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Abstract

The aim of this paper is to prove controllability and stabilization properties for a degenerate
and singular Schrodinger equation with degeneracy and singularity occurring at the boundary
of the spatial domain. We first address the boundary control problem. In particular, by com-
bining multiplier techniques and compactness-uniqueness argument, we prove direct and inverse
inequalities for the associated adjoint system. Consequently, via the Hilbert Uniqueness Method,
we deduce exact boundary controllability for the control system under consideration in any time
T > 0. Moreover, we investigate the stabilization problem for this class of equations in the range
of subcritical coefficients of the singular potential. By introducing a suitable linear boundary
feedback, we prove that the solution decays exponentially in an appropriate energy space.

Keywords: Control, degenerate Schrodinger equation, Hardy-Poincaré inequalities, Singular
potential, Multiplier techniques, Stabilization
2010 MSC: 93B05, 93B07, 35A21, 35K65, 35K67

1. Introduction

The controllability and stabilization of Schrédinger equations without degeneracies and sin-
gularities have received a lot of attention during the past years. Under the so-called geometric
control condition, it is shown by G. Lebeau [I] that the Schrodinger equation is exactly con-
trolable for arbitrary short time. This is due to the fact that the Schrodinger equation can be
viewed as a wave equation with an infinite speed of propagation. We also quote the article by
E. Machtyngier [2] where observability inequalities for the Schrédinger equation is established
by means of the multiplier method developed in [3]. The corresponding exponential decay is
obtained by E. Machtyngier and E. Zuazua [4] when the boundary dissipation is linear (see also
51).

The literature on well posedness, control, stabilization and inverse problems for the Schrodinger
equation is abundant. We refer to [6] [7, [8, [0} 10} [T}, 12 13| T4l 15} [16], 17, 18], 19 20, 211, 22| 23]
and references therein.

In this paper, we are mainly interested in extending the known results on observability in-
equalities together with exponential stabilization in [2 4] to the Schrodinger equation with de-
generacy and singularity at the boundary.
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Email addresses: alhabibmoumni@gmail.com (Alhabib Moumni), j.salhi@umi.ac.ma (Jawad Salhi)
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It is interesting to note that observability inequalities for the Schrodinger equation can be
obtained from the corresponding ones for the wave equation and vice versa by an abstract
framework (see Remark [1] for more details).

Here, we establish observability inequalities and exponential stabilization of degenerate/sin-
gular Schrédinger equation based on a direct application of the usual multiplier method developed
recently by F. Alabau-Boussouira et al. [24] in the context of the controllability and stabilization
of purely degenerate wave equations. Although the approach is classical, these results are new
for the degenerate/singular Schrodinger equation.

The first objective of this paper is to study the exact boundary controllability for Schrodinger
equations of the form

iyt + (Tz)e + A=y =0, (t,z) € @ :=(0,T) x (0,1),
y(t,0) =0, if0<a<l,
{ (woy)(H0) =0, f1<a<z, T (1)
y(t, 1) = f(t), t€(0,7),
y(0,7) = yo(z), z € (0,1),

where y = y(t, x) is the state and f = f(¢) is a control function to be determined which acts on
the system by means of the Dirichlet boundary condition at the point z = 1. Both are complex
valued functions. Here i € C is the imaginary unit, while @ € [0,2) and p are two real parameters,
Yo is regarded as being the initial value and T' > 0 stands for the length of the time-horizon. In
particular, if « € (0,1) we say that the problem is weakly degenerate (WD), if o € [1,2) then it
is strongly degenerate (SD).

The control problem we shall address can be, roughly, formulated as follows: given T > 0 and
Yo, Ya belonging to a suitable Hilbert space we look for a control function f such that the solution
y of satisfies y(T') = yq. This is called an exact controllability problem.

In order to study system , we assume that the parameters a and p satisfy the following
assumption:

a €[0.2)\ {1} and 1 < u(), (2)
where ( 2
1l-«a
plo) = = (3)
is the constant appearing in the following generalized Hardy inequality: for all « € [0, 2),
1—a)? [1 2 1
( 04) / |g’| de < / xa|um\2 dz, (4)
4 0 xreTe 0

for all u € C2°(0,1) (the space of infinitely smooth functions compactly supported in (0,1)). We
refer for example to [25] chap 5.3].
We emphasise that ensures that, if a € [0,2) \ {1} and if u € H]_ ((0,1]) is such that

/%y, € L?(0,1), then ﬁ belongs to L?(0,1). On the contrary, in the case o = 1,
x [e3

(which reduces to a trivial inequality) does not provide this information anymore. Hence, it is
not surprizing if with our techniques we cannot handle this latter special case and we refer to
[26] and [27] where this issue is attacked in a different way for the heat equation.

Now, observe that when p = 0, the problem above is purely degenerate. In this case, control-
lability properties by means of a locally distributed control have been investigated in [28] using
a Carleman approach.
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On the other hand, when o = 0, system becomes purely singular with a singularity
that takes the form of an inverse-square potential. To the best of our knowledge, [29] and [30]
are the unique published works on this subject; they are concerned with the problem of exact
controllability for the linear multidimensional Schrédinger equation with singular potentials.

As far as we know, there are currently no controllability results for the Schrodinger equation
that couples a degenerate variable coefficient in the principal part with a singular potential.

In this work, we are interested in studying precisely this issue, extending the results obtained
in [31], where the authors discuss the same issue in the case of wave equations.

Thanks to the linearity and the time reversibility of the Schrédinger system (see [23]),
exact controllability is equivalent to null controllability. Henceforth we shall assume that the
target yqg = 0. Thus, we look for a suitable control f such that the solution of satisfies
y(T) = 0.

By now classical HUM (Hilbert Uniqueness Method), this result is actually equivalent to the
so-called observability inequality for the solution of the adjoint system (see [23])

i+ (2% )z + Fwu =0, (t,z) € Q,
= if 0 < 1
u(t,0) =0, 1 0<a<l, te(0,7),
(x%uy)(t,0) =0, ifl<a<?2, (5)
u(t,1) = 0, te (0,7),
U(O,I) ZUO(x)a T e (Oa 1)7

which formally states that, for any p < p(«) and T' > 0, there exists C' > 0 such that

/01 {xo‘\ur(O,x)F - x;ia |u(0,z)|2} dz < C’/OT g (t,1)[? dt, (6)

where u solves . The proof of @ relies on both multiplier method and compactness-uniqueness
argument. As a consequence of this inequality, it follows that system is null controllable for
arbitrarily small time T by a control acting at x = 1 (that is, away from the degenerate and
singular point).

Remark 1. 1. In the observability estimate @, we only prove the existence of some posi-
tive constant without explicit constants. This is due to our method which is based on a
compactness-uniqueness argument.

2. Note that the proof of @ can be deduced applying the general theory in [32, Chapter 6],
from the result proved for the wave equation in [31)]. Indeed, it is well-known that exact
observability for an (autonomous) wave equation implies observability for the associated
Schridinger equation. However, as far as we know, this general thoery does not work for
nonautonomous evolution equation (see [33]). Thus, we do believe that our approach, that
consists in deriving the observability estimate directly for the Schridinger equation, is a
first step and can be adapted to address the observability of a one-dimensional Schrédinger
equation on certain time dependent domain. This equation can be transformed into a non-
autonomous equation on a fixed domain, via a change of variable (see [33, [34)]).

3. Besides being of interest in itself, the Schridinger equation may serve also as a preliminary
step to study an Euler-Bernoulli (plate) equation. We refer to [3], where the connection
between these two problems is discussed in details.

In the last part of this paper, we study the energy decay rate of the degenerate and singular
Schrédinger equation where boundary damping is present. More precisely, we shall consider the
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following Schrédinger equation

1

iug + (x%uy), + 1;27_&11 =0 in (0,7) x (0,1), (7
with dissipative boundary condition:

where 8 > 0.

The main purpose of this part is to show that stabilizes exponentially the corresponding
solution of under suitable assumptions on the parameters «, y and 5.

Prior to give the precise statement of our main results, we firstly give the main notations
that will be used throughout the paper.

In what follows, Re and Im stand for the real and the imaginary part of a complex number,
(-,+) denotes the usual scalar product on L?((0,1);C) i.e.

(u,v) = Re/o w(z)v(z)dr Yu,v e L*((0,1);C)

and the notation A =< B means that there exist two constants C7,Cy > 0, such that C1A < B <
Cs A.

Finally, we recall the following technical lemma, whose proof is a simple adaptation of [31],
Theorem 1.1 and Lemma 2.1] to the complex case.

Lemma 1. Let () be as in (3). Then, for all a € [0,2) and for alluw € C2°((0,1);C), we have

/ (@) de < C / 1 (walux(ﬂf)Q - (e Zim)f) dar, (9)

and L ) )
[ s < i [ (sl - pe) S0 as (10)
where
o _ L, if 0<a<l, ”
o 14 led) g 1<a <, (11)
and
. 4 .
o =) ((17(1)(37(1)» (23&)2) ; if 0<a<l, (12)
2=a)2’ ’Lf 1<a<2.

2. Preliminary results

In order to study the well posedness and controllability properties for , we shall need some
basic properties of the corresponding homogeneous problem .

Before going into further details, we first introduce the functional setting associated to the
degenerate/singular problems (see [27] or [35]). For any p < (), we consider the Hilbert space
H#((0,1);C) given by

HY#((0,1);C) = {u e L2((0,1);C) N HL,.((0,1]: C) such that

[ (@l ~ @) o < 4o}
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endowed with the scalar product

(u,0) g 01 = Re / 1 (u@)@) + 2% (@)a() — /- u(@)o(@)) da,

for all u,v € H:*((0,1);C).
The previous scalar product obviously induces the related respective norm

1 1
el gz 0. = / (@) + 2 ()2 = = fu(@)?) do)”

for all u € H*((0,1);C).
According to [27], the trace at z = 0 of any u € H.#((0,1); C) makes sense as soon as a < 1.
This leads us to introduce the following space:

(i) For 0 < a < 1, we define
HYH((0,1);C€) := {u € H:*((0,1);C) | u(0) = u(1) =0} .
(i) For 1 < a < 2, we change the definition of Hi’fé(& 1) in the following way
Hy'5((0,1);C) := {u € HY((0,1);C) | u(1) = 0} .
Let us mention that in both cases, H;;g((o, 1); C) may be seen as the completion of C¢°((0,1);C)

with respect to the norm || - || y1u (g 4); thus @, ©) and also hold true in H;’,g((o, 1);C).

Moreover, thanks to (10)), one can see that H;’fé((o, 1);C) is a Hilbert space with the scalar
product

1
(u, U>Hi’,’6(071) = Re/0 (mo‘um(x)vm(x) - x;io‘ u(x)v(x)) dr, Yu,v € Hé’fé((o, 1);C)

and associated norm

1
2

1
a [ ,
lall 2 0,1) = ( / (27 o (@) = 5 lu(@)2) da:> . Yue HUA((0,1);0),

which is equivalent to || - || jy1s g ;) o0 H;”‘OL((O, 1);C).
Next, we will indicate with H_1#((0,1);C) the dual of Hi’,ﬁ((o, 1); C) with respect to the
pivot space L?((0,1); C), endowed with the natural norm

[l g == sup <fa9>H;1’“,H;~g'
|9HH1,/8:1 ’

In order to simplify the notations, in the sequel, we denote by L2(0,1), Hcly’,g(O, 1), and
H;1#(0,1) the spaces L%((0,1);C), H(lx:’g((O, 1); C), and H_ 1*((0,1);C), respectively.

Remark 2. [t is classical that, even though Hi:g(O, 1) is a Hilbert space, one generally does
not identify H; 1" (0,1) with Hclyzg((), 1). One rather identifies L*(0,1) with its dual, so that
H;1Y#(0,1) becomes a subspace of D'(0,1) containing L*(0,1). In particular, if u € H;:’S(O, 1)
and v € L?(0,1), then

1
(v, u) =1 HbE = Re/ v(x)u(x) dr.
e 0



Further, we define

I

x27oc

H2#(0,1) := {u € HE"(0,1) N HE((0,1]) | (2°u,), + 5w € L2(0,1)}.

In the following lemma, we collect useful properties of the above functional spaces which plays
an important role in oder to evaluate boundary terms, see [24, Proposition 2.5] and [31, Lemma
4 and 5].

Proposition 2. Assume that 0 < a < 2. Then the following properties hold true:
120 1. For every u € HL:#=%(0,1)

li 2= 1
im ofu(2)]? =0, (13)
thus
hfol zu(z)v(x) =0 (14)
for every u,v € H+=9(0,1).
2. For every u € H2*=9(0,1)
i a4 ! () = 0. (15)

Moreover, for all w € H**=%(0,1) and for all v € HY#=°(0,1) such that v(0) = 0, if
125 a € [0, 1[ then
lim z®u’ (z)v(z) = 0. (16)

z]0
3. Assume 0 < o < 1. Then, for all uw € H2#=°(0,1) such that u(0) =0
2 Hu(@)]? -0 asx— 0T, (17)
4. Assume 1 < a < 2. Then, for allu € Holéigzo(ﬂ, 1)

z* u(x)? -0 asz— 0T, (18)

In the rest of the paper, we use the following notation: H%;#=°(0,1) and H;;g=°(o, 1) are the
spaces Ho#(0,1) and H;:g(& 1) when p = 0.
Finally, for all u < u(a), we define the operator

A= (@uz)e + —f

130 with domain depending on the value of a:
D(A) = {u € Hy5(0,1) N Hyo((0,1]) | Abu € Hy65(0,1)}
f0<a<1and
D(AR) = {u € Hy5(0,1) N Hyo((0,1]) | Abu € Hy6(0,1) and (a%u,)(0) = 0}
ifl<a<?2.

Remark 3. 1. Notice that, if u € D(A"), then u satisfies the Dirichlet boundary conditions

u(0) = 0 and u(1) = 0 in the first case. Also, it is proved in [27] that if u € D(A"), then

135 %, € WH1(0,1) and thus the condition (z%u,)(0) = u(1) = 0 in the second case makes
sense, as well.



2. Thanks to the definition of D(A"), we can apply the results in Proposition to give a sense
and to evaluate the boundary terms involving us appearing in the proof of Lemma[5

We have the following properties of (A%; D(A)).
uw Proposition 3. Assume that holds. Then i A% is a maximal dissipative operator on Hi:‘g(O, 1).

Proof. Let u € D (A"). We have

1

1
/ (.Z‘@Ua:% — ﬁvﬂ) dr = —/ ((ma@)w + lefaﬂ) vdx
0 0

for every v € C2°(0, 1). Since in both cases H;”’g(O, 1) is the closure of C2°(0,1) with respect to
the norm induced by (,-) ;r1.u(q 1) (see [27, page 768]), one can deduce that the above inequality
holds for every v € Hj;fg(q 1). Applying this inequality with v = A¥u € Hi’fo‘(O, 1) we obtain
that

S|
i B . P
<2Aau,u>H(1!.,,é = Re 2/0 (x (ARu),uy a Aauu) dw}

- 1
nal o (e B
Re _ Z/O Al ((w Usz), + fbau) daz}

- 1
= Re —i/ | At ) dm] =0.
L Jo
Therefore, 1A% is dissipative.
In order to show that iA# is maximal dissipative, it remains to check that I —iA¥ is surjective.
Equivalently, given any f € H ;’5 (0,1), we have to prove that there exists u € D (A#) such that
u—iAku = f. (19)

For this, note that for all u,v € H(i;g(o, 1)

(o= | (el — @) de

defines another scalar product in H, i’g (0,1) with the corresponding norm | - || Hbe(0,1)- Hence,

145 Holt”g(O, 1) endowed with the scalar product (-,-)1,0 is also a Hilbert space.
Now, we consider the sesquilinear form I' : Hy'4(0,1) x H}%(0,1) — C given by

1
I'(u,z) = / (z Uz + cUg 2y — %ﬂz) dz, Yu,ze HYH(0,1).
0 z '

We have

1
Re T(u, u) :Re/ (i\u|2+xa|uz|2— a |u|2> dz
0

mQ—a

1
W
= /0 (gc“|u$|2 - a |u|2) dx

::”uHié%(Ql)




and thus I'(-,-) is coercive. Moreover, applying the Cauchy-Schwarz inequality, for all u,z €
Hé’fg(o, 1), we have

IT(u, 2)| < lJull20,0) 2l £2(0,1) + ||u‘|H;’y’(j(0,1)||Z||H;:g(071)

(by (10))

<(CL+1) Hu”H;:g(O,l)HZHHl #(0,1)

and then I'(+, ) is continuous.
Next, we introduce the linear form ¢ : H;’fg(o, 1) — C given by

1
z):z/ frdz, VzéH;:‘g(O,l).
0

Using again the Cauchy-Schwarz inequality and in view of (L0]), we see that

l(2)] < Hf||L2(o,1)||Z||L2(0,1)
<V C&Hf”m(o,l)||Z\|H61¥1g(o,1)~

That is, £ is a continuous linear functional on H, ;g (0,1). Therefore, by the complex form of the
Lax-Milgram Theorem (see [36, Lemma 1.3]), there exists a unique solution u € Hi’fé(& 1) of

I(u,z)=4(z) VzeH ”5(0 1). (20)

In addition, since C2°(0,1) C H,%5(0,1), from (20), we have

1 1
/ (zﬂz + 2 Ugzy — %ﬂz) dx = z/ fzdx ¥z e CX(0,1).
0 € 0
This gives B
ii— AlG = if. (21)
By multiplying (21) by i and taking its complex conjugatc one can see that identity (L9) holds.
It remains to prove that u € D(A*). Since u € HY '5(0,1) then, we have u € H} ((0,1]). Thus,
in order to prove that u € HZ .((0,1]), it suffices to show that u,, € L} ((0,1]). To this aim, let
€ > 0 and observe that

1 1
[ o= [ @, - 0 )
£ €
. 2
B o o M H a—1
_/E (m ((w Uy )z + promrd e el e um)) dx

which is finite since (z%ug)y + —#=u € L?(0,1), u € L?(0,1) and u, € L} ((0,1]). Therefore,
Uz € L7 .((0,1]). Now, we prove that (z%u;)(0) = 0 when « € (1,2). Coming back to and
intergrating by parts, we have

1
/ (iﬂz+xa%zz — 2,u uz) dx — [z%Ugz o=l z/ fzdr Vze Hi’g(O,l).
0 z '
This, combined with (20), gives

[2%Ug 2] —O VzeHl”g(O 1).
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Recalling that v € HZ ((0,1]), the term (2°%uz)(1) makes sense. Since z(1) = 0, then

limz%uzz =0, Vze Hé’)’é(o, 1).

zl0
Now, define z(z) := 1 — « for all x € (0,1); then z € Hi’fé(O, 1) and limg o 2(z) = 1, thus
lim z%u; = 0.
z]0
In conclusion, u € D(A%) and solves ([19)). O

Therefore, from standard semigroup theory, we get the following well posedness result:

Theorem 4. Let T > 0 be given and assume (2). Given ug € Hi’fo‘(O,l), problem has a
unique solution

ueC ([0,+oo),Hiig(0, 1)) N G ([0, +00), Hy1(0,1)) .
Moreover,

[ £2(0.1) = l[wollz2 0,1y, VE € [0, 7. (22)
If up € D (A"), then

ue C([0,+00), D (A*)) N CY ([o, +00), HE(0, 1))

and
Ol 0y = loll ooy Ve € 0.7 (23)

Proof. Likewise [37, Proposition 3.5.13], from the skew-adjointness of i A#, we deduce the desired
existence, uniqueness and regularity results (see also [38, Proposition 2.1.1]). Let us prove the
other facts. Suppose that ug € D(A#) so that u is a classical solution of in the sense that

u € C([0,T], D(A*)) N C* ([QTLH;’S(O,l)) (see |37, Theorem 3.2.3]). Then, by multiplying
by @ and integrating over (0, 1), we obtain

0= /01 iult, o) {iut(t,x) + (2%u,), (t,7) + m;ﬁa u(t,z)} dw

z=1

= /01 {—u(t, x)ug(t, ) — i (aca|um|2 — lefa |u|2>} dx + [ixo‘uw(t, x)m}

Moreover, according to , we see that the boundary terms vanish. Then, taking the real part,
we get

x=0 '

1d
5 lu)320.1) = 0,

which guarantees the conservation of the L2-norm of u:
||U(t)||L2(071) = ||U0||L2(071), for every te [O,T]
On the other hand, multiplying by @; and integrating over (0,1), we have

0= /Olw{mt(t,x) + (), (67) + u(t, )} deo

5A{W“+wwmw%%@@+¢mWﬁﬁﬂ}w

x2=

1 U+ x=1
= / {z‘|ut|2 - (m“umum u%)} dx + {x“um(t,x)ut(t,x)] .
0 r=




Noting that the boundary terms vanish because of the boundary conditions and thanks to
in both the weakly and strongly degenerate cases, we obtain

1 — 1
/ (zo‘u:cum 1 2ua> dx = 2/ |ug|* da € iR.
0 0

1 —
« —_ Ul o
9 dt” u(t )”Hl #(0,1) Re/o <$ Ug Uty — ,sza> dr =20

Therefore,

and we deduce that
Hu(t)”Hi:g(o,l) = HUOHHCIJ,S(OJ)’ for every t € [0,T].

15 Finally, an approximation argument allows us to extend the conclusion to mild solutions. O

3. Boundary observability

By employing the nowadays classical multiplier method, we begin by establishing an identity
which is the crucial starting point to prove the desired direct and inverse inequalities for the
adjoint system .

w  Lemma 5. Let T > 0 be given and assume , If w is a classical solution of , then we have

17 2 1 ! =
5/0 lug (t,1)|* dt = 7TH’U,QHH1 #0n T3 [Im/0 a:uwudx} . (24)

t=0

Proof. Multiplying by xu, + %ﬂ and integrating over (), we obtain

T 1 1 T 1
O:/ / tu (U + =) d:rdt—i—/ / (%Uy) (2 + —) da dt
o Jo 2 o Jo 2
T 1
1 p
+/ /(w%—&-*ﬂ) —
o Jo 2 a2

=T+ J+K.

(25)

auda:dt

We proceed integrating by parts the first two terms on the right-hand side of this equality as
follows. For the first integral, we have
/ 1TULT dt]

1
7= [/ 1TUU, dx} / / 1TUU dx dt + =
— f/ / 1TU U dx dt — f/ / 1TULUL do dt
1
= [/ 1TUU, dx} / / 1TUU dx dt + = / 1TUL T dt]

— 7/ / 1TU U dx dt — = {/ Zzuuxdx] / / 1TUU, dx dt.

10

1

0
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Then, using the boundary conditions together with the fact that u; = iAku € Hl”é 0,1), by ( .

it follows that
t=T

. 1 = . T 1
=1 [/ xuuxdz] - 3/ / 2 (Wlgy + ug, W) do dt. (26)
2 1Jo =0 2Jo Jo

Moreover, after suitable integrations by parts, we also have

T 1 T 1
/ 2 u, |2 dt —/ / %y (U ) da dit
0 0 o Jo
T 1 1T
/ z%uzudt —5/ / Uy Uy do dt
0 0 o Jo
T 1 T .1
/ T, |2 dt —/ / % uy|* do dt
0 0 o Jo
T .1 [ 1
—/ / 2T, g, de dt + = / z%u,u dt
o Jo 2 1Jo

0
N '
- - / o |2 dt| +

1 /T
— / / 2(x%uyly )¢ da dt.
2Jo Jo

In view of the boundary conditions and , we obtain

17 )
7=3 | ten)

- 7/ / (U Ty — Tgleg) da dt.

Inserting and into and taking the real parts, we have
t=T

I 2—a (T [ 1 !
7/ lug (t,1)*dt = 7/ / 2%|ug | dr dt — Re K + = [Im/ xuxudx} . (28)
2.Jo 2 Jo Jo 2 0 t=0

On the other hand, after an integration by parts and making use of and 7 we deduce
that

J:

+

1
2

O‘|uz|2dxdt

RelC—

Then the identity follows inserting ([29)) into and using . O

With the help of Lemma [5] we can now prove the main result of this section.

|u|2dx dt. (29)

Proposition 6. Let T > 0 be given and assume (2)). Then, there exist some constants ci,co > 0
such that, for every ug € Hi:ﬁ((), 1), the solution u of satisfies

T
A|%@DFﬁ<qMﬂmum) (30)

and

T
HWMwwn<@A\%@DVM (31)

11
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Proof. By the Young inequality, due to @ and , there exists a positive constant C' = C(«)
such that for all t € [0,T], we have
1
‘Im/ g (t, 2)u(t, z) de| < / lu(t, z)|* do + = / 22 |ug (t, )| do
0

<c/(wmm@W—;2mww©dx

< Cllu®)l

HY%(0,1)

since || - ||H1,g(a> <|- ”Hi’.‘é (Vp < p(a)). Then yields

1
’Im/ 2y (t, x)u(t, ) de
0

< Clluollsy g,y VE € 0.7 (32)

Using this inequality in , we then deduce that there exists a positive constant ¢; = ¢1 (7T, «)
such that

T
2 2
/0 lug (¢, 1)|* dt < C1||UOHH;!5(0,1)'

Let us now prove the inverse inequality (31). We split the proof in two main steps. First,
applying Young’s inequality, for all ¢ > 0, we have

1 1 1
‘Im/ Tuzudr| < Ca,s/ |u|2d:c+i/ 22 |ug)? da,
0 0 Ca 0

where C,, denotes the constant in @ Using @[) together with and , one has

1
’Im / TuLudr
0

Thus, choosing € < Q*TO‘T, by and , we deduce that

< Cocluoll3aco,) + ellolZ g 1y (33)

(34)

2—a 1 (T
<2T—5) HuoHH1 #(0,1) < 2/ g (t,1)|? dt + Co.c

In a second step, to complete the proof, it is enough to prove that there exists a constant K > 0
such that -
2 2
ol < & [ fuc(e 1) (35)

Following [2], we argue by contradiction via a compactness-uniqueness argument. Let us assume
that is not satisfied. This implies that there exists a sequence {u,} of solutions of such
that

[un(0)llL2(0,1) =1, Vn €N (36)

and

T
/ i o (£ 1) dt — 0 as 1 +oc. (37)
0
From we deduce that {u,(0)} is bounded in H,’(0,1), and using Theorem {4} we get

Uy} is bounded in I Ho(0,1)nWH=2(0, T H, ~*(0,1)).
is bounded in L>(0, T Hy%(0,1)) N W (0, T; H; (0,1

12
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Hence, extracting a subsequence (that we will still denote by {u,}) we have

Un = u, in L (O,T; HLA(0, 1)) weakly *,
(un); — ug, in L (0,T; H1#(0,1))  weakly *.

The function u € L*(0,T; Hé:g((),l)) N Whe(0,T; H;#(0,1)) is clearly a solution of (F]).
Moreover, by the compactness of the embedding (see [39] section 8])

L*(0,T; Hyl(0,1)) N Wh(0,T5 Hy1#(0,1)) — C ([0,T]; L*(0,1))

and, by 7 we deduce
[u(0) | L2(0,1) = 1. (38)

On the other hand, implies
Uy (¢,1) =0 on (0,7). (39)

Applying the standard unique continuation method (see [40]), it results that combined
with implies v = 0, which is in contradiction with (38). Indeed, unique continuation
results may be applied far from the origin where the coefficients of the Schrodinger operator
i0; - +0, (%0 ) + == - are analytic in time (actually, they are independent of time and bounded
in space). Then one can apply Holmgreen’s unique continuation (see [40)], section 5.2]) that may
be justified as described in [30, Theorem 6.1] (see also [29, Remark 4.1]), to get u = 0, a.e. in
(e,1) for any € > 0. Thus, we will conclude that w = 0 in (0,1). This proves (B5)). Finally, by

and , the desired inverse inequality follows. O

4. Boundary controllability

Prior to the formulation of the exact controllability theorem we have to give a sense to the
solution of the system which has non homogeneous Dirichlet data on a part of the boundary.
To this aim, we need to make some necessary preparation. First of all, let us consider the
degenerate/singular Schrodinger equation with homogeneous boundary conditions and a source
term:

iyt + (2%Ye)e + =y = h, (t,r) € Q,
£,0)=0 if 0 < 1
y(60) = 0. ot teo),
(x%y,)(t,0) =0, ifl<a<?2, (40)
y(t7 ]') = 07 t e (07 T)’
y(0,) = yo, z € (0,1),

with yo € HL%(0,1) and h € L} <O,T; HY%(0, 1)).
The following result is a consequence of Proposition 3| and [37, Lemmas 4.1.1 and 4.1.5].

Theorem 7. Assume . Given h € Lt (O,T; H;g(o, 1)) and Yo € Hé’fg(O, 1), the system
admits a unique solution
1
y € C((0,T), HLA(0,1)).

In addition, we have

Hy”C([O,T],Hi’fS(Ovl)) <C (”yOHH;’fg(OJ) + ||h||L1(07T;H;"’g(O,1))) . (41)

In the following, we will give a sharp trace regularity result for problem .

13
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Lemma 8. Assume and consider y the unique solution of corresponding to the initial
data yo € Hé’fg(o, 1). Then
Yo (t,1) € L*(0,T).

Moreover, there exists Cr > 0 such that

T
| 0 dt < (10l 0.+ 101 o0 (42
and y satisfies the identity
1 (T 2 1 L L
3| DR o+ 3 i | owmvds]

+Re/ / Y hdrdt + = Re/ / yhdz dt. (43)

Proof. Similar computations as in (24]) lead to the identity . Then, inequality follows
from and the energy inequality (41)) O

As a consequence, in a second step, we are going to prove the well posedness of the non-
homogeneous boundary value problem with zero initial data. For this purpose, we introduce
the following definition of a solution by transposition in the spirit of [3] 4I].

Definition 1. Let f € L?(0,T). We say that y is a solution by transposition of the problem

iyt + (T ) + A=y =0, (t,z) € Q,
t,0) =0 f0 < 1
y(t,0) =0, Z_f <a<l, € (0,7),
(2%y.)(t,0) =0, ifl<a<2, (44)
y(t,1) = f, t € (0,7),
y(0,z) =0, z € (0,1),

when y € L*>® (O,T; H;LH(0, 1)), and for each hy € L' (0, T; Hé’fg(O, 1)), one has

T
| OO g = (0ot 1)) 0 (45)

where w is the solution of the backward Schridinger equation

1wy + (mawm)z + xz%aw = h17 (t71') € Qa
= if0 < 1
w(t,0) =0, Z.fO_O¢< , € (0,7),
(z%w;)(t,0) =0, ifl<a<?2, (46)
w(t, 1) =0, te(0,7),
w(T, z) =0, z € (0,1).

Remark 4. Observe that Lemma@ can be applied to the backward Schrédinger equation .
Indeed, system (46)) can be reduced to by changing t in T — t. In particular, we have that
the solution w of (46)) satisfies w,(t,1) € L*(0,T) so that the above definition makes sense.

We now state the following theorem that concerns the existence and uniqueness of solution
to the new system using the method of transposition.

14
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Theorem 9. Assume (2)) and let f € L?>(0,T). Then, the system has a unique solution y
belonging to the space C ([0, T); H, (0, 1)) in the sense of transposition. Moreover, the operator

e}

f =y is linear and continuous from L?(0,T) into C ([0,T]; Hy**(0,1)).
Proof. Let us define a linear form £ on L! (07 T; Hi”g((), 1)), by

‘C(hl) = <f7 wl’(tv 1)>L2(0,T)7

where w is the unique solution to the adjoint system with given source term h;. The map
L is well-defined because of the hidden regularity as mentioned in the remark above.

Using Cauchy-Schwarz’s inequality, from the estimate for the solution w of , we
obtain

2

r 2
1L(h)l < 1 Fll 20,1 (/0 |we (¢, 1)) df)

< Clifllzzom thallr o720 0,1)

(47)

so that £ is continuous on L! (O,T;Holé’,f)‘(O,l)). Therefore, from the Riesz representation
Theorem, there exists a unique y € L (O,T; H;lv“((),l)) that satisfies for every f €
L' (07 T; Hi’s (0, 1)) Moreover, the continuity of £ reads as

|\y||Loo(o,T;H;1"‘(o,1)) < C||f||L2(0,T)~ (48)

Thus, the map f — y is continuous from L?(0,T) into L> (0,T; H;1#(0,1)).

It remains to prove that y actually belongs to C ([O,T]; H_1#(0,1)). We take a sequence
of smooth approximation f,, — f strongly in L?(0,T). The problem (44]) with boundary con-
dition f, admits a smooth solution y,, which is also a transposition solution. In particular,
yn € C([0,T); H;"#(0,1)) (see for example [42]) and the estimate implies that y is
the limit of y, in L* (0,7 H;'*(0,1)). Since C ([0,T]; H;"#(0,1)) is a closed subspace of
L*>(0,T; H;'*(0,1)), this implies y € C ([0, T]; Hy*#(0,1)). Thus the proof is complete. [

After these preparations, we deduce the well posedness of the full initial boundary value

problem .

Definition 2. Let f € L?(0,T) andyo € H;**(0,1). We say thaty is a solution by transposition
of the problem when y € L™ (O, T; H;1#(0, 1)), and for each hy € L' (O,T; Hi:ﬁ((), 1)), one
has

T
/ <y<t)7h1(t)>H;1"‘,Hi"0‘ dt = <fv wz(t71)>L2(O,T) +i<y05w(0)>[—[(jl’“7]—[;'g (49)
0 : ,
where w is the solution of the backward Schrédinger equation .

Theorem 10. Assume ([2). For every f € L?(0,T) and every yo € H,**(0,1), the system
has a unique weak solution y belonging to the space C ([O,T],H;“‘(O,l)) in the sense of
transposition and the operator defined by

(Yo, f) = v,

is linear and continuous from HZ 11 (0,1) x L*(0,T) into C ([0, T]; Hy"*(0,1)).

15
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Proof. Observe that, for a given yo € L?(0,1), the system with h = 0 admits a unique
solution y € C([0,T], L?(0,1)) which satisfies
lylleo,r1,22(0,1)) < Cllvollz2(0,1)-

In fact, this solution is also a transposition solution. This is the consequence of an integration
by parts if y is smooth enough, and the general case follows by a standard density argument.
This fact, Theorem [J] and linearity imply the thesis.

O

Now we can prove the null controllability theorem.

Theorem 11. Let T > 0 be arbitrary and assume (2)). Then, given yo € H;#(0,1), there
exists a control f € L*(0,T) such that the corresponding solution of problem (in the sense of
transposition) satisfies

y(T,z) =0 forall € (0,1). (50)

Proof. We employ the Hilbert Uniqueness Method (HUM) introduced by J.L. Lions in [3]. Given
ug € H é:g(O, 1), by the direct inequality , we know that the solution u of satisfies:

u,(t,1) € L*(0,T).

Now, let us introduce the following system:

iyt + (T2 )e + A=y =0, (t,z) € @ :=(0,T) x (0,1),
y(t,1) = ug(t, 1), t e (0,7),
t,0)=0 if 0 < 1 51
y(t,0) =0, f0sa<l oo, (51)
(z%y,)(t,0) =0, ifl<a<?,
y(T) =0, z € (0,1).

By Theorem |§|, problem has a unique solution y, satisfying yo := y(0,2) € H_1#(0,1).
Hence the linear map
A Hi’g — H;l’”, ug — —iYo

is continuous from H i’,o into H;L#. Tt is evident that, if A is surjective, then the null controlla-
bility problem for (1)) is solved with a control of the form f(t) = u,(¢,1), where u is the solution
of (5) with initial data ug = A=! (—iyg).

Multiplying equation by w, integrating by parts over @) and taking the real parts, it
follows that:

T
(it ) 1 g = [ sl D
* 0
Equivalently
T
(Auo, o) yovm pyrm :/ (¢, 1) dt.
@ 0

By Proposition @ for every T' > 0 and ug € Holé’fg((), 1), we have

T
2 4, 2
[ st 0 < ol
Therefore, for every T > 0, one has:
<AUO7UO>H;1'”,H;”’5 = ”uO”?{;g(o,n'

Then, thanks to the Lions-Lax-Milgram Lemma (see [42]), A is an isomorphism from H*#(0,1)

«,0

onto H;1#(0,1) and this completes the proof of Theorem O
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5. Exponential stabilization

This section is devoted to the study of boundary stabilization of the degenerate and singular
linearly damped Schrodinger equation:

1

iug + (2%ug), + ——u=0 in (0,+00) x (0,1), (52)
x
with
ug(t,1) +ug(¢,1) + fu(t,1) =0, t>0,
t,0) =0 if 0 < 1

ult,0) =0. pUsas t>0, (53)
(x%uy)(t,0) =0, ifl<a<?2,

u(0,x) = up(x), 0<z<1,

where 4 € R and 3 > 0 is given.
In order to study problem —, we now make the following assumption:

Assumption 12. We assume that the parameters o and p satisfy:

a€10,2)\ {1} and p < p(a). (54)

Remark 5. In the controllability problem, we have assumed which include both cases: the
suberitical potential p < (o) and the critical one p = p(e). But for the stabilization problem,
we only treat the first one, i.e. p < p(a). The reason relies on the fact that we need the Hardy-
Poincaré inequalities given in Lemma valid in the space HL#(0,1) instead of H;;g(o, 1). In
the subcritical case, we can work on the space H2+=°(0,1) (see [27]), where we prove the Hardy-
Poincaré inequlity . Also, to deal with the critical case, similar results to the ones stated in
Proposition 15 will be needed to be proved in the space W2+ (0,1) instead of WEH#=0(0,1) (see
the next subsection for the definition of these two spaces).

5.1. Preliminary results and well posedness

We start introducing the functional setting needed to treat our problem. Let us denote by
W2L#(0,1) the space HI#(0,1) itself if « € (1,2) and, if a € [0,1), the closed subspace of
H}#(0,1) consisting of all the functions u € H}*(0,1) such that u(0) = 0. Moreover, we set

W2#(0,1) = H2*(0,1) N Wa*(0,1).

Notice that W2#(0,1) = H2#(0,1) when o € (1,2).
In the Hilbert space W2 (0, 1), we consider the following scalar product

e =T ([ (a0 + a0 ) — L) do-+ oD

for all u,v € W1#(0,1) and the associated norm

1
2

lulhwz oo = ( [ (1) + 2 usl@) — e fua)?) d-+ Blu(v)

for all uw € W2H(0,1).
Let us also set

(u, V)1 ,1) =Re (/01 (xauz(x)vx(x) — xzu_au(x)m) dz + Bu(l)’u(l))

17



for all u,v € W1#(0,1) and its corresponding norm

Nl

1
a H
bigeon = ([ (s = Llut)l) do+ pla?)
for all uw € W1H(0,1).
We first show the following Hardy-type inequality.

Lemma 13. Let a € [0,2). There exists a constant D, such that for every u € W1+=9(0,1),
we have

(1—a)® [*]u(x)? Lo 2 2
. /0 d:cg/o 2 (2)[2 dz + DaJu(1)[2. (55)

IL’270‘

-1
D, ::maX{O,a2 }

Proof. Let u € W2+#=0(0,1). We can assume that u is a real function, since the result can be

easily extended to the complex case using the fact that [u|? = (Rewu)® + (Imu)°.

It is well known that is valid for all a € [0,1) (see for example [43, Proposition 2.1]).
Let us prove the result in the case o € [1,2). For all = € (0,1), we have that

0< /: (sgu'(S) - 1;a:2(;92)2d3
o A R e RO
- /1 (salu’(s)l2 - (@) |Z§ﬂ2> ds + 2 () — 2 a0 u(a)?
< [ (somr - n@ 2 ) as v 2
where we recall that () is defined in (3)).

Thus we get
1—a)2 ! 2 1
e / UOF e < / 5l ()2 di + Dau(1)*

Therefore, taking the limit as = | 0, we obtain the announced result. O

More precisely,

In the subcritical case pu < p(«), thanks to , one can easily prove that | - |W;’“(0 1 I8
equivalent to the norm | - |W01“p:o, and hence W1+ (0,1) = W2+#=9(0,1). To be more precise, in
the subcritical case, one can prove the following result.

Lemma 14. Assume Hypothesis|12 and consider 3 > 0. Then there exist two constants C’;W >0
and C2 ,, > 0 such that, for everyu € Wi #=°(0,1)
Ci,u'“'?/vév“':o(o,l) S |u|?/vj*“'(o,1) = Cg,u'“‘?xvi»“:o(o,n' (56)

More precisely,
max(0, i) o2

cl. =1- , C2 =1—- — 27
" () " ()

18
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Next, we recall some preliminary results that will be very useful to tackle well posedness and
stabilization issues for system (52)-(53) (see [24, Proposition 4.3]). First, let us set

1
2

[ullau=0 = (/01 (lu(@)* + 2% ug () ) dx) , Vu e WetT0(0,1).

Then, we have the following two results.

Proposition 15. Assume Hypothesis . Then, for every u € Wh#=0(0,1)

1
el 0,0y < 20u (V) + Ca / £y () d, (57)

. P
¢\, = min { 4, .
mln{ 2_@}

Moreover, assuming that 8 > 0, we have

where

lu(1)] < Yu € Wh=90,1). (58)

1
Tluluzees oy
Proposition 16. Assume Hypothesis[19 and consider 8 > 0. We have

|u|%/[/;w:0(071) 2 Ca,ﬁ”“”%?(o,ma Vu € Wal’MZO(O’ 1)’ (59)

(18
Ca,p = min oo

([ull? im0 + Blu())?) < ulfyr =0 g 1) < Yasllulla imo,  Yu € Wa=2(0,1),  (60)

where

Moreover, we also have

Caﬁ
Cap+1
where 28
f— 2 1 —_— .
Yo, maX{ 8,1+ 2_a}

In view of and (60, we have the equivalence below.

Corollary 17. Assume Hypothesis and consider f > 0. Then the two norms || - [[y1.6=0 )
and | - [y1.e ) are equivalent on W, +=9(0,1).

We are now ready to study the well posedness of problem —. For this, we consider
the linear unbounded operator Ag : D (Ag) € W2»=%(0,1) — W21»=9(0,1) given by

Agu = (z%uy), + u,

r2—o
for all w € D (Ag) where the domain D (Ag) is defined in the following way:
D (Ag) = {u e Wa#=%(0,1) : Agu € WyH=°(0,1) and uy(1) + Bu(l) = —i(Agu)(1)} .

Remark 6. Observe that:

19



1. In view of [27, Proposition 1], if u € D (Ag) then, in addition to the boundary conditions
320 u(0) = 0 in the weakly degenerate case, also the condition (x*u,)(0) = 0 in the strongly
degenerate case makes sense, as well.
2. Because of the classical Sobolev embedding Theorem, u; (1), (Agu)(1), and fu(l) are well
defined for all u € W2+ (0,1).
3. Let us also note that the identity

ux (1) + Bu(l) = —i(Agu)(1),

has to be understood in the following variational sense:

1

! u u
/0 (:cauzzf Jp—_auf) dx +/0 ((xo‘ux)xZJr xg_auf) dx

+ Bu(1)2(1) +i(Apu)(1)2(1) = 0,

325 for all z € WO{V”(O, 1)
The next result holds.

Proposition 18. Assume Hypothesz's and consider B > 0. Then iAg is a mazimal dissipative
operator on W1+=9(0,1).

Proof. Let uw € D (Ag). Then, by using , we have

1
(iAp1u,0) 1 0.1y = Re |i / (J;O‘(A/gu)x?Tx— K Aguﬂ) da:—l—ﬂ(iAgu)(l)u(l)}
L JO

x27o¢

= Re |[(iAgu)a°T]L — i /0 ! A ((xauTL.)I + m;ﬁ an) dz + ﬁ(iAgu)(l)u(l)}

= Re =i [ 1Agul? do 4 (450 0 (1] + BliA0) 0l

— Re _—i/ | Apul® do — (Aﬁu)(1)|2] = —|(Agu) (1) dz < 0.
L 0

Therefore, iAg is dissipative.

330 In order to show that Ag is maximal dissipative, it remains to check that I —iAg is surjective.
Equivalently, given any f € W2+#=9(0,1), we have to prove that there exists u € D (Ag) such
that

u—iAgu = f. (61)

To this aim, observe that, by Corollary for all u,v € W1+=9(0,1),

(u,v)1 := /01 (xo‘uw(x)m— leia u(x)Wx)) dx + Bu(1)v(1),

defines another scalar product in W1:#=%(0, 1) whose corresponding norm HW(};“(O 1) 18 equivalent

to || - [lyy2u=0( 1)- Hence WL#=0(0,1) endowed with the scalar product (-,-); is also a Hilbert
335 Space.
Let us consider the sesquilinear form A : W+#=9(0,1) x W1#=0(0,1) — C given by

1
Au, z) = / (z Uz + 2 Ugzy — lei“ az) dr+ (B + Du(1)2(1), Yu,z € W+=0,1).
0

20



We have

2—a

1
Re A(u,u) = Re/ (z lul? + 2% |ug |* — xu |u|2) dr + (8 + 1)|u(1))?
0

= [ (sl ~ ) e 5+ Dl

0
2 1 2
2 [uliyno,1) Z Capultlivan=og,),
and hence A(-, -) is coercive. Moreover A(-, ) is continuous: indeed, applying the Cauchy-Schwarz
inequality, for all u,z € W2+#=9(0,1), we have
[A(uw, 2)| < Mlullp20,1) 121l L20,1) + [lyin o 1)l 2lwie o,y + (B + 1) [u(1)[]2(1)]
(by Proposition

1 B+1
< oo e Rhwieeoo Hlubwie o Flwan o + == uhwar=o o Elwar=o o,
(by Lemma |14))
1 B+1
< 02 7:| Sp= JH=
= [ apt Carp + 3 [ulyyan=0 0,1y |2l =001y

and the claim follows.
Now, we introduce the linear form F : W1#=0(0,1) — C given by

F(z) = i/ol fzdx + f(1)2(1), Vze Whr=0%0,1).

Using again the Cauchy-Schwarz inequality, in view of and , it is clear that

[F'(2)] < I fllz2 0,012l 220,1) + [ F(1)]]2(1)]

<

1 1
\/WHfHLZ(o,l)|Z|W;v“=0(o,1) + ﬁ|f(1)”z|wj,’“=°(o,1)'

Then, we obtain

1
()| < ( \/%Ilfllm(o,m " \/Blf(l)|> el =0 -

That is, F' is a continuous linear functional on W21#=9(0, 1).
As a consequence, by the complex form of the Lax-Milgram Theorem (see [36, Lemma 1.3]),
there exists a unique solution u € W21#=9(0,1) of

A(u,z) = F(2), VYze Wl#=0(0,1). (62)

Now, we will prove that u € D(Ag) and solves (61]). Since C°(0,1) C W2+=0(0,1), from (62),
we have

1 1
/ (mz + Uy zy — %Qz) dx = z/ fzdx, VzeCX(0,1).
0 zeme 0

o This implies that B
i — Agt = if, (63)

or equivalently .
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Moreover, coming back to and thanks to , we infer that

1 1 1
z/ uzdx —|—/ (mo‘@zw - zlia ﬂz) dr —u,(1)z(1) = 2/ fzdz, Vze€ W (0,1).
0 0 x 0
This, combined with , gives
(D) (w (D) + B+ Du(D) - F1)) =0 vz € WEr=(0,1).
Since the function z defined by z(z) = z for all = € (0,1) is in W2#=9(0, 1), we deduce that

g (1) + (B + u(l) — f(1) = 0.

~—

Thus,
uz (1) + fu(l) = i(Agu)(1),
which implies that u, (1) + Bu(l) = —i(Agu)(1). In conclusion, u € D(Ag) and solves (61). O

Consequently, from semigroup theory, we find the following well posedness result.

Theorem 19. Assume Hypothesz's and consider 8 > 0. Then, for any ug € W2+=9(0,1),
problem — has a unique solution

u € C ([0, +00), Wat=%(0,1)) N C* ([0, +00), (D (Ap))") .
If up € D (Ag), problem (52| . has a unique solution
u € C([0,+00),D (Ag)) NC" ([0,400), War=2(0,1)).

The last resut, which will be crucial to obtain the stabilization of —, is given by the
following proposition.

Proposition 20. Assume Hypothesis and consider B > 0. Then, for every A\ € C, the
variational problem

/1 (xo‘va - #v?) dz + Bu(1)2(1) = Az(1), Vze Whr=0(0,1) (64)
0

admits a unique solution v € W H=0(0,1) which satisfies the following estimates

01 < P and ol2a0) < =20 (65)
wiron S ron < 5o o
Moreover, v € W2+=9(0,1) and solves
— (%), — A=v =0,
{ va(1) 4 Bu(1) = A. (66)

Proof. For all z € W1#=0(0,1) consider
L(z) := Az(1).

Clearly, L is a continuous antilinear form. Indeed, by , one has

1L(2)] < \leIWw "o
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Now, we recall that W1#=0(0,1) is a Hilbert space for the scalar product (-,-);. Consequently,
for all z € Wh#=0(0,1), there exists a unique v € W2#=0(0,1) such that

(v, 2)1 = L(2).

It means that, the above variational problem admits a unique solution v € W21#=9(0,1). More-
over, we have

A

= L(v) = M(1) < 75V Iwir o

|“|%Vi’“(0,1)

Thus

A2
|’U Wl #(0 1) S ﬁ .
Combining and together with this last estimate, we obtain

2 \AI2
||UHL2(01 BasC

Proceeding as in the proof of Proposition one can show that v € W2:#=09(0,1) and solves
(66)- O

5.2. Stabilization result

In this subsection we prove the main exponential stabilization result of the paper when
condition holds. To this aim, let u be a solution of — and consider its energy, given

by
1 1
eut) = | [ (s%1ul? = L huP) do+ Blute. )P
2 s (67)
_ 2
_§|u(t) W;’“(O,l)’ t Z 0

With this definition in hand, we will prove that the energy is nonincreasing.

Theorem 21. Assume Hypothesis and let u be a classical solution of -. Then the
energy is nonincreasing, in particular

4
dt
Proof. By multiplying the equation by 7, integrating over (0,1) and using (I6)), one has

Eu(t) = —|us(t,1)]* <0, Vt>0. (68)

0= /01 ug(t, x) {iut(t,x) + (%), (t,2) + :Ezlfa u(t,x)} dx

r=1

1 1
z/ lug (t, )| do — / (z"‘uzuTx — QL_ITtU) dx + [xauz(t, I)ut(t,x)}
0 0 e

=0

1 1
z/ g (t, x)|? do — / (a:auquw — %uﬁu) dx + ug (8, Dug(t, 1).
0 0 Z

Taking into account the boundary conditions, we get
1 1 1
/ (a0, — ) de + Bu(t, (1) = z/ e ()2 dr — [ug(t, D)2,
0 T 0
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Hence

e

1 _
#(t) = Re (/0 (xauwutw m 2ua> dx —‘,—ﬁu(t 1)Ut(t 1)) — _Iut(t, 1)|2 <o,

for all t > 0. O]

Since t — &,(t) is nonincreasing, we can then address the question to know how fast this
energy decays. For this reason, in the rest of the paper, we will prove an exponential decay result

for system -.

Theorem 22. Assume Hypothesis and consider 3 > 0. Then for any ug € WEH(0,1), the
solution of — satisfies the uniform exponential decay

Eu(t) < ! M08, (0), Wt € [Mayp i +09), (69)
where Mo g, > 0 is given in and s independent of ug.

Proof. We prove the theorem for regular solutions, the general case will follow by a density
argument. We divide the proof into several steps.
Step 1. We begin deriving the following key identity:

1 T 47
2—a/ Eul :—Im[/ xqudm] —l—f/ h(t)dt, Y0<S<T, (70)
0 s 2Js

h(t) =lue(t, 1) + (8% + B+ p— af)lu(t, 1)
—Im(ue(t, Du(t, 1)) + (28 — 1) Re(us (¢, Du(t, 1)).

For this purpose, we multiply both sides of by xuz; + %U and integrate by parts over (S,T) x
(0,1). Then we have

// (xum—i— u) dacdt—l—// muw)w<xu$+2u) da dt
+// 2’f u(m%—i—u)dmdt::f—i-j—i—f(.
0 S X @ 2

After suitable integration by parts, we obtain

where

(71)

(72)

. 1 t=T . 1 T
~ 7 2
I =— {/ :zzuuxdx} — 7/ / x (Wlgg + upw) da dt (73)
2 0 t=8 2 0 S
i [T
+ 5/ ug(t, Du(t, 1) dt,
-1
J = 5/ |ug (¢, 1 \2dt—|—7/ / O‘|uz|2dxdt (74)
1 o 1
- = (U Ugg — Uglyy) dxdt + = uw(t, Du(t, 1) dt
2Jo Js 2 /s
and — .
-1 I — — K 2
K= 2/ / xl = (uty — u ) drdt + 5 /S lu(t, 1)|* dt
2

|u|2dx dt.
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In light of —, by taking the real part of equation , we get

—a/ Eul =—Im{/Olmuuxdx}:—ké/ST{—Im(ut(t Du(t, 1))

+ Jua(t, 1)[* + Re(uq (t, Dult, 1)) + (u+(2*a)ﬁ)IU(t,1)|2}dt~
Recalling that u;(t,1) = —u(t, 1) — Su(t, 1), we have
—Im(ue(t, Dult, 1)) + Jus (8, 1)1 + Re(us (8, Du(t, 1) + (1 + (2 = a)B)[u(t, D|* = h(t),

0 where h is defined in . Hence the conclusion follows.
Step 2. We claim that for every 0 < .S < T and ¢ > 0,

/T| (t,1)]*dt <6 ;+i /Tg(t)dt+1 1+¥ Eu(9)
R T S 26\ " BeasCh,) "
2 1
+1<1+ )5(5)

ca,8Ch 4 B2

Set A = u(t,1) and denote by v the solution of the degenerate/singular elliptic problem ([66).
We multiply by T and integrate the resulting equation over (S,T) x (0,1). This gives, after
appropriate integration by parts, together with ,

(76)

0=

zut (t,z) + (xaux(t,x))w + x;ia u(t,x)) dz dt

= [/0 w(t, x)u(t, x dx} // g (t tx)da:dt+/STv(t, Dug(t, 1) dt

T
—/ o Dult, 1) dt.

S

Taking into account the boundary conditions in both systems of v and u, we immediately have

O[/Oliv(t )(tzda:} // ivg(t, 2)u(t, z) do dt

T
+/ ol 1) (ua (t,1) + But, 1)) dt—/ lut, 1)[2 dt

S

- [/Oliv(t Dult, z) dx} // i DJult, z) da dt — /STv(t,l)ut(t,l)dt

- /T fu(t, V)2 dt.

S

1
/ lu(t, 1)]* dt = U txd:c} //wtt:c (t,x) dx dt
S 0

Hence

(77)
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We need to estimate the terms on the right-hand side of the previous equality as follows. First,
thanks to the second inequality in , we have

1
Vel 7201y < mhﬁ(t’l)‘? (78)

Moreover, thanks to the first inequality in , we have

1
Blo(t, DI* < [0 1) B\ u(t, 1),
s SO that 1
lo(t, 1) < @m(m)\? < @5 u(t)- (79)

We repeat the same argument that we have used above to obtain

1
/iv(t x)u(t,z)dz| < - /|Utx|2dx—|— /|utx\2dx
0

D — 2 o
- Zﬁcaﬁ L |u< )| 2¢, BC |u|W1 H(0,1) (80)

) a, i

g( L, 1 )Su(t), vt € [S, 7.

2 1 1
B ca,ﬁCa,p Ca,ﬁCa,,u

Using Young’s inequality and inserting estimates — in , we have for any § > 0

T , 1 1 T
w(t, 1)2dt < 6 +)/ (1) dt
[ wepar< s (cer e gs) [ e

! 1+¥ /T| (t1)|2dt+L 1+i Eu(S)
25 Bcaﬁcé,u S e Ca,ﬁcé,u BQ “ .

Using the dissipation relation 7 the claim follows.
Step 3. Now, we establish the existence of a positive constant M, g, such that forall0 < 5 < T,

/ ’ Eu(t)dt < My g ,Eu(S). (81)
S

Let h be the function given in . Using Young’s inequality, one has

h(t) < 20u(t, 1) + nlu(t, 1), Vvt e (S,T),

1
30 where = BQ+|1—a|ﬂ+|u\+ (25—1) + -

2
2 _
Thanks to with § = ; @ ; we have
K (CQTBC}%# T F)

e 1 1
; /T 2o <Ca-ﬁcl - F) ( : )
— h(t)dt < &,(S / Eul dt+ Sk 1+ Eu(9)
2 S 4(2 - Oé) Bea /BC(X M (82)
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On the other hand, by using Young’s inequality, we write

! L2 Lt oo
‘Im/o TUlL dz| < §||u||L2(071)+§/0 % |ug|” dx

< 1 2 1 ! @ 2d
S §||U||L2(o,1)+§ ; % uy|” da.

Now, using Lemma and , it follows that

1
_ 1, 1 .,
’Im/0 TUly dx| < 2ou |u|W;,M:o(O71) + §|U|W;~“:°(071)
2 2
S QCQ 5703(} |U/|W(}(,u(071) + 203‘/ |u|Wé’“(0,1)'

Hence

1 1 4

ZIm / outiy do| | < C'EL(), (83)

2 0 S

1 1

where C' =

+ .
ng,/_t CQ,BC&(
Using and in , we deduce that holds with

A 1+C’+n2<c“’ﬁlc°l‘*“+%) I +—1 1L
@b = (2—a) 42 — «) Bca,gCé’H caﬁCc{’u 32
(84)

By invoking [41] Theorem 8.1], this implies the desired stability estimate (69)). O
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