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ARTICLE INFO ABSTRACT

MSC: Smooth splines defined on (possibly refined) triangulations are widely used in the area of
41A15 data fitting and numerical analysis of partial differential equations, in particular isogeometric
65D07 analysis. A classical choice is the C' cubic spline space defined on the Clough-Tocher split,
65N30 which divides each triangle into three subtriangles by connecting the barycenter of the triangle
Keywords: to its three vertices. In this paper, we consider the more general family of C' spline spaces of
Triangulations degree d > 3. Recently, a simplex-spline basis was developed with the aim of having an effective
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local representation of such splines on each triangle. Here we investigate the use of these (local)
simplex-splines as a practical tool to build C' spline approximations over general triangulations
and numerically test them in the least-squares method for function approximation and in the
Galerkin method for solving linear and semilinear elliptic problems.

1. Introduction

Classical univariate B-splines and their rational extension NURBS have been well studied and widely used in today’s industrial
applications due to their superior capability of representing both free-form and common analytical shapes. Their bivariate
generalizations have also found many applications in the area of data fitting, geometric shape modeling, and numerical analysis of
partial differential equations. These bivariate generalizations can be classified into tensor-product splines and non-tensor-product
splines; see, e.g., [1,2]. The main advantages of tensor-product B-splines/NURBS are their easy implementation and computational
efficiency, regardless of the dimensionality of the problem. Unfortunately, the tensor-product structure has also few drawbacks. First
of all, (single-patch) NURBS lack an adequate local refinement. Furthermore, tensor-product surfaces are restricted to four-sided
domains and thus have difficulty in modeling shapes with arbitrary topology. Although algorithm-wise complicated, non-tensor-
product splines provide alternative powerful tools in modeling complex shapes and approximating scattered data and irregular
functions.

Isogeometric Analysis (IgA) is a technology created about two decades ago with the aim to bridge the gap between Computer
Aided Design (CAD) and Finite Element Analysis (FEA). The key concept in IgA is the use of the same basis functions both for the
geometry descriptions (usually coming from CAD systems) and for the approximation of field variables [3,4]. The isogeometric
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framework results in some important advantages. In particular, it effectively mitigates geometric approximation errors, even
on coarse meshes, and the high smoothness of the standard (spline) primitives in CAD systems has a beneficial impact on the
whole approximation process, leading to a high accuracy per degree-of-freedom and excellent spectral properties [5,6]. The initial
investigations of IgA focused on tensor-product B-splines/NURBS due to their dominance in industrial CAD systems. Later, to
deal with complex topologies and allow for adaptive refinement, several B-spline extensions have been introduced, including T-
splines [7,8], truncated hierarchical B-splines [9,10], and LR-splines [11,12]. However, due to their (local) tensor-product structures,
there are still restrictions on the refinement. For example, local refinement of T-splines generally propagates beyond the region of
interest.

FEA mainly utilizes piecewise functions defined on triangulations, thus smooth splines over triangulations can be an interesting
tool. Compared with tensor-product structures, the use of triangulations for tiling the domain offers more flexibility in describing
the geometry and performing local refinement. However, this comes at the expense of more complicated constructions of the
spaces. To achieve C! smoothness on an arbitrary triangulation with a local construction, quintic polynomials on each triangle
are required [13]. A possible way to overcome this problem is to refine the given triangulation into a finer triangulation by splitting
every triangle. The best-known examples are the Clough-Tocher and Powell-Sabin splits, which divide every triangle into three and
six subtriangles, respectively (see, e.g., [13]). In the context of FEA and IgA, the potential of smooth spline spaces over triangulations
has been tested in several papers; see, e.g., [14-18] and references therein.

The Bernstein-Bézier form is the most popular method for the construction and analysis of smooth spline spaces over (refined)
triangulations; see, e.g., [13,19]. Recently, also simplex-spline techniques have been applied to this purpose; see, e.g., [20,21].
In [22], a simplex-spline basis was constructed for the C! cubic spline space defined on the Clough-Tocher split and this construction
has been extended in [23] to any spatial dimension s and any spline degree d > s+ 1. The aim of the present work is to investigate
the use of the latter (local) simplex-splines as a suitable approximation tool over general triangulations for s = 2 and d > 3. We
numerically test them in the least-squares method for function approximation and in the Galerkin method for solving linear and
semilinear elliptic problems. Alternative finite element constructions on the Clough-Tocher split can be found in [14,24-27].

The remainder of the paper is organized as follows. In Section 2, we recapitulate the simplex-spline basis for the C' spline space of
degree d > 3 on the Clough-Tocher split of a triangle, proposed in [23]. In Section 3, we discuss the C' connection between adjacent
triangles and how the corresponding smoothness conditions can be used to build a global basis for the C! spline space of degree
d over a general triangulation. The considered space contains the polynomial space of degree d and has optimal approximation
power. These properties are confirmed in Section 4 with a selection of numerical examples where we study the error on different
triangulations. We end in Section 5 with some concluding remarks.

2. The tools on a triangle

In this section, we start by reviewing a recursive construction of bivariate simplex-splines and some of their properties such as
differentiation. For more details on simplex-splines, we refer the reader to [2,28]. Then, we summarize from [23] the definition of
a C! spline representation of degree d > 3 on a triangle refined by the Clough-Tocher split [25]. The special case d = 3 can also be
found in [22].

2.1. Bivariate simplex-splines

We synopsize the definition and some properties of bivariate simplex-splines. Let us consider a set of knots in R?,

Zi={p, - 8n}-

We say that a knot has multiplicity m if it occurs m times in =. A line segment connecting two distinct knots is called a knot line.
We denote by (=) the convex hull of = and by A((ZE)) its area.
For n =2, the degree zero simplex-spline is defined by

Moo 1/A(ZE)), if x € interior of (Z),
=(x) 1=
= 0, if x & (5).

The value of M- on the boundary of (Z) has to be dealt with separately. Then we use a recursion. For any x € R? and any by, ..., b,
such that 7" b€ = x, X7 b, = 1, we have
n
. n
Mz@) 1= —— ; b Myz\g ().

In general, M= has the following properties:

+ Nonnegativity and normalization: M - is nonnegative and has unit integral.

» Compact support: Mz has support (=).

+ Piecewise polynomial: M: is a polynomial of total degree d :=n— 2 on each polygon in the partition of (=) formed by the
knot lines.

+ Smoothness: Across a knot line, we have Mz € C"!=#, where y is the number of knots in the affine hull of the knot line,
including multiplicities.
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D,

Fig. 1. The Clough-Tocher split 7. of a triangle 7 and the corresponding notation.

Dy

- Differentiation formula: For any u € R? and any ay, ..., a, such that }"_ a,&, =u, Y, a; = 0, we have

n
@-V)Mz=n) a;Mzg.
i=0

where V denotes the gradient.

If = only consists of three distinct points, say {n,,1,,n;}, with multiplicity {m,,m,, m;}, then Mz is a pure polynomial of degree
n—2 on (Z). Note that in this case we have = = {&,...,§,} = {ngm‘],ng'"z],ng”'“}, where n = m; + m, + m; — 1 and 7" means that
the point 7 is repeated m times. More precisely,
nn—1) . »
2A(<5>) my—1,my—1,m3—1

Mz(x) = x), x€{{m.mn3})

where B;.’l s is a Bernstein polynomial of degree d defined by

B¢ (x) 1= - d

1 g2 9J3
J12:J3 J1 'jz'j:;'ﬁl ﬁz ﬂ3 ) X € <{1]1371271]3}>;

and (f,, . f3) € R? are the barycentric coordinates of x given by

x=pn +bhm+ s, Bthh+p=1

2.2. Simplex-splines on the Clough—Tocher split

Let us focus on the triangle 7 := ({p,, p,,p3}) in R2. Using the barycenter p; := (p; + p, + p;)/3, we can split 7 into three
subtriangles: 7, := ({pr.p2.P3}), T» = {({p1-Pr.P3})> and T3 := ({p;, p,. pr}). This is called the Clough-Tocher split of 7 and is
denoted by Tr; see Fig. 1 for an illustration.

Let S!(7cr) be the C! spline space of degree d > 3 on Ty, i.e.,

SiTer) i={seC'(T): sly, € Py, Jj =1,2,3},

where P, is the space of bivariate polynomials of total degree < d. From [26,29] we know that

dim(S},(Tep) = (‘“2“2> +2<d;1> = %(d2 —d+2). )

Remark 1. Any spline s € S;(TCT) can be identified by means of the following Hermite data:

1. the value and gradient (i.e., D, and Dy) at each point P, J=123;

2. the value at d — 3 distinct points in the interior of each edge &; := ({py,p,. p3} \ {p;}), j = 1,2,3;

3. the normal derivative at d — 2 distinct points in the interior of each edge &; = ({py,p,.p3} \ {p;}), j = 1.2,3;
and if d > 4,

4. the value and gradient at the barycenter p;;
5. the value at d — 4 distinct points in the interior of each edge &; r = (p;,pr), j = 1.2,3;
6. the normal derivative at d — 4 distinct points in the interior of each edge &, = (p;,pr), j = 1,2,3;
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(a) $%[2,2,1;1] o (b) 53[2,1,2;1] o (c) S3[1,2,2;1]

Fig. 2. The normalized simplex-splines in S? indexed by lf’ for d =3.

7. the value at %(d —4)(d - 5) distinct points in the interior of each subtriangle 7; chosen such that if a polynomial of degree
d — 6 vanishes at those points, then it is identically zero.

The above Hermite data can be used to define a nodal finite element basis on the Clough-Tocher split; see [26] and also Remark
5. In this paper, we focus on an alternative basis of normalized simplex-splines, developed in [23].

Let iy, i,,i3 and ¢ be nonnegative integers such that i; +i, + i3 + £ = d + 3. We introduce the notation A[11,12,13,f] =Mz,
where = = { pE"], 22], p[f], ) 171y Recall that p!™ means that the point p is repeated m times (so it has multiplicity m). Then, we

define the following two types of indices, to distinguish between two types of simplex-splines of degree d:

» Type O: Ig is the set of indices (i|,i,,i3;0) for all iy > 1, i, > 1, i3 > 1, with i; +i, + i3 = d + 3 and there is at least one j such
that ij= 1.

» Type 1: If is the set of indices (iy,iy,i3;¢) forall iy > 1, i, > 1, i3 > 1, £ > 1, with i} + i, + i3 + ¢ = d + 3 and there is exactly
one j such that ij=1 (and so i >2 for all k # j).

The simplex-spline A[il,iz,i3,f] is said to be of Type 0 if (i1,i,,i3;¢) € Id while it is of Type 1 if (iy,is,i3;¢) € Zf. Finally,
1¢ :=I§ UT{. Note that #1] = 3d and #I{ = 3(d — 1)(d — 2)/2, which 1mp11es that #2¢ = dim(S),(Ter)).

This allows us to construct a normahzed simplex-spline basis for the space SI(TCT) as follows [23]. We define the set S? :=
(S, ip, 561 € CUT) : (iy, iy, i5; £) € T9}, where

2A(T) A[il,iz’l‘yo] (il»iz,lj;o)EId,

Sy iy, igi €] 1= —
@+ D@ +2) | LA .52, (i isi€) € T0.

(2

It has been shown in [23] that the functions in S? are nonnegative and form a partition of unity on 7. Moreover, they form a basis
for the space S;(TCT). From the properties described in Section 2.1 and d = n — 2, it is easily seen that the functions in S¢ indexed
by I(‘)’ are nothing but Bernstein polynomials on 7', namely

Sy, iy, i530] = (i12ip.i3:0) € I3, 3)

11 Lip—1,i3—1"

Example 2. Suppose d = 3. In view of (1), the dimension of S‘(TCT) is 12. The functions in S3 indexed by IS are given by

S34,1,1;0] = 300, $33,2,1;0] = 210, 5%2,3,1;0] = 120,
S3[1,4,1;0] = 030, $3[1,3,2;0] = 021, $%01,2,3;0] = 012,
S’[1,1,4,01= By, S°[2,1,3;01= B} ,, S°[3,1,2;01= B3 .

The functions in S* indexed by 7 are given by
S32,2, 111, S%2,1,2;11,  S%[1,2,2;11.
These functions are visualized in Fig. 2. With simple computations, we obtain
S°12,2, 11017, = (By = Big)lr;»
§712.2. L1y, = ?20 - 830)|Tz’
S*2.2. 131l = (B}, | = By, = By, + 2B, )l
By exploiting symmetry, similar expressions are obtained for $3[2,1,2;1] and $3[1,2,2;1]. Note that $3[2,2,1;1] 4+ S3[2,1,2;1] +

S3[1,2,2:1]1 = 1 L All Bernstein polynomials used in this example are defined on 7.

1044



J.-L. Merrien et al. Mathematics and Computers in Simulation 249 (2026) 1041-1056

(c) S4[1,3,2;1]

(e) S%[2,1,3;1] o (f) S43,1,2;1]

(g) S%2,2,1;2] o (h) S%[2,1,2;2] o (i) S*1,2,2;2]

Fig. 3. The normalized simplex-splines in S indexed by 1¢ for d = 4.

Example 3. Suppose d = 4. In view of (1), the dimension of S}‘(TCT) is 21. The functions in S* indexed by I(‘)‘ are given by

S*5.1,1:0] = By . S*[4.2.1:01 = By .. S%[3,3,1;0] = B;

,0,07 2,2,0°
542,4,1;01 = B}, . S*[1.5.1;0]=By,, S'[1.4.2:0]=8;, .
§%01,3,3;01 = By,,. S*1.2,4;01=B;,,, S*[1,1,5:01=B;,.

4 01 = 4 .01 = B4 4 .01 = R4
542,1,4;0] = B S*13,1,3;00 = B}, S*4,1,2:01 = B .

4
1,0,3°

The functions in S* indexed by 7} are given by

SY3,2, 110, S42,3, 1510, S*[1,3,2; 1],
SYL,2,3: 10, SY2,1,3; 10, S*3,1,2;10,
S542,2,1;2],  S*2,1,2;21,  S*1,2,2:2].

These functions are visualized in Fig. 3. With simple computations, we obtain

S*3,2, 15115, = (B3, o — Bioolrs
S*13,2,1;10l7, = (B3, = Bl 59+ By 40l

2,2,0 1,30
4 . _ p4 4 4 4 4 4
STB.2, L 1”73 - (32,1,1 - 32,0,2 - 31,1,2 + 231,0,3 + 30,1,3 - 330,0,4)|73’
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(a) d=3 (b) d =4

Fig. 4. The domain points d"(il,iz,i3;f) of the normalized simplex-splines S9[i,,i,,is; ], (iy,iy,i5;¢) € 19, for the cases d = 3 and d = 4.
Coinciding domain points are slightly perturbed to visualize them properly. The vertex domain points are colored in blue, the edge domain
points in cyan, and the triangle domain points in red. (For interpretation of the colors in this figure, the reader is referred to the web version of
this article.)

and
4 . — 4 4
N [27 2v la 2]|Tl - 3(3391,0 - 234,0,0)|Tl >
4 . _ 4 4
§*12.2,1:21l5, = 3B}, ) — 2B, )l
4 . — 4 4 4 4
S712,2,1; 2]|7—3 = 3(B1,1,2 - 2B1’0,3 - 2B0,1,3 + 6BO,0’4)|7—3.

By exploiting symmetry, similar expressions are obtained for the other functions in S* of Type 1. All Bernstein polynomials used in
this example are defined on 7.

Any spline of the space s € SZ(TCT) can be uniquely described in terms of the basis S, i.e.,
s = Y cliyiniy @) Sy, i %), x€T,
(i1,igi35)€T4
for some values c(iy, i, i3;¢) € R. From [23] we know that
x= Y dy i iy 0) SOy i £lx), xET,
(i1,ip,i3;0)ETd
where
ip—1
d

3
dd(i]ai23i3;0) = Z DPi»  (iy,ip,i3;0) € ¢,
k=1

and

3
i —1 1 -1
Ay iy iy ) 1= Y & +=p+—
(i1, ip.1337) ; Pl Pk dP, 4

pr. (pigip) eIl i;=1.

The points d"(il,iz, i3sf) € R? are called the domain points of the normalized simplex-splines S"[il, in,i3; €], (i1,0p,i3;6) € 9. It is
easy to see that all these points belong to 7. In particular, the domain points related to 16’ are all on the boundary of 7. In view of
(3), the latter points are domain points of standard Bernstein polynomials of degree d. With the aim of constructing C' splines on
triangulations (see Section 3), we classify the domain points into the following three groups:

+ Vertex domain points: The points {d?(i|,iy,i3;0) : (i1,isi3;0) € I¢, i
j=1,2,3.

+ Edge domain points: The points {dd(il,iz,i3;f) D (i, 0p,i338) € 14, i, <d, iy < d, iy <d, i;=1,¢ <1} are the domain
points associated with the edge &; := ({p;,p2,p3} \ {p;}), j = 1,2,3.

+ Triangle domain points: The points {dd(il,iz,i3;f) D (i, ip,ig0) € 1¢, ¢ > 2} are the domain points associated with the
triangle 7.

> d} are the domain points associated with p;,

For the cases d = 3 and d = 4, the domain points are depicted in Fig. 4. Note that domain points related to I]d may coincide. Such
points have been slightly perturbed in the figure to visualize them properly. The three groups of domain points are indicated with
a different color.
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Remark 4. Instead of representing a spline s € S;(TCT) in terms of the simplex-spline basis S?, one could alternatively consider
three separate representations in terms of the Bernstein polynomial basis on the subtriangles 7;, j = 1,2,3, as proposed in [30].
However, the latter approach involves

d+2

3dim(P,) = 3( 5

) = %(d2+3d+2)
parameters. Thus, compared with (1), it requires 64 more parameters than working with a basis as S¢.

Remark 5. The Hermite data described in Remark 1 could also be utilized to define a basis for the space SL(TCT), a so-called nodal
finite element basis [26]. More precisely, since each spline s € S;(TCT) is identified by such a set of Hermite data, a basis function
can be obtained by taking one of these parameters equal to 1 and all the others equal to 0. Note that this basis does not form a
partition of unity. Moreover, it is known that a B-spline-like basis is computationally more stable than a nodal basis using derivative
information (also called a Hermite basis). We refer the reader to the numerical experimentation (Table 1) in [18] for an example.
Therefore, S¢ seems to be a more appealing basis for S},(TCT) in practice.

3. C! splines on triangulations

In this section, we discuss the C! connection between adjacent triangles and how to deal with a general triangulation.
Given a triangulation A of a domain £, let A-r be the corresponding refinement obtained by taking the Clough-Tocher split of
each triangle 7 of A as defined in the previous section. Then, we consider the C! spline space of degree d >3 on Acr, i.e.,

Shacr) =={s € C' Q) : sl €S}(Tep), T € A}

The dimension of S;(ACT) can be established by following standard techniques for analysis of spline spaces over triangulations.
Using the theory from [13], one deduces that

dim(S}(acp) = 3N, + (2d = 5)N, + %(d -2)(d - 3)N,, 4)

where N,, N,, N, are the number of vertices, edges, triangles of the triangulation, respectively. When A consists of a single triangle
(N, =3, N, =3, N, = 1), we exactly recover the dimension formula in (1). For the cases d = 3,4, the formula in (4) simplifies to

dim(Sj(acy)) =3N, + N,,  dim(S}(acy) =3(N, + N, + N,).

To obtain a representation for splines in S:,(ACT), we use the local basis described in the previous section for each triangle of A.
This gives Ny := 3(d?> — d +2)/2 normalized simplex-splines multiplied by N,. Then, we impose C! smoothness conditions across
the edges of A, which allows for an easy elimination of parameters till the correct number of degrees of freedom of the space.

Let us first look at conditions that ensure C° and C! smoothness across a common edge between two triangles. These conditions
have been provided in [23]. Suppose

s= ) Mg iy ) Sy izifl, §= Y &y in ) 8y, in, i3] (5)

(i1,in,i3;0)ET? (i1ip.iz;0)ET

are two splines of degree d defined on the triangles 7 := ({p,p,,p;}) and 7 = D1, P2, D3}), respectively, sharing the edge
& = ({p,.p,}). Then, s and § join together with C" smoothness (r = 0, 1) across the edge &; if and only if

« r=0:for all (i,iy, 1;0) € Ig we have
&(i1,ia, 150) = ¢ (i1, iy, 1;0); (6)
» r=1: in addition to r = 0, for all (i}, i,,2;0) € Zg we have
Ed(il,iz,Z;O) =7 cd(il +1,i5,1;0) +y, c‘l(il,iz +1,1;0)+ 73 cd(il,iz,Z;O), (@)
and for all (i},i,1;1) € Zf we have
g, LD =y Gy + Lig, 50+ 12 ¢ ip + 1, 150) + y3 ¢ (iy i, 13 1), 8
where p3 =y1p1 + Pyt 3Py, i+t =1

These smoothness conditions exhibit a large similarity to the smoothness conditions between two polynomials represented in the
Bernstein basis on two adjacent triangles; see [13].

Example 6. Suppose d = 3. The conditions for C° smoothness across the edge &; are given by
B 1,100 =4, 1,1:0), &(3.2,1:0) = ¢*(3,2,1;0),
B3(2.3.1:0) = *(2.3,1:0),  &(1,4,1:0) = ¢*(1,4, 1;0).
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(b) d =4

Fig. 5. Visualization of the geometric requirement to obtain C' smoothness across the common edge between two adjacent triangles, for the
cases d = 3 and d = 4. Each set of four domain points forming the corners of a colored quadrilateral area requires that the four corresponding
control points must be coplanar. The same color code is used for the domain points as in Fig. 4.

In addition to the above ones, the conditions for C! smoothness across the edge &; are given by

F3,1,2,0) =7, @4, 1,100 + 7, 33,2, 1;0) + 73 ¢33, 1,2; 0),
P22, LD =762 50 +732,3, 100 +7332,2,1; D,
3(1,3,2;0) = 7, (2,3, 1;0) + 7, (1,4, 1;0) + 3 ¢3(1,3,2; 0).

Example 7. Suppose d = 4. The conditions for C° smoothness across the edge &; are given by
#(5,1,1;0) = ¢*(5,1,1;0), ¢*(4,2,1;0) = ¢*(4,2,1;0),
(3,3,1;0) = ¢*3,3,1;0),  ¢*(2,4,1;0) = ¢*(2,4,1,0),
&4(1,5,1;0) = ¢*(1,5,1;0).

In addition to the above ones, the conditions for C! smoothness across the edge &; are given by

&4,1,2,0) = 7, ¢*(5,1,1;0) + 7, ¢*(4,2, 1;0) + y3 ¢*(4, 1,2 0),
#G2 LD =y 4,2, 1,00+ 7, ¢*(3,3,1;0) + 73 ¢*(3,2, 15 1),
23, D) =7, ¢43.3, 1,00 + 7, 42,4, 1,00 + 13 ¢*(2,3, 15 1),
(1,4,2,0) = 7, ¢*(2,4,1,0) + 7, ¢*(1,5,1;0) + y3 ¢*(1, 4,2 0).

By associating the coefficients ¢?(i|, i, i3;¢) of s in (5) with the corresponding domain points de 1.i2,i3;¢) on T, we obtain the
control points of s, denoted by ¢4 (i}, iy, i3;¢) = (dd(il, iy,i3;0),c(iy, iy, i3:£)), for all (i, iy,i3;¢) € I%. Similarly, the control points
of § are defined as &9(iy, iy, i3;¢) = (&d(il,iz,i3;f),c"d(i1,iz,i3;f)), for all (iy, iy, i5;¢) € I9. With the aid of the control points, we
can give a geometric interpretation to the C' smoothness conditions (6)-(8) described above. More precisely, these conditions are
geometrically equivalent to requiring that d pairs of triplets of control points, defined on 7 and 7, are coplanar, namely

c¥(d+1,1,1;0), ¢?(d,2,1;0), ¢?(d, 1,2;0)) and

¢l(d+1,1,1,0), &%(d,2,1;0), €%(d, 1,2;0)) are coplanar;

cd(d—i+2,i,150), c/(d —i+1,i+1,1;0), ¢?(d —i+1,i,1;1)) and

e(d—i+2,i,1;0), 89(d —i+1,i+1,1;0), &/(d —i+1,i,1;1)) are coplanar, for all i =2,...,d - I;

4(2,d,1;0), ¢*(1,d +1,1;0), ¢?(1,d,2;0)) and

c
¢1(2,d,1;0), &%(1,d + 1,1;0), €%(1,d,2;0)) are coplanar.

(
(
(
(
(
(

Fig. 5 illustrates an example of the geometric requirement to obtain C' smoothness on two adjacent triangles, for d = 3 and d = 4.
With the aim of constructing a stable global basis for the spline space S;(ACT), we make use of the concept of minimal determining
sets. Minimal determining sets are a common tool in the context of Bernstein polynomials [13], but have recently also been applied
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(a)d=3 (b) d =4

Fig. 6. A minimal determining set for S}(acy), consisting of the domain points indicated with filled bullets, for the cases d =3 and d = 4. The
coefficients related to these domain points are free to choose, while the others are determined by imposing the C'! smoothness conditions. The
domain points associated with a vertex are colored in blue (filled and empty bullets), the domain points associated with an edge in cyan (filled
and empty bullets), and the domain points associated with a triangle in red (filled bullets). The same color code is used for the domain points
as in Fig. 4.

to simplex-splines [21,31]. Hereafter, for each triangle 7" € A, we denote the normalized simplex-splines in (2) related to 7 by Sl‘: .

k=1,...,Ny. The restriction of a spline s € S;(ACT) onto a triangle 7 € A can then be expressed as

Ny
sly = Z CZA,T SZ,T' 9)
k=1

d

Similarly, we denote the corresponding domain points by dj ,,

k=1,..., Ny, and we define the multisets

d o.qgd - — d . d
DY :={d{, :k=1,...Ns}, Di:=] D}
Tea
Recall that the domain points in D‘; can be coinciding (see also Fig. 4). Now, we build the multiset M? € D? consisting of the
following domain points:

» For each vertex p of A, choose a triangle 7 € A that has p as a vertex, and select the three vertex domain points in D‘;,
associated with p.

« For each edge & of A, choose a triangle 7 € A containing this edge and select the edge domain points in DdT associated with
E.

+ For each triangle 7 of A, select the triangle domain points in DdT associated with 7.

The multiset M¢ is a so-called Minimal Determining Set (MDS) for S;(ACT). That means that the cardinality of M? is equal to
dim(S{lj(ACT)); see (4). Moreover, if s € S;(ACT) is locally represented as in (9) on all 7 € A and s has all the coefficients associated
with domain points in M¢ equal to zero, then s = 0 (this follows from the C! smoothness conditions). An example of a minimal
determining set is depicted in Fig. 6 for d =3 and d = 4.

We are now ready to construct a global basis for S; (acy). Given a minimal determining set MY for Scli(ACT), suppose we assign
values to all the coefficients associated with the domain points in it. These coefficients uniquely identify a spline function of S{lj (Acr)
because all the remaining coefficients in the local representation (9) can be deduced from the smoothness conditions (6)—(8).
Therefore, any minimal determining set enables us to define a basis as follows. Let us consider the set of functions

{Sga dE MY, (10)

where S, , is the unique function of S;(ACT) obtained by zeroing all the coefficients associated with the domain points in M¢
except the one related to d which is set equal to 1. By construction, the functions in (10) are linearly independent (see also [13,
Theorem 5.20]) and their number agrees with the dimension of the space because of the cardinality of M? mentioned before. It
follows that (10) is a basis for S‘lj (Acr); this is a so-called MDS-basis of 8(11 (act)- Note that, for a given spline space, the minimal
determining set is not unique and so there are several MDS-bases for a given spline space.
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It is easy to see that the basis functions in (10) are locally supported: their support comprises either the star of triangles of A
sharing a vertex, the pair of triangles of A having a common edge, or only a single triangle of A. The following proposition ensures
that such basis functions are uniformly bounded.

Proposition 8. For a given triangulation , let M4 be a minimal determining set for S}{(ACT)' There exists a positive constant K depending
only on the degree d and the minimal angle of A such that

I1Sgalle <K, de M.

Proof. We first remark that the number of triangles surrounding a vertex of A and the (absolute value of the) barycentric coordinates
of a point of a triangle with respect to an adjacent triangle are bounded in terms of the minimum angle of A (see [13, proof of
Lemma 2.29]). Let 7 be a triangle of A belonging to the support of S, ,. We have that (S, ,)|7 can be represented in the form (9)
where the coefficients CZ.T are obtained from the value 1 associated with the domain point d € M¢ by applying the smoothness
conditions (6)-(8); these conditions are simple linear relations involving barycentric coordinates of points in adjacent triangles.
Therefore, denoting by ci the vector of these N, coefficients, we obtain that IIC‘; |l < K, where K is a positive constant depending
only on the degree d and the minimal angle of A. Since the normalized simplex-splines S/f,r in (9) are nonnegative and form a

partition of unity on 7, we get
1(Sga)lrllee < lletll < K.
This concludes the proof. []

Proposition 8 implies that the proposed global basis is stable. Using the same line of arguments as the proof of [13, Theorem 5.22],
one can show that for all ¢, :=(cqn €R : d € MI)T,

Z €4.a5d.a
o

d
deMi

K llealle s‘ < K*lleallo,

where K~ and K™ are positive constants depending only on the degree d and the minimal angle of A. Furthermore, from the partition
of unity property of the local simplex-spline basis, we directly deduce that the global basis in (10) forms a partition of unity as well.

The approximation power of the spline space Scll (act) is well known and a simplified result is stated in the next proposition; see,
e.g., [13]. Let Wo‘i*'l(.Q) be the standard Sobolev space on a domain £ associated with the infinity norm, and let

u := max ||D?D’ull..
lulgs1 0 = max [IDyDyulle

Proposition 9. Let A be a given triangulation of a convex domain £, and denote its mesh size by h. For every function u € Wi+t\(Q),
there exists a spline s € S;(ACT) such that

llu = sl < K" A fulgs1 o0
where K' is a positive constant depending only on the degree d and the minimal angle of A.

Note that the basis construction has no influence on this approximation result.
4. Numerical examples

In this section, we numerically illustrate the performance of the considered C' spline spaces by means of three examples. We
first study two linear problems. Given a target function u € L?(£2), we aim to approximate it in the least-squares sense (Section 4.1)
and as the Galerkin solution of a Poisson equation (Section 4.2). Then, we address a semilinear elliptic equation (Section 4.3). We
consider four different target functions u"”, i = 1,2,3,4, defined as follows:

uD(x, y) = sinQrxy), (11)
u®(x,y) = sin(7z(1 = x)(1 — y)), 12)
u(x,y) = 16x(1 — x)y(1 — y) cos(16z(x — 0.5)> + (y — 0.5)%), 13)
u®(x, y) = xysin(3zx) sin(3zy). a4

Fig. 7 depicts the functions in (11)-(14) on the square domain [0, 1] X [0, 1]. We also consider two different domains 2@ and Q®,
which are shown in Fig. 8 together with their initial triangulations A and A® (of level / = 0). The triangulations are subsequently
refined by dyadically splitting each triangle into four smaller triangles for each new level / > 0. The levels / = 1,2,3 are illustrated
in Fig. 9 for both domains. We look for a spline approximation in the space S}l (Acr) of the form

Up( ) = Y cqaSaatey),
dem?
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A

(a) u® (b) u®

(c) u® (d) u®

Fig. 7. Target functions u®, i = 1,2,3,4 on [0, 1] X [0, 1] defined in (11)-(14).

where A is the considered triangulation and S, , is defined in (10). The mesh size 1 behaves like 1 /W , where dof stands for
the number of degrees of freedom. The optimal error convergence rate in the space S}i (Act) is O(h¥*1); see Proposition 9.

The integrals are numerically computed by means of triangular Gaussian quadrature rules on each subtriangle of the partition.
The number of quadrature nodes are chosen to have exact integration of the involved polynomial functions.

4.1. Example 1: Least-squares problem
Given a function u € L?(Q2), the least-squares approximation in the space 831(ACT) is defined as the solution of

. 2
argmin g1 ) /Q(u—s) dQ.

Fig. 10 shows the infinity-norm errors obtained when approximating the four target functions u = u®, i = 1,2,3,4 with respect to
y/dof in the spaces Si(acr) and Sk(acr). The least-squares problem is computed on the two domains @ and Q(), starting from
the initial triangulations depicted in Fig. 8 and then applying dyadic refinements. In all the cases, we observe the expected optimal
convergence rates, i.e., O(h*) for d = 3 and O(h°) for d = 4.

4.2. Example 2: Poisson problem

We consider the differential problem

-Viu=f, ingQ,
(15)
u=g, onais,
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(a) Q@ (b) Q)

Fig. 8. Initial triangulations of the domains 2 and Q®.

(b) 20

Fig. 9. Refined triangulations on the two domains Q@ and Q® for refinement levels / = 1,2,3 (from left to right) starting from the initial
triangulations (I = 0) shown in Fig. 8.

where the exact solution u is manufactured to be the four functions u = u, i = 1,2,3,4 defined in (11)-(14) on the two domains
Q@ and Q® depicted in Fig. 8. The functions f,g are chosen accordingly. Fig. 11 shows the infinity-norm errors of the Galerkin
approximations in the spaces S;(ACT) and Si(ACT), starting from the initial triangulations depicted in Fig. 8 and then applying dyadic

refinements. In all the cases, we observe the expected optimal convergence rates, i.e., O(h*) for d = 3 and O(h°) for d = 4.
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Fig. 10. (Example 1: Least-squares problem) Error in infinity norm, measured on a 100 x 100 grid, versus y/dof between the target functions
u®, i = 1,2,3,4 defined in (11)-(14) and the least-squares approximations in the spline spaces S;(ACT) and Sj(acr) computed on the domains
0@ and Q® depicted in Fig. 8 and refined as in Fig. 9 for the first levels.

4.3. Example 3: Semilinear elliptic problem

We consider the differential problem given by

(16)

—Viu=u?+f, inQ,
u=g, on d£2

where the exact solution u is manufactured to be the four functions u = u?, i = 1,2,3,4 defined in (11)-(14) on the two domains
Q@ and Q® depicted in Fig. 8. The functions f, g are chosen accordingly. The approximation is computed by an iterative method
starting with uy = 0 on Q. Then, for n =0, 1, ..., we compute u,,; as the Galerkin solution of

Vi, = "3 +f, inQ,
Uy = & on 0Q2.

We observe a fast convergence, therefore a few iterations are sufficient. In Fig. 12, we depict the error of the approximations uj, ,
computed on the two triangulations A®@ and aA®® shown in Fig. 8 and their refinements as in the previous examples. In order to
reach the optimal convergence rates on the finer meshes, we use n = 10 iterations of the iterative method. On the coarse meshes
(I < 5), the same accuracy can be obtained with n = 5.
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Fig. 11. (Example 2: Poisson problem) Error in infinity norm, measured on a 100 x 100 grid, versus y/dof between the exact solutions u®,
i =1,2,3,4 defined in (11)-(14) and the Galerkin approximations in the spline spaces S;(ACT) and SJ;(ACT) computed for problem (15) on the
domains 2@ and Q® depicted in Fig. 8 and refined as in Fig. 9 for the first levels.

5. Conclusion

In this paper, we have investigated the (normalized) simplex-spline basis S¢ developed in [23] for the family of C' spline spaces
of degree d > 3 defined on the Clough-Tocher split 7y of a triangle 7 in R?. The split 7¢r is obtained by connecting the barycenter
of T to its three vertices. The basis S¢ consists of two types of simplex-splines: firstly Bernstein polynomials with domain points on
the edges of 7 and secondly certain simplex-splines with at least one knot at the barycenter. These simplex-splines are nonnegative
and form a partition of unity on 7. They also allow for simple C! smoothness conditions across the common edge between two
adjacent triangles.

By exploiting the above properties of the simplex-spline basis and the concept of minimal determining sets, we have built a basis
for any C! spline space of degree d > 3 defined on the Clough-Tocher refinement Aqp of a general triangulation A. The considered
space contains the polynomial space of degree d and has optimal approximation power, i.e., the distance to a smooth function is
O(h?+"), where h is the mesh size. We have numerically illustrated the performance of the spline spaces of degrees d = 3,4 by
means of three examples: we have tested them in the least-squares method for function approximation and in the Galerkin method
for solving linear and semilinear elliptic problems. In all the tests, the expected optimal convergence rates have been observed.

The integrals were numerically computed by means of triangular Gaussian quadrature rules on each subtriangle of the partition.
This approach is not optimal, however, because the inherent smoothness of the splines is not taken into account; see [31,32] and
references therein. The development of ad hoc quadrature rules might be an interesting task for future research. There are already
rules available for the integration of splines of degree d = 3r and smoothness C*~! on the Clough-Tocher split [32,33]. In the
context of the Galerkin method, it is also of interest to develop specific weighted quadrature rules as in [31].

1054



J.-L. Merrien et al. Mathematics and Computers in Simulation 249 (2026) 1041-1056

—o—ulV ——ulV
(2) (2)
IR Y — . —
S ——u¥ ——u¥
—n —n
2 8
5 1051 1 5 105¢ ]
| |
El El
4& 5&
1 1
10—10 - 4 10'10 L 4
10’ 102 10° 10! 102 10°
Vdof Vdof
(a) domain Q@) space S}(Acr) (b) domain Q%) space S}(Act)
—o—ul ——uV)

e ——ul®
B lL“

10°

[lu = up[oo
=)
,
‘
‘ :
o — unllo
3 3
, 3
‘ :
/
‘

4& i

1

10'10 - 4 10'10 L 4
10! 10° 10° 10’ 10° 10°
Vdof Vdof
(¢) domain Q®) space S}(Act) (d) domain Q®) space S}(Act)

Fig. 12. (Example 3: Semilinear elliptic problem) Error in infinity norm, measured on a 100 x 100 grid, versus /dof between the exact solutions
u®, i =1,2,3,4 defined in (11)-(14) and the Galerkin approximations in the spline spaces Sj(acr) and S)(acr) computed for problem (16) on
the domains 2 and Q% depicted in Fig. 8 and refined as in Fig. 9 for the first levels.

The simplex-spline basis is not only available for the Clough-Tocher split of a triangle in R?, but has actually been proposed for
the more general Alfeld split of a simplex in any spatial dimension [23]. This suggests a valuable avenue for subsequent research:
an expansion of the presented investigation towards simplicial partitions in higher spatial dimensions.
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