebra in V}).

However, we will often drop the decoration BH when the situation is clear from the context. We will
deal with a different kind of generalized rotations in Appendix B.

4.2 The Baker—Beynon property in varieties of basic hoops

For any variety V of hoops the V-free algebra on the empty set is trivial. This implies at once that
every hoop is unifiable and thus if a variety of hoops has the Baker—Beynon property, then it is
structural and if it is also locally finite, then it is primitive (Theorem 2.13).

So, which varieties of basic hoops have the Baker—Beynon property? Let’s start with locally finite
varieties. The locally finite varieties of hoops have been described a long time ago in [21], Theorem
3.6. The proof therein uses a particular construction from which it is clear that the result holds for
BL-algebras and basic hoops as well. However there is an easy direct proof, that we display here for
the reader’s sake.

THEOREM 4.2.
For a variety V of basic hoops the following are equivalent:
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16  Structural completeness in basic hoops and BlL-algebras

1. Vislocally finite;

2. V satisfies the equation ¥ ~ x**1 for some k > 1 and

3. for all totally ordered A = &;,;A; € V (where the decomposition is in its Wajsberg
components), for all i there is an m; < k + 1 such that A; = L;I_.

PROOF. (1) implies (2) trivially; if V is locally finite, then its free algebra on the single generator x
is finite and hence it must satisfy x* ~ x**1 for some £.

Assume (2) and let A = @;.; A; € V; then each component must satisfy Xk ~ X1 But it is
well-known (and rather obvious) that the only totally ordered Wajsberg hoops satisfying such an
equations are the L, withn < k + 1.

Finally assume (3) and let A be a totally ordered m-generated algebra in V. It is clear that A has at
most m Wajsberg components and each component has at most £ + 1 elements and this implies that
|A] < (k + 1)m. So there is a bound for the size of the m-generated totally ordered algebras (hence
for all the subdirectly irreducible algebras) which depends only on m. By the well-known Mal’cev
criterion ([48], Theorem 14.1.3) V is locally finite. U

In [14] it was shown that any locally finite quasivariety of (basic) hoops has the Baker—Beynon
property, thus:

PROPOSITION 4.3.
Every locally finite variety of basic hoops is primitive.

For the non locally finite varieties in [13] the authors, building on the early work by Beynon
[19] and Baker [16], showed that the variety C of cancellative hoops (that are basic hoops) has the
Baker—Beynon property. Another important contribution is [41]; there the author showed that both
the variety V(Lto), usually called dIWH, and the variety PH of product hoops have the Baker—

Beynon property and thus are structural. Since PH = V(L;) d'C= V(L;‘ @ C,) (by Theorem A.6)
it is only natural to ask whether the result can be generalized to V(£;7) @ C for n > 2. This will turn
out to be the case, but proving it will take a surprising amount of work which will occupy most of
this section. The difficult part, like in the PH case, will turn out to be characterizing free algebras in
these varieties.

We start from the following well known fact (see [54], Theorem 3.2).

THEOREM 4.4.

Let V be a variety of bounded commutative residuated lattices, and V' the variety of commutative
residuated lattices given by its 0-free subreducts. Then, for any set X, F\+(X) is isomorphic to the
subalgebra of the 0-free reduct of the free algebra Fy(X) generated by X.

This allows one to give a representation for Fy,+ (X) starting from a representation of Fy (X), by
properly characterizing the 0-free subreduct of Fy(X) generated by X. Recall that we can see the
elements of a free algebra Fy(X) as equivalence classes of terms in the language of V written over
variables in X; thus characterizing F\,+(X) corresponds to characterizing the equivalence classes of
the 0-free terms. We will call these elements of Fy (X) positive.

Therefore, in order to get a description of the free algebras of the BH-n-liftings of C, which is
the thing we are interested in, we need to start from the characterization of free BL-algebras in
PL, := VL, & C,). This description can be found in [24] or [13] and we will follow the latter more
closely. The representation is given as the weak Boolean product of directly indecomposable algebras
over the Stone space of the Boolean skeleton of the free algebras Fpi, (X); for a proper definition
of the weak Boolean product of directly indecomposable algebras over the Stone space, we direct
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Structural completeness in basic hoops and BL-algebras 17

the reader to [13], Section 3. For any BL-algebra A, we define its MV-skeleton as MV(A) = {a €
A | =—a = a} and its Boolean skeleton as Bool(A) = {a € 4 | aVv —a = 1and a A —a = 0}.
The MV-skeleton of A is a Wajsberg algebra and it is the greatest Wajsberg algebra contained in
A; similarly the Boolean skeleton is the greatest Boolean algebra contained in A. An MV-retraction
term on A is any unary term which induces a retraction from A into MV (A). It can be proved that
the term ——x is always an MV-retraction term [28] and thus respects all other operations.

PROPOSITION 4.5.
[24] Given any set X, the MV-skeleton of the free algebra in PL,, over X is the free algebra in V(L,,)
over the set {——x | x € X}.

It is not hard to see that, in the case of algebras in PH = PLT, the MV-skeleton actually coincides
with the Boolean skeleton; this is what made the analysis in [41] much easier. In order to understand
the Boolean skeleton of free PL,-algebras we shall use a characterization of the Boolean skeleton of
free algebras in V(L) in [24], to which we refer the reader. This makes use of the so-called Moisil
operators. Let A € V(L,); Moisil operators on A are one-variable terms o' (x),..., 0, (x) in the
language (—, —, 1) that map A to Bool(A), such that:

e x € Bool(A) if and only if 0, (x) = x;
e 0)(x) = min{bh € Bool(A) | x < b} and
e 0/ (x) = max{b € Bool(A) | b < x}.

In particular, if they are evaluated in the Wajsberg chain £, = {%, R %} they are such that

Uin(ﬁ) = 1ifi+j > n,0 otherwise.

REMARK 4.6.
Moisil operators applied on a set X of generators of a free algebra in V(L,) result in a poset
(X5, <), where for each x € X, o'(x) < --- < 0,/(x), and elements from different such chains

are incomparable.

Recall that an algebra F generated by a set X in a variety V is free over a poset (X, <) if for
each A € V and for each non-decreasing function /' : X — A, f can be uniquely extended to a
homomorphism from F to A. From now on, given a set X, we define X7 as {o/'(=—x) |x € X,i =
1,...,n}.

THEOREM 4.7.
[24]

1. (Theorem 2.4 and Corollary 2.13) Bool(Fp, (X)) = Bool(MV(Fp|, (X))) is the free Boolean
algebra over the poset (X7, <).

2. (Lemma 1.6) The correspondence that assigns each upwards closed subset S € X7 to
the Boolean ultrafilter Us generated by the set S U S, where S = {—y | y € X¥7 — S},
defines a bijection from the set of upwards closed subsets of X7’ onto the ultrafilters of
Bool(FpL,).

Thus, the free algebra Fp, can be represented as a weak Boolean product indexed by the
upwards closed subsets S € X7, Each factor is then going to be a quotient of Fpi, (X) with
respect to the filter generated in Fp, (X) by Us; let us call this filter Fg. These factors have
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18  Structural completeness in basic hoops and BlL-algebras

been completely characterized in [24], starting from free algebras in the variety of cancellative
hoops Fc.

THEOREM 4.8.
[24] Given any set X, FpL, (X) is representable as the weak Boolean product of the family

{FpL,(X)/Fs : S upward closed subset of X7 }.
In particular, for each upward closed subset S € X7
FpL, (X)/Fs = Ly & (Fc(Xs)),
for some kg that divide » and with Xg = {x/Fg : =—(x/Fs) = 1} U {—x/Fs : =—=(x/F,) = 0}.

Now, all we need to do is characterize the positive elements of this weak Boolean product. This
will rely heavily on the fact that the MV-retraction term ——x is positive, i.e. it can be written without
using the constant 0.

LEMMA 4.9.
In PL,, the MV-retraction term ——x is equivalent to the term y,(x) = (" — x"t!) — x and
therefore it is positive.

PROOE. Since PL, is generated by L,, & C,,, it suffices to verify that =——x = y,,(x) in L, @ C,,.
Takex e L, & C,,.

o Ifx e L, — {1}, then ——x = x, while

y,,(x):(x”—)x”“)—)x:(O—)O)—>x=1—>x=x.

o Ifx € C,, then ——x = =0 = 1, while

) =" - X" s x=x—->x=1.

O

This implies that, given any set X, the set of the generators of the MV-skeleton of Fp, (X) can be
taken also as {y,(x) | x € X}; furthermore, we can also prove that all Moisil operators are positive
as well.

LEMMA 4.10.
In V(L;), the terms o' (x), ..., 0, (x) are positive.

PROOF. Since, for what we want, we will only need to know that those terms are positive, we will
use a trick to show their positivity without showing their equivalent positive terms (i.e. those written
without the 0). As shown in [9], an MV-term #(x) in V(L) is positive if and only if #(1) = 1in L,,.
In this case, for every i = 1,...,n we get 0/'(1) = o/'(;), that is 1 because i + n > n for every
i=1,...,n ]

Combining Lemmas 4.9 and 4.10 we have that all the elements in X7 are positive. We are now
ready to ‘rewrite’ elements of the free algebras in these varieties, in order to be able to describe the
positive ones; the strategy here is similar to the one in [41] for the variety PH, but in a more complex
and general scenario.

Let X be a set of variables, and let p € Fp|, (X); notice that there are x1,...,x, € X such that
p = u(xy,...,xy) for some term u in the language of PL,. Let X;,, = {x1,...,x,}, then p actually
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Structural completeness in basic hoops and BL-algebras 19

belongs to the subalgebra Fpi, (X;,) of Fp, (X). Let us now consider the atoms of the Boolean
skeleton of Fp (X;,). Since (X;,) is finite, so is (X}, <). By Theorem 4.7, Bool(Fpy, (X)) is the
free Boolean algebra over the poset (X7, <), hence it is finite too. It is well known that the atoms
of a finite Boolean algebra are in one to one correspondence to the ultrafilters of the same algebra;
indeed, the ultrafilters are all principal and generated by the atoms. By Theorem 4.7 once again, we
have that given any upwards closed subset S C X, we can associate an atom

as = /\y/\ /\ -z, (1)

yes  zex}’-s

and all atoms can be written in this way. To simplify the notation we shall write a for ayys and Uy
for its associated ultrafilter, since these two will play an important role in what follows. Notice that
Uy = Uyyo is an ultrafilter of Bool(Fpi, (X)) that is a finite subalgebra of Bool(Fp, (X)), hence
in general it is different from Uyvo. Nevertheless U is always contained in Uyyo for all X, € X,
because it is its restriction to Bool(Fpi, (X;)).

a. is the meet of all elements in X;,*, but by Remark 4.6, it is equivalent to saying that it is the
meet of all {o]'(==x1),...,0( (==x,)}, because for every i, we have o' (=—x;) < o/'(=—x;). This
means that Uy is generated by o{'(—=—x1) A - - A 0] (=—x;;). Moreover we also have the following.

LEMMA 4.11.
The equation o' (x) < x holds in V(L,).

PROOF. Once again it suffices to verify the inequality in L, because it generates the variety. By
definition Uf’(’z) is 1ifj+ 1 > n, soif j = n, otherwise it is 0, hence it is less or equal than the
identity. 0

Lemma 4.11 gives that, for every x € X, we have o'(=—x) < ——. Since every o{'(=—x) is in
Uxve C Fyvo and Fyvyo is closed upwards, this implies that:

COROLLARY 4.12.
For every x € X we have =—x € Fyvo.

As a consequence we also have that {x/Fyyo : =—(x/Fxvs) = 1} = X hence, by Theorem 4.8,
Fpp,(X)/Fxve = L@ (Fc(X)) for some k that divides n. Now let us show that one can use the atoms
of finitely generated free algebras to rewrite the elements of possibly infinitely generated algebras.
From now on, given a poset (P, <), we will denote with Ups(P) the set of all upward closed subsets
S of P.

Let X be any set and p = u(xy,...,x,) € Fp,(X). Since /\SeUps(X,,V,") —ag =0,

p=pv N\ —as= AN pv-as= N as—p 2

SeUps(X,%) SeUps(X,’ SeUps(Xy”
where the second equality is just an application of distributivity, and the last equality holds because

as is a Boolean element, so —ag V p = ag — p as in Boolean algebras.

REMARK 4.13.
With respect to the weak Boolean product representation

Feo,) <[]  FeL,(X0)/Fs.
SeUps(X77)

9202 1890100 €| U0 1s8nb Aq 961 2£88/S0BEX8///9¢/0[014e/W0o60|/Wo dNo"oIWspese Wol) papeojuMo(]



20 Structural completeness in basic hoops and BlL-algebras

we observe that an element p € Fp, (X) embeds into the tuple

(p/Fs)seupsixrey = ((p V —as) /Fs)scUpsxroy-

Since ag € Us C Fs and then ag/Fs = 1/Fs. We will often use this representation in proofs.

Now we will show that one can reduce the analysis of the positivity of an element p in free algebras
to its ‘components’ p V —ag. The first result that we will prove in this direction is the following.

LEMMA 4.14.
b € Bool(Fpy, (X)) is positive if and only if b € Uyyo.

PROOF. We start by showing the left-to-right direction by contrapositive; assume that b ¢ Uxvo.
Then, since Uyyo is an ultrafilter, =b € Uxyo,i.c.thereare yy,...,y, € XV? suchthaty;A. . . Ay, <
—b. Then we getthat b Ay A ... Ayyy <bA=b=0,and thus b Ay; A... Ay, = 0. Since by
Lemmas 4.9 and 4.10 all y € X7V are positive, if b were to be positive then 0 would be positive as
well; the latter yields a contradiction. Thus if b ¢ Uyve, b is not positive.

Assume now that b is not positive, we show that b ¢ Uyrs. Notice that, since Bool(Fp (X)) is
generated by X7V, there exists a Boolean term p such that b = p(y1,...,yn) for some yi,...,y, €
X79. Tt is well known that Boolean terms are either positive or negation of a positive term. Since
every y; is positive and b is not, we get that necessarily p = —p’ for some p’ written in the 0-free
language. Now, each y; € U };U by definition, and (ultra)filters are closed under the operations {-, —,
A, V), thus p’(y1, ..., ym) € Uy, which implies that b = —p'(y1,...,ym) ¢ Uy. This completes the
proof. O

It is now immediate to see that given a finite set X;, = {xi,...,x,}, the only positive atom of
Bool(FpL, (X)) is a4 (since it is the only one in U X,Z”)> while all other atoms ag for S # X,° are

not positive. Conversely, all —ag for S # X, are positive, while —a. is not.

LEMMA 4.15.
Let X be any set of variables and consider p(x1,...,x,) € Fp, (X); let X;, = {x1,...,x,} and
S € Ups(X,?) with S # X7 . Then p V —ag is positive.

PROOF. As observed right above, —ag is positive as a consequence of Lemma 4.14. Consider the term
P’ obtained starting from p and substituting each occurrence of 0 with —ag (if p has no occurrences
of 0, it means that it is positive, and we get p’ = p); p’ is 0-free and thus positive by construction.

We show that p v —ag = p’ v —ag. Let us consider their representative in the weak Boolean
product representation, i.e. respectively the tuples

(pV —as/Fs)gecupsxrey and (p V —as/Fg)scupsxro)-

We distinguish two cases: —ag € Ug and —ag ¢ Uy . In the former case, we get that p vV —ag,p’ v
—ags € Fg and then (p vV —ag)/Fy = (' V —as)/Fs = 1/Fg. In the latter case, —ag ¢ Uy implies
that —ag/Fg = 0/Fg and then by the definition of p’ we get that (p v —as)/Fg = (' V —as)/Fs.
Thus p V —ag = p’ V —ag, so it is positive. O

The previous result is extremely useful for our purpose, because essentially it yields that the
positivity of a term p is completely determined by its ‘component’ p vV —a,.. We will now show that
such an element is positive if and only if its component (pV —a)/Fyro in the weak Boolean product
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representation is such that
—=((pV —ay)/Fxve) = 1/Fxvyo.

Note that Fp (X)/Fxro = L @ (Fc(X)) for some k that divides n, hence saying —=—((p Vv
—ay)/Fxve) = 1/Fxvs is equivalent to saying that (p vV —ay)/Fxro is in the summand Fc(X)
of the above ordinal sum.

THEOREM 4.16.
Let X be any set of variables and consider p(x1,...,x»n) € FpL,(X); letay = of'(==x1) A--- A
o1 (==x). Then p is positive if and only if p V —a is positive if and only if =—=(p vV —a) € Uxro.

PROOF. The first equivalence follows directly from Lemma 4.15. Indeed, if p is positive, then p Vv
—a4 = a4 — p by Equation (2), and the latter is positive because p and a are. Conversely, suppose
pVay is positive; p = /\SeUps(XV“)p V —ag so, when S # X, we have that p \V —ag is positive by
Lemma 4.15, and p Vv —ay is positive by hypothesis; hence p is a meet of positive terms, therefore it
is positive.

Let us now show the second equivalence, starting from the direction p vV —ay positive implies
—=(p V —ay) € Uxro. Let us consider the representation of the element p vV —a4 in the weak
Boolean product, i.e. the tuple ((p vV —a4)/Fs)scups(xre). Since we assume that p vV —a is positive,
there is a O-free term over variables x, ..., x, in X such that p V —ay = q(xq,...,x,). Since —=—
is an MV-retraction term, by definition it induces a homomorphism, thus —=—(g(x1,...,x,)) =
q(——=(x1),...,—(xp)); since each —=—(x;) € Uyxyo by Corollary 4.12, and ¢ is written with
operations in {-, —, A, V} under which Uy is closed, =—(p V —a;) = g(——(x1),...,=—(xy)) €
Uxyo.

Conversely, suppose that =—(p V —ay) € Uxro, we will show that p vV —ay is positive by finding
a O-free term ¢ such that p vV —ay = g Vv —ay; first we assume without loss of generality that
pV —ay = p(x1,...,xy) for some term p’ in the language of PL,. Notice that =—(p vV —ay)
is an element of the Boolean algebra Bool(Fp(, (X)) hence it can be written as a Boolean term
over a finite number of variables in X7} it follows that if we consider the subalgebra of Fpi (X)
given by the finitely generated free Boolean algebra Bool(Fp(, (X;,)) (where we take a suitably
X = {x1,...,xm}), then

—=(pV —ay) € Uxye C Fp,(X) ifand only if=—(p Vv —ay) € UX,,):U C Fp, (Xn).

Let us now consider the representation of Fp| (X, as a weak Boolean product, i.e.

FpL, () <[] Feu, ()/Fs.
SeUps(X,;,”)

Let us have a look at the factor Fp| (X;,)/F X5 this is a directly indecomposable algebra that is
isomorphic to L & (Fc (X)) for some k that divides n. Since we are assuming that =—(p vV —ay) €
Uyye C Fyyo, it follows that =—(p V —ay)/Fyre = 1/Fyyo, which implies that (p V —a)/Fyro
is in the summand F¢(X,,) of the above ordinal sum, that is generated as a cancellative hoop by Xj,.
In the language of cancellative hoops there is no constant 0, therefore there is a 0-free term ¢ such
that (p vV —ay)/Fyre = q(x1,...,xm)/Fxys. We will finally show that p vV —ay = g v —a,; since
the latter is positive, this will conclude the proof.
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22 Structural completeness in basic hoops and BlL-algebras

Consider p vV —a; and ¢ VvV —a4 as their representatives given by the tuples ((p V
_'a+/FS))SeUps(X,Z") and ((q v ﬁaJr)/FS)SeUps(X,Z“)' Now if S = X7, then
v —-a+)/FX’;a =q(xy,... ,xm)/FX'%a = (g(x1,. .., xm) V —-a+)/FX%a

since —~a /Fyye = 0/Fyro. If S # X},7, then ay ¢ Us and also ay ¢ Fs, thus —ay /Fs = 1/Fs
and then

(p v —ay)/Fs = (q(x1, ..., xm) V —ay)/Fs = 1/Fs.

We have shown that p Vv —a; = ¢ Vv —ay, and thus p v —ay is positive, which concludes the
proof. 0

Now, combining Theorem 4.4 with the previous result we are finally ready to characterize the free
algebra in the positive reducts of PL,. According to what we said before we denote the variety of
basic hoops generated by L7 @ C,, by PL}.

THEOREM 4.17.
Given any set X, Fp| +(X) is representable as the weak Boolean product of the family

{FPL;r (X)/Gg : S upward closed subset of X7},

where Gy is the restriction of the filter Fg of Fp, (X) to Fp| +(X). In particular the factors can be
read as follows: if S % X7 then

Fp .+ (X)/Gs = L,J{S @ Fc(Xs),

for some kg that divide n and with Xy = {x/Gs : =—(x/Gs) = 1} U {(x > —=—x)/Gs : == (x/Gs) =
0}, and

Fpp+ (X)/Gyre = Fo(X).

PROOEF. The proof follows immediately by applying to the representation of free PL,, algebras in 4.8,
Theorems 4.4 and 4.16. The only thing left to prove is the definition of Xg, that follows from the
easy observation that (x - ——x)/Fg = (—x)/Fy for all x € X such that =—(x/Fs) = 0. O

Moreover, when considering a finite set of variables, the weak Boolean product representation
yields an isomorphism, so we get the following

COROLLARY 4.18.
For every finite set X it holds that

Fpr= | ] B eFcs) | x Few,
SeUps(X7?)
S#XVC
for some kg that divide » and with

Xs = {x/Gs : ==(x/Gs) = JU{(x > =) /Gs : == (x/Gs) = 0}.
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Now that we have a representation for free algebras in these varieties of hoops, it is easy to study
finitely presented algebras. Indeed, in the same way as in Theorem 5.4 in [41], one can prove the
following theorem.

THEOREM 4.19.
In PL:{, every finitely presented algebra is projective; in particular, for every n, PL;,L has the Baker—
Beynon property.

PROOF. The proof is exactly the same as in the case of PH, shown in [41]. (]

COROLLARY 4.20.
The variety PL;| is structural for every n > 1.

We stress that we have already reached the limit of this technique. The problem is that it is more
difficult to describe free algebras in varieties of basic hoops than in varieties of BL-algebras. Here
we started from a description of the free BL-algebras in a variety V and from that we described the
free basic hoops in V*. In doing so, we heavily relied on the fact that in V the double negation is
an MV-retraction term and, most of all, —— is positive. For every variety of BL-algebras, the double
negation is an MV-retraction term [28], but for the majority of these varieties —— is not positive. In
particular, we have the following:

PROPOSITION 4.21.
Let V be a variety of BL-algebras and let A & @P,; A; be a totally ordered algebra in V; if there
exists i € I such that A; is bounded, then —— is not positive in V.

PROOF. Suppose by contradiction that there exists i € / such that A; is bounded and —— is positive,
so that there exists a 0-free term p(x1, . . ., X;,) such that —— is equivalent to p. Let us call a the lower
bound of A; and 0 the lower bound of A@@ie ; A;. Since p is an MV-retraction term, p(0) = —=—0 =
0, while p(a) = ——a = 1. But note that, 0-0 = 0 and in the same way a-a = a; similarly,0 — 0 = 1
and @ — a = 1; in other words they behave in the same way under all positive operations. Hence,
if p positive and p(0) = 0, we must have p(a) = a, and this contradicts the hypothesis that p is an
MV -retraction term, because —=—a = 1. O

4.3 Other primitive varieties

The variety PH of product hoops is primitive. In fact it is structural since it is equal to PLT and
moreover in [5] there is a complete description of the lattice of its subvarieties. There are exactly three
nontrivial subvarieties and they all consists of Wajsberg hoops, namely WH(1, @, #), WH(1, 4, {w})
and WH(%, 9, {w}). By Theorem 3.2 they are all primitive and so, by Corollary 2.7, PH is primitive.

What about dIWH = V(L+0)? Again the reader can easily check (or look at the diagram in [9],
p-360) that there are only three nontrivial subvarieties that are the same as those of PH. Thus dIWH
is primitive as well.

Forn > 1 PL,J,r is structural, as we saw, but we cannot conclude that it is primitive. First we observe
the following simple fact whose proof is straightforward and it is left to the reader.

LEMMA 4.22.
There is a bijection between the reduced triples (/,J, K), where I,J C {n} | and the subvarieties of
PL" = V(L; @ C,). Every subvariety is of the form

VAL tie UL ©C, :jed)).
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V(L] @ C.)

V(L3 , Lk @ Cy)

V(LF,Cu)

FIGURE 1

By Lemma 4.22 the lattice of subvarieties of PLJ is the one in Figure 1.

The problem is that we do not know if V(L7 LT @ C,) is primitive or even structural. On the
other hand we cannot exclude it either. If V is a variety of basic hoops and A = @,; A, is a totally
ordered algebra in V written as the sum of its irreducible components, then V(A;) € V(A). So if
V is primitive then V(A;) must be primitive for all i; it follows that the Wajsberg components of
A must be chosen among the finite totally ordered Wajsberg hoops, the totally ordered cancellative
hoops and the algebras in HSP, (L1+,0) (i.e. those of rank 1 and divisibility index 1). Note that V(Lzr)
and V(L?L @ C,) are both structural, so in particular they are equal to Q(L;’) and (@(L?L ® C,)
respectively, and this implies that also VLT, LT ®C,) = QLT, LT@CQ,). Since Q(L7, LT@C,,)) is
the smallest quasivariety generated by chains that generates V(L L & C,,), either V(L] , LT & C,,)
is structural or its structural core is not generated by chains.

5 Structural completeness in varieties of BL-algebras

A necessary condition for structurality for varieties of BL-algebras has been given in [15]. Let dIBL
be the variety of BL-algebras axiomatized by

o ®x) ~ (xDdx),
where x @y := ((x — 0)(y — 0)) — 0. Then Theorem 5.24 in [15] implies:

THEOREM 5.1.
If a variety V of BL-algebras is structural, then V € dIBL.

Let A = (P, A; be a totally ordered algebra in V where V. C dIBL; then A;; is a Wajsberg
algebra satisfying the above equation hence it is a perfect Wajsberg algebra in the sense of [33].
Moreover, if a € 4;, withi > io then a ® a = a®> @ a* = 1 (since a? € 4; as well). It follows that any
totally ordered algebra in V has a perfect Wajsberg algebra in the first component. Since the variety
of perfect Wajsberg algebras is V(L1 ) [33], any structurally complete variety of BL-algebras must
be generated by totally ordered algebras whose first component is in HSP, (L ). This of course
implies that dIBL is equal to V(L o) &' BH.

In BL-algebras not every algebra is unifiable, so the Baker—Beynon property is not enough to
guarantee structurality. However:
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LEMMA 5.2.
A finitely presented nontrivial BL-algebra in unifiable in any nontrivial quasivariety to which it
belongs if and only if it has £ as a homomorphic image.

PROOF. It is not difficult to see that L. is projective in any nontrivial variety of BL-algebras (since it
belongs to them all). Therefore if A has L as a homomorphic image, then it is unifiable. Conversely
if A is finitely presented and unifiable then there is an / : A —> P, where P is projective in Q. But
by Proposition 5.10 in [14], P must have L.; as homomorphic image and therefore so does A. O

Moreover, unlike in basic hoops, the Baker—Beynon property is preserved by generalized rotations
of BL-algebras under certain (reasonable) assumptions; in particular it is preserved by n-liftings. The
reader can easily check that the following is a consequence of Theorem 4.10 in [13].

THEOREM 5.3.
Let V be a variety of basic hoops with the Baker—Beynon property; then V(£.,,) &' V has the Baker—
Beynon property.

Given these two results, we can investigate structurality in BL-algebras with some success.

5.1 Locally finite varieties

The locally finite varieties of BL-algebras can be described in the same way as those of basic hoops,
namely:

THEOREM 5.4.
For a variety V of BL-algebras the following are equivalent:
1. Vs locally finite;
2. V satisfies the equation x* ~ xf*1 for some &k > 1 and
3. for all totally ordered A = @;,;A; € V (where the decomposition is in its Wajsberg
components), for all 7 there isan m; < k+ 1 such that A; = L,,,.

Next we observe:
LEMMA 5.5.
Let W be a variety of hoops. Then every nontrivial algebra in V(£1) @&’ W is unifiable.
PROOF. Let A be a nontrivial totally ordered algebra in V(£1) ®&'W; then by Lemma 4.1 A = L; ®B.
Thus A has L as homomorphic image. and the thesis follows from Lemma 5.2 ([
Therefore, via Theorems 2.13 and 5.3:

COROLLARY 5.6.
Let V be a variety of basic hoops with the Baker—Beynon property; then V(£1) &' V is structural.

The 1-lifting of the entire variety of basic hoops, i.e. V(£1) @’ BH, is usually called the variety of
Stonean BL-algebras (denoted by SBL); by Lemma 4.1 is axiomatized by

——x VvV x A

So a locally finite variety contained in SBL is just a variety satisfying Theorem 5.4 and such that the
first Wajsberg component of any totally ordered algebra therein is equal to ;. The main example of
this kind is the variety of Godel algebras (introduced in [43], but see also [5]); it is the equivalent
algebraic semantics of Dummet’s Logic and it is generated by the chain @, . L1.
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Another important characteristic of SBL is that any of its subvarieties comes in a very precise way
from a variety of basic hoops. Unfortunately the result describing this connection (Corollary 2.8 in
[11]) is not stated correctly. However it is easily fixable; any variety V of BL-algebras has a unique
atom, V(L]), so the nontrivial subvarieties of V form an algebraic lattice. Then:

LEMMA 5.7.
The mapping

Vi— V(L) @'V

is a lattice isomorphism between the lattice of subvarieties of basic hoops and the lattice of nontrivial
subvarieties of SBL which sends locally finite subvarieties into locally finite subvarieties.

PROOF. The proof of the first part of the statement is the proof of Corollary 2.8 in [11], once we have
corrected the statement. For the second, suppose that V is a locally finite variety of basic hoops and
letW = V(L) ®'V. Let A € W be subdirectly irreducible and finitely generated. Then A = L, B
where B is a totally ordered member of V which must be finitely generated. Hence B is finite and
so is A, which implies that W is locally finite. The converse is obtained by simply reversing the
argument. O

We stress that we can obtain an axiomatization of those varieties (relative to BL); it is well
known that every variety of basic hoops can be axiomatized by a set of equations all of the form
p(x1,...,x,) =~ 1 and, if it is finitely axiomatizable, then a single equation is enough.

LEMMA 5.8.
Let V be a nontrivial variety of basic hoops axiomatized by

{py(xl,...,x,,y) ~1l:yell}
Then V(L) @'V is axiomatized relative to SBL by
ny
\/ —-xi\/p(xl,...,xny)% l:yerlyt.
i=1

PROOF. Take a totally ordered algebra B € V(£1) @' V. Then B = L; @ A, where A is a totally

ordered algebra in V. Let &), := \/:Z1 —x; V p(x1,...,Xz,) ~ 1 an equation of the type above;
if a,... san, € B and a; = 0 for some i, then B satisfies ¢, . Otherwise aj, ... »dn, € A, thus
plai,... ,any) = 1 and again B satisfies ¢,,.

Conversely suppose that B = L1 ® A is a totally ordered algebra satisfying ¢,; and let
ai,...,an, € A. Then —a; = 0 fori = 1,...ny; so &, reduces to p(ai,...,an,) = 1. Since
this happens for every y, A € V, as wished. O

Now we can produce our classification theorem for locally finite primitive varieties of BL-
algebras.

THEOREM 5.9.
For a locally finite variety V of BL-algebras the following are equivalent:
1. V is primitive;
V is structural;
V C SBL;
V =V(&) & W, where W is a locally finite variety of basic hoopsand
every finite subdirectly irreducible algebra in V has £.; as a homomorphic image.

Nk wb
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PROOF. Clearly (1) implies (2). Let V be a structurally complete variety of BL-algebras, then V C
dIBL = V(L;) @ BH. Let A = ®i>f0 A; be a totally ordered algebra in V; as V(A;)) € V and V
is locally finite V(A,,) is a locally finite variety of Wajsberg algebras contained in dIBL. It is clear
that the only possibility is V(Ag) = V(L) so Ag = L| and thus V C SBL.

Next assume that V € SBL and let A be a subdirectly irreducible algebra in V; then A is totally
ordered and Ag = L. Since Ag is a homomorphic image of A and V is locally finite, A is weakly
projective in V (Theorem 3.6). By Theorem 2.11 V is primitive. So we have shown that (1),(2) and
(3) are equivalent.

Next, (3) and (4) are equivalent by Lemma 5.7.

(4) implies (5) is the same proof as the one of Lemma 5.5, while (5) implies (4) immediately
follows from the characterization of locally finite varieties of BL-algebras, and from the well-known
fact (see [7]) that if a BL-chain is of the form A = A @,; A; (where the decomposition is in its
Wajsberg components), then A has £.; as homomorphic image if and only if A| = L. [l

5.2 Non locally finite varieties

For non locally finite varieties contained in SBL we have some information. By Corollary 5.6 the
variety V(£1) @' C is a structural variety contained in SBL; it is not locally finite though (really,
it has no finite models except for £.1). This variety is also known as the variety PA of product
algebras and was introduced in [27] as the equivalent algebraic semantics of product logic; it can
be axiomatized (relative to BL) by

——z = (xz > yz) > (x > y)) = 1.

Moreover, by Theorem A.6 PA = V(& & C,).

PROPOSITION 5.10.
The variety PA is primitive.

PROOF. Since PA = V(L; & C,), there is only one proper nontrivial subvariety of PA, i.e. the
variety of Boolean algebras (generated by 1) which is primitive. Therefore, by Corollary 2.7 PA is
primitive. 0

We can go one step more; since PLn+ has the Baker—Beynon property for all # (via Theorem 4.19),
applying Corollary 5.6, we can derive the following theorem.

THEOREM 5.11.
The varieties V(L) &' PL;r are structural for every n € N.

Notice that, by Theorem 5.3, the varieties V(L,,) @’ PL,T = VL, ® L} @& C,) all have the
Baker—Beynon property for every m, n € N. However as we will see in the next section, they are not
structural whenever m > 1 (Example 6.4).

The remaining question is: are the varieties V(L1) @' PL," also primitive? Let’s look closely at the
case n = 1 by considering V(L) @' PL]; by Lemma 5.7 its lattice of nontrivial subvarieties is the
one in Figure 2.

The problem here is the variety V(L & LT @ C,); it is easily checked that it is V(L) &’
WH({1}, 9, {®}). Now WH({1}, @, {w}) is primitive by Theorem 3.2 but we do not know if it has the
Baker—Beynon property. If it had the Baker—Beynon property, then it would be structural and hence
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V(i oL @ Cy)
V(L1 @ LT, L1 @ Cy)
V(E1 ® LY) V(L1 ® Cu)
V(k1)

FIGURE 2

primitive, since we know that all the varieties below it are primitive; and that of course would imply
that V(L & Lf“ @ C,,) is primitive.

For primitive varieties not contained in SBL we know next to nothing. We know that V(L)
is structural; it is primitive as well since, as for PA, its only subvariety is the variety of Boolean
algebras. And this is the only variety contained in dIBL of which we know something. Our
impression is that the theory is not yet ripe enough to answer this type of questions. Some new
techniques must be discovered.

6 Quasivarieties

Quasivarieties are way more complex to deal with for several reasons, the main one is that a
quasivariety Q in general is no longer generated by chains but rather by its Q-irreducible algebras
that do not need to be chains. For this reason we will restrict the majority of our analysis to
quasivarieties generated by chains, where we will be able to start from some results about WA
and WH. Let us start by recalling these results.

Remember that, if an algebra A is subdirectly irreducible in a variety V and we consider a
quasivariety Q € V such that A € Q, then A is also Q-irreducible; moreover, if Q is generated
by a class of algebras K, by Theorem 2.3 (2) we have that A € ISP, (K). Combining this fact with
the characterization of structural quasivarieties in WA and in WH in Section 3 we have the following
corollary:

COROLLARY 6.1.
In WA:

1. if n # 1, then V(L) = V(£ x L,) butL, ¢ Q(L; x L,), that is equivalent to say that
L, ¢ ISP, (L1 x L,);

2. ifn#1,thenV(L, 1) = V(L1 x £,1) butL,x ¢ QL1 x L,,1), that is equivalent to say that
Lo ¢ ISP, (L x L,1) and

In WH:
3. ifn,k # 1, then V(L:k) = V(L;l) but L:k ¢ Q(L;l), that is equivalent to say that sz ¢
HSIPM(LL);

Let us show how we can lift some of these results in order to say something about structural
quasivarieties in BL and BH.

6.1 Structural completeness

For BL-algebras, the main idea is encoded in this rather technical lemma.
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LEMMA 6.2
Let A = B @ @,.,B; be a BL-chain (seen as an ordinal sum of its Wajsberg components); if
A € ISP,(L; x A) then B € ISP, (L.; x B).

PROOF. Let Dy = (HjE 7E1xA)/U be an ultraproduct of £.; x A that has a subalgebra C isomorphic
to A. To prove the statement we first need two claims.

CLAIM. Dy = (Hjej Ly x (B\{1})/UU (Hjele X €D, ¢ Bi)/U and this union is disjoint.
O

Proof of the claim. For every a € HjeJ L1 x A4, we have that a is of the form ((s, x););es for some
(s,x); € £1 x 4; now, define the two sets of indexes

Jp=1{ieJ|(sx) ek x B\{1)}, Jgp = [j €J | (s,x); €Ly X EBBZ].
i>0
Notice that Jgp, is the complement of Jp, so at least one of them has to be in the ultrafilter U.
Suppose Jp € U, then we can take the element

b (s,x); ifjeJp,
(0,0) oherwise.

bisin Hje sE1 x (B \ {1}) by construction, moreover ay = by because they coincide over Jp that
is in U, hence ay € (HjGJ L1 x (B \ {1}))/U; analogously we can prove that if Jgp, € U then
ay € (H/-G sE1 x @i>0 B;)/U. The fact that the union is disjoint is obvious by construction. [J

Recall that we defined C as the subalgebra of Dy isomorphic to A that exists by hypothesis; let
us divide C into two parts: Cy, that is the union of the top element 1y, of D with the restriction of
Cto (HjeJ L x (B\{1}))/U, and Cy, that is the restriction of C to (HJ.EJ L x ;. Bi)/U. Notice
that Cy N C; = {1y} by construction.

i>0

CLAIM.C =Cy 4 C;.

Proof of the claim. We start from the following observation: take an element a € Hje s E1x(B\{1})
and an element b € HjEJ L1 x @;.Bi and let us say that a = ((s,x)))jes and b = ((£,);)jes. Let
us fix aj € J; notice that x < y in the order of A by definition of ordinal sum, hence we can have
the following cases:

1. ifs =0, then (s,x); < (f,y);inL; x Abecauses < tinkt;andx < yinA;

2. if s = 1and ¢ = 0, then (s,x); and (¢,y); are incomparable in £.; x A because s > ¢in L but

x < yin A and

3. ifs=1and ¢ =1, then (s,x); < (t,y); in L1 x A because x < y in A.

Since this property is true for every coordinate, this means that also for every ay € ([ ey L1 % (B\
{11))/U and by € (HjeJ L1 x @, Bi))/U we must have either ayy < by or they are incomparable.
Given that C is a chain, this means that all elements of Cy \ {1/} are strictly less than all elements
of Cy.

Now, we need to show that Cy is closed under all operation of BL-algebras and C; is closed
under all operations of basic hoops. First, notice that the latter is a direct consequence of the fact
that C and (]_[je JE1 x D,.¢Bi))/U are closed under all BH operations. For the former, notice
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that (0, 1);e; ¢ C, because otherwise, also its negation (1,0);c; would be in C, but this cannot be
the case because (0, 1);es and (1,0);cs are incomparable and C is a chain. This means that Cy is
also the restriction of C to (HJGJ L; x B)/U. Since C and (Hjej L1 x B)/U are closed under all
BL-operations, so is Cy.

For the last step, if ay € Cg and by € Cy, then ay - by = ay A by, because in the ultraproduct the
operations are defined coordinate-wise, the product in £ coincides with the meet and the product
between an element of B and an element of @,_, B; is also equal to the meet by definition of
ordinal sum.

Combining all the previous observations, we finally have that C = Cy & C, where in principle
Cy can still be an ordinal sum of more than one algebra. J

Now, we also know that C= A =B @ EB;‘>0 B;, where B cannot be written as an ordinal sum of
any other algebras, so Cy must have the first component of its ordinal sum isomorphic to B, hence in
particular it has a subalgebra isomorphic to B. Cy is closed under all BL operations and it is contained
in (Hjej L x B\ {1}))/UU {1y} C (Hjele x B)/U by construction, so Cy is a subalgebra of
(HJGJ L1 x B)/U. Hence we have B € S(Cyp) and Cy € ISP, (L; x B), so B € ISP,(L; x B).

From this we immediately get the following theorem.

THEOREM 6.3.
Let A be a BL-chain isomorphic to B&® @, B;, where B= L, or B = L, ; with n # 1; then Q(A)
is not structural.

PROOF. We prove the statement for B = L,,; the other case follows analogously using Corollary 6.1
(2).

By Corollary 6.1 (1), we know that L., ¢ ISP,(L; x L,) and, by Lemma 6.2, this gives us that
also A ¢ ISP,(L; x A). Since £; x A € Q(A), we must have Q| x A) C Q(A); moreover
V(A) = V(L x A), hence Q(A) is not structural. O

EXAMPLE 6.4.
Let V be a variety of basic hoops generated by a single chain and with the Baker—Beynon property.
Theorem 6.3 tells us that, for every n > 1, no n-lifting of V is structural, despite having the Baker—
Beynon property by Theorem 5.3. The same holds for any n-lifting of a quasivariety generated by
chains.

Moreover, Corollary 6.6 will extend this result also to varieties and quasivarieties generated by a
finite number of chains.

Similarly, we can prove the following theorem starting from the results about Wajsberg hoops.

THEOREM 6.5.
Let A be a BL-chain (or a BH-chain) isomorphic to @_, B; & B, where B = L;k with n, k # 1;
then Q(A) is not structural;

PROOF. Consider the algebra C = @)_,B; @ LT ; now, V(C) = V(A) because V(L:‘k) = V(L:l),

n,1°

but A ¢ ISP, (C), because L.}, ¢ ISP, (L) by Corollary 6.1 (3) and

ISP,(C) = [@Di ®D:D; € [SP,(B;) and D € ]IS]P’u(LIl)].
i=0
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So we have that A and C generates the same variety but Q(C) C Q(A); hence Q(A) is not
structural. O

It is then natural to extend these results also to quasivarieties generated by finitely many algebras.

COROLLARY 6.6.
LetQ = Q(A4,...,A,) be a quasivariety of BL-algebras (or basic hoops) such that for every » # s
it holds A, ¢ ISP, (Ay). If there exists j such that at least one of the following holds

1. Aj=1L, ® P,.(Biis a BL-chain for some n # 1,

2. Aj=L,; ® P, Biis aBlL-chain for some n # 1 and

3.A =@ B L;:'k is a BL-chain (or BH-chain) for some n,k # 1,

then Q is not structural.

PROOF. The proof follows immediately from the two previous theorems and the fact that
ISP,(AL,...,Ay) = ISP,(A]) U --- UISP,(A,,), because it is an ultraproduct of finitely many
algebras. (]

Notice that the condition in the above theorem that A, ¢ ISP,(Ay) for every r,s is only saying
that no generator of the quasivariety Q is redundant.

The previous results show that, when considering if Q(A) is structural, the first (in the case of
BL-algebras) and the last Wajsberg component of A play a special role. The idea is that for all other
components of A, we are almost tied up by how homomorphic images of an ordinal sums work. For
example, suppose we take a chain A = By & L « © B2 with n, k # 1 and we try to prove that Q(A)
is not structural. If we want to rely on the results about Wajsberg hoops, the idea could be to do it
like in the proof of Theorem 6.5, so we would like to consider C = By & L+1 @ B, and Q(C). While
it is always true that A ¢ ISP, (C) (like in the proof of Theorem 6.5) and so Q(C) C Q(A), this time
A and C do not generate the same variety, indeed, HSP,(C) = H(SP,(By) ® SP, (LZ]) @ SP,(B»)),
and this is equal to

HSP,(Bo) U (ISP, (Bo) ® HSP,(E;, })) U (ISP,(B) @ ISPy(L,) ) ® HSP,(B2));

since A has three Wajsber components this means that A € V(C) ifand only if A ngSIP’ ©) 1f and
only if A € ISP,(Bg) & ISP, (L 1) @® HSP,(B2), but this is impossible because L., ¢ ISP, (Ln D-

We close this subsection remarkmg that, finding quasivarieties of BL or BH (not 1ocally finite) that
are structural appears to be way more difficult. Indeed, one should check not only those quasivarieties
that are generated by a product of chains (like in the WA and WH case), but also quasivarieties
generated by ordinal sums in which every component can be a product of chains.

6.2 Primitivity
As a consequence of Corollary 6.6 we get the following:
COROLLARY 6.7.

Every structural quasivariety of BL-algebras generated by a finite number of chains is contained in
dIBL, hence also every primitive quasivariety generated by a finite number of chains.

If Q is a locally finite quasivariety we can say something more, because it is easily seen that V(Q)
is locally finite as well, therefore:

PROPOSITION 6.8.
Let Q be a locally finite quasivariety; if Q € SBL then Q is primitive. Conversely if Q is generated
by chains and primitive then it is contained in SBL.
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PROOF. Let Q be locally finite; if Q € SBL then V(Q) € SBL and hence, by Theorem 5.9, is
primitive. So Q is primitive as well.

Conversely suppose that Q is generated by chains and Q ¢ SBL; then there must be a chain
A € Q which is not in SBL. Now it is not possible that all finitely generated subchains of A are
in SBL, otherwise A € SBL, a contradiction. So there must be a finitely generated, hence finite,
subchain B of A that is not in SBL. Since B is finite, the first component of B must be equal to L,
forsomen > 1,so0b| xL, € Q(B). By Lemma 6.2 L, ¢ S(L| x L,) so L, is not weakly projective
in Q(B). So, by Theorem 2.11, Q(B) is not primitive and neither is Q. a

REMARK 6.9.

The second part of Proposition 6.8 fails for quasivarieties not generated by chains already in
Wajsberg algebras. By Corollary 3.12 the quasivarieties Q(L; x L) are all primitive and also locally
finite. However they are not contained in SBL; in fact the only quasivariety of Wajsberg algebras
contained in SBL is the variety of Boolean algebras.

Regarding basic hoops, every locally finite quasivariety is contained in a locally finite variety of
basic hoops which is primitive. Hence every locally finite quasivariety of basic hoops is a locally
finite variety.

Contrary to Wajsberg algebras every quasivariety of Wajsberg hoops that is structural is generated
by chains; therefore we have

PROPOSITION 6.10.

Let Q = Q(A) be a primitive quasivariety of basic hoops. If A = @,.; A, is a chain then every
Wajsberg component A; is either finite, cancellative or else it has rank equal to 1 and divisibility
index da, = 1.

PROOE. Since Q is primitive, Q(A;) must be primitive; hence by Theorem 2.6 Q(A;) is either equal
to Q(L,), or else it is equal to C or else it is equal to Q(L1,1). The rest follows. O

7 Further investigations and remarks

Although we have obtained some important results in this article, the problem of structural
completeness in BL and BH remains far from solved. There are two main reasons that make a
complete characterization of all structural quasivarieties incredibly challenging:

e the first reason is that we lack a clear representation for free algebras in subvarieties of BL
and BH. This is crucial because, as shown during the article, structural quasivarieties are
precisely the ones generated by free algebras over countably many generators. In Section 4.2,
we found a characterization for free algebras in PL,, and the reader will have noticed how
that was incredibly convoluted! The problem is that we still do not have a general method for
representing Fyagp) starting from Fy(4) and Fy(g). Understanding this will probably allow
one to solve the problem of structural completeness in BL and BH building on the known
solution about WA and WH.

Another, perhaps simpler, problem concerning free algebras is that we would like to describe
Fyp) starting from Fy() and Fyg). Such a description would, for instance, allow one to
answer the question about primitivity posed at the end of Section 4.2.

e The second major obstacle on our path were quasivarieties that are not generated by chains. It
is known that the lattices of subquasivarieties of BL and BH are not numerable (neither are the
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ones of WA and WH) and that there exist quasivarieties which cannot be generated by chains.
This is a problem because very little is known about these quasivarieties.

For what concerns structural completeness, what matters are structural cores, and when these
structural cores are quasivarieties not generated by chains it is very difficult to describe them.
For example, in WH the authors showed that every structural core (except for that of WH itself)
is generated by chains, and this made possible a complete characterization of all structural
and primitive quasivarieties of WH. In contrast, Gispert [38] showed that in WA almost every
structural core is not generated by chains (except for those of V(L) and of V(£7°)). This is the
main reason why the problem of characterizing all primitive quasivarieties of WA is way more
difficult and still open. Notice that this implies that in the lattice of subquasivarieties of BL and
BH, quasivarieties not generated by chains appear quite early.

These problems are difficult to overcome but not insurmountable; for this reason we propose some
concrete directions that we think could be the easiest way to tackle the problem:

1. characterize all primitive quasivarieties of Wajsberg algebras;

2. characterize free algebras in varieties of BL and BH of the form V(A & B) and V(A, B);

3. understand if the ordered sum preserve the Baker—Beynon property. Even easier, if V(A) and
V(B) have the Baker—Beynon property, does V(A @ B) have it? And does V(A, B) have it?

4. Try to understand if the converse implication of Corollary 6.6 is true. Otherwise, there exist
more conditions on the generators of Q that make Q not structural?

5. Understand better the lattice of subquasivarieties of BL and BH; in particular, try to understand
if there are portions of the lattice where quasivarieties not generated by chains do not arise.
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Appendix A: The ordered sum of varieties

In this appendix we will consider varieties of the form V| &' - - - ®'V,, where V1, ..., V, are varieties
of Wajsberg hoops or V| is possibly a variety of Wajsberg algebras. The first case we consider is
when each V; = WH (and possibly V| = WA). Clearly the chains in Q}ﬁq WH are exactly the
chains in BH or BL having at most » Wajsberg components. If A is a totally ordered BL-algebra or
a basic hoop, the index of A, denoted by #A is the number of Wajsberg components of A if there
are finitely many of them; otherwise #A is infinite. It is an easy exercise to check that any finitely

generated BL-algebra or basic hoop has finite index. We have
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THEOREM A.l.
([7], Lemma 4.2) Let A be a totally ordered BL-algebra or Wajsberg hoop. Then #A = # if and only
if the following equation holds in A

n+1

N\ (Gt = x) = x) < \/ % (An)

i=1 i=1

COROLLARY A.2.

The variety of BL-algebras (basic hoops) axiomatized by 1, is WA & @5_,_, WH (., WH). A
totally ordered BL-algebra (basic hoop) has index 7 if and only if it belongs to WA & @’2<i<n WH
(D, WH).

Combining this fact with Lemma 4.1, if V is a proper variety of Wajsberg algebras, an

axiomatization for V&' @!_, WH is 4,41 and ty(——x) &~ 1. What happens if we consider P;_, V;
where the V;’s are arbitrary varieties of Wajsberg hoops (the first of which is possibly a variety of
Wajsberg algebras)? The solution by Montagna and the first author, published in [7] Theorem 5.1, is
not correct for at least two reasons. First it does not take good care of the case in which some of the
varieties of Wajsberg hoops involved are not proper; secondly the proposed equations are too strong
and it may happen (as the reader might want to check) that some algebras belonging to @iq V; do
not satisfy those equations'. However the general ideas behind the proof are still sound and we are
glad to have the opportunity to fix it.
Let’s consider first @§<n V; where each V; is a variety of Wajsberg hoops; we observe that the
case in which V; = WH for i > 1 has already been covered by Theorem A.1. So we may assume
that there is an i > 1 such that V; # WH or equivalently that the set [n] = {i > 1 : V; # WH}
is nonempty. To deal with ordered sum we use a notation introduced in [7]; if A = @,; A, is the
decomposition of a totally ordered Wajsberg hoop into its Wajsberg components and a,b € 4 we
say that @ < b if either b = 1 or else a lies in a Wajsberg component strictly below the Wajsberg
component in which b lies. The reader can easily check that

o ifa << b,then(b— a) - a=1,
e ifa £ b,then(b - a) > a=aVh.

Now for all £ < n we consider the set SEQy of all strictly increasing sequences of length k& with

values in {1,...,n}; in other words s € SEQy if s : {1,...,k} — {1,...,n} and 5; < s;41 for
i=1,...,k— 1. Foreach k < n we define two terms
k—1
wp(xr, .. x) =\ (i1 = x) > xi

i=1

k
VX1, ..., Xk) ::\/xiv \/ /\ 15, (xp) |

i=1 SESEQy \j<k,s;€[n]

where #;;(x) ~ 1 axiomatizes the proper subvariety V;.

I This mistake was found by Ugolini who communicated it to the first author. Later she and Galatos found a correct proof;
the proof in this note is different in parts and slightly improves theirs.

9202 1890100 €| U0 1s8nb Aq 961 2£88/S0BEX8///9¢/0[014e/W0o60|/Wo dNo"oIWspese Wol) papeojuMo(]



Structural completeness in basic hoops and BL-algebras 37

THEOREM A.3.
Let Vy,...,V, be varieties of Wajsberg hoops; then P
k <n.

t

i<n V; is axiomatized by A, and u; < vy for

PROOF. First we prove that every generator of @f<n V; satisfies the equations. Such a generator is

of the form B = @B_, B; where B; € Vﬁ and satisfies A, by Theorem A.1.

Let by,...,bx € B; if for some i, b; & bjy1, then one of the meetands in uy is b; V bi11. So
u(b1,...,by) < bi v biyx1 < vi(by,...,bx), where the second inequality is obvious. A similar
conclusion is easy to reach if b; = 1 for some 7, hence the only case missing is when

hh<h < Lbh K« 1.

In this case we consider s € SEQy defined by s; = [ where b; € B; for some j < k; clearly 75, (b;) = 1
whenever s; € [n] so (/\jgk,sje[n] t; (bj)) = 1. This shows that vi (b1, ..., b;) = 1 and hence u; < v
holds in B.

Conversely suppose that B is a finitely generated totally ordered hoop; then B has finite index. If
#B > n, then B # A, by Theorem A.1, so we may assume that B = @/l;l B; fork < n.

Let[; = {i : B; ¢ V;} and let W; = V({V; : i € [;}); we observe that I; C [n] for all i. First
let’s assume that /; is nonempty; we are in a congruence distributive variety, so Jonnson’s Lemma
applies. One of its many consequences is that the finitely subdirectly irreducible algebras (i.e. the
totally ordered algebras in our case) of a finite join of subvarieties are exactly the totally ordered
algebras that belong to at least one of joinands. This implies immediately that W consists of all the
totally ordered hoops satisfying the universal sentence

VxW(ti(x) ~ 1).

i€l

But for a totally ordered hoop, since 1 is join irreducible, this is clearly equivalent to satisfying the
equation \/, 5l (x) &~ 1 which therefore axiomatizes W;. Now B; is a totally ordered hoop that does
not belong to V; for all i € I;; so B; ¢ W;. Therefore there is a b; € B; which falsifies Vi ti(x) = 1,
which implies that #;(b;) # 1 forall i € I;.
If, on the other hand, /; is empty, then we let b; be any element of B; different from 1.

Suppose now that B ¢ @:q V;; we claim that by, . . ., by falsify u; < v;. Note that by construction
by € by &« -+ & by so ug(by,...,by) = 1. On the other hand the first join in v evaluates to
by < 1. Since B ¢ @'_, V; for every sequence s € SEQy there is aj < k such that if s; € [n] then
B; ¢ VSJ.. It follows that sj € Iy and so f;,(bj) # 1; hence A (b;) < 1. Since this happens

j<k,s;€[n] Is;

i€l

for every s € SEQ, the second join in vy is less than 1. In conclusion, vi (b1, ..., br) < 1 and thus
ur < v fails in B. So every finitely generated totally ordered algebra not in V fails either A, or
uy < v for some k. This concludes the proof. O

If now in the sum @f <n Vi the first component is a Wajsberg algebra, then we have to modify the

argument a little. The main change is that we must consider only the sequences in s € SEQ; such
that s; = 1. If we call SEQ}{ the set of those sequences than we can state and prove an analogue of
Theorem A.3. whose proof is left to the reader, without any problem.

THEOREM A 4.
Let Vy,...,V, be varieties of Wajsberg hoops; then @t

i<n

V; is axiomatized by A,, =—(#; (x)) ~ 1
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and forallk <n

k—1 k
/\(xi+1 — X)) > x < \/xl- Y \/ /\ 15, (%) |-
i=1 i=1 seSEQ) \J=k.sj€ln]

The next thing we want to deal with is the case in which every summand in @§<n V; is generated

by a single Wajsberg chain A;; we are interested in the case in which V(_, A)) = P}, V(A).
The following combines results from [7], [1] and a lemma that has many versions; the one we use is
from [4] (Lemma 5.13).

LEMMA A.S.
Let K be any class of basic hoops or BL-algebras; then Q = Q(K) is a variety if and only if all the
totally ordered members of V(K) are in ISP, (K).

Next, according to [1], we say that a totally ordered BL-algebra A = €D}, A; is uniform if for

alli<n

L, is embeddable in A; for all n, or

A is finite, or

i > 0 and A; is cancellative, or else

A; is not simple (i.e. Rad(A;) is proper) and rank(A;) = d(A;).

The definition of a uniform totally ordered basic hoop is the same with the obvious modifications.

THEOREM A.6.
Let A = @], A, be a totally ordered BL-algebra (basic hoop) of finite index. Then the following
are equivalent:

. A is uniform;

. Q) =P, V(A);
- V(A) =B, VA
. Q(A) is a variety.

B W N =

PROOF. The equivalence of (1), (2) and (3) comes from Theorems 7.4 and 7.6 in [7] and (2) clearly
implies (4).

Assume then that (1) fails; then there is j < #n such that either A; has infinite rank and £ is not
embeddable in A; for some k, or else A; has finite rank and dy, is strictly less than the rank of A;. In
the first case V(A;) = WH ([9], Theorem 2.4); now [0, 1]y, is a simple member of WH that does not
belong to ISP, (A;) (since £ is embeddable in [0, 1] for all k). In the second suppose that the rank
of A;is [; then L is subdirectly irreducible, £,y € V(A)) (since it has rank /), but Lo ¢ ISP, (A))
(by Theorem 6.3 in [7]). So in both cases we can find a subdirectly irreducible algebra B that is
in V(A;) but not in ISP, (A)). Let C = A @ --- ® A;_| @ B; then C is subdirectly irreducible,
C € V(A) but C ¢ ISP,(A). By Lemma A.5 Q(A) is not a variety. So (4) implies (1) and (1)-(4)
are equivalent. g

The combination of Theorems A.3 and A.6 yields that if A is uniform then V(A) is finitely based.
The converse, however, does not hold; there are non-uniform chains of finite index that generate a
finitely based variety (see [7], p.127). The problem of characterizing the chains of finite index that
generate a finitely based variety is still open; also, there are other relevant problems about varieties
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Structural completeness in basic hoops and BL-algebras 39

of finite chains and/or ordered sums of varieties still awaiting a solution. The interested reader can
consult the final part of [1] for more information.

Appendix B: Disconnected rotations: beyond BL-algebras

We have introduced generalized rotations in Section 4.1 concentrating on n-liftings. Another form
of generalized rotation is the disconnected rotation. Given a a basic hoop A one can define its
disconnected rotation A? as the stacking of two copies of A, the lower one with the dual order, with
the operations defined in such a way that it is a (bounded) commutative integral residuated lattice
(see [11] for a proper definition). If V is a variety of hoops then V2 is the variety generated by the
disconnected rotations of (totally ordered) members of V.

An MTL-algebra is a commutative, prelinear, integral and bounded residuated lattice; thus BL-
algebras are simply MTL-algebras satisfying the equation x(x — y) = y(y — x). The zero-free
subreducts of MTL algebras are called GMTL-algebras and so basic hoops are GMTL-algebras
satisfying the equation above. Now while it is obvious that any »-lifting of a variety of basic hoops is a
variety of BL-algebras (basic hoops), this does not happen for disconnected rotations. The following
is easy to verify (see Proposition 3.4 in [11]).

PROPOSITION B.1.
If A is a basic hoop then A’ is an MTL-algebra. It is a BL-algebra if and only if the A is a
cancellative hoop.

Given this it is easily checked that £y = Cfa (as a BL-algebra or a basic hoop), V(L19) = C?
is the only variety of BL-algebras that can be obtained as a disconnected rotation of a variety of
basic hoops. Therefore, disconnected rotations are more suitable to treat varieties that fall outside
the realm of BL-algebras. Disconnected rotations have been studied at length in [11]: the following
lemma, which is obvious for n-liftings, requires a proof for disconnected rotations.
LEMMA B.2.
[11] Let V be a variety of hoops; then the totally ordered members of V4 are exactly the rotations of
totally ordered members of V.

Next we observe that again as a consequence of Theorem 4.10 in [13] we get:

THEOREM B.3.
Let V be a variety of basic hoops with the Baker—Beynon property; then V? has the Baker—Beynon

property.
We also have a stronger analogue of Lemma 5.5 and Corollary 5.6

LEMMA B4.
Let W be a variety of hoops. Then every nontrivial algebra in W? is unifiable.

PROOF. Let A be a nontrivial totally ordered algebra in W?; then by Lemma B2 A = B’ for
some B € W. It is easy to check that B is a filter in B® and that B®/B = L. So A has £ as
homomorphic image. The conclusion follows from an analogous reasoning as the one of the proof of
Lemma 5.2. ([

COROLLARY B.5.
Let W be a variety of basic hoops with the Baker—Beynon property; then W? is a structural variety
of MTL-algebras.

This is a good point to recap the variety of hoops that we know that have the Baker—Beynon
property:

e the variety C of cancellative hoops;
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40  Structural completeness in basic hoops and BlL-algebras

o the variety dIWH = V(Lfio);

e the varieties PL;lF forn > 1and
e every locally finite variety.

We can apply the disconnected rotations to all of them to get structural varieties of M TL-algebras.
For instance, let’s consider the variety GH of Gédel hoops, which is locally finite. Then it is easy to
check that GH? is the variety NM ™ of nilpotent minimum algebras without negative fixpoint; so
NM™ has the Baker—Beynon property and since it is also locally finite, it is primitive. So we have
obtained the same result as in [39] with a different approach. Actually, this is an instance of a more
general result.

LEMMA B.6.

Let V be a locally finite variety of basic hoops; then V° is locally finite.

PROOF. Let B be an m-generated totally ordered algebra in V?; then by Lemma B.2 there is a tottaly
ordered algebra A € V such that B = A®. Now A is at most m generated, so there exists a function
f : N — Nsuch that [4]| < f(m) (because of Theorem 14.1.3 in [48]). Clearly |B| < 2f(n) so again
by the quoted result by Mal’cev, Ve is locally finite. (]

COROLLARY B.7.
If V is a locally finite variety of basic hoops, then V2 is primitive.

In MTL-algebras we can also use n-liftings; Theorem 4.10 in [13] when relativized to MTL
algebra is:

THEOREM B.8.
Let V be any variety of GMTL-algebras with the Baker—Beynon property. Then, for every n > 1,
V(L, ®"V) is a variety of MTL-algebras with the Baker—Beynon property.

Here the problem is that the Baker—Beynon property has not been investigated in GMTL-algebras
(we have only results about basic hoops). If one wants to develop further the circle of ideas
considered in this appendix, such an investigation is of paramount importance.

Received 25 November 2025
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