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Abstract

In this article we study the notion of completeness for conjunctive reducibilities. We investigate the relationship between
c-completeness and r-completeness of computably enumerable (c.e.) sets with respect to various strong reducibilities <;.
By using simplicity properties of sets, we prove that there exist c.e. sets that are simultaneously Q-complete and bd-complete,
yet fail to be c-complete. Similarly, there exist c.e. sets that are simultaneously O-complete and bwrt-complete (respectively,
btt-complete) but not c-complete. Furthermore, we study two restrictions of c-reducibility, namely ¢} - and ¢ y-reducibility,
and show that they are distinct on the c.e. sets. Nevertheless, we prove that the notions of completeness for ¢, ¢y, and ¢
coincide.

Keywords: c-reducibility; ¢ -reducibility; cj N-reducibility

1 Introduction

In this paper we study conjunctive reducibility (c-reducibility), first proposed by Jockusch [10], and
its subreducibility (known as ¢y y-reducibility), suggested by Bulitko [2]. Conjunctive reducibility
is a positive reducibility, i.e. a notion of computability relative to an external oracle in which
the computing agent makes use only of positive information about the oracle: informally, a set
A is c-reducible (denoted by 4 <. B) to a set B if membership in 4 is determined by a finite
conjunction of positive questions of membership in B. In this sense, it is a restricted version of
enumeration reducibility, although it provides a degree structure whose least degree consists exactly
of the decidable sets. This marks a fundamental difference from the most commonly studied positive
reducibilities, whose least degree consists instead of the computably enumerable (c.e.) sets.
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2 1. Chitaia et al.

Conjunctive reducibility is usually formalized as follows. If 4, B are sets of numbers, then 4 <. B
if there exists a computable function f such that for all x,y € w:

xe€d < Drx CB.

(Throughout the paper the symbol w denotes the set of natural numbers, and the symbol D,
denotes the finite set with canonical index u.) Interest in c-reducibility, its weaker variant known
as Q-reducibility (see Definition 2.4), and the algebraic structure of their respective degrees grew
substantially following a series of unexpected results by Dobritsa, Belegradek, and Ziegler, which
revealed surprisingly close connections between these reducibilities and combinatorial group theory.
Indeed, by extending from Q- to c-reducibility a famous theorem due to Dobritsa [8], Ziegler [24,
Satz 1] showed that every c-degree contains the word problem of a 2-generated group. Extending
previous work of Mclntyre [13], Belegradek [1, Theorem 1.1] showed that O-reducibility of word
problems of finitely generated c.e. groups corresponds to relative embeddability into algebraically
closed groups, namely if H, H, are finitely generated c.e. groups with A non-trivial, then the word
problem of H; is Q-reducible to the word problem of H; if and only if H; is embeddable in any
algebraically closed group in which H, is embeddable. Degtev [6] proved that the upper semilattice
R, of the c.e. c-degrees is not distributive and is not elementarily equivalent to the structure R, of
the c.e. r-degrees, with r € {tt,1, p,d} (cf. [6], to which the reader is referred also for the meaning
of the acronyms). Moreover, Degtev [7] proved that every maximal set has minimal c-degree. If, in
addition, a c-reduction f from A to B satisfies

x#y = Drw) N Drgy =9,

then we say that 4 is ci-reducible to B (notation 4 <., B) and f is a cj-reduction from A to B.
This reducibility can naturally be regarded as the injective version of c-reducibility. The current state
of knowledge about conjunctive reducibilities, and in particular the algebraic structures of c- and
c1-c.e. degrees, can be found in [3-5]. A further restriction of c-reducibility, more precisely of c;-
reducibility, is defined as follows. A set 4 is ¢ y-reducible to a set B (denoted A <ciw B) if there is
a c1-reduction f from A to B such that the set

UDbrw

Xew

is computable. In this case we say that /' is a ¢ y-reduction from A to B. It is obvious that <., , ©<,.
This restriction on cj-reducibility, according to which only those c;-reductions whose set of all
possible queries is decidable are allowed to perform oracle computations, is in line with similar
restrictions proposed for other classical reducibilities by Bulitko [2], and even by Rogers [21,
Exercise 7.34].

This article is devoted to the study of completeness notions for conjunctive reducibilities.
Section 2 contains some remarks on the relationships between c-completeness and r-completeness
of c.e. sets, where <, ranges over various strong reducibilities. In particular, by using simplicity
properties of sets, we show (Theorem 2.11) that there exists a c.e. set that is simultaneously Q-
complete and bd-complete, but not c-complete; moreover, Corollary 2.13 shows that there exists a
c.e. set that is simultaneously O-complete and bwit- (btt-) complete but not c-complete. In Section 3,
we prove that on c.e. sets ¢ y-reducibility is strictly stronger than ¢ -reducibility. Finally, in Section 4
we show that the notions of ¢-, c1-, and ¢ y-completeness coincide.

Unless otherwise specified, our notations and terminology concerning computability theory are
standard and can be found in the classical textbooks [21] and [23]. The complement w \ X of a set
X C o will be denoted by X, and its cardinality by |.X|. For a given reducibility 7, and a c.e. set 4,
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Conjunctive reducibilities and completeness 3

we say that 4 is r-complete if B <, A for every c.e. set B. The familiar symbols <,, and <7 denote
respectively m-reducibility (A <, B if there exists a computable function f, called an m-reduction
from A to B, such that x € 4 if and only if f (x) € B for every number x) and T-reducibility (A <7 B
if the characteristic function of 4 can be computed by some oracle Turing machine with oracle B).
Finally, A <; B if there exists a one-to-one m-reduction from 4 to B.

2 Relationships between c-, O- and bd-complete sets

This section investigates the relationships between the notions of r-completeness for various
reducibilities r. In this section, we prove that there exists a c.e. set that is simultaneously Q-
complete and bd-complete, but not c-complete. Nowhere simple sets, introduced by Shore [22],
are an important tool for the investigation carried out in this section.

DEFINITION 2.1.
A set A is nowhere simple if for every c.e. set B with B \ 4 infinite, there is an infinite c.e. set
W C B\ A.

Shore [22, Theorem 4] proved that every c.e. T-degree contains a nowhere simple set.

The following theorem, which is of independent interest, is useful for proving the main result of
the section. To state the theorem, let us recall that a set 4 is simple if A is c.e., 4 is infinite and
contains no infinite c.e. set. If 4, B are sets of numbers then the join A @ B of A4, B is defined by

A®B={2x:xe€ A}U{2x+ 1:x € B}.

THEOREM 2.2.
Let 4 be a simple set, B be an arbitrary set, C be a nowhere simple set and

A<.B®C.

Then 4 <. B.

Proof. We first prove the following lemma, along the lines of a corresponding result for O-
reducibility, proved in [20, Lemma 3.3].

LEMMA 2.3.
Let 4 be a simple set, B be an arbitrary set, C be a nowhere simple set and 4 <. B & C via f. Then,
for every c.e. set W for which W \ 4 is infinite, we have the following:

(1) [{2x+1: 2041 € Uyey Dy} NBBC| < 003
@ |12x:2v e U,ey D) NBBC| = oo.

Proof of Lemma 2.3. First of all, notice that Claim (2) obviously follows from Claim (1). So, it is
enough to prove Claim (1). Let U = UyeWDf(y)’ and let V¥ = U N 2w + 1). Throughout the proof

of this lemma, for any set of numbers X, let X~ = {x: 2x+ 1 € X}and X* = {2x + 1: x € X}.
Assuming that the conditions of the lemma are satisfied, we first show that

[UNB & C| = oo.
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4 1. Chitaia et al.

Indeed, if this set were finite, then the set
W ={x:DixyN(UNB&C) # o}

would be c.e. and W \ 4 C W while W N4 = @, providing an infinite c.e. subset of 4, which
contradicts the simplicity of 4.

Assume that |V \ B@® C| = oco. Then |V_ \C | = o0. Since C is nowhere simple, there exists an
infinite c.e. set V] such that

Vi<V \C.

Then V1+ is infinite, V1+ C B® Cand V1+ cV.
Consider

V) = {x: Dyeoy NV, # @)

Then V> is a c.e. set such that V5 C 4 (as x € 4 implies Dty € 2w). Moreover, V5 is infinite since
V;" € V is infinite and one need infinitely many x such that | J, Dy, covers V;". Such a c.e. set
contradicts the assumption that 4 is simple. O

Let us now go back to the proof of Theorem 2.2. Recall that /" is a computable function such that
(Vx) [xeA < Dy QB@C].

Let

R=Qo+0n||JDry | nBaC.

YEW

By (1) of Lemma 2.3, |R| < oco. Let

Dy = {v: 2y € Dyo}
Ry = {x: Dyiy NR # O},

Since R; is an infinite c.e. subset of A, by simplicity of 4 we have that |R;| < oco. Let /> be a
computable function such that

Dy (x)» if x ¢ Ry

D =
72 {{a}, if x € Ry,

where a is a fixed element of B.

If x € 4, then Dy,y € B® C. Since ANRy; = &, Dy € B. If x ¢ A, then either x € R
(s0 Dpyvy = {a} € B)orx ¢ Ry (so Dyixy € B@ C being x ¢ A, and Dyy N R = &, implying
Dpyvy = Dy vy € B). Inall cases,

(Vx) [x €4 < Dy C B].

Thus, 4 <. B.0
For the following lemma we need the following definition.
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Conjunctive reducibilities and completeness 5

DEFINITION 2.4.
A set A is said to be Q-reducible to a set B (in symbols: 4 <¢ B) if there exists computable function
f such that for all x:

xed < Wy CB.

If in addition /" satisfies Wy N Wy, = @ whenever x # y, then we say that 4 is O1-reducible to B
(notation 4 <g, B).

Clearly, O-reducibility extends c-reducibility (and, analogously, Q1 extends c1), since Dy = Wy (x)
for a suitable computable function p.

LEMMA 2.5.
Let Ay and A be c.e. sets. Then Ag @ A4 is a nowhere simple set if and only if 49 and A are both
nowhere simple.

PROOF. In [20] it is proved that if 49,4 are nowhere simple, then Ay & A; is nowhere simple.
Conversely, if A9 @ A4 is nowhere simple, since 49 <p Ao ® A1 and 4} <g Ao ® 41, it follows by
Proposition 3.5 in [20] that A9 and 4| are nowhere simple. (]

DEFINITION 2.6.
A set A is said to be bd-reducible to a set B (in symbols: A <; B) if there exist a computable
function f and n € w such that for all x:

xX€Ad < DinyNB#YI
and

|Dreo| < .

The acronym bd stands for bounded disjunctive reducible: a set A is disjunctive reducible to a
set B if there exists a computable function f* such that x € 4 <= Dy N B # &, for every x.
Notice that 4 <4 B if and only if 4 <. B. Analogously to bounded disjunctive reducibility <z; one
could define also bounded conjunctive reducibility <p.,1.e. A <p. Bif A <. B via some computable
function f such that there exists n with | Dy | < n, for every x.

PROPOSITION 2.7.
There exists a bd-complete nowhere simple set.

PROOF. Let 4 be a c.e. bd-complete set. By [22, Theorem 2], 4 can be split into two disjoint nowhere
simple sets Ag,A;. Clearly, A =p;5 Ao ® A1, and by the previous Lemma, Ao & A; is nowhere
simple. O

For the following proposition, and its proof, we recall the following two definitions.
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6 I Chitaia et al.

DEFINITION 2.8.
A set of numbers 4 is semicomputable if there is a two-variable computable function f* such that for
every x,y € w, we have f(x,y) € {x,y} and if {x,y} N 4 # @ then f(x,y) € 4.

And

DEFINITION 2.9. .
A c.e. set 4 is hypersimple if A is infinite, and for every computable function f, such that Dy N
Dy(y) = ¥ whenever x # y, we have that Dy () C A for at least one x.

(Any collection of finite sets {Dg(x) }xew, Where g is computable and the sets are pairwise disjoint
is called a disjoint strong array.)

PROPOSITION 2.10.
There exists a O-complete hypersimple set.

PrROOF.Dekker (see Theorem 9.XVI in [21]) proved there exists a 7T-complete semicomputable
hypersimple set. Marchenkov [14, Lemma 1] showed that if B is a semicomputable c.e. set such
that B # O, w and A is a c.e. set then 4 <7 B = A =< B. Thus, Q-complete hypersimple sets do
exist. g

As an application of Theorem 2.2, Proposition 2.7 and Proposition 2.10, we get:

THEOREM 2.11.
There exists a c.e. set that is simultaneously O-complete and bd-complete, but not c-complete.

PROOF. Let 4 be a Q-complete hypersimple set (such set exists by Proposition 2.10), and let B be
a bd-complete nowhere simple set (such a set exists by Proposition 2.7). Consider 4 & B. This set
is O-complete and bd-complete. Suppose A @ B is c-complete. Let S be a c-complete simple set
(such a simple set exists by Theorem 8.VIII in [21]). Then S <. A4 & B. By Theorem 2.2, § <. 4,
so A is c-complete. However, no hypersimple set can be wet-complete, let alone c-complete [10].
Contradiction. O

DEFINITION 2.12.

A set A is weak truth-table reducible (wtt-reducible) to a set B (in symbols: 4 <, B) [21], if
@) [ x4 = (pf ] and there is a computable f such that, for every x, the finite set Dy(y) consists exactly
of the numbers y queried during the computation ¢ (x), i.e. the numbers y for which the oracle is
asked to determine the value B(y). Here, x4 denotes the characteristic function of 4. If, in addition,
there exists n such that |Df(x)| < n for all x, then 4 <p,, B. The notion of bwtt-reducibility was
introduced by Lachlan [12].

Lachlan [12] proved that bwtt-complete sets are btt-complete (even bd-complete). Therefore, from
Theorem 2.11, we have the following:

COROLLARY 2.13.
There exists a c.e. set that is simultaneously O-complete and bwtz- (btt-) complete but not c-complete.

PROOF. Immediate. U
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Conjunctive reducibilities and completeness 7

We conclude the section by summarizing the inclusion relationships on c.e. sets between the
reducibilities considered in this section and the previous one .

<ot Shwtt

/\bd\ | |

— <yt Swtt <r
<bc
SH N \Cl S(‘
<Q1,N ng

The arrows indicate proper inclusions. Apart from those obtained by transitivity of <, no other
inclusions hold. For a verification of this summary, the reader is referred to [11], [15], and [16]. The
claim <, , C<, is proved in next section, Theorem 3.4. Notice that the inclusion <9< <7 does not
hold in general if the sets are not c.e. .

3 On the difference between ci-reducibility and c; y-reducibility on c.e. sets

It is well known that, on c.e. sets, c-reducibility and c¢;-reducibility do not coincide. In fact, there are
c.e. c-degrees that contain infinitely many c¢;-degrees (see, for instance, [3, 4] and [5]), and the poset
of c.e. c-degrees is not elementarily equivalent to the poset of cj-degrees (see [3]). In this section,
we show that cj-reducibility and ¢ y-reducibility do not coincide on c.e. sets.

Similarly to the way we define ¢ y-reducibility starting from cj-reducibility, given two sets
A,B we say that 4 <g,, B, if A <p, B via a computable function /" such that (J, ., Wr) is a
computable set.

xXew

THEOREM 3.1.
Let A <p, B, where 4 and B are c.c. sets. Then there exists a c.e. set C such that

A <0,y C<1B.

PROOF. Assume that 4 and B are c.e. sets and 4 <p, B via f. Let g be a one-to-one computable
function such that

range(g) = U Wi

XEw
Consider the c.e. set C = g~ !(B) and let / be a computable function such that for all x,
Wi =& W)
Then, for all x, y:
e x €A & Wy CC,
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8 I Chitaia et al.

o x #y = Wi N W) =19,
e The set J,,, Wn(v is computable (in fact, (J,c,, Wi = o).

xXew

Furthermore, C <; B via g. Thus, 4 <oin C <1 B. O

The following proposition is a direct corollary of Proposition 3.1 of [19]. Recall that a c.e. set 4
is r-maximal if 4 is infinite and there is no computable set R such that |[RN 4| = |R N 4| = oo.

PROPOSITION 3.2.
Let A and B be c.e. sets. If B is an r-maximal set and 4 <05 B, then A4 is an r-maximal set.

PROOF. Immediate from Proposition 3.1 of [19]. O

THEOREM 3.3.
There exist c.e. sets A, B, C such that B is r-maximal, 4 is not r-maximal, C is not 7-maximal, and
A SQI,N C <1 B.

PROOF. Let B be a Q1-complete r-maximal set (such a set exists by Corollary 2 of [18] and the
fact that O-completeness and Q;-completeness coincide [9]) and let 4 be a non-r-maximal c.e. set.
Then A <gp, B. By Theorem 3.1, there exists a c.e. set C such that 4 <oy C =1 B. Since 4 is
not -maximal and 4 <g,, C, the set C cannot be r-maximal by Proposition 3.2. Since C is not
r-maximal, but B is r-maximal, they are not recursively isomorphic, which means that B jél C. Thus
A =9,y C <1 B. O

THEOREM 3 .4.
The reducibilities ¢ and ¢y do not coincide on the c.e. sets.

PROOF. By Theorem 3.3, there exist c.e. sets C and B such that C is not 7-maximal, B is r-maximal,
and C < B. Since 1-reducibility implies c;-reducibility, it follows that C <., B. On the other hand,
by Proposition 3.2, since B is r-maximal and C is not -maximal, we have that C £., , B. Therefore,
there is a clear difference between ¢ and ¢y on the class of c.e. sets. O

4 cj-completeness and c| y-completeness coincide

In this section we show that the notions of c-completeness, ¢j-completeness and ¢ y-completeness
coincide. Since we know already [17] that c-completeness implies ¢; completeness, to prove our
claim it is enough to show (see Theorem 4.3) that cj-completeness implies c¢j y-completeness.
However, we prefer to precede Theorem 4.3 with a new proof (namely, the proof of Lemma 4.1)
of the fact that c-completeness implies ¢j-completeness. We do this mainly for pedagogical reasons.
First, the arguments in the two cases are similar and complement each other. Moreover, as far as
we know, our proof of Lemma 4.1 gives a novel derivation of the fact that c-completeness implies
c1-completeness, introducing a technique that may be adaptable to new similar contexts in which,
for a given reducibility  and its “injective” version 71, one aims to prove that »-completeness implies
r1-completeness.

LEMMA 4.1.
[17] If 4 is c-complete then A is cj-complete.
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Conjunctive reducibilities and completeness 9

PROOF. Let 4 be a given c.e. c-complete set, and let B be any c.e. set: we want to show that B <., 4.
Let us construct a family {V,: e € w} of uniformly c.e. sets (i.e. V. = Wy for some computable
function k) and consider

W:@Ve(z LeJ{e} x Ve).

ecw

Since W is c.e. and 4 is c-complete, we have that W <. 4. For each e, we describe a strategy 7, that
uniformly builds a c.e set V, and a corresponding partial (in fact finite or total) computable function
fe, such that if ¢, is a c-reduction from W to A then f; is a cj-reduction from B to 4. O

REMARK 4.2.

We will work with computable approximations {¢. s}esce to the partial computable functions, such
that ¢, 0(x) is undefined for every x; see [23, p.17]. To simplify notation, we use the symbol f, to
denote the partial function f;(y) = ¢.({e,»)), and accordingly f. s(v) = @es({e,»)). Notice that if
@e 1s a c-reduction from W to A, then f, is a c-reduction from V7, to 4. We will also use computable
finite approximations {4}se, and {Bs}see to the c.c. sets 4, B (in the usual meaning of [23]). Sets
of numbers will often be identified with their characteristic functions. Therefore, if X is a set of
numbers and y is a number, then X (v) denotes the value of the characteristic function of X at y.

The strategy 7, and the definitions of V', and ]76 The strategy Z, builds a c.e. set V,, under the
assumption that ¢ is a c-reduction from W to 4 and thus f, is a c-reduction from V. to 4. By suitably
coding B into V, we try to exploit this c-reduction to obtain a cj-reduction fe : Ve <¢, 4, so that by
the coding of B into V, we achieve B <., A. If at some stage we see that our attempts at making f; a
suitable cy-reduction fail, then our definition of V., will force ¢, not to be a c-reduction from W to
A. In this case we say that we abandon the strategy Z,, and we never again modify the parameters of
the strategy. Since in the end there must be some e such that ¢, is a c-reduction from W to A4, then,
for this e, we have that V, <., 4 and thus B <., 4. R

The strategy Z, works with three parameters, namely a.(s) (a number), fe s (a finite function),
and V. (a finite set). The parameters j/z,s and V., will be finite approximations in the usual way to
a partial (in fact finite or total) computable function 76 and a c.e. set V,. If Z, has not as yet been
abandoned by stage s, then at stage s + 1 the strategy updates its parameters for which the following
inductive assumptions hold:

(1) domain(fys) = [0, ac(s)), and [0, a.(s)) < domain(f, ,);
2) Ves(¥) = Bs(»), for every y < ae(s).

At this stage s + 1 we also decide whether or not to abandon Z,.

Stage 0) Let a.(0) = 0 and Vg = fo = 9.

Stage s + 1) If we have already decided at a previous stage to abandon Z., then do nothing and
leave the values of the parameters for Z, at s + 1 to be the same as at stage s. Otherwise, take the
first available action from the following list,

(1) if we see that there exists some y < a.(s) such that y ¢ V,, and Dfe,x(y) C Ay, then put all
z < yinto V, by letting V, 441 = Ve, U [0,y), and abandon Z, (hence, y ¢ Ve);

(2) iffes(ae(s)) is still undefined, then go to next stage, and leave the values of the parameters at
s + 1 to be the same as at stage s;

(3) define a.(s + 1) = a.(s) + 1, and distinguish the following two cases:
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10 1. Chitaia et al.

Case (i): Dfya(s) S Uy<ay(s) Dfe()- In this case, put each y < ac(s) into V, by letting
Ves+1 = Ve U[0,ac(s)), abandon Z, (hence, ae(s) ¢ Ve).
Case (ii): Otherwise, let fe(ae(s)) be such that
Ditactsn = Diaetsn \ | D).
y<ae(s)

(Updating of V,.) If we have not abandoned Z,, then at the end of stage s 4+ 1 update V, s+1(y) =
Bg(y) forevery y < a(s + 1).

Verification. Since W <. A4, let e be such that ¢, is a total computable function that c-reduces W to
A. We claim in this case that the strategy Z, is never abandoned. Otherwise, there is some y (coming
from Case (1), or y = a.(s), for some s, coming from Case (3)(i) of the construction), such that
(e,y) ¢ W (since y ¢ V,) but Dy () S 4, contradicting that f, is a c-reduction. Indeed, to see
that Dy, ((e,)) < 4, we first notice that in both cases (J, ., Dy, ((e;z)) S 4 being [0,)) € V and thus
{e} x [0,y) € W. On the other hand, in Case (1) since D}, = Dz \ U.<, D, (z), we have

Dyy(teyy =Dy < | Drwy UDz ) S 4.

z<y

In Case (3)(i), we have

Dy, esn =Dy € |J Doy € 4.

z<y

We now show that;‘; is a c-reduction from B to 4. If y € Btheny € V, by the step-by-step updating
of Ve,s. Therefore, the pair (e, y) lies in W and thus Dy, ((e,)) = Dy,() < 4, but then D, < 4 since
Dy o € C Dy, ;). If now y ¢ B theny ¢ V. since 7, cannot force y € V., without being abandoned, but
7. is never abandoned as we have already seen. On the other hand, it cannot be D: 7o) S A, otherwise
at some stage y would be a candidate for abandoning Z,.
In the end we need to show that f is in fact a cj-reduction, i.e. it satisfies D7 ) N D7, = @ if
x # y. But this follows from the fact that by Case (3)(ii) of the construction, for every x we have
Dz vy € Dy, but Dz N Uy < Droyy) = 9, and thus Dy () N D7 () = Pifx > y.

THEOREM 4.3.
If A is ci-complete then it is ¢ y-complete.

PROOF. Let 4 be a cj-complete c.e. set, and let B be any c.e. set. We keep the notations and the
terminology of the previous proof.

Uniformly in e we will define a c.e. set V., and a partial (in fact, finite or total) computable
functionj/";.

The strategy 7, and the definitions of V, andﬁ. The strategy Z, defining V, andﬁ is similar to the
one in the proof of Lemma 4.1. A slight complication is the delayed coding of B into V,. Suppose
that the strategy has defined/z;(y) for all y < x, and has already coded into V, the values B(y) for
all y < x. In order to define f;(x) and code B(x) into V,, the strategy waits for a number a such that
min(Dy, ) > max (Uy<foe (y)), definesfe(x) = f.(a), and makes the number a to be the coding
location b, (x) of x in V. If the coding is more complicated, the rest of the construction is simpler
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than the one in the proof of Lemma 4.1, since, as we will see, nothing goes wrong and there is ever
no need to abandon Z,, and make b.(y) € V, if y ¢ B.

At stage s we have this time the following parameters for Z: a.(s), Xe (), Ve,s, be,s. As we see, with
respect to the proof of the previous lemma, we have two additional parameters, namely a number
Xe(s) < aq(s) and a f1n1te function b, ;.

Stage 0) Let V0 —feo =beo =10,x.(0) = a.(0) = 0.

Stage s + 1) The strategy updates its parameters for which the following assumptions inductively
hold:

(1 domain(ﬁ,s) = domain(b,(s)) = [0,x.(s)) and [0, a.(s)) < domain(fe);
(2) Ves(bes(»)) = Bs(»), for every y < x.(s), and Ve 4(x) = 0 otherwise.

We distinguish the following cases:

(1) Iffes(ac(s)) is still undefined then go to next stage, and leave the values of the parameters for

T, at s + 1 to be the same as at stage s.
(2) If fes(ac(s)) converges, and

min(Dy, (a,(s))) > max U Dr |- )
y<xe(s)

then let

Folxe(9)) = felae(s)),

and define x.(s + 1) = x.(s) + 1, ae(s + 1) = a.(s) + 1. Code By(x) (where for simplicity we
write x = X,(s)) into V,, by defining V, s11(ac(s)) = Bs(x): we thus view a.(s) as the coding
location of B(x) in V,, and we record this by defining b, s(x) = a.(s).

(3) Otherwise, let a.(s + 1) = a.(s) + 1, leave the values of the other parameters for Z, at s + 1
to be the same as at stage s and go to the next stage.

(Updating of V,.) Finally, update V, 11(bes(¥)) = Bs(y), for every y < x.(s).

Verification. Since W <., A, let ¢, be a total computable function which cj-reduces W to 4. By
injectivity of the cj-reduction @ (i.e. Dy, ) N Dy, = @ if x # y) sooner or later our waits for
desired numbers a satisfying () will end. Therefore, f, and b, are total.

If y € B, then b.(y) € V. and therefore the pair (e, be(y)) lies in W, so that Dy, p,()) € 4. Since
D7y = Dfotbe)> We have Dz () € A.

Suppose now that y ¢ B. In this case we have that D, & 4, since D7) = Dy,(p.(y)) and
be(y) ¢ Ve, so th%EDfe(be(y)) ,¢_ A.

It follows that fe is a total computable function that c-reduces B to 4. Injectivity of the reduction
(making f; a cj-reduction) is immediate since it follows by () that

xX>y= mln(D*(x)) > max (D7, f(y))

since Dfe ) is one of the addenda of the union in (x).

Finally, we show that the range of 76 is decidable. To decide whether z € |, Dy > compute the

least x such that z < min(Dy, ). Then z € {J, Dy, if and only if z € U, ., Dy, O
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