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CATEGORIES OF GAMES AND CHU SPACES

STEFANO VANNUCCI

Abstract. Categories of coalitional, strategic and extensive game
forms are de�ned and shown to be isomorphic to full subcategories
of the category Chu(Set,2) of Chu spaces. Categories of coali-
tional, strategic and extensive games that amount to categories
of multi-preordered-typed Chu spaces are also introduced and dis-
cussed.

AMS Classi�cation 1802 91A06
This paper was presented at the Game Theory section of the XXV
World Philosophy Congress, Rome 2024, August 1-8.
Thanks are due to Johan van Benthem and all the participants for
helpful comments and discussion.

1. Introduction

In the last three decades, a few works aimed at proposing categorial
representations of games have been produced. Such works, however,
tend to focus on some special classes of games or game formats: strate-
gic games (Lapitsky (1999), Tohmé, Viglizzo (2023)), coalitional games
and game forms (Vannucci (2007)), simple coalitional games or game
forms (Machover, Terrington (2014)), extensive games or game forms
(Streufert (2018a, 2018b)).
At the same time, a rich literature on Chu spaces has pointed out

their extraordinary �exibility, expressive power and pervasivity across
several areas of pure and applied mathematics and computer science
(see e.g. Pratt (1995, 1999), Barwise, Seligman (1997), Zhang, Shen
(2006), Parrochia(2023)). In particular, Pratt (1995) suggests a pos-
sible �coordinatization�of mathematics at large precisely by means of
Chu spaces and categories of Chu spaces. Moreover, and somewhat
curiously, in some of the suggested applications of Chu spaces as mod-
els of linear logic the former were described using the language of 2-
player strategic games (see e.g. Lafont, Streicher (1991), Blass (1992),
Abramsky, Jagadeesan (2013)). Partly inspired by those suggested
connections, Vannucci (2007) provides a �rst attempt at representing
games of all basic formats as categories of Chu spaces, which is however
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2 STEFANO VANNUCCI

restricted -except for the case of coalitional games- to discrete catego-
rial representations. The present paper extends signi�cantly Vannucci
(2007) and provides a general uni�ed and comprehensive categorial rep-
resentation of games for every basic format, which again relies heavily
on the category Chu(Set,2) of Chu spaces as de�ned in Pratt (1999).
The rest of the paper is organized as follows: section 2 introduces

categories of coalitional, strategic and extensive game forms as three
distinct full subcategories of Chu(Set,2); section 3 introduces cate-
gories of coalitional, strategic and extensive games as three further dis-
tinct full subcategories of Chu(Set,2); section 4 presents a categorial
representation of solution rules of games, and introduces a convenient
way to express directly by means of the game format itself whether the
game under study is to be considered from a classical or a non-classical
perspective.

2. Categories of Game Forms

Game forms are data structures that model the relevant rules of the
game. They come in several formats which correspond to the amount
of detail that is required in order to describe the rules. The coalitional,
strategic and extensive format are by far the most widely used game
formats. In short, coalitional rules specify �who can do what�, strategic
rules specify �who can do what and how�, and extensive rules specify
�who can do what when and how�. It can be shown that all of those
game forms are essentially equivalent to certain Chu spaces, namely
exact classi�cations of a class of �tokens�by �types�of a certain class (a
unique type for each token). The classi�cations thus attached to coali-
tional, strategic and extensive game forms concern distinct classes of
�tokens�(namely families of enforceable events, strategy pro�les, com-
plete plays, respectively), while sharing outcomes as the relevant class
of �types�. Accordingly, and taking infomorphisms -the arrows of cat-
egories of Chu spaces- as arrows for the respective game forms, cat-
egories of game forms are obtained in a very natural way. All of the
above is made precise in the present section.

2.1. The Category of Coalitional Game Forms. A Coalitional
Game Form is a structure
G = (N;X;E) where

� N � N is the set of players (it is usually nonempty and �nite,
e.g. N=f1; :::; ng)
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� X is the outcome space (a set, or the ground set of an object of a
certain construct or categoryC of structured sets and structure-
preserving functions)

� E : P(N) ! P(P(X)) e¤ectivity function with the following
�boundary�properties:

(i) Adequacy (AD): for all T � N , T 6= ?, X 2 E(T )
(ii) Consistency (C): for all T � N , ? =2 E(T )
(iii) Non-triviality (N): for all Y � X, Y =2 E(?)
(iv) Double Normalization (DN): E(?) � fXg
(where P(N) := fT : T � Ng denotes the set of coalitions,

P(X) := fY : Y � Xg the set of all events,
P(P(X)) := fX : X � P(X)g the set of all sets of events).

The Chu Space of a Coalitional Game Form
Let GC = (N;X;E) be a coalitional game form, P(N) the set of all

coalitions of players, and P(P(X)) the set of all sets of events on the
outcome space
The Chu Space of GC -or GC-classi�cation- is the triple

C(GC) := (P(N);P(P(X)); j=GC )
where j=GC� P(N) � P(P(X)) is the binary relation de�ned as

follows: for any �token�T � N and �type�Y � P(P(X)), T j=GC Y if
and only if E(T ) = Y :
Remark. A GC-classi�cation is a state space, namely each �token�is

of exactly one �type�. Therefore, it is extensional i.e. two �types�having
the same set of �tokens�must be identical. However, it is not separating:
distinct �tokens�/coalitions may well have the same �type�/e¤ectivity
value.
The Category of Coalitional Game Forms Cgf has coalitional game

forms as objects, and for any pair of objects
GC = (N;X;E) with GC-classi�cation (P(N);P(P(X)); j=GC ),

and
G0C = (N

0; X 0; E 0) withG0C-classi�cation (P(N 0);P(P(X 0)); j=G0C ),
a Cgf arrow GC �! G0C is an infomorphism i.e. a pair of functions

(f : P(P(X)) ! P(P(X 0)); g : P(N 0) ! P(N)) such that for every
Y�P(P(X)), T 0 � N 0, g(T 0) j=GC Y if and only if T 0 j=G0C f(Y):
The composition of two Cgf arrows (f : P(P(X)) ! P(P(X 0)); g :

P(N 0) ! P(N))) and (f 0 : P(P(X 0)) ! P(P(Y )); g0 : P(N) !
P(M))) is the Cgf arrow (f 0; g0) � (f:g) :GC ! G00C
where G

00
C := (M;Y;E

00) with
G00C-classi�cation C(G

00
C) := (P(M);P(P(Y )); j=G00C )

and (f 0; g0) � (f:g) := (f 0(f(:)); g0(g(:))).
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For every object GC = (N;X;E) with GC-classi�cation
(P(N);P(P(X)); j=GC ) the Cgf identity arrow idGc : GC ! GC is

de�ned in the obvious way, namely idGc := (idP(P(X)); idP(N)):

Proposition 1. (i) Chu(Cgf) is a full subcategory of Chu(Set, 2);
(ii) Cgf and Chu(Cgf) are isomorphic categories.

Let us now consider some special properties of coalitional game
forms:
X-Monotonicity (X-MON): for all Y; Z � X and S � N , if Y 2

E(S) and Y � Z then Z 2 E(S)
N-Monotonicity (N-MON): for all Y � X and S; T � N , if Y 2

E(S) and S � T then Y 2 E(T )
Monotonicity (MON): E satis�es both X-MON and N -MON
Regularity (REG): for all S � N , S 6= ? and all Y; Z � X, if

Y 2 E(S) and Z 2 E(N n S) then Y \ Z 6= ?
Maximality (MAX): for all S � N , S 6= ? and all Y � X, if

Y =2 E(S) then there exists Z � X such that Z 2 E(N n S) and
Y \ Z = ?
Superadditivity (SUPA): for all S; T � N , Y; Z � X, if Y 2 E(S),

Z 2 E(T ) and S \ T = ? then Y \ Z 2 E(S [ T )
Polar-Superadditivity (PSUPA): for all S; T � N , Y; Z � X, if Y =2

E(S), Z =2 E(T ) and S [ T = N then Y [ Z =2 E(S \ T )
Two remarkable subcategories of Cgf can be de�ned by taking as

objects coalitional game forms (N;X;E) whose e¤ectivity function E
satis�es MON, REG, SUPA (MON, MAX, PSUPA respectively).

Proposition 2. Let Cgf*(X-MonSupa) (Cgf*(X-MonPsupa)) be
the subcategory of Cgf having as objects the coalitional game forms
(N;X;E) such that E satis�es X-MON,SUPA (X-MON, PSUPA) and
as arrows, compositions of arrows and identities precisely the restric-
tions to such objects of the arrows, composition of arrows, and iden-
tity arrows of Cgf. Then, both Cgf*(X-MonSupa) and Cgf*(X-
MonPsupa) are full subcategories of Cgf.

Remark. It can be easily shown any coalitional game form that
satis�es X-MON and SUPA does also satisfy MON and REG, and
any coalitional game form that satis�es X-MON and PSUPA does also
satisfy MON and MAX.
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2.2. The Category of Strategic Game Forms. A StrategicGame
Form is a structure
G = (N;X; (Si)i2N ; h) where

� N � N is the set of players (it is usually nonempty and
�nite (N = f1; :::; ng)

� X is the outcome space (a set, or the ground set of an object
X of a certain construct or category C of structured sets and
structure-preserving functions)

� Si is the strategy space of player i, i 2 N (a set, or the ground
set of an object of a certain construct or category S of structured
sets and structure-preserving functions)

� h :
Q
i2N

Si ! X is the strategic outcome function mapping the

space of strategy N -pro�les into the outcome space

The Chu Space of a Strategic Game Form
Let GS = (N;X; (Si)i2N ; h) be a strategic game form, and

Q
i2N

Si the

set of its strategy pro�les:
The Chu Space of GS -or GS-classi�cation- is the triple

C(GS) := ((N;
Q
i2N

Si); X; j=GS)

where j=GS�
Q
i2N

Si � X is the binary relation de�ned as follows:

for any �token�(N; s) with s = (s1; :::; sn) 2
Q
i2N

Si and �type�x 2 X,

(N; s) j=GS x if and only if h(s) = x:

Remark. A GS-classi�cation is a state space, namely each �token�
is of exactly one �type�. Therefore, it is extensional i.e. two �types�
having the same set of �tokens�must be identical. Notice, however,
that it is not separating: distinct tokens may be of the same �type�.

The Category of Strategic Game Forms Sgf has strategic game forms
as objects, and for any pair of objects GS = (N;X; (Si)i2N ; h) with
GS-classi�cation ((N;

Q
i2N

Si); X; j=GS), and G0S = (N 0; X 0; (S
0
i)i2N 0 ; h0)

with G0S-classi�cation ((N
0;
Q
i2N 0

S
0
i); X

0; j=G0S), an Sgf arrow GS
f�!

G0S is an infomorphism i.e. a pair of functions (f : X ! X 0; g :
(N;

Q
i2N 0

S 0i) �! (N;
Q
i2N

Si)) (where g = (g1 : N �! N 0; g2 :
Q
i2N

Si �!Q
i2N 0

S 0i)) such that for every x 2 X; s02
Q
i2N 0

S 0i, g(N
0; s0) j=GS x if and

only if (N 0; s0) j=G0S f(x):
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The composition of two Sgf arrows (f : X ! X 0; g : (N 0;
Q
i2N 00

S 0i) �!

(N;
Q

i2g(N 0)

Si) and (f 0 : X 0 ! X 00; g0 : (N 00;
Q
i2N 00

S
00
i ) �! (N 0;

Q
i2g0(N 00)

S 0i)

is the Sgf arrow (f 0; g0) � (f:g) :GS ! G00S
where G

00
S := (N

00
; X

00
; (S 00i )i2N 0 ; h00) with

G00S-classi�cation C(G00S) := ((N 00;
Q
i2N 0

S 00i ); X
00; j=G00S), and (f

0; g0) �

(f:g) := (f 0(f(:)); g0(g(:))).
For every objectGS = (N;X; (Si)i2N ; h) withGS-classi�cationC(GS) =

((N;
Q
i2N

Si); X; j=GS), the Sgf identity arrow idGS : GS ! GS is de-

�ned in the obvious way, namely idGS := (id(N;
Q
i2N

Si)
; idX):

Proposition 3. (i) Chu(Sgf) is a full subcategory of Chu(Set, 2);
(ii) Sgf and Chu(Sgf) are isomorphic categories.

The �-E¤ectiveness Functor F� :Sgf�!Cgf is de�ned as follows:
� for any object GS = (N;X; (Si)i2N ; h) of Sgf, F�(GS) =
G�C(GS) := (N;X;E

�
GS
);

where E�GS(T ) :=

8<:
Y � X : there exists sT 2

Q
i2T
Si such that

h(sT ; sN�T ) 2 Y for every sN�T 2
Q

i2N�T
Si

9=;
� for any pair of objectsGS = (N;X; (Si)i2N ; h) withGS-classi�cation
C(GS) = (

Q
i2N

Si; X; j=GS), and G
00
S := (N

00
; X

00
; (S 00i )i2N 0 ; h00)

with G00S-classi�cation C(G
00
S) := (

Q
i2N 0

S 00i ; X
00; j=G00S)

and any Sgf arrow (f; g) : GS �! G0S, F
�((f; g)) := (f 0 :

P(P(X)) ! P(P(X 0)); g0 : P(N 0) ! P(N)) such that for
every Y�P(P(X)), T 0 � N 0, g(T 0) j=G�C(GS) Y if and only
if T 0 j=G�C(G0S) f(Y):

The �-E¤ectiveness Functor F � :Sgf�!Cgf is de�ned as follows:
� for any object GS = (N;X; (Si)i2N ; h) of Sgf, F �(GS) =

G�C(GS) := (N;X;EGS);

where E�GS(T ) :=

8<:
Y � X : for every sN�T 2

Q
i2N�T

Si

there exists sT 2
Q
i2T
Si such that h(sT ; sN�T ) 2 Y

9=;
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� for any pair of objectsGS = (N;X; (Si)i2N ; h) withGS-classi�cation
C(GS) = (

Q
i2N

Si; X; j=GS), and G
00
S := (N

00
; X

00
; (S 00i )i2N 0 ; h00)

with G00S-classi�cation C(G
00
S) := (

Q
i2N 0

S 00i ; X
00; j=G00S)

and any Sgf arrow (f; g) : GS �! G0S, F
�((f; g)) := (f 0 :

P(P(X))! P(P(X 0)); g0 : P(N 0)! P(N))
such that for every Y�P(P(X)), T 0 � N 0, g(T 0) j=G�C(GS) Y

if and only if T 0 j=G�C(G0S) f(Y):

Proposition 4. Both F� and F �are indeed well-de�ned full
functors. Moreover, F�[Sgf ] is isomorphic to Cgf*(X-MonSupa), and
F �[Sgf ] is isomorphic to Cgf*(X-MonPsupa).

2.3. The Category of Extensive Game Forms. An Extensive
Game Form is a structure
GE = (N;X; (P;6; p0);�;(�p)p2PC ; (�i)i2N ; (Mij)i2N;j2f1;:::;j�ig; � )

where
� N � N is the set of players (most typically it is
taken to be nonempty and �nite, e.g. N = f1; :::; ng)

� X is the set/space of outcomes
� (P;6; p0) is the position poset, a partially ordered set (P;6)
of positions (i.e. 6 is a re�exive, transitive and antisymmetric
binary �before than� relation on positions), with a minimum
p0 denoting the initial position. For any p; p0 2 P , p � p0 i¤
[p < p0 and for any q 2 P , p 6 q 6 p0 entails either q = p
or q = p0]: then p is said to be a lower cover of p0, and p0

an upper cover of p. For any position p 2 P , the upper cover
of p is �p:= fq 2 P : p� qg, and the lower cover of p is
�p:= fq 2 P : q � pg : A position p 2 P is terminal if p is
maximal in (P;6) namely there is no p0 2 P such that p < p0

hence in particular �p= ;.
A play on (P;6; p0) is a chain -or totally ordered subset-

p = (pt)Kt=1;t2T of (P;6) (with K 2 (
S
k2N

f1; :::; kg) [ fNg) that

is
(i) rooted, namely p1 = p0, and (ii) saturated, namely pj �

pj+1 for all j 2 K� fkg. P denotes the set of all plays of GE,
and v is the pre�x order of P (namely for any p = (pj)j2K ,
p0= (bpj)j2K0 2 P, p v p0 i¤ K � K 0 and pj = bpj for every
j 2 K): it is a tree-order, namely the principal order ideal
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# p := fp0 2 P : p0 v pg of (P;v;p0) is a chain for every p 2 P,
and the poset (P;v;p0) is the unlabelled tree ofGE, having plays
p 2 P as its nodes.
Moreover, a play is complete if (pj)j2K is maximal namely either

K = f1; :::; kg and pk is a terminal position of GE, or K = N: P� is
the set of all complete plays of G. A play is said to be partial -or a
move-point- if it is not complete: P�P� is the set of all partial plays
of GE: Thus, the unlabelled tree of GE has p0 as its root and complete
plays p 2 P�as its leaves.

� � : P�P� ! P(N) is the move-assignment rule, and PC :=
��1(;) is the set of chance move-points.

� (�p)p2PC is the stochastic channel ofGE where, for each p = (pt)kt=1 2
PC , �p is a positive probability measure on P(�pk) i.e. on the
power set ot the upper cover of pk.

� for each player i 2 N , �i =
n
�i1; :::;�ij�i

o
is the information

partition of i in GE, namely a partition of
[

i2S�N
��1(S) such

that for any information set �ij 2 �i, and p = (pt)kt0=1;p
0 =

(pt
0
)k

0
t0=1 2 �ij, j �pk j = j �pk

0
j namely the upper covers

of pk and pk
0
have the same size, which is also denoted as the

outdegree o(�ij) of information set �ij:
� for each information set�ij 2

[
i2N

�i,Mij =
�
(Mij)1; :::; (Mij)o(�ij)

	
is the move-type partition of �ij namely a uniform partition of
the set of move-points (p = (pt)kt=1; p) available at �ij, where
p = (pt)kt=1 2 �ij, p 2�pkand j(Mij)lj = j�ijj for each move-
type (Mij)l, l = 1; :::; o(�ij).

� � : P� ! LX is the tree-based outcome function of GE, where
LX = (LX ; f�� : � 2 [0; 1]g) is the lottery space on X, namely
LX is a set, [0; 1] := fx 2 R : 0 � x � 1g, and f�� : � 2 [0; 1]g
is a family of binary operations �� : (LX)2 ! LX such that for
any �; � 2 [0; 1] and any x;y 2 LX : (i) ��(x;y) = ��(y;x);
(ii) ��(��(x;y);y) = ���(x;y); (iii) ��(x;y) = x i¤ � = 1 i¤
x 2X.

De�nition. The labelled tree of GE is the (tree-ordered) poset
(eP;ev;ep0) where, for every partial play p = (pt)kt=12 P�P

�,ep = (p;�(p);��(p)j(p); (M�(pj(k�1))j(pj(k�1)))l(pj(k�1))),
with pj(k � 1) := (pt)k�1t=1 , ��(p)j(p):=

�
��(p)j! : p 2��(p)j

	
and

(M�(pj(k�1))j(pj(k�1)))l(pj(k�1))) := (M�((pt)k�G1t=1 ))j((pt)k�1t=1 )
) l((pt)k�1t=1 ))

,
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while for every complete play p 2 P�, ep = (p; � (p)),
and for every ep;eq2eP, epeveq i¤ p v q.

The set of all labelled complete plays of GE is denoted as eP�(GE).
Remark. Thus, every partial play is labelled by its associated mov-

ing agent (i.e. either player(s) or chance), by the information set
it belongs to, and by the move-type it is the output of. By con-
trast, every complete play is labelled by the lottery on the outcome
space it engenders, namely its GE-classi�cation type as de�ned be-
low.

The Chu Space of an Extensive Game Form
LetGE = (N;X; (P;6; p0);�;(�p)p2PC ; (�i)i2N ; (Mij)i2N;j2f1;:::;j�ig; � )

be a general extensive game form, eP�(GE) the set of its labelled com-
plete plays, and e� : eP�(GE) ! LX the function de�ned by the rulee� (ep) = � (p) for every ep 2 eP�(GE):
The Chu Space of GE -or GE-classi�cation- is the triple

C(GE) := (eP�(GE); LX ; j=GE)
where j=GE� eP�(GE)� LX is the binary relation de�ned as follows:

for any ep 2 eP�(GE) and x 2LX , ep j=GE x if and only if e� (ep) = x:
Remark. A GE-classi�cation is a state space, namely each �token�(or

complete play) has exactly one �type�(or outcome-lottery). Therefore,
it is extensional i.e. two �types�having the same set of �tokens�must
be identical. However, again, it is not separating: distinct complete
plays may well result in the same lottery on outcomes (thus, having
the same �type�).

The Category of Extensive Game Forms Egf has extensive game
forms as objects, and for any pair of objects
GE = (N;X; (P;6; p0);�;(�p)p2PC ; (�i)i2N ; (Mij)i2N;j2f1;:::;j�ig; � )
with GE-classi�cation ((N; eP�(GE)); LX ; j=GE), and
G0E0 = (N

0; X 0; (P 0;60; p00);�0;(�p)p2P 0C ; (�
0
i)i2N 0 ; (M0

ij)i2N;j2f1;:::;j�ig; �
0)

with G0E-classi�cation ((N
0; eP�(G0E)); LX0 ; j=G0E),

an Egf arrow GS �! G0S is an infomorphism i.e. a pair of functions
(f : LX ! LX0 ; g : (N; eP�(GE)) ! (N 0; eP�(G0E))) (with g := (g1 :

N �! N 0; g2 : eP�(GE) �! eP�(G0E)) )
such that for every x 2LX , ep0 2 eP�(G0E), g(ep0) j=GE x if and only

if ep0 j=G0E f(x):
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The composition of twoEgf arrows (f : LX ! LX0 ; g : (N; eP�(GE))!
(N 0; eP�(G0E))) and (f 0 : LX0 ! LX00 ; g0 : (N 0; eP�(G0E))! (N 00; eP�(G00E)))
is the Egf arrow (f 0; g0) � (f:g) :GE ! G00E

where
G

00
E := (N

00
; X

00
; (P 00;600; p000);�00;(�p)p2P 00C ; (�

00
i )i2N 00 ; (M00

ij)i2N;j2f1;:::;j�ig; ; �
00)

with G00E�classi�cation C(G
00
E) := ((N

00; eP�(GE00)); LX00 ; j=G00E),
and (f 0; g0) � (f:g) := (f 0(f(:)); g0(g(:))).
For every objectGE withGE-classi�cationC(GE) = ((N 000; (eP�(GE)); LX ; j=GE

), the Egf identity arrow idGE : GE ! GE is de�ned in the obvious
way, namely idGE := (id(N;eP�(GE)); idLX ):
Proposition 5. (i) Chu(Egf) is a full subcategory of Chu(Set, 2);

(ii) Egf and Chu(Egf) are isomorphic categories.

Proposition 6. Egf is (isomorphic to) a full subcategory of Sgf.

Proof. Just consider the functor F � :Chu(Egf)�!Chu(Sgf) de�ned
as follows:
for every object GE = (N;X; (P;6; p0);�;(�p)p2PC ; (�i)i2N ; (Mij)i2N;j2f1;:::;j�ig; � )

of Egf with GE-classi�cation C(GE) := (eP(GE); LX ; j=GE),
F �(C(GE)) := (

Q
i2N

S�i (GE); LX ; j=G�S(GE))

with S�i (GE) :=

8<:f � : �i �!
j�i[
j=1

Mij jf�(�ij) 2Mij

9=;
which implies, by de�nition, that for every s� := (s�1; :::; s

�
n) 2

Q
i2N

S�i (GE),

a unique labelled complete play ep = ep(s�) 2 eP(GE) is de�ned
and j=G�S(GE)is de�ned by the rule s

� j=G�S(GE) x if and only if
h�(s�) := e� (ep(s�)) = x (for any s� 2 Q

i2N
S�i (GE) and x 2LX);

for any pair of objects
GE = (N;X; (P;6; p0);�;(�p)p2PC ; (�i)i2N ; (Mij)i2N;j2f1;:::;j�ig; � )
with GE-classi�cation (eP(GE); LX ; j=GE),
and
G0E0 = (N

0; X 0; (P 0;60; p00);�0;(�p)p2P 0C ; (�
0
i)i2N 00 ; (Mij)i2N 00;j2f1;:::;j�ig; �

0)

with G0E-classi�cation (eP(G0E); LX0 ; j=G0E),
and any Chu(Egf) arrow C(GE)

f�! C(G0E) i.e. any pair of func-
tions (f : LX ! LX0 ; g : eP(G0E) ! eP(GE)) with g(ep0) j=GE x if and
only if ep0 j=G0E f(x),
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F �((f; g)) =(f; g�) with g� :
Q
i2N 0

S�i (G
0
E) �!

Q
i2N

S�i (GE) such that

for any t�2
Q
i2N

S�i (G
0
E), g

�(t�) = s�such that e� (ep(s�)) = f(x):
Thus, by construction (and de�ning arrow-composition in the obvi-

ous way by components both in Chu(Egf) and in Chu(Sgf)),
for any pair of Chu(Egf) arrows C(GE)

f1�! C(G0E), C(G
0
E)

f2�!
C(G

00
E)

F �(f2 � f1) = F �(f2) � F �(f1), and F �(idC(GE)) = idF �(C(GE)).
Hence F � is indeed a well-de�ned functor. Moreover, for any arrow

F �(C(GE))
f��! F �(C(G0E)) there exists an arrow C(GE))

f�! C(G0E)
such that F �(f) = f�. Thus, F � is indeed a full functor, and the thesis
follows from Proposition 3(ii). �

3. Categories of Games

Games can be described as game forms endowed with amulti-assessment
of outcomes on the part of players, the assessment of each player being
a certain preorder of the outcome space. Thus, such a multi-assessment
amount to a pro�le of preorders of the outcome space which can also be
regarded as an extension of the type space attached to the underlying
game form. An appropriate extension of the relevant arrows allows the
introduction of categories of coalitional, strategic and extensive games.
The present section makes it all precise.

3.1. The Category of Coalitional Games. A Game in Coali-
tional Form is a structure
GC = (N;X;E; (<i)i2N) where
� GC := (N;X;E) is a coalitional game form
� <i� X �X is the preference relation of player i, i 2 N ,

(usually taken to be a preorder i.e.
re�exive: x <i x for each x 2 X,
transitive: if x <i y and y <i z then x <i z for

any x; y; z 2 X
that also �respects�the structure of the object

X (X) ot the construct C having X as its ground set - or carrier)

The Category of Coalitional Games Cg has games in coalitional
form as objects, and for any pair of objects GC = (N;X;E; (<i)i2N),
GC = (N 0; X 0; E 0; (<0i)i2N 0) a Cg arrow GC

bf�! G0
C is a pair

((f; g); t) where (f; g) is infomorphism i.e. an arrow GC
f�! G0C of

Cgf and t : X �! X 0 is a multi-monotonic function for ((X; (<i
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)i2N); (X
0; (<0i)i2N 0), namely for any x; y 2 X and i 2 N , x <i y entails

t(x) <0i t(y): The GC-classi�cation is C(GC) := (P(N); (P(P(X)); (<i
)i2N)) j=GC ):
The composition of two Cg arrows GC

bf�! G0
C and G

0 bf 0�! G00
C

where G
00
C := ((M;Y;E

00); (<i)i2M); bf :=((f; g); t) and bf 0:=(f 0; g0); t0) is
the Cg arrow GC

bf 0�bf! G00
C ,bf 0�bf :=((f 0; g0)�(f:g) ; t0�t), with (f 0; g0)�(f:g) := (f 0(f(:)); g0(g(:)))

and t0 � t := t0(t(:)):
For every object GC = (N;X;E; (<i)i2N) with C(GC)-classi�cation

the Cg identity arrow idGc : GC ! GC is de�ned in the obvious way,
namely idGC

:= (((idP(P(X)); idP(N)); idX); idX):

3.2. The Category of Strategic Games. A Game in Strategic
Form is a structure
GS = (N;X; (Si)i2N ; h; (<i)i2N) where
� GS := (N;X; (Si)i2N ; h) is a strategic game form
� <i� X �X is the preference relation of player i, i 2 N ,

(usually taken to be a preorder as de�ned above)

The Category of Strategic Games Sg has games in strategic
form as objects, and for any pair of objects GS = (N;X; (Si)i2N ; h; (<i
)i2N) := (GS; (<i)i2N) and G0

S = (N 0; X 0; (S
0
i)i2N 0 ; h0; (<0i)i2N 0) :=

(G0S; (<0i)i2N 0), an Sg arrow GS

bf�! G0
S is a pair ((f; g); t) where

(f; g) is infomorphism i.e. an arrow GS
f�! G0S of Sgf

and t : X �! X 0 is a multi-monotonic function for ((X; (<i
)i2N); (X

0; (<0i)i2N 0), namely for any x; y 2 X and i 2 N , x <i y
entails t(x) <0i t(y):
The composition of two Sg arrows ((f : X ! X 0; g :

Q
i2N 0

S 0i �!Q
i2N

Si); t) and ((f 0 : X 0 ! X 00; g0 :
Q
i2N 0

S
00
i �!

Q
i2N

S 0i); t
0) is the Sg

arrow ((f 0; g0) � (f:g) :GS ! G00S; t
0 � t)

where G
00
S := (N

00
; X

00
; (S 00i )i2N 0 ; h00; (<00

i )i2N 0) with G00S-classi�cation
C(G00S) := ((N 00;

Q
i2N 0

S 00i ); (X
00; (<00i )i2N 0) j=G00S), and (f

0; g0) � (f:g) :=

(f 0(f(:)); g0(g(:))). For every object GS = (N;X; (Si)i2N ; h; (<i)i2N)
with GS-classi�cation C(GS) = ((N;

Q
i2N

Si); (X; (<i)i2N) j=GS), the
Sg identity arrow idGS

: GS ! GS is de�ned in the obvious way,
namely idGS

:= ((id
(N;
Q
i2N

Si)
; idX); idX):
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3.3. The Category of Extensive Games. A Game in Ex-
tensive Form is a structure
GE = (N;X; (P;6; p0);�;(�p)p2PC ; (�i)i2N ; (Mij)i2N;j2f1;:::;j�ig; � ;

(<i)i2N) where
� GE = (N;X; (P;6; p0);�;(�p)p2PC ; (�i)i2N ; (Mij)i2N;j2f1;:::;j�ig; � )
is an extensive game form

� <i� X �X is the preference relation of player i, i 2 N ,
(usually, again, taken to be a preorder as de�ned

above).

The Category of Extensive Games Eg has games in extensive
form as objects, and for any pair of objects
GE = (N;X; (P;6; p0);�;(�p)p2PC ; (�i)i2N ; (Mij)i2N;j2f1;:::;j�ig; � ;

(<i)i2N) := (GE; (<i)i2N)
G0
E = (N

0; X 0; (P 0;60; p00);�0;(�0p)p2P 0C ; (�
0
i)i2N ; (M

0
ij)i2N;j2f1;:::;j�ig; �

0;

(<0i)i2N) := (G0E; (<0i)i2N 0)
an Eg arrow GE �! G0

E is a pair ((f; g); t) where (f; g) is an in-

fomorphism i.e. an arrow GE
f�! G0S of Egf and t : X �! X 0 is a

multi-monotonic function for ((X; (<i)i2N); (X 0; (<0i)i2N 0), namely for
any x; y 2 X and i 2 N , x <i y entails t(x) <0i t(y):
The composition of twoEg arrowsbf=(f : LX ! LX0 ; g : (N; eP�(GE))!

(N 0; eP�(G0E)); t) (with g := (g1 : N �! N 0; g2 : eP�(GE) �! eP�(G0E))
) and bf 0 = ((f 0 : X 0 ! X 00; g0 : (N 00; eP�(G00E))! (N 0; eP�(G0E)); t) is the
Eg arrow ((f 0; g0) � (f:g) :GE ! G00S; t

0 � t)
where
G00
E = (N

00; X 00; (P 00;600; p000);�00;(�00p)P 00C ; (�
00
i )i2N 00 ; (M00

l )l2[i2N�i ; �
00;(<00i

)i2N) := (G
00
E;(<00i )i2N 0)

withG00
E-classi�cation C(G

00
E) := ((N

000; (eP�(GE)); (LX ; (<00i )i2N 0) j=GE
), and (f 0; g0) � (f:g) := (f 0(f(:)); g0(g(:))).
For every object
GE = (N;X; (P;6; p0);�;(�p)p2PC ; (�i)i2N ; (Ml)l2[i2N�i ; � ; (<i)i2N) :=

(GE; (<i)i2N),
withGE-classi�cation C(GE) := ((N; (

eP�(GE)); (LX ; (<i)i2N 0) j=GE
)
the Eg identity arrow idGE

: GE ! GE is de�ned in the obvious
way, namely idGE

:= ((id
(N;
Q
i2N

Si)
; idX)); idX):

Proposition 7 (i) Cg is isomorphic to a full subcategory of
Chu(Set, 2) ; (ii) Sg is isomorphic to a full subcategory of Chu(Set,
2); (iii) Eg is isomorphic to a full subcategory of Chu(Set, 2).
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4. Solution rules, classical game theory and non-classical
game theory

Generally speaking, a solution rule is a mapping that speci�es one
(or more) set(s) of classi�ed (or unclassi�ed) �tokens�for any game of
a certain class. So we may distinguish betwen simple solution rules
and hypersolution rules and between classi�ed solution rules and un-
classi�ed solution rules. Typically, solution rules are not required to
respect arrow composition of the relevant class of games (but see Lapit-
sky (1999) and Tohmé, Viglizzo (2023) for some speci�c examples of
�functorial�solution rules). Thus, in the present categorial setting, so-
lution rules require that arrows between games be essentially ignored:
as a consequence, the relevant categories of games are the discrete ones
namely the categories having the games as objects and the identity
arrows as their sole arrows, that are denoted C(Ob(Cg)), C(Ob(Sg))
and C(Ob(Eg)). Their respective solution rules therefore ultimately
amount to functors SC :C(Ob(Cg))�!Set, SS :C(Ob(Sg))�!Set,
SE :C(Ob(Eg))�!Set .

Solution rules typically embody some implicit understanding about
the context of the interactions to be modeled by the class of games of
their respective domains. One key feature of such a context is obviously
the ease at which players can form reliable coalitions, which is the
feature that mostly in�uences the option between cooperative and non-
cooperative solution rules. Another one is the information about the
games to be played that is available to the players. In classical game
theory it is assumed that players have complete information on any
game they play (as modeled by the data structure the game amounts
to). If, on the contrary, some or all of the players are assumed to have
incomplete information on some game they play, the realm of non-
classical game theory is indeed entered. For instance, in applications
of game theory to mechanism design the focus is on game forms (the
�mechanisms�to be designed) which are taken to be common knowledge
of the players.The preferences of each player, however, are most often
assumed to be private information of that player.
In evolutionary game theory even more radical departures from clas-

sical game theory are often proposed, since players may have virtually
no information on the game they are playing. It transpires that the dis-
tinction between classical and non-classical game theoretic modelling
can be at least partly expressed in a convenient manner through the
following slight extensions of the notions of coalitional, strategic and
extensive game as presented above.
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Let GH = (GH ; (<i)i2N), H 2 fC; S;Eg a game with player set
N and outcome space X: thus, by de�nition (<i)i2N 2 (Pre(X))N .
Now, consider the following class of extensions of such a GH : namely,bGH = (GH ; (<i; b�i)i2N) where b�i is a partition of (Pre(X))N , namely
the information partition of player i 2 N for the set of all possible
N -pro�les of preference preorders. Di¤erent sorts of such information
partitions on the set of preference-pro�les give raise to di¤erent sorts
of games that are consistent with several versions non-classical game
theory, and at the same time cover classical game theory as a limit
case. Indeed the standard mechanism design case as discussed above
is captured by information partitions b�i := f�i(<�i ) :<�i2 Pre(X)g
where �i(<�i ) :=

�
(<i)i2N) 2 (Pre(X))N :<i=<�i

	
,

while the classical game theory case is captured by maximally re�ned
information partitions b�i := �f(<i)i2Ng : (<i)i2N 2 (Pre(X))N	 : Clearly,
games with distinct players endowed with di¤erent access to informa-
tion on preference pro�les, and other more radical departures from
classical game theory including evolutionary game-theoretic analysis
can be directly modeled in the description of the game itself both by
further enriching the game data and by allowing incomplete informa-
tion on game data other than outcome-assessments.

5. Concluding remarks

Categories of games in the main formats have been de�ned relying on
Chu spaces and their arrows, the infomorphisms. Such a representation
of games helps to highlight their common structure: namely, a classi�-
cation of the joint activities available to a certain population of agents
by a unique type in a class of types that are mutually compared/ranked
by each agent. From this perspective the main and somewhat conspic-
uous di¤erences between the most widely game formats boil down to
the details required by the description of the relevant �joint activities�
involved. Thus, it is arguably the case that even the somewhat elu-
sive notion of �game�can be eventually �domesticated� into scienti�c
language, and made available as a precise term for common parlance
(contrary to the view famously expressed by Wittgenstein in his �Philo-
sophical Investigations�where he singled out the notion of �game�as
a paragon of unredeemable semantic ambiguity and fuzziness). But it
should also be immediately added that such a �domestication�process
is likely to be a long one, and in any case it is at the moment far from
being accomplished.
Be it as it may, the fact that Chu spaces play such a key role in the

categorial representation of games of all basic formats that is proposed



16 STEFANO VANNUCCI

in the present work also provides a further vindication of Pratt�s sug-
gestion that indeed Chu spaces might be used to �coordinatize�mathe-
matical structures (Pratt 1995). It remains to be established whether
and to what extent games of any sort may in turn help to provide
convenient representations for certain classes of Chu spaces.
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