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 A B S T R A C T

The integration of advanced signal processing techniques into machine learning models has 
gained increasing attention due to its potential to improve model performance, particularly for 
classification tasks. Support Vector Machine (SVM) is widely recognized as a powerful tool for 
signal classification due to its robust mathematical foundation and effectiveness in handling 
high-dimensional data. Subdivision schemes, originally developed in computer graphics for 
geometric modeling, offer a novel and parametric approach to feature preprocessing by itera-
tively refining input data through an efficient computational procedure. This paper studies the 
impact of subdivision schemes on SVM performance in terms of class separability and provides 
insights into the relationship between feature transformation and SVM response. Specifically, 
it investigates the theoretical and empirical implications of applying subdivision schemes to 
input features in SVM-based classification. The conditions under which these schemes preserve 
or enhance class separability are analyzed, focusing on the tension parameter which governs 
both the smoothness properties of the limit curve and the subdivision rule at each iteration. 
An estimation method for the tension parameter from the training data is also provided. 
Experimental results, performed in the context of signal classification based on the wavelet 
scattering transform, demonstrate that the appropriate selection of the tension parameter of 
the scheme can significantly enhance class separability, highlighting that subdivision schemes 
are a promising tool for improving classification accuracy in machine learning workflows.

1. Introduction

Signal classification is a critical task in decision-making processes in various applications fields, including communications, 
medical diagnostics, and multimedia processing. In recent years, the rapid growth of machine learning applications have highlighted 
the crucial role of data preprocessing in the improvement of model performance. Preprocessing methods aim to transform input data 
into representations that are more suitable for learning tasks, addressing challenges such as noise, sparsity, nonlinearity, and di-
mensionality [1–6]. They include scaling, normalization, dimensionality reduction, and feature extraction. Representative examples 
are z-score normalization, Principal Component Analysis (PCA), embeddings, wavelet or graph-based representations [7–13]. One 
notable area of advancement is the use of kernel-based transformations, where input features are implicitly mapped into higher-
dimensional spaces to make data linearly separable [14,15]. Additionally, feature augmentation strategies, such as polynomial 
expansions or Fourier feature mappings, are often used to enrich the feature space, enabling models to capture complex relationships 
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that may be hidden in the original representation [16–18]. More recently, feature ranking and automated machine learning 
frameworks began to incorporate automated feature selection or preprocessing as a core component of the optimization process 
using, for example, greedy strategies for classifier-dependent feature selection (see [19] and references therein) or evolutionary 
strategies and reinforcement learning for effective dataset-dependent preprocessing [20]. Despite these advancements, preprocessing 
remains a delicate task. Over-transforming features can lead to information loss or overfitting, particularly in scenarios with limited 
data. Among the methods that transform input features to improve machine learning models, subdivision schemes [21] are emerging 
as a promising approach for improving feature quality since they integrate a flexible and easily manageable formal model with an 
efficient computational procedure. Specifically, they are designed to generate continuous or differentiable functions from discrete 
data points through a recursive refinement procedure, thus producing smoother or higher-resolution representations of the data. 
A key characteristic is the tension parameter, which controls the degree of smoothness in the resulting signal. This parameter 
significantly influences the geometry of the transformed feature space, directly affecting the separability of data points associated 
with different classes. In a recent study [22], the fractal properties of 4-point interpolatory subdivision schemes have been exploited 
to interpolate wavelet scattering coefficients [23] for signal classification purposes. Specifically, the formal relationship between the 
tension parameter and the fractal dimension of the limit curve of the scheme has been studied, providing empirical evidence of the 
benefits given by tension parameters reproducing the fractal properties of the scattering matrix of the input signals. However, a 
direct study of how the tension parameter affects class separability in the feature space was not undertaken.

This paper contributes to a more rigorous understanding of how the geometric properties induced by subdivision schemes, 
particularly those controlled by the tension parameter, interact with machine learning models and their ability to separate classes. 
To this aim, Support Vector Machine (SVM) classifier [24–26] is considered. The latter is a cornerstone in machine learning-
based classification tasks, where maximizing the margin between classes in a feature space is critical for generalization. A 
detailed mathematical analysis is conducted to identify the conditions under which subdivision schemes preserve or enhance class 
separability. Exploiting their analytical formulation, the investigation primarily concentrates on determining the tension parameter 
that  provides a good balance between the separation of the center of mass of each class and the within class dispersion. The 
outcomes of the study also include a systematic iteration-wise tuning process for the tension parameter, which ensures that the 
feature transformation aligns with the optimal decision boundaries of the SVM classifier. Experimental results demonstrate that 
variations in the tension parameter significantly impact the performance of SVM in classification tasks, and indicate that, by carefully 
tuning the tension parameter, one can improve classification accuracy even after a single iteration of the subdivision scheme. This 
paves the way for future research into automated and data-driven parameter tuning in non-stationary subdivision schemes [27–29], 
with the goal of refining features for better class separability and increased generalization capabilities over different datasets.

The remainder of the paper is organized as follows. Section 2 provides a background on SVM, subdivision schemes and wavelet 
scattering transform. Section 3 presents the theoretical analysis of subdivision schemes in the context of class separability. Section 4 
describes the experimental setup and results, and discusses the implications and limitations of our findings. Finally, Section 5 draws 
the conclusions.

2. Mathematical background

This section provides a formal yet concise explanation of the essential concepts of the two main elements of the proposed 
model: Support Vector Machines [24] and the Subdivision Schemes (the reader may refer to [30–32] and references therein for 
a comprehensive treatment of univariate subdivision schemes). As the numerical simulations are within the context of signal 
classification using wavelet scattering transform, a brief overview of this transform is also given.

2.1. Support vector machine

Support Vector Machines (SVM) is a supervised machine learning algorithm primarily used for classification and regression 
tasks [24–26]. It aims to find the optimal hyperplane that separates data points of different classes in a feature space, as detailed 
in the following for the binary classification problem.

Given a labeled dataset {(𝐱𝑖, 𝑦𝑖)}𝑛𝑖=1, where 𝐱𝑖 ∈ R𝑑 represents the 𝑖th feature vector and 𝑦𝑖 ∈ {−1,+1} denotes the corresponding 
label, SVM finds a hyperplane that maximally separates the two classes. More formally, let the support vectors be the closest data 
points from each class, and let the margin 𝛾 be defined as the distance between the hyperplane and the support vectors; then, for 
linearly separable data, SVM solves the following optimization problem 

min
𝐰,𝑏

1
2
‖𝐰‖2, subject to 𝑦𝑖(𝐰⊤𝐱𝑖 + 𝑏) ≥ 1, ∀𝑖, (1)

where 𝐰⊤𝐱 + 𝑏 = 0 is the hyperplane equation, with 𝐰 ∈ R𝑑 the normal vector to the hyperplane, and 𝑏 ∈ R the bias term, 
𝑓 (𝐱) = sign(𝐰⊤𝐱 + 𝑏) is the classification rule, and 𝛾 = 2

‖𝐰‖  is the margin.
Hence, under the constraint that a point (𝐱𝑖, 𝑦𝑖) is correctly classified if

𝑦𝑖(𝐰⊤𝐱𝑖 + 𝑏) ≥ 1, ∀𝑖 ∈ {1, 2,… , 𝑛},

SVM maximizes the margin 𝛾, and the above optimization problem refers to the hard-margin. A larger margin typically promotes 
generalization capabilities of the model. In addition the following result holds [24,26].

Proposition 2.1.  If the training data is linearly separable, there exists a unique hyperplane (𝐰, 𝑏) that maximizes the margin.
2 
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To handle more real cases, the hard margin can be relaxed, as for example in the case of data that are not linearly separable, 
where a point (𝐱𝑖, 𝑦𝑖) is considered correctly classified if

𝑦𝑖(𝐰⊤𝐱𝑖 + 𝑏) ≥ 1 − 𝜉𝑖, ∀ 𝑖,

where 𝜉𝑖 ≥ 0 acts as a relaxation variable and represents the degree to which the 𝑖th point violates the margin. In other words, 𝜉𝑖
allows for some misclassifications. The optimization problem then refers to a soft-margin SVM and can be reformulated as it follows 

min
𝐰,𝑏,𝜉

1
2
‖𝐰‖2 + 𝐶

𝑛
∑

𝑖=1
𝜉𝑖, subject to 𝑦𝑖(𝐰⊤𝐱𝑖 + 𝑏) ≥ 1 − 𝜉𝑖, 𝜉𝑖 ≥ 0, ∀𝑖, (2)

where 𝐶 > 0 is a penalty term that controls the trade-off between maximizing the margin and minimizing misclassification errors. 
A high value of 𝐶 forces the model to have fewer misclassifications, leading to a smaller margin, whereas a smaller 𝐶 allows for a 
larger margin but more misclassifications [24,26].

It is worth observing that in both hard and soft margin optimization problems, the number of parameters (i.e., the dimension 
of 𝐰) grows linearly with the number of features. To define the learning problem in a way that does not scale with the number of 
features, the optimization problem is often solved in its dual form where the Lagrange multipliers 𝛼𝑖 ≥ 0, 𝑖 = 1,… , 𝑛 are introduced 
for each training data point. Specifically, the dual form of the soft-margin SVM is:

max
𝛼

𝑛
∑

𝑖=1
𝛼𝑖 −

1
2

𝑛
∑

𝑖=1

𝑛
∑

𝑗=1
𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗 (𝐱⊤𝑖 𝐱𝑗 ), (3)

subject to
𝑛
∑

𝑖=1
𝛼𝑖𝑦𝑖 = 0, 0 ≤ 𝛼𝑖 ≤ 𝐶, ∀𝑖.

where

𝑓 (𝐱) = sign
( 𝑛
∑

𝑖=1
𝛼𝑖𝑦𝑖𝐱⊤𝑖 𝐱 + 𝑏

)

is the decision function; and whose optimal solution is given by the Representer Theorem [33], i.e. 

Proposition 2.2.  The optimal solution 𝐰 for the SVM problem in Eq. (3) can be expressed as a linear combination of the training data 
points:

𝐰 =
𝑛
∑

𝑖=1
𝛼𝑖𝑦𝑖𝐱𝑖,

where 𝛼𝑖 ≥ 0 are the Lagrange multipliers and the Karush–Kuhn–Tucker conditions are satisfied, i.e.:
1. 𝛼𝑖 ≥ 0,
2. 𝑦𝑖(𝐰⊤𝐱𝑖 + 𝑏) ≥ 1 − 𝜉𝑖,
3. 𝛼𝑖[𝑦𝑖(𝐰⊤𝐱𝑖 + 𝑏) − 1 + 𝜉𝑖] = 0.

Therefore, only the support vectors (𝛼𝑖 > 0) contribute to the hyperplane. Moreover, the number of parameters increases with 
the number of examples in the training set. This formulation also enables the use of kernel functions to tackle with data that are 
not linearly separable in the original feature space. Kernel functions are used to implicitly map the data into a higher-dimensional 
space, where it may become linearly separable, and without the need to explicitly compute the coordinates in that space. This is 
known as the kernel trick [26,34]. The kernel function 𝐾(𝐱𝑖, 𝐱𝑗 ) computes the dot product in the transformed space, i.e.

𝐾(𝐱𝑖, 𝐱𝑗 ) = 𝜑(𝐱𝑖)⊤𝜑(𝐱𝑗 ),

where 𝜑(⋅) is a mapping to the higher-dimensional space, and then the decision function changes as it follows:

𝑓 (𝐱) = sign
( 𝑛
∑

𝑖=1
𝛼𝑖𝑦𝑖𝐾(𝐱𝑖, 𝐱) + 𝑏

)

.

Common kernel functions include linear kernel, polynomial kernels, radial basis functions, sigmoidal functions.
SVM can be extended to handle multi-class classification problems using different strategies, whose benefits depend on the 

number of classes and the computational efficiency [26]. Two commonly adopted strategies are One-vs-All and One-vs-One. The 
former consists of training one SVM for each class, with the objective of distinguishing that class from all the others, and selecting 
the SVM with the highest output score. The latter consists of training a binary SVM for every pair of classes, and then applying 
majority voting to select the final class.

2.2. 4-Point subdivision schemes

A general subdivision scheme [30–32,35–37] defines a curve or a surface out of an initial control polygon or control mesh 
by recursively subdividing them according to some refining rules which approximate or interpolate the points generated at each 
3 
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Fig. 1. Curves obtained after 10 steps on the initial points (black dots) for different values of the tension parameter: 𝑤 = 1
16
 (orange), 𝑤 = − 1

16
(yellow), 𝑤 = 1

4
 (purple) and 𝑤 = − 1

4
 (green).

iteration. In general, approximating schemes give smoother curves or surfaces, while interpolatory schemes preserve the initial data 
points. This property makes interpolatory schemes able to preserve the original features when applied for increasing the number 
of discriminative features. Motivated by the results in [22], this section focuses on the 4-points interpolatory subdivision scheme 
(4SS) [21], while its use for classification purposes is further studied in the next section.

The 4SS is the first and most popular interpolatory scheme introduced in [38]. It is a binary scheme since it duplicates the number 
of control points, and thus it is in perfect matching with the upsampling/downsampling of a multiresolution setting. The recursive 
steps involve a 4-point rule, defined as it follows. Starting on initial control points 𝐱(0) = {𝐱(0)𝑗 ∈ R𝑑}𝑁+1

𝑗=−2, let 𝐱(𝑘) = {𝐱(𝑘)𝑗 ∈ R𝑑}2𝑘𝑁+1
𝑗=−2

be the set of control points at level 𝑘 (𝑘 ≥ 0, 𝑘 ∈ Z), then the set of control points at level 𝑘 + 1 {𝐱(𝑘+1)𝑗 ∈ R𝑑}2
𝑘+1(𝑁+1)
𝑗=−2  is defined by 

the following 2 rules: 

⎧

⎪

⎨

⎪

⎩

𝐱(𝑘+1)2𝑗 = 𝐱(𝑘)𝑗 , −1 ≤ 𝑗 ≤ 2𝑘𝑁 + 1,

𝐱(𝑘+1)2𝑗+1 =
(

1
2 +𝑤

)(

𝐱(𝑘)𝑗 + 𝐱(𝑘)𝑗+1
)

−𝑤
(

𝐱(𝑘)𝑗−1 + 𝐱(𝑘)𝑗+2
)

, −1 ≤ 𝑗 ≤ 2𝑘𝑁,
(4)

where 𝑤 is the tension (shape) parameter. By letting 𝑘 tend to infinity, this process defines an infinite set of points in R𝑑 whose 
smoothness properties depend on the values of the parameter 𝑤. In particular, it is proved that the 4-point interpolatory scheme is 
𝐶0-continuous for − 1

4 < 𝑤 < 1
4  and 𝐶1-continuous for 0 < 𝑤 <

√

5−1
8  (see [21,38,39]), it generates the piecewise linear interpolant 

in the initial control polygon for the trivial value 𝑤 = 0, whereas, for 𝑤 = 1
16 , the limit curve has the best possible Hölder regularity 

(i.e., it is 𝐶2−𝜀 for every 𝜀 > 0). In addition, the limit curve of the 4-point binary can be fractal for − 1
2 < 𝑤 < 0 or 14 ≤ 𝑤 < 1

2  [40], 
thus it allows to interpolate the coefficients of the feature matrix in a fractal context. Fig.  1 shows examples of curves obtained with 
the scheme (4) using different values of the parameter 𝑤: for 𝑤 = 1

16  (orange line) the curve is almost 𝐶2 and it is only continuous 
for 𝑤 = − 1

16  (yellow line), whereas fractal behaviors are obtained for 𝑤 = 1
4  (purple line) and for 𝑤 = − 1

4  (green line). The initial 
points are marked with black bullets.

Subdivision can also be implemented in a level dependent way, that is by using different rules at different iterations, leading 
to the non-stationary subdivision schemes (NSS) while preserving computational efficiency. Also, the definition of convergence and 
regularity is not affected by the level dependence of the rules. Compared to the stationary case, NSS are most flexible and allow to 
reconstruct special types of curves including polynomial functions, conic sections and spiral curves [41,42]. Accordingly, in [42] a 
binary four-point interpolating non-stationary scheme generating limit curves of 𝐶1-continuity has been defined. Fig.  2 compares 
the curves generated at different steps (𝑘 = 1, 3, 5) by the 4SS using two different tension parameters (𝑤 = 0.3 (top) and 𝑤 = 1

2
(bottom)) and by a non stationary four-point scheme where the tension parameters 𝑤𝑘 are randomly sampled in [ 14 ,

1
2 ] (center).

2.3. Wavelet scattering transform

Wavelet Scattering Transform (WST) [23,43] is a non-linear time–frequency transform which is implemented by cascading 
convolutional, non-linear and pooling operators in an iterative manner. It can be graphically represented with a tree structure, as 
shown in Fig.  3, where the 0th layer is defined as the convolution product of the original input signal 𝑥 with a regularizing scaling 
function 𝜙 [44]. In the successive layers the regularizing function 𝜙 is applied to the absolute value of the bands of a constant-Q 
factor wavelet decomposition. Its formal definition is in the following [23,43,45]. 

Definition 2.1.  Let 𝑥(𝑡), 𝑡∈ 𝛺𝑡 ⊂ R be a time-dependent signal, 𝜙(𝑡) a scaling function, 𝐼𝑚 ⊂ Z a subset of indices, and 𝜓𝜆𝑚 (𝑡) ∶=
{𝜓𝑚,𝑘(𝑡)}𝑘∈𝐼𝑚⊂Z the constant 𝑄𝑚-factor wavelet filter bank generated by the mother wavelet 𝜓(𝑡), with 𝜓𝑚,𝑘(𝑡) =

√

𝜆𝑚,𝑘𝜓(𝜆𝑚,𝑘 𝑡), where 
𝜆 = 2

𝑘
𝑄𝑚  is the dilation parameter and {𝑄 }  is a sequence of integer 𝑄−factors representing the number of wavelets per 
𝑚,𝑘 𝑚 𝑚=1,…,𝐿

4 
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Fig. 2. Curves obtained after 1, 3 and 5 steps of 4SS (left to right). Top row: stationary 4SS with 𝑤 = 0.3 (yellow line). Central row: nonstationary 
4SS where the values of 𝑤𝑘 are randomly sampled in [ 14 ,

1
2
] (purple line). Bottom row: stationary 4SS with 𝑤 = 0.5 (green line).

octave. By setting 𝝀𝑚 = {𝜆𝑚,𝑘}𝑘∈Z, the Wavelet Scattering Transform  (WST) 𝐒 of 𝑥 is the vector aggregation of the 𝑚th order scattering 
coefficients 𝐒𝑚𝑥 with 𝑚 = 0,… , 𝐿, i.e. 

𝐒𝑥 = {𝐒0𝑥,𝐒1𝑥,… ,𝐒𝐿𝑥}, (5)

where 𝐒0𝑥 = 𝑥 ∗ 𝜙(𝑡), and 𝐒𝑚𝑥 = ‖‖𝑥 ∗ 𝜓𝜆1 | ∗ 𝜓𝜆2 | ∗ ...| ∗ 𝜓𝜆𝑚 | ∗ 𝜙(𝑡), 𝑚 = 1,… , 𝐿.

Each 𝑚th order component 𝐒𝑚𝑥 can be arranged in matrix form whose dimension depends on the constant Q-factor wavelet 
transform. In particular, the temporal dimension (number of columns) depends on the critical sampling that the transform allows to 
apply, while the frequency dimension (number of rows) depends on the number of octaves 𝑄𝑚. As a result, 𝐒𝑥 is the matrix obtained 
as the vertical concatenation of the 𝑚th order scattering matrices, i.e. 

𝐒𝑥 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐒0𝑥
𝐒1𝑥
⋮

𝐒𝐿𝑥

⎤

⎥

⎥

⎥

⎥

⎦

. (6)

WST is a non expansive transform that computes the deep spectrum of 𝑥 and is stable to additive noise and time warping [23,46]. 
In addition, it preserves signal energy that, under appropriate assumptions on 𝜓 , is concentrated in the first layers. This enables 
5 
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Fig. 3. Graphical representation of the tree-structure of the Wavelet Scattering Transform till the 2nd order component. Black dots represents 
the scattering subbands.

to reduce depth of the transform, making WST a powerful tool for signal classification when embedded in machine learning 
architectures [2,11,47].

3. The proposed data-driven method for feature pre-preprocessing in signal classification

SVM aims to find a decision boundary that separates the data into different classes while maximizing the margin between the 
support vectors [26,48]. The intuition behind SVM is that a larger margin leads to better generalization and, consequently, improved 
performance on unseen data. A larger margin reduces model complexity, leading to a better trade-off between bias and variance, 
and generally results in lower overfitting. The relationship between the centers of mass (or centroids) of classes and the dispersion 
within each class is crucial for understanding the geometry of class separability. In particular, it is expected that classes centroids 
are sufficiently separated while the dispersion within each class is sufficiently limited [26]. More precisely, let define

𝑠 = {𝐱(𝑠)𝑖 , 𝑖 = 1, 2,… , 𝑛𝑠}

a class of signals with 𝑛𝑠 data points 𝐱(𝑠)𝑖 ∈ R𝑑 . The centroid 𝐜(𝑠) of the class 𝑠 is defined as 

𝐜(𝑠) = 1
𝑛𝑠

𝑛𝑠
∑

𝑖=1
𝐱(𝑠)𝑖 , (7)

while the within-class dispersion is defined as [26], i.e. 

𝜎(𝑠) = 1
𝑛𝑠

𝑛𝑠
∑

𝑖=1
‖𝐱(𝑠)𝑖 − 𝐜(𝑠)‖2. (8)

The latter quantifies the variability of class data points around the centroid and it is commonly measured as the average squared 
distance of the points from their centroid. Hence, by denoting with 

𝑑(𝐜(𝑠1), 𝐜(𝑠2)) = ‖𝐜(𝑠1) − 𝐜(𝑠2)‖2 (9)

the squared distance between the centroids of the classes 𝑠1 and 𝑠2, a larger distance improves separability, while classes with 
higher dispersion exhibit greater overlap, reducing separability. With reference to SVM-based binary classification, a large margin is 
achievable when the distance between class centroids is significant compared to their dispersions, according to the Fisher’s Ratio [26] 

𝐹 (𝑠1 ,𝑠2)
𝑅 =

𝑑(𝐜(𝑠1), 𝐜(𝑠2))
𝜎(𝑠1) + 𝜎(𝑠2)

, (10)

which is a standard measure of separability in the linear case [26]. Nonlinear kernels accomplish this task by mapping the data 
into a higher-dimensional space where the class centroids are farther apart, and dispersions are reduced. Preprocessing methods 
aim to reduce within-class dispersion and enhance the separation between centroids. The next section focuses on the latter strategy 
by providing constraints on the tension parameter of the 4-point interpolatory subdivision scheme applied to the wavelet scattering 
feature matrix. To simplify the analysis, the investigation is restricted to classification problems involving two classes of signals, 
say 𝑠1 and 𝑠2. Class separation is evaluated through the Fisher ratio, as defined in Eq. (10), and its dependence on 𝑤 is studied by 
considering a single subdivision step, transitioning from level 𝑘 to level 𝑘 + 1.
6 
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3.1. A numerical procedure for the selection of the tension parameter of stationary subdivision schemes

As mentioned in Section 2.3, the WST applied to a given signal 𝑥(𝑡) can be represented by a feature matrix where the rows 
represent the frequency bands while the columns the time samples. Since we are interested in interpolating time samples, in this 
section each signal 𝐱(𝑠)𝑖  is associated with the wavelet scattering feature matrix 𝐒𝐱(𝑠)𝑖 ∈ R𝑀×𝑁 , which is rewritten as follows for 
convenience

𝐒𝐱(𝑠)𝑖 = [𝐱(𝑠)𝑖,1 , 𝐱
(𝑠)
𝑖,2 ,… , 𝐱(𝑠)𝑖,𝑁 ], 𝐱(𝑠)𝑖,𝑗 ∈ R𝑀 ,

where 𝐱(𝑠)𝑖,𝑗  represents the 𝑗 column of the corresponding feature matrix, referred as component, of the signal 𝐱
(𝑠)
𝑖 . The subdivision 

scheme described in Section 2.2 is then applied to the columns of the feature matrix. Therefore, in this sequel the symbols have the 
following meaning:

• superscripts respectively indicate the class 𝑠 (or the classes 𝑠1 and 𝑠2) and the iteration 𝑘 of the subdivision scheme;
• subscripts indicate the element 𝑖 of the class and the column index 𝑗 of the feature matrix; for the centroid the first subscript 
is obviously missing.

As a result, the components of the signal 𝐱(𝑠)𝑖  at the level 𝑘 + 1 of the subdivision scheme are denoted by 𝐱(𝑠,𝑘+1)𝑖,𝑗  and are recursively 
defined as 

⎧

⎪

⎨

⎪

⎩

𝐱(𝑠,𝑘+1)𝑖,2𝑗 = 𝐱(𝑠,𝑘)𝑖,𝑗 , −1 ≤ 𝑗 ≤ 2𝑘𝑁 + 1,

𝐱(𝑠,𝑘+1)𝑖,2𝑗+1 =
(

1
2 +𝑤

)(

𝐱(𝑠,𝑘)𝑖,𝑗 + 𝐱(𝑠,𝑘)𝑖,𝑗+1

)

−𝑤
(

𝐱(𝑠,𝑘)𝑖,𝑗−1 + 𝐱(𝑠,𝑘)𝑖,𝑗+2

)

, −1 ≤ 𝑗 ≤ 2𝑘𝑁,
(11)

for a proper choice of the tension (shape) parameter 𝑤.
The linearity of the scheme allows us to write the functional dependence of the entities in Eq. (10) on 𝑤, starting from class 

centroids at level 𝑘 + 1 of the subdivision scheme. 

Proposition 3.1.  Let 𝐜(𝑠,𝑘) = 1
𝑛𝑠

∑𝑛𝑠
𝑖=1 𝐱

(𝑠,𝑘)
𝑖  be the centroid of the class 𝑠 at level 𝑘 of the four-point subdivision scheme, and let 𝐱(𝑠,𝑘+1)𝑖

be the feature matrix at level 𝑘 + 1 of the 𝑖th signal, as defined in Eq. (11), then 

⎧

⎪

⎨

⎪

⎩

𝐜(𝑠,𝑘+1)2𝑗 = 𝐜(𝑠,𝑘)𝑗 , −1 ≤ 𝑗 ≤ 2𝑘𝑁 + 1,

𝐜(𝑠,𝑘+1)2𝑗+1 =
(

1
2 +𝑤

)(

𝐜(𝑠,𝑘)𝑗 + 𝐜(𝑠,𝑘)𝑗+1

)

−𝑤
(

𝐜(𝑠,𝑘)𝑗−1 + 𝐜(𝑠,𝑘)𝑗+2

)

, −1 ≤ 𝑗 ≤ 2𝑘𝑁.
(12)

The proof is in Appendix  A. Thus, the centroid of feature vectors in a class at level 𝑘+1 is obtained by applying the subdivision 
scheme to the centroid of the same class at level 𝑘. This ensures consistency between the subdivision process applied to the signal 
and its corresponding centroid representation.

Eq. (12) enables to express the distance between 𝐜(𝑠1 ,𝑘+1) and 𝐜(𝑠2 ,𝑘+1) as function of 𝑤, and then to study the dependence of the
Fisher ratio at level 𝑘 + 1, i.e. 

𝐹 (𝑠1 ,𝑠2 ,𝑘+1)
𝑅 =

𝑑(𝐜(𝑠1 ,𝑘+1), 𝐜(𝑠2 ,𝑘+1))
𝜎(𝑠1 ,𝑘+1) + 𝜎(𝑠2 ,𝑘+1)

, (13)

on the tension parameter 𝑤, as shown in the following propositions. 

Proposition 3.2.  Let consider 𝑑(𝐜(𝑠1 ,𝑘+1), 𝐜(𝑠2 ,𝑘+1)) as in Eq. (9), and let set

∆(𝑠1 ,𝑠2 ,𝑘+1) ∶= 𝐜(𝑠1 ,𝑘+1) − 𝐜(𝑠2 ,𝑘+1)

and

𝐃(𝑠1 ,𝑠2 ,𝑘)
𝑗 ∶= ∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗 +∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗+1 −∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗−1 −∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗+2 .

If 𝑤(𝑠1 ,𝑠2 ,𝑘) = 𝑎𝑟𝑔𝑚𝑖𝑛𝑤𝑑(𝐜(𝑠1 ,𝑘+1), 𝐜(𝑠2 ,𝑘+1)), then 

𝑤(𝑠1 ,𝑠2 ,𝑘) = −1
2

∑

𝑗

(

∆
(𝑠1 ,𝑠2 ,𝑘)
𝑗 +∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗+1

)

𝐃(𝑠1 ,𝑠2 ,𝑘)
𝑗

∑

𝑗

(

𝐃(𝑠1 ,𝑠2 ,𝑘)
𝑗

)2
, (14)

The proof is in Appendix  B.
As observed in the proof, 𝑑(𝐜(𝑠1 ,𝑘+1), 𝐜(𝑠2 ,𝑘+1)) = ‖∆(𝑠1 ,𝑠2 ,𝑘+1)

‖

2 is a convex paraboloid  with respect to 𝑤; therefore, larger values 
can be obtained for 𝑤 far enough from 𝑤(𝑠1 ,𝑠2 ,𝑘).

A similar procedure allows us to study the denominator of the Fisher ratio.
7 
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Proposition 3.3.  Let 𝜎(𝑠,𝑘+1) = 1
𝑛𝑠

∑𝑛𝑠
𝑖=1 ‖𝐱

(𝑠,𝑘+1)
𝑖 −𝐜(𝑠,𝑘+1)‖2 be the dispersion within the class 𝑠 at a level 𝑘+1 of the four-point subdivision 

scheme, and let 

𝑤̃(𝑠1 ,𝑠2 ,𝑘) = 𝑎𝑟𝑔𝑚𝑖𝑛𝑤(𝜎(𝑠1 ,𝑘+1) + 𝜎(𝑠2 ,𝑘+1)),

then 

𝑤̃(𝑠1 ,𝑠2 ,𝑘) = −𝛼
(𝑠1 ,𝑘)𝑤̃(𝑠1 ,𝑘) + 𝛼(𝑠2 ,𝑘)𝑤̃(𝑠2 ,𝑘)

𝛼(𝑠1 ,𝑘) + 𝛼(𝑠2 ,𝑘)
(15)

where 𝑠 = 𝑠1, 𝑠2, 𝑤̃(𝑠,𝑘) = 𝑎𝑟𝑔𝑚𝑖𝑛𝑤𝜎(𝑠,𝑘+1), 𝛼(𝑠,𝑘) ∶=
∑𝑛𝑠
𝑖=1

∑

𝑗

(

𝐃̃(𝑠,𝑘)
𝑖,𝑗

)2
, with 𝐃̃(𝑠,𝑘)

𝑖,𝑗 ∶= ∆̃(𝑠,𝑘)
𝑖,𝑗 + ∆̃(𝑠,𝑘)

𝑖,𝑗+1 − ∆̃(𝑠,𝑘)
𝑖,𝑗−1 − ∆̃(𝑠,𝑘)

𝑖,𝑗+2 and ∆̃
(𝑠,𝑘)
𝑖,𝑗 ∶=

𝐱(𝑠,𝑘)𝑖,𝑗 − 𝐜(𝑠,𝑘)𝑗 .

The proof is in Appendix  C.
Collecting the results in Propositions  3.2 and 3.3, the following proposition provides an explicit expression for 𝐹 (𝑠1 ,𝑠2 ,𝑘+1)

𝑅  in (13), 
as a function of 𝑤. Hence, the tension parameter that maximizes 𝐹 (𝑠1 ,𝑠2 ,𝑘+1)

𝑅  can be easily defined. 

Proposition 3.4.  Let 𝑠1 and 𝑠2 be two classes of signals having the same cardinality (𝑛𝑠1 = 𝑛𝑠2 = 𝑛). Assume to perform one step of 
the four-point subdivision scheme from level 𝑘, and let define ∆(𝑠1 ,𝑠2 ,𝑘), 𝐃(𝑠1 ,𝑠2 ,𝑘), ∆̃(𝑠,𝑘) and 𝐃̃(𝑠,𝑘) as in Propositions  3.2 and 3.3, and 
𝐹 (𝑠1 ,𝑠2 ,𝑘+1)
𝑅  as in Eq. (13), then 

𝐹 (𝑠1 ,𝑠2 ,𝑘+1)
𝑅 =

𝛽(𝑠1 ,𝑠2 ,𝑘)𝑤2 + 𝛾 (𝑠1 ,𝑠2 ,𝑘)𝑤 + 𝛿(𝑠1 ,𝑠2 ,𝑘)

(𝛼(𝑠1 ,𝑘) + 𝛼(𝑠2 ,𝑘))𝑤2 + (𝜉(𝑠1)𝑘 + 𝜉(𝑠2 ,𝑘))𝑤 + 𝜂(𝑠1 ,𝑘) + 𝜂(𝑠2 ,𝑘)
, (16)

where 

𝛽(𝑠1 ,𝑠2 ,𝑘) ∶=
∑

𝑗

(

𝐃(𝑠1 ,𝑠2 ,𝑘)
𝑗

)2
, 𝛾 (𝑠1 ,𝑠2 ,𝑘) =

∑

𝑗
(∆(𝑠1 ,𝑠2 ,𝑘)

𝑗 +∆
(𝑠1 ,𝑠2 ,𝑘)
𝑗+1 )𝐃(𝑠1 ,𝑠2 ,𝑘)

𝑗 ,

𝛿(𝑠1 ,𝑠2 ,𝑘) ∶=
∑

𝑗
(∆(𝑠1 ,𝑠2 ,𝑘)

𝑗 )2 +
∑

𝑗

⎛

⎜

⎜

⎝

∆
(𝑠1 ,𝑠2 ,𝑘)
𝑗 +∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗+1

2

⎞

⎟

⎟

⎠

2

,

𝛼(𝑠,𝑘) ∶=
𝑛
∑

𝑖=1

∑

𝑗

(

𝐃̃(𝑠,𝑘)
𝑖,𝑗

)2
, 𝜉(𝑠,𝑘) =

𝑛𝑠
∑

𝑖=1

∑

𝑗

(

∆̃(𝑠,𝑘)
𝑖,𝑗 + ∆̃(𝑠,𝑘)

𝑖,𝑗+1

)

𝐃̃(𝑠,𝑘)
𝑖,𝑗 ,

𝜂(𝑠,𝑘) ∶=
𝑛𝑠
∑

𝑖=1

∑

𝑗

(

∆̃(𝑠,𝑘)
𝑖,𝑗

)2
+

𝑛𝑠
∑

𝑖=1

∑

𝑗

⎛

⎜

⎜

⎝

∆̃(𝑠,𝑘)
𝑖,𝑗 + ∆̃(𝑠,𝑘)

𝑖,𝑗+1

2

⎞

⎟

⎟

⎠

2

.

The proof is in Appendix  D.
The optimal tension parameter is then 

𝑤(𝑠1 ,𝑠2 ,𝑘) ∶= 𝑎𝑟𝑔𝑚𝑎𝑥𝑤𝐹
(𝑠1 ,𝑠2 ,𝑘+1)
𝑅 . (17)

Therefore, the estimate of the best tension parameter only depends on the initial feature matrices, i.e. the one composing the 
training set, and does not require the application of the subdivision scheme. Moreover, its evaluation is straightforward, making it 
computationally efficient and almost costless with respect to the successive learning process.

It is also worth observing that a tighter condition can be used for the estimation of the optimal parameter. It mainly rely on 
maximizing the quantity 

𝑅(𝑠1 ,𝑠2 ,𝑘+1) = 𝑑(𝐜(𝑠1 ,𝑘+1), 𝐜(𝑠2 ,𝑘+1)) − 𝜎(𝑠1 ,𝑘+1) − 𝜎(𝑠2 ,𝑘+1), (18)

instead of the Fisher ratio. 𝑅(𝑠1 ,𝑠2 ,𝑘+1) geometrically defines a sort of margin between the two classes and we are interested in finding 
the values of 𝑤 for which the maximum is reached. In particular, the more positive 𝑅(𝑠1 ,𝑠2 ,𝑘+1) the more separated the classes.

Proposition 3.5.  Let 𝑠1 and 𝑠2 be two classes of signals having the same cardinality (𝑛𝑠1 = 𝑛𝑠2 = 𝑛). Assume to perform one step of the 
four-point subdivision scheme from level 𝑘, and let set

𝛽(𝑠1 ,𝑠2 ,𝑘) ∶=
∑

𝑗

(

𝐃(𝑠1 ,𝑠2 ,𝑘)
𝑗

)2
, and 𝛼(𝑠,𝑘) ∶=

𝑛
∑

𝑖=1

∑

𝑗

(

𝐃̃(𝑠,𝑘)
𝑖,𝑗

)2
,

with 𝐃(𝑠1 ,𝑠2 ,𝑘) and 𝐃̃(𝑠,𝑘) as defined in Propositions  3.2 and 3.3. If
(𝑠 ,𝑠 ,𝑘) (𝑠 ,𝑘) (𝑠 ,𝑘)
𝛽 1 2 > 𝛼 1 + 𝛼 1 .

8 
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Fig. 4. Music Genres dataset. Plot of (i) the distance between the centroids versus the shape parameter of the 4SS of blues and jazz classes 
(topleft); (ii) the sum of the within-class dispersions (topright); (iii) the Fisher ratio (bottomleft); (iv) the separation index 𝑅(𝑠1 ,𝑠2) as defined in 
Eq. (18) (bottomright). The black dot indicates the estimated optimal tension parameter using Eq. (17), while the dashed line indicates the value 
of each index for the initial feature matrix. 60% of signals for each class have been considered.

then 𝑤 = 𝑤̂(𝑠1 ,𝑠2 ,𝑘) with 

𝑤̂(𝑠1 ,𝑠2 ,𝑘) =
𝛽(𝑠1 ,𝑠2 ,𝑘)𝑤(𝑠1 ,𝑠2 ,𝑘) − 𝛼(𝑠1)𝑘 𝑤̃(𝑠1 ,𝑘) − 𝛼(𝑠2 ,𝑘)𝑤̃(𝑠2 ,𝑘)

𝛽(𝑠1 ,𝑠2 ,𝑘) − 𝛼(𝑠1 ,𝑘) − 𝛼(𝑠2 ,𝑘).
(19)

maximizes 𝑅(𝑠1 ,𝑠2 ,𝑘+1), as defined in (18).

The proof is in Appendix  E.

4. Experimental results

This section aims at numerically evaluating the main theoretical findings of the previous section. To this aim, the WST matrix, 
as defined in Section 2.3, has been used as input feature for the SVM classifier. In fact, it is a critically sampled transform and then 
it is consistent with the considered operational scenario, where features are properly interpolated to enhance the discrimination 
capability of the classifier. All tests have been performed in Matlab environment. To provide quantitative results, the music genre 
recognition task has been considered and the well-known dataset GTZAN [49] has been used for both the training and testing 
phases. The dataset includes 10 genres, each represented by 100 clips having duration of 30 s and sampled at 22050 Hz. Different 
percentages of clips have been considered for building the training and testing sets and will be specified for each experiment. Clips 
have been randomly selected from the whole initial dataset ensuring that all classes were equally represented. A two-layer WST 
(𝐿 = 2) has been employed in all tests and the hard critically sampled feature matrices, as in the standard implementation of the 
transform, have been considered as initial control points. Most of the results presented in this section refers to the couple of Q-factors 
(𝑄1, 𝑄2), with 𝑄1 = 8 and 𝑄2 = 1. With these settings, WST provides the matrix 𝐱 having dimension 334 × 32, where 334 are the 
WST bands, and 32 are the time samples of each band.

The first test refers to the binary classification problem where two genres 𝑠1 and 𝑠2 are considered. Fig.  4 refers to blues and jazz 
genres and shows the curve of the distances between the two centers of mass of the two classes, as defined in Eq. (9), as a function of 
the shape parameter 𝑤; similarly the within-class dispersion of the two classes 𝜎(𝑠1) and 𝜎(𝑠2), as defined in Eq. (8),  the Fisher Ratio 
9 
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Fig. 5. Music Genres dataset: blues and jazz genres. SVM classification accuracy (measured in terms of correct assignments) versus the tension 
parameter 𝑤. The largest dot indicates the estimated 𝑤 using the proposed approach. 60% of signals for each class are considered for the training 
set, 40% for the testing set.

𝐹 (𝑠1 ,𝑠2 ,𝑘+1)
𝑅 , as defined in Eq. (13), and the separability index 𝑅(𝑠1 ,𝑠2 ,𝑘+1), as defined in Eq. (18), are considered. The plots have been 
obtained by applying the 4SS for different values of 𝑤 and directly evaluating these quantities on the interpolated feature matrices. 
The evaluation refers to 60% of the available clips for the two classes. As can be observed, the curves show the expected convex 
behavior. In particular, the distance between the centroids is larger for shape parameters far away from 𝑤 = −0.30. Conversely, 
the sum of the within-class dispersions attains its minimum at 𝑤 = −0.31. The shape parameter that provides a tradeoff between 
the two different effects is the one realizing the maximum of the Fisher ratio,  as estimated using Eq. (17), and it corresponds to 
𝑤 = −0.3065. In all plots, this value has been indicated with the dot point, while the starting value of the plotted quantities, i.e. the 
one evaluated on the initial feature matrix, is indicated by the dashed line. From the first two plots it is evident that the Fisher 
ratio grows especially because the overall within dispersion is reduced using the selected shape parameter. In particular, the gain 
provided by the reduced within dispersion is much larger than the penalty provided by closer centroids. It is also worth observing 
that the estimated shape parameter also maximizes the separability index 𝑅(𝑠1 ,𝑠2 ,𝑘+1), that can be considered in place of the Fisher 
ratio for the selection of the best tension parameter. As a matter of fact, there exists a range of values of 𝑤 for which the Fisher 
ratio is greater than the starting one, suggesting a possible improvement of the classification performance if tension parameters in 
this range are used for feature pre-processing. For instance, the trend of the Fisher ratio  in the figure indicates the range [−0.8, 0.1]. 
Similar arguments are valid when commenting the separability index 𝑅(𝑠1 ,𝑠2) and the within-class dispersions.

The second test aims at evaluating the accuracy of the prediction using the proposed estimation method. To verify how the 
prediction aligns with the classification accuracy, which is measured in terms of percentage of correct class assignments, the linear 
kernel is used for SVM. Fig.  5 shows the classification results obtained using SVM where the input features are interpolated using one 
iteration of the subdivision scheme. The same figure indicates the estimated 𝑤 using the proposed approach. As can be observed, 
the estimated 𝑤 falls in the range of parameters providing the best classification performance. It is also worth highlighting that 
the range of tension parameters giving the best performance almost coincides with the one providing better Fisher ratios than the 
initial control feature matrix, as identified in the previous test. The same happens when the percentage of signals in the training 
set changes. Fig.  6 refers to 20% of signals in the training set, confirming the adaptivity of the proposed approach to the training 
set. Similar comments apply when using a different couple of Q factors (see Fig.  7), different initial input features (see Fig.  8) and 
different couples of genres (see Fig.  9).

Presented results confirm that interpolating input features using subdivision schemes can improve class separability and then 
classification performance. Moreover, the proposed estimation method can be quite successful in selecting good tension parameters. 
The gain in classification accuracy provided by the proposed method is about up to 2%. It is also worth observing that negative 
values of the tension parameter often provide the best classification results, in agreement with the results in [22] concerning the 
ability of the adopted subdivision scheme to reproduce some distinctive fractal properties.

It is also worth outlining that the proposed approach enables to avoid the selection of non linear kernels, providing a simple and 
straightforward procedure for the estimation of the optimal shape parameter to use for features transformation. An example is shown 
in Fig.  10, where classification accuracies obtained using different kernels are compared with the proposed approach. As can be 
observed, preprocessing the input feature vectors using the proposed procedure can reach performance comparable to a Radial Basis 
10 
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Fig. 6. Music Genres dataset: blues and jazz genres. SVM classification accuracy (measured in terms of correct assignments) versus the tension 
parameter 𝑤. The largest dot indicates the estimated 𝑤 using the proposed approach. 20% of signals for each class are considered for the training 
set, 80% for the testing set.

Fig. 7. Music Genres dataset: blues and jazz genres. SVM classification accuracy (measured in terms of correct assignments) versus the tension 
parameter 𝑤. The largest dot indicates the estimated 𝑤 using the proposed approach. 20% of signals for each class are considered for the training 
set, 80% for the testing set. The couple (3, 2) of Q-factors has been used in the WST.

Function (RBF) Kernel for solving specific classification tasks with small training sets, making it an effective alternative strategy to 
kernel selection. It is also worth observing that one iteration of the subdivision scheme improves the classification accuracy of the 
linear kernel. However, the use of just one iteration of the scheme cannot always be sufficient for class separation; more iterations 
can often provide higher separability. It is also worth highlighting that when using more iterations, the level-dependent parameter 
optimization cannot provide, as expected, the best result. A global optimization involving all the steps should be applied, as it is 
evident in Table  1.  Likewise, feature interpolation alone cannot assure class separation in more complex contexts, thus requiring 
non linear kernels. However, similar behavior of the classification accuracy with respect to the tension parameter are expected. 
These observations motivate future studies concerning the generalization of the results to handle more iterations of the scheme, 
where the matrix formulation of subdivision schemes might be exploited, and the extension to non linear kernels.
11 
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Fig. 8. Music Genres dataset: blues and jazz genres. SVM classification accuracy (measured in terms of correct assignments) versus the tension 
parameter 𝑤. The largest dot indicates the estimated 𝑤 using the proposed approach. 20% of signals for each class are considered for the training 
set, 80% for the testing set. The couple (8, 1) of Q-factors has been used in the WST. The input feature matrix has 16 samples along the temporal 
direction.

Fig. 9. Music Genres dataset: blues and rock genres. SVM classification accuracy (measured in terms of correct assignments) versus the tension 
parameter 𝑤. The largest dot indicates the estimated 𝑤 using the proposed approach. 20% of signals for each class are considered for the training 
set, 80% for the testing set. The couple (8, 1) of Q-factors has been used in the WST.

5. Conclusion

This paper presented a study on the integration of subdivision schemes in the workflow of machine-learning based classification. 
Specifically, subdivision schemes are used to properly interpolate the input features provided by a critically sampled transform with 
the aim of improving class separability and then increase the classification rates of the adopted classifier. The tension parameter of 
the scheme is identified as a critical factor that significantly shapes the performance of the classifier. Through a case study on signal 
classification using the wavelet scattering matrix as input to a linear SVM, it has been established that fine-tuning the tension 
parameter positively impacts classification accuracy. A method for automatically determining this parameter from the training 
12 
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Fig. 10. Music Genres dataset: blues and jazz genres. SVM classification accuracy (measured in terms of correct assignments) using a radial 
basis function (RBF), third degree polynomial (3rd pol) and linear kernels compared to the proposed method, applied to the linear case in a 
level-dependent fashion, after one (𝑘 = 1) and three iterations (𝑘 = 3) of the four point subdivision scheme. Plots refer to 20% (left) and 60% of 
signals in the training set, and to two different couples of Q-factors for the WST: [3,2] (blue bars) and [8,1] (red bars).

Table 1
Music Genres dataset: blues and jazz genres. SVM classification accuracy for increasing number 
of iterations of the subdivision scheme and for some selected tension parameters. The reference 
value for the initial feature matrix is 94.3750%. As can be observed, using more than one 
iteration class separability is enhanced. The couple (8, 1) of Q-factors has been used in the 
WST. 20% of signals for each class are considered for the training set, 80% for the testing
set.
 𝑤 −1 0.1 0.7  
 𝑘 = 1 93.7500 94.3750 93.7500 
 𝑘 = 2 95.0000 96.2500 95.0000 
 𝑘 = 3 97.5000 96.8750 96.2500 

set was proposed, and numerical experiments confirmed that the estimated values fall within the optimal range for improved 
performance. Importantly, the proposed approach introduces minimal computational overhead, as it allows for efficient estimation 
and implementation. These results open avenues for further research, including extending the estimation procedure to multiple 
iterations of the subdivision scheme, exploring non-stationary schemes, and adapting the approach for non-linear kernel classifiers. 
Future work could also investigate the application of this method to broader machine-learning tasks, reinforcing the potential of 
subdivision schemes as a valuable tool for feature enhancement in classification frameworks.
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Appendix A. Proof of Proposition  3.1

Proof.  By definition 𝐜(𝑠,𝑘+1)𝑗 = 1
𝑛𝑠

∑𝑛𝑠
𝑖=1 𝐱

(𝑠,𝑘+1)
𝑖,𝑗 . Using Eq. (11), for suitable values of 𝑗, we get

𝐜(𝑠,𝑘+1)2𝑗 = 1
𝑛𝑠

𝑛𝑠
∑

𝐱(𝑠,𝑘+1)𝑖,2𝑗 = 1
𝑛𝑠

𝑛𝑠
∑

𝐱(𝑠,𝑘)𝑖,𝑗 = 𝐜(𝑠,𝑘)𝑗 ,

𝑖=1 𝑖=1

13 
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and

𝐜(𝑠,𝑘+1)2𝑗+1 = 1
𝑛𝑠

𝑛𝑠
∑

𝑖=1
𝐱(𝑠,𝑘+1)𝑖,2𝑗+1

= 1
𝑛𝑠

𝑛𝑠
∑

𝑖=1

( 1
2
+𝑤

)(

𝐱(𝑠,𝑘)𝑖,𝑗 + 𝐱(𝑠,𝑘)𝑖,𝑗+1

)

−𝑤
(

𝐱(𝑠,𝑘)𝑖,𝑗−1 + 𝐱(𝑠,𝑘)𝑖,𝑗+2

)

=
( 1
2
+𝑤

)(

𝐜(𝑠,𝑘)𝑗 + 𝐜(𝑠,𝑘)𝑗+1

)

−𝑤
(

𝐜(𝑠,𝑘)𝑗−1 + 𝐜(𝑠,𝑘)𝑗+2

)

. □

Appendix B. Proof of Proposition  3.2

Proof.  Let consider ∆(𝑠1 ,𝑠2 ,𝑘+1) ∶= 𝐜(𝑠1 ,𝑘+1) − 𝐜(𝑠2 ,𝑘+1) at a level 𝑘 + 1 component-wise. Using (12) we have
∆

(𝑠1 ,𝑠2 ,𝑘+1)
2𝑗 = 𝐜(𝑠1 ,𝑘+1)2𝑗 − 𝐜(𝑠2 ,𝑘+1)2𝑗 = 𝐜(𝑠1 ,𝑘)𝑗 − 𝐜(𝑠2 ,𝑘)𝑗 = ∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗 ,

and the linearity of the subdivision rules provide 
⎧

⎪

⎨

⎪

⎩

∆
(𝑠1 ,𝑠2 ,𝑘+1)
2𝑗 = ∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗 ,

∆
(𝑠1 ,𝑠2 ,𝑘+1)
2𝑗+1 =

(

1
2 +𝑤

)(

∆
(𝑠1 ,𝑠2 ,𝑘)
𝑗 +∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗+1

)

−𝑤
(

∆
(𝑠1 ,𝑠2 ,𝑘)
𝑗−1 +∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗+2

) (B.1)

for −1 ≤ 𝑗 ≤ 2𝑘𝑁+𝓁 where 𝓁 = 1, 0 for even or odd rules. It is worth observing that ∆(𝑠1 ,𝑠2 ,𝑘+1)
2𝑗  is independent of 𝑤 while ∆(𝑠1 ,𝑠2 ,𝑘+1)

2𝑗+1
can be rewritten as it follows

∆
(𝑠1 ,𝑠2 ,𝑘+1)
2𝑗+1 =

∆
(𝑠1 ,𝑠2 ,𝑘)
𝑗 +∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗+1

2
+𝑤𝐃(𝑠1 ,𝑠2 ,𝑘)

𝑗 ,

with 𝐃(𝑠1 ,𝑠2 ,𝑘)
𝑗 =

(

∆
(𝑠1 ,𝑠2 ,𝑘)
𝑗 +∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗+1 −∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗−1 −∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗+2

)

,
It turns out that

‖∆(𝑠1 ,𝑠2 ,𝑘+1)
‖

2 =
∑

𝑗

(

|∆
(𝑠1 ,𝑠2 ,𝑘+1)
2𝑗 |

2
+ |∆

(𝑠1 ,𝑠2 ,𝑘+1)
2𝑗+1 |

2
)

is a second order polynomial with respect to 𝑤. Specifically, 
‖∆(𝑠1 ,𝑠2 ,𝑘+1)

‖

2 = 𝛽(𝑠1 ,𝑠2 ,𝑘)𝑤2 + 𝛾 (𝑠1 ,𝑠2 ,𝑘)𝑤 + 𝛿(𝑠1 ,𝑠2 ,𝑘), (B.2)

where 
𝛽(𝑠1 ,𝑠2 ,𝑘) ∶=

∑

𝑗

(

𝐃(𝑠1 ,𝑠2 ,𝑘)
𝑗

)2
,

𝛾 (𝑠1 ,𝑠2 ,𝑘) ∶=
∑

𝑗
(∆(𝑠1 ,𝑠2 ,𝑘)

𝑗 +∆
(𝑠1 ,𝑠2 ,𝑘)
𝑗+1 )𝐃(𝑠1 ,𝑠2 ,𝑘)

𝑗 ,

𝛿(𝑠1 ,𝑠2 ,𝑘) ∶=
∑

𝑗

(

∆
(𝑠1 ,𝑠2 ,𝑘)
𝑗

)2
+
∑

𝑗

⎛

⎜

⎜

⎝

∆
(𝑠1 ,𝑠2 ,𝑘)
𝑗 +∆

(𝑠1 ,𝑠2 ,𝑘)
𝑗+1

2

⎞

⎟

⎟

⎠

2

.

Since 𝛽(𝑠1 ,𝑠2 ,𝑘) > 0, then 

𝑤(𝑠1 ,𝑠2 ,𝑘) = 𝑎𝑟𝑔𝑚𝑖𝑛𝑤‖∆
(𝑠1 ,𝑠2 ,𝑘+1)

‖

2 = −
𝛾 (𝑠1 ,𝑠2 ,𝑘)

2𝛽(𝑠1 ,𝑠2 ,𝑘)
(B.3)

and (14) immediately holds. □

Appendix C. Proof of Proposition  3.3

Proof.  By setting ∆̃(𝑠)
𝑖 ∶= 𝐱(𝑠)𝑖 − 𝐜(𝑠), the dispersion 𝜎(𝑠,𝑘+1)can be rewritten as 

𝜎(𝑠,𝑘+1) = 1
𝑛𝑠

𝑛𝑠
∑

𝑖=1

∑

𝑗

(

|

|

|

∆̃(𝑠,𝑘+1)
𝑖,2𝑗

|

|

|

2
+ |

|

|

∆̃(𝑠,𝑘+1)
𝑖,2𝑗+1

|

|

|

2
)

, (C.1)

where 
⎧

⎪

⎨

⎪

⎩

∆̃(𝑠,𝑘+1)
𝑖,2𝑗 = 𝐱(𝑠,𝑘+1)𝑖,2𝑗 − 𝐜(𝑠,𝑘+1)2𝑗 = 𝐱(𝑠,𝑘)𝑖,𝑗 − 𝐜(𝑠,𝑘)𝑗 = ∆̃(𝑠,𝑘)

𝑖,𝑗 ,

∆̃(𝑠,𝑘+1)
𝑖,2𝑗+1 =

(

1
2 +𝑤

)(

∆̃(𝑠,𝑘)
𝑖,𝑗 + ∆̃(𝑠,𝑘)

𝑖,𝑗+1

)

−𝑤
(

∆̃(𝑠,𝑘)
𝑖,𝑗−1 + ∆̃(𝑠,𝑘)

𝑖,𝑗+2

)

,
. (C.2)

for suitable 𝑗 = −1, 0, 1,… , 2𝑘𝑁 + 𝓁,𝓁 = 1, 0 for even or odd rule.
14 
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Hence, 𝜎(𝑠,𝑘+1) is a second order polynomial with respect to 𝑤, i.e. 
𝜎(𝑠,𝑘+1) = 𝛼(𝑠,𝑘)𝑤2 + 𝜉(𝑠,𝑘)𝑤 + 𝜂(𝑠,𝑘), (C.3)

with

𝛼(𝑠,𝑘) ∶=
𝑛𝑠
∑

𝑖=1

∑

𝑗

(

𝐃̃(𝑠,𝑘)
𝑖,𝑗

)2
,

𝜉(𝑠,𝑘) ∶=
𝑛𝑠
∑

𝑖=1

∑

𝑗

(

∆̃(𝑠,𝑘)
𝑖,𝑗 + ∆̃(𝑠,𝑘)

𝑖,𝑗+1

)

𝐃̃(𝑠,𝑘)
𝑖,𝑗 ,

and

𝜂(𝑠,𝑘) ∶=
𝑛𝑠
∑

𝑖=1

∑

𝑗

(

∆̃(𝑠,𝑘)
𝑖,𝑗

)2
+

𝑛𝑠
∑

𝑖=1

∑

𝑗

⎛

⎜

⎜

⎝

∆̃(𝑠,𝑘)
𝑖,𝑗 + ∆̃(𝑠,𝑘)

𝑖,𝑗+1

2

⎞

⎟

⎟

⎠

2

where ∆̃(𝑠,𝑘)
𝑖,𝑗 ∶= 𝐱(𝑠,𝑘)𝑖,𝑗 − 𝐜(𝑠,𝑘)𝑗 , and 𝐃̃(𝑠,𝑘)

𝑖,𝑗 ∶= ∆̃(𝑠,𝑘)
𝑖,𝑗 + ∆̃(𝑠,𝑘)

𝑖,𝑗+1 − ∆̃(𝑠,𝑘)
𝑖,𝑗−1 − ∆̃(𝑠,𝑘)

𝑖,𝑗+2.
Since 𝛼(𝑠,𝑘) > 0, then 

𝑤̃(𝑠,𝑘) = 𝑎𝑟𝑔𝑚𝑖𝑛𝑤𝜎
(𝑠,𝑘) = −

𝜉(𝑠,𝑘)

2𝛼(𝑠,𝑘)
, (C.4)

and then 

𝑤̃(𝑠,𝑘) = −1
2

∑𝑛𝑠
𝑖=1

∑

𝑗

(

∆̃(𝑠,𝑘)
𝑖,𝑗 + ∆̃(𝑠,𝑘)

𝑖,𝑗+1

)

𝐃̃(𝑠,𝑘)
𝑖,𝑗

∑𝑛𝑠
𝑖=1

∑

𝑗

(

𝐃̃(𝑠,𝑘)
𝑖,𝑗

)2
(C.5)

Accordingly, assuming that 𝑛𝑠1 = 𝑛𝑠2 = 𝑛, the sum of the dispersion of the two classes 𝑠1 and 𝑠2, i.e.

𝜎(𝑠1 ,𝑘+1) + 𝜎(𝑠2 ,𝑘+1) = 1
𝑛𝑠1

𝑛𝑠1
∑

𝑖=1

(

∑

𝑗

|

|

|

∆̃
(𝑠1 ,𝑘+1)
𝑖,2𝑗

|

|

|

2
+ |

|

|

∆̃
(𝑠1 ,𝑘+1)
𝑖,2𝑗+1

|

|

|

2
)

+ 1
𝑛𝑠2

𝑛𝑠2
∑

𝑖=1

(

∑

𝑗

|

|

|

∆̃
(𝑠2 ,𝑘+1)
𝑖,2𝑗

|

|

|

2
+ |

|

|

∆̃
(𝑠2 ,𝑘+1)
𝑖,2𝑗+1

|

|

|

2
)

,

is the second order polynomial 
𝜎(𝑠1 ,𝑘+1) + 𝜎(𝑠2 ,𝑘+1) = (𝛼(𝑠1 ,𝑘) + 𝛼(𝑠2 ,𝑘))𝑤2 + (𝜉(𝑠1 ,𝑘) + 𝜉(𝑠2 ,𝑘))𝑤 + 𝜂(𝑠1 ,𝑘) + 𝜂(𝑠2 ,𝑘) (C.6)

with respect to 𝑤 and then it attains its minimum at 

𝑤̃(𝑠1 ,𝑠2 ,𝑘) = −
𝜉(𝑠1 ,𝑘) + 𝜉(𝑠2 ,𝑘)

2(𝛼(𝑠1 ,𝑘) + 𝛼(𝑠2 ,𝑘))
. (C.7)

The proof follows by comparing the last equation with Eq. (C.4) . □

Appendix D. Proof of Proposition  3.4

Proof.  By definition 𝑑(𝐜(𝑠1 ,𝑘+1), 𝐜(𝑠2 ,𝑘+1)) = ‖∆(𝑠1 ,𝑠2 ,𝑘+1)
‖

2. Putting Eqs. (B.2) and (C.6) into Eq. (13), we get the proof. □

Appendix E. Proof of Proposition  3.5

Proof.  From Eqs. (B.2) and (C.6) it follows that 𝑅(𝑠1 ,𝑠2 ,𝑘+1) is a second order polynomial with respect to 𝑤, where the coefficient of 
the second order monomial is 𝛽(𝑠1 ,𝑠2 ,𝑘) − (𝛼(𝑠1 ,𝑘) + 𝛼(𝑠2 ,𝑘)). Hence, if 

𝛽(𝑠1 ,𝑠2 ,𝑘) > (𝛼(𝑠1 ,𝑘) + 𝛼(𝑠2 ,𝑘))

then 

𝑤(𝑠1 ,𝑠2 ,𝑘) = 𝑎𝑟𝑔𝑚𝑎𝑥𝑤𝑅
(𝑠1 ,𝑠2 ,𝑘+1) = −1

2
𝛾 (𝑠1 ,𝑠2 ,𝑘) − (𝜉(𝑠1 ,𝑘) + 𝜉(𝑠2 ,𝑘))
𝛽(𝑠1 ,𝑠2 ,𝑘) − (𝛼(𝑠1 ,𝑘) + 𝛼(𝑠2 ,𝑘))

.

Using Eqs. (C.7) and (B.3), we get the proof. □

Data availability

Data will be made available on request.
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