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ABSTRACT

E(|ψ⟩)
|ψ⟩ vµ · σµ|ψ⟩ vµ

µ

E(|ψ⟩) = 0 |ψ⟩

|ψ⟩

We show that the manifold of quantum states is endowed with a rich and
nontrivial  geometric  structure.  We derive the Fubini–Study metric  of  the
projective  Hilbert  space  of  a  multi-qubit  quantum  system,  endowing  it
with a Riemannian metric structure, and investigate its deep link with the
entanglement of the states of this space. As a measure, we adopt the entan-
glement distance E preliminary proposed in Phys. Rev. A 101, 042129 (2020).
Our  analysis  shows  that  entanglement  has  a  geometric  interpretation:

 is the minimum value of the sum of the squared distances between
 and its conjugate states, namely the states , where  are unit

vectors and  runs on the number of parties. Within the proposed geome-
tric  approach,  we  derive  a  general  method  to  determine  when  two  states
are not the same state up to the action of local unitary operators. Further-
more, we prove that the entanglement distance, along with its convex roof
expansion  to  mixed  states,  fulfils  the  three  conditions  required  for  an
entanglement measure, that is: i)  iff  is fully separable; ii) E is
invariant  under  local  unitary  transformations;  iii) E does  not  increase
under local operation and classical communications. Two different proofs
are provided for this latter property. We also show that in the case of two
qubits pure states, the entanglement distance for a state  coincides with
two times the square of the concurrence of this state. We propose a gener-
alization  of  the  entanglement  distance  to  continuous  variable  systems.
Finally,  we  apply  the  proposed  geometric  approach  to  the  study  of  the
entanglement  magnitude and the equivalence classes  properties,  of  three
families  of  states  linked  to  the  Greenberger–Horne–Zeilinger  states,  the
Briegel Raussendorf states and the W states. As an example of application
for  the  case  of  a  system with  continuous  variables,  we have  considered a
system of two coupled Glauber coherent states.

Keywords  entanglements, quantum information, entanglement measure

 1   Introduction

Entanglement  is  essential  in  quantum  information

theory and for  its  application to  quantum technologies.
Indeed, entanglement is a fundamental resource in quan-
tum cryptography,  teleportation,  quantum computation
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and  quantum  metrology  applications  [2–4].  However,
entanglement  remains  elusive  since  its  characterization
and  quantification  in  the  case  of  a  general  system
remains  an  open  problem  [5–8].  A  huge  literature  has
been devoted to the entanglement quantification problem
in the last decades, and despite that, rigorous achievements
pertain  to  bipartite  systems  case  [9].  In  particular,  the
entropy  of  entanglement  is  accepted  as  a  measure  for
pure states of bipartite systems [10], the entanglement of
formation [11], the entanglement distillation [12–14] and
related entropies of entanglement [15] are acknowledged
as faithful measures still for bipartite mixed systems [16].
A broad literature is devoted to the study of entanglement
in  multipartite  systems.  Several  approaches  have  been
proposed,  such  that  the  study  of  equivalence  classes  in
the  case  of  multipartite  entangled  pure  states  [17, 18],
and  the  characterization  of  entanglement  by  the
Schmidt  measure  or  by  a  generalization  of  concurrence
in the case of mixed multipartite entangled states [19, 20]
or  with  a  generalisation  of  concurrence,  [21, 22].  Also,
entanglement  estimation-oriented  approaches  derived
from a statistical distance [23, 24] concept, as the quantum
Fisher information [25–27], have been proposed.

E

E(|ψ⟩)
|ψ⟩

vµ · σµ|ψ⟩ vµ

µ

In  the  present  work,  we  derive  the  Fubini–Study
metric  [28–30],  which  imparts  a  Riemannian  metric
structure  to  the  manifold  of  multi-qubit  states.  Conse-
quently,  we  explore  the  profound  connection  between
the  Riemannian  metric  structure  associated  with  the
projective  Hilbert  space  of  a  quantum  system  and  the
entanglement of the states within this space. The entan-
glement measure that we have adopted for our analysis
is the entanglement distance (ED) , a measure preliminary
proposed  in  Ref.  [1]  by  some  of  us.  Our  investigation
shows that entanglement has a geometric interpretation.
In fact,  is  the minimum value of  the sum of  the
squared  distances  between  and  its  conjugate  states,
namely  the  states ,  where  are  unit  vectors
and  runs on the number of  parties.  Furthermore,  the
proposed  geometric  approach,  allows  us  to  derive  a
general method to determine if, or not, two states, actually
are the same state up to the action of local unitary (LU)
operators.

E(|ψ⟩) = 0 |ψ⟩
E

E

Furthermore,  we  show  that  the  ED,  along  with  its
convex roof expansion to mixed states, is an entanglement
monotone  in  the  sense  of  [15, 31]  that  is,  it  fulfils  the
three  following  conditions:  i)  iff  is  fully
separable;  ii)  is  invariant  under  LU  transformation;
iii)  does not increase, on average, under local operation
and  classical  communications  (LOCC).  Two  different
proofs are provided for this latter property.

|ψ⟩
We also  show  that  in  the  case  of  a  two  qubits  pure

state, the entanglement distance for a state  coincides
with twice the square of the concurrence of this state.

M = 2

We then propose a necessary condition (sufficient for
)  for  the  LU  equivalence  of  two  pure  quantum

states,  relying  on  the  local  properties  of  the  associated

Fubini–Study metrics.
In addition, we propose an extension of the entanglement

distance  to  systems  with  continuous  variables,  and  we
consider its application to a system described by a linear
combination of the products of Glauber coherent states.

M = 2

M = 3

M = 4

Finally, we report some examples of the application of
the proposed geometric approach to three parameter-de-
pendent families of states, derived from the Greenberger–
Horne–Zeilinger  states  [32],  the  Briegel–Raussendorf
states  [18]  and the  W states  [17].  We have  shown that
for  the  three  families  belong  to  the  same  class.
For  the  family  of  Greenberger–Horne–Zeilinger
states  and  the  family  of  Briegel  Raussendorf  states,
belong  to  the  same  class,  whereas  for  the  three
families belong to disjoint classes.

 2   Geometry of projective Hilbert space

H

H |ψ1⟩ |ψ2⟩
⟨ψ1|ψ2⟩ ∥ ∥

Quantum mechanics is essentially a geometric theory. In
that  sense,  a  useful  geometrical  tool  is  that  of  the
Riemannian metric structure associated with the manifold
of  states  of  quantum  mechanics.  The  Hilbert  space  is
endowed with a Hermitian scalar product that naturally
induces  a  distance  between  vectors.  If  denotes  a
Hilbert  space  of  a  general  quantum  system,  for  given
two  close  vectors  in ,  and ,  from  the  scalar
product , one derives the norm  and the (finite)
distance between these two vectors as 

D(|ψ1⟩, |ψ2⟩) = ∥|ψ1⟩ − |ψ2⟩∥ = ⟨ψ|ψ⟩1/2 , (1)

|ψ⟩ = |ψ1⟩ − |ψ2⟩
|ψ1⟩ |ψ2⟩

where .  In  the  case  of  two  normalized
vectors  and , it results 

D(|ψ1⟩, |ψ2⟩) = [2 (1− Re(⟨ψ1|ψ2⟩))]1/2 . (2)

H

|ψ⟩ |ψ⟩+ |dψ⟩

D

Furthermore,  each  Hilbert  space  has  a  structure  of  a
differentiable manifold, so it is always possible to define
a local chart on , which includes two close states. This
allows  one  to  derive  the  metric  tensor  induced  by  the
above-defined  distance.  Let  and ,  two close
vectors.  The  squared  (differential)  distance  between
these is derived by developing up to the second order ,
and it results 

d2(|ψ⟩+ |dψ⟩, |ψ⟩) = ⟨dψ|dψ⟩ . (3)

H N

ξ ∈ RN

Thus, by means of a local chart, the normalized vectors
in  smoothly  depend  on -dimensional  parameter

 and one has 

|dψ⟩ =
∑
µ

|∂µψ(ξ)⟩dξµ , (4)

∂µψ ∂ψ/∂ξµwhere with  we mean . Thus one has 

d2(|ψ⟩+ |dψ⟩, |ψ⟩) =
∑
µν

⟨∂µψ|∂νψ⟩dξνdξµ . (5)
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⟨∂µψ|∂νψ⟩
H

eiα

|ψ⟩ |ψ⟩+ |dψ⟩
|ψ′⟩ = eiα|ψ⟩ |ψ′⟩+ |dψ′⟩

|ψ(ξ)⟩ → eiα(ξ)|ψ(ξ)⟩

Despite the matrix elements  might seem the
entries of a Riemannian metric tensor for , they do not
have  any  physical  interpretation  for  the  distance
between  states.  In  fact,  the  Hilbert  space  provides  a
redundant  description  of  quantum  states.  These  latter
are  associated  with  the  rays  of  the  Hilbert  space,  and
two  normalized  kets  differing  by  a  phase  factor ,
represent  the  same  quantum  state.  Consistently,  the
distance between  and , and the one between

 and  must be the same. By resorting
to a local chart, we may express this request in a mathe-
matical framework. An appropriate metric tensor for the
states space has to be invariant under gauge transformation

.  This  is  accomplished  with  the
Fubini–Study metric which gives the (squared) distance
between two neighbouring rays 

d2FS(|ψ⟩+ |dψ⟩, |ψ⟩) = ⟨dψ|dψ⟩ − ⟨ψ|dψ⟩⟨dψ|ψ⟩ , (6)

from which one derives the metric tensor 

gµν = ⟨∂µψ|∂νψ⟩ − ⟨∂µψ|ψ⟩⟨ψ|∂νψ⟩ . (7)

PH

|ψ⟩ ∈ H

∼p H |ψ⟩ ∼p |ϕ⟩ |ψ⟩ = α|ϕ⟩
α ∈ C α ̸= 0

The Fubini–Study metric (6) is therefore defined on the
finite projective Hilbert-space  [28, 29], that is on the
set of equivalence classes of non-zero vectors , for
the relation  on  given by  iff , for
some , .

[|ϕ1⟩]p, [|ϕ2⟩]p ∈
PH

eiα1 |ϕ1⟩, eiα2 |ϕ2⟩

It  is  worth remarking that one can define the square
of  the  (finite)  distance  between  two rays 

,  associated  with  the  normalized  states
, respectively, as follows: 

D2
FS(|ϕ1⟩, |ϕ2⟩) = (1− |⟨ϕ1|ϕ2⟩|2) . (8)

|ϕ1⟩
One can easily verify that the latter distance induces the
metric tensor (7). In fact, by expanding  up to second
order as 

|ϕ1(ξ)⟩ = |ψ⟩+
∑
µ

|∂µψ⟩dξµ +
1

2

∑
µν

|∂2µνψ⟩dξµdξν ,

(9)

|ϕ2⟩ = |ψ⟩and setting , from Eq. (8) one gets 

D2
FS(|ϕ1⟩, |ϕ2⟩) =

∑
µν

gµνdξµdξν , (10)

gµνwhere  is the one of Eq. (7).

 3   The geometric meaning of entanglement
measure

As above mentioned, the present study aims at investi-
gating  the  deep  link  between  the  Riemannian  metric
structure  associated  with  the  projective  Hilbert  space
and  the  entanglement  properties  of  the  states  of  this
space.  To  this  end,  we  endow  the  projective  Hilbert
space  with  a  metric,  derived  from  the  Fubini–Study

H= H0 ⊗ H1 · · ·
HM−1 M

metric,  that has the desirable property of  making it  an
attractive  definition  for  entanglement  measure.  We
consider  the  case  of  the  Hilbert  space 

 tensor product of  qubits Hilbert spaces.

[|ϕ⟩]p, [|ψ⟩]p ∈ PH

|ϕ⟩, |ψ⟩ ∈ H

The  entanglement  measure  is  invariant  under  LU
transformations.  Thus,  given  and  the
associated  normalized  vectors ,  we  define  the
following  equivalence  relation  between  elements  of  the
projective Hilbert space 

[|ϕ⟩]p ∼ [|ψ⟩]p , iff |ϕ⟩ = eiα
M−1∏
µ=0

Uµ|ψ⟩ , (11)

µ = 0, . . . ,M − 1 Uµ

SU(2) µ

α ∈ R
PH/ ∼ E

E : PH/ ∼→ R+

PH

where, for , each operator  is an arbitrary
 LU operator  that  operates  on  the th  qubit  and
.  With  this  equivalence  relation,  one  derives  the

quotient set . Thus, the entanglement measure 
has to be a function , that is a function
of the equivalence classes of  by ~, that is 

[|ψ⟩] = {|ϕ⟩ ∈ PH| |ϕ⟩ ∼ |ψ⟩} . (12)

|ψ⟩ ∈ H

Following  Ref.  [1],  we  derive  an  entanglement  measure
from a distance inspired from the Fubini–Study one. For
each normalized ket  we consider  {

|U,ψ⟩ =
M−1∏
µ=0

Uµ|ψ⟩
}
, (13)

|ψ⟩
µ = 0, . . . ,M − 1

Uµ SU(2)

µ

Uµ [|ψ⟩]

|U,ψ⟩

e−i
∑M−1

µ=0 σµ
nξ

µ

,

ξµ nµ

ξµ = 0 µ = 0, . . . ,M − 1

|U,ψ⟩
σµn = nµ · σµ µ = 0, . . . ,M − 1

σµ1 σµ2 σµ3
µ µ

|U,ψ⟩

the  set  of  all  the  vectors  derived  from  under  the
action of LU operators, where, for , each
operator  is an arbitrary  LU operator that operates
on the th qubit. Note that the set of kets in Eq. (12),
derived  by  varying  the  operators ,  is  the  class ,
and  also  that  all  these  kets  have  the  same  degree  of
entanglement.  For  each  vector  in  Eq.  (12),  we
define a local chart in a neighbourhood of it,  by means
of the unitary operator  depending on real
parameters ,  and where  are  assigned unit  vectors.
In  this  way,  to  the  point ,  for ,
corresponds  the  vector .  Here  and in  the  following
we use the notation , and for ,
we  denote  by ,  and  the  three  Pauli  matrices
operating on the -th qubit, where the index  labels the
spins. We consider an infinitesimal variation of ket 
given by 

|dU,ψ⟩ =
M−1∑
µ=0

dŨµ|U,ψ⟩ , (14)

where 

dŨµ = −iσµndξµ (15)

µ 2dξµ

nµ
rotates  the th  qubit  by  an  infinitesimal  angle 
around the unitary vector .

|U,ψ⟩ |dU,ψ⟩
|ψ⟩ |dψ⟩

By substituting  and  in Eq. (6), in place of
 and , respectively, we get 
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d2
FS

(|U,ψ⟩+ |dU,ψ⟩, |U,ψ⟩) =
∑
µν

gµν(|ψ⟩,v)dξµdξν ,

(16)

where, the corresponding projective Fubini–Study metric
tensor is 

gµν(|ψ⟩,v) = ⟨ψ|σµvσνv|ψ⟩ − ⟨ψ|σµv |ψ⟩⟨ψ|σνv|ψ⟩ , (17)

v = (v0, . . . ,vM−1) vµ µ = 0, . . . ,

M − 1

σνv = Uν†σνnU
ν

ν |ψ⟩
gµν(|ψ⟩,v)

vµ

[|ψ⟩]
gµν(|ψ⟩,v)

vµ

 and  the  unit  vectors , 
,  are derived by a rotation of  the original  ones of

Eq.  (15),  according to ,  where  there  is  no
summation on the index . Of course, for each state ,
the metric tensor  is not invariant under rotation
of the unit vectors . In order to derive a measure that
is invariant under rotation of the unit vectors, we define
the entanglement measure of , as the inferior value of
the  trace  of  over  all  the  possible  orientations
of the unit vectors . In formulas we define the ED as 

E(|ψ⟩) = inf
{vν}ν

tr(g(|ψ⟩,v)) , (18)

tr inf
vν

ν = 0, . . . ,M − 1

g(|ψ⟩)
k

vν g(|ψ⟩,v)

n ≥ p ≥ k n

p k

g(|ψ⟩,v)
n = 1

|ψ⟩ k = 1

where  is  the  trace  operator  and  is  taken  over
all  possible  orientations  of  the  unit  vectors 
( ).  We  emphasize  that,  in  general,  the
inspection of the block structure of  is informative
about -separability.  Consider  a  choice  of  unit  vectors

,  giving  rise  to  a  metric  which  is,  up  to
permutation  of  the  qubits’ indices,  diagonal  by  blocks.
In a previous paper from one of the authors [33], it was
shown that , with  the number of such blocks,
 the persistency  of  entanglement and  the degree  of

separability.  In  particular,  this  implies  that  if  there
exists  a  given  choice  of  unit  vectors  yielding 
irreducible for any permutation of its indices (i.e., ),
then  is genuinely multipartite entangled (i.e., ).

From Eq. (17) we derive 

tr[g(|ψ⟩,v)] =
M−1∑
µ=0

[
1− (vµ · ⟨ψ|σµ|ψ⟩)2

]
, (19)

showing that the unit vectors 

ṽµ = ±⟨ψ|σµ|ψ⟩/∥⟨ψ|σµ|ψ⟩∥ (20)

inf tr(g)provide the  of . Therefore, we obtain the following
directly computable formula for the ED 

E(|ψ⟩) =M −
M−1∑
µ=0

∥⟨ψ|σµ|ψ⟩∥2 . (21)

M

Note that the latter equation can be seen as the sum
of the  single-qubit EDs 

Eµ(|ψ⟩) = 1− ∥⟨ψ|σµ|ψ⟩∥2. (22)

Eµ(|ψ⟩) µ is a measure of bipartite entanglement of  with
the rest  of  the system. Note that Eq.  (21) also has the
meaning of a quantum correlation measure [7].

inf
Uµ

The  operation, makes the measure (18) independent
from  the  choice  of  the  operators .  Consequently,  its
numerical  value  is  associated  with  the  class  (12),  and
does not depend on a specific element chosen inside the
class.  This  is  a  necessary  condition  for  a  well  defined
entanglement measure [15].

|ϕ⟩
|ϕµ(vµ)⟩ ≡ σµv |ϕ⟩

The entanglement measure can be derived by a minimum
distance  principle,  if  studied  in  the  framework  of  the
Riemannian geometry of the projective Hilbert space. In
fact,  according  to  Eq.  (8)  the  square  of  the  distance
between the rays associated with the unit vectors  and

, is 

D2
FS(|ϕ⟩, |ϕµ(vµ)⟩) = 1− |⟨ϕ|ϕµ(vµ)⟩|2 . (23)

vµ |ϕ⟩ |ϕµ(vµ)⟩
µ = 0, . . . ,M − 1

We  name -conjugate  of  the  states ,  for
. Therefore, 

E(|ϕ⟩) = inf
{vν}ν

M−1∑
µ=0

D2
FS(|ϕ⟩, |ϕµ(vµ)⟩) . (24)

|ϕ⟩

σµv vµ

E(|ϕ⟩)

M

|ϕ⟩ vµ

This  shows  that  the  minimum of  the  sum of  the  semi-
square  of  the  (finite)  distances  between  a  state  and
all  the  states  derived under  the  action of  the  operators

, obtained by varying the vectors , is bounded from
below  by  the  entanglement  measure .  For  fully
separable states, the minimum distance is zero whereas,
for maximally entangled states, it is  at the very best.
Therefore,  in  this  geometric  framework,  entanglement
represents an obstacle to the minimum of the sum of the
distance square between a state  and all its -conjugate
states.

 4   Geometric characterization of the
equivalence classes

One of the basic questions that this geometric approach
can answer, is to determine when two states certainly do
not  belong  to  the  same  equivalence  class.  Two  states
sharing  the  same  degree  of  entanglement  might  indeed
be LU equivalent or not. Via the study of the full metric
tensor  associated  with  two  given  states,  with  the  same
entanglement magnitude, one can determine if these two
states belong to different equivalence classes.

[|ϕ⟩]
|ϕ1⟩, |ϕ2⟩ ∈ [|ϕ⟩]

M Uµ µ = 0, . . . ,M − 1

µ α ∈ R

Let  us  consider  an  equivalence  class,  let  it  say ,
and  let  us  consider  two  states .  Then,
there  exist  LU  operators , ,  each
one operating on the th qubit, and  such that 

|ϕ1⟩ = eiαU |ϕ2⟩ , (25)

U =
∏M−1
µ=0 Uµwhere . We can write

 

⟨ϕ1|σµvσνv|ϕ1⟩ − ⟨ϕ1|σµv |ϕ1⟩⟨ϕ1|σνv|ϕ1⟩
= ⟨ϕ2|U†σµvσ

ν
vU |ϕ2⟩ − ⟨ϕ2|U†σµvU |ϕ2⟩⟨ϕ2|U†σνvU |ϕ2⟩

= ⟨ϕ2|σµnσνn|ϕ2⟩ − ⟨ϕ2|σµn|ϕ2⟩⟨ϕ2|σνn|ϕ2⟩ ,
(26)
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σµn = Uµ†σµvU
µ µ = 0, . . . ,M − 1where  for . Thus, it results 

gµν(|ϕ1⟩,v) = gµν(|ϕ2⟩,n) . (27)

vµ µ = 0, . . . ,M − 1

nµ µ = 0, . . . ,M − 1

µ, ν = 0, . . . ,M − 1

Therefore, two states do not belong to the same equiv-
alence class if  there exists at least a set of  unit vectors

, , such that it is not possible to determine
a  set  of  unit  vectors , ,  satisfying  Eq.
(27) for . Formally, 

|ϕ1⟩ ∼
LU

|ϕ2⟩ =⇒ ∀{vµ}µ,

∃{nµ}µ
∣∣ g(|ϕ1⟩,v) = g(|ϕ2⟩,n). (28)

nµ |ϕ1⟩ |ϕ2⟩

Note that, in the general case, one cannot use Eq. (28)
to  determine  with  certainty  if  two states  belong  to  the
same equivalence class, as the EM encodes only informa-
tions up until the second order of the associated quantum
statistical  distributions,  namely  two-qubits  correlators.
In  other  words,  it  is  possible  for  Eq.  (27)  to  holds  for
any choice of ,  while  and  are not equivalent,
in some higher order statistical property.

M = 2

M = 2

Clearly  this  is  not  the  case  if ,  since  the  full
statistics do not possess any higher order property. For

,  the  implication  (28)  is  both  ways,  hence  the
second  member  stands  as  a  sufficient  and  necessary
condition for state equivalence.

ṽν

vν
By  using  the  unit  vectors  of  Eq.  (20)  in  place  of

the  in Eq. (17), we get the matrix 

g̃(|ψ⟩) = g(|ψ⟩, ṽ) , (29)

|ϕ1⟩ |ϕ2⟩
that we name entanglement metric (EM). Thus, for two
states  and  that differ from one another under the
action of LU transformations, we have 

g̃(|ϕ1⟩) = g(|ϕ2⟩,n) , (30)

nν

ṽν

|ϕ2⟩
nν

|ϕ2⟩

where  the  unit  vectors  are  derived  using  suitable
rotations of the unit vectors  provided by Eq. (20) in
the case of  state .  Note,  in general,  the unit  vectors

 do  not  coincide  with  the  ones  given  in  Eq.  (20)  for
the  state .  In  the  following,  we  will  apply  this
geometric approach to the states belonging to three class
states to verify if they are in the same equivalence class
or not.

 5   Monotonicity of the entanglement
distance

The  single-qubit  ED  (22)  can  straightforwardly  be
generalized to mixed state via a convex roof construction,
i.e., 

Eµ(ρ) := min
{pj ,ψj}

∑
j

pjEµ(|ψj⟩), (31)

{pj , ψj} ρ

where the minimization is carried over all of the possible
realizations  of  as a mixture of pure states [34].

A  measure  is  called  a  measure  of  entanglement  or

entanglement monotone if it satisfies the following neces-
sary conditions [15, 31]:

E(ρ) = 0 ρ(i)  iff  is fully separable.
E(ρ)

E(ρ) = E(
∏M−1
µ=0 UµρUµ†) µ = 0, . . . ,M − 1

Uµ SU(2)

µ

(ii)  is  invariant  under  LU  operations,  i.e.,
,  where for , each

operator  is an arbitrary  LU operator that operates
on the th qubit.

E(ρ)(iii)  cannot  increase,  on  average,  under  local
operations and classical communication.

E(ρ) =
∑
µEµ(ρ

If  these  three  conditions  are  met  for  a  single-qubit
measure  as  (31),  they  are  also  met  by  their  sum,  the
total ED ).

Let  us  now  prove  that  the  Entanglement  Distance
satisfies these three conditions.

E(|ψ⟩) = 0 infvµ gµµ(|ψ⟩,
vµ) = 0 µ = 0, . . . ,M − 1

infvµ gµµ(|ψ⟩,vµ) = 0 ∀µ vµ

σµv |ψ⟩ = |ψ⟩ |ψ⟩
σµv +1

|ψ⟩ σµv
µ = 0, . . . ,M − 1

From  Eq.  (18)  we  have  iff 
,  for .  From  (17)  it  results

 iff  it  exist  such  that
. Therefore  is simultaneously eigenstate for

 with the maximum eigenvalue ( ), this is possible iff
 is  product  of  single-party  eigenstates  for ,  for

. This proves condition (i).

U =
∏M−1
ν=0 Uν Uν

SU(2) ν

To  prove  condition  (ii),  we  start  from  Eq.  (19),  by
considering ,  where each operator  is  an
arbitrary  LU  operator  that  operates  on  the th
qubit. We have 

E(U |ψ⟩) = inf
{vµ}µ

M−1∑
µ=0

[
1− (⟨ψ|Uµ†σµvUµ|ψ⟩)2

]
= inf

{uµ}µ

M−1∑
µ=0

[
1− (⟨ψ|(σu)

µ|ψ⟩)2
]

= E(|ψ⟩) , (32)

uν · σν = Uν†vν · σνUν ν = 0, . . . ,M − 1where  for .  Both
these properties are inherited by the related measure on
mixed state (31).

Two different proofs of condition (iii) can be found in
Appendix.

 6   Comparison between the concurrence
and the entanglement distance

M = 2Let us consider a general  qubits normalized pure-
state 

|ψ⟩ =
3∑
j=0

wj |j⟩ , (33)

∑3
j=0 |wj |2 = 1such thate . The concurrence for pure state

(33) is defined as [35] 

C(|ψ⟩) = |⟨ψ|ψ†⟩| , (34)

|ψ†⟩ = σ0
2 ⊗ σ1

2

∑3
j=0 w

∗
j |j⟩where .  By  direct  computations

one gets [35] 
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C(|ψ⟩) = 2|w0w3 − w1w2| . (35)

By a direct calculation, from Eq. (21) one derives for the
same general state: 

E(|ϕ⟩) = 8(w2
0w

2
3 + w2

1w
2
2 −w∗

0w
∗
3w1w2 −w0w3w

∗
1w

∗
2) .

(36)

M = 2Therefore  we get  the  following general  result  for 
qubits states: 

E(|ϕ⟩)/2 = [C(|ϕ⟩)]2 . (37)

M = 2

This  proves  that  the  concurrence  for  pure  states,  is  a
special case of ED, valid for the case .

 7   Continuous variable systems

Hcv = ⊗nµ=1Hµ Hµ
aµ a†µ

Hµ
q̂µ = i(aµ − a†µ)/

√
2 p̂µ = (aµ + a†µ)/

√
2

[aµ, a
†
ν ] = δµ,ν [q̂µ, p̂ν ] = iδµ,ν

Continuous  variable  systems  (CVS)  are  described  by  a
Hilbert space , where each  is an infinite-
dimensional Fock space. Let  and  be the usual anni-
hilation  and  creation  operators  acting  on ,  and

 and ,  the  related
quadrature  phase  operators.  Therefore,  it  results  in

 and .

|s⟩ ∈ Hcv

|s⟩

Also  in  this  case,  we  derive  the  ED  from  a  distance
inspired by the Fubini–Study metric. For each normalized
vector ,  we  have  to  consider  the  set  of  all  the
vectors  derived  from  under  the  action  of  LU  opera-
tors.

|s⟩

|s⟩

In  the  case  of  CVS,  dealing  with  infinite-dimensional
Hilbert spaces and spanning the full set of LU operators
is an impracticable task. Thus, the key point here is to
determine, for each state , a set of LU operators that
effectively  generates  variations  suitable  for  the  mini-
mization  of  the  trace.  For  instance,  in  the  case  of  the
class  of  states  that  are  linear  combinations  of  products
of  Glauber  coherent  states,  an  appropriate  set  of  LU
operators is the one of displacement operators. Thus, for
each state  in this class, we consider  {

|D, s⟩ =
M−1∏
µ=0

Dµ|s⟩
}
, (38)

Dµwhere each unitary operator  is a displacement operator 

Dµ(αµ) = exp(αµa†µ − αµ∗aµ) , (39)

αµ ∈ Cwith .  Also,  we  consider  the  differential  operator
given by 

dDµ :=
n∑
µ=1

dD̃µ(dξµ) , (40)

dD̃µwhere for each differential operator  results 

dD̃µ(dξµ) = dξµa†µ − dξµ∗aµ . (41)

We introduce the distance 

d2FS = ⟨D, s| : dDµ†dDµ : |D, s⟩ − |⟨D, s|dDµ|D, s⟩|2

=
∑
µν

(gµνdξµ∗dξν + hµνdξµdξν + fµνdξµ∗dξν∗) ,

(42)

::where  denotes  the  normal  ordering  operation.  The
entanglement  distance  (ED)  for  continuous  variable
systems (CVS) is therefore defined as 

E(|s⟩) = inf
{αν}ν

tr(g(|s⟩,α)) , (43)

in  analogy  with  Eq.  (18).  By  direct  calculations,  one
obtains 

E(|s⟩) = 4
n∑
µ=1

[⟨s|a†µaµ|s⟩ − ⟨s|a†µ|s⟩⟨s|aµ|s⟩] . (44)

E(|s⟩)Note that also in this case,  has the meaning of a
quantum correlation measure [7].

 8   Examples

In this section, we apply our geometric method to inves-
tigate the entanglement properties of three classes of one
/multi-parameter families of states. In all the cases, the
degree  of  entanglement  of  each  state  depends  on  these
parameters  and,  in  particular,  they  have  known  the
values  of  the  parameters  corresponding  to  maximally
entangled states for each one of the families.

(M − 1)

M

M

The first, is a one-parameter family of states which is
related  to  the  Greenberger–Horne–Zeilinger  states  [32]
since  for  a  suitable  choice  of  the  parameter  one  gets  a
Greenberger–Horne–Zeilinger  state.  We  will  name  the
elements  of  such  family  Greenberger–Horne–Zeilinger-
like  states  (GHZLS).  The  second  is  a  one-parameter
family of states too. This class of states has been introduced
by Briegel and Raussendorf in Ref. [18], for this reason,
we  name  the  elements  in  this  family  Briegel–
Raussendorf  states  (BRS).  The  third  is  an -
parameters family of states, related to the W states. In
particular, we consider a weighted combination of the 
states that compose a W state of -qubits. In this case,
the  state  with  the  higher  degree  of  entanglement  is
known to correspond to the case with the same weights.

M

{|0 · · · 0⟩ , |0 · · · 01⟩, . . . , |1 · · · 1⟩} H |0⟩µ |1⟩µ
σµ3 +1 −1

M

n0, . . . , nM−1 = 0, 1 |{n}⟩ = |nM−1 nM−2 n0⟩

|k⟩ =
∣∣{nk}⟩

k =
∑M−1
µ=0 nkµ2

µ nkν ν

k k = 0, . . . , 2M − 1

In  the  following,  we  consider  the  standard -qubits
basis  for , where  ( )
denotes  the  eigenstate  of  with  eigenvalue  ( ).
Thus,  each  basis’ vector  is  identified  by  integers

 as .  Therefore,
we  enumerate  such  basis’ vectors  according  to  the
binary  integers  representation ,  with

, where  is the -th digit of the number
 in binary representation and .
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 8.1   Entanglement properties

 8.1.1   Greenberger–Horne–Zeilinger-like states

In  this  section,  we  consider  a  one-parameter  family  of
states, the GHZLS, defined according to 

|GHZ, θ⟩M = cos(θ)|0⟩+ sin θ|2M − 1⟩ , (45)

0 ≤ θ ≤ π/2 θ = 0, π/2

θ = π/4

where .  For  the  states  are  fully
separable, whereas for  the state has the maximum
degree  of  entanglement.  In  this  case,  the  trace  for  the
metric tensor (17) results 

tr(g) =M − cos2(2θ)
M−1∑
ν=0

(vν3 )
2 , (46)

ṽν1 = ṽν2 = 0 ṽν3 = ±1 ν = 0, . . . ,M − 1

and, consistently with (20), it is minimised by the values
, ,  for .  Therefore,  we

have 

g̃ = sin2(2θ)JM , (47)

JM M ×Mwhere  is  the  matrix  of  ones.  The  ED  per
qubit for the GHZLS results 

E(|GHZ, θ⟩M )/M = sin2(2θ) . (48)

 8.1.2   Briegel Raussendorf states

Πj0 = (I+ σj3)/2 Πj1 = (I− σj3)/2

σj3 |0⟩j
+1 |1⟩j −1

M

We  denote  with  and  the
projector operators onto the eigenstates of ,  (with
eigenvalue ) and  (with eigenvalue ), respectively.
Each  qubit  state  of  the  BRS  class  is  derived  by
applying to the fully separable state 

|r, 0⟩ =
M−1⊗
j=0

1√
2
(|0⟩j + |1⟩j) , (49)

the non LU operator 

U0(ϕ) = exp(−iϕH0) =
M−1∏
j=1

(
I+ αΠj0Π

j+1
1

)
, (50)

H0 =
∑M−1
j=1 Πj0Π

j+1
1 α = (e−iϕ − 1) .

{|0 · · · 0⟩ , |0 · · · 01⟩, . . . , |1 · · · 1⟩}
λk

|k⟩

where  and  The  full
operator  (50)  is  diagonal  on  the  states  of  the  standard
basis . In fact, the eigenvalue

 of operator (50),  corresponding to a given eigenstate
 of this basis, results 

λk =

n(k)∑
j=0

(
n(k)

j

)
αj , (51)

n(k) 01

|k⟩
where  is  the  number  ordered  couples  inside  the
sequence of the base vector . For the initial state (49)
we consistently get 

|r, 0⟩M = 2−M/2

2M−1∑
k=0

|k⟩ , (52)

U0(ϕ)and, under the action of  one obtains 

|r, ϕ⟩M = 2−M/2

2M−1∑
k=0

n(k)∑
j=0

(
n(k)

j

)
αj |k⟩ . (53)

ϕ = 2πk k ∈ Z
ϕ

ϕ = (2k + 1)π k ∈ Z

For , with , this state is separable, whereas,
for  all  the other choices  of  the value ,  it  is  entangled.
In  particular,  in  [18]  it  is  argued  that  the  values

,  where ,  give  maximally  entangled
states.

M = 2● Briegel Raussendorf states: Case 

M = 2In the case  the one-parameter family of BRS is 

|r, ϕ⟩2 =
3∑
k=0

ck|k⟩ , (54)

ck = 1/2 k ̸= 1 c1 = e−iϕ/2 ϕ ∈ [0, 2π]with  if ,  and ,  where .
By  direct  calculation  one  gets  for  the  trace  of  the
Fubini–Study metric 

tr(g) =
1∑

ν=0

[
1− c2

(
cvν1 + (−1)

ν+1
svν2

)2]
, (55)

c = cos (ϕ/2) s = sin (ϕ/2)
ṽν = ±(c, (−1)ν+1s, 0)

where  and .  Eq.  (55)  is
minimised  with  the  choice .  Consis-
tently, the EM and the ED per qubit result 

g̃ = s2J2 (56)

and 

E(|r, ϕ⟩2)/2 = s2 . (57)

M = 3● Briegel Raussendorf states: Case 

M = 3In the case  we have 

|r, ϕ⟩3 =
7∑
k=0

ck|k⟩ , (58)

ck = 1/23/2 k ̸= 1, 2, 3, 5 ck = e−iϕ/23/2

k = 1, 2, 3, 5 ϕ ∈ [0, 2π] g

with  if ,  and  if
, where . The trace of  results 

tr(g) =
[
3−

(
(c2v01 + csv02)

2 + (c2v11)
2 + (c2v21 − csv22)

2
)]
,

(59)

ṽ0 = (c, s, 0) ṽ1 = (1, 0, 0)

ṽ2 = (c,−s, 0)
is  minimised  with  the  choices , 
and . The EM and the ED per qubit, in this
case result 

g̃ = s2

(
1 c 0

c 1 + c2 c
0 c 1

)
, (60)

and 
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E(|r, ϕ⟩3)/3 = s2
(
3 + c2

)
/3 , (61)

respectively.

M = 4● Briegel Raussendorf states: Case 

M = 4For  we have 

|r, ϕ⟩4 =
15∑
k=0

ck|k⟩ , (62)

ck = e−iϕ/4 k ̸= 0, 5, 8, 12, 14, 15 c5 = e−i2ϕ/4

c0 = c8 = c12 = c14 = c15 = 1/4 ϕ ∈ [0, 2π]

g

with  if , ,  and
,  where .  The trace

of  results 

tr(g) =
[
4−

(
(c2v01 + csv02)

2 + (c2v11)
2

+ (c2v21)
2 + (c2v31 − csv32)

2
)]
, (63)

ṽ0 = (c, s, 0) ṽ1 = (1, 0, 0)

ṽ2 = (1, 0, 0) ṽ3 = (c,−s, 0)
is  minimised  with  the  choices , ,

 and .  The  EM  in  this  case
results 

g̃ = s2


1 c 0 0

c 1 + c2 c2 0

0 c2 1 + c2 c
0 0 c 1

 , (64)

thus the ED reads 

E(|r, ϕ⟩4)/4 = s2
(
4 + 2c2

)
/4 . (65)

 8.1.3   W-states

(M − 1)

W

In this section, we consider an -parameters family
of states, the  states, defined according to 

|W,α⟩M =
M∑
j=1

αj |2j−1⟩ , (66)

with 

α1 = c1
α2 = s1c2

...
αk = s1s2 · · · sk−1ck

...
αM−1 = s1s2 · · · sM−2cM−1

αM = s1s2 · · · sM−2sM−1 , (67)

cj = cos θj sj = sin θj
0 ≤ θj ≤ π/2 j = 1, . . . ,M − 1 k

αk = 0 r r

αk = 1/
√
M k

where  we  have  set , ,  and  where
, .  If  the number of  indices 

such that  is , then the state (66) is -partite. For
,  for  each ,  the  state  (66)  is  maximally

entangled.
In the case of state (66), the trace of the metric tensor

(17) results 

tr(g) =

[
M −

M−1∑
ν=0

[(1− 2|αj(ν)|2)vν3 ]2
]
, (68)

j(ν) j : {0, . . . ,M − 1} →
{1, . . . ,M}

ṽν1 = ṽν2 = 0 ṽν3 = ±1 ν = 0, . . . ,M − 1

where  is  an  invertible  map 
. Consistently with (20), Eq. (68) is minimised

by  the  values , ,  for .
Therefore, the ED for these states results 

E(|W,α⟩M )/M = 4(1−
∑
j

|αj |4)/M . (69)

αj = 1/
√
M j = 0, . . . ,M − 1

The state  with  the  higher  entanglement  corresponds  to
the  choice ,  for .  The  corre-
sponding value for the ED is 

E(|W,αM ⟩M )/M = 4(1− 1/M)/M . (70)

M = 2 E(|W,α⟩M )/M < 1

σµv

W

Therefore,  exept  for  the  case , .
This  is  due  to  the  non-vanishing  of  the  expectation
values of the operators  on the state with the higher
entanglement.  In  this  sense,  such  state  could  not  be
considered  a  maximally  entangled  state.  Remarkably,
the  state  with  maximal  entanglement  remains  a
maximal entanglement state under particle loss.

W M = 2● -states: Case 

M = 2For  it is 

|W,α⟩2 = α1|1⟩+ α2|2⟩ , (71)

α1 = cos θ1 α2 = sin θ1 θ1 ∈ [0, π/2]

ṽν1 = ṽν2 = 0 ṽν3 = (−1)ν ν = 0, 1

where  and ,  and .  The
choice , ,  for ,  by  direct
calculations one get the following expressions for the EM
and ED 

g̃ = sin2(2θ1)J2 , (72)
 

E(|W,α⟩2)/2 = sin2(2θ1) , (73)

respectively.

W M = 3● -states: Case 

M = 3For  it is 

|W,α⟩3 = α1|1⟩+ α2|2⟩+ α3|4⟩ , (74)

α1 = cos θ1 α2 = sin θ1 cos θ2 α3 = sin θ1 sin θ2where ,  and . By
direct calculations one get the ED 

E(|W,α⟩3)/3 =
4

3

[
1−

(
cos4 θ1 + sin4 θ1 cos4 θ2

+ sin4 θ1 sin4 θ2
)]
. (75)

 8.2   Comparison between the families of states

 8.2.1   Entanglement measure

E(|r, ϕ⟩M )/M ϕ

M = 2, 3, 4

ϕ = 0, 2π

ϕ = π

The  ED ,  as  a  function  of  and  for
,  gets  the  correct  estimation  of  the  degree  of

entanglement for  the BRS one expect.  In fact,  for  fully
separable  states  ( )  it  vanishes,  whereas  for  the
maximally  entangled  state,  corresponding  to ,  the
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E(|r, π⟩M )/

M = 1

ṽν · σν ν = 0, . . . ,M − 1

ED  reaches  the  maximum  (possible)  value, 
.  This  latter  indicates  that  the  expectation  value

for  any  operator  ( )  vanishes  on
the maximally entangled states of this class.

θ = 0, π/2

M

θ = π/4

ṽν · σν ν = 0, . . . ,M − 1

The  ED  for  the  GHZLS  is  null  in  the  case  of  fully
separable  states  ( )  and  gives  the  maximum
value ( ) in the case of the maximally entangled state
( ).  Also for  the class  of  GHZLS, the expectation
value  for  the  operators  ( )  on  the
maximally entangled state is zero.

M = 2 α = (cos θ1, sin θ1)
θ1 = 0, π/2 E(|W,α⟩2)/2

θ1 = π/4 E(|W,α⟩2)/2 = 1

M = 3

α = (cos θ1, sin θ1 cos θ2, sin θ1 sin θ2)
3D E(|W,α⟩3)/3

θ1, θ2

E(|W,α⟩3)/3
θ1 = 0

E(|W,α⟩3)/3 = 8/9

θ1 = arccos(1/
√
3) θ2 = arccos(1/

√
2)

E(|W,α⟩3)/3 < 1

ṽν · σν ν = 0, . . . ,M − 1

θ2 = 0, π/2

0 < E(|W,α⟩3)/3 < 2/3

In  the  case , ,  thus  for  fully
separable states ( )  is null, whereas
in the case , it results . In Fig. 1
we consider the W-class of states for the case . In
this  case .  In Fig.  1 we
report,  with  a  plot,  the  measure  as  a
function  of  according  to  Eq.  (69),  for  the  states
(66).  The  measure  (18)  catches  in  a  surprisingly  clear
way the entanglement properties of this family of states.
In  particular,  is  null  in  the  case  of  fully
separable  states  ( ).  The  maximum  entanglement

 is  obtained  in  the  case  of  the  state
given  by  and .

 indicates that the expectation value for
the operators  ( ) on the W states is
different  from zero.  For  this  reason,  the  state  with  the
maximum  value  of  entanglement  is  not  a  maximally
entangled state. Moreover, a lower value of the entangle-
ment  could  be  seen  as  a  cons  of  this  class  of  states,
because the quantum correlation is less than in the case
of  the  other  states  considered.  Nevertheless,  the  W
states are robust under the local measurements. For the
case  of  bi-separable  states  ( ),  it  results

.

 8.2.2   Equivalence classes characterization

The present section is aimed to determine when a couple
of states chosen into two different among the three families
considered, actually belong to the same equivalence class.
We compare the states with the highest entanglement of

each family.  Since  the  relevant  geometric  quantities  for
our analysis, in the case of GHZLS, are size-independent,
we will assume the states of this family as the reference
ones.

M = 2● Case 

M = 2

|GHZ, π/4⟩2

ṽ0 = ṽ1 = (0, 0,±1)

g̃(|GHZ, π/4⟩2) = J2

Let us start with the case . The maximally entangled
state within the GHZLS is , the unit vectors
that  minimize  the  trace  of  the  metric  tensor  are

,  and  the  corresponding  EM  is
.

|r, π⟩2
g ṽ0 = ±(0,−1, 0) ṽ1 = ±(0, 1, 0)

g̃(|r, π⟩2) = J2 = g̃(|GHZ, π/4⟩2)
|GHZ, π/4⟩2 |r, π⟩2

[|GHZ, π/4⟩2] = [|r, π⟩2]

|GHZ, π/4⟩2 = e−iσ1
2π/4|r, π⟩2

In the case of the second family, the maximally-entangled
state is , the unit vectors that minimize the trace of
 are  and . The corresponding

EM  results .  Therefore,
according to our criterion,  and  belong
to  the  same  equivalence  class: .
One  can  verify  the  correctness  of  this  result  since  by
direct calculation one gets .

|W, (1/
√
2, 1/

√
2)⟩2

g ṽ0 = ±(0, 0, 1) ṽ1 = ±(0, 0,−1)

g̃(|W, (1/
√
2, 1/

√
2)⟩2) =

J2 = g̃(|GHZ, π/4⟩2)
[|GHZ, π/4⟩2] = [|W, (1/

√
2, 1/

√
2)⟩2]

|GHZ, π/4⟩2 = e−iπ/2e−iσ0
1π/4e−iσ1

1π/4|W, (1/
√
2, 1/

√
2)⟩2

For the third family, the maximally-entangled state is
,  the  unit  vectors  that  minimize  the

trace  of  are  and .  The
corresponding  EM  results 

. Therefore, according to our criterion,
.  One  can  verify  the

correctness of this result since by direct calculation one
gets .

M = 3● Case 

M = 3Let us consider the case . The maximally entangled

 

E(|W,α⟩3)/3 2θ1/π 2θ2/π

M = 3

Fig. 1  This figure reports the three-dimensional plot of the
ED  as  a  function  of  and  for  the
states (66), in the case .

 

α W ϕ θ

α |W,α⟩2 α = (1, 0), (0, 1)

ϕ |r, ϕ⟩2 ϕ = 0, 2π

θ |GHZ, θ⟩2 θ = 0, π/2

M = 2

|W, (1/
√
2, 1/

√
2)⟩2

|r, π⟩2 |GHZ, π/4⟩2

Fig. 2  The scheme in the figure represents the topological
structure of the equivalence classes for some of the states for
each  of  the  three  families.  A  point  along  one  of  the  black
lines  represents  a  state  of  each  family,  from  left  to  right
these are the -  states, the -BRS and the -GHZLS. The
magenta  cloudlet  represents  the  equivalence  class  to  which
belong the (fully separable) states. The latter are, in the case
of  the -W states,  the  states  with ,  in
the case of -BRS, the states  with  and, in the
case of the -GBZLS the states , where . In
the case of  qubits, the states of the three families with
the higher degree of entanglement, that is ,

 and ,  belong to the same equivalence class,
figured with a red cloudlet.
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|GHZ, π/4⟩3

ṽ0 = ṽ1 = ṽ2 = (0, 0,±1)

g̃(|GHZ, π/4⟩3) = J3

state within the GHZLS is , the unit vectors
that  minimize  the  trace  of  the  metric  tensor  are

,  and  the  corresponding  EM  is
.

|r, π⟩3 g̃(|r, π⟩3) ̸= g̃(|GHZ, π/4⟩3)
In the case of the second family, the maximally-entangled

state  is .  In  this  case ,  as
shown in Eq. (60). Nevertheless, we have 

g(|r, π⟩3,v) =

 1 v01v
1
3 −v01v21

v01v
1
3 1 −v12v21

−v01v21 −v13v21 1

 , (76)

v0 = ±(1, 0, 0)

v1 = ±(0, 0, 1) v2 = ∓(1, 0, 0) g(|r, π⟩3,v) = J3
|GHZ, π/4⟩3

|r, π⟩3
|GHZ, π/4⟩3 =

eiσ
0
2π/4e−iσ2

2π/4|r, π⟩3 [|GHZ, π/4⟩3] = [|r, π⟩3]

thus,  the  choice  for  the  unit  vectors ,
 and  gives .

Therefore,  according  to  our  criterion,  and
 might belong to the same equivalence class. In fact

by  direct  calculation  one  can  verify  that 
, hence .

|W, (1/
√
3, 1/

√
3, 1/

√
3)⟩3

E(|W, (1/
√
3, 1/

√
3,

1/
√
3)⟩3)/3 = 8/9 < 1

g ṽν = ±(0, 0, 1) ν = 0, 1, 2

For the third family, the state with the higher entan-
glement  is .  The  latter  is  not  a
maximally  entangled  state  since 

. The unit vectors that minimize the
trace of  are  for . The correspon-
ding EM results 

g̃(|W, (1/
√
3, 1/

√
3, 1/

√
3)⟩3) =


2

3
−4

9
−4

9

−4

9

2

3
−4

9

−4

9
−4

9

2

3

 .

(77)

J3

[|W, (1/
√
3,

1/
√
3, 1/

√
3)⟩3] ̸= [|GHZ, π/4⟩3]

Furthermore,  no choice of  the unit  vectors leads to the
expression  for the metric tensor. Therefore, upon our
criterion,  the states of  the third family and the ones of
the  first  two  families  are  inequivalent: 

. This result agrees with the
study of Ref. [17].

M = 4● Case 

M = 4

|GHZ, π/4⟩4

ṽ0 = ṽ1 = ṽ2 = ṽ3 = (0, 0,±1)

g̃(|GHZ, π/4⟩4) = J4
|r, π⟩4
E(|r, π⟩4)/4 = 1

g̃(|r, π⟩4) ̸= g̃(|GHZ, π/4⟩4)

As  last  we  consider  the  case .  The  maximally
entangled  state  within  the  GHZLS  is ,  the
unit vectors that minimize the trace of the metric tensor
are ,  and  the  corresponding
EM  is .  In  the  case  of  the  second
family, the maximally-entangled state is . This is a
genuine maximally entangled state since .
We have , as shown in Eq. (64).
We have 

g(|r, π⟩4,v) =


1 v01v

1
3 0 0

v01v
1
3 1 0 0

0 0 1 −v23v31
0 0 −v23v31 1

 ,

(78)

J4
[|GHZ, π/4⟩4] ̸= [|r, π⟩4]

thus, in this case, no choice of the unit vectors leads to
an  expression  for  the  metric  tensor  equivalent  to .
Therefore,  we  conclude .  This
confirms the result reported in Ref. [36].

 9   Glauber coherent states

Let us consider the state 

 

α W ϕ

θ

|W,α⟩3 α = (1, 0, 0), (0, 1, 0), (0, 0, 1) |r, ϕ⟩3
ϕ = 0, 2π |GHZ, θ⟩3 θ = 0, π/2 M = 3

[|W, (1/
√
3, 1/

√
3, 1/

√
3)⟩3]

[|r, π⟩3] = [|GHZ, π/4⟩3]

Fig. 3  As in Fig. 2, we report here a scheme that represents
the topological  structure of  the equivalence classes  for  some
of the states of the three families: the -  states, the -BRS
and  the -GHZLS.  In  this  case,  we  consider  three  qubits
states. The magenta cloudlet represents the equivalence class
to  which  belong  the  (fully  separable)  states  for  the  three
families:  with ,  with

 and, , with . In the case of 
qubits, the equivalence classes of the states of the three families
with  the  higher  degree  of  entanglement  do  not  coincide.  In
fact,  the  class  is  dijointed  from  the
class ,  as  figured  with  the  two  red
cloudlets.

 

M = 4

|W,α⟩4 α = (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1) |r, ϕ⟩4
ϕ = 0, 2π |GHZ, θ⟩4 θ = 0, π/2

[|W, (1/
√
4, 1/

√
4, 1/

√
4, 1/

√
4)⟩4] ̸= [|r, π⟩4] ̸= [|GHZ, π/4⟩4]

Fig. 4  We report here a scheme analogous to those of Figs.
2 and 3.  In  this  case,  we consider  qubits  states.  The
magenta  cloudlet  represents  the  equivalence  class  to  which
belong  the  (fully  separable)  states  of  the  three  families:

 with , 
with  and, , with . In this case, the
equivalence classes of the states of the three families with the
higher degree of entanglement are all disjointed. In fact, the
class ,
as figured with the three dijointed red cloudlets.
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|s⟩ = c(|α1, α2⟩+ |α2, α1⟩) , (79)

α1, α2 ∈ C |αj , αk⟩ = |αj⟩|αk⟩where ,  is product of Glauber
coherent states 

|α⟩ = e−|α|2/2
∞∑
n=0

αn√
n!
|n⟩ , (80)

cand  is the normalization factor. We define 

p = ⟨α1, α2|α2, α1⟩ = e−|α1−α2|2 . (81)

|s⟩ α1 = α2

p = 1

The state  is  separable  if  and only  if ,  that  is
.  By  direct  calculations  we  got  from  Eq.  (44)  the

following expression for the ED 

E(|s⟩) = 2× 1− p

1 + p
|α1 − α2|2 , (82)

α1 = α2

that agrees to the prediction, of being null if and only if
.

 10   Concluding remarks

|ψ⟩
|ψ⟩

vµ · σµ|ψ⟩ vµ µ

|ψ⟩

In the present work, we have investigated the deep link
between  the  Riemannian  metric  structure  associated
with the projective Hilbert  space and the entanglement
measure for the states within this space. We first considered
the case of a general multi-qubit system and then examined
the case of a continuous variables system represented by
the product of two Glauber coherent states. In particu-
lar, we have shown that entanglement has a remarkable
geometrical  interpretation.  In fact,  we have shown that
the ED of a state  is the minimum of the sum of the
squared  distances  between  and  all  its  conjugate
states , where  are unit vectors and  runs on
the number of parties. In such a sense, entanglement is
an obstacle to the minimum of the sum of the distances
between  and its conjugate states.

Also,  within  the  proposed  geometric  approach,  we
have derived a general method to determine if two states
are  not  LU-equivalent.  For  bipartite  states,  it  further
allows  to  confirm  if  they  are,  on  the  contrary,  LU-
equivalent.

|ψ⟩ |ψ⟩

The  entanglement  measure  named  ED,  proposed  in
Ref.  [1],  has  the  desirable  property  of  providing  a  di-
rectly computable measure of entanglement for a general
multi-qudit  hybrid  pure  state.  A  convex  roof  extension
of it to the most general case of mixed states can easily
be built.  In the present work,  we have proved that the
ED of a state  i)  is  null  if  and only  is fully sepa-
rable; ii) is invariant under LU operations; iii) does not
increase, in average, under LOCC. This, definitely validate
the entanglement distance as an appropriate entanglement
measure for multipartite states, pure or mixed.

Finally,  we  have  applied  the  proposed  geometric
approach  to  the  study  of  the  entanglement  magnitude

and the  equivalence  classes  properties,  of  three  families
of pure states.

 Declarations  The  authors  declare  that  they  have  no  competing
interests and there are no conflicts.

 Acknowledgements  We  acknowledge  the  support  from  the
Research Support Plan 2022 – Call for applications for funding allocation
to research projects curiosity driven (F CUR) – Project “Entanglement
Protection  of  Qubits’ Dynamics  in  a  Cavity” – EPQDC  and  the
support  by  the  Italian  National  Group  of  Mathematical  Physics
(GNFM-INdAM).  R.  F.  and  A.  V.  would  like  to  acknowledge  INFN
Pisa for the financial support to this activity.

 

Appendix A: Monotonicity, on average,
under unilocal quantum operation

E(ρ)

In Ref. [31], it is shown that LOCC may be decomposed
as series of unilocal quantum operations (UQ). It results
that it is enough, to prove condition (ⅲ), to show that
the measure 
● is non-increasing, on average, under UQ;
● is convex as a measure on mixed states.
The second condition is automatically fullfilled by the

convex  roof  construction  (31).  The  first  one  can  be
decomposed into the four following conditions:

E E(ρ) = E(UρU†)(a)  is LU-invariant, that is .
E

E(ρ) ≥
∑
j pjE(ρj) ρj

pj

(b)  is non-increasing on average under (non necessarily
complete)  unilocal  Von  Neumann  measurement,  that  is

, with  is one of the outcomes of such
a measurement, with associated probability .

E

A E(ρ) = E(ρ⊗ ρA) ρA
A

(c)  is invariant under the addition of an uncorrelated
ancilla ,  that  is ,  with  the  state  of

.
E

A E(ρ) ≥ E(TrA(ρ))
(d)  is non-increasing under the removal of any local

part  of the system, that is .
Condition (a) holds by construction, as shown in Eq.

(32).

Θ |ψ⟩ Mj |ψ⟩
pj = ⟨ψ|M†

jMj |ψ⟩
∑
jM

†
jMj ≤ I

Unilocal  von Neumann measurements can be realized
by completely positive map , that converts  to 
with  probability ,  where .
Therefore, condition (ⅲ) reads 

E(|ψ⟩) ≥
∑
j

pjE(|ψj⟩) , (83)

|ψj⟩ =Mj |ψ⟩/
√
pj

O |ψ⟩ ⟨O⟩ψ
µ̄

{Mj}j µ̄

{Mj ,M
†
j }j

|ψ⟩ µ ̸= µ̄ [Mj , σ
µ
k ] = 0

j k

where .  The  proof  of  this  inequality
follows  from  the  following  calculation.  To  make  easier
the formulas, in the following we will indicate the expec-
tation  value  of  an  operator  on  a  state  with .
Let  be the qubit on which the generalized measurement

 operates.  Let  us  drop  the  index  for  the  Kraus
operators  for ease of notations. In the case of
a general state  and for  it results  for
any  and . Consistently, from Eq. (17) we have 
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gµµ(|ψ⟩,vµ) = ⟨(σµv − ⟨σµv ⟩ψ)
2⟩ψ

≥ ⟨
∑
j

M†
jMj (σ

µ
v − ⟨σµv ⟩ψ)

2⟩ψ

=
∑
j

⟨M†
j (σ

µ
v − ⟨σµv ⟩ψ)

2
Mj⟩ψ

=
∑
j

pj⟨(σµv − ⟨σµv ⟩ψ)
2⟩ψj

=
∑
j

pj⟨
(
σµv−⟨σµv ⟩ψj

+⟨σµv ⟩ψj
−⟨σµv ⟩ψ

)2⟩ψj

=
∑
j

pj

[
⟨
(
σµv − ⟨σµv ⟩ψj

)2⟩ψj

+ ⟨
(
⟨σµv ⟩ψj − ⟨σµv ⟩ψ

)2⟩ψj

]
≥
∑
j

pj⟨
(
σµv − ⟨σµv ⟩ψj

)2⟩ψj

=
∑
j

pjgµµ(|ψj⟩,vµ) .

(84)

µ ̸= µ̄In summary, for  it results
 

gµµ(|ψ⟩,vµ) ≥
∑
j

pjgµµ(|ψj⟩,vµ) (85)

and then
 

inf
vµ
gµµ(|ψ⟩,vµ) ≥ inf

vµ

∑
j

pjgµµ(|ψj⟩,vµ)

≥
∑
j

pj inf
vµ
j

gµµ(|ψj⟩,vµj ) . (86)

We note that in the case general case it is
 

0 ≤ gµµ(|ψ⟩,v) ≤ 1 . (87)

µ = µ̄

Let us now consider the contribution to the entanglement
of the state of a qubit . In this case we have
  ∑

j

pj⟨
(
σµ̄v − ⟨σµ̄v ⟩ψj

)2⟩ψj , (88)

j vµ̄ = vµ̄j

in which, for each possible outcome of the measurement
, it is possible to choose a unit vector  so that

 

σµ̄vj
|ψj⟩ = |ψj⟩ . (89)

Therefore it results
 

inf
vµ̄
gµ̄µ̄(|ψj⟩,vµ̄) = 0 . (90)

|ϕj⟩ µ̄

This proves that the contribution to the entanglement of
the state  coming from the th qubit is null.

Finally, we have then
 

E(|ψ⟩) = inf
{vµ}µ

M−1∑
µ=0

gµµ(|ψ⟩,vµ)

≥
∑
j

pj

M−1∑
µ=0

inf
vµ
j

gµµ(|ψj⟩,vµj )

=
∑
j

pjE(|ψj⟩) , (91)

that proves condition (b).
Condition  (c)  is  clearly  satisfied  for  pure  states,  and

this property is preserved by the convex roof construction
(31).

µ

Finally,  note  that  the  reduced  density  matrix  for
qubit  writes 

ρµ = Trµc

[
|ψ⟩⟨ψ|

]
=

1

2
(I+ ṽµ · σµ), (92)

µc µ

ṽµ = ⟨ψ|σµ|ψ⟩
Tr
[
(ρµ)2

]
= 1

2 (1 + |ṽµ|2)

where  is the complement of  on the set of all qubits
in  the  system,  and .  Also  remark  that

.
Yet, from Eq. (21), the single-qubit measure follows 

Eµ(|ψ⟩) = min
vµ

gµµ(|ψ⟩,vµ)

= 1− |⟨ψ|σµ|ψ⟩|2 = 1− |ṽµ|2

= 2

(
1− Tr

[(
Trµc

[
|ψ⟩⟨ψ|

])2])
, (93)

A ∈ µc

E
(
|ψ⟩⟨ψ|

)
=

E
(
TrA
[
|ψ⟩⟨ψ|

])
which  is  invariant  with  respect  to  the  partial  trace
applied to any subsystem ,  since this  information
is  discarded  anyway,  and  we  have 

.  Condition  (d)  is  hence  fulfilled  by  the
pure state ED.

After such a removal, it can easily be checked that the
convex roof construction (31) rewrites 

Eµ

(
TrA
[
ρ
])

= min
{pj ,ψj}

∑
j

pjEµ

(
TrA
[
|ψj⟩⟨ψj |

])
(94)

ρ =
∑
j pj |ψj⟩⟨ψj | Eµ

(
TrA
[
ρ
])

= Eµ(ρ)

E(ρ) ≥ E
(
TrA
[
ρ
])for  any .  Thus, ,  so

,  proving  that  condition  (d)  also  holds
for the mixed states measure.

 Appendix B: Convexity of the function of
the partial trace

Eµ(ψ) = f(Trµ(ψ))
f

In Ref. [31], another necessary and sufficient condition is
proposed  for  a  magnitude  to  be  LOCC-monotone  on
average.  Namely,  any  function  such
that  is concave and LU-invariant, is an entanglement
monotone for pure states. In addition, the related mixed
state measure obtained by convex roof construction is a
LOCC-monotone  on  average,  i.e.,  an  entanglement
monotone.

FRONTIERS OF PHYSICS RESEARCH ARTICLE

51204-12   Arthur Vesperini, et al., Front. Phys. 19(5), 51204 (2024)

 



Eµ(|ψ⟩) = f(Trµc [ψ])

f(x) = 2(1− Tr[x2])
As  noticed  in  Eq.  (93),  with

.
f f

ρk = 1
2 (I+ nk · σ) k = 1, 2

λ ∈ [0, 1]

 is clearly LU-invariant. Let us now prove that  is
concave.  Consider ,  with ,  two
single-qubit density matrices, and . We have 

f
(
λρ1 + (1− λ)ρ2

)
= 1− |λn1 + (1− λ)n2|2 (95)

and 

λf(ρ1) + (1− λ)f(ρ2) = 1− λ|n1|2 + (1− λ)|n2|2,
(96)

and  the  convexity  of  the  Euclidean  squared  norm
implies 

f
(
λρ1 + (1− λ)ρ2

)
≥ λf(ρ1) + (1− λ)f(ρ2), (97)

f

Eµ(|ψ⟩)
that  is,  is  concave,  which  completes  our  proof  that

 is a valid entanglement monotone for pure states.
According to Ref. [31],  Eq. (31) is then itself  an entan-
glement monotone.
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