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Abstract It is known that continuous-time (CT)
dynamic analog circuits containing ideal memristors
and, more generally, memelements, admit for struc-
tural reasons first integrals and, consequently, enjoy
the foliation feature of the state space. This important
property makes it possible the coexistence of a huge
number of different attractors, even when the memele-
ment has a constitutive relation of a general shape. This
paper considers the problem of how discrete-time (DT)
memristive circuits preserving this foliation feature can
be derived by the CT ones. Specifically, a discretization
procedure of CT circuits is proposed in input-output
setting, instead of the state space one, which applies
to memristors as well as memcapacitors and memin-
ductors, and it is not limited to the Forward Euler dis-
cretization operator. It is shown that the procedure pro-
vides DT maps which preserve the foliation feature
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of the original CT circuits for any discretization time
step T , thus enabling extrememultistability.Moreover,
it is highlighted that by increasing the time step T the
obtained DTmaps can exhibit chaotic attractors even if
the CT memristive circuits display convergent behav-
iors, a phenomenon which is known as computational
chaos. As an example, it is shown that, by applying
the proposed procedure to a simple CT RC-memristive
circuit with the memristor charge depending quadrat-
ically on the flux, the obtained DT circuits embed the
logistic and the Henon maps depending on the chosen
discretization operator.

Keywords Memristive circuit · Discretization ·
Invariant manifold · Computational chaos

1 Introduction

The memristor (memory resistor) was theorized by
L.O. Chua in his seminal paper [1] as the fourth
basic passive circuit element, in addition to the resis-
tor, capacitor, and inductor. However, the interest in
memristors emerged only many years later thanks to
the memristive effects discovered in nanotechnology
devices byWilliams and his team [2]. This finding also
led to the introduction of memcapacitors and memin-
ductors [3], the two memelements modeling memory
effects in capacitors and inductors, respectively. Since
those years, the research activity on memelements has
rapidly increased generating a literally huge number
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of contributions in several directions, mainly because
they are expected to play a prominent role in futuristic
neuromorphic computers [4–9].

One relevant research branch concerns the investi-
gation of continuous-time (CT) dynamic analog cir-
cuits containing ideal memristors and, more gener-
ally, memelements, although their relationship with
real devices showingmemory effects has not been com-
pletely disclosed yet. Indeed, due to their memory and
nonlinearity, memelements are able to greatly enrich
the range of circuit dynamic behaviors, a feature which
is crucial for employing analog circuits in future elec-
tronics [10–15]. This richness of dynamic behaviors
stems from the fact that they enjoy the foliation fea-
ture, i.e the state space is composed by a continuum of
invariantmanifolds and the initial conditions determine
the invariant manifold where the circuits dynamics is
constrained to lie (see [16,17] and references therein).
The foliation feature has important consequences on
the dynamics of CTmemristive circuits since it ensures
that convergent behaviors as well as oscillatory and
chaotic behaviors are robust with respect to the invari-
ant manifolds, i.e. if one of these behaviors is dis-
played on an invariant manifold, then the same type of
behavior is expected on nearby invariantmanifolds. For
instance, this can lead to the coexistence of infinitely
many oscillatory and chaotic behaviors that can be con-
trolled by appropriately setting the initial conditions
via pulse programmed sources (see [18] and references
therein). Furthermore, the dynamics shown on more
distant manifolds can be very different, ranging from
convergent behaviors to oscillations andmore complex
attractors. Summing up, these circuits can generate a
huge number of different coexisting attractors for a
fixed configuration of the circuit parameters, a peculiar
dynamic property often referred to as extreme multi-
stability, and can exhibit the so-called phenomenon of
bifurcations without parameters [19–22].

Recently, increasing attention has been paid to
discrete-time (DT) memristive circuits derived from
CT memristive circuits. One reason for this increasing
interest relies on the fact that real memristive devices
for laboratory experiments are still not always read-
ily available and hence DT models can be used to set
up digital emulators to investigate the dynamic perfor-
mance of CT memristive circuits (see, e.g., [23–25]).
Indeed, emulators based on DT maps can be directly
implemented on digital computers or other types of
digital signal processors, such as ASIC (application-

specific integrated circuit) and FPGA (field-
programmable gate array). Another reason stems from
the fact that DT maps can generate a much richer
dynamics than the CT counterparts. This was first
observed in [26] where it is clearly shown how a second
order DT map, derived by a simple sampling switch-
based memristor-capacitor circuit, is capable to gener-
ate very complex dynamics while the original CT cir-
cuit is not. Since then, several contributions have shown
that these maps are not only capable to display chaos
and hyperchaos, as well as extreme multistability, but
can also potentially be useful for engineering applica-
tions in relevant fields, such as secure communications,
image and video encryption and random number gen-
eration [27–37]. However, less attention has been paid
to how maps can be derived from CT memristive cir-
cuits, as the typical procedure is to directly apply the
Forward Euler integration method to the state equa-
tions of the CT circuit. Despite its simplicity, this pro-
cedure does not generally preserve the characteristic of
the first integrals of the original CT circuits (see, e.g.,
[37]). This appears as a limitation because the loss of
the foliation feature reduces somewhat the possibility
of displaying coexistence of different attractors, espe-
cially if the memristor nonlinear characteristic is not
of the sine type (see, e.g., [32,35]). Very recently, a
new discretization procedure of the state space equa-
tions has been introduced in [38] to ensure that first
integrals are preserved independently of the discretiza-
tion time step. Based on this procedure, it is shown that
the derived DT circuits show the existence of invariant
manifolds in the state space and the related phenom-
ena of extreme multistability and bifurcations without
parameters [39–41].

The goal of this paper is to extend this recent
approach in several directions: i) the discretization pro-
cedure considers an input-output description of CT
circuits instead of the state space one; ii) the pro-
cedure applies to memristors as well as memcapaci-
tors and meminductors, along with mild assumptions
on their constitutive relations; iii) the procedure is
not limited to the Forward Euler method but con-
siders a large variety of numerical integration meth-
ods. Specifically, we consider the class of CT circuits
depicted in Fig. 1 that is composed by a linear time-
invariant two-terminal element (one port) connected
to a memelement. The linear element contains lin-
ear R, L , C components, ideal operational amplifiers,
controlled sources and is characterized by either its
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Fig. 1 The class of circuits: �L is a linear time-invariant two-
terminal element (one port) with input current iL and voltage vL ;
M is either a memristor or a memcapacitor or a meminductor

impedance or admittance. The memelement can be a
flux-controlled or charge-controlled memristor, a flux-
controlled or chargemomentum-controlled capacitor, a
fluxmomentum-controlled or charge-controlled induc-
tor, and its constitutive relation is assumed to be suf-
ficiently smooth. In [18,42] it has been shown that
the dynamics of any circuit of this class, indepen-
dently of the type of memelement, obeys a nonlin-
ear differential equation which admits first integrals
and, consequently, enjoys the foliation feature of the
phase-space. Starting from this point, we develop a
discretization procedure based on first replacing the
time derivative operator with a discretization opera-
tor �(T, hT ), with T and hT being the discretization
time step and the continuous-time T -ahead shift oper-
ator, respectively. Specifically,�(T, hT ) is assumed to
be a rational function of hT which approximates the
time derivative operator as T goes to zero and satis-
fies �(T, hT ) f (t) = 0 for any constant function f (t).
These assumptions are indeed satisfied by several dis-
cretization operators, including classic ones as Forward
Euler, backward Euler, and Tustin methods as well
as single-stage multi-step, multi-stage single-step, and
averaging techniques. Then, it is shown that the maps
of the DT circuits, obtained by simply substituting hT
with the DT one-step-ahead shift operator h, preserve
the first integrals feature of the original CT circuits for
any discretization time step T . Hence, the phase-space
of these maps is composed by a continumum of invari-
ant manifolds where different dynamics can be dis-
played, thus possibly giving rise to extrememultistabil-
ity and computational chaos. The term computational
chaos was coined by Edward N. Lorenz in [43] with
reference to the fact that when one seeks approximate

solutions of a set of differential equations by stepwise
numerical integration, the choice of a not sufficiently
small T may yield chaotic solutions, even when the
true CT solutions approach limit cycles or equilibrium
points.

The rest of the paper is organized as follows. Sec-
tion 2 introduces notations, definitions and prelimi-
naries used throughout the paper. A CT circuit com-
posed by the interconnection of an RC two-terminal
element and a flux-controlled memristor is employed
as a motivating example in Section 3, also to illus-
trate how the proposed discretization procedure ensures
that the foliation feature of the CT circuit is preserved.
Section 4 contains the problem formulation showing
that the dynamics of any circuit of the considered
class is described by a nonlinear differential equa-
tion which admits first integrals and, hence, a phase-
space composed by a continuumof invariantmanifolds.
The new discretization procedure is discussed in Sec-
tion 5, showing that it provides DT maps which pre-
serve first integrals for any discretization time step and
a large class of discretization operators, whose deriva-
tion is reported in Appendix A for completeness. Sec-
tion 6 analyzes the dynamics of the maps obtained by
applying the procedure to the CT circuit of Section 3
with the flux-controlled memristor replaced by a flux
momentum-controlled meminductor. The dependance
of the dynamics of the DTmaps upon the discretization
time step T and the discretization operator �(T, hT )

is discussed in Section 7, also investigating when, by
properly selecting T and �(T, hT ), the CT circuit of
Section 3 generates the logistic andHenonmaps . Some
conclusions end the paper in Section 8.

2 Mathematical background

2.1 Notation

• C, R, Z, Z+: complex set, real set, integer set, pos-
itive integer set

• s ∈ C, t ∈ R, k ∈ Z: complex variable, continuous-
time (CT) variable, discrete time (DT) variable

• D: time-derivative operator d
dt• Di f (t): value assumed by the i-th derivative of

function f at time t
• Ci (R): class of functions continuous onR up to the
i-th derivative

• R(x): polynomial function of x ∈ R
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• order[R(x)]: maximum power of the polynomial
function R

• �: nonlinear function of the constitutive relation of
the memelement

• �: nonlinear characteristic function of the phase-
space model of the memelement

• T : discretization time step
• hT : CT T -ahead shift operator
• h: DT one-step-ahead shift operator
• �(T, hT ): CT discretization operator
• �T (h): DT operator

2.2 Definitions and preliminaries

In this section we introduce definitions and preliminar-
ies used throughout the paper.

Definition 1 For a given integrable function g(t) :
R → R, all the functions f (t) : R → R such that

D f (t) = g(t) (1)

are referred to as primitives of g and can be expressed
as

f (t) = f (t0) + D−1
[t0]g(t) ,

where D−1
[t0]g(t) := ∫ t

t0
g(τ )dτ .

For the sake of simplicity, in the paper the primitives
of g will sometimes be referred to as simply D−1

[t0]g(t),
omitting their specific value at t = t0, when it is not
strictly necessary for the characterization or the under-
standing of the result.

In the paper, the two-terminal element�L in Fig. 1 is
described via a linear time-invariant differential equa-
tion of the following form

R(D) f (t) = S(D)g(t) (2)

where f (t) : R → R and g(t) : R → R are such
that f (t) = iL(t) and g(t) = vL(t) or f (t) = vL(t)
and g(t) = iL(t), and R(D) and S(D) are two poly-
nomial functions of D with real coefficients. Notice
that, by applying the Laplace transform to (2), we get
that R(s)/S(s), with s being the complex variable,
is the impedance or the admittance of �L . Through-
out the paper we always assume that order[R(D)] >

order[S(D)] and, for the sake of simplicity, we some-
times omit the explicit dependence on t of f (t)
and g(t).
Now, we formally define some known operators to be
used later.

Definition 2 For any T > 0 and any function f (t) :
R → R, the CT T -ahead shift operator hT is defined
so that

hT f (t) = f (t + T ) , ∀t ∈ R . (3)

For any sequence {xk}k∈Z ⊂ R, theDT one-step-ahead
shift operator h is defined so that

hxk = xk+1 , ∀k ∈ Z . (4)

The operators hT and h enjoy the following shift prop-
erties:

{
hkT f (t) = f (t + kT ) , ∀t ∈ R ,∀k ∈ Z

hi xk = xk+i , ∀k ∈ Z ,∀i ∈ Z .
(5)

The next definition introduces operators depending
on hT and T which approximate D.

Definition 3 Any operator �(T, hT ) such that

lim
T→0+ [�(T, hT ) f (t)] = D f (t) , ∀t ∈ R (6)

for any function of time f (t) : R → R that is t-
differentiable (almost) everywhere is said to be a CT
discretization operator.

The accuracy of any discretization operator is defined
via the residual equation:

�(T, hT ) f (t) − D f (t) = o(T η) , η ∈ Z+ , (7)

where the little-o term o(T η) means that the error
in approximating D f (t) with �(T, hT ) f (t) vanishes
faster than T η, i.e.,

lim
T→0+

[
�(T, hT ) f (t) − D f (t)

T η

]

= 0 . (8)

In Section 5.2 we recall several discretization operators
which are rational functions of hT with coefficients
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Fig. 2 The circuit studied in Section 3: the blue box highlights
the two-terminal element �L ; v and i are the memristor voltage
and current

depending on T . As an example, in the Forward Euler
case

�(T, hT ) = hT − 1

T

and (7) holds with η = 1.
The next definition associates a DT operator depending
on h and T to each discretization operator.

Definition 4 For any sequence {xk}k∈Z ⊂ R, the DT
operator �T (h) is defined so that

�T (h)xk = �(T, h)xk , ∀k ∈ Z .

Observe that �T (h) is obtained by formally substitut-
ing hT ← h in the discretization operator, and hence
it inherits the structure of �(T, hT ). This also sug-
gests that it can be seen as an operator approximat-
ing the derivative, i.e., such that �T (h)xk ≈ Dx(t)
for t = kT , under the assumption that xk is close to the
sample of x(t) at t = kT .

3 Motivating Example: RC-memristive circuit

Consider the circuit in Fig. 2 where the two-terminal
element�L , made out of the parallel of a resistor R and
a capacitor C , is connected to an ideal flux-controlled
memristor, whose charge q(t) and flux ϕ(t) are linked
by the nonlinear function � : R → R defining the
constitutive relation q(t) = �

(
ϕ(t)

)
.

The two-terminal element�L is described by the linear
time-invariant differential equation

(

D + 1

RC

)

v(t) = − 1

C
i(t) ,

whose solution v(t) for t ≥ t0 depends on the ini-
tial condition v(t0), other than the input i(t). Observe
that �L can be formally written as

v(t) = −L(D)i(t) , (9)

where

L(D) =
1
C

D + 1
RC

, (10)

and that L(s), with s being the complex variable, is the
impedance of �L .
The phase-space model of the flux-controlled memris-
tor is defined by the following equations

{Dϕ(t) = v(t)
i(t) = �(ϕ)v(t) ,

(11)

where the flux ϕ(t) is the phase-variable and �
(
ϕ(t)

)

is the nonlinear characteristic function of the model,
known as mem-conductance. The solutions ϕ(t) and
i(t), t ≥ t0, depend on the initial condition ϕ(t0), other
than the input v. It is known that�

(
ϕ(t)

)
is equal to the

derivative with respect to ϕ(t) of the function�
(
ϕ(t)

)
.

i.e.

D�
(
ϕ(t)

) = �
(
ϕ(t)

)
v(t) . (12)

Observing that the first equation in (11) ensures
that ϕ(t) is a primitive of v(t), it follows that

i(t) = D�
(
D−1

[t0]v(t)
)

. (13)

Substituting (13) into (9) and taking into account that
where the term D has been collected because v(t) =
Dϕ(t) and i(t) = D�

(
ϕ(t)

)
, it turns out that the cir-

cuit of Fig. 2 obeys the following nonlinear differential
equation

D
((

D + 1

RC

)

ϕ(t) + 1

C
�(ϕ(t))

)

= 0 . (14)

Observe that (14) highlights the existence of first inte-
grals which are given by

(

D + 1

RC

)

ϕ(t) + 1

C
�

(
ϕ(t)

) = μ , (15)
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where μ ∈ R is a constant depending of the circuit
initial conditions ϕ(t0) and v(t0) = Dϕ(t0), i.e., μ =
v(t0)+ϕ(t0)/(RC)+�(ϕ(t0))/C . This implies that the
RC-memristive circuit enjoys the foliation feature that
means that the state space, i.e. the (ϕ, v = Dϕ)-plane
in this case, is composed by a continuum of invariant
manifolds of the following form

v + 1

RC
ϕ(t) + 1

C
�

(
ϕ(t)

) = μ . (16)

Indeed, each vector (ϕ, v = Dϕ) belongs to a unique
manifold with μ satisfying (16), and the set of vec-
tors obtained by varying μ ∈ R is exactly the entire
(v = Dϕ, ϕ)-plane. Moreover, the dynamics gener-
ated by the circuit initial conditions ϕ(t0) and v(t0) =
Dϕ(t0) evolves on the manifold (16) with μ = v(t0)+
ϕ(t0)/(RC)+�(ϕ(t0))/C according to the differential
equation (15).
To fix the ideas, assume that

�(ϕ) = γ1ϕ + γ2ϕ
2 + γ3ϕ

3 (17)

and consider the circuit configuration

R = 1 C = 1 γ1 = −5 γ2 = 0 γ3 = 1. (18)

From (16) it follows that the invariant manifolds are
shaped as cubic curves of the form

v = 4ϕ − ϕ3 + μ.

Clearly, by varying μ ∈ R, these cubic curves cover
the entire (v = Dϕ, ϕ)-plane, whose foliated structure
is depicted in Fig. 3.
From (15) it follows that the dynamics on the manifold
with index μ obeys the following differential equation

Dϕ = 4ϕ − ϕ3 + μ.

It turns out that the equilibrium points are given by
(ϕ, v = Dϕ) = (ϕP , 0) with ϕP such that ϕ3

P −
4ϕP = μ. This implies that the entire ϕ-axis of the
(v = Dϕ, ϕ)-plane is made of non-isolated equilib-
rium points. Moreover, it can be checked that they are
stable if |ϕP | > 2√

3
and unstable when |ϕP | < 2√

3
.

Therefore, the dynamics is multi-stable and it exhibits
an infinite number of non-isolated attractors.

Fig. 3 The phase-space of circuit (14) is composed by a con-
tinuum of non-isolated invariant manifolds (foliation feature).
Gray: examples of invariant manifolds. The initial conditions
determine the invariant manifold where the trajectory is con-
strained to move. Red: examples of trajectories; diamonds and
squares depict the initial conditions. Blue/green: unstable/stable
equilibrium points that repel/attract the trajectories on the related
invariant manifolds

Our goal is to set up a discretization procedure to design
DT maps able to preserve the first integral structure,
i.e. the foliation feature of the phase-space. First, we
expand and rewrite (14) as

⎧
⎨

⎩

(t) = Dϕ(t) + 1

RC
ϕ(t) + 1

C
�(ϕ(t))

D
(t) = 0
. (19)

The second equation in (19) confirms the existence of
first integrals, since


(t) = 
(t0) = μ , ∀t ≥ t0 , (20)

while the first equation, with 
(t) replaced by μ,
describes the dynamics on the invariant manifold of
index μ. Then, we substitute the time-derivative D
in (19) with a discretization operator �(T, hT ). To fix
the ideas, we consider the Forward Euler operator, i.e.,

�(T, hT ) = hT − 1

T
, (21)

whose residual equation (7) holds with η = 1, i.e. the
error converges to zero faster than T . So doing, we
obtain the two new T -parametric equations
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⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩


d(t) = ϕd(t + T ) − ϕd(t)

T
+ 1

RC
ϕd(t)

+ 1

C
�(ϕ(t))


d (t + T ) − 
d (t)

T
= 0

(22)

where the functions 
d(t) and ϕd(t) have been intro-
duced to stress that the solution of system (22) does
not coincide with that of system (19), even though
they approach each other when T → 0+, because
�(T, hT ) → D. Notice that the second equation
of (22) is exactly equivalent to (20), thus highlighting
that the substitution of D with �T (T, hT ) preserves
the invariant manifold structure for all T > 0. Finally,
by assuming t = kT and denoting 
k = 
d(kT )

and ϕk = ϕd(kT ), the second equation boils down
to 
k+1 = 
k , i.e., 
k is constant over k, while the
first equation in (22) yields the following relationship


k = 1

T
ϕk+1 +

(
1

RC
− 1

T

)

ϕk + 1

C
�(ϕk) = μ̄ ,

(23)

where the constant value μ̄ of the sequence {
k}, k ∈
Z, can be derived from the circuit initial conditions
at t = t0, as it was done for μ in (15). Indeed, it can
be readily checked that the relationship 
k+1 = 
k

and the map defined by the second equality in (23) can
be derived by directly using the DT operator �T (h)

obtained by replacing hT with h in (21), i.e. �T (h) =
(h − 1)/T .

Summing up, the procedure for obtaining maps
which preserve first integrals consists in simply replac-
ing D with �T (h) and ϕ(t) with ϕk in (14). This leads
to the following equation

h − 1

T

×
(
1

T
ϕk+1 +

(
1

RC
− 1

T

)

ϕk + 1

C
�(ϕk)

)

︸ ︷︷ ︸
[�]

= 0

(24)

where, according to (23), for any μ̄, equation [�] = μ̄

defines a dynamics evolving on the manifold indexed
by μ̄ itself. By rearranging all the terms of (24) and
properly switching index k, we get the explicit DTmap

ϕk+1 = ϕk +
(

1 − T
1

RC

)

(ϕk − ϕk−1)

− T

C
(�(ϕk) − �(ϕk−1)) (25)

Figure 4 reports some examples of invariant manifolds
[�] = μ̄ for the case of the nonlinear characteristic (17)
and the circuit configuration (18). Also, it illustrates the
behavior ofmap (25) for different initial conditions and
values of T . The two sequences (red and blue) converge
towards fixed points for T = 0.015, show a periodic
behavior for T = 0.040 and T = 0.055, display a
chaotic behavior for T = 0.070. In all cases, the evo-
lution of the map remains on the invariant manifold to
which the initial conditions belong.

Observe that (25) resembles the dynamics (14) only
locally, since ϕk are the samples of the function ϕd(t)
solving (22), which differs from the solution ϕ(t) of
(14). In general, the difference evolves depending on
both the used discretization technique and the contract-
ing properties of the field around the considered solu-
tion of the CT circuit. Figures 5A and B report, for the
configuration (17)-(18), the solutionϕ(t) of (14)whose
initial conditions are depicted as diamonds and squares
in Fig. 3. They are plotted against the sequences gener-
ated by (25) for different values of T , but initialized at
equivalent starting points. As expected, the sequences
approximate ϕ(t) better as T converges to zero.

Finally, it is important to underline that the first
integral structure of (14) would have been lost if the
form i(t) = �

(
ϕ(t)

)
v in (11) was used in place of (13).

Indeed, in that case from (9) we get the input-output
model

(

D + 1

RC

)

Dϕ(t) + 1

C
�

(
ϕ(t)

)Dϕ(t) = 0 (26)

and, since the operators �
(
ϕ(t)

)
and Dϕ(t) do not

commute, it is not possible to collect D and ensure
the foliation feature of the phase-space anymore.

In this respect, we can show that the foliation feature
is not preserved with the standard approach used in
the literature (see, e.g., [28–31]) to obtain DT maps
from CT memristive circuits. In that approach the DT
maps are derived by simply applying the Forward Euler
method to the state space model of the CT circuit. In
the case of the RC-memristive circuit of Fig. 2 we get
the following DT map
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Fig. 4 Phase-space of map (25) for T = 0.015 (A), T = 0.040
(B), T = 0.055 (C), and T = 0.070 (D). Solid Grey: Examples
of invariant manifolds. The evolution of the map, whose initial
conditions belong to a certain invariant manifold, is bound to
stay there forever. Red dots: The evolution of the map initial-
ized from the magenta circle. Blue dots: The evolution starting

from themagenta diamond.Dashed green: the phase-space bisec-
tor. The sequences of states (drawn as dots) starting from initial
conditions placed on different manifolds, i.e., the magenta circle
and diamond, have been highlighted using solid lines of the same
color of the dots

{
vk+1 = (

1 − T
RC

)
vk − T

C �(ϕk)vk
ϕk+1 = ϕk + T vk

, (27)

where � is the mem-conductance. From the second
equation of (27) we get vk = 1

T (ϕk+1 − ϕk), that, sub-
stituted into the first one and after properly switching
index k, leads to the explicit DT map

ϕk+1 = ϕk +
(

1 − T
1

RC

)

(ϕk − ϕk−1)

− T

C

(
�(ϕk−1)ϕk − �(ϕk−1)ϕk−1

)

︸ ︷︷ ︸
[∗]

, (28)

It can be checked that (28) is indeed the DT map
obtained by substituting D with (h − 1)/T in the
input-out model (26). A direct comparison highlights
that (28) differs from (25), which admits infinitely
many invariant manifolds. Indeed, the model (28) does
not enjoy such a feature, because the term [∗] cannot be
written as the difference of some quantity at step k + 1
and the same quantity at step k, as instead it happens
for the last term of equation (25).
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Fig. 5 Comparison between the solutions of the CT equation
system (19) and the sequences of DTmap (25). The DT solutions
are obtained for different values of T , ranging from T = 0.005 to
T = 0.040.A:TheCT trajectory has been initialized at the higher

magenta diamond of Fig. 3. In order to relate the DT sequences
and the CT solution, they have been initialized using the first two
samples of this latter. B: The CT trajectory has been initialized
at the lower magenta square of Fig. 3

4 Problem Set Up

Our goal is to extend and generalize the procedure pre-
sented in [38] to create DT maps from the CT memris-
tive circuit in Fig. 1 preserving the foliation feature of
the state space and hence capable to displaymultistable
behaviors and bifurcations without parameters on their
infinitely many invariant manifolds (see [16,17]).
First, we observe the two-terminal element �L is
described by the linear differential equation

R(D)vL − S(D)iL = 0 (29)

for two properly defined polynomial functions R(D)

and S(D). Formally, we can rewrite (29) as

vL = S(D)

R(D)
iL = L(D)iL (30)

and

iL = R(D)

S(D)
vL = L̄(D)vL , (31)

where the rational functions L(D) and L̄(D) clearly
satisfy L(D)L̄(D) = 1. Notice that the rational func-
tions L(s) and L̄(s), with s being the complex variable,

represent the impedance and the admittance of �L ,
respectively. Hereafter, we will refer to (30) as the
impedance input-output model of �L , and to (31) as
its admittance input-output model.

Consider now the six ideal memelements which,
for the sake of simplicity, are hereafter identified by
the bold codes in the first column of Table 1. We
denote by vM and iM their voltage and current using
the passive sign convention, while their flux, charge,
flux-momentum, and charge-momentum are indicated
by ϕM , qM , �M , and σM , respectively. Moreover, the
nonlinear characteristic functions of the phase-space
models of FMR, CMR, FMC, CMMC, FMMI, and
CMI, are denoted by �F

mr , �C
mr , �F

mc, �CM
mc , �FM

mi ,
and �C

mi , respectively. Using this notation, the phase-
space models of the memelements assume the for-
mulation reported in the second column of Table 1
(see [18,42]). It is known that the function � of each
memelement is the derivative of the function � which
defines the constitutive relationship of thememelement
itself, i.e.,

�(x) = d

dx
�(x) . (32)

The functions � pertaining to the mememelents are
denoted as in the fifth column of Table 1. For the sake
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Table 1 Phase-space and input-output models of the six memelements. The termsD−2
[t0]iM andD−2

[t0]vM represent the functions obtained

via the double integrals
∫ t
t0

( ∫ τ

t0
iM (η)dη

)
dτ and

∫ t
t0

( ∫ τ

t0
vM (η)dη

)
dτ, respectively

Memelement (Code) Phase-Space model Input-Output model � �

FMR: flux-controlled memristor

{DϕM = vM
iM = �(ϕM )vM

iM = D�
(
D−1

[t0]vM
)

�F
mr �F

mr

CMR: charge-controlled memristor

{DqM = iM
vM = �(qM )iM

vM = D�
(
D−1

[t0]iM
)

�C
mr �C

mr

FMC: flux-controlled memcapacitor

⎧
⎨

⎩

DϕM = vM
qM = �(ϕ)vM
iM = DqM

iM = D2�
(
D−1

[t0]vM
)

�F
mc �F

mc

CMMC: charge momentum-controlled memcapacitor

⎧
⎨

⎩

DqM = iM
DσM = qM
vM = �(σM )qM

vM = D�
(
D−2

[t0]iM
)

�CM
mc �CM

mc

CMI: charge-controlled meminductor

⎧
⎨

⎩

DqM = iM
ϕM = �(qM )iM
vM = DϕM

vM = D2�
(
D−1

[t0]iM
)

�C
mi �C

mi

FMMI: flux momentum-controlled meminductor

⎧
⎨

⎩

DϕM = vM
D�M = ϕM
iM = �(�M )ϕM

iM = D�
(
D−2

[t0]vM
)

�FM
mi �FM

mi

of the simplicity, we enforce the following hypothesis
on �.

Assumption 1 The constitutive relation of each
memelement is defined by a nonlinear function �(x) :
R → R of class Ci (R), i ≥ 1, and such that �(0) = 0.

Assumption 1 has an important consequence in model-
ing thememelements. Indeed, if the characteristic func-
tion � of a memelement has as argument the function
of time x , then, assuming this latter differentiable, the
function � satisfies

D�
(
x(t)

) = �
(
x(t)

) · Dx(t) (33)

Exploiting property (33) in the memelement phase-
space models directly brings to the input-output for-
mulations reported in the third column of Table 1.

Since the interconnection of �L with the ideal
memelement is described by the following equations:

{
vM = vL
iM = −iL

, (34)

we can readily derive the input-output model of the CT
memristive circuit. To this aim, notice that the equa-
tions in the third column of Table 1 are well suited for
substituting the electric variables at their left hand side
directly into the input-output models of�L . Therefore,

for building the model of the CT circuit we employ the
following scheme.

• FMR, FMC, and FMMI are connected to the
impedance input-output model of �L .

• CMR, CMMC, and CMI are connected to the
admittance input-output model of �L .

The six circuit models coming up from the above
scheme and configuration (34) can be conveniently
framed into a general formulation by introducing the
following notation. First, observe that all the input-
output models of the memelements can be written in
the form

y = Dβ+1�
(
D−(α+1)

[t0] z
)

(35)

where y, z,�,α, andβ are as in Table 2. Then, the com-
patible input-output model of�L can be represented as

z = −M(D)y (36)

where again y, z, and M(D) are as reported in Table 2.
Therefore, substituting y from (35) into (36) brings to

z + M(D)Dβ+1�
(
D−(α+1)

[t0] z
)

= 0 (37)
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Table 2 Keys for the interpretation of equations (35), (37), and (39)

Memelement code x y z � � M(D) P(D) Q(D) α β

FMR ϕM iM vM �F
mr �F

mr L(D) R(D) S(D) 0 0

CMR qM vM iM �C
mr �C

mr L̄(D) S(D) R(D) 0 0

FMC ϕM iM vM �F
mc �F

mc L(D) R(D) S(D) 0 1

CMMC σM vM iM �CM
mc �CM

mc L̄(D) S(D) R(D) 1 0

CMI qM vM iM �C
mi �C

mi L̄(D) S(D) R(D) 0 1

FMMI �M iM vM �FM
mi �FM

mi L(D) R(D) S(D) 1 0

Then, observe that from the phase-space models in the
first column of Table 1 it follows that

z = Dα+1x (38)

where as before x , z, and α are the ones reported in
Table 2. Hence, substituting (38) into (37) provides the
final form of the complete circuit model:

Dα+1x + M(D)Dβ+1�(x) = 0 (39)

Notice that the rational functionM(D) can be alsowrit-
ten as

M(D) = Q(D)

P(D)
(40)

where the polynomial P and Q depends on those in (29)
according to the relationships reported in Table 2.
Therefore, the solvability of equation (39) requires
that � is sufficiently differentiable.

Proposition 1 Consider the CT circuit of Fig. 1 where
the linear two-terminal element�L obeys a differential
equation of the form (29) and is connected to the ideal
memelement according to (34). Then, if Assumption 1
holds with i = order[Dβ+1Q(D)], then the circuit is
described by the nonlinear differential equation

D (DαP(D)x + DβQ(D)�(x)
) = 0 (41)

where x, �, P, Q, α, and β are as in Table 2.

Proof The result directly comes from the application
of (40) into the formal representation (39),which brings
to the actual differential equation model after noticing
that D commutes with any polynomial operator such
as P(D) and Q(D). ��

Remark 1 If order[DαP(D)] > order[DβQ(D)] the
nonlinear differential equation (41) is explicit, a con-
dition typically enforced when modeling CT memris-
tive circuits (see [42] and references therein). From
Table 2 it follows that the strict causality of M(D),
i.e., order[P(D)] > order[Q(D)], is required only
in the case of FMR, CMR, FMC, and CMI. Further-
more, observe that the order of the differential equation
is 1+α +order[P(D)], thus it increases with the order
of the impedance/admittance of �L .

Corollary 2 The nonlinear differential equation (41)
has a first integral described by the relationship

DαP(D)x + DβQ(D)�(x) = μ (42)

for any μ ∈ R such that (42) admits a solution.

Proof The constant relationship (42) is a direct con-
sequence of removing D in the nonlinear differential
equation (41), since any solution x(t) of (41) should
be such that the function of time DαP(D)x(t) +
DβQ(D)�(x(t)) is constant over time t . Then, the
existence of the first integral depends only on the solv-
ability of the nonlinear differential equation (42), that
is guaranteed by Assumption 1 with i = order[Dβ+1

Q(D)]. This also implies the existence of at least one
proper value of μ. Anyways, the actual values of μ for
which equation (42) admits solutions, depend on the
problem configuration. ��
Remark 2 As already pointed out for the circuit in Sec-
tion 3, (42) describes the foliation feature of the phase
space of the CT circuits in Fig. 1: each value of the
index μ, that makes equation (42) solvable, defines an
invariant manifold in the phase-space of the circuit.
By varying the index μ we get a continuum of invari-
ant manifolds which covers the entire phase-space (see
also [17]).
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Table 3 Discretization operators based on numerical integration techniques

Method Discretization Operator

Forward Euler method �(T, hT ) = hT −1
T (43)

Backward Euler Method �(T, hT ) = hT −1
ThT

(44)

Theta method �(T, hT ) = 1
T

hT −1
(1−θ)hT +θ

(45)

θ ∈ [0, 1]
Midpoint Rule or Modified Euler method �(T, hT ) = hT −h−1

T
2T = h2T −1

2ThT
(46)

Tustin Method or Trapezoidal rule �(T, hT ) = 2
T

hT −1
hT +1 (47)

5 Main result

In this section we illustrate a discretization technique
of CT memristive circuit of Fig. 1, which generates
DT maps preserving the first integral feature and the
related foliation of the phase-space into a continuum
of invariant manifolds.

5.1 A discretization procedure for CT memristive
circuits

Let us now formalize the procedure alreadyused inSec-
tion 3 to derive theDTmaps from theCTcircuit. First of
all, observe that a generic discretization operator may
not be able, in general, to preserve the structural prop-
erties of a CT system, as already shown in Section 3.
Indeed, a first integral is a fragile property and it can
be destroyed even for arbitrarily small T . Therefore,
we introduce the following assumptions to select a par-
ticular, though very broad, class of the discretization
operators introduced in Definition 3.

Assumption 2 The discretization operator �(T, hT )

is a rational function of hT , i.e.,

�(T, hT ) = VT (hT )

WT (hT )
(48)

where VT and WT are two polynomials, whose coeffi-
cients are polynomials of T .

Assuming that D f (t) = g(t) and according to Defini-
tion 3, it follows that

lim
T→0+

(
VT (hT )

WT (hT )
f (t) − g(t)

)

= 0 (49)

which implies that the time-derivative of f at time t
can be written as

D f (t) = VT (hT )

WT (hT )
f (t) + o

(
T η

)
(50)

where η ≥ 1 depends on the power development with
respect to T of VT (hT ) f (t) andWT (hT )g(t) around t .

Assumption 3 For any constant function f (t) = μ ∈
R, ∀t ∈ R, the discretization operator�(T, hT ) is such
that

�(T, hT ) f (t) = �(T, hT )μ = 0 , ∀T > 0.

Notice that this assumption implies that VT (hT ) in (48)
must have the factor hT − 1, i.e., VT (1) = 0
and WT (1) 
= 0.
The following result is used to derive and characterize
the sought DT maps for the class of CT memristive
circuits defined by Proposition 1.

Proposition 3 Consider the CT circuit of Fig. 1 and
assume that Proposition 1 holds. Choose a discretiza-
tion operator �(T, hT ) which satisfies Assumption 2
and substitute D ← �(T, hT ) into the differential
equation (41). Moreover, consider the relationship
obtained neglecting the residual little-o term, i.e.,

�(T, hT )
(
�(T, hT )αP(�(T, hT ))xd

+ �(T, hT )βQ(�(T, hT ))�(xd)
)

= 0 , (51)

and denote its solution as xd(t). Finally, define xk =
xd(t)|t=kT = xd(kT ), k ∈ Z, and substitute hT ← h
in (51). Then, the result is a DT map described by a
difference equation of the form
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FT
(
xk+n, . . . , xk

) + GT
(
�(xk+m), . . . , �(xk)

) = 0
(52)

where m and n are positive integers, and FT and GT

are T -parametric linear functions in their arguments.

Proof Because of Assumption 2, �(T, hT ) has the
form (48) of a T -parametric rational function in hT
for two polynomial functions VT and WT . Then, if we
substitute in (41) the expression (50) of D in terms
of�(T, hT ), the complete circuit dynamics boils down
to

V α+1
T (hT )

Wα+1
T (hT )

P

(
VT (hT )

WT (hT )

)

︸ ︷︷ ︸
[�]

x

+ V β+1
T (hT )

Wβ+1
T (hT )

Q

(
VT (hT )

WT (hT )

)

︸ ︷︷ ︸
[�]

�(x) = o
(
T ν

)
(53)

where the little-o term o (T ν) collects all the residuals
from (50), and its order ν ∈ Z+ depends on the form
of �(T, hT ), P and Q. Observe that the terms [�]
and [�] are rational functions in hT . Therefore, com-
puting and removing the maximum common divisor
leads to an equation of the form

FT
(
hnT , . . . , h1T , h0T

)
x

+ GT
(
hmT , . . . , h1T , h0T

)
�(x) = o

(
T ω

)

where FT and GT are T -parametric polynomial func-
tions of hT . The maximum orders m and n of the
powers of hT depends on order[P], order[Q], α,
and β, while ω depends on ν and the power devel-
opment of the maximum common divisor. Notice
that the corresponding operators FT

(
hnT , . . . , h1T , h0T

)

andGT
(
hmT , . . . , h1T , h0T

)
can be applied to x and�(x),

respectively, thus obtaining

FT
(
hnT x(t), . . . , hT x(t), x(t)

)

+ GT

(
hmT �

(
x(t)

)
, . . . , hT�

(
x(t)

)
,�

(
x(t)

))

= o
(
T ω

)
.

Now, neglecting the residual term yields the following
equation

FT
(
hnT xd (t), . . . , hT xd (t), xd (t)

)

+ GT

(
hmT �

(
xd (t)

)
, . . . , hT�

(
xd (t)

)
, �

(
xd (t)

)) = 0 ,

(54)

whose solution has been denoted as xd(t). Then, let-
ting t = kT and substituting hT with h, equation (54)
becomes

FT
(
hnxd (kT ), . . . , hxd (kT ), xd (kT )

)

+ GT

(
hm�

(
xd (kT )

)
, . . . , h�

(
xd (kT )

)
, �

(
xd (kT )

))

= 0 ,

which provides the sought DT map in the form (52),
since xk = xd(kT ), hi xd(kT ) = xk+i , and hi

�(xd(kT )) = �(xk+i ). ��
Remark 3 Proposition 3 holds for any T > 0 and
any operator �(T, hT ) satisfying Assumption 2. How-
ever, note that the DT map (52) is explicit only
if n > m. Nonetheless, it can be checked that,
when the differential equation (41) is explicit, i.e.
when order[DαP(D)] > order[DβQ(D)], the orders
of the T -parametric polynomial functions FT and GT

in (52) satisfy n > m if and only if order[VT (hT )] >

order[WT (hT )]. Furthermore, observe that the order n
of the explicit DT map (52) is not less of the order 1+
α + order[P(D)] of the nonlinear differential equa-
tion (41) and it increases with order[VT (hT )]. Hence,
if the order of the discretization operator and the
impedance/admittance of �L (see Remark 1) are high,
then the DT map may require particular attention from
a computational point of view.

The next result proves that the discretization procedure
in Proposition 3 preserves the foliation feature of the
CT memristive circuits.

Theorem 4 Under the hypothesis of Assumption 3 the
DTmap (52) of Proposition 3 evolves on invariantman-
ifolds described by the relationship

�T (h)αP
(
�T (h)

)
xk + �T (h)βQ

(
�T (h)

)
�(xk) = μ̄,

(55)

123



28192 G. Innocenti et al.

where μ̄ ∈ R is a constant.

Proof Consider the discretizationprocedure used in the
proof of Proposition 3, i.e substitute D ← �(T, hT )

in equation (41), neglect the residual term to get equa-
tion (51), and then, letting t = kT and xk = xd(kT ),
k ∈ Z+, substitute hT ← h. This way we get the fol-
lowing formal equation describing the DT map (52) of
Proposition 3

�T (h)

×
(
�T (h)αP

(
�T (h)

)
xk + �T (h)βQ

(
�T (h)

)
�(xk)

)

︸ ︷︷ ︸
[�]

= 0 . (56)

Since Assumption 3 ensures that �T (h) has the fac-
tor h− 1 at the numerator, we have the term [�] in (56)
is constant over time, thus concluding the proof. ��
Remark 4 Observe that relationship (55) describes an
invariant manifold for the dynamics of the DT sys-
tem (56). Indeed, the entire sequence {xk}k∈Z satis-
fies (55) for the same μ̄. Therefore, the discretization
procedure of Proposition 3 preserves, for any time step
T > 0, the foliation feature of the memristive cir-
cuit (41) in the phase-space defined by xk and the finite
number of its ahead shifted values xk+i involved in (55).
In this perspective, the constant μ̄ in (55) acts as the
index of the invariantmanifold, as well asμ is the index
of the CT first integral.

Observe that, thanks to property (6), equation (51) tends
to the same form of equation (41) as T → 0+. Hence,
it is expected that the solution of equation (51), here
denoted by xd(t, T ) to make explicit its dependence
on T , is a local approximation of the solution x(t)
of (41), with increasing precision as T → 0+. Clearly,
to ensure such a result it is necessary that the start-
ing configuration of xd(t, T ) converges to that of x(t)
as T → 0+. To this regard, observe that the initial
conditions at t0 of x(t) are given in the form Di x(t0),
i = 0, 1, . . ., because model (41) is a differential
equation. Conversely, the initial conditions of xd(t, T )

are given as xd(t0 − jT, T ), j = 0, 1, . . ., because
model (51) is a formal way to denote the delayed
equation (54). Nonetheless, the starting configuration
of xd(t, T ) can be converted into the initial conditions
of �i (T, hT )x(t0), i = 0, 1, . . ., that by construc-
tion converge to Di x(t0) as T → 0+. Hence, for any

fixed t ≥ t0 the function xd(t, T ) actually tends to x(t)
and in this sense it behaves as its local approximation.
This reasoning is summarized in the next result.

Corollary 5 Assume that x(t) is the solution of (41) for
t ≥ t0, and that the initialization at t0 of system (51)
converges to the starting configuration of (41) as T →
0+. Then, for each fixed instant t ≥ t0

lim
T→0+ xd(t, T ) = x(t) . (57)

Remark 5 The meaning of Corollary 5 is that, for suf-
ficiently small T , the solution xk of the map (52) can
be regarded as an approximation of the solution x(t)
of (41) for t = kT . Nonetheless, since (57) ensures a
point-wise convergence with respect to a fixed k, no
general conclusions can be drawn on the behavior of
the difference x(kT ) − xk for large values of k.

Finally, we stress that Proposition 3 is related to the
problem of the numerical simulation of a CT system,
but it is conceptually different. Indeed, the goal of sim-
ulation is to generate a DT sequence that always stays
close to the original CT solution. To this aim, it uses not
only aDTmap approximating the CT system, but also a
variety of tools able to limit the propagation error and to
avoid that theCT andDT solutionsmay diverge beyond
a certain threshold [44,45]. Instead, the discretization
procedure outlined in Proposition 3 generates DTmaps
by simply substituting the derivative operator D with
the DT operator�T (h), without providing any specific
tools for containing the propagation error. Rather, its
main goal is to preserve the important foliation feature
of the CT memristive circuits for any time step T > 0,
as ensured byProposition 4, leaving any issue regarding
the propagation error only to the choice of a proper T ,
according to Corollary 5.

5.2 Discretization operators based on numerical
integration

The discretization operators which satisfy Assump-
tions 2 and3are averybroad class. In theAppendixA.1,
we will illustrate how the operators �(T, hT ) can be
derived from the standard numerical integration tech-
niques used for the simulation of CT systems, which
indeed is a strictly related problem, as already under-
lined. The validity of the approach is general, but
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its application to some particularly relevant and well-
known techniques is briefly summarized in Table 3,
while their derivation is postponed in Appendix A.1.

5.3 Discretization operators based on other techniques

Deriving the discretization operators from standard
integration techniques is a simple, quick, and safe way
to design approximations ofD suited to implement the
results of Proposition 3 and Theorem 4. Nevertheless,
it is not the unique approach. Hereafter, for the sake of
completeness, we briefly introduce a list of some alter-
native approaches which only require that T > 0 and
the two functions f (t) : R → R and g(t) : R → R

satisfy (1), i.e., g(t) = D f (t).

• Single-stage multi-step methods. The basic idea
of these techniques is to approximate the inte-
gral function f with a properly chosen sub-
stitute obtained interpolating over several steps
(“multi-step”) of the same amplitude T (“single-
stage”). The interpolation points have the form

(
t+

jT, f (t + jT )
)
, for a finite set J of chosen inte-

ger values of j , i.e., j ∈ J ⊂ Z. The inter-
polating function is then analytically derived at
time t , and its derivative, that depends on the inter-
polation points, gives the discretization operator
by replacing each f (t + jT ) first with h j

T f (t)
and then with the discrete variable h j fk , where
fk = f (kT ). More details on these techniques are
in Appendix A.2.

• Multi-stage single-step methods. These tech-
niques are based on local interpolation problems
applied to the function g, that is approximated
over [t, t+T ] (“single-step”), using for refinement
a number of additional intermediate points taken
in the same interval (“multi-stage”). The interpo-
lation points have the form

(
t + jT, g(t + jT )

)
,

for a finite set J of chosen real values of j ∈ J ⊂
[0, 1] ⊂ R. The interpolating function is then ana-
lytically integrated to get the inverse of a discretiza-
tion operator. More details on these techniques are
in Appendix A.3.

• Averaging methods. These techniques perform a
weighted mean among chosen discretization oper-
ators, mixing their features. If the starting operators
already satisfy both Assumptions 2 and 3, then the
same does the obtained final operator. More details
on these techniques are in Appendix A.4.

6 Application example

Consider the CT memristive circuit of Fig. 2, where
the two-terminal element �L is the same of the circuit
in Section 3, while the flux-controlled memristor has
been replaced with a meminductor controlled by the
flux-momentum �M , whose phase-space model is as in
Table 1. The application of Proposition 1 yields that the
dynamics of the circuit obeys

D
((

D + 1

RC

)

D�M + 1

C
�FM

mi (�M )

)

= 0 . (58)

Assuming that

�FM
mi (�) = γ1� + γ2�

2 + γ1�
3 ,

from Corollary 2 we get that the first integrals are
defined by the following equation:

(

D + 1

RC

)

D� + 1

C

(
γ1� + γ2�

2 + γ3�
3
)

= μ .

(59)

Figure 6 illustrates the foliation of the phase-space of
system (58) using the following configuration in nor-
malized units of measure:

R = 1 C = 1 γ1 = −10 γ2 = 0 γ3 = 1.

Apply now Proposition 3 to build a DT map using the
Forward Euler discretization operator (43) in Table 3.
We obtain the map:

h − 1

T

(
h2 − 2h + 1

T 2
�k + 1

RC

h − 1

T
�k + γ1

C
�k + γ2

C
�2k + γ3

C
�3k

)

︸ ︷︷ ︸
[⊕]

= 0

and equating the term [⊕] to μ̄ we get, according to
equation (55) of Theorem 4, the equation of the DT
invariant manifolds in the phase-space defined by ρk ,
ρk+1, and ρk+2. Straightforward computations lead to
the explicit form of the map:

�k+1 =
(

3 − T

RC

)

�k

+
(

−3 + 2T

RC
− γ1T 2

C

)

�k−1
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Fig. 6 The grids depict two
invariant manifolds of
system (58) in the space of
the phase-variables �, D�,
D2�. The green and blue
trajectories lie on the same
manifold, and they converge
to two different attractive
points. The red trajectory
corresponds to a different
first integral

+
(

1 − T

RC
+ γ1T 2

C

)

�k−2

− γ2T 2

C
�2
k−1 − γ3T 2

C
�3
k−1

+ γ2T 2

C
�2
k−2 + γ3T 2

C
�3
k−2 (60)

Map (60) preserves the foliation property, i.e., its solu-
tions evolves on invariant manifolds, as it happens for
theCTmemristive circuit. FromCorollary 5 it is known
that for sufficiently small values of T the map (60)
locally approximates the trajectories of the memristive
circuit. Nonetheless, the evolution of the approxima-
tion error depends on several factors and the effect of T
on the DT dynamics may be unpredictable, as it will be
discussed in Section 7.

The evolution of the green trajectory of Fig. 6 is
depicted in Fig. 7 against sequences {�k} generated by
the map (60) for different values of T , but initialized
at the same corresponding point of the CT solution. In
Fig. 8 the sequences corresponding to the green and
magenta trajectories of Fig. 6 have been drawn over
their originals for a direct comparison that highlights
how the discretization procedure preserves the struc-
ture of invariant manifolds.

7 Dependence of the DT maps on time step T

The discretization procedure of Section 5 generates DT
maps which preserve the foliation feature of phase-

Fig. 7 Comparison between the CT trajectory of (58) and the
corresponding DT solution of (60) for different values of T . For
increasing values of T the propagation error between the two
dynamics becomes larger. Over a certain threshold the DT solu-
tions largely deviate from the CT one

space of the CT memristive circuit for any time
step T > 0 and any discretization operator �(T, hT )

satisfying Assumptions 2 and 3.
Moreover, Corollary 5 has clarified that the solu-

tion xk of the DT map derived via Proposition 3
provides a better approximation of the solution x(t)
at t = kT of the CT circuit (41) when T is sufficiently
small, as seen in the examples of Sections 3 and 6.
Indeed, the most popular numerical integration meth-
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Fig. 8 The DT sequences
obtained for T = 0.005 and
initialized at the magenta
square and green diamond
of Fig. 6 are drawn over
their CT counterparts. Even
if the propagation error
prevents the DT solutions to
perfectly copy the CT
trajectories, they remain
sufficiently close to retain
the same qualitative
behaviour. The dependence
of the green solutions on T
is depicted in Fig. 7

ods implement adaptive mechanisms to dynamically
adjust step T in order to ensure that xk remains close
to x(kT ) for large k [44,45].

If T is not sufficiently small then the DT map can
exhibit dynamical behaviors completely different from
those of the CT memristive circuit. Indeed, Edward N.
Lorenz in [43] observed that, when one seeks approx-
imate solutions of a set of differential equations by
stepwise numerical integration, the choice of a not suf-
ficiently small T may yield chaotic solutions, even if
the true solutions approach limit cycles or equilibrium
points. Such a phenomenon is known as computational
chaos.

7.1 Embedding the logistic map in an RC-memristive
circuit

Consider the RC-memristive circuit of Fig. 2 with a
flux-controlled memristor as in Section 3. The circuit
is described by the nonlinear differential equation (14)
with � as in (17). Discretizing it via the Forward Euler
Method leads to

h − 1

T

((
h − 1

T
+ 1

RC

)

ϕk + 1

C
�(ϕk)

)

︸ ︷︷ ︸
[⊗]

= 0 (61)

and, according to Theorem 4, from [⊗] we get the DT
invariant manifolds

(
h − 1

T
+ 1

RC

)

ϕk + 1

C
�(ϕk) = μ̄ .

If the function � is chosen as in (17) with γ1 = 0,
γ2 = r/R, γ3 = 0, i.e.

�(ϕ) = r

R
ϕ2 , (62)

then theDTdynamics evolves on the invariantmanifold
of index μ̄ according to the equation

ϕk+1 + T − RC

RC
ϕk + rT

RC
ϕ2
k = μ̄T . (63)

Moreover, if time step T is chosen as

T = RC , (64)

then equation (63) becomes

ϕk+1 + rϕ2
k = μ̄RC . (65)

Now, consider the logistic map [46]

yk+1 − r yk + r y2k = 0 , (66)

where r ∈ (0, 4). That map displays a chaotic attrac-
tor for r ∈ (3.56995, 4). If we apply the change of
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coordinate yk = zk + 1
2 , then (66) boils down to

zk+1 + r z2k + 1

2

(
1 − r

2

)
= 0 . (67)

A direct comparison between equations (65) and (67)
reveals that, for each positive value of R and C , the
discretized dynamics (63) of the RC-memristive circuit
exhibits, under condition (64), a logistic map (67) onto
its invariant manifolds. In particular, the index μ̄ of the
DT invariant manifold where this happens is related to
the parameter r of the logistic map as

μ̄ = 1

2RC

( r

2
− 1

)

︸ ︷︷ ︸
μ̄0

(68)

Moreover, relation (64) implies that for every chosen T
there exists a circuit configuration of R andC , such that
the logistic map is exhibited in the DT invariant mani-
fold with the index μ̄ = μ̄0. Therefore, despite the CT
circuit with � as in (62) is governed by the second-
order dynamics (14) that is unable to exhibit complex
behaviors, its DT counterpart (63) always has a mani-
fold featuring a logistic map, that for proper values of r
can display chaos.

The differential equation (14) describing the dynam-
ics of the memristive circuit has been simulated with�

as in (17) using the following configuration in normal-
ized units of measure:

R = 2 , C = 0.25 , r = 3.9 ,

γ1 = 0 , γ2 = r

R
= 1.95 , γ3 = 0 (69)

Its foliated phase-space is depicted in Fig. 9, where
two trajectories related to the same μ = 1.2 have been
highlighted. The evolution of the solution initialized
at the diamond is reported in Fig. 10 against the DT
sequences generated by (63) for different values of T .
Observe that as T increases the DT sequence {ϕk} sep-
arates itself from the CT solution ϕ(t) and its behavior
becomes very noisy.

Figure 11 illustrates the first-return maps of these
DT sequences. They are compared with the first-return
maps of the sampling ϕ(kT ) of the CT solution for
the same values of T used in Fig. 10. For small T the
first-return maps of both the sequences {ϕk} and ϕ(kT )

are aligned along the straight line at 45o, because the

Fig. 9 Phase-space of system (14)-(17) under configura-
tion (69). Grey: examples of the invariant manifolds. Green/blue:
Stable and unstable fixed points along themanifolds. Red branch:
It is covered by two different trajectories starting, respectively,
at the diamond and square

Fig. 10 Comparison between the CT trajectory of Fig. 9 starting
at the red diamond and the DT solutions of (63) for different val-
ues of T . As T increases the accuracy of the DT map decreases,
substantially diverging

related dynamics are slow with respect to T . However,
as T increases they transform, and in particular the first-
return map of the sequence {ϕk} boils down to Fig. 11F
when T satisfies (64).

A direct comparison with the first-return map of the
logistic map (67), depicted in Fig. 12 for the same
value of r in (69), reveals their strong relationship.
Figure 13 illustrates the bifurcation diagram of (63)
with respect to T . It highlights that the discretization
step T plays the role of a bifurcation parameter lead-
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Fig. 11 First-return maps of the solutions illustrated in Fig. 10.
Blue squares: First-return map of the CT trajectory sampled for
different values of T . Red circles: First-return map of the DT

solutions of (63) for the same values of T . A: T = 0.005. B:
T = 0.050. C: T = 0.100. D: T = 0.300. E: T = 0.350. F:
T = 0.500

123



28198 G. Innocenti et al.

Fig. 12 The first-return map of the logistic equation (67). The
comparison with the first-return map illustrated in Fig. 11F high-
lights their strong resemblance

Fig. 13 Bifurcation diagram with respect to T of system (63).
The blue dots are the peaks of the solution, that is initialized
at T = 0.005 as in Fig. 10 and then followed by incrementing
the bifurcation of small step up to T = 0.500

ing fromDTmaps providing a fair approximation of the
CT one to the logistic map in a chaotic regime. Further-
more, it is worth recalling that the comparison between
the samples ϕ(kT ) of the CT trajectory and the corre-
sponding DT sequence {ϕk} is meaningful only if they
refer to the same behavior in the sense of Corollary 5,
which states that their starting conditions must con-
verge to the same initialization for T → 0+. The DT
sequences {ϕk} reported in Fig. 10 have been obtained
by using the initial values ϕ0 = ϕ(0) and ϕ1 = ϕ(T ),
that indeed satisfy Corollary 5. However, that is not the
only possible choice. For instance, another approach

consists in choosing ϕ0 and ϕ1 so that ϕ0 = ϕ(0)
and (ϕ1 − ϕ0) /T = Dϕ(0).

Finally, we investigate the dynamics occurring on
the invariant manifolds close to the one with μ̄ = μ̄0.
The goal is to verify if the chaotic behavior of the logis-
tic map is robust, i.e. it persists also on nearby mani-
folds. Indeed, Fig. 14 shows that for μ̄ = μ̄0 + δ,
with δ ∈ {0,−0.025,−0.050,−0.100}, the dynamics
on the related manifolds still exhibits a chaotic behav-
ior similar to that on the manifold of index μ̄ = μ̄0.
This clearly shows the robustness of the chaotic attrac-
tor with respect to the invariant manifolds, thus high-
lighting that the DT map, obtained by discretizing the
RC-memristive circuit of Fig. 2with configuration (69)
via the Forward Euler method with T as in (64), pos-
sesses infinitelymany chaotic attractors, i.e., it displays
extreme multistability.

To complete thediscussion,we show that the dynam-
ics on the invariant manifold with index μ̄ = μ̄0 + δ,
for small |δ|, is indeed described by a logistic map of
the form

xk+1 + (r + ε)x2k + 1

2

(

1 − r + ε

2

)

= 0 , (70)

which clearly displays a chaotic attractor if r + ε ∈
[3.56995, 4.].
Indeed, if we let

xk = r

r + ε
ϕk (71)

the map (70) becomes

r

r + ε
ϕk+1 + r2

r + ε
ϕ2
k + 1

2

(

1 − r + ε

2

)

= 0 ,

which can be written equivalently as

ϕk+1 + rϕ2
k + r + ε

2r

(

1 − r + ε

2

)

= 0 .

Hence, the logistic map (70) is equivalent to (67) on
the manifold whose index μ̄ = μ̄0 + δ satisfies

(μ̄0 + δ)RC = r + ε

2r

(
r + ε

2
− 1

)

,

which relates δ and ε as follows

δ = ε

2r RC
(2(r − 1) + ε) . (72)

Hence, we can conclude that by applying the proposed
discretization procedure to the RC-memristive circuit
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Fig. 14 Multiple chaotic
attractors exhibited by the
DT map (61) at μ̄ = μ0 + δ

for δ ∈
{0,−0.025,−0.050,−0.100}.
The evolution of the states
is highlighted by linking the
“dots” with solid lines
intersecting the bisector
(dashed line)

of Fig. 2 with configuration (69) via the Forward Euler
method, we have derived a DT map that displays a
chaotic attractor on eachmanifold such that μ̄ = 0.95+
ε 5.8+ε

3.9 with ε ∈ (−0.33005, 0.1).

7.2 Embedding the Henon map in an RC-memristive
circuit

Consider the same RC-memristive circuit of of Sec-
tion 7.1, but now apply the discretization operator (A7)
obtained by averaging theForward andBackwardEuler
Methods. The corresponding DT map boils down to

λh2 + (1 − 2λ)h − (1 − λ)

Th

×
((

λh2 + (1 − 2λ)h − (1 − λ)

Th
+ 1

RC

)

ϕk + 1

C
�(ϕk )

)

︸ ︷︷ ︸
[�]

= 0 .

(73)

The term [�] catches the existence of the DT invariant
manifolds, where the trajectories follow the dynamics
(

λh2 + (1 − 2λ)h − (1 − λ)

Th
+ 1

RC

)

ϕk

+ 1

C
�(ϕk) = μ̄ . (74)

For λ 
= 0 map (74) admits the explicit form

ϕk+1 + T + (1 − 2λ)RC

λRC
ϕk − 1 − λ

λ
ϕk−1

+ T

λC
�(ϕk) = μ̄

T

λ
. (75)

Clearly, for λ = 1 this map boils down to the map (63)
used in Section 7.1. Assume now� is chosen as in (17)
with γ1 = 0, γ2 = aC

R(b−1) , and γ3 = 0, i.e.

�(ϕ) = aC

R(b − 1)
ϕ2 , (76)

and let

λ = 1

b + 1
. (77)

Then, (75) boils down to

ϕk+1 +
(

T

RC
(b + 1) + (b − 1)

)

ϕk − bϕk−1

+ aT (b + 1)

RC(b − 1)
ϕ2
k = μ̄(b + 1)T , (78)

which, for every choice of R > 0 and C > 0, reduces
to
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Fig. 15 Phase-space of system (14)-(17) under configura-
tion (81). Grey: examples of the invariant manifolds. Green/blue:
Stable and unstable fixed points along themanifolds. Red branch:
It is covered by two different trajectories starting, respectively,
at the diamond and square

ϕk+1 − bϕk−1 − aϕ2
k = μ̄(1 − b)RC ,

when

T = RC
1 − b

b + 1
. (79)

A comparison with the input-output formulation of the
Henon map [46]

yk+1 − byk−1 − ay2k + 1 = 0

highlights that for

μ̄ = − 1

(1 − b)RC
(80)

they are exactly the same. Therefore, the discretization
operator (A7) has induced a chaotic dynamics where
the CT circuit could not exhibit any.
Figure 15 depicts the foliated phase-space of the mem-
ristive circuit described by (14) with� as in (17), when
its configuration in normalized units of measure is as
follows:

R = 2 , C = 0.25 , γ1 = 0 , γ2 = a

R(b − 1)

γ3 = 0 , a = 1.4 , b = 0.3 (81)

Fig. 16 Comparison between the CT trajectory of Fig. 9 starting
at the red diamond and the DT solutions of (78) for different val-
ues of T . As T increases the accuracy of the DT map decreases,
substantially diverging

The trajectories generated for the same μ = −2.8571
by two different solutions have been highlighted. The
evolution of the one starting at the diamond has been
reported in Fig. 16 alongwith the related DT sequences
generated for different values of T by (73) with λ =
0.7692 according to (77). When T reaches the criti-
cal value (79) the corresponding first-return map of the
DT sequence becomes as in Fig. 17A. Also the second-
return map is portrayed in Figure 17B, that highlights
the typical shape of theHenon strange attractor. In order
to make the comparison of Fig. 16 meaningful, the ini-
tialization of the DT model has been taken in accor-
dance to Corollary 5.

8 Conclusions

The paper has considered the class of continuous-time
(CT) circuits composed by a linear time-invariant two-
terminal element (one port) connected to a memris-
tor, memcapacitor, or meminductor. These circuits are
described by a nonlinear differential equation which
admits first integrals and hence it enjoys the foliation
feature of the phase-space. A discretization procedure
of the differential equation has been devised with the
goal of obtainingDTmaps preserving this foliation fea-
ture. Specifically, the procedure consists on replacing
the time derivative operator with a discretization oper-
ator belonging to a large family, including classic ones
as Forward Euler, Backward Euler, and Tustin methods
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Fig. 17 First-return map (left) and second-return map (right) of the DT solution of (78) for T = 0.269, that satisfies condition (79)

as well as single-stage multi-step, multi-stage single-
step, and averaging techniques. It has been shown that
the obtained DT maps preserve the foliation feature of
the original CT circuits for any discretization time step
T . Hence, the phase-space of these maps is composed
by a continuum of invariant manifolds, thus making
it possible the coexistence of many different attrac-
tors, as well as extreme multistability, even in cases
where the memelement characteristic is not of the sine
type. Moreover, the influence of the time step T on
the maps dynamics has been investigated, by showing
that non-chaoticCT systemsmay become chaoticwhen
discretized with a sufficiently large T , a phenomenon
which is known as computational chaos. Notably, it
is shown that a simple RC-memristive circuit, where
the charge of a memristor depends quadratically on the
flux, can exactly display the dynamics of the logistic
and the Henon maps when the time-derivative opera-
tor is replaced by the discretization operators gener-
ated by the Forward Euler and the operator obtained by
averaging the Forward and Backward Euler Methods,
respectively, and the time step T is suitably chosen.
Future research will be devoted to investigate how the
input-output appproach can be suitably extended to CT
circuits having more than one memelements, a case
where the state space approach currently seems to be
more tractable from a computational standpoint.
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Appendix A Derivation of the discretization
operators

In this appendix the derivations of the discretization
operators reported in Sections 5.2 and 5.3 are explained
along with some illustrative examples.
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A.1 Numerical integration methods

These methods are based on the observation that equa-
tion (1), i.e., D f (t) = g(t), is a differential equa-
tion, and, therefore, numerical integration techniques
are suitable ways to approximate it. However, for the
sake of Proposition 3 andTheorem4, the corresponding
discretization operators should satisfy Assumptions 2
and 3. As illustrated hereafter, the following standard
integration methods provide operators ensuring these
assumptions hold.

A.1.1 Forward Euler Method

The Forward Euler Method is a classic and very well-
known numerical integration technique that approx-
imates the differential equation (1) considering the
related integral relationship

D−1
[t] g(t + T ) =

∫ t+T

t
g(τ )dτ

= f (t + T ) − f (t) = (hT − 1) f (t) (A1)

and then using the rule

D−1
[t] g(t + T ) ≈ g(t)T (A2)

to remove the integral on the left-hand side. From the
geometrical point of view, equation (A2) says that the
area subtended by function g over [t, t + T ] is approx-
imated with the area of the rectangle with base T and
height g(t), i.e., evaluated at the starting instant of
the interval. This is equivalent to replace the integrand
function g over the interval (t, t +T )with the function
constant at the value g(t). Using (A2) into (A1) leads
to

D f (t) = g(t) ≈ hT − 1

T
f (t).

Therefore, this integration technique implies that the
derivative operator is approximated by the discretiza-
tion operator (43) of Table 3, that is here reported for
the sake of clarity:

�(T, hT ) = hT − 1

T
.

Notice that this result can also be derived from the Tay-
lor development of function f

f (t + T ) = f (t) + TD f (t) + o(T )

= f (t) + Tg(t) + o(T ) ,

which also highlights that the approximation error is a
little-o of T .

A.1.2 Backward Euler Method

The Backward Euler Method approximates integral
(A1) using the rule

D−1
[t] g(t + T ) ≈ g(t + T )T = hT g(t)T

that, from the geometrical point of view, is equiva-
lent to use the area of the rectangle of base T and
height g(t +T ) in place of the area subtended by func-
tion g over [t, t + T ]. Proceeding as before, we get the
discretizazion operator �(T, hT ) in equation (44) of
Table 3. This rule can also be derived using the Taylor
development of function f just by observing that

f (t) = f (t + T ) − TD f (t + T ) + o(T )

= hT f (t) − ThT g(t) + o(T ) ,

which highlights that the approximation error is again
a little-o of T .

A.1.3 Theta Method

TheThetaMethod can be seen as a parametric advance-
ment of the Euler’s methods. Indeed, given a parame-
ter θ ∈ [0, 1], it approximates integral (A1) substituting
the integrand function with a constant function that can
be set at any of the possible values between g(t) and
g(t + T ) depending on θ :

D−1
[t] g(t + T ) ≈ (

(1 − θ)g(t + T ) + θg(t)
)
T

= T
(
(1 − θ)hT + θ

)
g(t) .

Then, the corresponding approximation of the deriva-
tive becomes

�(T, hT ) = 1

T

hT − 1

(1 − θ)hT + θ
,

as reported in equation (45) of Table 3.
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A.1.4 Midpoint Rule or Modified Euler Method

The Midpoint Rule approximates the integral

D−1
[t−T ]g(t + T ) =

∫ t+T

t−T
g(τ )dτ

= f (t + T ) − f (t − T )

=
(
hT − h−1

T

)
f (t)

= h2T − 1

hT
f (t)

using the rule

D−1
[t−T ]g(t + T ) ≈ g(t)2T . (A3)

From the geometrical point of view, equation (A3)
represents the area of the rectangle of base 2T and
height g(t). Thus, the discretization operator is given
by

�(T, hT ) = hT − h−1
T

2T
= h2T − 1

2ThT
, (A4)

that is equation (46) of Table 3. This technique is very
similar to the Euler’s methods, because it replaces the
integrand function with the constant value taken at the
midpoint of the integrating interval [t − T, t + T ],
which explains the name of the method. A different
way to derive (A4) is to compute the average between
the approximations given by the left and right incre-
mental ratios centered in t :

g(t) = D f (t) ≈ f (t + T ) − f (t − T )

2T

= 1

2

f (t + T ) − f (t)

T

+ 1

2

f (t) − f (t − T )

T

= hT − 1

2T
+ 1 − h−1

T

2T

= hT − 1

2T
+ hT − 1

2ThT
= h2T − 1

2ThT
f (t) .

A.1.5 Tustin Method or Trapezoidal Rule

In the Tustin Method D−1
[t] g(t + T ) is computed by

replacing the integrand function g with the segment

connecting the points
(
t, g(t)

)
and

(
t + T, g(t + t)

)
.

This way the area subtended by g over [t, t + T ] is
approximated by the area of a trapezoid:

D−1
[t] g(t + T ) = f (t + T ) − f (t)

≈ 1

2

(
g(t) + g(t + T )

)
T .

The corresponding discretization operator is

�(T, hT ) = 2

T

hT − 1

hT + 1
,

that is equation (47) of Table 3.

A.2 Single-stage multi-step methods

These methods exploit interpolation techniques to
approximate function f using a function properly cho-
sen in a certain parametric class

{
vp

}
p∈Ri , where p

denotes the vector of the parameters and i ∈ Z+ is
such that i > 1. The basic procedure aims to fix p
by imposing the passage from a sufficient number of
points of the form

(
t + jT, f (t + jT )

)
, where usually

j ∈ J = (−m, . . . ,−1, 0, 1, . . . , n) andm+n+1 = i .
This way, the vector of the parameters depends on the
samples of f , i.e.,

p = p
(
T, f (t − mT ), . . . , f (t + nT )

)

The methods are denoted as “multi-steps”, because
they use i > 1 points, and “single-stage”, because all
the points are distant T . Now, let vp(t) = v(t, p) =
v
(
t, T, f (t−mT ), . . . , f (t+nT )

)
be the sought inter-

polating function of f . The procedure dictates to ana-
lytically compute the derivativeDv(v, p) = w(t, p) =
w

(
t, T, f (t −mT ), . . . , f (t +nT )

)
and to impose the

approximation

D f (t) ≈ w
(
t, T, h−m

T f (t), . . . , hnT f (t)
)
.

If the above equation can be formulated (at least for-
mally) as

D f (t) ≈ W
(
T, h−m

T , . . . , hnT
)
f (t)
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for some proper operator W , then, the discretization
operator assumes the form

�(T, hT ) = W
(
T, h−m

T , . . . , hnT
)

and it only remains to check if Assumptions 2 and 3
are satisfied.
For example, assume that around t the local interpola-
tion function belongs to the parabola class

vp(t + τ) = aτ 2 + bτ + c ,

where τ is the temporal displacement from t and p =
[a, b, c]T ∈ R

3. Using as interpolation points
(
t −

T, f (t − T )
)
,
(
t, f (t)

)
e

(
t + T, f (t + T )

)
, i.e., m =

n = 1 and i = m + n+ 1 = 3, the problem boils down
to find a, b, and c such that

vp(t) = c = f (t)

vp(t − T ) = aT 2 − bT + c = f (t − T ) = h−1
T f (t)

vp(t + T ) = aT 2 + bT + c = f (t + T ) = hT f (t) .

It can be readily verified that the above equations are
solved for

a = hT − 2 + h−1
T

2T 2 f (t) , b = hT − h−1
T

2T
f (t)

c = f (t) .

Then, observing that

Dvp(t) = dvp(t + τ)

dτ

∣
∣
∣
∣
τ=0

= [2aτ + b]τ=0

= b = hT − h−1
T

2T
f (t) ≈ D f (t)

it finally follows that

�(T, hT ) = hT − h−1
T

2T
,

which is exactly the Midpoint Rule.

A.3 Multi-stage single-step methods

These techniques are based on local interpolation prob-
lems just as in the single-stage multi-step case, but

in this case they are applied to the integrand func-
tion g instead of f , and the points of its graph used
for the interpolation are taken within a “single-step”,
i.e., inside the unique interval ranging from t to t + T ,
that is, therefore, divided into a “multi-stage” partition.
Then, the function interpolating g is then used to com-
pute the integralD−1

[t] g(t+T ), as already done to derive
the discretization operator of Appendix A.1. Nonethe-
less, the interpolating function depends on samples that
are not taken using the step T , and therefore the appli-
cation of the related discretization operator to build a
DTmap requires an additional machinery that depends
on the specific case. It is worth observing that the Simp-
son’s Rule is an example of this approach [47], and that
also the Runge-Kutta methods [44] use a similar mech-
anism extended with a procedure to predict the points
in the middle of the step interval.

A simple way to illustrate the above approach con-
sists in approximating g with a parametric piece-wise
linear function wp that interpolates it in the points
(
t, g(t)

)
,
(
t + T

2 , g
(
t + T

2

))
, and

(
t + T, g(t + T )

)
.

Proceeding this way, it follows that

(hT − 1) f (t) = f (t + T ) − f (t) =
∫ t+T

t
g(τ )dτ

≈
∫ t+T

t
wp(τ )dτ

= T

2

g(t) + g
(
t + T

2

)

2
+ T

2

g
(
t + T

2

) + g(t + T )

2

= T

4

(

g(t) + 2g

(

t + T

2

)

+ g(t + T )

)

= T

4

(

h0T + 2h
1
2
T + h1T

)

g(t) ,

where h
1
2
T = √

hT is such that
√
hT g(t) = g

(
t + T

2

)
,

and it extends the definition of shift operator, because
(
√
hT )2g(t) = g(t + T ) = hT g(t). Then, the corre-

sponding discretization operator is

�

(

T, h0T , h
1
2
T , h1T

)

= 4

T

hT − 1

h0T + 2h
1
2
T + h1T

. (A5)

The numerator of (A5) reveals that all the techniques
of this class which are designed from the integral rela-
tionship (A1) satisfy Assumption 3.

Finally, we observe that the use of the discretiza-
tion operators of this class often requires a compli-
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cated machinery to conceive a proper definition of
the DT variable xk , because of the possible presence
of operators h j

T with non integer values of j , which
usually need auxiliary coordinates, that may be time-
shifted or related to different sampling rates. How-
ever, in the above example, the design of a DT map
using operator (A5) can be done exploiting a simple
trick, that ensures the satisfaction of Assumption 2
too. Indeed, if the DT variable is created by substitut-
ing xk ← x

(
t + k T

2

)
, then all the necessary samples,

the intermediate ones included, already corresponds to
integer values of k. Therefore, using a proper “over-
sampling” has prevented the introduction of an addi-
tional auxiliary variable. This solution can always be
exploited to solve the problem, but it limits the choice
of the sampling instants.

A.4 Averaging techniques

The averaging techniques are a simple but effectiveway
to design more refined approximations of D by “mix-
ing” together a number of already known discretiza-
tion operators, which already satisfy Assumptions 2
and 3. They can be formulated by considering n > 1
discretization operators �i (T, hT ), i = 1, . . . , n, and
computing their weighted mean:

�(T, hT ) = 1
∑n

i=1 λi

n∑

i=1

λi�i (T, hT ) (A6)

for a given set of weights λi ∈ R, λi > 0, i =
1, . . . , n. Then, the corresponding operator (A6) can
exhibit to a certain extent features deriving from the
single �i (T, hT ). For instance, consider the following
weighted mean between the Forward and Backward
Euler methods

�(T, hT ) = λ
hT − 1

T
+ (1 − λ)

hT − 1

ThT

= λh2T + (1 − 2λ)hT − (1 − λ)

ThT
(A7)

for λ ∈ [0, 1]. Notice that for λ = 0, λ = 1
2 , λ = 1 this

technique boils down to the Backward Euler Method,
the Midpoint Rule, and the Forward Euler Method,
respectively. Since both of the Euler methods satisfy
Assumptions 2 and 3, discretization operator (A7) sat-
isfies them both.
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