S

S,

UNIVERSITA DI SIENA 1240 U

Uy

, s
Pyt

Carleman Estimates and Controllability for a Degenerate Structured Population
Model

This is the peer reviewed version of the following article:
Original:

Fragnelli, G., Yamamoto, M. (2021). Carleman Estimates and Controllability for a Degenerate Structured
Population Model. APPLIED MATHEMATICS AND OPTIMIZATION, 84(1), 999-1044 [10.1007/s00245-020-
09669-0].

Availability:
This version is availablehttp://hdl.handle.net/11365/1279791 since 2024-12-04T09:16:08Z

Published:
DOI:10.1007/s00245-020-09669-0
Terms of use:

Open Access

The terms and conditions for the reuse of this version of the manuscript are specified in the publishing
policy. Works made available under a Creative Commons license can be used according to the terms and
conditions of said license.

For all terms of use and more information see the publisher's website.

(Article begins on next page)

15 January 2025



Applied Mathematics and Optimization
Carleman estimates and controllability for a degenerate structured population model

Manuscript Number:
Full Title:
Article Type:

Funding Information:

Abstract:

Corresponding Author:

Corresponding Author Secondary
Information:

Corresponding Author's Institution:

Corresponding Author's Secondary
Institution:

First Author:
First Author Secondary Information:

Order of Authors:

Order of Authors Secondary Information:

Author Comments:

Response to Reviewers:

--Manuscript Draft--

AMOP-D-19-00287R1
Carleman estimates and controllability for a degenerate structured population model

Original Paper

FFABR Prof Genni Fragnelli
(2017)

Fondi di Ateneo "Problemi differenziali Prof Genni Fragnelli
nonlinearii"

(2015/16)

INdAM- GNAMPA Project "
Controllabilit\’a di PDE in modelli fisici e in
scienze della vita"

(2019)

PRIN "Qualitative and quantitative aspects | Prof Genni Fragnelli
of nonlinear PDEs"
(2017/19)

Grant-in-Aid for Scientific Research (S)
15H05740 of Japan Society for the
Promotion of Science and by The National
Natural Science Foundation of China
(11771270, 91730303)

RUDN University Program
(5-100)

Prof Genni Fragnelli

Prof Masahiro Yamamoto

Prof Masahiro Yamamoto

In this paper we study the null controllability property for a single population model in
which the population $y$ depends on time $t$, space $x$, age $a$ and size $\tau$.
Moreover, the diffusion coefficient $k$ is degenerate at a point of the domain or both
extremal points. Our technique is essentially based on Carleman estimates. The $\tau$
dependence requires us to modify the weight for the Carleman estimates, and
accordingly the proof of the observability inequality. Thanks to this observability
inequality we obtain a null controllability result for an intermediate problem and finally
for the initial system through suitable cut off functions.

Genni Fragnelli
Universita degli Studi di Bari Aldo Moro
Bari, Bari ITALY

Universita degli Studi di Bari Aldo Moro

Genni Fragnelli

Genni Fragnelli

Masahiro Yamamoto

See the attached file

Powered by Editorial Manager® and ProduXion Manager® from Aries Systems Corporation



Answers to the Referee Click here to access/download;Manuscript;Answers.pdf %

Click here to view linked References

Answers to the referee

First of all we would like to thank the referee for his/her comments. We made all the
required corrections, in particular:

O Joy U WM

=
[@>2aNe)

1. We consider only a death rate;

e
N

2. P2, LL55: done

=
w

. P4, L3: done

[
(SN
w

4. P4, L59: We added the reference [26] (the lecture notes by Webb)

o
- o
ot

. P5, L2: done

[
0
=

. P5, L4: We substituted [10] and [23] with [24].

NN
= o
-

. P4 (not P5), L14: done

N
N

. P5 L52 (and not P6): We added Hypothesis 3.3

NN
[ISNNON]
oo

9. P7, L5: done

NN
oy U1

10. P11, L52: done

NN
o J

11. P13, L37: done. We corrected some misprints throughout the paper

N
NeJ

12. P17, L39: done

w W
= O

13. P17, L39: We added some lines in order to be clearer

w W
w N

14. P26, L52: We added Hypothesis 3.3

O OYOYOYOYOY U1 Ul U1 U1 U1 U1 U1 U1 OO B DD DD D DD WWwWwWwww
O WNNEFEP O WOWOJoUdWNDE OWO-Jo U B WNEFE OWOWwJo U b



Click here to
access/download;Manuscript;fragnelli_yamamoto.pdf

Click here to view linked References

O J oy U b WD -

AU UTGUTUTUTOTOTE BB S B E DD SEWDWOWWWWWWWHNNNRNONRNONONNO NN R R R R R
R WNRPOWVWOJINNEWNRFROWOOJAUEWNHRFRFOWOOJAOEWNROWO-JOUEWNROWWJOU S WNR O L

Carleman estimates and controllability for a degenerate
structured population model

GENNI FRAGNELLT*
Dipartimento di Matematica
Universita di Bari ” Aldo Moro”
Via E. Orabona 4
70125 Bari - Italy
email: genni.fragnelli@Quniba.it
MASAHIRO YAMAMOTO T
Graduate School of Mathematical Sciences
University of Tokyo, 3-8-1 Komaba
Meguro-ku, Tokyo, 153-8914, Japan
Honorary Member of Academy of Romanian Scientists,
Splaiul Independentei Street, no 54, 050094 Bucharest Romania,
email: myama@ms.u-tokyo.ac.jp

Abstract

In this paper we study the null controllability property for a single population model in which
the population y depends on time ¢, space x, age a and size 7. Moreover, the diffusion coefficient & is
degenerate at a point of the domain or both extremal points. Our technique is essentially based on
Carleman estimates. The 7 dependence requires us to modify the weight for the Carleman estimates,
and accordingly the proof of the observability inequality. Thanks to this observability inequality
we obtain a null controllability result for an intermediate problem and finally for the initial system
through suitable cut off functions.

Keywords: structured population model, degenerate equations, Carleman estimates, null controllability,
observability inequality

2000AMS Subject Classification: 35Q93, 93B05, 93B07, 34H15, 35A23, 35B99

1 Introduction

In this paper we consider the following degenerate structured population model

O T gl ) k@ — W@ + a7 2= [a,7a) @

u(t,a,7,1) = u(t,a,7,0) =0 on Qr,A,r
w(0,a,7,x) = up(a, T, ) in Qar.1, (1.1)
u(t,a 7'1,3:) =0 in Qpan,
u(t,0,z,7) fo B(a, 7, z)u(t,a,7,z)da in Qrry.1,

*The author is a member of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro Applicazioni
(GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM) and she is supported by the FFABR Fondo per il
finanziamento delle attivita base di ricerca 2017, by the INAAM- GNAMPA Project 2019 Controllabilita di PDE in modelli
fisici e in scienze della vita, by Fondi di Ateneo 2015/16 of the University of Bari Problemi differenziali non linearii and
by PRIN 2017-2019 Qualitative and quantitative aspects of nonlinear PDEs.

fThe author is supported by Grant-in-Aid for Scientific Research (S) 15H05740 of Japan Society for the Promotion
of Science and by The National Natural Science Foundation of China (no. 11771270, 91730303), and prepared with the
support of the ”RUDN University Program 5-100”.
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in the domain @ = (0.7) x (0,A) x (11,72) % (0,1) with fixed constant T" > 0. Here, Qr 4., =
(UvT) X (UA) X (7—177—2)7 QA,Tz.,l = (0>A) X (7—177—2) X (071) and QT,Tz,l = (0>T) X (7—177—2) X (07 1)a
u(t,a,7,2) is the distribution of certain individuals of size 7 € (71,72) and age a € (0, A4) at location
z € (0,1) and time ¢t € (0,7T). Here A is the maximal age of life, while 3 is the natural fertility. Thus, the

formula fOA Puda denotes the distribution of newborn individuals at time ¢ and location x. Moreover, y is
the natural death rate and satisfies p € C'(Q) and p > 0 in Q. The function & is the dispersion coefficient
and we assume that it depends on the space variable x and is degenerate at the boundary of the state
space. Finally 8%(g(r)u) represents the growth effect and g(7) is the growth modulus (i.e. f: ﬁdr is
a spending time to grow the individual from size 71 to size 72).

Clearly the asymptotic behavior of the solution for the Lotka-McKendrick system depends on the
functions and the parameters which appear in the system (see, for example, [4] and [5]). Obviously, it
is very worrying if the system represents the distribution of a damaging insect population or of a pest
population and the solution grows exponentially. For this reason, recently great attention is given to null
controllability issues. For example in [22], where (1.1) models an insect growth when y is independent of
T, the control corresponds to a removal of individuals by using pesticides.

In the case that the dispersion coefficient k is positive, (1.1) is considered in [26], where the authors
prove some Carleman estimates and, as a consequence, a unique continuation. If k is a constant or a
positive function and y is independent of T, null controllability for (1.1) is studied, for example, in [4] (see
[27] for the well-posedness). If k is degenerate at the boundary or at an interior point of the domain and
y is independent of a and T we refer, for example, to [3], [17], [18] and to [19], [20], [21] if p is singular at
the same point of &.

To our best knowledge, [2] is the first paper where the dispersion coefficient can degenerate at the
boundary of the domain (for example k(x) = z%, being x € (0,1) and « > 0), but y is independent of .
Using Carleman estimates for the adjoint problem, the authors prove null controllability for (1.1) under
the condition T' > A. However, this assumption is not realistic when A is too large. In order to overcome
this problem, [10] used Carleman estimates and a fixed point method via the Leray - Schauder Theorem.
The case T' < A is considered in [6], [10], [15] and [16]. In [10] the problem is always in divergence form
and the authors assume that k is degenerate only at a point of the boundary; moreover, they use the
fixed point technique in which the birth rate 8 must be of class C?(Q) (necessary requirement in the
proof of [10, Proposition 4.2]). A more general result is obtained in [15] where S is only a continuous
function, but k& can degenerate at both extremal points. In [6] the problem is always in divergence form
and k is degenerate at an interior point 2o and it belongs to C[0,1]NC*([0,1]\ {z0}); see also the recent
paper [14] where the functions are less regular and both cases T' < A and T' > A are considered. The
non divergence form is considered in [16], where we studied null controllability for (1.1) with a diffusion
coefficient degenerating at a one point of the boundary domain or in an interior point (for a cascade
system we refer to [7]). We underline again that in all the previous papers, except for [26], the model is
independent of T.

The novelty of this paper is to study, via Carleman estimates, the null controllability for (1.1) in the
case that y depends on 7 and k is degenerate at a point of the domain or at both extremal points. Clearly,
the 7 dependence leads to some consequences in the choice of the weight for the Carleman estimates and
in the proof of the observability inequality for the associated adjoint problem (see Theorem 4.5). Thanks
to this observability inequality we obtain a null controllability result for an intermediate problem and
finally for (1.1). It is important to underline that with our technique we are not able to prove a global
null controllability in the sense that

w(T,a,7,2) =0 a.e. (a,7,2) € (0,A4) x (11,72) x (0,1),
but only a partial global null controllability result, i.e.
w(T,a,7,2) =0 ae. (a,7,2) € (B,A) X (11,72) x (0,1),

where = := max{A — ea,a} for all e € (0,1).

Finally, observe that in this paper, as in [15] or [16], we do not consider the positivity of the solution,
even if it is clearly an interesting question to face (see [23] for related results in non degenerate cases).
This topic will be a subject of further investigations.

The paper is organized as follows. In Section 2 we study the well-posedness of the problem; in Section
3 we prove the Carleman estimates given in Theorem 3.1 (if the diffusion coefficient k is degenerate at
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0) and Theorem 3.2 (if k is degenerate at 1). Section 4 is devoted to study, first of all, the observability
inequality for the associated adjoint problem (see Proposition 4.1) via w—local Carleman estimates (see
Theorems 4.1 and 4.3, if k vanishes at 0 and 1, respectively) and a Caccioppoli’s inequality (for the
reader’s convenience, we give its proof in Appendix). Secondly, thanks to this observability inequality,
we obtain a null controllability result for an intermediate system (see Theorem 4.6); hence, via cut off
functions, we extend the null controllability result to the original problem if k£ is degenerate only at a
point of the boundary (see Theorem 4.7) or at both extremal points (see Theorem 4.8).

A final comment on the notation: by C we shall denote universal positive constants, which are allowed
to vary from line to line.

2  Well-posedness of the problem

To study the well-posedness, we assume that the dispersion coefficient k satisfies the following assumption:

Hypothesis 2.1. The diffusion function k € C0, 1] and there exist M;, My € (0,2) such that
ke C'0,1),k>0in (0,1),k(0) = k(1) = 0,2k'(z) < M1k(x) and (z — 1)k (z) < Msk(x)
for all z € [0,1], or
k€ 0,1,k > 0in (0,1],k(0) = 0 and z&'(z) < M k()
for all z € [0,1], or
ke C'0,1),k > 0in [0,1) and k(1) = 0, and (z — 1)k’ (z) < Myk(x)
for all z € [0, 1].

For example, as k one can consider k(z) = 2%, k(z) = (1 — z)? or k(z) = 2%(1 — 2)?, a, 8 > 0.

On the rates b, g, 4 and S we assume:

Hypothesis 2.2. The functions g, ;1 and § are such that

eb e C[0,1] and % c L'(0,1),

e g€ C?r,m) and g > 0 on [11, ], (2.2)

.ﬁ <€ C(QAA,TQ,l) and ﬁ Z 0 in QA,TZ,l?
e cC(Q)and > 0in Q.

b
Observe that b can vanish at 0 and/or at 1; indeed we just require that % € L'(0,1) thus if k(z) =

2%(1 — x)?, then we can consider as b the function given by b(z) = (1 — 2)* with a; > o — 1 and

B> 6 —1.

In order to prove the well-posedness of (1.1), we introduce the well-known weight function

n(z) = e:rp{/: %dy}, z € [0,1],

which introduced by Feller [12] and used by several authors, see, e.g. [9], [11] and [24]. Define

1
o(x) = k(x)m,

and observe that if u is sufficiently smooth, e.g. u € W2’1(0, 1), then

loc

Aot := kg + bu, = o(uy) s,
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for almost every = € (0,1). For this purpose, let us consider the following Hilbert spaces

)i= {we L20,1) | Jully < oo}, lull3 = fy u?Lde,

1
Hg (0,1) := L4.(0,1) N H}(0,1), Jull? , o= lull? + fy w3,

q\»—-w

0.1) = {ue HLO.1) | Agw e L300}, July = [l , + [l Agull}.

b
Observe that since % € L'0,1), n € C°[0,1](C(0,1) is a strictly positive function. Thus, in the
sense of Banach spaces, one has that

(Lé(o,l) H1(0,1), H3 (0, 1)) ~ (Lr‘%((),l), H}(0,1), Hé(0,1)>,

where the last triplet is the triplet related to well-posedness as, for example, in [8] or [16]. Observe that,
if k is nondegenerate, the spaces L2 (0,1), H1(0,1) and H?(0,1) coincide, respectively, with L2(0,1),
k k k
H{(0,1) and H%(0,1) N H(0,1).
As in [9, Lemma 1], one can prove

Lemma 2.1. For all (u,v) € H%(0,1) x H}(0,1) one has

1
(Ao, v) 1 = —/0 Ny Uy di. (2.3)

Thanks to the previous Green’s formula one can prove, as in [8], [9] or [18], that the operator (Ag, D(Ay)),
where D(Ag) := H%(0,1), is self-adjoint, nonpositive and generates a contraction semigroup on the space

L2 (0,1).

Now, setting A,u := @ and A,u := M, we have that
da or

Au = Aqu + Aru — Agu,

for
Bu ou

ue D(A) = {u € L*(Qar; D(Ag)) : — 5, € L*(Qa, 7.2,H (0,1)),

(0,7, x) :/0 B(a,T,x)u(a,T,x)da},

generates a strongly continuous semigroup on L3 (Qa,r.1) = L*(Qa,r; L% (0,1)) (see also [27, Chapter
1.4]). Here Qa .-, := (0, A) x (11, 72). Moreover, the operator B(t) defined as
B(t)u = :u(tv a,T, CL')’[L,

for u € D(A), can be seen as a bounded perturbation of A (see, for example, [3]); thus also (A +
B(t), D(A)) generates an evolution family.
Setting L3 (Q) := L*(Qr.a.; L% (0,1)), the following well-posedness result holds (see [25, Theorem

2,1)):

Theorem 2.1. Assume that Hypotheses 2.1 and 2.2 are satisfied. For all f € L%(Q) and ug €
L2 (Qary 1), the system (1.1) admits a unique solution

ue U= C([0,T); L’; (Qa,r)) NL2(0,T; HY(0, A; H' (11, 72); H1 (0,1)))).

In addition, if f =0, u€ C*([0,T]; L3 (Qa,r1))-



O J oy U b WD -

AU UTGUTUTUTOTOTE BB S B E DD SEWDWOWWWWWWWHNNNRNONRNONONNO NN R R R R R
R WNRPOWVWOJINNEWNRFROWOOJAUEWNHRFRFOWOOJAOEWNROWO-JOUEWNROWWJOU S WNR O L

3 Carleman estimates

From the general theory, it is known that null controllability for a lincar parabolic system is, roughly
speaking, equivalent to the observability for the associated homogeneous adjoint problem (see, for exam-
ple, [13]). In particular, in this case the adjoint problem of (1.1) is the following system:

0 0 0

O () 9% 4 k(v + bl — plt, a7 )+ Bla T )01, 0,7,2) = 0, (t,0,7,7) € Q,
v(t,a,7,0) =v(t,a,7,1) =0, (t,a,7) € Qr Ay,
v(T,a,7,x) =vr(a,T.x), (a,7,x) € Qary 1,
v(t,A,7,z) =0, (t,7,x) € Q1715
'l)(t,a,TQ,l') = 07 (t7a7x) € QT,A,I?

(3.4)
and we prove, in the next section, that the observability inequality implies a null controllability result for
(1.1). Thus, the key point is to prove such an inequality. A usual strategy in showing the observability
inequality is to prove that certain global Carleman estimates hold true for the adjoint operator. For this
reason, we consider the following system:

Bz%

2% B T g(r)% + k(2) 200 + b(2)2e — plt,a,, 7, 2)2 = f, (ta,7,2) €Q,

2(t,a,7,0) = 2(t,a,7,1) =0, (t,a,7) € Qr,am, (3.5)
Z(thaTwr) = 07 (t,T,SC) S QT,TQ,l?
2(t,a,m2,2) =0, (t,a,z) € Qr.a,1.

In this subsection we will consider separately the case when k(0) = 0 or k(1) = 0. In both cases we assume
that b, g, 8 and p satisty Hypothesis 2.2. On the other hand, on k¥ we make different assumptions:

Hypothesis 3.1. Hypothesis 2.2 is satisfied, the function k € C°[0,1](C?(0, 1] is such that k(0) = 0,

k > 0on (0, 1] and there exists M; € (0,2) so that xlljé?) < Mj ae. in [0, 1] and W € L*=(0,1).
Finally, there exist € € (0, 1] and a function C; = C1(g) > 0, defined in (0, ), such that
Ci(e) >0 as e—0T,
e o) = Kal) ) bla) ((bl) — ka(0)) !
() e () [seem (30
Vz e (0,¢).

Hypothesis 3.2. Hypothesis 2.2 is satisfied, the function k£ € C°[0,1](C?[0,1) is such that k(1) = 0,

—1 kz . —1)(b— kx
k > 0on (0, 1) and there exists My € (0,2) so that % < Msa.e. in[0,1] and (z )li(x) (2)) €

L°°(0,1). Finally, there exist € € (0,1] and a function Cy = Cs(g) > 0, defined in (0, ¢), such that

Co(e) =0 as e—0T,

and

) (e ),

Voe(l—egl).

We observe that (3.6) and (3.7) are similar to the assumpsions made in [9)].
Moreover, in order to estimate the distributed terms that appear in Lemma 3.1 (see below), we suppose
the following;:
Hypothesis 3.3. Setting
w(b(w) — ky())

the functions b and k are such that p,,(z) and p,(z) exist for 0 < z < 1.
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Now, let us introduce the weight functions

‘P(t a,T, I) = G(t? a, T) (p(l) - 2||p||L°°(0,1))7 (38)
and
@(t a, T, I) = G(tv a, T)(p(l) - 2”17”[4"0(0,1))7 (39)
if £ satisfies Hypothesis 3.1 or Hypothesis 3.2, respectively, where
1
O(t,a,7) = (3.10)

(T —t)*a*(r — )Y’

pa)i= [l ey and pla) = [ ero Dy

with R > 0. Observe that ¢(t,a,7,7),8(t,a,7,2) — —o00 ast — 07,77, a — 0% or 7 — 7. The
following estimates hold:

Theorem 3.1. Assume Hypotheses 3.1 and 3.3. Then, there exist two positive constants C and sg such
that every solution v of (3.5) in

V= L3(Qroa,ms HE(0,1) N H' (0,75 H' (0, A H' (71, 75; HY (0,1)))
satisfies, for all s > s,
/Q (sn@vi + 537]@3(%>2112) e*?dxdrdadt < C’/Q fQCi;dxdeadt
+sC . O(t,a,T) {03625‘9} (t,a,7,1)drdadt.

Qr, A,

Theorem 3.2. Assume Hypotheses 3.2 and 3.3. Then, there exist two strictly positive constants C and
S0 such that every solution v of (3.5) in V satisfies, for all s > so,

./Q (sn@v ts n@3(x;1) ) 2 dydrdadt < C / 727 Jedrdadt

+ SC/ O(t,a,T) |:’U32[62S¢] (t,a,7,0)drdadt.
Q

T A,y

Clearly the previous Carleman estimates hold for every function v that satisfies (3.5) in (0,7) x
(0,A) x (11,72) x (0,B) or (0,T) x (0,A) x (11,72) x (B,1) as long as (0,1) is substituted by (0, B) or
(B, 1) and k satisfies Hypothesis 3.1 in (0, B) or Hypothesis 3.2 in (B, 1), respectively.

In the following, we will prove only Theorem 3.1 since the proof of Theorem 3.2 is analogous.

Proof of Theorem 3.1 As a first step, as in [15] or [16], assume that p = 0. In order to prove Theorem
3.1, we define, for s > 0, the function

w(t,a,7,x) = es“"(t’“”’w)v(t,a,r, x)

where v solves (3.5) in V. Clearly, this implies that w € V and satisfies

(e7%Pw), + (e7%%Pw), + g(7)(e7%Pw), + k(x) (e 5Pw) 4y — b(e™%Pw), = f(t,a,7,2), (t,a,7,2) € Q,

w(0,a,7,2) = w(T,a,7,2) =0, (a,7,2) € Qar,
w(t, A, 7,2) = w(t,0,7,2) =0, (t,7,%) € Qrra1s
w(t,a,7,0) = w(t,a,7,1) =0, (t,a,7) € Qr,am,
w(t,a,m,x) =w(t,a,72,z) =0, (t,a,z) € Qr.an-

(3.11)
Defining Lw = wy + wg + gw, + kwey — bw, and Lsw := e*?L(e”*Yw), the equation of (3.11) can be
recast as follows
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Lsw = e*% f.
In particular, the following equality holds:

Proposition 3.1. The operator Lsw can be rewritten as
Lew = LIw+ L;w,
where LY and L denote the (formal) selfadjoint and skewadjoint parts of Ls. In this case

Liw = Aow — s(pr + 0 + 0r9(7))w + 2 kg2w — %gf(r)w,
L;w:=ws + wg + gws + %gr(r)w — 25k w, — sAgpw.

Proof. Computing L(e~*“w) one has

L(e™*%w) = e7°% (—spsw — sp,w — sp-g(T)w + sb(x)pw)
+ e % (wy + we + g(T)wr — b(x)wy)
+ €75k (—8pzaw + $%P2W — 280, Wy + Wy ) -
Thus,
Lsw = —spiw — spw — s g(T)w — sAgpw
+ W + wo + g(T)wr + Aow + k (s 02w — 2sp,w,) .
By (2.3), one has that the adjoint operator LY of L, is

Liw = —s0w — 50w — 50,g(T)w — sAgpw + s*kp2w
—wy — wWe — (g(T)w)r + Aow + 28k, wy + 28kppaw — 28w
= — 51w — spaw — sprg(T)w — sAgpw + s2kpiw
—wy — we — (g(T)w)r + Agw + 2skp,w, + 25.4ppw.

Thus
Liw= w = — 50w — 5pqw — 59-g(T)w + 57 k2w — %gT(T)w + Aogw,
and Low— Lfw 1
Liw= TS = w; + wg + gw; + ng(r)w — 2skp,w, — 2sAgpw.

. 1
Moreover, setting < u,v >1 := / uwv—dzdrdadt, one has
o Q o

ILTwl3 + 7w} +2 < Liw Lyw >s= [ fe]3.

(3.12)

Now, we compute the inner product < LTw,L;w >.1 whose first expression is given in the following

lemma,
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Lemma 3.1. Assume Hypothesis 3.1. The following identity holds

< Lrw,L;w>1

(B.T.)

= o [ e+ ) pwldrimiadt = 5o [ (Ao dadrdact
+ 57 /Q (U%Aosﬁ — N2Put — (NPupt)) w dzdrdadt

ncpi((kgax)x + kc,om)dexdeadt
. ngT’wid:I;deadt — 5 /Q NP Puewdrdrdadt

(D.T.}

J
J
/ %wQ (SDt‘r + Sptt + 290150, + SDaa + SOtrg + ¢Tag)dxd7dadt
Q
/ NPz Perwdrdrdadt

Q

ggfw2 (—spy + s2kp?)dzdadrdt

+ 7 / (Yo + ©79)(NP2)pw*dzdrdadt

+

(0a + ¢79)rguwdrdrdadt — s° / [1(a + ©r9) @] sw*dzdrdadt
Q

+
N~ N ®»

1
(¢2)rrwidedrdadt — 1 /Q %(gT)Qde;rdrdadt
(3.13)

/ n [wi] gdxdrda + / [nwgcwt] ;deadt
QA,rp,1

QT A,y

s [n(Aop)zw?] ;deadt - s/ [nAopww,| ;deadt

Qr. A~ Q7. A T
2 2

_s/ [nkp,w ] drdadt + 1/ n[(s*¢2 —sﬁ) 2]§dxd7da
QA 2 QA1 k

n(%ke? — s*prpr)w ]édrdadt - %/Q [nwi]?ddedt
T,79,1

T ATy

/ nwmwa deadt+ / [gnwwq.]édrdadt
ATy

Q14,7
1
gnw da:dadt+ / [ngrwwx]ldrdadt
2JQr i, 0

s 52 A
-5 w o1, Advdrdt + 5 [neiw?]; dedrdt

JQr 5,1 JQ1,rg 1

2
f/ w gpt dxdadt + s [ngpiwz] :2dxdadt
2 T, A1 2 Qr,a1 !

w?

w?
s/ E] (Pa + Prg)— ] drdrda — s/ %[(% +org)— ] dxdrdt
QA o1 QT 79,1

2
- [(pa + gafg)gw?] :dmdadt + 52 / [(pa + ;,cfg)kmewZ]édeadt

QT, 4,79

T .
1 1 1 1

- = / [—gT’wQ] drdrda — — / [—gﬂuz} dxdrdt
4 QA1 o 0 4 Q7,751 g 0
1
2

T2
- / {—(QQ)TwQ} dzdadt + g/ [nngpzwz}(l]drdadt.
oA LO Qr a7y

T1

\
I:

T,A,1

3
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Proof. It results, integrating by parts, that

i=6
<Lfw,Lyw>.= ZL‘,
i=1
where 1
I = / —Agw(wy — 2skpw, — sAppw)dzdrdadt,
Q g
1 . .
I — / ~ (= s + szkgpiu’) (wy — 2skprw, — sAgpw)dzdrdadt,
Q ag
1 1
s / L Agw(wa + gur + = grw)dzdrdadt,
QY 2
1 . 1
L= | =(=spiw + skp2w)(w, + gw, + §grw)d$d7'dadt»
Q g
1 1
Is = —s/ — (o + @rg)w(wy + we + gw, + S9rw = 2skppw, — sAgpw)drdrdadt
Q O-
and 1 1 1
Ig = _5/ —grw(w + wo + gwr + 597w = 2skpyw, — sAppw)dedrdadt.
Q ag

By several integrations by parts in space and in time (see [9, Lemma 3]), we get

I+ 1, = —%/ n[wfc]gda;dea + / [nwzwt]édeadt
QA1 Q

ATy

1
+s/ nAopw?drdrdadt — 55/ (n(Aog)e)sw’dzdrdadt
Q Q

1 1 1
+ 55/ [n(Aocp)sz]Odeadt — s/ [T]Aocpwwz]odrdadt
Qr, A,y Qr,A,79

+ s/ n((kpz)e + bz )widrdrdadt — s/ [nkcpgcwf.](l)deadt (3.14)
Q

QT A,

s ,
+ 5/ n%dewdt + 52/ (U%Aosﬁ — e Pat — (NPapr)e) W dadt
Q Q

; 1t
+ 53 /Q ((nke3)e — ne2Aop)wdadt + 5/ n[(s*¢2 — s%)uﬁ]gdm(hda

QA,ry.1

— / [7}(33k¢§ — 52g0wg0t)w2](1)d7'dadt.
Qr, A,y

Next, we compute I; with ¢ = 3,4,5,6:
1 21A
Iz =— = [nwgc]o drdrdt +
2Jarryn

Qr, A,y

o T 1
_/ [gnwi]fdxdadt—k—/ [ngTwwz]édeadt (3.15)
QoA ! 2 QA 7y

[nwzwa] ;drdadt + / [gnwa] édrdadt

QT A,y

. 1 .
—I—/ ngrwidxdfdadt— —/ ngrwidwdfdadt.
Q 2 Jq
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On the other hand

=
Il
|
NN RVA

2
/Q [%w2gpt]?dmd7'dt + % o [n@in]g‘da:det
1,71 EREPTE
(w20, ™ dad at+ [ne2w?] * dxdrdt
L Wope]  dadT 5 NELw ]7'1 xdT

Qr,A1

I
N ®»

=
S
o

_|_

=

w? i drdrdadt — 52/ Nz Prow’drdrdadt (3.16)
Q

+

w i drdrdadt — 32/ Nz Parwdrdrdadt
Q

grwz(—s% + Szkwi)dxdadrdt.

+
NI—= NDl®w Nl ®

ST~~~

> 3

Moreover

I =

N ®»

S
>3

(Yo + ©r9)grwidrdrdadt + s /Q(% + ©-9) (e ) ew? drdrdadt

2 2 2

(o + ©r9) (% + % + g% - sk@rwa) dzdrdadt

|
Va)
S~
>3

|

V)
S— ol
>
I

S
>3

(Yo + ©r9)grwidrdrdadt + s /Q(% + ©:9) (e ) ew? drdrdadt

El B

U}2 T ’(U2 A
[(a + ¢r9) =], dadrda — s (o + ¢rg) =], dxdrdt (3.17)
2 0 b QT,T2.1 2 0

2
—s / [(Pa + ¢rg)g=-] 7 dudadt + s° / T (pa + rg)kpaw?] drdadt
2 4n k 0
AL QA
2 2
+ s/ %((pm + gptrg)w?dxdeadt + s/ %(goaa + (pmg)w?dmdrdadt
Q Q
n w? 2 2
+s ; E[(goa + (pTg)g]Tdedeadt -5 Q[n(gpa + ©r9)s]swdzdrdadt.
Finally,
1 1
Isg = = /Q ~9r (W) + (w?)q + g(w?); + grw?) dzdrdadt
+ g/ N9r 0o (w?) ydadrdadt + g/ Gr (N92) pw?dadrdadt
Q Q
T A
1 1 1 1
= _—/ [—g,wQ] dxdrda — —/ {—gTw2 drdrdt (3.18)
4 QA1 g 0 4 QT 79,1 g 0
1 Loy o)™ 1 Lo 2
- = —(9%);w?| dxdadt + = | =(¢°)rrw dzdrdadt
2 Quaa LD o 2 Q9
1 1 9 9 s TS
~ 1 ;(gT) w-dzdrdadt + 3 [ngT¢xur ]0 drdadt.
Q QT4.4.7'2
Adding (3.14) - (3.18), (3.13) follows immediately. |

Proceeding as in [9] or in [16], using the definition of ¢ and the conditions on w, one can prove that
the boundary terms in (3.13) satisfy the following equality:

Lemma 3.2. Assume Hypothesis 3.1. The boundary terms {B.T.} in (3.13) become

{B.T.} = —sc® / n(1)O(t, a, T)w?(t,a,7,1)drdadt. (3.19)

JQr Ay

Oun the other hand, the distributed terms {D.T.} in Lemma 3.1 satisfy the next inequality:

10
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Lemma 3.3. Assume Hypotheses 3.1 and 3.3. There exist two positive constants C' and sy such that,
for all s > sy, all solutions w of (3.11) satisfy the following estimate

2
sC’/ n@uzidwdadtJrsBC’/ n@3(z) w?dzdadt < {D.T.}.
Jq Jo k

z(b— k)

Proof. Using the definition of ¢ and setting p(z) := .

, the distributed terms of < L¥w, L7 w >12 Q)

take the form
' Raz? 2 ks 2 s [ Raz? b 2
{DT.} =5 [ n©e 24+ 4Rz — —x | widxdrdadt — = | n©e™™ (prpy — —pg)w drdrdadt
Q k ‘ 2 Jo k
- s/ n@eszR((l + 2Rx?)p(x) + 2xp, (z))w?drdrdadt
Q
- s/ n@eR”:z%Rx(p(m) + 3 + 2Rx?)w?dzdrdadt
Q
- s/ n@eRT’zR(Z’) + 12R2? 4 4R*z"))w?dzdrdadt
Q
{E2 2
— 232/ 77@,56—2@21% w?dzdrdadt
0 k
332 2 2132 2
— 32/ n@a@ﬁemz w?dzdrdadt — 82/ n@T@PeQRm w?dzdrdadt
Q Q

(3.20)

1 1
+ / ng-w2drdrdadt + —/ Q(gQ)TTdexdeadt — —/ ﬁ(gT)Qde:L’deadt

(p(.’/;‘) - 2||p||L°°(0,1))w2(@tT + @tt + 2®ta + @aa + 9if-rg + 2@Tag)d$d7dadt

(p(x) — 2||])||Loo(071))“)2((T)ng + O,9,)gdxdrdadt

o S
S IS WIS

2 2
G- w?O,(p(x) — 2||pl 1 (0.1))dxdadrdt + % / ngTw2@2%e2Rm2dxdadet
Q

/ .2 2 Ra?

ne""}{f(@a + 0, g)widrdrdadt
; 3

2 _3Rz?
+ 83/ 77@337 ek (2 + 4Rz? — kxTx)de:rdeadt
Q

using the fact that

15 / (n(Aop)z)swidrdrdadt = 15 / 7 ((Aoap)m + Q(Aotp)l-) w?dxdrdadt.
2%/, 2° J, k

Thanks to Hypothesis 3.1

2_%22—M1>Oa'e' in [0, 1};

thus k
2— T +4Re? > 2 Myae. in (0,1,

Moreover, for all x € (0,1) one has that

R|xb (p(x) + 3 + 2R2?)|

z(b— ky
<RIl o) <H(%>

+3+ 2R> =:CRr1.
L= (Jy)

11
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Using Hypothesis 3.1 and Proposition 3.2 (see below), for all 2 € (0,1) one has

R|((1+2Ra2*)p(z) + 2zp,(x)) + (3 + 12R2* + 4R%z*)| <
R(J"%M)l +(1+2R)H(M)

k
= CR’Q.

+ (34 12R+ 4R2)>

L>=(0,1) Le=(0,1)

Now, observe that there exists ¢ > 0 such that

O < cOVIf0< u<ry
06, < c0%08,| < 6?,|00,| < c0° (3.21)
Oaal < 02, |0y| < 02 ,|0,,| < 02, |0,4] < cO? and [Oy] < cO3.

Then, applying Hypothesis 3.1 and (3.21), one has

2
(DT} > s(2— M) / nOwdrdrdadt + s*(2 — My) / 77@3(%) w2dzdrdadt
Q Q

ot 2 ez .
— SZC’BZR / 77@3 (%) wzdl‘deadt - SC||p||L°C(O,1) / nTQdel'deadt
Q Q

5 R O o
— 3¢ C’l(e)/Qr):E—zw drdrdadt
—seRC’R,l / n%dexdeadt—seRC’R’z/ nOw?*dzdrdadt
JQ JQ
1 2dedrdadt + = | L(g?)rw’dzdrdadt — = [ (g, 2w dedrdad
5 | ngrwgdzdrda + 3 k(g )rrw?dzdrda 1 k(gT) wdzdrda (3.22)
Q Q Q
2
> s(2— M) | nowldedrdadt + s3(2 — My) | 0% (L) w2dedrdadt
NPWy L
Q Q

oo 2 o .
—SZCBZR/QUG)?’(%) w?dzdrdadt — geRCl(s)/Qnszdxdeadt
3

- o3
- S(BRCR,Q + eRCR_rl + C||k||L°C(O,1)||p||L°°(O,l))/ HT’UJQCZCBCZTdadt
Q

e / nOwdrdrdadt — ~C / o4 wdpdrdadt — 0 / Dosw2dedrdadt.
27 Jo 27 Jo & 1 Jok

NS
By Hardy’s inequality, it is possible to estimate the term / 7)—2'w2d:L‘d7'dadt in the following way
Q x

S‘1P[0,1]{"I}

— Ow?dzdrdadt. 3.23
info 1{n} Q77 “ (3:23)

e .
/ n—quzdxdeadt <Cy
Q x
Here, Cyy is a positive constant. Thus,

DT > 52— M) [ nowldsdrdadt — (Sercr@c + S [ yowdudrdadt
Q Q

2
+ 5%(2 — M) / ne?3 (5) w?drdrdadt — SQC’eQR/
0 k

. ne3 (f) 2w2dxd7'dadt

k
(3.24)

o3
—5(e"Cpo + €"Cra + Cllk L~ (0,1 Pl L>(0,1)) /Q nTdea;drdadt

_c / 1o3w?dedrdadt.
ok

12
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Moreover, as in [8] or in [16], one has, for v > 0,

3 1 1
3 1 2 2 2
/ nngdmdrdadt < supn/ (—@2 (E) w2> (fy% w2> dxdrdadt
Q Kk 0,1 Jo \7 k z

17 9 .
<supn-— / 6?2 (E) w?dxdrdadt + ysupn / % wrdxdrdadt.
o] Vo o \k o1 Jo @

Again, by Hardy’s inequality one has

o: 1 2
/ n— widzdrdadt < —C / o° (f) w2dzdrdadt + ~C / Ow?dzdrdadt, (3.25)
Q kK v oJo o Nk Q

for a positive constant C.
Thus, for s¢ large enough and v small enough, by (3.24) and (3.25), the lemma follows. |

Proposition 3.2. Assume Hypothesis 3.1. Then there exists | € R such that

iy (20 ED)

x—0+ k(l’)

As a consequence of Lemmas 3.2 and 3.3, we have

Proposition 3.3. Assume Hypotheses 3.1 and 3.3. There exist two positive constants C' and sg such
that, for all s > sg, all solutions w of (3.11) in V satisfy

2, 3 03 (T\? o g €%
/ snOw; + s°nO (—) w* | dedrdadt < C’/ f ’ dxdrdadt
Q k Q
+sC/ O(t,a,7)w?(t,a,T,1)drdadt.
Qr, A,y

Recalling the definition of w, we have v = e~ *%w and v, = (w; — sp,w)e %¥?. Thus, Theorem 3.1
follows immediately by Proposition 3.3 when p = 0.

Now, we assume that pu % 0. _
To complete the proof of Theorem 3.1, we proceed as in [16] and we consider the function f = f+ pv.
Hence, there are two positive constants C' and sg such that, for all s > sq, the following inequality holds

. . 259
/ (sn@vi + 53703 (%)202) e*?dxdrdadt < C/ er— dxdrdadt
Q e 7
(3.26)
+s C’/ O(t,a, 1) [1)920625“"] (t,a,1)drdadt.
QA

On the other hand, we have

2s¢p

dmdrdadt). (3.27)

o g o

_ 25 2s¢p
/ | F 12 < dwdrdadt < 2(/ fI2— dzdrdadt + ||u||§x(Q)/ o2 <
Q Q Q

Now, applying Hardy-Poincaré inequality to the function v := e°?v, we obtain

625¢: 1/2 172 1/2 1/2
/ |v|? drdrdadt = | —dxzdrdadt < supn / — —dzdrdadt < C / — drdrdadt
Q@ ° Q° o1 Jo ko Q¥

2
< C’/(es‘pv)idwdrdadt SC/ ezswvzdszdadt—i-Csz/ ©2e25% (%) v2dzdrdadt.
Q Q

Q
Using this last inequality in (3.27), it follows

so 7% 9 7% 250, 2
|/ dzdrdadt <2 | |f|*—— dzdrdadt + C | e**fvidzdrdadt
Q 7 Q 7 Q

. (3.28)

2

+Cs? / O32e25¢ (E) vidzdrdadt.
Jo k

13
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Substituting in (3.26), one can conclude

. 2 : 2s¢p
/ (577(-)@5 + §3n©3 (%) vQ) e**%dxdrdadt < C’(/ |f|267 dzxdrdadt
Q Q

2
+ /eQWUidxdeadt + 2 /G)QeQW (%) videdrdadt + sC O(t,a,T) [vie%”a] (t,a,1)drdadt.
JQ JQ

This completes the proof of Theorem 3.1 when p # 0.

JQT, A,y

4 Observability and controllability of linear equations

In this section we will prove, as a consequence of the Carleman estimates established in Section 3,
observability inequalities for the associated homogeneous adjoint problem of (1.1). To this aim, we
assume that the control set w is such that

w=(a,p) CcC (0,1). (4.29)
Hypothesis 4.1. On the birth rate 3 we assume that there exists @ < min{7’, A} such that
Bla,T,z) =0 for all (a,7,z) € [0,a] x [r1,72] x [0,1]. (4.30)

Observe that Hypothesis 4.1 is the biological meaningful one. Indeed, a is the minimal age in which
the female of the population become fertile, thus it is natural that before a there are no newborns. For
other comments on this assumptions we refer to [15] or to [16].

Under the previous hypotheses, the following observability inequality holds:
Proposition 4.1. Assume Hypotheses 3.1 or 3.2, 3.3 and 4.1. Moreover, suppose that w satisfies (4.29).
Then, Vn € N and V 9 € (0, %), there exists a positive constant C = C() such that every solution
v €U of (3.4) satisfies
/ l1)2(T —a,a,7,r)drdrda < C /: /T2 /1 dedrd’y +C
JQA .1 Jo Jrn Jo g

a

v2
/ —dxzdrdadt,
w O

JQr Ay

where £ := max{A — ¥a,a}. Here vy(a,T,x) is such that vr(A,7,2) =0 in (11,72) % (0,1).

As a first step we will prove Proposition 4.1 for more regular solutions. To this aim, we introduce the
following class of functions

W= {’U solution of (3.4) | vy € D(.AQ)},
where D(A?) = {u € D(A) | Au e D(A) }

Obviously,
Wcycu.

In order to prove the w—local Carleman estimate given in Theorem 4.1 (see below), we need the following
Caccioppoli’s inequality, whose proof is postponed to the Appendix.

Proposition 4.2 (Caccioppoli’s inequality). Assume Hypothesis 3.1 or 3.2. Let w' and w be two open
subintervals of (0,1) such that w' CC w CC (0,1). Let ¥(t,a,7,z) := O(t,a,7)¥(x), where O is defined
in (3.10) and ¥ € C*(0,1) is a strictly negative function. Then, there exist two strictly positive constants

C and sqg such that, for all s > s,
T A ‘
C / / / v2dzdadt + / f2e*Ydzdadt
0 Jo Jw Q

T (A
/ / /vgeQSd’d:cdadt
0 0 w’
( T A v2 e25%
C / / / —dzdadt + / f? drdadt | ,
Jo Jo Jw O JQ g

IN

(4.31)

IN

for every solution v of (3.5).

14
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With the aid of Theorems 3.1, 3.2 and Propositions 4.2, we can now show the following w—local
Carleman estimate for (3.5). To this aim, we consider the function ® defined as follows

®(a,t,z) = O(t,a,7)¥(z), U(z)=e"@ — 27l (4.32)

for all (¢,a,7,z) € Q. Here © is defined as in (3.10), k > 0 and y(z) := 0 dy, where 0 = ||| Lo (0,1)-

© Cr(y)

Theorem 4.1. Assume Hypotheses 3.1, 3.3 and (4.29). Then, there exist two positive constants C and
so such that every solution v of (3.5) in V satisfies, for all s > sq,

2 3. .03(T\2 2\ 2 9 > v?
(sn@vw +5%0° () 0 >e tdedrdadt < C | | 25— dedrdadt + Y drdrdadt | .
Q k Q" Qunny Jw O

The proof of Theorem 4.1 is analogous to the one of [16, Theorem 4.1], but we repeat it for the
reader’s convenience. First of all, we need the following Carleman estimate that holds for the non
degenerate problem. We omit its proof, but we refer the reader to the proof of [16, Theorem 3.1].

Theorem 4.2. Let z € V be the solution of (3.5) where f € L*(Q) and k € C*[0,1] is a strictly positive
function. Then, there exist two positive constants C and sy, such that, for any s > sg, z satisfies the
estimate

/ (83¢°22 + s¢22)e**Pdadrdadt < C(/ fre***drdrdadt — sm/ [ke%q’qﬁ(zm)z]i:; deadt>.
Q Q Qr A,y N

(4.33)
Here ¢(t,a,7,x) = O(t,a,7)e""®) & and v are as in (4.32) and © is as in (3.10).

Proof of Theorem 4.1. Let us consider a smooth function ¢ : [0, 1] — R such that
0<¢(x) <1, forallzel0,1],

1, € [0,(2a +p)/3].
é(:c) =0, z € [(a+2p)/3,1].

We define w(t, a, 7, x) := £(x)v(t, a,7,z) where v € V satisfies (3.5). Then w satisfies

wy + wg + g(T) + kwgy + b(2)w, — pw = Ef + k(Eeav + 25,v,) =1 h,  (t,a,2) € Q,

(

w(t,a,7,0) = w(t,a,7,1) =0, (t,a,7) € Qr,am,

w(t, A, 7,x2) =0, (t,7,7) € Qrory 1,
(

w(t,a,m,z) =0, t,a,2) € Qr.a1-

Thus, proceeding as in [16, Theorem 4.1], via Theorem 3.1 and Proposition 4.2 one can prove

2c y+/)

/ / / sn@v§+33ne3(%)2v2) 2% drdrdadt
9a+ s
/ / / sn@wi—ks%@%%) w2> e**?drdrdadt (4.34)
o259 T A 2
C / f? dxdrdadt + / / / —dzdrdadt | .
Q a 0o Jo Ju O

Now, consider z = nv, where n = 1 — £ and take & € (0,«). Then z satisfies

zt + 2q + g(T)% + kzge +0(2) 25 — pz = nf + k(eev + 2n,v2) =1 h,  (t,a,2) € Qroam % (@,1) =: Q,
z(t,a, T, @) = z(t,a,7,1) =0, (t,a,7) € Qr, Ay,
z(t,A,7,x) =0, (t,7,7) € Qryma 1,
z(t,a,m2,2) =0, (t,a,z) € Qr,a1.
(4.35)
15
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Clearly the equation satisfied by z is not degenerate, thus applying Theorem 4.2 and Proposition 4.2, one

has
/ / |
+2
Q1. A1y J L

2
< / (33¢3z2 + sq&zg)eQSq’dxdeadt <C (/ f—ezs‘i’dxdrdadt —I—/
Q QI Q

1
(330* 4 spv?)e** P dxdrdadt = / / ] (s3¢32° + s¢22)e**®dadrdadt
Qroary J o522
02
—dzxdrdadt | ,
T, Ao YW

for a positive constant C. As in [16, Theorem 4.1], for a strictly positive constant C,

/ / (sn@v + 5703 ( ) v ) e*?dxdrdadt
AL T 0+2p

( g ( 330 + smg)eQS%xdeadt) (4.36)
T,A,To

2€ v’
f —dxdrdadt | .
Qr A,y Jw T

Now, consider & € (o, (2a+ p)/3), p € ((a+2p)/3, p) and a smooth function v : [0,1] — R such that

0<~(z) <1, foralzxel0,1],

1 € (20 + p)/3, (o +20)/3],
v(z) =0, z €0, Up1],

and define ((t,a,7,z) := y(x)v(t,a,z). Clearly, ¢ satisfies (4.35) with h := v f+ k(7200 +27,v,). Observe

2 2
that in this case vz, Yz Z 0 in w := | @&, a;— p> U (a—; p > Again
0(«22;1 a2
/ / (sn@vi + 57103 (—) 1)2) e**?dxdrdadt
JQroamy 252 k
<C / / (8330 + s¢v?)e** P dadrdadt (4.37)
QT A,y 2“4;'3
825@ ,02
<C / f2 dxdrdadt —|—/ / —dzdrdadt | .
Q o Ay Jw T
Adding (4.34), (4.36) and (4.37), the theorem follows. |

Proceeding as before one can prove

Theorem 4.3. Assume Hypotheses 3.2, 3.3 and (4.29). Then, there exist two positive constants C and
so such that every solution v of (3.5) in V satisfies, for all s > sq,

‘ 1—2\2 ,)\ . , 252 v?
/ snOv2 + s3n63 < > v? | e**?dxdrdadt < C / f? drdrdadt + / / —dzdadt | .
Q k Q" Qrar Juw @

Remark 1. Observe that the results of Theorems 4.1 and 4.3 still hold true if we substitute the interval
(0,T) with a general interval (T1,T5), provided that p and 3 satisfy the required assumptions. In this
case, in place of the function © defined in (3.10), we have to consider the weight function

1

O(t,a,7) = (t — T)XTs — *ai(r — )&

(4.38)

Using the previous local Carleman estimates one can prove the next observability inequalities.

16
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Theorem 4.4. Assume Hypotheses 3.1 or 3.2, 3.3 and 4.1. Suppose that w satisfies (4.29). Then, for
every 6 € (0, A) and ¢ € (11, 72), there exists a positive constant C = C(d,t) such that every solution v of
(3.4) in V satisfies

1 - ya ) T2 1 1
/ —UQ(T,a,T,x)da:deagC/ / / / —v3(t,a, T, z)drdrdadt
JQary1 @ Jo Jo Jr Jo O

T rA 2 1 2
1 y
+C/ / // —v2(t,a,7',a:)d1‘d7'dadt+C’||ﬂ||%oo(Q)/ Mdszds
0 4 nJo O Q o

a,72,1

3 2 . 1
+C / Y dudrdadt +C / ~v2(s,a, 7, x)drdrdads.
w O Q o

QT. A,y

Here _
T:=T —a. (4.39)

Moreover, if vp(s,7,x2) =0 for all (s,7,2) € (0,a) X (11,72) x (0,1), one has

1 - T ) T2 1 1
/ —v3(T,a,,z)dzdrda < C’/ / / / —v%(t,a, 7, x)drdrdadt
QA 9,1 g 0 o Jry Jo O

T A L 1 1 'UQ
+C / / / / =02 (t,a,1,x)dzdrdadt + C / —dzdrdadt
Jo J§ .7'1.00 'QT.A.TQ'WU

1
—I—C/ ~v*(s,a,7,z)dvdrdads.
Q g

Proof. The operator (B, D(B)), where B := Ay + g2 and

8/
D(B) = {1 € L2, DA 5 € L, B3 0.1) ).
generates a strongly continuous semigroup on L2 (Q,,1) = L*((11,72); L% (0,1)) (we recall that the

operator Ag is defined in Lemma 2.1). As is stated after Lemma 2.1, the operator B(t) defined as
B(t)u = /j’(t7 a,T, .’Il')u,

for u € D(B), can be seen as a bounded perturbation of B; thus also (B + B(t), D(B)) generates an
evolution family. Let (S(t)):>0 be the associated semigroup. Then, using the method of characteristic
lines, the assumption on 8 and v(t, A, 7,z) = 0 for all (¢,7,x) € Q7 r,.1, one can obtain the same implicit
formula for v solution of (3.4) given in [16]:

S(T —t)or(T +a—t,-,-), (4.40)
if t > T + a (observe that in this case T+ a — ¢t < @) and

ot a,) = {S(T —tur(T+a—t,-,)+ faTJr(ht S(s—a)B(s, -, )v(s+t—a,0,--)ds, I'=a

ffS’(s—a)ﬂ(s,-,')v(s—f—t—a,0,~,~)ds, F:FA,T7
~ (4.41)
where 'y 7 := A —a+t—1 and
I':=min{a, T4 r}. (4.42)
In particular, it results that
v(t,0,,-) = S(T — t)vr(T —t,-, ), (4.43)
ift>T —a.
Now, define, for ¢ > 0, the function w = e*‘v, where v solves (3.4). Then w satisfies
0 ow 0 ~
Tt 5 9 G  k@ e + b — (alt 0, 7 w) + Jw = —plam)w(t, 0.7.0), (hae)€Q,
w(t,a,7,0) = w(t,a,7,1) =0, (t,a,7) € QT,A,TZ,
w(T,a,T, T) - egT’UT(avTv Zl'), (avTv I) € QA,TQ,L
’LU(t,A,T,.Z‘) = 07 (t,T,JJ) S @T,Tg,lv
w(tvaaT%‘r) = Oa (t,CL, 1;) S QT,A,l,

(4.44)

17
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where Q == (T,T) X QA 1, Qr.an i= (T,T) x (0,4) x (0,1), Qr.ar, = (T,T) x (0,A) x (11,72) and

N N w

Qrry1 = (T,T) x (11,7) % (0,1). Multiplying the equation of (4.44) by —— and integrating by parts
o

on Q; := (T,t) X Qar,.1, it results that

1 1 et
— —/ w?(t,a, 7, x)drdrda + —
2 Qa 79,1 2

1 ~
—v*(T,a,,z)dzdrda

Qarpa O

1 t T2 1 1 1
4 _/ / / —w?(s,0,7,x)dzdrds + g/ ~w?(s,a,7,z)drdrdads
2 T Jr 0o 0 Qe g

(4.45)

: 1
+/ mw%s’a,r,x)dangdadsg/ ;ﬁw(s,O,r,m)wddedads

g t

1 1 t 1
< ||ﬁ||C(QA,7-2.1)_/ —11)2d:rd7'dadsJr€A||/3||0(QA,2,1)/~ / / ~w?(s,0,7, x)dxdrds,
€JQ, 0 JT Jry Jo O

1

for € > 0. Choosing e = ——— and ¢ =

2[Blle@a., nA
oT
2

Qargn 7

Hence

1 ~ 1
/ —v*(T,a,7,z)drdrda < C’/ —
Qa,ry,1 4 QAa,ro,1 o

E,Tf Z], one has

Now, integrating over [T ~ 3

1Bllc(@a.r )

, we have
€

1

1 ~ 1
— —v*(T,a,7,z)drdrda < 5/ ~w?(t,a, 7. z)dzdrda
QA1

g

1
+||gT||C[T1,72]/ ;wQ(s,a,T,x)dxdeads.
Q¢

1
v2(t, a, 7, x)dzdrda+||g, 1,7 / ;1)2(5, a,7,r)drdrdads.
Q¢

/ —vQ(T a,7,r)drdrda < C’/ B / 2(t,a, T, v)dvdrdadt
Qa1 7 QA o1

Mgl

+C’

o

| w\al

Consider the term

-3
/ i / / /—v (t,a,7,z)drdrdadt =
%

/.

a
2

/ ~v?(s,a, T, v)drdrdadsdt

2 </ / )/ / ~v2(t,a, 7, z)dvdrdadt

(4.46)

/ ~v2(s,a, T, x)drdrdadsdt.

T—
/ a
2

where ¢ € (11, 72) is fixed. As in [16, Theorem 4.4], one can prove

_a % A T2 1 - N
/ ) / / / ~v*(t,a, 7, z)drdrdadt < C/ / / / nOv2e**?dxdrdadt
-z -2 Js L 0

where © is defined as in (4.38) with 71 :=T — @, T» := T, v = 0 and ¢ is the function associated to e
according to (3.8). By Theorem 4.1 or 4.3 applied to Q := (T'—a,T) x (0, 4) x (71,72) x (0,1),

18

Z_i/ (/ / )/ ~v*(t,a, T, x)drdrdadt

% A T2 L ~ 8254) 102
/ / / n@vie%“’dmdrdadth /fQ— dxdrdadt—f—/ /—dxdrdadt ,
g 2 0 Q o Qriary Jw O
VAT
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where, in this case, f(t,a,7,2) := —p(a, 7, 2)v(t,0,7,2). Thus

T—2 A pro 1 2 2
1 t,0
/ 4// / —vz(t,a,f,x)dxdeadtSC||ﬁ||%oc(Q) /dechdadt—i-/ /v—dxdeadt ,
-2 J§ Ju 00 Q g Qr Ay Jw O

(4.47)
for a positive constant C. Now, using the fact that the semigroup generated by B is bounded, by (4.43),
one has

2 T T2 1.2 T _ 2
/ U0 ) o drdadt < © / / / Mdrcﬁdt <cC / dedﬂis,
T—aJr 0 Q

Q g iy o
(4.48)
where Qg .1 := (0,a) x (11, 72) % (0,1). Hence, by (4.47) and (4.48), one has
T-2 (A pro 1 ~ v2 (s . 2
’ / / / nOuv2e*Pdrdrdadt < C||B)3 (o / T ) bdrds+o / / Y dwdrdadt,
_% 4 L 0 Qﬁ,fg,l o QT,A,TZ w o
(4.49)

for a positive constant C. From (4.46) and (4.49), it results

1 - T—% 4 T2 1 1
/ —v*(T,a, 7, x)dedrda < C/ / / / —v*(t,a, 7, z)dedrdadt
QA1 o —% 0 T1 0 0

T=% A ety ( vA(s, 7, x)
+C’/T /6 /n/o ;vz(t,a,T,l‘)ddedadt—FC||ﬁé(QA,TQ,I)/Q_ Ld:pdrds (4.50)

a g
2 2,1

v? T-% 1,
+C —dxdrdadt + C —v°(s,a,T,x)dxdrdadsdt.
Qr,a,my Jw o T— Y

a
2

Hence, the theorem follows. O
Actually, we can improve the previous results in the following way:

Theorem 4.5. Assume Hypotheses 3.1 or 3.2, 3.3 and 4.1. Moreover, suppose that w satisfies (4.29).
1

Then, forn € N and V9 € (0, —) , there exists a positive constant C = C() such that every solution v
n

of (38.4) in'V satisfies

1 . A—va T2 1.2
/ —v*(T — @, a,7,z)drdrda < C’/ / / wdwdrd'y
QA,ro,1 0 T J0O g

Q “To 1.2 . . 2
+C / / / 0T iy + © / / dadrdadt
0o Jrn Jo o QT Ay Jw

= T2 1/ 2 e p
gc/ / / dede’y—FC’/ /
0 Jmp JO a Qr A,y Jw

Proof. Fixed n € N, let ¥ € (0,%) and set 0 := (2 — nd¥)a; then, as in (4.46), integrating over
[T — nda, T — val,

1 ) B T—Ya d—a A T2 1 1 )
—v°(T — a,a,7,z)dzdrda < C + —v°(t,a,7,x)dxdrdadt
QA 0,1 o T—nda 0 §—a n Jo O

+C / ~v*(s,a,7,z)dvdrdadsdt
JT—n9aJQ, O

T—9a 5—a A T oplg
< 20/ / —|—/ / / ~v*(t,a, T, z)dzdrdadt.
T—nda \J0 s—a) Jrn Jo O

(4.51)

Qs

<
SH S

dxdrdadt,

where 2 := max{A — Ja,a}.

19



Observe that § —a = (1 —nd)a € (0,a). As in the proof of Theorem 4.4, setting 1 := Z472,

T—Ya 2 (A 2
/ J ”/ / ~(t,a, 7, x)dzdrdadt < C / ) b drde + / / Y drdrdadt
Qa,rg,1 g Qrar Jw T

T—vYa L 1 1
+ C’/ / / / —v%(t,a, 7, z)drdrdadt.
nvals—aJr Jo O
T—9a

Now, consider the term H/ / / —v%(t,a, 7, x)dedrdadt. Using the fact that t > T — nda and
T—-ndald—a J T
the definition of 4, one has t — T + a >1 T—nda—T+a=09—a. Moreover,t—T +a < a < A. Hence,

T—va (A T—va pt—=THa e 1
/ / / / —v*(t,a, 7, 2)drdrdadt = / / / / —v(t,a, 7, z)drdrdadt
ndaJo—a J7y nda J o
T—9%a
/ / / / —v%(t,a,7,2)drdrdadt.
nda Jit—T+a J 1,

In the first integral we can apply (4.40); thus, using the fact that o < <1 for all n > 2, one has

T—-9%a t—T+a T—9a t—=T+a gt
T —t,7,
/ / / / —v2(t,a, T x)dacdfda,dt<0/ / / / (T +a 7T’I)dxchlcwlt
nda O nda J o 71 J0 g
nda 1 2
< C’/ / / / ”T(“+z @+ 5T b drdads < C/ / / / T2 b drdeds
da d—a Ya JOo Jr1 JO a
<C / / / Mdzdmy.
o Jr Jo g
(4.53)

T—9a 2 1

1

Now, consider the other integral / / / / ~v*(t,a,,2)dxdrdadt, where (4.41) holds. In
nda Jt—T+a J11 JO g

this case, we have to distinguish between I' = @ and I' = I'4 r (we recall that I' is defined in (4.42)).

Observe that I' = a if and only if a < A — T 4 t. Moreover, t — T +a < A—T +t. Hence,

T—9a A L 11 . T—9a A—-T+t A L 1 1 .
/ / / / —Uz(t,a,T,ZE)dCCdeadtZ/ / +/ / / —v*(t,a, 7, x)dxdrdadt.
nva Jt—T+a Jr Jo O T—nva \Jt—T+a AT+t ) Jrp Jo O

(4.54)
Ifa € (t—T+a, A—T++t), we have to apply the first formula of (4.41), on the contrary if a € (A—T+t, A)
the second formula of (4.41) can be applied. Thus,

T—9a A—-T+t L 1 T—Ya A—-T+t L 1. 92
1 T+a—
/ / / / 202ty 0,7, 2)dwdrdadt < C / / / / Vi ”; b7 edrdadt
nda Jt—T+a T1 T—nda Jt—T+a 71 JO
T—-9%a pA-T+t THa— t e
e / / / / / L=ttt ann) ) N o dads
—ntda Jt—T+a o
na
<c / / / / Mm(madz
va a
T—9a A-T+t T—t—a
e / / / / / Va5 T2) )\ e dade
nda T+a (<)

(proceeding as in (4.53) for the first integral)

A—"Ya T 1 2 T—9%a A=T+t
<cC / / / T bdrdy + C / / / / / 1(1,7,2) T 00 drdrdadt
g T—nda T+a g

(since T —t < nda < a)

0 <C’/A ﬂa/ /”TW” da:defy—i—C’/ / (/ ”T(””C) )d:rdr.

62 (4.55)
63
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Moreover,
T—9a A L 1 1
/ / / / ~v*(t,a, 7, 2)dzdrdadt
nda J A-T+t Jr Jo O
T—9a A L 1 A 92
T—s—t
<C’/ / / / / o =s =t an) ) N dodrdadt
nda J A-T+t J 1, a g
T —Ya T —t—a .2
<c / / / / vr@*+272) )\ dedrdadt
T—nvaJ A=T+t J 7, T—A—t a (4.56)
T—9a 72 Joy
< / / / / / T o dedrdadt
nda JA-T+t J 1y T—t—(A—a) o
(since T' — t < nda)
<C/(/</1%“T@ )@m.
Hence,

T—9a pA o pl A—9G o 1,2
1 . 2 ,
/ / //—vz(t,a,r,:c)d:chdadtSC/ / /Md:pdrdv
T-nvaJé—aJr Jo O 0 m JO o
a T2 1,2
+C’/ / / —UT(%T’I)dJ:de'y.
0o Jr Jo g

T—9Ya d—a 2 1 1
Finally, consider the term / / / / —0? (t,a, 7, x)drdrdadt and let us prove that there exists
—nda 0o 0
C > 0 such that

T—Ya pé—a ’U
/ / / / —vQ(t a, T, z)dzdrdadt < C’/ / / vr(nne) dachd’y (4.58)
—nva

Observe that t > T —n¥a >T —aand a € (0,0 —a). ThusT —t<a<d—a < A—a. Hence,I'=a
(recall that I' is defined in (4.42)). Hence in (4.41) we have to consider the first formula, i.e.

(4.57)

TH4+a—t
o(t,a,-) = S(T — (T +a — £, )+ / S(s — a)B(s, - )o(s +t — a,0,-)ds.

Ja

T—9a d—a p72 1 1
/ / / / ~v*(t,a, 7, x)drdrdadt
nda T1
T—-9a é—a 1 1
<C’/ / / / —v2(T +a — t,7,z)drdrdadt
nda a
T—9a §—a THa—t
+ C/ / / / — (/ v (s +t—a,0,T, x)ds) dxdrdadt
T—nva o
0—a
C’/ / / / ~va(a + z,7, x)drdrdadz
da
T—-9Ya é—a 1 T—a—t
+C / / / - (/ vi(a+ 2,7, x)dz) dzdrdadt
T—nda JO T 0o O —a

(I1-nd)a pr2 1 1
<C / / / —v3(y, T, x)dedrdydz
. o

T1
5—a

Jo Jo
T—9Ya T2 1 1 T—t
+C / / / — / v (v, 7, x)dy | dzdrdadt
—nva 0o 0 0
< C/ / / ~v3 (v, 7, x)dzdrdydz

21

Thus,

(4.59)
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6—a
+ C’/ / / / (/ v (7, T, m)d7> dzdrdadt
T—nda

§C/ / / —’v%('y,f,w)dydwdf.
o Jrn Jo @
Hence, (4.58) holds.

By (4.51), (4.52), (4.57) and (4.58), it follows that

. 1 A=da  pr2 1l 2 (4 a p7m2 1,2
/ ~o*(T — a,a,T,x)drdrda < C/ / / Md.’lszd“/-‘rC/ / / Mdaxh‘d’y
QA1 g 0 7 J0 g o Jr Jo a
02
+C’/ /—d;rdrdadt.
Qr,a,ry Jw a

O

By Theorem 4.5 and using a density argument, one can deduce Proposition 4.1. As a consequence
one can prove, as in [16], the following null controllability results:

Theorem 4.6. Assume Hypotheses 3.1 or 3.2, 3.3 and 4.1. Moreover, suppose that w satisfies (4.29).
Take yo € L% (Qa,r,1) and T > 0. Then for n € N and for all 9 € (0,1) there exists a control

fo € Li (Q) such that the solution y = yy € U of

(0 0 o~
W s D gey) — k@) — Mo+ 072y = [tarx)  in Q)
y(ta a, T, ]-) - y(tv a,T, 0) =0 on QNT,A,Tzﬂ
y(T7 a,T, (E) = yO(a7 T, ZZ’) n QA,TQ,l? (460)
y(t,a, 71, CE) =0 in Qr.an,
y(t,0,2,7) fo (a,7,2)y(t,a,7,7)da in QT 1,
satisfies
y(T,a,7,2) =0 a.e. (a,7,2) € (E,A) X (11,72) x (0,1),
where 2 := max{A — Ya,a}. Moreover, there exists C = C(9) > 0 such that
||f19||Li(@) < C”?JOHLZL(QA,,Z,I)- (4.61)

Here, we recall, Q = (T, T) (0,A) x (11,m2) x (0,1), QT,A,TQ = (T,T) x (0,A) x (71,72), QT,A,I =
(T.T) x (0,A) x (0,1) and Qr.ry.1 = (T, T) x (11,72) x (0,1).

Proof. Take h € L2 (Qa,r,1) such that h(A,7,2) = 0 in (11,72) x (0,1). Let v be the solution of

% + % + g(T)% + k(2)vge + b(z)vy — plt,a, 7, 2)v = —B(a, 7, 2)v(t,0,7,2), (t,a,2) € Q,
v(t,a,7,0) =v(t,a,7,1) =0, (t,a,7) € Qr,A,ry»
o 0,7.2) = vr(a,7) im {h(a,T, 2 (a,70) € (2 A) x (m,7) x (0,1),
0, (a,7,2) € (0,2) x (11,72) x (0,1),
v(t, A, T,x) =0, (t,7,2) € QT,Tz,h
v(t,a, o, x) =0, (t,a,x) € Qroal.
(4.62)

Now, fixed yo € L2 (Qa,r.1), define

1 2 1 -
J(h) == Y dwdrdadt + —v(T,a,T,2)yo(a, 7, z)dzdrda.
2 ~
QT A, o Qa0

The functional J is strictly convex, continuous and coercive over the Hilbert space H defined by the
completion of L% ((Z,4) x (11,72) x (0,1)) with respect to the norm ||U||L21 (@ ry X0 (see [1] if v is
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independent of 7). Thus, there exists a unique minimum, h, of J and B(A,T, z) =0in (71,7) x (0,1).
Let © = ¥y be the solution of (4.62) associated to h = hy. Define f = fy := ¥x,, and let y = yy be the
solution of (4.60) in Q associated to f. Since h is the minimum of J, it results that

d _ - 1 1 -
0= [—J(h, + eh,)} = [ / —vodrdrdadt + / —o(T,a,7,2)yo(a, 7,x)dxdrda,  (4.63)
de = JQr A ey QA @

Jw T

for all b € L% (Qa.7,,1) such that h(A,7,x) = 0 in (11, 72) x (0,1). In particular, for & = h, one has

1 1, -
0= [ / ~v?drdrdadt +/ —0(T,a,7,2)yo(a,  , z)drdrda.
Qr, A,y Qara ¥

Hence

. 1 . 1
/_ / ~0?dedrdadt = —/ —0(T, a,7,2)yo(a, 7, z)dzdrda, (4.64)
Qr A Jw QA o1

g g

and, by Holder’s inequality and Proposition 4.1 applied to © in Q, one has

1 . -
< / ~0X(T,a,, z)dzdrda
Qaron 9
1
2

~9

52
<C —dzdadt .
(\/C:J’T',Aﬂ?\/b.l ag waa > ||yOHL2%(QA772:1)

Thus, by (4.64) and (4.65),

[N
W=

1 -
/ —0(T,a,1,2)yo(a, 7, z)dzdrda
Qarsn 9

1
/ ~y2(a, 7, z)dzdrda
Qarpn T

(4.65)

2

/ / " dedadt < © / / 2 ddadt lyollz2 (@ -, - (4.66)
Qr,a,mg Jw T Qr,am Jw T o o

1715, @) = ( /. R

ra Qur, ATy YW

Now, let y be the solution of (4.60) asssociated to f and yo.

Hence

2%

a:dadt) < CllyollLz (@a)-
®

Multiplying the equation of (4.62) by Y and integrating over @, one has:
o

ov v v y
0= /Q~ (E ta. T g(T)E + k(2)vge + b(x)vy — pu(t,a, 7, z)v + B(a, 7, z)v(t,0, 7, x)) ;d:chdadt —

A T 1 ~
0= / / / ly(T,a,T, z)h(a, 7, x) dedrda —/ lyov(T,a,T, 2)dzda
= m 0 ¢ QA,TZ.l a

1 1
- / —y(t,0,7,2)v(t, 0,7, z)dxdrdt +/ =B(a,T,2)v(t,0,7,2)y(t, a, 7, x)drdrdadt
Qrirgn Q9

v (Oy 9y Ogy)
a - t )y | da t
/ <6t Oa + or AUy + /l’( y Gy T, I)y dxdrdad
(recall that y(t,0,7,2) = JO (a,7,2)y(t, a,7,x)da). But % i ay i 3(89731) Moyt pltant 1)y = Fro

hence

A T2 1 1 1 R o
0 :/ / / —y(T,a,7,z)h(a,,z) da:drda—/ —yov(T, a,T, x)dxdrda—/ / ﬂda:deadt.
= T1 0o O Qa1 o Qrnry Juo o

Thus, being by (4.63)

1]

1 1 -
/ / —vidzdrdadt = —/ —v(T,a,7,2)yo(a, 7, z)dzdrda,
Q~T AT w g o
2

Qa,rg.1
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it follows that

T2 1
2 b
/ / ;y(Tﬂ, 7,2)h(a,7,z) drdrda
T1 0

for all h € L3 (Qarp1) with h(A,7,2) = 0 in (11,72) x (0,1). Hence y(T,a,7,2) = 0 ae. (a,r) €
(B, A) x (11, 72) x (0,1). O

(an)
I
m\,
=

Theorem 4.7. Assume Hypothesis 3.1 or 3.2, 3.3 and 4.1. Moreover, suppose that w satisfies (4.29).
Take uo € L*(Qa,ry.1) and T > 0. Then forn € N and for all9 € (0, 1) there exists a control fg € LA (Q)

such that the solution u = uy € U of (1.1) satisfies
w(T,a,7,2) =0 ae (a,7,2) € (E,A) x (11,72) x (0,1).
Moreover, there exists C = C(9) > 0 such that

Ifollzz (@) < Clluollzz (@a.y ) (4.67)

where Z is as in the previous theorem.

Proof. As a first step, set T := T —a € (0,T). By Theorem 2.1, there exists a unique solution ¥ of

%4 By O ()~ Mahyes ~ b+ pltar )y =0 Q.
y(t,a,7,1) = y(t a,7,0) =0 on Qr,a,r,
y(0,a,7,z) = uo(a,T,x) nQari, (4.68)
y(t,a, 7, )—0 in Qr.a1,
y(t,0,2,7) Jo (a,7,2)y(t,a,7,z)da in Qr.ry.1,

Where@ ( 7T) (O A) (Tl T2) ( ) @T,A;rg - (Oaf)x(07~A)X(TlvTQ)7 QT,A,l - (O,T)X(O,A)X(Ol)
and QT7T21 = (0, T) x (11,m2) x (0,1). Set go(a,7,z) := y(T,a,7,2); clearly jo € L% (Qar,1). Now,

consider

(?;: + gw + %(Q(T)’w) — k(2)wee — b(x)wy + p(t,a, 7, x)w = h(t,a, 7, ) Xw in Q,

w(t,a,7,1) = w(t,a,7,0) =0 on Q7. 4.7,
w(T,a,7,x) = jola,T, ) in Qar.1, (4.69)
w(t,a,i,2) =0 in Qr.a,
w(t,0,z,7) = fo (a, T, x)w(t,a,T,x)da in QT,TQJ.

By the previous Theorem, there exists a control hy € L3 (Q) such that the solution wy € U of (4.69)
associated to hy satisfies 7

wy(T,a,7,2) =0 a.e. (a,7,2) € (T,4) x (11,72) X (0,1)

and
[Poll 2 (@) < Clldollza (@ara)

for a positive constant C' = C(9).
Now, define uy and fy by

. in[O,T], ‘ _J0, info, T]
= {wﬂ, mpg o o= {hg, n [T, 7.

Then uy satisfies (1.1) and fy € L% (Q) is such that
ug(T,a,7,2) =0 a.e. (a,7,2) € (2,4) x (11,72) x (0,1).

Indeed ug(T,a,7,x) = wy(T,a,7,x) =0 a.e. (a,7,z) € (£,A) X (11,72) x (0,1).
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Now, we prove (4.67). As a first step, we multiply the equation of (4.68) by y. Then, integrating over
QA,7,.1, We obtain:

1 1 1 (™ 1 1 1
1d —yPdedrda + = / / —12(t, A, 7, ) dwdr + / nyidedrda + - / U9Y) i drda
Zdt QA,TQ:I ag 2 1 0 a QA,T‘Z 1 2 QA,-rQ,l O' d

1, 1™t
+ —py-dzdrda = = —y*(t,0, 7, x)dzdr.
JQarp1 T 2, n Jo O

Clearly,
1 1 d(gy) LAt o, 1 1 dy?
drdrda = = —(gy*)(t,a, 12, x)dxdT — = —g—da:drda
2 Jou., .0 dT 2Jo Jo o 4)ga,, 0 dr
—1/A/11( ) (1 )ddT—l/A/ll( 2)(t,a, 7y, x)dxdr
1/ 1
+ = / —d—qud.Edea
4)Q4 1
A gl
= 1/ / l(ng)(t,a,TQ,l‘)dl‘dT+l/ l@de:L’dea.
4)0 Jo o 4 QAJ_Q:lO'dT

It follows that

1d 1

—dexdea <= / / —y%(t,0, 7, x)dzdr — 1/ Ldg y*dzdrda.
2dt Lo 4 Jou,.,odr

Using the fact that y(t,0, 7, ) jo (a,7,2)y(t,a,T,x)da, we have

2
1d 1, 1ot

—— —y drdrda < —/ / - / Bla,7,z)y(t,a,z)da | dxdr
2 dt QA,-:—Q,lU 2 P 0o O 0

1 1,
+ = lg-ll —y“dxdrd
4”9 ||C[T1’7—2]/;Aﬂ_2’1 O_y xaTada

1
< ¢ ~y*dzdrda.

2 Qa1 T

Setting F(t) := ||y(75)||%21 (Qimat) and multiplying the previous inequality by e~?, it results that

d

p (e"“*'F(t)) <0

Integrating over (0,t), for all ¢ € [0,7], we obtain

1. 1 . 1 .
/ —y*(t,a,7,z)drdrda < eCT/ ~y*(0,a,7,z)dzdrda = eCT/ ~ui(a,T,r)drdrda.
Qargn 9 Qargn T QA,rg 1

In particular,
1 ~ 1
/ ~y*(T,a,7,z)drdrda < eCT/ ~ul(a,T,r)drdrda.
QA,rg,1

Qa1 7
Thus,
15122 o = [ ~h3dadrdadt < Cllgoll?
3@ = fs 0™ = ©IY0IE2 (Qary)
g . i . (4.70)
= C’/ —u?(T,a,7,z)drdrda < eCT/ ~ud(a,,)drdrda,
QA 75,1 QA, 19,1

for a positive constant C. Hence, (4.67) follows. |
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As a consequence of the previous theorem, we obtain the null controllability property if the coefficient
k is degenerate at 0 and at 1 at the same time. In particular, we make the following assumption:

Hypothesis 4.2. Hypotheses 2.2, 3.3 and 4.1 are satisfied. Moreover, the function & € C°[0,1]() C?(0,1)
rlb—ks(@) (2= Db~ k()

is such that £(0) = 0 = k(1), ¥ > 0 on (0, 1), the functions @) ) belong
to L°°(0,1) and there exist My, M7 € (0,2) so that xl/:z(;:) < My a.e. in [0, 1] and (ZJM < M,
x x

a.c. in [0,1]. Finally, there exist € € (0, 1] and two functions C; = C;(g) > 0, i = 1,2, defined in (0,¢),
such that
Ci(e) >0 as =—07,

(), (). =
Va € (0,¢) and

’((m - 1)(122)— km(x))> _ b(x)) <(:v — D(b(z) — km(fE»)x

and

Tx
Vee(l—g1).

Theorem 4.8. Assume Hypotheses 4.2 and (4.29). Take ug € L*(Qa,r,1) and T > 0. Then for n € N
and for all 9 € (0,%) there exists a control fg € L2 (Q) such that the solution u = ug € U of (1.1)

satisfies
w(T,a,7,2) =0 a.e (a,7,2) € (E,A) x (11, 72) x (0,1).

Moreover, there exists C = C(9) > 0 such that
Ifollzz (@) < Cliuollzz (@u.ry.)- (4.71)

Here E is as before.
Proof. Fixed ug € L?(Qa r,.1), consider the two problems
Oou Ou 0O =

ot + a + E(Q(T)u) — k(2)uge — b(2)us + p(t, a, 7, 2)u = f(t,a,7,2)X0 in Qr.a,., % (0,5),
u(t,a,7,3) = u(t,a,7,0) =0 on QT 4,7y,

(P1) u(0,a,7,z) = up(a,,x) in (0,4) x (11, 72) X
u(t,a, 71, )—0 in (0,7 x (0, A)><(
u(t,0,7,2) = fo u(t,a, 7, z)da in (0,7) x (11,72) X

(4.72)
and
3 L g~ K (@ee — bt + it 07,20 = [ D) in Qran x (@1)
u(t,a,7,@) = u(t,a,7,1) =0 on QT 4,7y,

() u(0,a,7,z) = up(a,,x) in (0,4) x (11, 72) X
u(t,a,m,x) =0 in (0,7) x (0, A) x (
u(t,0,7,2) = fo (a,z)u(t,a,7,z)da in (0,7) x (11, 72) X

(4.73)

where @ € (0,a) and 3 € (3,1). Thus, by Theorem 4.7, there exist two controls hi g and hy  such that
the solutions u; y and ug g of (P;) and (P»), associated to hy g and hg g, respectively, satisfy

uwy(T,a,7.2) =0 ae. (a,7,7) € (E,4) x (11,72) x (0,5),
and

ugg(T,a,7,2) =0 ae. (a,7,2) € (B,4) X (11,72) X (&,1).
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Moreover, there exists C' = C'(9) > 0 such that

C
/QT 4 / ;hiﬂdwdrdadt < C||u0||ii(wal)

and .
/ / hgﬂgda:drdadt < Clluoll32 (@amo )"
Qr,a,m Ja - 2

Denote with uy and hy (respectively us and ho) the trivial extensions of uy g9 and h; g (respectively us »
and hs ) to [8,1] (respectively [0, @]), so that all the functions are defined in the interval [0,1]. Clearly,
they depends always on ¥ and

Now, let uz be the solution of
ou Ou 0 .
5 T 70 T 5 W) —k(@)use — b(2)uz + pta,meju=0  inQ,
U(t, a, T, 1) = u(ta a,T, 0) =0 on QT7A.,TQ7
u(0,a,7,x) = up(a, 7, ) in Qar.1, (4.75)
’U(t,aaﬁ,l) =0 in Qr a1,
u(t,0,z,7) fo (a,7,2)u(t,a,7,z)da in Qr.r1

and consider the three smooth cut off functions &,7,¢ : [0,1] — R defined as

0<¢&(x) <1, forallzel0,1],

§(x) =1, z € [0, (2a+p)/3],
&(x) =0, z € [(a+2p)/3,1],
0<n(x) < for all z € [0, 1],

n(z) =0, z €0, (2a+p)/3],
n(z) =1 € [(a+2p)/3,1]

and ¢ := 1 — ¢ — n. Finally, take
/U’(taaHT? ZL') = 5“1 + nua + F(t)¢U3,
T—1t
where F(t) := —
Tt is easy to verify that u(t,a,7,0) = u(t,a,7,1) = 0, u(0,a,7,2) = ug(a,7,x) (since F(0) = 1) and
u(t,0,7,z) = fo (a,7,2)u(t,a,7,z)da. Moreover,

u(T,a,7,2) =0 ae. (a,7,z) € (E,A) X (11,72) x (0,1)

and u satisfies the equation of (1.1) with

1
fs = §hixw + nhaxw — T¢U3 —b(&'u1 4+ n'us + F(t)¢'ugz)

— k(ure + (Eur)e + n'uze + (u2)e)
— F(t)kd'us o — F(t)k(d us)y.

Obviously, the support of fy is contained in w and the terms (¢'us)s, (€'u1), and (7'us), are L3 (0,1)

(recall that ¢'(z) = & (x) = n/(z) =0 for all z € (0,1) \ w); thus fy € L2 (Q) as required.

Now, we will prove (4.71). To this aim, consider the equation satisfied by u; and multiply it by ﬂ.
o
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Then, integrating over Q4,,,1, we have

Ld, e L™ g i
gallul(,)lle%(QAm)+§ o ;ul(,, , T, x)dxdr

1 T2 1 1 9 9
- = —u1°(¢,0, 7, x)dxdr + nu1 .- drdrda
2/) Jo o QAa,rg,1
1
= —/ = uldazdrda — —/ —uldxdrda
Qa,rp1 g 2 Qa,ro.1

— —/ / g(72 ul (t,a, 10,2 dxda—i—/ / / — fuidrdrda.

Hence, using the initial condition w4 (¢,0,7,z) = fOA Bla, T, z)ui(t,a, 7, x)da, the assumptions on 3, p and
g and the Jensen’s inequality, one has

1d 14 T ol
2O @0 < 51O @0+ 3 / / S A [ i dvdrda
Aol
c
<= —uldJ:dea —= g(m2)ui(t,a, 1y, v)drda
- QA,T2.1 g

2
A T2 1
+/ / /—hluldxdea
0 T1 w0
C

1 A T2 1
<= —uldxdea += / / / ~hidzdrda,
2 QA g1 o 2Jo mn Jw 0

(4.76)
where C is a positive constant. Hence,
iHu OllF < Cllua (1)]I7 +[h (D17
Wz Qa0 S Gl N2 Q4 1) T 1MW (@4 -0
Setting F(t) := [lui(t)]|3. (@ar) and multiplying the previous inequality by e~ ¢!, one has
1 71
et —Ct 2
LR D) < e MO, @y (4.77)
Integrating (4.77) over (0,t), for all t € [0,T] it follows that
c R
e “'F(t) < F(0) +/0 e~ T||h1(7—)”ii(QA,T.1)dT'
Hence, for all t € 0,77,
T
cr 2
F(t)<e (F(O) +/0 ||h1(7')||L21(QA,,,1)d7'>
and
t:[‘épﬂ ||U1(t)||ii(QAml) <C <||u0||%21(QA‘7.‘1) + ||h1||2LZI(Q)) . (4.78)

Therefore, by (4.76), it follows that
1d|| @3 +/ 2 dedrda < ! ddd+1/A/TQ/1h2ddd
——||U 2 u TaTaa - —uiaraTtaa - TATaA.
th ! L%(QA‘TQJ) T] l’x B 2 Q4 79,1 o ! 2 0 T1 w a !

Integrating over (0,7"), we have

A,7a,1

1 1 C 1 1
§||u1(T)||%i @Qamg) T /Q nui pdadrdadt < 5””0”2L1(QA_T,1) t3 /Q ;u%(t,a,T,m)dwdeadt + 5”}“”%1(@)'
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Hence, by (4.78),
’ 2 1 2 1 2
i IviuLallzz @, dedrdadt < |luolza q, . ) +C g —ui(t, 0,7, w)ddrdadtt + S |h |7 g

C <||uO||%21 (@ara) T ||h1||2L21<Q>> :

(4.79)
Estimates (4.78) and (4.79) hold also for us and ug, where hy is replaced by he and 0, respectively. By

the definition of fy and (4.74), the theorem follows.

5 Appendix

5.1 Proof of Proposition 4.2:

Let us consider a smooth function & : [0, 1] — R such that

0<¢&(z) <1, forallze]0,1],
{(z) =1, T €W,

g(‘r):(]» 16(071)\(‘*}

Then, integrating by parts one has

"d
Oz/ — / (€e*¥)2v dzdrda | dt
o dt QA o1

= / 2s1hy (£e°Y) 20 + 2(€e°Y)?v(—vq — gur — Agv + v + f) drdrdadt
Q

= 25/ Vi (Ee*V) 0 2d:cd7'da(hf—|—25/ Va(EeV) 0 dedeadt+2/ (52 259 ) novgdrdrdadt
Q Q

+2 / (€2e*Y k)vidzdrdadt + 2 / &2 yvidrdrdadt + 2 / £2e*Y fudadrdadt
Q Q
+ 2 / )y (Ee*¥) 2 guldadrdadt + / e2e*¥ g v drdrdadt.
Hence, using Young’s inequality

2 / (€2e®Yk)vidadrdadt = —2s / Wy (fes’*b)Qdexdeadtf 2s / Vo (V)20 dadrdadt
JQ JQ JqQ

(&% 25@9‘7) Nz 2 259, 2
—2/ — TS v, drdTdadt — 2/ ¥ uv dxdrdadt
o o v getVon e

/ £2e*Y fudzdrdadtt
— ./1/1 (€es¥)? qudfrdeadz‘—/ £2e*Y g v drdrdadt
< —2s / (€ )03 dudrdadt — 2s / Yo (V)20 dadrdadt

JQ JQ

—23/ @/)T(fesw)ngdedeadt—/ 2V g v2drdrdadt

/(few\/_) nvzda:drdadt—i—/(52625’¢k)v§dxdrdadt

Q
+ (2l pll gy + 1) / 20’ dxdrdadt + / £2e*Y f2dxdrdadt.
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It follows that,

/ (€2e**Yk)vidrdrdadt < —2s / Y (Ee¥)2vidadrdadt — 2s / Vo (V)20 dadrdadt
Q Q Q

O J oy U b WD -

—25/ wT(gesw)ngzdxdrdadt—/ 2e%¥ g v dzdrdadt
Q Q

9
10 4 / (¢e™\/a )2 p*dedrdad
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13 Q Q
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