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Abstract

In an recent article Amman and Tucci (2020) make a comparison of the two dominant approaches for solving
models with optimal experimentation in economics; the value function approach and an approximation approach.
The approximation approach goes back to engineering literature in the 1970ties (cf. Tse & Bar-Shalom, 1973).
Kendrick (1981) introduces this approach in economics. By using the same model and dataset as in Beck and
Wieland (2002), Amman and Tucci conclude that differences may be small between the both approaches. In the
previous paper we did not present the derivation of the approximation approach for this class of models. Hence,
here we will present all derivations of the approximation approach for the case where there is an infinite horizon
as is most common in economic models. By presenting the derivations, a better understanding and insight is
obtained by the reader on how the value function is adequately approximated.

Keywords: optimal experimentation, approximation method, adaptive control, active learning, time-varying
parameters, numerical experiments

1. Introduction

Recently there has been a renewed interest in optimal experimentation. In the engineering literature referred to as
active learning, see e.g. Amman and Tucci (2020), Buera et al. (2011), Savin and Blueschke (2016). There are
two dominant approaches for solving this class of models. The first method is based on the value function
approach and the second on an approximation method. The former uses Bellman’s (1957) dynamic programming
approach for the closed loop (value function) form of the problem, which is used in studies by Prescott (1972),
Taylor (1974), Easley and Kiefer (1988), Kiefer (1989), Kiefer and Nyarko (1989), Aghion et al. (1991), Beck
and Wieland (2002), Coenen et al. (2005), Levin et al. (2003) and Wieland (2000) and many more.

In principle, the value function approach is theoretically the preferred method as it derives the optimal values for
de policy variables. Unfortunately, it suffers from the curse of dimensionality and is only applicable to problems
of low dimensionality due to the fact that the solution space needs to be discretized. The approximation methods
as described in Cosimano (2008) and Cosimano and Gapen (2005), Kendrick (1981) and Hansen and Sargent
(2007) use approaches, that are applied in the neighborhood of the linear regulator problems (Note 1). Because
of this local nature with respect to the random elements of the approach, the method allows for models of larger
dimension.

In Amman and Tucci (2020) both the value function approach and the approximation method are used to solve
the same problem and their solutions are compared. For this purpose we used a common testbed model as
presented in MacRae (1975) and Beck and Wieland (2002) (Note 2). In that paper the focus is on comparing the
policy function results reported in Beck and Wieland (2002), through the value function, to those obtained
through an approximation method. In this paper we present the full derivation of testbed model. In this way
providing insight into the nature of the approximation approach.

2. Statement of the Problem

Tucci et al. (2010) consider a simple control problem with one state, one control and a time horizon of T periods
in which the policy maker wants to find ug, uy, ..., ur_; to minimize
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J=EFEy 3 Wr (xp —X7)" + 5 z |:w, (x, =% )"+ A (1, — 7, I-J
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where E, is the expectation operator conditional on the information available at time 0, subject to
Xep1 = axe + fus +y + &4 fort=0,1,..,T-1 )

with x, and u, the state and control variables, respectively, and the tilde indicating the desired path of the
specified variable. Also o, # and y are the parameters of the system equation and &,,, is an error term
identically and independently distributed (i.i.d.) normal with mean zero and variance g. Finally, the initial state
x0 and the penalty weights w’s and 1’s are given constants. The parameter associated with the control is assumed

constant but unknown with mean, at time t, b, and variance oﬁf . Also, the state is measured without error

(Note 3).

Following Tse and Bar-Shalom (1973) methods for solving active learning stochastic control problem, Tucci et
al. (2010) compute, for each time period, the approximate cost-to-go at different values of the control and then
choose that value which vyields the minimum approximate cost (Note 4). This approximate cost-to-go is
decomposed into three terms and, for the present problem, written as

In=Jon+Jcn+Ipn 3)

where [y is the total cost-to-go with N periods remaining and Jpy, Jcn a@nd Jpn are the deterministic,
cautionary and probing component, respectively. The deterministic component includes only terms which are not
stochastic. The cautionary one includes uncertainty only in the next time period and the probing term contains
uncertainty in all future time periods. Thus the probing term includes the motivation to perturb the controls in the
present time period in order to reduce future uncertainty about parameter values (Note 5).

In the following pages, this model is rewritten as an infinite horizon model and the associated formulae for the

approximate cost-to-go are derived. The problem now is to find the set of controls u, fort=0, 1, ..., «, where t
= 0 denotes the current period, which minimizes the linear functional

1 - . S I
J=E) { 5 Z (x7wr +u Ay ) }

“r=0 (4)
with the desired path for the state and control set equal to 0, x, subject to the system equation (2) and A, = pfA
and w, = ptw where p is the discount factor between 0 and 1.

The control problem (2) and (4) is solved treating the stochastic parameters as additional state variables as in
Kendrick (1981; 2002, Chapter 10) and restating it in terms of an augmented state vector z, as: find the controls
u, fort=0,1, ..., 0 minimizing

1= o
J=Ey {7 z (ZwW*z —u,‘A,)}

“1=0

®)
with W7 having w, on the top left corner and zeros elsewhere. subject to the discrete-time system equations,
with no measurement equation,

A — ;‘::{ =F ljr‘-”" + Y_ +tr (6)

with the arrays defined as

=[5 ]-[5 2 [8)r=[ 2] -]

Problems (2) and (4) and (5)-(7) are equivalent “however the first is described as a linear quadratic problem with
random coefficients and the second as a nonlinear (in X, u and f) stochastic control problem” as noted in
Kendrick (1981; 2002, p. 94).
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3. One-Period Ahead Projection of the Mean and Variance of the Augmented State Vector Z

For this simple model the one-period ahead projection of the mean of the augmented state vector z., after
control at time zero is applied, is

fllﬂ = axo + boug + Y (8)
b1|0 = b, )

where b, is the estimate of the unknown parameter at time 0, with estimated variance aflg = ¢/ to save on

notation, x, is the initial condition for the state and uj being the search control at iteration z, with the
Certainty Equivalence (CE) solution being the first search control, i.e. u} = uSf. The projected mean of the
parameter is equal to its current estimate because the unknown parameter is assumed constant.

For the model presented in Beck and Wieland (2002) and MacRae (1975) (BWM) with no measurement error,
the projected variances look like (Note 6)

o 2 _Bp
G0 = (up) oh0 +4q

Bx  _ BB ¢
S0 = Yoo

BE _ BB — 2
S0 = S0 =%

(10)
4. The Nominal Path for the State and Control

At this point the nominal, or CE, path for state and control are needed. This is done by solving the CE problem
for the un-augmented system from time 1 on, using %, as initial condition and the nominal path for the
parameters. Given that in the present case all of them are assumed constant, at this stage the estimate b, is
treated as the true parameter for all future periods. Then the nominal control for a generic period j in the
time-horizon can be expressed as, in the present case,

Ug,j = ijO,j + 9g; fOI'j =1, ..,
When the conditions for the existence of an infinite horizon solution are satisfied, see e.g. De Koning (1982),

Hansen and Sargent (2007, section 4.2.1), with A; = p/A and w; = p/w, the optimal control law is time
invariant, i.e.

. n 9y —1 7
G = —(A+pkEnd) apkEp, (11)
g = —(A+pkEpd) " bo (pkEy+ppcE) (12)

with k7f, = pk{® and p{¥, = ppfPv;, where k°F and p°F are the fixed point solutions to the usual Riccati

recursions (Note 7)

KCE — v+ o pkE — (apkEbg)* (A + pkCERR) (13)
and
Pt = a (pkFy+ppF) — apkEpg (2 +pkEig) I (PkEy+pp<E) (14)
respectively. Then g can be rewritten as
e=Ga 'y(1+pp") (15)

with p* =[1 — p(a + byG)] *(a + boG). Generalizing the results in Tucci et al. (2010) it can be shown, by
repeated substitutions, that in the infinite horizon problem the j-th nominal control can be written as the sum of
two components (Appendix A). One associated with %;, depending upon the control applied at time 0, w,, and
the other due solely to the system parameters and exogenous forces, in this case the constant term y. Namely

up.j = Gojxo.j+go.j

II(){,‘ — (,l“_,'.\'l 0 ——,'\'().,‘ (16)
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with '
Goj = G(a+hG) '
Jj—1
yY(o+boG+boGpp™) Z (x +/>0(J l +g

i=1

=1
g, = G«

fotj =2,3.¢:
and the nominal control at time j can be rewritten as

g=1

=l(ox +l’oG)f’* 1 Xijo + ot y(a+boG+boGpp") Z (o —1/>()(7)i7‘

i=1
In the special case where y = 0, the nominal state and control are simply
g, j = Go,jxo.j = Go_j*1)0
and
_ ~\Jj—1
Xoj = (o +bpG) X1j0

5. Riccati Equations for the Arrays of the Augmented System
The K and p Riccati arrays of the augmented system are partitioned as

XX xp X
Kj= [ féj féﬁ ] ; pPj= [ C% J
k f k ; Pj

(1)

(18)

(19)

(20)

1)

(22)

In the former array, k** matrix corresponds to the quantity k¢E discussed in the previous section and when the
condition for stabilization holds, i.e. a + byG is stable, and y = 0 the quantities k*# = kf* and kPF reduce to

KEX = [p (a+boG) ' K6
with
k/lj"' = pk}""(a+l>oG)[l—P((X—Jh()G)Z]_lG‘O.I
= /:'I.j"'.\'o.l

as shown in Appendix B and Appendix F, and

" & ki g1
ki-’p - p(a+/;00)‘k/;f,=[p(a+/>06)'} k‘,j‘j
jt oo
= [pa+nGy| HP3,
with
ibP —pA“[l+p( +/>oc;)3} [l—p(a+l>n(i)l]7_(i:

-1.9 1

o
—(pk¥)? [l —p(a -+-h0(}‘)'} (A1 +pkind) " RGP

(23)

(24)

(25)

(26)

as shown in Appendix C and Appendix F (Note 8). The elements of the p Riccati vector are defined as

p —A \,,j—‘,—p
and
= wopfia+pfia = [P ok ibo+kfbo]
x (4 +l\‘]'-“fllr(2))7I (Ao + pji1bo)
with kFE = p/kE and pE = p/pCE
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6. Updating the Covariances of the Augmented System
For the BWM problem the updating equations for the covariances of the augmented system look like (Note 9)

l (0] (0] ]
= , 1 Yo
JlJ __ - Px XX jli—1
4T 1("/1‘ 1) '

(29)
then the elements of the updated covariance matrix are defined as
) -1 Y
xp _ _Px BB _ _Bp i w p
O-J\J =0, Gjli = %jlj =5 Gl —o-w 1~ 9jlj-1 (Uj\jfl) Gjlj-1 (30)

where the projected covariances take the form in (10) when j and j-1 replace 1 and 0, respectively. Combining
(30) and (10), it yields, for j = 1,

, -1 _,
BB _ BB Px ( xx ) apl_ 970 D =1
G111 =510 — %10 (G0 ) S0 =59 (4505 +q)
11 110 1/0 1/0 (31)
and in general it can be shown that (Appendix D).
}j[j 2 wiil 2 :
[ j = G]:(I (GI: Z()”(.).i _(/>
=
1
2 7 1 -1 J 2(1-2)
= G/jq(cr,;u(,-{—q) 1+S Z (0t +bpG)™" =
1=2
fose? (32)
with
-1
S = G? (axg +b0u()) chP (NO +q)
0[0 0/0 (33)
and
Ug,o = Ug (34)

7. The Approximate Cost-to-Go

As in Kendrick (1981; 2002, Chapter 10) the approximate cost-to-go associated with the ‘search’ control u'is
decomposed into three parts: deterministic [, cautionary J. and probing Jp. The deterministic component for
the control at time O is, see, e.g., equation (10.49) in Kendrick (1981; 2002),

| 1 T-1
Ipr-1= /1!! - /\T \OT+— ) (/\” i+2p5 \0,+Ajuo,)

< j=t+1 (35)
For the model at hand, equation (35) can be rewritten as

1, 2 1« fcE) 2
JD.oo — ;A{)H() - ; Z (/\, ,\’().j + Ajll().j)
p 4 <=

(36)
where k]-CE =k = p/k** and A, = A. Equation (36) can be written more compactly as
ID o = Yriup + Yup + Y3 37)
The parameters in equation (37) simplify to
Y = % {}1 + pb3(KE +AG?)[1 —p(a +boG)?] "}
v = pkE+AGY)[1-p(a+boG)?]  boax
I v 2 71— 2
Yy = 3p(k”‘ +AG*)[1 = p(0 +b0G)?] ! (oxp)? 38)

when there is no constant term and zero desired path for the state and control (Appendix E). The cautionary
component looks like

1 = B e
JCoo =5 |:/\‘}“ (G[%H() +q) + /\/Jb ] +k B G,, up+5 Z ’/\}“q)
) L (39)
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By using the definitions of the k’s and rearranging the terms it yields

oo = 6 H% + S+ 83 (40)
with
o l 2 ~BB,2 ~
o = ;G,; (/\}‘ -}-/\'ll)p /)(") + 2/\/I ‘/)())
83 — (7,; (l:'/lilili() - "l]”) oxo
5 = =kq(1-p)~' + =02k a3
03 > P 5 %b ki 0 (41)
as apparent from Appendix F, when the identity aflg = ¢ is used. Finally, the probing component takes the
form
s . )y ST
Jpe = 5 Z [/’_',-‘,l + uop’ ki bo + k}j"‘llm} [p-’ (2o +ki"‘b5)} : o-ﬁ.)};
Ti= ' (42)
Similarly to Amman and Kendrick (1995) and Tucci et al. (2010), equation (42) can be rewritten as
I g(uo)
2 h(up) (43)
with
7 9 7 y—1
/ = (uyoy;, Cj,
1(ug) = (ugoy, +q) (059) (44)
and
| 7
g (ug) = ¢1 (P2uo +¢3)° (45)
with
27a 2\ —1 2174 5 5
01 = |(pkT")" (A +pki*bp) ] [l —p(a+byG)~| byG~
m = by
B = dx (46)
as shown in Appendix G. At this point by substituting (37), (40) and (43) into (35) yields
Jo = (Yi+8)ug+(v2+8)uo+(y3+8&)+
(G,;(/) 01 (Qrug + 03 )2
2 (Gﬁ[l%%‘([) (47)

with the parameters defined as in (38), (41) and (46). As shown in Appendix H through Appendix J, these new
definitions are perfectly consistent with those associated to the two-period finite horizon model reported in
Amman and Kendrick (1995) and Tucci et al. (2010).

8. Numerical Example

In this section the DUAL infinite horizon control is computed using the parameter set in Beck and Wieland
(2002, Figure 1, p. 1367) which translates to

5 A BB 2 Shae 4.4 0ip =10:05
a=1,bp=-05,y=0,9=1,0p9 =0, =025, w=1,4=0,p =095 (48)

in the present context. With this parameter set, the fixed point solution to the usual Riccati recursions for the
unaugmented system is

KCE = 14 pk%E _0.25 (pk<E)? (0.25pkCE) !
CE  CE
= l4+pk™—pk—= =1 (49)
with pkCE = pk** = k¥* = 0.95 and the time invariant optimal control law simplifies to
G = — (0.25pkE) " pkCE (—0.5) =2 (50)

It follows that the relevant terms for the computation of the approximate cost-to-go described in the previous
section 9 specialize to
(a+bpG)=1+2(=0.5)=0 (51)
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Pf = p(pk™) = p2k™ = (0.95)
Y = (0.95)%(0)[1—(0.95)(0)2] "2=0
P = (0.95)%(1)(1)7222 = 0.95(0.95)%(1)*[0.25(0.95)] ' (0.25)2* =0 (52)

Then the coefficients characterizing the deterministic, cautionary and probing component are, respectively,

Y = é(().zi)().oszn.llo
vy = 5.95(—0.5).\0:—“.475-\0
W, = %(().95).\-(-’,:().475\»,3, (53)
& = %)QS(()})S):()‘HQ
5 = 0
& = %(0.95)“)(0.05) =95 (54)
and
o = 0.95(0.95)%(0.25x0.95)7" (1)74(0.25+4) =0.952 x4
o = —-0.5
B = X0 (55)

By comparing the new results with those associated with a two-period model reported in Tucci et al. (2010,
equations 34-39) some interesting features emerge. First of all the y’s in the deterministic component are the
same both in the finite and infinite model except for the fact that the former uses undiscounted penalty weights
on the state, i.e. w; = w, = 1, and the latter assumes w, = p‘w with w = 1. The same consideration explains
the slight difference existing between the new and old coefficient 3, in the cautionary component and ¢, in the
probing one. It is noteworthy that the coefficient 3, in the cautionary component and ¢, and @3, in absolute value,
in the probing one are identical in the finite and infinite model. This means that these coefficients are not
affected by the penalty weight on the state. The main difference between the finite and infinite model lies in s,
the constant term in the cautionary component, which jumps from 1, the variance of the system disturbance, to
9.5 which is, approximately, half the inverse of the discount rate, i.e. 2(1 — p)~". Therefore this coefficient
reflects the infinite sum of the discount factor p.

The results for the Jp, Jc, Jp and J.,, using the above parameters, are plotted in figure 1, which is for certain
levels of the parameters not globally convex. As mentioned earlier, Amman and Kendrick (1995), the solution of
the may suffere from non-convexities and can have several (local) minima for certain parameter sets. Figure 2

shows clearly that when the uncertainty of the parameter 5, o/ increase the chance of hitting a multiple minima
increases. Hence, when doing a numerical optimization with the model, caution is required.

a0 Simulation output

)
80 —
J
)

70 \ .
60 .
:_ 50 \ 1
_; w0l |
30 \ ) ]

20 - - 1

control variable u

Figure 1. Plotting Jp, Jc, Jp» Jwo, 0Z = 1.00
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Figure 2. Plotting Jp, J¢, Jp, Joo for various o?

9. Conclusion

By applying a well-known testbed model, we presented the full derivation of an (value function) approximation
approach, in this way providing insight into the nature of the approximation. The appropriate Riccati quantities
for the augmented system have been derived and the time-invariant feedback rule defined. The resulting
formulas are easy to compute and allow for problems of higher dimensions that can be solved in feasable time.
Due to the local nature of the approximation, caution is required when the model suffers from a high degree of
stochasticity as defined by the various (co)variance of in the model. With high levels of randomness, the solution
may produce multiple local optima.
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Notes

Note 1. For consistency and clarity in the main text, we used the term approximation method instead of adaptive
or dual control. The adaptive or dual control approach in MacRae (1975), see Kendrick (1981), Amman (1996)
and Tucci (2004), uses methods that draw on earlier work in the engineering literature by Bar-Shalom and Sivan
(1969) and Tse (1973).There are differences between this approach and the approximation approaches in
Cosimano (2008) and Savin and Blueschke (2016) which we will not discuss in detail here. Through out the
paper we will use the approach in Kendrick (1981).

Note 2. Throughout the paper we will use the abbreviation BWM for the testbed model

Note 3. This is equivalent to setting H=I and R=0 in Kendrick (1981; 2002, Chapter 10 -11) or Tucci (2004,
chapter 2-5).

Note 4. See Kendrick (1981; 2002, Chapter 9-10) or Tucci (2004, chapter 2) for details.

Note 5. See Kendrick (1981; 2002, pp. 97-98) for an introduction to this decomposition.

Note 6. See, e.g., Kendrick (1981; 2002, Chapter 10, p. 102) or Tucci (2004, chapter 2, pp. 21-22) for details.
Note 7. In this case the Riccati equation is scalar function and can easily be solved. The multi-dimensional case
can be more complicated to solve. See Amman and Neudecker (1997).

Note 8. This compares with k”* = 2w, (a + bG;)Gyxo1 and & —wG22 |+ (e +26G, ) [= (A +bPwa)] a2,
in the two-period finite horizon model.

Note 9. See, e.g., Kendrick (1981; 2002, Chapter 10, p. 103) or Tucci (2004, chapter 2, pp. 27-28) for details.

Appendix A

Deriving the nominal path for control as a function of the projected state
Given a certain control at time 0, say uo, the nominal, or Certainty Equivalence (CE), value of x;, denoted by X 1,
is given by

Xo1 = aXo + o + y
when the system parameters are assumed constant and known. Then the nominal or CE value of u, Ugs, in a
two-period control problem is given by

up, = Gixo1+gi
| ) [aBwatos + Bwa (y — 2) — b
= ————— | [afwixg +Pwr (Y —%2) — At
1B, 0.1 13

(A1)
where w; is the penalty on the state in the final period and the tilde stands for desired path. When the desired
path for the state and control is zero, the above formula simplifies to
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upy = Gixo1+g

(22 v+ (g ) B ar )

A+ B4k ’ A+ B4k = < (A-2)
with G, and g, implicitly defined, and k, and p, the appropriate Riccati quantities, for any finite period control
problem. The associated nominal value of x2 is

Xp2 = 0Oxo1+ /51(()_] + ¥X0.2

= (a+PGi)xo1+Pg1+Y (A-3)

Then the nominal control for the finite horizon problem at time 2 can be written as
U2 = Grxo2+g2

Gr(a+BG)x01+Gra  (a+BG +1)y

1+a7'G, (BGik; ' py + k3 ' p3)

[

(A-4)
with g, defined similarly to g;. By repeating this procedure, it is then apparent that the nominal control at any
time j in the planning horizon can be rewritten as the sum of two components. One associated with Xg;
depending upon the control applied at time 0, up, and the other due solely to the system parameters and
exogenous forces, in this case the constant term y. Namely,

up,j =Gjxg ;j+8j = Gy X 1 + 8o,j

(A-5)
with
J—1
Goj=G;j l_[(tl+[56,-)
- (A-6)
j [i-t
80, = (l"G,‘/Z (a+BGy)| +
i=1 | I=i
j—1 Jj—1
(’-'G;{k,-.'.p,-.+z [1 («+BG) /5G,k,.'+'|p,»-|}
i=1 |l=i+1 (A-?)

where it is implied that the product term in square brackets is one when | > j —1 and the feedback quantities G;
and g; are defined as

R 2\ —1
Gj = —(/‘-j+/\'}'-|/5-) U-kj+1lj
- e
gi = —(Aj+kiaB?) Bkjny+pjn) (A-8)

The associated nominal state at time j can obviously be written as

Jj—1 j—-11Jj-1
Xoj = {n(a-&-[ﬁG,) .\'(,A,+(zly2{n(a+/56,)
i=1 i

=1 | I=i
j—1 j—1
+a 'y { [1 (¢+BG)

/561‘\',;1] Pi+1
i=1 [I=i+1

(A-9)
with all symbols as previously defined. When the conditions for the existence of an infinite horizon solution are
satisfied, see e.g. De Koning (1982), Hansen and Sargent (2007), with A; = p/A and wj = p’w, the optimal
control law is time invariant, i.e. the quantities in (A-8) specialize to

~ 2231 —1
G = —[(A+pkp*)]  apkp (A-10)
- 7 —1
= - k- B (pk)

g (A +pkp=) " B (pky+pp) (A-11)

with k;., = pk; and p;., = pp;V;, where kand p are the fixed point solutions to the usual Riccati recursions
k=kE = w+ o?pk — (apkB)* (2 +pkﬁ3)7l (A-12)

and
S CEN 2  Babald 32}~ ! X

p=p" =a(pky+pp)—Bpka (A +pkB~) B (pky+pp) (A-13)
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respectively. Then equation (A-11) can be rewritten as

g=Ga 'y(1+pp*) (A-14)
with
p'=[1-p(a+pG) " (a+pG) (A-15)
In the infinite horizon model the above formulae (A-5) and (A-9) simplify as follows
Up,j = G.\'()_j +g= GO.j-\'O.l —+—g0_J,' for _] =1,2,... (A-16)
.\'O_J,' = GF).j-"O.I +361 for _] =273,... (A-l?)
with
Goj = G(a+BG)Y '=GGy; for j=1,2,... (A-18)
L * : 9
80, Ggoj+g for j=273,... (A-19)
where
I=1 . J=1 '
g, = o 'vyY (a+BG)+a vy (a+BG) ' BGpp*
i=1 i=1
j—1
=k . i—1
= o 'y(a+BG+BGpp") Y (a+BG)
i=1
for j=2,3,.. (A-20)

It is important to notice that when there is no exogenous variable or intercept, and the desired path for the state
and control are zero as asssumed here, the g terms disappear and the nominal control and state are simply

upj = G(a+ﬁG)f‘1.r0_| (A-21)
Xoj = ((l +ﬁG)j_].\'OA]
for j=2.3,... (A-22)

Appendix B

Deriving submatrix kf* of the augmented system in the infinite horizon model

In the BWM model, when the unknown parameter f is replaced by its estimate at time 0, b, the general formula
for kP*, see e.g. Kendrick (1981; 2002, equation (10.40)) or Tucci (2004, equation 2.56), specializes to

k’,)"" = ug k5 a +k§ a— ( P+ uo 1 k5 by +k/;‘"b0>
: Seci m o
x (A +Kk5"bg)  aks'bg

= pki' (a+boG)ug, +/‘th (&t +b0G) + P3G

(B-1)
with
p; =kj'x0,j+ P?E (B-2)
In the infinite horizon model, see, e.g., equation (A-13) in Appendix A,
pE =[1—p (a+Gb)] ™" (o + Gb) pk“Ey = p*pkEy (B-3)
Then it follows that
[75 = /\’2“.\'0_ 2+ ng
— Pkx02+ppiE
= pky"(a+boG)xo, + cg (B-4)
where
& =pk{ (a+boG)a " y(14+pp") (B8-5)
Therefore
nG = [pkft (a+boG)xo 1 +pki* (a0 +bpG) a”! Y(1+pp® )} G
= pki* (a+boG)(Gxo,1 +g8) (B-6)
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with G and g as in equations (A-10)-(A-11) in Appendix A. Then kP* can be rewritten as

kP = 2k (00 + boG) (Gxo1 +8) + K- (0t +boG)

with
K" = 2pKf" (a+boG) (Go2 +8) +K5" (e +boG)

Then, by repeated substitution, it can be shown that

/\f‘ = 2’3/\’:“' (o +boG)ug 1 +

(o +bG) [20%KF" (@ +boG) w02 + (e + boG) KL

= 20k (a+boG) gy +2p*k5 (ot +boG) ug 2 +

= 2 Z pij (o + hoc)j uo,j
j=1

(B-7)

(B-8)

(B-9)

By using equation (A-14) in Appendix A for the nominal control, it follows that k#* can be viewed as the sum
of two components, one dependent uponthe control applied at time 0, u,, and the other due solely to the system

parameters and exogenous forces, in this case the constant term y. Namely,
3 3 3.
k=K (xo0) +¢)"

with

oo

kllj"' (x01) = 2Y) Pk (a +boG)! Gy jxo.1
j=1

3

& = p kT (0t +boG)’ go,j
j=1

j=

Replacing the definition of G, , i.e. equation (A-18) in Appendix A, into (B-11) yields

I‘th- (-"O.l) = Z (l+[)()G ] I (/ +b()G) P‘l/\'nc\()l

-1
— 20k (ot +boG) [l—p(a +boc)-] Gxo 1

The component associated with the constant term v, i.e. cf", can be rewritten as

F* = 20k (a0 +boG) g+

2pk (0 +boG) Z{e+ (20, —8)} P/~ (@ +boG)'~

=
with

j—1
80, —8=(202—8) | ¥ (¢ +hoG)"

~__._
Al
1 —

(202 —80.1) = (802 —8) = Ga~'y(a+boG +byGpp*)
because
—goi—1=802—g for i=12...,j

The first infinite summation on the right hand side is equal to

oo

Y p N a+bG)Y ' = p(a+boG) Y pl(a+boG)

j=2 j=0
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p (0 +boG)[1 —p (0 +boG)]~

1

(B-10)

(B-11)

(B-12)

(B-13)

(B-14)

(B-15)

(B-16)

(B-17)

(B-18)
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The double summation on the right hand side is equal to

p/~ (a+boGY ' Y pI~! (a0 +bG) !
j=2

g=1 )
iy [Z (a0 +boG)™!
i=1

+(a+bG) Y p’™! (o +bG)’
:'{

oo

+ (o +bG)* Z I~ (a+bG)’

+(@+GB)’ Y. pi~ (a+bG)'™
=

p (abG) [I +p(a+bG)* +p?(a+bG)* + ]

x Y p~ (a+bG)™!
j=1

-1
p (a +boG) [1 —p(a +boc)-] [1—p (a+bG)]

(B-19)
when the system is stable and p <1, then
I = 2k (@ +boG) g + 20k (0 + byG)
X {g(a+bOG)p[1—p(a+bOG)]‘]+Ga“y(a+bgG+bOGpp‘)
S =1
x (a+boc)p[1—(a+boc)~p] [1—(a+boc)p]“}
= 2pk¥ (0 +boG) g +2pk% (e +boG)*p [1 — p (at +boG)] ™
oji—1
X{8+(80.2—8) [l—p(a+b06)} } (B-20)

Therefore when the system is stable and p <1, the component cfx depends only upon g =g and (o2 — o) =
(902 — 9) and

: ) S -1
KP* = 2pk% (ot +boG) [1 —p (a+boG)‘} Gxo1

+2pk% (0 +boG) [1 — p (&t +boG)] ™!

41—1
xg{1+p (a+boG) (202 —8) ™" [1—p (¢ +10G)| }
(B-21)
With x,; = %;)0. By repeating the same procedure for kﬁ" yields

K ')me—“ (a+bG) ' up

=2 (B-22)
and after replacing the nominal controls with equation (A-14) in Appendix A, computing the infinite summation
and double summation and rearranging the terms, the quantity kf" can be rewritten as

KBr = K% (xp) + B
e
= 2% (a+bG)?[1—p(a+bG)?| Gxy,+*
P (o +bG)* [1—p (@ +bG)’] G+, 623
with
¥ = 2p%F (a +boG) [1 — p (0t +boG)] ™

-

{ 02—8)& ' +p(a+boG)(g03—802)8 [1—P(U-+b06)'] }
(B-24)
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It should be noticed that
-~ ||

K (x02) = 2% (@ +boG)? [1 —p(a +1;OG)3] Gxo
_ By
Fa p(0+bOG)A] (-‘O.]) (B-25)
and
A = pP* 12 (0 4+ boG) [1 — p (& +boG)] " (0.2 —
2 =Pc +2p°k" (@ +boG) [1 —p (& +boG)] ™ (802 —8) (B-26)
Repeating this procedure it can be shown that, in general,
KD = k¥ (0 5) + I = [p (00 + BoG) " k™ (x0,)
j-1.Bx , 5 ipxx N -1 "
+p c’ +2 z,_,p/\l (a+boG)[1 —p (o +boG)] " (802 —8)- (B-27)
Equation (B-27) simplifies to
X j— xx 2 i
K = p(a+boG)) ‘{pk, (a+boc)[1—p(a+boc)] G.\'O.l}
_ qbx
= M (B-28)

when the constant term v is zero.

Appendix C
Deriving submatrix kP® of the augmented system in the infinite horizon model

In the BWM model, when the unknown parameter /3 is replaced by its estimate at time 0 b0, the general formula
for kPP, see e.g. Kendrick (1981; 2002, equation (10.42)) or Tucci (2004, equation 2.57), specializes to

3B x 3x xp 3B
klj Fo= (”é-jk}‘il +“0-Jkﬂ'+‘1) g ("0~jk}l+| +‘1;+b|)
- |:pj+|+ll()]/\]+lb()-+—kf+]b():|
i = 7\ —1
x (Aj+K5%,b3) 1)
Using the results in Appendix B, when j =1 this submatrix can be rewritten as

&P

uo,1pky uo,1 +2 [kl_,jx.\'o_g + tg‘] uo.1 —+—ké‘ b

— {pk“(o +b()G) llo]+ll0|pk b0—+— [ (‘e ]bo}
-1

X

A1 + Pk
(A1 + pki*bp) (C-2)

with
k};‘l)‘ = ’lO‘ZP/\’gu.llo_z +2 [l\? X03+ (ﬁ ] o2 _*_ké‘ﬁ
B {p k5" (00 +boG) G~ "o 2 +uo 2p k5 bo + ["gl (x03) + Cg‘] bo}_

(22+pk3B5)

X

(C-3)
where G is as in equation (A-10) in Appendix A. Then, by repeated substitution, it can be shown that

3B
H prk“l‘ +._Z[I\£ ](\OJ+1)+C/ ]"04/‘

Jj= j=1

Z{ jk“ (0 +bpG)G 1(0}+1¢01p1k“b0+[ j+1\01-|+(j ] }
]:

( A +p l\“b ) : (C_4)
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When y=0 and the desired paths are zero the first term reduces to

Y Pk ug Z Pk (Go,jxo, J*
=

o) =1 7 AR
I {] —p(a +boG)‘] G xp

with x,; = %y0, the second one looks like

oo

px ;
Z /\j+1-\0_j-IGO_j~‘OAI —

"

2pk" [1 —p(a +boG)3} “p(a+boG)* G

and the squared portion is

{P/\'“[)OHO] +kl+|b0} (;tj +ij"b6)‘l —

||Ms

2

HMS

-
{ J/\'“ o +[)()G)J l[ p(fl-}-boG)'] bOG-\'O.l}

x [p7=" (A4 -i-pk}“'bo)Tl
Then equation (C-4) specializes to
k‘f"' = pki* [1 +p(a+ bOG)Z] [l —p(a +bOG)2] - G*x%,

— (pk)? [1 —p(a +boc)3} " (M +pkFB) T RGRE,
_ i3

X0,1
Similarly, when y = 0, the desired paths are zero and the system is stabilizable

=

Pk [I +p (@ +boG)2J [1 —p(a +boc)3] T p(a+boG) GAE,

ibP
2 ) -3 " vy )\ — ) D oy
— (pk)? [1—p(a+b06)'} (A1 + pk¥b2) " B2p (0 + boG) GAZ,

By comparing kfﬁ and kfﬁ it is apparent that, in this special case,
P = p (ot +boG)2 kP

and by repeating this procedure it is possible to show that in general
KPP = p(a+bG) kP,

,1J—1
= [p(a+bOG)‘]j k‘,”i

Appendix D
Deriving the updated variance of the augmented system in the infinite horizon model

(C-5)

(C-6)

(C-7)

(C-8)

(C-9)

(C-10)

(C-11)

By 18 combining equations (10) and (30) in the text, it follows that the updated variance of the stochastic

parameter £ in the BWM model for a generic period j is given by

oh?

BB
ili o

) 2 =3
BB : BB
j—ll;—l‘("j—lu—l"ﬂf—l) ("0; L 1,-_|+fl)
? ? -1
BB 2 BB
Gj-11j-19 ("OH Oj-1j-1F ‘l)
It follows that

BB _ BB BB -
O11 =509 (Mot:)'m0 —I—Q)
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with ofl{j = ¢/ as in the text and, using this result, the updated variance for j = 2 can be rewritten as

2 ) 1
Bp B 2 BP
olf = 01“)(](“0151“ +q)

4 5 =3 =1

o) 2 -1
ojo (g ¢ +up) +q}

— oPP [ PP
By repeating this procedure it can be shown that in general
) @ -1
M) - l B PP
% = 9-- lq("(’l 1 '—ll1'—1+q)
1
= 010‘7( 0[0 Z"o:+‘l>
(D-4)

when aﬁ‘iu , is replaced by its definition and ug = Uo. From equation (A-21) in Appendix A, it is known that

when there is no exogenous variable or intercept, and the desired path for the state and control are zero as
asssumed here, the nominal control and state are simply
u()_j=G(C[+b()G)J_I.\'()_| for J=12
with
Xp1 = _flm = axg + boug
and the unknown parameter £ replaced by its estimate at time 0, i.e. by. Then

f 3B B —1 1 -3
oAt = abfa(sdods +a) "a|ioffa(ell +a) 4o

2 s ) I
ggq(uo g]g +q) [I +G“(a.\'0+bouo)'0'0‘g (140 é;lg +q) ]

= o (+9)" (D5)
with
) 2 1
S = G* (axg+boug)” 0’0‘0 (uo (t]s'g +q> (D-6)
The updated variance for j =3 is
i 1
BB -1
off =0l (1+9) 7" q[18,00} (1+5) ™" +q| 0
then using the definition of the nominal control and rearranging yields
0 0 5 £l -1
il = ol (1457 [(@+0G) (1+57) " +1]
- 5 1—1
= off [1 +S+(a+boG)'S] (0-8)
By repeating this procedure it can be shown that in general
-1
BB _ BB 1-2)
o =% |1+ Z (0 +boG)*
foriz2 (D-9)

Appendix E
The deterministic component
The deterministic component of the approximate cost-to-go can be written as in Kendrick (1981; 2002, equation
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(10.49)), i.e.

1 1 =
Jpr—1= ,,A,u += I‘T \07-4- Z (I\(’\O, ._p ‘014"‘-}“01)
==l (E-1)

with CE indicating the Certainty Equivalence value associated with the non-augmented model, and in the infinite
horizon model when t = 0 it looks like

Jpe = %}Loué + % i (l\('E - A’j“()j)

- <=1 (E-2)
where kF and kC* are the fixed point solutions to the usual Riccati equations, kf* = ki* = p/k** = p/kCE,
Ao = A, p is the discount factor and the unknown parameter B is replaced by its estimate at time 0, i.e. by. Equation
(E-2) can be rewritten as

Jpe==1yn uf) + yaug + yi (E-3)
with
T %{A +pb}(KE +AG?)[1 —p(a +boG)* 7'}
v = L;(kCE +AG*)[1 —p (0 +boG)?] " bparxp
vz = %{p(kCE+}tG )[1 —p(a+boG)* '} (axo,1)?

(E-4)
when there is no constant term and the desired path for the state and control are zero.

Appendix F
The cautionary component
The general formula for the cautionary component of the approximate cost-to-g0, see e.g. Kendrick (1981; 2002,
equation (10.50)) or Tucci (2004, equation 2.68), fort=0and T = Iooks like
1
g (k“allo +kbP o ﬁ(‘,’) +KP 0'”0 +3 Z (K 1q)
(F-1)
with k¥ = pk™* in the infinite horizon model where K |s the fixed pomt solution to the Riccati quantity
described in Appendix A and

= - 2 =3 7. Bx
kY = pk (o0 + boG) [l —p(a +/>oG)'} Gxoy =K;"xo,1

(F-2)
kl]”" = pkt* [l +p(a +boG)1] [1 —p(a +I)DG):] - GZ.\'E)'1
— (k)2 [1 _p(a +1;OG)3] (M pkEBd) T BRGAR,
= &', (F-3)
derived in Appendix A and Appendix B, where x§, = %{,. By using the fact that the projected variances in this

BB, 2 BB
case look like o5 = 03,0u5 + g, o-1|0 = ) Uo, and ‘71|o = Uo|o' after some manipulations the cautionary cost

can be rewritten as
Jeo= 51 HS + L\;*_\Ho + 5_1 (F-4)
with
1

Zpx BB,
A (78 +2

1 pgp- o
b KyP b+ oy kL b

5 = 0' /\/’/ 170(1\0—6-60‘01\ ‘oxg

= cé’ﬁ (K—fpbo+7\-f' ) oxg
BORBE o2

. |-~ 1
B = ;/\‘}"q(l—P) +5 0'0‘0 o \0

(F-5)
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Appendix G
The probing component

The general formula for the probing component of the approximate cost-to-go, see e.g. Kendrick (1981; 2002,
equation (10.51)) or Tucci (2004, equation 2.69), for t = 0 and T = o looks like

o e B

Jpe=75 Z [p, |+ uop ki ‘ho+k,+.bo] [p7 (Ao +ki*B3)] o’
(G-1)
when the unknown parameter f is replaced by its estimate at time 0, i.e. by, and k7* = pk**. By comparing the
terms of this infinite summation with the definition of submatrix k#, it is apparent that they have a lot in

common. Namely, the j—th term multiplying the updated variance corresponds to the ‘minus term’ in the formula

for kfﬁ. As shown in Appendix C

) 2, BB | Ea
kﬁ-jp =p(cr.+boG)"\'ffu = [p(“"“LbOG)-] i’

(G-2)
with
P = [l-+-p(a+b06)3} [1 —p(a-&-boc)z} TG,
— (pk)? [1 _p (0t +boG)> ]_' (A1 +pk=B2) " boG22,
~BB 2 “BB
= Kxd. — k5,
BB 2
— I\l ,\0.1 (G'3)
as given in equation (C-8). Then the probing component can be rewritten as
12 ;
J[{:.;:;Z{[p((]_-{*bo(;) ] /\ﬁ)\OI}fo
< ¥=1 (G-4)

with xZ; = ’?12|0 as before. By replacing the updated variances in (G-4) with equation (D-9) in Appendix D it
yields

1 >
J,zc,,=§|:/\fe\'0] ggq(uo 55+q) }

= , . =
:KZT:,{[p(CI.—é—bOG)z]] 1 |:1+Szli:2 (a+bOG)‘“_"] }

forj=2
(G-5)
-1
with § = G2 (axg —+—bollo) (/)ilé)) (uo (/)’lfj +q) . The infinite sum in (G-5) can alternatively be written as
= 57J-1 T
Z [P ((/. +[)UG)':| {] _+_SZJI:2 ((l. _+_[,OG)_|1—_|} _
=t forj=2
2 212 ,1-1
l+p(a +bG)(1+8)~ + [p(a +b(,G)'] [l +S+S(a+b()G)-]
2 3 i 2 S
A [P (0 +boG) } [l +S5+S(a+boG)” +S(a+boG) } SN 66
with
. 57171
lim [p(o: +boC)“] =0
J—re=
when the system is stabilizable, and
511
I<lim|1+S z (o +boG)” 2(i- — {1+S[I —((’-+’7oG)'] } oo
) 7= e =2
. (G-7)

because all quantities are squared quantities or variances. One way to compute this infinite sum is by using the
limiting ratio approach. The ratio between any two consecutive terms of equation (G-6) looks like
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, 9!
[P (C/.+1)()G):}J [1 +S):J,-’:'3 (o +IJOG)3”“°"]

Sj-] . forj=2
S_] 2 jil J 2(i—2) —1
[p(a +bOG)'] 1+8Y' -, (a+boG)™ "~
forj=2 (G-8)
then the limiting ratio is
. 1+8Y,_, (a+boG)* 2|
lim [S+1) p (& +boG)? lim ’:; — i
j—+=| sj 7= 14+8SY 0, (a+bG)*" |
forj>2 |
= pla —G-b()G)2 (G-9)
When equation (G-9) is used to compute the infinite sum in (G-6) it yields
1 217" BB, (,2-BB . .\ BB 2
Jpee == [1 —pl(a +boG)‘} Onn g (1(‘0’ +q> ki5xg
2 0[0 0%oj0 1,2°40,1 (G-10)

This means that the probing component can be rearranged as in Amman and Kendrick (1995) and Tucci et al.
(2010), namely

1 g(uo)
Jpe =5
2 h(up) (G-ll)
with
_ (288 BB\~
h(ug) = (”000\0 +q) (60\0 q) (6-12)
identical to the definition reported in those works and
2 =1 ) )
g(uy) = [l —pla +boG)‘] kf_g\'a_l = 01 (Qaup+ 03)°
(G-13)
with
7\ —1 N
0 = [(pk}")' (A1 +pk"bp) ] [l —p ((t.+b(,G)‘] byG-
0 = by
03 = 0OXxg (G'14)
Appendix H

Comparing the deterministic component of the approximate cost-to-go in a two-period finitehorizon
model with that in an infinite horizon model

This appendix shows that the parameter definitions in the deterministic component of the approximate cost-to-go
associated with the control applied at time 0 reported in Amman and Kendrick (1995) and Tucci et al. (2010) are
consistent with those presented in Appendix E. The parameter v, in Tucci et al. (2010, equation 5.3) takes the

form
g A() n ][ ) ali [):l\‘g i 1
= —+=-bYw|a —t—— w
e 2 2 - Al -I-I):\\': e
; ( —1 )3 .
+M | 77— (abwy)”
Al +b'l\': (H'l)

when there is no constant term and the desired path for the state and control are zero. Rearranging the terms
yields

vy = ?4—%[)2 {H'] +H':U.2—(/.2[)2M‘§ [A] +b2l\‘3]_l}
b o
yi = 5(2+b%F) (H-2)
Similarly, the parameter v, in their equation (24) looks like
; 1 b*w, ; 1 2, )
Yy = s —_—— e “bw-x, “x
5] warbo T h TS o “bwoxg+ 0" xg
;1.1 2 1 ’)
+ w ((/,.\'0)[74— e (I.b'l\': e (I.'blt‘:.\'()
A +b2wy A +b2wy (H-3)
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when there is no constant term and the desired path for the state and control are zero and after some minor
manipulations it yields

Yo = b {W:Cl.2 — N':Cl.: [A] + (b:\\‘:)] bl\\‘g (A] + [)IH':)_3 + W } oxg
v, = k,CE boxg (H-4)

Finally, the parameter w3 in Tucci et al. (2010, equation 5.3) can be rewritten as

"

w) 1 i 3 “w 5
3 = — ——————— | a"b*wyxg + X + — (oxg)”
V3= {( /\.,+b3u'3) 2X0 0} 5 (axo)

N

ATI <_;’> (‘/,3[7u'3.\‘0 )
e M —+—b‘}t'3 (H-5)

and after explicating the squared terms and simplifying it yields

= ] 2 " 9 9 ol
V3 = {(M':b: +4) <_T b w50~ + w0~
1 2"W) -

| | SRR ,
9 [ — Ly, ol e I o
+2 ( 70 + 52wy ) b wsos + w ,} 5 (axg) 21\1 (axp) (H6)
It is straightforward that equations (H-2), (H-4) and (H-6) are identical to the equations in (E-4) in Appendix E
when the estimate of the unknown parameter 3 at time 0 is denoted by b, instead of by as in the present paper,

and the finite horizon Riccati quantity is replaced by its ‘infinite-horizon’ counterpart.

Appendix |

Comparing the cautionary component of the approximate cost-to-go in a two-period finitehorizon model
with that in an infinite horizon model

This appendix shows that the parameter definitions in the cautionary component of the approximate cost-to-go
associated with the control applied at time O reported in Amman and Kendrick (1995) and Tucci et al. (2010) are
consistent with those presented in Appendix F. In a two-period BWM model with unknown parameter g, this
component looks like

l i _Bp 1
Jer = (A“cr“ + 2k} oli‘(‘) ~.-l\” ‘(") 5k3'q

(1-1)
BB, 2 _ BB BB _ — ; ; i
with o} = = 0goUs + 4, 01|o o0 U0s Ty = %|o and k3* = w,. In Tucci et al. (2010, equation 4.1) it takes
the form
I (th GIS | bw L bw o 2
c2= 3 (crug +ll()]) +T —m (abwaug + bwoug 1 +waxp2)
+9 (1.3\\'3 +wr+w; + —% (abwy )2 + il d u(:,
“ A +b*wr 2 (1-2)
with ug ; and Xo, the nominal, or CE, values of u; and x, defined as
] ”» 2
up1 = | ———— | |ab"wrug + ac“bwox
o1 = (5 ) (@bt + bz s
(’.bz\\'j ) l 7,9
xo2=blot———— Jup+a“xo+ | ———— ) a“b*wrxg
AL +b*wy A1+ b*wy (|_4)

when there is no constant term and the desired path for the state and control are zero. Then it is convenient to

rewrite (1-3) and (1-4) as
abw; :
<— —,) (bug + axp)

up,1

Ay +bws
= Gixp, (1-5)
and
abw, ) obwy
X2 = blo—b———— Jup+oxo+b|———-5— ) axgp
A —+—[)'Hﬁ A+ b wy
= (a+bGi)xo (|'6)

90



ijef.ccsenet.org International Journal of Economics and Finance \ol. 15, No.2; 2023

respectively, with G; the usual feedback law in a two-period control problem. Then, equation (I-2) can be
rewritten as

Jeo =0 u(; + drug + O3 (|_7)

4b*w?
W) ——7— | +w
A +b*wr

+bG 2 . 4/)2‘1% )
(o +bG) “2_;t|+b2\\‘3 +wy

2bw; (2bv, + v3)
Al +b3\\'3

with

g
II
Q9
N
r——
<
land )
G

ulé}d |.a|

5

6 = 0',;\\-3\',{\'3—

5 2bw, (2’)6] oxp+ o 2.\'0)
= opwr(ao+bGy)<{ Gioxg— - S
A+ /7'“'3

- o? ,» wy(2bv, + \';)2 q | > ((/.bm)2
53 = Lwy|vi——=—— 2" = |4 ll*wr+wrdw — ——
= 2 - [\' A1+ b*w, 2 |(, ekl L At +b*wy
2 o) ) 4 2[6 - 2 .
= Ty, |(Gr)2 - 22220 | (o) 4 T (wy +K5)
2 A+ b wr 2 (|-8)
because the quantities defined in Tucci et al. (2010, equation 4.4) look like
[):\l‘z
vi = ofl——55—
A +bwy
= o+bG (1-9)
V2, = (—%) (/.II)H‘}\’U
B AL+ b wy
— G|(l..\'() (l'lO)
Vi, = O 3.\:() (I _11)

in this simpler setup. Equations (I-8) are identical to equations (F-5) in Appendix F when the estimate of the
unknown parameter {3 at time 0 is denoted by b, instead of by as in the rest of the present paper, because

kfli-\‘ = 2wy (ax+bGy)Gixg,
- B, (I-12)
P = G, +wh (0 +26G1)? [— (A +67w2)] ' R,
- ®hg, (3

in the two-period horizon, and 8, in equation (I-8) can be rearranged as

" Oy
& = %{w;(t_l +Giabwy +wy +2w; (o + (0 +2bG) )] G1b

2,2 l 2 232
+waG1b™ + <—7,) ws (a0 +2bGy )~ b”
Ay +b*wr = (|-14)

with the first three terms in braces corresponding to k{*, the fourth term to Ef"b and the last two to Efﬁ b2

Appendix J

Comparing the probing component of the approximate cost-to-go in a two-period finite horizon model
with that in an infinite horizon model

This appendix shows that the parameter definitions in the probing component of the approximate cost-to-go
associated with the control applied at time 0 reported in Amman and Kendrick (1995) and Tucci et al. (2010) are
consistent with those presented in Appendix G. In Tucci et al. (2010), the function h(ug) in this component is
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identical to equation (G-12) in Appendix G and their g(uo), labeled equation (8), takes the form

“'% )
glug) = (7‘> (bup 1 +x02)"

A1+ b2wy (-1)
with ug ; and Xo, the nominal, or CE, values of u; and x, defined as
] 2 ’ )
Up1 = <—7_ o ) [(l.b'n‘jll() S E (I.‘b\\'g.\'o]
A “Wr (J'Z)
(l[):\\'W 5 ] 7,9
x02=b| 0t ———— |Jup+a“xg+ | ————— ) a*b*waxg
A + b wy A +b*wy (-3)

when there is no constant term and the desired path for the state and control are zero. Then it is straightforward
to rewrite (J-2) and (J-3) as

(7.[)\\'3 ; el

Up,y = —m (bug + axg)
= Gyxo, (0-4)

and
obws , obwy
X2 = blo—b——— |+ xp+b| ——— ) 0xp
A+ b*wy A+ b wy

= (a+bGy)xo, (3-5)

respectively, with G, the usual optimal control law in a two-period control problem. Using equations (J-4) and
(J-5) in (J-1) and rearranging it yields

w3 2 2
glug) = <;11+—l—73"‘:)((l+21)61) X0,1

= 01 (d2uo+03)° (3-6)
where the old definitions simplify to, in this simpler setup,

W
A..l e b? w2

o =
2[2 2
¢ = (‘/.b(l —’—“f> = (a+2bGy)b
A +b*wy
] 2l 2
03 = 2b <-m) o“bwaxg + 0 xp
= (a+2bG))oxg J-7)

Equations (J-7) are identical to equations (G-14) in Appendix G when the estimate of the unknown parameter 3
at time 0 is denoted by b, instead of by as in the present paper, the finite horizon Riccati quantity w; is replaced
by its infinite-horizon counterpart pk* and the infinite path for the nominal state and control are taken into
account. By doing so, the usual optimal control law in a two-period control problem is replaced by the infinite
sum of the time-invariant feedback matrix.
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