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Abstract
Over the last decade it has become evident that continuous-time (CT) dynamic circuits containing memristors are capable of
exhibiting the coexistence of an “extreme” multitude of different attractors. This distinctive property stems from the so-called
foliation feature, i.e., the state space of the circuit is composed of infinitely many invariant manifolds to which the dynamics
is constrained. More recently, it has been shown that this feature is preserved by the discrete-time (DT) maps derived by
discretizing the CT circuit using suitable procedures. In this paper we focus on a CT memristor-capacitor circuit known
to possess only equilibrium points as attractors. Specifically, the circuit is a simple memristive cell comprising the parallel
interconnection of a capacitor, a passive ideal flux-controlled memristor, and an active resistor. First, the differential equation
governing the CT cell is discretized through a foliation-preserving procedure based on a convex combination of Forward
and Backward Euler methods. This leads to a (T , λ)-dependent DT map (where T and λ are the discretization time step and
the mixing parameter, respectively) that preserves the foliation feature of the CT circuit for any T > 0 and any λ ∈ [0, 1].
Then, to illustrate the capacity to generate very complex dynamics, we show that these DT maps can exactly reproduce the
dynamics of several well-known first-order and second-order chaotic maps (e.g., Circle, Logistic, Hénon and Lozi Maps) on
their invariant manifolds, provided that specific embedding conditions involving T , λ, the memristor nonlinear characteristic,
and the manifold index are satisfied. Furthermore, under mild assumptions on the parameters of the embedded chaotic map,
the (T , λ)-dependent DT map enjoys an intrinsic robustness property that leads to “extreme” multistability phenomena, i.e.,
the coexistence of infinitely many similar convergent, oscillatory and chaotic behaviors on nearby invariant manifolds. Finally,
the Logistic Map is used as a case study to illustrate the DT map derived by solving the embedding conditions, and to discuss
robustness of its dynamic behaviors.

Keywords Discrete Memristor · Chaos · Invariant Manifold · Multistability

1 Introduction

Since Williams and his team [1] discovered memristive
effects in nanotechnology devices, memristors have been the
topic of a literally huge number of contributions in several
directions. One direction concerns the study of continuous-
time (CT) circuits containing the ideal memristor introduced
by L.O. Chua in his seminal paper [2], as the fourth basic
passive circuit element. Exploiting memory and nonlinear-
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ity, these memristor circuits have been shown to be able to
generate extremely rich dynamic behaviors [3–7]. This rich-
ness follows from the so-called foliation feature, meaning
that the state space of the circuit is composed by a continuum
of invariant manifolds and the circuit initial conditions deter-
mine the indexof themanifoldwhere the circuit’s dynamics is
constrained to lie (see [8, 9] and references therein). This fea-
ture ensures an intrinsic robustness of the dynamic behaviors,
in the sense that the same type of behavior is displayed on
nearby invariant manifolds. This naturally leads to the coex-
istence of infinitely many convergent, oscillatory and chaotic
behaviors, a peculiar property often termed as “extreme”
multistability, and to the so-called phenomenon of bifurca-
tions without parameters [10–13].

In the last few years, the development of discrete-time
(DT) memristive circuits derived from CT memristive ones
has rapidly attracted the interest of researchers. Indeed, DT
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maps have some advantages: they can be directly imple-
mented on digital signal processors (see, e.g., [14–16],
such as ASICs (Application-Specific Integrated Circuits)
and FPGAs (Field-Programmable Gate Arrays)), and their
dynamics is much richer than that generated by the CT coun-
terparts, as it was first observed in [17, 18]. The inherent
simplicity and high dynamical complexity of DTmemristive
maps have spurred a rapid proliferation of practical applica-
tions. For instance, in [19, 20], chaotic sequences derived
from diverse nonlinearities, such as cosine, exponential,
and absolute-value functions, are successfully employed for
pseudo-random number generation in image encryption and
secure communication systems. Similarly, in [21, 22], sine-
based architectures incorporating a single n-dimensional
memristor or two coupledmemristorswith a switchingmech-
anism are shown to be able to generate high-complexity
suitable for NIST-verified security protocols, along with a
low computational overhead optimized for FPGA and DSP
(Digital Signal Processor) platforms. The hardware feasibil-
ity of specializedmodels is further explored in [23, 24],where
fractional-order differences (Caputo and G–L) and locally
active memristors are implemented on FPGA to demon-
strate the ease of realizing DT chaotic systems. Discrete
memristors have also been considered for enhancing the
efficiency of artificial intelligence tasks. For instance, in
[25, 26] memristive couplings are used within neural net-
works to achieve high performance in handwritten letter
recognition and color image encryption with relatively sim-
ple architectures. Finally, the potential of DT memristive
maps for low-cost temporal signal processing is demon-
strated in [27, 28] through reservoir computing systems.
By leveraging chaotic memristive maps or delay-feedback
single-memristor architectures, these models outperform
in efficiency traditional recurrent neural networks in clas-
sification and multidimensional time-series prediction by
significantly reducing training complexity and computa-
tional costs.

While it has been shown that DT maps are able to gener-
ate very complex dynamics (oscillations, chaos, hyperchaos,
. . .) and can potentially be exploited for engineering appli-
cations, less attention has been devoted to the discretization
procedure of CT memristive circuits. Indeed, the procedure
typically adopted, which consists of simply applying the For-
wardEuler integrationmethod to the state equations of theCT
circuit, does not in general preserve the foliation feature of the
originalCT circuits (see, e.g., [29]), thus possibly limiting the
coexistence of different attractors. A different discretization
procedure for the state-space equations, which preserves the
foliation feature independently of the discretization step, has
been introduced in [30]. ThederivedDTmapshavebeen thor-
oughly investigated in [31, 32], showing also the existence
of extreme multistability and bifurcations without parame-
ters. More recently, in [33] this problem has been addressed

using amore general procedurewithin an input-output frame-
work rather than a state-space one. The procedure considers
the nonlinear differential equation of the CT circuit and
replaces the time-derivative operator with a discretization
operator belonging to a very large familywhich includes clas-
sic techniques aswell asmore complicatedmethods based on
numerical integration and function interpolation. The derived
DT maps have been shown to preserve the foliation feature
of the original CT circuit for any discretization time step T
and for any chosen discretization operator of the family. This
allows for the coexistence ofmanydifferent attractors, aswell
as extreme multistability, even in case where the memristor
characteristic is not of the sine type, as it is usually assumed
in the literature. Furthermore, it is shown that non-chaotic
CT circuits can become chaotic when the time step T is suf-
ficiently large, a phenomenon termed “computational chaos”
by Edward N. Lorenz in [34].

This paper develops a versatile design framework for DT
memristive maps by leveraging the input-output discretiza-
tion procedure introduced in [33]. The study delves into the
analysis of this procedure, emphasizing the role played by the
discretization operators. The primary objective is to ensure
that the resulting discrete models possess two fundamental
properties: first, the preservation of the original state-space
foliation; and second, the intrinsic robustness of the dynamics
on the invariant manifolds against implementation inaccu-
racies and perturbations. Moreover, the proposed approach
offers significant flexibility, as the discretizationmethods can
be configured to precisely select the behavior exhibited on
the invariant manifolds. To exemplify this design technique,
we specifically consider a CT memristor-capacitor circuit,
i.e., a simple memristive cell consisting of the parallel inter-
connection of a capacitor of capacitance C , a passive ideal
flux-controlledmemristor, and an active resistor of resistance
−RA, RA > 0 (Sect. 2). In [17] it is shown how the DT map,
derived by applying the Forward Euler method to the state-
space equations of a similar CT memristor-capacitor circuit,
is capable of generating very complex dynamics for some
suitable time step T , whereas the original CT circuit exhibits
simple convergent dynamics. Analogous dynamic behaviors
are obtained in [30–32] where the state-space discretization
procedure still employs the Forward Euler method, but pro-
vides a T -dependent DTmap preserving the foliation feature
of the original CT circuit for any T .

The objective of this work is to extend the analysis based
on the Forward Euler method developed in [30–32] to the
general input-output framework introduced in [33]. The aim
is to highlight that the choice of the discretization technique
plays a crucial role in the design of the DT map and that
flexibility in selecting the operator is equally important. To
illustrate this result, this paper investigates the DT maps
that can be obtained from the previously introduced mini-
mal memristive cell through the class of the discretization
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operators generated by any convex combination of Forward
and Backward Euler methods (Sect. 3). This yields a map
parameterized not only by the discretization time step T ,
but also by the mixing coefficient λ used for the convex
combination, highlighting the relevant role played by the
discretization operator in setting up theDTdynamics. Signif-
icantly, the foliation feature of the CT memristor-capacitor
circuit is preserved for any T > 0 and any λ ∈ [0, 1], which
is a crucial property for our design procedure. Indeed, not
only does it enable the coexistence of multiple attractors
without using periodic nonlinearities to generate infinite iso-
lated fixed points, as is necessary when the discretization
procedure fails to preserve the foliation, but it is also part
of the mechanism that enforces the intrinsic resilience of the
designed DT maps.

To investigate the potential of the (T , λ)-dependent DT
map in generating complex dynamics, we consider sev-
eral well-known chaotic first-order and second-order DT
maps, i.e., Circle, Cubic, Gaussian, Logistic, Gingerbread-
man, Hénon, Holmes and Lozi maps (Sect. 4). For each map,
we first compute its input-output difference equation model
starting from the state-space one. Then, we check whether
the dynamics generated by the input-output DT map can be
embedded in the invariant manifold of the (T , λ)-dependent
DT map for given RA and C and by appropriately choos-
ing T , λ, the memristor characteristic and the index ν of
the invariant manifold. It turns out that the dynamics of all
the considered chaotic maps, except for the Gingerbread-
man Map, are exactly reproduced on the invariant manifold
related to a specific index ν (Sect. 5). This result demon-
strates the flexibility of the proposed approach, which is able
to transform a simple CT memristive circuit into a “versatile
generator” of dynamically rich DT maps. Furthermore, the
chaotic behaviors of these maps are analyzed with respect
to variations of the initial conditions (Sect. 6), showing that,
under mild assumptions on the parameters of the map to
be embedded, they enjoy robustness, i.e., attractors of the
same type are displayed on nearby invariant manifolds. This
resilience is a highly desirable property, since it guarantees
that the characteristics of the embedded dynamics are pre-
served even in the presence of small inaccuracies, possibly
coming from software and hardware implementation. The
well-known Logistic Map is finally employed to illustrate
and discuss in detail the discretization procedure as well as
the robustness features of the dynamic behaviors of the DT
map derived via the embedding conditions (Sect. 7). Some
concluding remarks end the paper in Sect. 8.

1.1 Notation

• R, Z, Z+: real set, integer set, non-negative integer set
• t ∈ R, k ∈ Z: continuous-time (CT) variable, discrete-

time (DT) variable

Fig. 1 The CT memristive cell composed by a mesh with a capacitor
of capacitance C > 0 and the parallel interconnection (dashed blue
box) between a passive ideal memristor and a resistor with a negative
resistance −RA, RA > 0

• f (t), fk : real-valued CT function of t ∈ R, real-valued
DT sequence of k ∈ Z

• D: time-derivative operator d
dt• Di f (t): value assumed by the i-th time-derivative of

function f at time t
• H : nonlinear function of the constitutive relation of the
memristor

• H ′: derivative of function H (memductance of the mem-
ristor)

• C1(R): class of functions continuous on R up to the first
derivative

• T : discretization time step
• hT : CT T -ahead shift operator, i.e., hT f (t) = f (t + T )

• h: DT one-step-ahead shift operator, i.e., h fk = fk+1

• �(T , hT ): CT discretization operator
• �(T , h): DT discretization operator

2 The CTmemristive cell

Consider the CT memristor-capacitor circuit depicted in
Fig. 1, i.e., a simple memristive cell made of a mesh fea-
turing a capacitor, whose voltage, current, and capacitance
are v, i , and C > 0, and the parallel interconnection of a
passive ideal flux-controlled memristor and an active resis-
tor, whose resistance is −RA, RA > 0. Notice that such a
configuration is the standard way to model “locally active”
memristors, as illustrated in the seminal paper [3], since the
ideal memristor is intrinsically a passive device. Denoting
as vM and iM the voltage and current of the memristor, the
passive ideal flux-controlledmemristor is defined by the con-
stitutive relationq = H(ϕ), whereq(t) = ∫ t

−∞ iM (τ )dτ and

ϕ(t) = ∫ t
−∞ vM (τ )dτ are the charge and the flux, respec-

tively, and H : R → R is a function that is continuously
differentiable almost everywhere on the real axis and such
that H(0) = 0. By differentation, the memristor satisfies

{
iM = H ′(ϕ)vM
Dϕ = vM

,
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where H ′(ϕ) is known as the memductance. Since the mem-
ristor is passive, we have that H(ϕ) is a non-decreasing
nonlinear function [2]. The second equation is termed mem-
ristor state equation and it defines how the state variable
(the flux) depends on the voltage, while the first equa-
tion shows that the memristor current-voltage characteristic
amounts to a state-dependent Ohm’s law. Since v = vM and
i = iM − 1/RAvM , we have that

i =
(

H ′(ϕ) − 1

RA

)

v ,

which shows that the memristive cell can be locally active if
1/RA is greater than H ′(ϕ) on some intervals of ϕ.

By selecting thememristor fluxϕ and the capacitor voltage
v as state variables, we get that the circuit dynamics obeys
the following state-space equations

{Dϕ = v

Dv = 1
RAC

v − 1
C H ′(ϕ)v .

(1)

Note that the above system possesses infinitely many equi-
librium points given by v = 0 and ϕ ∈ R. System (1) admits
an equivalent input-output representation via the following
second-order differential equation

D2ϕ − 1

RAC
Dϕ + 1

C
H ′(ϕ)Dϕ = 0 (2)

and the solution (ϕ(t), v(t)), t ≥ 0, of (1) with initial con-
dition (ϕ(0), v(0)) = (ϕ0, v0) can be obtained by solving
(2) with initial conditions (ϕ(0),Dϕ(0)) = (ϕ0, v0). Since
H ′(ϕ)Dϕ = DH(ϕ), (2) can be rewritten as

D
(

Dϕ − 1

RAC
ϕ + 1

C
H(ϕ)

)

= 0 . (3)

The above equation highlights the existence of a first integral,
i.e.

Dϕ − 1

RAC
ϕ + 1

C
H(ϕ) = μ (4)

where μ ∈ R depends on the initial conditions as follows

μ = v0 − 1

RAC
ϕ0 + 1

C
H(ϕ0) . (5)

The existence of the first integral implies that, as expected,
the circuit enjoys the foliation feature [8, 9], i.e., the state
space of the circuit is composed by a continuum of invariant
manifolds where the circuits dynamics is constrained to lie.
Indeed, consider the one-dimensional manifold

Mμ =
{

ϕ ∈ R,Dϕ ∈ R :

Dϕ = 1

RAC
ϕ − 1

C
H(ϕ) + μ

}

, (6)

where μ ∈ R is usually referred to as the manifold index.
It can be easily seen that the state space with coordinates
(ϕ,Dϕ = v) is completely covered by the family of mani-
folds {Mμ, μ ∈ R}.

Furthermore, notice that the solution (ϕ(t), v(t)), t ≥ 0,
of (1) with initial condition (ϕ(0), v(0)) = (ϕ0, v0) can be
obtained by first solving for ϕ(t), t ≥ 0, the first-order dif-
ferential equation (4) with μ as in (5) and initial condition
ϕ(0) = ϕ0 and then obtaining v(t) = Dϕ(t) directly from
(6), i.e., v(t) = ϕ(t)/(RAC) − H(ϕ(t))/C + μ, t ≥ 0.
This clearly implies that manifold Mμ is (forward) invari-
ant, since for t ≥ 0 the solution is constrained to evolve on
it.

Remark 1 Thefirst-order differential equation (4) is a reduced
order model of the second-order state equations (1), i.e., the
dynamics of the CT memristive cell of Fig.1 is completely
characterized by the dynamic behaviors obtained from (4) by
varying μ ∈ R. Even if these behaviors clearly depend on
C , RA and the function H , they are generated by the first-
order differential (4) and hence we can conclude that the
circuit can have only stable equilibrium points as attractors.
Note that the equilibrium points on the invariant manifold
Mμ are such that v = 0 and ϕ = ϕ̄, where ϕ̄ is a solu-
tion of RAH(ϕ̄) − ϕ̄ = RACμ. Furthermore, except for
singular cases where a bifurcation occurs, the stable equilib-
rium points remain stable for small variations of themanifold
index μ (see Sect. 7). This implies the same convergent
behavior is displayed on nearby manifolds, thus showing an
intrinsic robustness of the attractors of the memristive cell.

3 The DTmemristive cell

In this section, we derive a DT model of the CT memristive
cell of Fig. 1 by appropriately tailoring the general procedure
proposed in [33] that has been shown to preserve the foliation
feature for any discretization time step T .

The first step consists in determining a suitable CT
discretization operator that locally approximates the time-
derivative operator D. Local approximations of D can be
designed exploiting the CT T -ahead shift operator hT .
Indeed, it is known (see, e.g., Sections 9.1.1 and 9.1.2 of [33])
that for any given T > 0 the Forward Euler method provides
the approximate relation

D ≈ �FE (T , hT ) � hT − 1

T
, (7)
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while the Backward Euler method is such that:

D ≈ �BE (T , hT ) � hT − 1

ThT
. (8)

In this paper we devise a more flexible and general CT dis-
cretization operator by using a convex combination of (7)
and (8), i.e.

�A(T , hT ; λ) � λ
hT − 1

T
+ (1 − λ)

hT − 1

ThT

= hT − 1

T
· λhT + 1 − λ

hT
(9)

with 0 ≤ λ ≤ 1. Note that the discretization operator (9)
depends on two parameters, namely T and λ. Furthermore,
it enjoys the properties given below.

Proposition 1
1) The CT discretization operator �A(T , hT ; λ) satisfies

lim
T→0+ [�A(T , hT ; λ) f (t)] = D f (t) , ∀t ∈ R (10)

for any function of time f (t) that is t-differentiable (almost)
everywhere and for any λ ∈ [0, 1].

2) For any function f (t) constant over time, i.e., f (t) =
K, K ∈ R, we have

�A(T , hT ; λ) f (t) = 0 ,∀T > 0,∀λ ∈ [0, 1] .

3)By constructionwe have that�A(T , hT ; 0)=�BE (T ,hT )

and �A(T , hT ; 1) = �FE (T , hT ), while

�A(T , hT ; 1/2) = h2T − 1

2ThT

corresponds to the Midpoint Rule [35].

In the second step we substitute the time derivative operator
D with the discretization operator �A(T , hT ; λ) in the dif-
ferential equation (3), thus obtaining a local approximation
ϕa(t) of the flux the CT memristive cell that satisfies:

�A(T , hT ; λ)

(

�A(T , hT ; λ)ϕa(t) − 1

RAC
ϕa(t)

+ 1

C
H(ϕa(t))

)

= 0 (11)

for all t ≥ 0. The final step consists in deriving a DT map
from (11) by defining ϕk = ϕa(t)|t=kT = ϕa(kT ), k ∈ Z

and substituting hT with the DT one-step operator h in (9),
thus getting the following DT operator:

�(T , h; λ) � h − 1

T
· λh + 1 − λ

h

= λh2 + (1 − 2λ)h + λ − 1

hT
. (12)

The final result is a DT model described by the following
difference equation

�(T , h; λ)

(

�(T , h; λ)ϕk − 1

RAC
ϕk + 1

C
H(ϕk)

)

= 0 .

(13)

Indeed, this model is the DT counterpart of the CT input-
output model (3). The relationship between the solution ϕ(t)
of theCTmodel and the sequenceϕk solving (13) is discussed
in Remark 2 below.

It can be readily verified that (13) is an explicit fourth-
order difference equation for λ ∈ [0, 1) (resp. second-order
for λ = 1) that relates ϕk+4 with ϕk+3, ϕk+2, ϕk+1, and
ϕk (resp. ϕk+2 with ϕk+1, and ϕk). A state equation rep-
resentation of the DT model can be readily obtained for the
difference equation by usingϕk+3,ϕk+2,ϕk+1, andϕk as state
variables (resp. ϕk+1, and ϕk). Now, we show that it enjoys
the foliation feature. To see this, consider the sequence zk ,
k ∈ Z, defined as

zk � �(T , h; λ)ϕk − 1

RAC
ϕk + 1

C
H(ϕk) (14)

and observe that, according to (12), any constant sequence
zk = ν ∈ R, k ∈ Z, belongs to the kernel of �(T , h; λ), i.e.,

�(T ; λ)zk = 0 , ∀k ∈ Z,∀λ ∈ [0, 1] .

This implies that for any ν ∈ R the equation

�(T , h; λ)ϕk − 1

RAC
ϕk + 1

C
H(ϕk) = ν (15)

represents an invariant manifold of the DT model (13).
By replacing �(T , h; λ) with its expression in (12), the
expanded form of (15) becomes

λ

T
ϕk+2 +

(

(1 − 2λ)
1

T
− 1

RAC

)

ϕk+1

+ λ − 1

T
ϕk + 1

C
H(ϕk+1) = ν , (16)

that amounts to a second-order difference equation depend-
ing on the circuit parameters C , RA, H , the time step T , the
parameter λ mixing Forward and Backward Euler methods,
and the parameter ν that, as for the CT case, represents the
manifold index. It is given by

ν = λ

T
ϕ2 +

(

(1 − 2λ)
1

T
− 1

RAC

)

ϕ1

+ λ − 1

T
ϕ0 + 1

C
H(ϕ1) , (17)
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where ϕ0, ϕ1, and ϕ2 are the initial conditions of the sequence
ϕk . Nonetheless, it is important to stress that in general ν

is unrelated to its CT counterpart μ. In the next sections,
we show that the difference equation (16) can mimic well-
known chaotic maps by appropriately choosing the shape of
the function H , i.e., the constitutive relation of the passive
memristor, the manifold index ν, and the values of T ∈ R

and λ ∈ [0, 1].
Some final remarks are in order.

Remark 2 Notice that ϕk = ϕa(kT ) is only an approxima-
tion of the sequence ϕ(kT ) = ϕ(t)|t=kT since the solution
ϕa(t) of (11) differs from the solution ϕ(t) of (3), even if
ϕ(0) = ϕa(0). In general, this difference may be taken small
by using sufficiently small T and employing suitable numer-
ical integration algorithms that adjust dynamically T [36,
37]. On the other hand, in the next sections we show that
the non-chaotic CT memristive cell becomes chaotic if T
is sufficiently large, a phenomenon which is referred to as
computational chaos by Lorenz in [34].

Remark 3 When λ = 0, i.e., the Backward Euler Method
case, model (16) boils down to the implicit first-order differ-
ence equation

(

1 − T

RAC

)

ϕk+1 − ϕk + T

C
H(ϕk+1) = T ν (18)

where ϕk+1 cannot be expressed as an explicit function of ϕk .
When λ = 1, , i.e., the Forward Euler Method case, model
(16) reduces to the following explicit first-order difference
equation

1

T
ϕk+2 −

(
1

T
+ 1

RAC

)

ϕk+1 + 1

C
H(ϕk+1) = ν .

Via a proper time-shift, we get the standard form of the dif-
ference equation

ϕk+1 =
(

1 + T

RAC

)

ϕk − T

C
H(ϕk) + T ν , (19)

where the index manifold ν is given by

ν = 1

T
ϕ1 −

(
1

T
+ 1

RAC

)

ϕ0 + 1

C
H(ϕ0) , (20)

with ϕ0 and ϕ1 being the initial conditions of the sequence
ϕk .

Remark 4 Notice that the DT model (13) possesses a more
general form of invariant manifolds. Indeed, from (14) and
(12) it follow that we can rewrite (13) as

0 = �(T ; λ)zk = h − 1

hT
(λzk+1 + (1 − λ)zk) ,

which implies that the sequence λzk+1+(1−λ)zk is constant
for all k ∈ Z. Taking into account that the left hand side
of (16) is the expanded form of zk , the fourth-dimensional
invariant manifolds of (13) assume the following general
form

Mν =
{

ϕk, ϕk+1, ϕk+2, ϕk+3 : λ

(
λ

T
ϕk+3 (21)

+
(
(1 − 2λ)

1

T
− 1

RAC

)
ϕk+2 + λ − 1

T
ϕk+1 (22)

+ 1

C
H(ϕk+2)

)

(23)

+ (1 − λ)

(
λ

T
ϕk+2 +

(
(1 − 2λ)

1

T
− 1

RAC

)
ϕk+1 (24)

+ λ − 1

T
ϕk + 1

C
H(ϕk+1)

)

= ν

}

, (25)

where the manifold index ν can be computed via the initial
conditions ϕi , i = 0, 1, 2, 3. Notice that the general form
of the invariant manifolds is characterized by a third-order
difference equation. However, since the chaotic maps con-
sidered in Sect. 4 are of first-order or second-order, we only
exploit the more simple invariant manifolds (16) to mimic
their dynamics.

4 Chaotic maps

In this Section we consider a number of well-known first-
order and second-order chaotic maps. The state equations of
these first-order and second-order maps are reported in the
first column of Table 1 and Table 2, respectively, together
with the usual values of the parameters for which the maps
exhibit chaotic behaviors [38, 39]. We first show that these
chaotic maps admit an explicit difference model sharing the
same structure of the explicit difference equationmodels (19)
and (16). This input-output form makes easier to derive con-
ditions ensuring that the chaotic maps can be embedded in
the invariant manifolds of the DT input-output model (13).

It can be shown that each second-order map in Table 2 can
be equivalently described by an explicit difference equation
model of the following form

zk+2 + σ1(�)zk+1 + σ0(�)zk + 	(zk+1; �) + γ (�) = 0 ,

(26)

where zk is the generic DT variable and � ∈ R
m , m ≥ 1, is

the vector of the parameters of the map. The functions σ0,
σ1, and γ are the coefficients of the model depending on �,
while 	 denotes the purely nonlinear function of the map.
The cases where the derivation of the difference equation
model from the state equations is not trivial are dealt with in
Appendix 9.
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Similarly, it can be readily verified that each first-order
map in Table 1 obeys an explicit difference equation given
by

zk+1 + σ0(�)zk + 	(zk; �) + γ (�) = 0 . (27)

The specific expressions of zk and � are reported for each
map in the second column of Tables 1 and 2.

The DT cell with manifold dynamics described by the
explicit difference equations (16) and (19) can mimic the
dynamics of the chaotic maps. Specifically, in the case of
second-order maps (26) we employ (16) with λ ∈ (0, 1).
First, by adding and subtracting the term α T

C ϕk where α ∈ R

is an auxiliary parameter, (16) is rewritten as

ϕk+2 +
(
1 − 2λ

λ
− T

λRAC
− α

T

λC

)

ϕk+1

+ λ − 1

λ
ϕk + T

λC
(H(ϕk+1) + αϕk+1) − T

λ
ν = 0 . (28)

Observe that any choice of α ∈ R changes the slope of the
term containing the nonlinear function H . Rewriting more
compactly the coefficient of ϕk+1 in (28), we get the follow-
ing final form of (16)

ϕk+2 +
(
1 − 2λ

λ
− (1 + αRA)T

λRAC

)

ϕk+1 + λ − 1

λ
ϕk

+ T

λC
(H(ϕk+1) + αϕk+1) − T

λ
ν = 0 . (29)

Then, by setting zk = ϕk , the conditions to embed (26) in
the invariant manifolds of the DT model become

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

σ1(�) = 1−2λ
λ

− (1+αRA)T
λRAC

σ0(�) = λ−1
λ

	(ϕ; �) = T
λC (H(ϕ) + αϕ)

γ (�) = − T
λ
ν .

(30)

Notice that since λ ∈ (0, 1) the second equation limits the
possible values of the coefficient σ0 .

In the case of first-order maps, we use model (19) with
λ = 1, i.e., the DT operator is the Forward Euler method.
Using the additional parameter α, after some straightforward
manipulations, (19) boils down to

ϕk+1 −
(

1 + (1 + αRA)
T

RAC

)

ϕk

+ T

C
(H(ϕk) + αϕk) − T ν = 0 . (31)

Hence, the chaotic maps (27) that can be embedded should
fulfill the following conditions:

⎧
⎪⎨

⎪⎩

σ0(�) = −
(
1 + (1 + αRA) T

RAC

)

	(ϕ; �) = T
C (H(ϕ) + αϕ)

γ (�) = −T ν .

(32)

5 Embedding chaotic maps into the
manifolds of the DTmemristive cell

In this section we investigate how the dynamics on the man-
ifolds (19) and (16) of the DT memristive cell (13) can be
tuned to mimic the chaotic maps. Specifically, for the first-
order maps reported in Table 1, in Sect. 5.1 we first solve
for α, H , and ν the embedding equations (32) and then look
for conditions on T that ensure passivity of the memristor,
i.e., H ′(ϕ) ≥ 0, ∀ϕ ∈ R. In Sect. 5.2, the same approach is
applied to the second-order maps reported in Table 2 with the
difference that we first have to check if the second equation
in (30) is solved from some λ ∈ (0, 1) and then proceed as in
the first-order case. If such a λ does not exist, as in the case
of the Gingerbreadman Map, than that chaotic map cannot
be embedded on the manifolds (16) of the DT memristive
cell (13).

5.1 Derivation of embedding conditions for
first-order maps

In this Section, for eachfirst-ordermapofTable 1weconsider
the relative difference equation reported in the second column
and identify the specific expression of σ0,	, and γ . Then, we
apply the approach outlined above to derive the embedding
conditions, which are reported in the third column of Table 1.

5.1.1 Circle Map

The Circle Map obeys the following first-order difference
equation

zk+1 − zk − K

2π
sin(2π zk) − 
 = 0 (33)

and hence we have σ0 = −1, 	 = −(K/2π) sin(2π)ϕ,
γ = −
. Solving for the auxiliary parameter α the first
equation of (32) yields α = −1/RA. Then, it turns out that
the remaining equations are solved for

H(ϕ) = − KC

2πT
sin(2πϕ) + 1

RA
ϕ , ν = 1

T

 .

123



692 Page 8 of 19 G. Innocenti et al.

Table 1 List of first-order chaotic maps

State Space Model Input-output Difference Equation Embedding Conditions

Circle Map [38]

θk+1 = θk + 
 + K
2π sin(2πθk)


 = 0.5
K = 2

zk+1 − zk − 
 − K
2π sin(2π zk) = 0

zk � θk

� �
[




K

]

λ = 1
T ≥ K RAC
H(ϕ) = 1

RA
ϕ − KC

2πT sin(2πϕ)

ν = 1
T 


Cubic map [38]

xk+1 = axk(1 − x2k )

a = 3

zk+1 − azk + az3k = 0
zk � xk
� � a

λ = 1
T ≥ (a − 1) RAC

H(ϕ) = a C
T ϕ3 +

(
1
RA

+ (1 − a)CT

)
ϕ

ν = 0

Gaussian Map [39]

xk+1 = e−bx2k + c

b = 7.5
c = −0.6

zk+1 − e−bz2k − c = 0
zk � xk

� �
[
b
c

]

λ = 1

T ≥
(√

2b
e − 1

)

RAC

H(ϕ) = C
T e

−bϕ2 +
(
C
T + 1

RA

)
ϕ

ν = 1
T c

Logistic Map [38]

xk+1 = axk(1 − xk)

a = 4

zk+1 − azk + az2k = 0
zk � xk
� � a

λ = 1
T ≥ (a(1 − 2Mi ) − 1) RAC

H(ϕ) = a C
T ϕ2 +

(
1
RA

+ (1 − a)CT

)
ϕ

ν = 0

The first column contains the standard state equations of the map together with the typical values of its parameters; the second column reports the
difference equation model of the map together with the parameter vector �; the third column contains the conditions for embedding the map in the
invariant manifolds (19) of the DT memristive cell. In the case of the Logistic map H should be replaced by Hp in (40), while Mi is the lower
bound of the considered chaotic motions {ϕk , k ∈ Z+}, i.e., ϕk ≥ Mi , ∀k ∈ Z+

respectively. Finally, since

H ′(ϕ) = −K
C

T
cos(2πϕ) + 1

RA
,

the condition for the memristor to be passive requires that T
satisfies

T ≥ K RAC .

5.1.2 Cubic map

TheCubicMap is describedby the followingdifference equa-
tion

zk+1 − azk + az3k = 0 , (34)

that implies σ0 = −a, 	 = aϕ3, and γ = 0. Hence, equa-
tions (32) hold if α, H , and ν are given by

α = (a − 1)
C

T
− 1

RA
,

H(ϕ) = a
C

T
ϕ3 +

(
1

RA
+ (1 − a)

C

T

)

ϕ ,

ν = 0 ,

respectively. Since

H ′(ϕ) = 3a
C

T
ϕ2 + 1

RA
+ (1 − a)

C

T
,

the memristor is passive if T is such that

T ≥ (a − 1)RAC .

5.1.3 Gaussian Map

The difference equation of the map is

zk+1 − e−bz2k − c = 0

and hence we have σ0 = 0, 	 = −e−bϕ2
, and γ = −c. It

turns out that equations (32) are solved for

α = − C

T
− 1

RA
,

H(ϕ) = − C

T
e−bϕ2 +

(
C

T
+ 1

RA

)

ϕ ,
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Table 2 List of second-order chaotic maps

State Space Model Input-output Difference Equation Embedding Conditions

Gingerbreadman Map [38]
{
xk+1 = 1 + |xk | − yk
yk+1 = xk

zk+2 + zk − |zk+1| − 1 = 0
zk � yk

None

Hénon Map [38]
{
xk+1 = 1 − ax2k + yk
yk+1 = bxk

a = 1.4
b = 0.3

zk+2 − bzk + a
b z

2
k+1 − b = 0

zk � yk

� �
[
a
b

]

λ = 1
1+b 
⇒ b > 0

T ≥ 1
1+b

( 2a
b Mi − 1 + b

)
RAC

H(ϕ) = a C
T ϕ2 +

(
C
T + 1

RA

)
ϕ

ν = b
(1−b)T

Holmes Map [38]
{
xk+1 = yk
yk+1 = −bxk + dyk − y3k

b = 0.2
d = 2.77

zk+2 − dzk+1 + bzk + z3k+1 = 0
zk � xk

� �
[
b
d

]

λ = 1
1−b 
⇒ b < 0

T ≥ d−b−1
1−b RAC

H(ϕ) = d C
T ϕ2 +

(
C
T + 1

RA

)
ϕ

ν = 0

Lozi Map [38]
{
xk+1 = 1 − a|xk | + yk
yk+1 = bxk

a = 1.7
b = 0.5

zk+2 − bzk + a
b |zk+1| − b = 0

zk � yk

� �
[
a
b

]

λ = 1
1+b 
⇒ b > 0

T ≥ 1+a−b2
b(1+b) RAC

H(ϕ) = C
T

a
(1+b)b |ϕ| +

(
C
T

1−b
1+b + 1

RA

)
ϕ

ν = b
(1−b)T

The first column contains the standard state equations of the map together with the typical values of its parameters; the second column reports the
difference equation model of the map together with the parameter vector �; the third column contains the conditions for embedding the map in the
invariant manifolds (16) of the DT memristive cell. In the case of the Hénon map H should be replaced by Hp in (40), while Mi is the lower bound
of the considered chaotic motions {ϕk , k ∈ Z+}, i.e., ϕk ≥ Mi , ∀k ∈ Z+

ν = 1

T
c .

Since

H ′(ϕ) = 2b
C

T
ϕe−bϕ2 + C

T
+ 1

RA
,

it follows that the memristor is passive if T satisfies

T ≥
(√

2b

e
− 1

)

RAC .

5.1.4 Logistic Map

The logistic Map is described by the following difference
equation

zk+1 − azk + az2k = 0 , (35)

that leads to σ0 = −a, 	 = aφ2, and γ = 0. It can be
verified that equations (32) are satisfied if α, H , and ν are
given by

α = (a − 1)
C

T
− 1

RA
, (36)

H(ϕ) = a
C

T
ϕ2 +

(
1

RA
+ (1 − a)

C

T

)

ϕ , (37)

ν = 0 , (38)

respectively. Notice that the presence of the quadratic term
prevents H to satisfy the passivity condition of thememristor.
Indeed, we have

H ′(ϕ) ≥ 0 , ∀ϕ ≥ ϕ∗ � − 1

2a

(
T

RAC
− a + 1

)

,

where ϕ∗ < 0 for T ≥ (a − 1)RAC . However, if the chaotic
motions are known to satisfy a boundedness condition. i.e.,
ϕk ∈ [Mi , Ms], Mi < Ms , ∀k ∈ Z+, then it is possible
to modify the constitutive relation to make the memristor
passive. First, observe that if T satisfies

T ≥ (a(1 − 2Mi ) − 1) RAC , (39)

then we have ϕ∗ ≤ Mi and hence H ′(ϕ) ≥ 0, ∀ϕ ∈
[Mi , Ms]. Now, it is sufficient to find a new function Hp

such that H ′
p(ϕ) ≥ 0, ∀ϕ ∈ R, and Hp(ϕ) = H(ϕ) for

ϕ ∈ [Mi , Ms]. For instance, Hp can be chosen as the func-
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tion of class C1(R) given by

Hp(ϕ) =
{
H(ϕ∗) if ϕ < ϕ∗
H(ϕ) if ϕ ≥ ϕ∗ .

(40)

Clearly, the DT map obtained by replacing H with Hp

exhibits the same dynamic behaviors {ϕk, k ∈ Z+} of (41),
whenever ϕk ≥ ϕ∗.

Remark 5 The embedding conditions reported in the third
column of Table 1 show that, while the circuit parameters C
and RA are not constrained, the time step T should be suffi-
ciently large, as expected. Indeed, it is bounded below by a
quantity proportional to the time constant RAC . The function
H defining the constitutive relation of the memristor has a
term of the same shape of	 plus a suitable linear term. In the
case of the Logistic Map the function H should be modified
to make the memristor passive. Finally, the manifold index
ν is either equal to zero or inversely proportional to T , while
λ = 1, i.e., the DT operator is always the Forward Euler
Method.

Remark 6 Similar embedding conditions can be developed
also for other first-ordermaps, including the piecewise-linear
maps (e.g., Tent Map), the population model (e.g., Ricker
Map) and so on [38]. Indeed, it can be readily verified that
any first-order state equation of the form xk+1 = G(xk) can
be put in the difference equation form (19) by simply setting
zk = xk and identifying the terms σ0, zk , and γ with the
linear and the constant terms of the function G, respectively,
and 	 with the remaining part of G.

5.2 Derivation of embedding conditions for
second-order maps

In this Section, for each second-order map of Table 2 we
derive the embedding conditions which are reported in the
third column.

5.2.1 GingerbreadmanMap

The difference equation describing this map is given by

zk+2 + zk + |zk+1| − 1 = 0

and from (26) it follows σ0 = 1, σ1 = 0, 	 = |ϕ|, and
γ = −1. Hence, equations (30) can be solved only if there
exists λ ∈ (0, 1) such that

1 = λ − 1

λ
.

Consequently, this chaotic map cannot be embedded in the
invariant manifolds of the DT memristive cell.

5.2.2 HénonMap

As shown inAppendix 9, theHénonMap obeys the following
difference equation

zk+2 − bzk + a

b
z2k+1 − b = 0 (41)

and exhibits quite rich dynamic behaviors when a > 0 and
b > 0, as first observed in [40]. From (26) we have σ0 = −b,
σ1 = 0, 	 = (a/b)ϕ2, and γ = −b. In this case, the second
equation of (30) is solved for λ such that

λ = 1

1 + b
. (42)

This implies that the embedding equations are solved only
if b > 0. Setting λ as in (42) with b > 0, we can solve the
remaining equations of (30) obtaining

α = − C

T

1 − b

1 + b
− 1

RA
,

H(ϕ) = C

T

a

(1 + b)b
ϕ2 +

(
C

T

1 − b

1 + b
+ 1

RA

)

ϕ ,

ν = b

CT
.

It can be verified that the memristor with the constitutive
relation defined by H is not passive since

H ′(ϕ) ≥ 0 , ∀ϕ ≥ ϕ∗ � − b

2a

(

1 − b + (1 + b)
T

RAC

)

.

However, under the assumption that the chaotic motions of
interest satisfy ϕk ∈ [Mi .Ms], Mi < Ms , ∀k ∈ Z+, we can
proceed as in the Logistic Map case. Then, we get that it is
sufficient to choose T such that

T ≥ 1

1 + b

(
2a

b
Mi − 1 + b

)

RAC ,

and the function Hp as in (40).

5.2.3 Holmes Map

In this case, the difference equation of the map reads

zk+2 − dzk+1 + bzk + z3k+1 = 0 ,

thus leading to σ0 = b, σ1 = −d, 	 = |ϕ3|, and γ = 0. In
this case the second equation of (30) is satisfied if

λ = 1

1 − b
, (43)
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Hence, there exists λ ∈ (0, 1) only for b < 0. Unfortunately,
this is not true for the usual value (e.g., b = 0.2) where the
map displays chaotic behaviors.

Employing the expression of λ in (43), the remaining
equations of (30) are satisfied for b < 0 if

α = d − b − 1

1 − b

C

T
− 1

RA
,

H(ϕ) = (1 − b)
C

T
ϕ3 +

(
1 + b − d

1 − b

C

T
+ 1

RA

)

ϕ ,

ν = 0 .

Finally, since

H ′(ϕ) = 3(1 − b)
C

T
ϕ2 +

(
1 + b − d

1 − b

C

T
+ 1

RA

)

,

it follows that the memristor is passive if T satisfies

T ≥ d − b − 1

1 − b
RAC .

5.2.4 Lozi Map

The Lozi Map is a piecewise-linear variation of the Hénon
Map that obeys the difference equation

zk+2 − bzk + a

b
|zk+1| − b = 0

and exhibits strange attractors in the so-called Misiurewicz
region of the positive quadrant a > 0 and b > 0 [41]. From
(26) we have σ0 = −b, σ1 = 0, 	 = (a/b) |ϕ|, and γ = −b
which are the same found for the Hénon Map, except for
the expression of the function 	. Hence, it follows that the
embedding equations (30) are solved only if b > 0 and α,
H , and ν are given by

α = a − b − 1

1 − b

C

T
− 1

RA
,

H(ϕ) = C

T

a

(1 + b)b
|ϕ| +

(
C

T

1 − b

1 + b
+ 1

RA

)

ϕ ,

ν = b

CT
.

Furthermore, differently from the Hénon map case, we do
not have to modify the shape of H to ensure passivity of the
memristor. Indeed, in this case the memristor is passive if
the piecewise-linear function H is non-decreasing. It can be
readily verified that such a condition holds if T satisfies

T ≥ 1 + a − b2

b(1 + b)
RAC .

Remark 7 Differently form the first-order maps, the embed-
ding conditions are not solvable for all the second-order
maps. This is due to the fact that the solution exists only if
the second equation of (30) is solvable for some λ ∈ (0, 1),
which is equivalent to require that the coefficient σ0 of (26) is
negative. In fact, theGingerbreadmanMap cannot be embed-
ded since σ0 = 1. However, it can be possibly embedded if a
CT discretization different from (9) is employed. Finally,
notice that the considerations in Remark 5 also apply to
second-order maps. In particular, to ensure that the mem-
ristor is passive in the case of the Hénon Map, the function
H should be modified as in the Logistic Map case.

6 Robustness of the embedded dynamics

In Sect. 5 we have derived the conditions for embedding the
dynamics of chaotic maps on the invariant manifolds of the
DT memristive cell (13). It has been shown that the mixing
parameter λ of the DT operator is always equal to 1 for first-
order maps, while for second-order maps it depends on some
map paramater. The time step T is bounded below by the
product of the time constant RAC and a constant depending
on the map parameters, and it influences the function H of
the memristor in the circuit of Fig. 1. Furthermore, the index
ν of the manifold, where the chaotic dynamics is displayed,
is either equal to zero or it depends on some map parameters
and T .

In this section we investigate the robustness of the embed-
ded dynamics, i.e., if DT memristive cell displays some
attractor on an invariant manifold, then similar attractors are
displayed on nearby invariant manifolds. To study this fea-
ture we adopt an approach whose main idea can be explained
as follows. Consider any chaotic map of those reported in
Tables 1 and 2, except for the GingerbreadmanMap that can-
not be embedded. Assume that for a given parameter vector
� of the difference equation model of the considered map,
that is reported in the second column of the Tables, the con-
sidered map displays some chaotic attractor and let λ0, T0,
H0, and ν0 satisfy the embedding conditions in the third col-
umn of the Tables. Now, suppose that the initialization is not
exact, i.e., that the target manifold, actually addressed by the
index condition according to (17) or (20), is associated to
a different index, namely ν = ν0 + δ, i.e., to an invariant
manifold that is close to the target one for small values of δ.
This implies that the dynamics on the invariantmanifoldwith
index ν is exactly the dynamics of the considered chaoticmap
where a constant proportional to δ is added to the bias term
of the difference equation. By looking at the second column
of Tables 1 and 2, it follows that three different cases should
be considered: 1) the bias term is equal to zero; 2) the bias
term is a component of the vector � that does not affect the
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other terms of the map; 3) the bias term is a component of
the vector � that affects other terms of the map.

Let us first consider case 2)which concerns theCircleMap
and the Gaussian Map. For instance, in the case of the latter
map, which obeys the difference equation reported in the sec-
ond column of Table 1, the bias term is equal to−c. Suppose
that this difference equation displays a chaotic attractor for
given b and c. Ifλ0, T0, H0, and ν0 satisfy the embedding con-
ditions in the third column of the Table 1, then this attractor is
also displayed on the target manifold with index ν0 = c/T0
of the CT memristive cell. It can be readily verified that the
dynamics on the manifold of index ν = ν0 + δ = c/T0 + δ

obeys the modified difference equation:

ϕk+1 − e−bϕ2
k − c − T0δ = 0 .

Then, defining

τ(δ) � 1 + T0
c

δ ,

the above difference equation can be rewritten as

ϕk+1 − e−bϕ2
k − c∗ = 0 ,

where c∗ = τ(δ)c. This makes it clear that the dynamics
of the manifold of index ν is exactly that of the Cubic Map
with c replaced by c∗. Since for δ → 0 we have τ(δ) → 1
and so c∗ → c, we can conclude that if the parameters b
and c are not close to some bifurcation points, then the DT
memristive cell displays quite a similar chaotic attractor on
nearby invariant manifolds, i.e., with index ν close to ν0. A
similar conclusion applies to the Circle Map.

Consider now case 1) which concerns Cubic, Logistic and
Holmes Maps. By reasoning as in case 2), it can be verified
that the dynamics on the manifold of index ν = ν0 + δ = δ

obeys a difference equation having the same terms of the one
in the second column of Table 1 with zk = ϕk , except for the
bias that is equal to −T0δ. For instance, for the Logistic Map
this modified difference equation reads:

ϕk+1 − aϕk + aϕ2
k − T0δ = 0 .

Now, consider the new variable

ζk � ϕk − η

τ

defined via a linear transformation of ϕk where η and τ are
fixed later. After some manipulations, the above difference
equation can be equivalently rewritten as

ζk+1 − a(1 + 2η)ζk + τaζ 2
k

+ aη2 + (a − 1)η − T0δ

τ
. (44)

Let η∗(δ) denote the solution of the equation

aη2 + (a − 1)η − T0δ = 0

such that η∗(0) = 0. Defining

τ ∗(δ) � 1 + 2η∗(δ)

and setting η = η∗(δ), τ = τ ∗(δ), the difference equation
(44) boils down to

ζ ∗
k+1 − a∗ζ ∗

k + a∗ζ ∗2
k = 0 ,

where a∗ = τ ∗(δ)a and

ζ ∗
k � ϕk − η∗(δ)

τ ∗(δ)
.

Hence, the dynamics on the invariant manifold of intex ν =
ν0 + δ obeys a Logistic Map where a and ϕk are replaced by
a∗ and ζ ∗

k , respectively. Since for δ → 0 we have η∗(δ) → 0
and τ ∗(δ) → 1, it follows that a∗ → a and ζ ∗

k → ϕK .
Hence,we can conclude that if the parameter a of theLogistic
Map is not close to some bifurcation points, then the DT
memristive cell displays similar chaotic attractors on nearby
invariant manifolds. Similar conclusions hold for the Cubic
and Holmes Maps.

Finally, consider case 3) which concerns the Hénon Map
and the Lozi Map. By reasoning as in the previous cases,
we can show that the dynamics on the manifold of index
ν = ν0 + δ = b/((1− b)T0)+ δ obeys a difference equation
having the same terms of the one in the second column of
Table 1 with zk = ϕk , except for the bias term that is equal
to −b − T0δ. For instance, for the Hénon Map this modified
difference equation is given by:

ϕk+2 − bϕk + a

b
ϕ2
k+1 − b − T0(1 − b)δ = 0 .

As in case 1), we define a new variable via a linear transfor-
mation of the variable ϕk . Specifically, we define

ζk � ϕk

τ

where τ is fixed later. Then, the above difference equation
can be rewritten in the following equivalent form

ζk+2 − bζk + τa

b
ζ 2
k+1 − b + T0(1 − b)δ

τ
= 0 . (45)
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Defining the function

τ ∗(δ) = 1 + 1 − b

b
T0δ ,

and setting τ = τ ∗(δ), the difference equation (45) becomes

ζ ∗
k+2 − bζ ∗

k + a∗

b
ζ ∗2
k+1 − b = 0 ,

where a∗ = τ ∗(δ)a and

ζ ∗
k � ϕk

τ ∗(δ)
.

Therefore, on the invariant manifold of intex ν = ν0 + δ

the dynamics is governed by the Hénon Map with a∗ and
ζ ∗
k in place of a and ϕk , respectively. Clearly, for δ → 0
it follows that τ ∗(δ) → 1 and so a∗ → a and ζ ∗

k → ϕK .
Hence, as in the previous cases, we can conlude that quite
similar attractors are displayed on nearby invariantmanifolds
if the embedded Hénon Map is not close to some bifurcation
phenomena. A similar conclusion applies to the Lozi Map.

Summing up, we have shown that that if some attractor
is embedded on an invariant manifold with index ν0 of DT
memristive cell (13), then a similar attractor is displayed on
invariant manifolds with index ν close to ν0. This robustness
of the embedded dynamics is a consequence of the foliation
feature that naturally leads to the coexistence of infinitely
many convergent, oscillatory and chaotic behaviors, a pecu-
liar property often termed as extreme multistability.

7 Numerical example and discussion of the
results

The procedure exemplified in Sect. 5 is conceived to embed
complex maps into a manifold dynamics of the DT mem-
ristive cell described by the difference equation (13). As
previously discussed, this requires to satisfy a number of con-
ditions that for the maps considered in this paper have been
reported in Tables 1 and 2. The constraints regard two cru-
cial aspects: the configuration of the CT circuit, and precisely
of the nonlinear characteristic function H of the memristor,
that must also be passive; and the discretization method, in
terms of both the step T and the mixing parameter λ. More-
over, as discussed in Sect. 6, the embedded dynamicsmust be
triggered by initializing the DT cell onto the right manifold,
under the assurance that small deviations from the correct
value of the index ν can be tolerated as much as the sought
complex behavior is far from bifurcations able to disrupt the
desired regime.

In this section, we will illustrate in detail how to design
the CT circuit so that the corresponding DT cell is able to
mimic the Logistic Map.

zk
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Fig. 2 First-return map of the Logistic Map. The map is initialized at
the first time step in z1 = 0.7. The yellow square marks the related
(z1, z2), corresponding to the first iteration of the first-return map

The first step in this process is setting up the values of RA

and C , because they are not subject to any constraints. For
the sake of the simplicity, let us assume that they are unitary
in normalized units of measure:

C = 1 , RA = 1

As second step, one must decide the behavior to embed, thus
fixing the bifurcation parameter of the Logistic Map. Our
choice is a = 3.9, instead of the more usual a = 4, because
it is not located at the edge of the chaotic region, thus guar-
anteeing a neighboring safe region where the dynamics does
not change its nature after small perturbations of the param-
eter. This is crucial regarding the robustness of the DT cell
dynamics against inaccurate starting conditions, as discussed
in Sect. 6. The first-return map of the Logistic Map (35) for
a = 3.9 is depicted in Fig. 2 for the initial condition z1 = 0.7,
while its bifurcation diagramwith respect to the same param-
eter is reported in Fig. 3.
In the third step, T is chosen to meet the requirement in (39),
also reported in Table 1. From the bifurcation diagram of
the Logistic Map, a boundedness condition valid not only at
a = 3.9 but in a wider region around it, is [Mi , Ms] = [0, 1].
Thus, the discretization step must be set so that

T ≥ 2.9 (46)

Finally, the nonlinearity H must satisfy both the condition
in (37) and the passivity property. Therefore, following the
reasoning illustrated in Sect. 5.1.4, its implementation can
be performed using its passive extension:
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Fig. 3 Bifurcation diagram of the Logistic Map against parameter a.
For each value of a, the diagram plots 50 points visited by the map after
discarding a transient of 200 time steps. The dynamics selected for the
DT cell corresponds to the red dots at a = 3.9

Hp(ϕ) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

− T
15.6

(
1 − 2.9

T

)2

if ϕ < − T
15.6

(
1 − 2.9

T

)

3.9
T ϕ2 + (

1 − 2.9
T

)
ϕ

if ϕ ≥ − T
15.6

(
1 − 2.9

T

)
.

(47)

Thisway the configuration and the implementation of both
the CT circuit and the DT cell are almost done, except for
the discretization step T , that notably affects them both. Fig-
ures 4 and 5 depicts three different trajectories of the CT
circuit obtained using T = 5, which satisfies (46). To high-
light the foliation property and the coexistence of manifolds
characterized by their own dynamics, the presented solutions
have been chosen to feature two trajectories taken on the same
manifold and converging to the same equilibrium point, and
a diverging one on a different manifold.

As discussed in Sect. 4, the embedding of first order maps
implies taking λ = 1 (see also Table 1). Therefore, given the
previous requirements, the difference equation (13) of the
corresponding DT map is

h − 1

T

(
h − 1

T
ϕk − ϕk + Hp(ϕk)

)

= 0 , (48)

which boils down to the explicit form

ϕk+2 − (2 + T 2)ϕk+1 + (1 + T 2)ϕk

+T 2 Hp(ϕk+1) − T 2 Hp(ϕk) = 0 .

-1.5 -1 -0.5 0 0.5 1 1.5 2

v
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0
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1

Fig. 4 State space (ϕ, v) of the CT cell using the nonlinear function
(47) with T = 5. The solid grey lines illustrate a selection of reference
invariant manifolds. The solid blue, green, and red lines depict three
different trajectories starting from the dots of the corresponding color.
The blue and green trajectories lie on the same one-dimensional mani-
fold and converge to the same equilibrium point (marked using the star
symbol). The red trajectory diverges

The common state space representation of the above map is
obtained defining ẑ1,k � ϕk and ẑ2,k � ϕk+1, so that:

⎧
⎨

⎩

ẑ1,k+1 = ẑ2,k
ẑ2,k+1 = − (

1 + T 2
)
ẑ1,k + (

2 + T 2
)
ẑ2,k

+ T 2 Hp(ẑ1,k) − T 2 Hp(ẑ2,k)
, (49)

Observe that the term in the brackets in (48) is both the equa-
tion of the reduced order invariant manifold (25) discussed
in Sect. 3

z2,k − (1 + T ) z1,k + T Hp(z1,k) = T ν

and the equation (19) that describes the dynamics on the same
invariant manifold of index ν:

ϕk+1 = (1 + T ) ϕk − T Hp(ϕk) + T ν .

Notice that index ν depends on the initial conditions
(ϕ0, ϕ1) = (ẑ1,0, ẑ2,0) according to (20), while Hp(ϕ) in
(47) has been designed to depend on T to guarantee passiv-
ity, as explained in Sect. 5.1.4 (see also (40)).

To exemplify the embedding capability of theDT cell, two
different values of T satisfying (46) have been chosen: T1 =
5, and T2 = 20. In order to trigger the embedded Logistic
Map, the starting condition must lie onto the manifold of
index ν = ν0 � 0, as reported in Table 1. Hence, to exactly
induce the same dynamics exhibited in Fig. 2, it is necessary
to set ϕ1 = ẑ2,0 = z1, the latter being the coordinate of the
reference Logistic Map. Since the DT cell (13) is a second
order difference equation, the initial value ϕ0 of the sequence
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Fig. 5 Temporal evolution of the coordinates ϕ (A) and v (B) of the CT
cell used in Sect. 7. The three solutions correspond to the trajectories
of the same color depicted in Fig. 5

can be chosen equal to

ϕ0 = ẑ1,0 = 1

2

(

1 +
√

1 − 4

a
z1

)

so to satisfy the manifold index equation (20). As expected,
substituting T1 and T2 in the above equation and initializing
the DT cell at the corresponding starting conditions, in both
the cases it exactly exhibits the same dynamics of theLogistic
Map. The first-return map obtained for both T1 and T2 is
reported in Figures 6, and a direct comparison with Fig. 2
is sufficient to prove the perfect embedding of the chaotic
map. It is worth stressing that the steps T satisfying (46)
define a family of CT circuits and related DT cells, which
are different, but still all of them are able to display the same
Logistic Map on their manifolds with index ν0. Indeed, the
DT cells obtained using the above T1 and T2 are different
systems, because the nonlinear function (47) depends on the

k
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Fig. 6 First-return map exhibited on the manifold ν0 by the DT cell of
Sect. 7 when T = 5 and T = 20, but not limited to these cases only. In
fact, this return map is shown for all the T ’s satisfying condition (46).
The yellow square denotes the initial condition on the manifold, that is
the same used for the Logistic Map of Fig. 2

Fig. 7 Second-return map of the DT cell of Sect. 7 initialized on man-
ifold ν0 for T = 5 and T = 20. The two return maps are coincident.
Moreover, the same map is exhibited for all the T satisfying condition
(46). The yellow square denotes the initial condition corresponding the
starting point on the manifold shown in Fig. 6

actual value of T . Nonetheless, on the manifolds ν0 they
exhibit the same complete dynamics, as illustrated in Fig. 7
where the second-return map featured by both the DT cells
is reported.

Finally, to verify the robustness of the DT cell against
initialization errors, we fix a proper discretization step T and
vary the starting point (ϕ0, ϕ1) = (ẑ1,0, ẑ2,0) according to
the equations

123



692 Page 16 of 19 G. Innocenti et al.

Fig. 8 Bifurcation diagram of the DT cell described in Sect. 7, plot-
ted against initial conditions lying on the manifolds ν = δ with
δ ∈ [−0.0100, 0.0018] for fixed ϕ1 = 0.7. The red dots correspond
to the Logistic Map dynamics on the manifold ν0

ϕ0 = ẑ1,0 = 1

2

(

1 +
√

1 − 4

a
z1 + 4T δ

)

(50)

ϕ1 = ẑ2,0 = z1 (51)

for δ spanning an interval around zero. From equation (20)
it follows that this choice of the initial conditions sets the
starting point of the DT cell on the manifold with index
ν = δ. Thus, by varying δ the behaviors on the neighboring
manifolds around ν0 are scanned, while keeping the starting
condition on the manifold itself always fixed at ϕ1 = z1. The
results are presented in Fig. 8 in the form of a bifurcation
diagram to clarify that around the desired dynamics there are
infinite similar chaotic behaviors. Since different values of δ,
according to (50)-(51), generate different initial conditions
of the DT map, the same figure also demonstrates the coex-
istence of an infinite number of attractors for the same fixed
configuration of the DT map, or in other words the “extreme
multistability” of the model. In order to clarify how coex-
isting chaotic attractors are placed within the state space of
the map, two neighboring dynamics related to ν = −0, 0024
and ν = 0.0012 are depicted in Fig. 9 in comparison with the
Logistic Map featured at ν = 0. Notice that the embedding
value ν = 0 corresponds in this example to a = 3.9, and,
therefore, as explained in Sect. 6, small perturbation of the
initial conditions are equivalent to variation of the Logistic
Map’s bifurcation parameter. Such a feature is crucial for the
resilience of the dynamics.

7.1 Final Remarks

The illustrative example discussed above demonstrates that,
starting from a simple CT memristive cell, it is possible to

Fig. 9 First-return maps of the dynamics of Fig. 8 at ν = −0.0024
(blue dots), ν = 0 (red dots), and ν = 0.0012 (green dots)

derive a DT memristive model with a foliated state space
that successfully embeds the chaotic Logistic Map on a spe-
cific invariant manifold. This chaotic dynamics is not merely
a localized phenomenon. Rather, it exhibits a robustness
to initialization errors that is functionally equivalent to the
robustness of the original Logistic Map within its chaotic
parameter range. Notably, our analysis highlights that the DT
memristive map possesses an infinite number of non-isolated
chaotic attractors distributed across adjacent invariant man-
ifolds. This structural complexity makes the system an ideal
candidate for high-throughput pseudo-random number gen-
eration and secure encryption applications. In this regard,
the inherent simplicity of the state equations (49) and the
straightforward nature of the nonlinear characteristic func-
tion (47) render both software and hardware implementations
(e.g., on FPGA or DSP platforms) highly efficient, offering a
low-complexity alternative to traditional chaotic generators.

Furthermore, the bifurcation diagram, presented in Fig-
ure 8 and plotted against the initial conditions which activate
the specific invariant manifold and are equivalent to varying
the index ν, reveals that the same DT map supports a rich
coexistence of non-chaotic attractors, including stable limit
cycles and fixed points (placed at lower values with respect
to the actually plotted range of δ). Such a dynamical diversity
could be strategically exploited to enhance the computational
repertoire of reservoir computing systems. Specifically, the
vast plethora of available behaviors could serve as a rich “dic-
tionary” for temporal signal processing, where a high variety
of baseline responses is essential for effective classification
and prediction. Even in this context, the extreme constructive
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simplicity of the model remains a key factor in increasing the
overall efficiency and scalability of the implementation.

8 Conclusions

This paper has developed a design framework for creating
discrete-time (DT) memristive maps aimed at preserving
the fundamental foliation property of the original inspiring
continuous-time (CT) circuits. Furthermore, it has inves-
tigated how the choice of the discretization operator and
the related time step can be leveraged to finely tune the
resulting dynamics, enabling the “embedding” of complex
behaviors that are not exhibited in the original CT circuit.
To illustrate this methodology, the paper considered a CT
memristor-capacitor circuit, i.e, the parallel interconnection
of a capacitor, a passive ideal flux-controlled memristor and
an active resistor. It is known that such a circuit possesses
only equilibrium points as attractors and it enjoys the foli-
ation feature, i.e., each circuit solution is constrained to
evolve on one of the infinitely many invariant manifolds
that make up the state space. A DT map is derived from
this circuit via a discretization procedure based on mix-
ing Forward and Backward Euler methods. Such a DT map
is described by a difference equation model that depends
on the discretization time step T and the mixing parame-
ter λ, and it preserves the foliation feature for any T > 0
and any λ ∈ [0, 1]. Then, it is shown that the dynamics
of some well-known first-order and second-order chaotic
maps can be exactly reproduced on some invariant mani-
folds of the derived DT map, if some embedding conditions
are satisfied. Notably, these conditions are solved for any
first-order map with λ = 1 (i.e., Forward Euler method)
and some second-order maps (e.g., Hénon Map, Lozi Map)
with λ ∈ (0, 1) if T is larger than a quantity proportional
to the time constant of the CT memristor-capacitor cir-
cuit.

The proposed design framework can offer significant
advantages for practical applications. First, it enables the
creation of complex maps using simple, non-periodic non-
linearities, effectively avoiding the use of trigonometric
functions (such as sine or cosine). While these functions are
commonly exploited in existing DT memristive systems to
enforce complex dynamics via an infinite number of isolated
fixed points, they are computationally expensive to imple-
ment in digital electronic hardware. Therefore, they do not
represent an efficient solution for generating complexity. In
contrast, our results demonstrate that chaotic behaviors and
the coexistence of attractors can be successfully induced
in DT models without resorting to trigonometric functions,
thanks to the preserved foliation property and the flexibility
in map design guaranteed by the broad choice of discretiza-
tion operators, here represented by the mixing coefficient λ.

Notice also that, if the embedding requires a specific value of
λ, it implies that the desired dynamics can only be achieved
using a certain discretization operator, thus highlighting its
critical importance. Hence, these DT maps can show the
coexistence of infinitely many convergent, oscillatory and
chaotic behaviors, i.e., extreme multistability, even when the
only attractors of the CT circuit are equilibrium points. To
illustrate the discretization procedure and the derivation of
the embedding conditions, the Logistic Map has been con-
sidered in detail.

Furthermore, another significant advantage of the pro-
posed approach is the robustness property enjoyed by the
derived DT maps, i.e., if some attractor is displayed on an
invariant manifold of the map, then similar attractors are dis-
played on nearby invariantmanifolds. This resilience ensures
that the resulting behavior remains robust against inevitable
numerical approximations. Since practical implementations,
whether as software algorithms or via digital hardware, are
subject to the inaccuracies of a finite-precision arithmetic,
this property is crucial in real-world applications.

At least two directions for future research can be iden-
tified. The first is to investigate more general discretization
operators capable of preserving the foliation property. This
would allow the DT maps derived from the CT memristor-
capacitor circuit to incorporate the dynamics of a broader
class of second-order and higher-order chaotic or hyper-
chaotic maps, further enhancing the “versatility” of the
proposed cell. Such increased flexibility is particularly
promising for pseudo-random number generation and its pri-
mary applications, such as image encryption, where higher
security standards must be met while maintaining low imple-
mentation costs. The second direction concerns the role of
the discretization operator in generating complex dynamics
when the CT memristor-capacitor circuit is equipped with
a real memristor rather than an ideal one. This approach
could provide a framework to investigate physical phenom-
ena such as energy dissipation, which can significantly alter
the foliation property without completely destroying it (see
[9]). This may lead to the development of complex dynam-
ics in the resulting DT maps, characterized by behaviors
fundamentally different from those observed in the ideal
case.

9 Appendix: Difference equationmodel of
second-order chaotic maps

In this Appendix the derivation of the difference equation
model is illustrated for the Hénon map. The difference equa-
tions of the other second-order maps reported in Table 2 can
be readily obtained by proceeding in the same way.
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We first rewrite the state equations of the HénonMap (see
the first column of Table 2) as

{
hxk = 1 − ax2k + yk

hyk = bxk .
(52)

Then, assuming b 
= 0, we solve for xk the second equa-
tion, i.e., xk = 1

b hyk , and substitute into the first one, thus
obtaining

1

b
h2yk − yk + a

b2
hy2k − 1 = 0 .

Rearranging the terms, we get the final form of the difference
equation

yk+2 − byk + a

b
y2k+1 − b = 0 ,

which is the one reported in the second column of Table 2,
once we set yk = zk .
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