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 a b s t r a c t

Effective epidemic control policies must balance public health objectives with economic con-
straints, especially when deploying high-cost curative treatments for infectious diseases. This 
study develops an optimal control framework for a Health Authority (HA), embedded in a con-
trolled SIR epidemic model, to minimize the societal and economic burden of infection under 
budget constraints. We analyze two institutional cost specifications: a quadratic cost with an ex-
plicit budget constraint and a blow-up cost with endogenous constraint enforcement. Numerical 
simulations calibrated to the case of hepatitis C in France illustrate how cost structures, budget 
design, and the health authority’s preference over the final state of the epidemic jointly influence 
treatment intensity, infection dynamics, and long-term health outcomes. As an extension, we in-
corporate a Stackelberg differential game in which a Pharmaceutical Company (PC) strategically 
sets the drug price, anticipating the HA’s optimal treatment response. We show that the PC’s 
valuation of residual infection decisively shapes price trajectories and public health outcomes. 
The analysis suggests that effective policies should integrate coherent budget planning, outcome-
sensitive pricing schemes, and regulatory incentives to align private behavior with long-term 
public health objectives.

1.  Introduction

Ensuring equitable access to high-cost innovative treatments remains one of the most pressing challenges in contemporary health 
policy. This is particularly evident in the case of chronic and infectious diseases, where curative pharmaceutical innovations can 
drastically improve population health but pose significant budgetary and regulatory pressures. At the global level, the WHO’s Consol-
idated guidelines on HIV, viral hepatitis and STI prevention, diagnosis, treatment and care for key populations reaffirm the global targets to 
eliminate viral hepatitis as a public health threat by 2030 (World Health Organization, 2022). The Pharmaceutical Strategy for Europe
stresses the importance of aligning innovation with affordability, calling for transparent pricing, timely access, and the long-term 
sustainability of healthcare systems in Europe (European Commission, 2020). Complementary efforts such as the EU Regulation on 
Health Technology Assessment (Parliament, 2021) and the Council Conclusions on access to medicines (Council of the European Union, 
2021) aim to reinforce collective capacity across Member States to evaluate and negotiate the value of new treatments. These institu-
tional developments reflect a growing recognition that pricing decisions for breakthrough therapies are inherently strategic and must 
balance private incentives with public health priorities.
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\begin {equation}\label {eq:SIR1} \begin {cases} \dot {S}(t) = \nu \,N(t) - \nu \, S(t) - \beta \, I(t)\, S(t), \\ \dot {I}(t) = \beta \, I(t)\, S(t) - \nu \,I(t) - \lambda (t)\,I(t), \\ \dot {R}(t) = \lambda (t) I(t) - \nu \, R(t), \end {cases}\end {equation}
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\begin {equation}\label {eq:SIR2} \begin {cases} \dot {S}(t) = \nu - \nu \, S(t) - \beta \, I(t)\, S(t), \\ \dot {I}(t) = \beta \, I(t)\, S(t) - \nu \,I(t) - \lambda (t)\, I(t), \end {cases}\end {equation}


\begin {equation}\label {eq:Rdot} \dot R= (\nu +\lambda (t))\,I+\nu \,(S-1).\end {equation}


$R(t)$


$S(t)$


$I(t)$


$\Omega = [0,1]^2$


$\lambda (t) \geq 0$


$S_0, I_0 \in [0,1]$


$S(t)$


$I(t)$


$[0,1]$


$t \geq 0$


$I_0 > 0$


$I(t) > 0$


$t \geq 0$


$\lambda (t)$


$I_0 > 0$


$\lambda (t)=\lambda \geq 0$


\begin {equation*}\mathcal {R}_0=\frac {\beta }{\nu +\lambda }.\end {equation*}


$\mathcal {R}_0$


$\beta $


$\nu $


$\lambda $


$P_0 = (1,0)$


\begin {equation*}J(S,I) = \begin {pmatrix} -\nu - \beta I & -\beta S \\ \beta I & \beta S - \nu - \lambda \end {pmatrix}.\end {equation*}


$P_0$


$-\nu < 0$


$(\nu + \lambda )(\mathcal {R}_0 - 1)$


$P_0$


$\mathcal {R}_0 < 1$


$\mathcal {R}_0 > 1$


$\mathcal {R}_0 > 1$


$P_e = (S_e, I_e)$


\begin {equation*}S_e = \frac {1}{\mathcal {R}_0}, \quad I_e = \frac {\nu }{\beta } (\mathcal {R}_0 - 1).\end {equation*}


$P_e$


$\lambda (t) = \lambda \geq 0$


$P_0=(1,0).$


$\mathcal {R}_0<1$


$P_0$


$\mathcal {R}_0>1$


$P_0$


$P_e=(S_e,I_e)$


$\mathcal R_0=1$


$P_{0}$


$P_{e}$


$\mathcal {R}_0 < 1$


$\lambda $


\begin {equation}\label {eq:lambdac} \lambda > \lambda _c := \beta - \nu .\end {equation}
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\begin {equation}\label {eq:h} h(t) = p(t) \lambda (t) I(t),\end {equation}
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\begin {equation}\label {eq:budget} h(t) \leq b(t),\end {equation}
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\begin {equation}\label {eq:JHA1} \e ^{-\delta \,T}\theta \,I(T)+ \int _0^T \e ^{-\delta \,t} \left ( \eta \,I(t) + \phi (t,h(t)) \right ) dt.\end {equation}
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\begin {equation*}\phi _q(t,h(t)) = \dfrac {\alpha _q}{2}(h(t))^2\end {equation*}
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\begin {equation}\label {eq:JHAq} \mathcal {J}_q^{\text {HA}}(\lambda (\cdot )) =\mathrm e^{-\delta \,T}\theta \,I(T)+\int _0^T \mathrm e^{-\delta t} \left [ \eta \,I(t) + \frac {\alpha _q}{2}\left ( p(t)\, \lambda (t)\, I(t) \right )^2 \right ]\, dt.\end {equation}
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\begin {equation}\label {eq:HA:OCP} \min _{\lambda \in \Lambda _q} \mathcal {J}_q^{\text {HA}}(\lambda (\cdot ))\end {equation}
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\begin {equation*}\Lambda _q = \left \{ \lambda \in L^2([0,T]) \;\Big |\; \lambda (t) \geq 0, \ p(t)\lambda (t)I(t) \leq b(t), \ \text {a.e. in } [0,T] \Big . \right \}.\end {equation*}
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\begin {equation*}\begin {aligned} \mathcal {H}_q^{\text {HA}}(S,I,\psi _S,\psi _I,\lambda ,t)=&\mathrm \e ^{-\delta t} \left ( \eta \,I + \frac {\alpha _q}{2}(p(t)\, \lambda \, I)^2 \right ) +\psi _S^{\text {HA}}\, (\nu -\nu \,S-\beta \,I\,S) + \psi _I^{\text {HA}}\, (\beta \,I\,S-\nu \,I-\lambda \,I). \end {aligned}\end {equation*}
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\begin {equation}\begin {aligned} \mathcal {L}^{\text {HA}}(S,I,\psi _S,\psi _I,\lambda ,\mu _1,\mu _2,t) =\mathcal {H}_q^{\text {HA}}(S,I,\psi _S,\psi _I,\lambda ,t) +\mu _1(t)\,\lambda (t)+ \mu _2(t)\, \left (b(t) - p(t)\, \lambda \, I\right ). \end {aligned} \label {Xeqn12}\end {equation}
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A. Caravaggio et al.

In recent decades, the emergence of innovative pharmaceutical treatments for infectious diseases has raised complex economic and 
regulatory challenges for health authorities. While these innovations often promise curative outcomes, they also involve high upfront 
costs and uncertain long-term efficacy. Combined with rapidly evolving epidemiological contexts, this creates a tension between 
immediate budget constraints and long-term health outcomes. This is particularly salient in the case of communicable diseases, 
where treatment strategies must account not only for individual benefits but also for population-level externalities related to disease 
transmission and eradication.

The economic modeling of epidemic control has evolved significantly, particularly in understanding how health authorities allocate 
limited resources to minimize both societal and economic burdens. Classical approaches often formulate this problem as an optimal 
control framework, where the HA aims to reduce infection prevalence while accounting for treatment costs and budget constraints. 
For instance, Dubois et al. (2022) develop a dynamic SIR model calibrated to hepatitis C data in France, showing that myopic 
budget allocation strategies can lead to inferior long-term outcomes, especially when transmission dynamics and diminishing marginal 
effectiveness are taken into account. Their work highlights the importance of hard budget constraints and credible policy commitments 
in achieving socially optimal strategies. Moreover, Di Liddo (2016) analyzes the impact of different cost functions (quadratic vs. blow-
up) on the feasibility and effectiveness of eradication policies under financial limitations. Other contributions further examine the 
role of cost function shapes and their influence on treatment timing and intensity, particularly in centralized systems with strict 
budget enforcement (see Buonomo and Vargas-De-León, 2014; Lashari and Zaman, 2012). Similar control approaches under budget 
constraints have also been investigated in ecological contexts, including resource management and conservation planning (Marangi 
et al., 2020, 2023). Finally, some contributions discuss adaptive or endogenous budget adjustments as policy tools to mitigate financial 
stress during epidemics, although these approaches are often static or limited to short-term horizons (PhRMA, 2017).

Building on this optimal control tradition, a growing literature embeds epidemic dynamics into fully optimizing economic–
epidemiological models, typically adopting a centralized planner perspective. Within this framework, Garibaldi et al. (2024) study 
how forward-looking agents optimally adjust social activity in response to infection risk, and show that decentralized behavior may 
diverge from socially optimal epidemic paths due to the presence of static and dynamic externalities. Similarly, La Torre et al. (2021) 
analyze optimal containment policies over a finite planning horizon, emphasizing the intertemporal trade-off between economic costs 
and long-run health outcomes, and showing that optimal strategies may rationally tolerate endemic infection levels rather than full 
eradication. Recent extensions further enrich this planner-based approach by allowing for more realistic epidemiological structures 
and policy instruments. In Hritonenko and Yatsenko (2024), the authors introduce integral epidemic dynamics with realistic infectiv-
ity profiles and show that optimal lockdown policies may optimally end with persistent infection due to discounting and intertemporal 
trade-offs. Focusing on optimal vaccination policies in a SIRS framework with reinfection, Federico et al. (2024) provide a rigorous 
characterization of optimal feedback controls and show that sustained policy effort may be required to keep infection close to zero 
in the long run.

While these contributions offer powerful insights into the design of optimal containment, vaccination, and further policies under 
centralized planning, they typically take treatment prices as exogenous and abstract from the strategic behavior of pharmaceutical 
firms. As a result, a separate strand of the literature has focused on drug pricing and access, typically relying on static or reduced-form 
demand specifications and regulatory tools such as cost-effectiveness thresholds, capped pricing, and value-based pricing frameworks, 
thereby providing only a partial representation of the dynamic strategic interaction between pharmaceutical firms and public payers. 
Several authors have highlighted the limitations of fixed-price schemes or uncertain listing processes, showing that value-based pricing 
with risk-sharing components can lead to superior outcomes from both societal and industrial perspectives (Levaggi, 2014; Antonanzas 
et al., 2011). More recent contributions have incorporated game-theoretic perspectives to explicitly model strategic pricing behavior. 
For instance, Critchley and Zaric (2019) analyze pharmaceutical marketing and pricing strategies under different access policies, 
including negotiated pricing and value-based risk-sharing, showing that all policies except the first-best planner solution suffer from 
inefficiencies in access, pricing, or treatment coverage. Notably, value-based pricing with risk-sharing emerges as the most robust 
solution, although it yields zero net monetary benefit for the payer. Along the same research lines, several studies adopt static or 
reduced-form demand specifications, treating demand as exogenous (e.g., Gavious et al., 2014) or as a simple function of price (e.g., 
Miraldo, 2009).

Only a few studies attempt to integrate dynamic disease progression with pricing decisions. Among these, Di Liddo (2020) develops 
a stylized SIS model where a pharmaceutical firm and a social planner engage in Stackelberg or Nash bargaining interactions over 
price and treatment coverage, highlighting how the choice of cost function significantly affects equilibrium outcomes. In addition, 
Lothan et al. (2022) model the interaction between a pharmaceutical company and a government negotiating HCV treatment prices, 
with the government setting screening and treatment strategies in response to fixed pricing. Their findings show that under certain 
conditions, manufacturers may benefit from offering quantity discounts or funding screening programs to induce higher treatment 
uptake, while risk-sharing agreements (e.g., payment only upon successful treatment) may improve outcomes for the public payer.

Although the literature has made important strides, the strategic interplay between pricing and treatment policies within fully 
dynamic settings, where both epidemiological dynamics and contractual negotiations co-evolve, remains largely underexplored. In 
particular, the integration of epidemic models like the SIR framework with dynamic game-theoretic approaches is still limited, despite 
its importance for evaluating realistic policy interventions. Building on these premises, we propose an optimal control framework to 
analyze the epidemic management problem faced by a health authority (HA) responsible for delivering high-cost curative treatments 
for infectious diseases. The epidemic dynamics are described through a controlled SIR model, where the HA determines a time-
dependent treatment intensity that balances the societal benefits of reducing infections against the economic burden of pharmaceutical 
spending, all under explicit or endogenous budget constraints. We examine two institutional cost structures: a quadratic cost with 
an explicit budget constraint and a blow-up cost that embeds the constraint endogenously. Numerical simulations, calibrated to the 
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case of hepatitis C in France, illustrate how budget design and cost parameters shape treatment intensity, infection dynamics, and 
eradication prospects. The analysis is conducted within an open-loop framework, reflecting ex ante policy commitment under budget 
and institutional constraints, while a feedback formulation and its methodological implications are briefly discussed. As an extension, 
we formulate a Stackelberg differential game in which a pharmaceutical company (PC) strategically sets the drug price, anticipating 
the HA’s optimal treatment response. In this hierarchical framework, the PC acts as the leader and the HA as the follower, enabling 
us to explore the interplay between strategic pricing and epidemic control outcomes.

The analysis is guided by the following core research questions:

1. How do budget constraints and different cost structures influence the feasibility, regularity, and effectiveness of optimal treatment 
strategies over time?

2. How does the dynamic interplay between treatment intensity and budget design affect epidemic trajectories and eradication 
thresholds?

3. How do the pharmaceutical company’s strategic pricing incentives reshape public health outcomes when pricing is endogenized 
through a Stackelberg game?

To address these questions, we first characterize the HA’s optimal control problem under both cost specifications, and then extend 
the analysis to the Stackelberg framework under quadratic costs. Numerical results highlight key policy trade-offs and suggest that 
coherent budget planning and outcome-sensitive pricing incentives are crucial to align private interests with long-term public health 
goals.

The paper is structured as follows. Section 2 introduces the epidemiological model and derives analytical results on eradication 
thresholds. Section 3 formulates the HA’s optimal control problem under two alternative cost structures. Section 4 presents numerical 
simulations illustrating the effects of budget design and cost parameters. Section 5 extends the analysis to a Stackelberg differential 
game with strategic pricing. Section 6 discusses the policy implications of our findings in light of current European and global 
frameworks. Section 7 concludes the paper by addressing the research questions and outlining future directions.

2.  The epidemic SIR model with treatment

We model the spread of an infectious disease in a population using a classical SIR compartmental framework (Hethcote, 1989). At 
each time 𝑡 ≥ 0, the population is divided into three groups: susceptible, infected, and recovered individuals, with respective densities 
𝑆(𝑡), 𝐼(𝑡), and 𝑅(𝑡), all taking values in the interval [0, 1]. We assume that the population experiences a constant birth rate 𝜈 > 0, with 
all newborns entering the susceptible class. The death rate is also set equal to 𝜈, ensuring a constant total population density over 
time. Infection occurs through contact between susceptible and infected individuals, at a transmission rate 𝛽 > 0.

At the initial time (𝑡 = 0), an innovative drug is introduced to treat the disease by converting infected individuals into permanently 
recovered ones. The treatment is administered under the supervision of a Health Authority (HA), which sets a time-dependent control 
variable 𝜆(𝑡) ≥ 0 representing the intensity of treatment applied to the infected population. The removal of treated individuals follows 
an exponential process at rate 𝜆(𝑡).

Under these assumptions, the epidemic SIR model with treatment control 𝜆(𝑡) is described by the following system of differential 
equations: 

⎧

⎪

⎨

⎪

⎩

𝑆̇(𝑡) = 𝜈 𝑁(𝑡) − 𝜈 𝑆(𝑡) − 𝛽 𝐼(𝑡)𝑆(𝑡),
𝐼̇(𝑡) = 𝛽 𝐼(𝑡)𝑆(𝑡) − 𝜈 𝐼(𝑡) − 𝜆(𝑡) 𝐼(𝑡),
𝑅̇(𝑡) = 𝜆(𝑡)𝐼(𝑡) − 𝜈 𝑅(𝑡),

(1)

where 𝑁(𝑡) = 𝑆(𝑡) + 𝐼(𝑡) + 𝑅(𝑡) denotes the total population density. The term 𝜈𝑁 accounts for the constant influx of newborns entering 
the susceptible class, while the terms −𝜈𝑆, −𝜈𝐼 , and −𝜈𝑅 represent natural deaths occurring uniformly across the three compartments. 
The infection term 𝛽𝑆𝐼 captures the transmission of the disease through contact between susceptible and infected individuals. Finally, 
𝜆(𝑡)𝐼 represents the rate at which infected individuals recover as a consequence of the applied treatment.

The sum of the three equations in (1) yields 𝑁̇(𝑡) = 0 for all 𝑡 ≥ 0, implying that the total population remains constant, i.e., 
𝑁(𝑡) = 𝑁(0) for all 𝑡 ≥ 0. We assume the initial conditions:

𝑆(0) = 𝑆0 ≥ 0, 𝐼(0) = 𝐼0 ≥ 0, 𝑅(0) = 𝑅0 ≥ 0,

such that 𝑁(0) = 𝑆0 + 𝐼0 + 𝑅0 = 1. Therefore, 𝑁(𝑡) = 1 for all 𝑡, and we can write 𝑅(𝑡) as: 𝑅(𝑡) = 1 − 𝑆(𝑡) − 𝐼(𝑡). Thus, system (1) 
simplifies to: 

{

𝑆̇(𝑡) = 𝜈 − 𝜈 𝑆(𝑡) − 𝛽 𝐼(𝑡)𝑆(𝑡),
𝐼̇(𝑡) = 𝛽 𝐼(𝑡)𝑆(𝑡) − 𝜈 𝐼(𝑡) − 𝜆(𝑡) 𝐼(𝑡),

(2)

and the resulting equation for recovered density is
𝑅̇ = (𝜈 + 𝜆(𝑡)) 𝐼 + 𝜈 (𝑆 − 1). (3)

As 𝑅(𝑡) can be recovered from the knowledge of 𝑆(𝑡) and 𝐼(𝑡), our analysis can be restricted to system (2) alone.
Observe that the set Ω = [0, 1]2, representing all biologically meaningful values for the susceptible and infected population shares, 

is invariant under the dynamics of system (2) for any nonnegative treatment strategy 𝜆(𝑡) ≥ 0. This means that if the initial condition 
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satisfies 𝑆0, 𝐼0 ∈ [0, 1], then the solutions 𝑆(𝑡) and 𝐼(𝑡) remain in the interval [0, 1] for all 𝑡 ≥ 0. Moreover, if 𝐼0 > 0, then 𝐼(𝑡) > 0 for 
all 𝑡 ≥ 0; that is, the infection level remains strictly positive at all times, although it may approach zero asymptotically depending on 
the treatment policy 𝜆(𝑡). In what follows, we assume 𝐼0 > 0.

2.1.  Equilibria and eradication threshold under constant treatment

To gain insight into the long-term behavior of the system, we focus on the case where the treatment intervention assumes a 
constant value 𝜆(𝑡) = 𝜆 ≥ 0. In this setting, we study the existence and stability of the equilibria of system (2), which are governed by 
the basic reproduction number

0 =
𝛽

𝜈 + 𝜆
.

The basic reproduction number 0 represents the expected number of secondary infections generated by a single infected individual 
introduced into a fully susceptible population. It provides a synthetic measure of the epidemic potential of the disease by comparing 
the rate at which new infections are produced (captured by the transmission parameter 𝛽) with the overall rate at which infected 
individuals are removed from the infectious class. In the present model, removal occurs both through natural turnover at rate 𝜈 and 
through treatment efforts at rate 𝜆 (Bailey, 1975; Hethcote, 2000; Diekmann et al., 2010) .

The system always admits the disease-free equilibrium 𝑃0 = (1, 0). To assess its local stability, we compute the Jacobian matrix of 
system (2):

𝐽 (𝑆, 𝐼) =
(

−𝜈 − 𝛽𝐼 −𝛽𝑆
𝛽𝐼 𝛽𝑆 − 𝜈 − 𝜆

)

.

Evaluated at 𝑃0, the Jacobian becomes upper triangular, with eigenvalues −𝜈 < 0 and (𝜈 + 𝜆)(0 − 1). Therefore, the disease-free 
equilibrium 𝑃0 is locally asymptotically stable if 0 < 1, and unstable when 0 > 1.

When 0 > 1, the system also admits an endemic equilibrium 𝑃𝑒 = (𝑆𝑒, 𝐼𝑒), where

𝑆𝑒 =
1
0

, 𝐼𝑒 =
𝜈
𝛽
(0 − 1).

A direct computation of the Jacobian at 𝑃𝑒 shows that the equilibrium is locally asymptotically stable, since the eigenvalues are the 
roots of a second-order polynomial with strictly positive coefficients. We summarize these results in the following proposition:
Proposition 1. Assume that 𝜆(𝑡) = 𝜆 ≥ 0 is constant. Then, system (2) admits the disease-free equilibrium 𝑃0 = (1, 0). If 0 < 1, 𝑃0 is the 
only equilibrium and it is linearly asymptotically stable. Conversely, when 0 > 1, 𝑃0 becomes linearly asymptotically unstable, and the 
asymptotically stable endemic equilibrium 𝑃𝑒 = (𝑆𝑒, 𝐼𝑒) arises.
Remark 1.  In the threshold case 0 = 1, one eigenvalue vanishes. Then, this critical value corresponds to a transcritical bifurcation 
at which stability is exchanged between the disease-free equilibrium 𝑃0 and the endemic equilibrium 𝑃𝑒. 
According to Proposition 1, disease extinction occurs when the basic reproduction number satisfies 0 < 1. In the case of constant 
treatment effort 𝜆, this translates into the condition:

𝜆 > 𝜆𝑐 ∶= 𝛽 − 𝜈. (4)

Here, 𝜆𝑐 defines the critical treatment threshold above which the infection is eradicated. Notice that when 𝛽 − 𝜈 < 0, the threshold 
𝜆𝑐 is negative, implying that disease extinction is guaranteed for all 𝜆 ≥ 0, even in the absence of treatment.

In the more general case where the treatment intensity varies over time, the eradication of the infection requires that the level 
of treatment eventually becomes (and remains) sufficiently high. In practical terms, this means that the control effort must exceed a 
certain critical threshold for a long enough period to suppress the infection. If this condition is not met, either because the treatment 
is too weak or is interrupted for an extended time, the infection may not disappear. Instead, it can persist at low levels or even exhibit 
prolonged and potentially unpredictable transient dynamics before eventually stabilizing at an endemic equilibrium.

These considerations naturally lead to a broader question: while intensive treatment efforts can rapidly eradicate the disease, 
they are typically associated with substantial economic and logistical costs. In practice, health authorities must operate under budget 
constraints and resource limitations, which prevent them from indefinitely sustaining high treatment intensities. As a result, a key 
challenge arises: how should a HA optimally allocate treatment efforts over time to minimize the impact of the epidemic, while 
respecting economic constraints? To address this, we extend our analysis by formulating an optimal control problem in which the HA 
aims to minimize a cost functional that balances the societal cost of infection with the economic cost of treatment. This framework 
allows us to identify time-dependent treatment strategies that are both effective in suppressing the infection and feasible from a 
budgetary perspective.

3.  The health authority’s decision problem: optimizing treatment under economic constraints

In this section, we model the decision-making problem faced by a HA that aims to minimize the total cost associated with the 
epidemic. The cost includes both the societal burden of infection and the economic cost of implementing treatment interventions. We 
assume that treatment can be modulated over time via a control function

𝜆(𝑡) ≥ 0, (5)
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representing the intensity of effort allocated to recovering infected individuals. We further assume that an innovative drug is available 
for treatment, which is highly effective in reducing the duration of infection. As discussed in Dubois and Magnac (2024), this is the 
case for direct-acting antivirals (DAAs) used to treat hepatitis C in France, which achieved high cure rates within short treatment 
durations but initially involved very high per-patient costs.

Let 𝑝(𝑡) > 0 denote the unit price at which the Pharmaceutical Company (PC) sells the innovative treatment at time 𝑡, corresponding 
to the cost of providing the therapy to a single infected individual. While the price may vary over time due to negotiations, market 
dynamics, or policy decisions, we treat 𝑝(𝑡) as an exogenous function throughout this analysis, leaving its strategic determination to 
an extended version of the model presented in Section 5. We assume that the entire treatment is administered at time 𝑡, and that 
the corresponding cost is incurred instantaneously. The corresponding instantaneous treatment expenditure per unit of population is 
thus defined as:

ℎ(𝑡) = 𝑝(𝑡)𝜆(𝑡)𝐼(𝑡), (6)

which represents the treatment cost incurred by the HA at time 𝑡, normalized per unit of total population.
Let 𝑏(𝑡) denote the budget available for pharmaceutical spending at time 𝑡, expressed per unit of total population. The HA must 

ensure that the instantaneous treatment expenditure satisfies
ℎ(𝑡) ≤ 𝑏(𝑡), (7)

so as not to exceed the available financial resources. Since the unit price 𝑝(𝑡) is not directly determined by the HA (its strategic pricing 
will be addressed in Section 5), for the purposes of the present analysis we treat 𝑝(𝑡) as an exogenous input and focus on the optimal 
allocation of treatment intensity by the HA, subject to the given budget constraints.

3.1.  Economic constraints and cost modeling

The HA’s objective is to minimize the overall cost associated with the epidemic over a finite planning horizon [0, 𝑇 ]. Let 𝛿 > 0
denote the discount rate, which reflects the preference for immediate costs and benefits over future ones. Following Di Liddo (2016), 
the total cost incurred by the HA is represented by the following discounted cost functional:

e−𝛿 𝑇 𝜃 𝐼(𝑇 ) + ∫

𝑇

0
e−𝛿 𝑡(𝜂 𝐼(𝑡) + 𝜙(𝑡, ℎ(𝑡)))𝑑𝑡. (8)

The first term in (8), e−𝛿𝑇 𝜃𝐼(𝑇 ), represents a terminal (or scrap) cost incurred at the end of the planning horizon. The parameter 
𝜃 > 0 measures the weight that the HA assigns to the epidemic outcome at time 𝑇 : higher values of 𝜃 reflect a stronger preference for 
strategies that achieve low residual infection or eradication by the end of the horizon. Beyond its formal role in a finite-horizon optimal 
control problem, this terminal term captures the HA’s valuation of residual infection as a reduced-form continuation value beyond 
time 𝑇 . In practice, nonzero prevalence at the end of a policy cycle entails future healthcare expenditures, political accountability 
costs, and institutional losses that are not explicitly modeled when the horizon is truncated. The parameter 𝜃 therefore represents 
the shadow cost of transferring an unresolved epidemic to future governments or budget cycles, providing an economic rationale 
for sustained treatment effort close to the terminal date and mitigating the well-known end-of-horizon under-investment problem in 
finite-time policy planning.

The second term, 𝜂 𝐼(𝑡), represents the societal cost associated with the presence of infected individuals in the population. This 
component captures both direct and indirect consequences of infection, including the burden on healthcare services, productivity 
losses due to morbidity, social disruption, and potential long-term complications. The parameter 𝜂 > 0 summarizes the average cost 
imposed on society per unit of infected population (Fonkwo, 2008). Finally, the term 𝜙(𝑡, ℎ(𝑡)) captures the economic cost associated 
with the HA’s pharmaceutical spending. It reflects the disutility, or perceived burden, of financing treatment interventions over time. 
The function 𝜙(𝑡, ℎ(𝑡)) is assumed to be increasing and convex in ℎ(𝑡), indicating that the marginal cost of allocating additional resources 
to treatment rises with the intensity of expenditure. This formulation allows the model to capture inefficiencies, administrative 
overhead, and systemic constraints that arise when the health system operates under pressure or near capacity.

Since the HA must comply with the budget constraint (7), which ensures that treatment costs never exceed the available financial 
resources at any time 𝑡 ∈ [0, 𝑇 ], it is crucial to adopt a functional form for 𝜙(𝑡, ℎ(𝑡)) that captures both the increasing disutility of 
treatment intensity and the economic limitations imposed by the budget. To this end, we consider the following two alternative 
specifications:

(i) a quadratic cost function of the form 𝜙𝑞(𝑡, ℎ(𝑡)) =
𝛼𝑞
2
(ℎ(𝑡))2, which models increasing marginal cost and diminishing returns in 

pharmaceutical spending (see for example Buonomo and Vargas-De-León, 2014; Lashari and Zaman, 2012). In this formulation, 
the budget constraint must be explicitly included in the control problem as an inequality constraint.

(ii) a blow-up cost function of the form 𝜙𝑏(𝑡, ℎ(𝑡)) =
𝛼𝑏 𝑏(𝑡)ℎ(𝑡)
𝑏(𝑡) − ℎ(𝑡)

, with ℎ(𝑡) < 𝑏(𝑡), which implicitly incorporates the budget limitation 
into the cost function itself. In this case, the cost becomes arbitrarily large as ℎ(𝑡) approaches the budget ceiling 𝑏(𝑡), effectively 
discouraging the optimizer from exceeding it. The budget constraint is thus enforced endogenously, and there is no need to impose 
it as a separate inequality in the control problem. This type of cost function has been previously adopted in Di Liddo (2016) to 
account for the dramatic increase in cost associated with extremely expensive therapies when the number of patients is high.
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In both specifications, we assume 𝛼𝑞 , 𝛼𝑏 > 0 as parameters that scale the total cost up or down (see Buccella et al., 2021). They 
represent exogenous indexes that measure the cost factor related to the HA’s ability to distribute treatment to patients. Specifically, 
low 𝛼𝑞 and 𝛼𝑏 can be interpreted as a high ability of the HA to deliver the drug (e.g., through the use of digital platforms on which 
patients can immediately book to initiate treatment or through direct physician-patient contact) reflected in a reduced cost. Con-
versely, a high 𝛼𝑞 and 𝛼𝑏 can be interpreted as less effective delivery of purchased treatments, resulting in higher costs.1 Considering 
both of these cost specifications enables us to effectively address differing organizational strategies for pharmaceutical budgeting. 
The quadratic cost function is particularly suited to contexts where the HA plans and enforces its expenditure limits proactively, 
which is characteristic of centralized systems with well-defined annual budgets. In these scenarios, increasing marginal costs capture 
logistical challenges and resource constraints that arise as treatment intensity grows. In contrast, the blow-up cost formulation is 
more appropriate in settings where budget constraints are not enforced ex ante but emerge as spending rises, a common occurrence 
in fragmented or decentralized systems. In this case, the sharp increase in costs near the budget threshold effectively acts as a soft 
constraint, discouraging overspending without requiring strict enforcement mechanisms.

In the following subsections, we analyze in detail the two optimal control problems associated with cost specifications (i) and (ii), 
highlighting how the formulation of the treatment cost affects the structure and constraints of the optimization problem.

Both problems are formulated and solved within an open-loop framework, in which the HA commits at the initial time to a 
treatment intensity path over a fixed planning horizon. The main objective is to analyze epidemic control under budget constraints 
within a strategic and institutional setting. Accordingly, treatment and pricing policies are specified ex ante on the basis of available 
information, reflecting institutional environments in which policies, budget allocations, and pricing agreements are defined in ad-
vance and implemented over predetermined time horizons. The open-loop formulation allows for a focus on strategic commitment, 
intertemporal trade-offs, and budget-constrained decision making, and provides a transparent characterization of how economic and 
institutional constraints shape treatment dynamics over time.

3.2.  Optimal treatment under quadratic costs and explicit budgets

By substituting the quadratic cost specification

𝜙𝑞(𝑡, ℎ(𝑡)) =
𝛼𝑞
2
(ℎ(𝑡))2

into the general cost functional (8), and using the definition of ℎ(𝑡) from Eq. (6), the objective functional associated with a given 
treatment strategy 𝜆(𝑡) over the time horizon [0, 𝑇 ] becomes:

 HA
𝑞 (𝜆(⋅)) = e−𝛿 𝑇 𝜃 𝐼(𝑇 ) + ∫

𝑇

0
e−𝛿𝑡

[

𝜂 𝐼(𝑡) +
𝛼𝑞
2
(𝑝(𝑡) 𝜆(𝑡) 𝐼(𝑡))2

]

𝑑𝑡. (9)

In this setting, the HA’s problem, given the exogenous pricing function 𝑝(𝑡), is to determine the optimal treatment strategy that 
solves the following optimal control problem:

min
𝜆∈Λ𝑞

 HA
𝑞 (𝜆(⋅)) (10)

subject to the epidemic dynamics (2) and the budget constraint derived from (7):
𝑏(𝑡) − 𝑝(𝑡) 𝜆(𝑡) 𝐼(𝑡) ≥ 0, ∀ 𝑡 ∈ [0, 𝑇 ]. (11)

To ensure that the optimal control problem is well posed, in the sense that an optimal treatment strategy exists, we impose the 
following regularity assumption on the pricing and budget functions:

(A1) The functions 𝑝(𝑡) and 𝑏(𝑡) are strictly positive, bounded, and piecewise continuous on the interval [0, 𝑇 ].
Given the quadratic cost structure and the epidemic dynamics described by (2), we consider control functions 𝜆(𝑡) belonging to 

the Hilbert space 𝐿2([0, 𝑇 ]), and satisfying the nonnegativity and budget constraints almost everywhere. This leads to the following 
set of admissible controls:

Λ𝑞 =
{

𝜆 ∈ 𝐿2([0, 𝑇 ]) ||
|

𝜆(𝑡) ≥ 0, 𝑝(𝑡)𝜆(𝑡)𝐼(𝑡) ≤ 𝑏(𝑡), a.e. in [0, 𝑇 ]
}

.

Under assumption (A1), the budget constraint is measurable and bounded, and the cost functional (9) is convex in the control 
variable. Moreover, the state system (2) is well posed: it admits a unique solution for each admissible control, and the state trajectories 
depend continuously on 𝜆(𝑡). These properties ensure the existence of an optimal solution, as established by standard results in optimal 
control theory; see, for instance, Cesari (2012) and Seierstad and Sydsaeter (1986).

Turning to the derivation of necessary conditions for optimality in an open-loop setting, we begin by introducing the Hamiltonian 
function associated with the unconstrained version of the problem, that is, in the absence of the budget limitation:

HA
𝑞 (𝑆, 𝐼, 𝜓𝑆 , 𝜓𝐼 , 𝜆, 𝑡) =e−𝛿𝑡

(

𝜂 𝐼 +
𝛼𝑞
2
(𝑝(𝑡) 𝜆 𝐼)2

)

+ 𝜓HA𝑆 (𝜈 − 𝜈 𝑆 − 𝛽 𝐼 𝑆) + 𝜓HA𝐼 (𝛽 𝐼 𝑆 − 𝜈 𝐼 − 𝜆 𝐼).

1 For a more in-depth description of the economic and institutional factors that determine 𝛼𝑞 and 𝛼𝑏, see Shepard et al. (2013). Furthermore, 
these parameters ensure consistency in units between the HA’s objective functional—expressed in monetary terms over time—and the nonlinear 
cost terms 𝜙𝑞(𝑡, ℎ(𝑡)) and 𝜙𝑏(𝑡, ℎ(𝑡)), respectively.
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where 𝜓HA𝑆 (𝑡), 𝜓HA𝐼 (𝑡) are the adjoint variables associated with the state dynamics of susceptibles and infectives, respectively.
To account for the control constraint (5) and for the budget inequality constraint (11), following the approach in Seierstad 

and Sydsaeter (1986), we derive the necessary conditions of optimality by introducing two time-dependent Lagrange multipliers 
𝜇1(𝑡) ≤ 0; 𝜇2(𝑡) ≤ 0 associated with these conditions. The corresponding Lagrangian (also referred to as the generalized Hamiltonian) is 
defined as:

HA(𝑆, 𝐼, 𝜓𝑆 , 𝜓𝐼 , 𝜆, 𝜇1, 𝜇2, 𝑡) = HA
𝑞 (𝑆, 𝐼, 𝜓𝑆 , 𝜓𝐼 , 𝜆, 𝑡) + 𝜇1(𝑡) 𝜆(𝑡) + 𝜇2(𝑡) (𝑏(𝑡) − 𝑝(𝑡) 𝜆 𝐼). (12)

The following proposition, derived from Seierstad and Sydsaeter (1986)(Th. 1, Ch. 4), establishes necessary conditions for optimality 
based on the Pontryagin Maximum Principle.
Proposition 2.  Let 𝜆∗(𝑡) ≥ 0 be an optimal treatment strategy for the HA problem, and let 𝑆∗(𝑡) and 𝐼∗(𝑡) denote the corresponding state 
variables that solve system (2) under 𝜆∗(𝑡). Then, there exist piecewise differentiable adjoint functions 𝜓HA𝑆 (𝑡), 𝜓HA𝐼 (𝑡), and piecewise continuous 
multipliers 𝜇1(𝑡) ≤ 0, 𝜇2(𝑡) ≤ 0, such that the following conditions hold for all 𝑡 ∈ [0, 𝑇 ]:

(a) Hamiltonian minimization under budget feasibility:
HA
𝑞 (𝑆∗(𝑡), 𝐼∗(𝑡), 𝜓HA𝑆 (𝑡), 𝜓HA𝐼 (𝑡), 𝜆∗(𝑡), 𝑡) ≤ HA

𝑞 (𝑆∗(𝑡), 𝐼∗(𝑡), 𝜓HA𝑆 (𝑡), 𝜓HA𝐼 (𝑡), 𝜆(𝑡), 𝑡)

for all 𝜆(𝑡) ≥ 0 such that 𝑏(𝑡) − 𝑝(𝑡) 𝜆(𝑡) 𝐼∗(𝑡) > 0;
(b) First-order optimality condition:

𝜕HA
𝜕𝜆

(𝑆∗(𝑡), 𝐼∗(𝑡), 𝜓HA𝑆 (𝑡), 𝜓HA𝐼 (𝑡), 𝜆∗(𝑡), 𝜇1(𝑡), 𝜇2(𝑡), 𝑡) = 0

(c) Complementary slackness condition:
{

𝜇1(𝑡) ≤ 0  and 𝜇1(𝑡) = 0  if 𝜆∗(𝑡) > 0,
𝜇2(𝑡) ≤ 0;  and 𝜇2(𝑡) = 0  if 𝑏(𝑡) − 𝑝(𝑡)𝜆∗(𝑡)𝐼(𝑡) > 0.

(d) Adjoint equations: 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜓̇HA𝑆 = − 𝜕
HA

𝜕𝑆
(𝑆∗(𝑡), 𝐼∗(𝑡), 𝜓HA𝑆 (𝑡), 𝜓HA𝐼 (𝑡), 𝜆∗(𝑡), 𝜇1(𝑡), 𝜇2(𝑡), 𝑡),

𝜓̇HA𝐼 = − 𝜕
HA

𝜕𝐼
(𝑆∗(𝑡), 𝐼∗(𝑡), 𝜓HA𝑆 (𝑡), 𝜓HA𝐼 (𝑡), 𝜆∗(𝑡), 𝜇1(𝑡), 𝜇2(𝑡), 𝑡);

(e) Transversality conditions: 𝜓HA𝑆 (𝑇 ) = 0, 𝜓HA𝐼 (𝑇 ) = e−𝛿 𝑇 𝜃.

Based on the necessary conditions derived above, we now summarize the full optimality system satisfied by the state and adjoint 
variables, the optimal control, and the Lagrange multiplier. This system characterizes any solution to the HA’s problem under quadratic 
treatment costs and a budget constraint. Specifically, since 𝐼∗(𝑡) remains strictly positive due to the Assumption 𝐼0 > 0, and 𝑝(𝑡) > 0 by 
assumption (A1), the first-order optimality condition (b) admits a closed-form expression. This leads to a pointwise characterization 
of the optimal control. Accordingly, the HA’s problem reduces to solving the following forward–backward system:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑆̇∗ = 𝜈 − 𝜈𝑆∗ − 𝛽 𝑆∗ 𝐼∗, 𝑆∗(0) = 𝑆0,
𝐼̇∗ = 𝛽 𝑆∗ 𝐼∗ − 𝜈 𝐼∗ − 𝜆∗(𝑡) 𝐼∗, 𝐼∗(0) = 𝐼0,
𝜓̇HA𝑆 = (𝜈 + 𝛽 𝐼∗)𝜓HA𝑆 − 𝛽 𝐼∗ 𝜓HA𝐼 , 𝜓HA𝑆 (𝑇 ) = 0,
𝜓̇HA𝐼 = −e−𝛿𝑡

(

𝜂 + 𝛼𝑞 (𝑝(𝑡) 𝜆∗(𝑡))2 𝐼∗
)

+ 𝛽 𝑆∗ 𝜓HA𝑆
−(𝛽 𝑆∗ − 𝜈 − 𝜆∗(𝑡))𝜓HA𝐼 + 𝜇2(𝑡) 𝑝(𝑡) 𝜆∗(𝑡), 𝜓HA𝐼 (𝑇 ) = e−𝛿 𝑇 𝜃,

𝜆∗(𝑡) =
e𝛿𝑡

(

𝜓HA𝐼 (𝑡) + 𝜇2(𝑡) 𝑝(𝑡)
)

𝛼𝑞 𝑝(𝑡)2 𝐼∗(𝑡)
− 𝜇1

e𝛿𝑡

𝛼𝑞 𝑝(𝑡)2 (𝐼∗(𝑡))2
,

𝜇1(𝑡) ≤ 0, 𝜇1(𝑡) = 0 if 𝜆∗(𝑡) > 0.
𝜇2(𝑡) ≤ 0, 𝜇2(𝑡) = 0 if 𝑝(𝑡) 𝜆∗(𝑡) 𝐼∗(𝑡) < 𝑏(𝑡).

(13)

Note that the expression for 𝜆∗(𝑡) can also be equivalently written as:

𝜆∗(𝑡) = max

{

0,
e𝛿𝑡

(

𝜓HA𝐼 (𝑡) + 𝜇2(𝑡) 𝑝(𝑡)
)

𝛼𝑞 𝑝(𝑡)2 𝐼∗(𝑡)

}

.

The expression for the optimal control 𝜆∗(𝑡) in the quadratic-cost case reflects the balance between the marginal benefit of reducing 
infections and the marginal economic burden of treatment. The structure of the solution can be interpreted through two distinct 
regimes, governed by the activation of the budget constraint:

• Unconstrained interior solution: When the optimal level of treatment satisfies the budget constraint 𝑝(𝑡)𝜆∗(𝑡)𝐼∗(𝑡) < 𝑏(𝑡), the Lagrange 
multiplier vanishes (𝜇2(𝑡) = 0), and the control is given by the interior formula

𝜆∗𝑖𝑛𝑡(𝑡) =
e𝛿𝑡𝜓HA𝐼 (𝑡)

𝛼𝑞 𝑝(𝑡)2 𝐼∗(𝑡)
. (14)

In this case, the optimal strategy increases with the marginal value of reducing infections, 𝜓HA𝐼 (𝑡), and decreases with treatment 
cost and disease prevalence.
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• Constrained solution: When the budget constraint becomes binding, the multiplier 𝜇(𝑡) < 0 adjusts the optimal control downward 
to ensure that 𝑝(𝑡)𝜆∗(𝑡)𝐼∗(𝑡) = 𝑏(𝑡). The control still follows the same formula but now incorporates the additional marginal cost 
captured by 𝜇2(𝑡). In this regime, the available budget limits the intensity of treatment, regardless of its epidemiological desirability.

On sufficiency and local uniqueness. Due to the bilinear infection term 𝑆𝐼 and the bilinear coupling 𝜆𝐼 , the Hamiltonian fails to 
be concave in the joint state–control variables. As a consequence, classical sufficiency results based on global concavity, such as 
those in Seierstad and Sydsaeter (1986), do not apply. In this setting, sufficiency is interpreted in accordance with existence and 
characterization results for optimal control problems based on the Pontryagin Maximum Principle in Bressan and Piccoli (2007). 
More precisely, whenever the solution of the optimality system (13) is unique on a given time horizon, the corresponding extremal 
is the only admissible trajectory satisfying the necessary conditions and therefore coincides with the optimal control.

Uniqueness of the optimality system (13) can be established on sufficiently short time horizons 𝑇  by means of a direct energy 
argument. The proof relies on uniform a priori bounds and on a contraction property for the coupled state and adjoint variables, 
following approaches similar to those used in the analysis of state control optimality systems in Baker et al. (2018), Marangi et al. 
(2020). For sufficiently short horizons, the epidemiological dynamics ensure that the infected fraction remains uniformly bounded 
away from zero. In particular, under the assumption that the unit price satisfies 𝑝(𝑡) ≥ 𝑝1 > 0, the budget constraint implies a uniform 
bound on treatment expenditure, namely

0 ≤ 𝜆(𝑡)𝐼(𝑡) ≤ 𝑏(𝑡)
𝑝(𝑡)

≤ 1
𝑝1

‖𝑏‖𝐿∞(0,𝑇 ).

This bound allows one to derive a uniform lower bound on the infected population over sufficiently short time horizons, ensuring 
that 𝐼(𝑡) does not approach zero. This property makes it possible to compare candidate solutions of the optimality system through 
suitable energy estimates. The resulting inequalities imply a contraction property for the coupled state and adjoint system on short 
horizons, which in turn ensures uniqueness of the solution. As a consequence, in this regime the Pontryagin necessary conditions also 
provide a sufficient characterization of the optimal control. The proof is omitted for brevity.

3.3.  Implicit budget enforcement via blow-up costs

We now turn to the case in which the treatment cost is modeled using a blow-up cost function, given by

𝜙𝑏(𝑡, ℎ(𝑡)) =
𝛼𝑏 𝑏(𝑡)ℎ(𝑡)
𝑏(𝑡) − ℎ(𝑡)

,

where ℎ(𝑡) = 𝑝(𝑡) 𝜆(𝑡) 𝐼(𝑡) denotes the instantaneous treatment expenditure per unit of population, and 𝑏(𝑡) is the corresponding phar-
maceutical budget. This formulation captures the steep rise in marginal cost as spending nears the available resources, effectively 
discouraging the system from reaching that threshold. Substituting this specification into the general cost functional (8) yields:

 HA
𝑏 (𝜆(⋅)) = e−𝛿 𝑇 𝜃 𝐼(𝑇 ) + ∫

𝑇

0
e−𝛿𝑡

[

𝜂 𝐼(𝑡) +
𝛼𝑏 𝑏(𝑡) 𝑝(𝑡) 𝜆(𝑡) 𝐼(𝑡)
𝑏(𝑡) − 𝑝(𝑡) 𝜆(𝑡) 𝐼(𝑡)

]

𝑑𝑡. (15)

Since the cost becomes unbounded as spending approaches 𝑏(𝑡), this structure enforces the resource constraint implicitly. The 
resulting formulation excludes the need for an explicit budget inequality, as any attempt to exceed the limit leads to an infinite 
penalty.

To ensure feasibility of the cost functional (15), we define the admissible control set as:

Λ𝑏 =
{

𝜆 ∈ 𝐿∞([0, 𝑇 ]) ||
|

𝜆(𝑡) ≥ 0, 𝑝(𝑡)𝜆(𝑡)𝐼(𝑡) < 𝑏(𝑡) a.e. in [0, 𝑇 ]
}

.

The HA’s problem then reduces to determining the optimal treatment policy 𝜆(𝑡) ∈ Λ𝑏 that minimizes the cost functional (15), 
subject to the epidemic dynamics described by system (2). Formally, the control problem reads:

min
𝜆∈Λ𝑏

 HA
𝑏 (𝜆(⋅)) (16)

subject to the state dynamics (2).
Although the cost functional contains a singularity as ℎ(𝑡) → 𝑏(𝑡)−, the admissible control set Λ𝑏 is explicitly constructed to avoid 

this blow-up. In this setting, the integrand remains finite along all admissible trajectories, and the cost functional is convex with 
respect to the control variable. In addition, the state equations Eq. (2) are regular and depend continuously on the control, ensuring 
that the state-control mapping is well defined and stable. Together, these properties allow us to apply standard existence results for 
optimal control problems with singular integrands (see, e.g., Seierstad and Sydsaeter, 1986), thus guaranteeing the existence of an 
optimal solution.

To derive the necessary conditions for optimality, we define the Hamiltonian associated with the blow-up cost functional (15). It 
takes the form:

HA
𝑏 (𝑆, 𝐼, 𝜓𝑆 , 𝜓𝐼 , 𝜆, 𝑡) = e−𝛿𝑡

(

𝜂 𝐼 +
𝛼𝑏 𝑏(𝑡) 𝑝(𝑡) 𝜆 𝐼
𝑏(𝑡) − 𝑝(𝑡) 𝜆 𝐼

)

+ 𝜓HA𝑆 (𝜈 − 𝜈𝑆 − 𝛽𝑆𝐼) + 𝜓HA𝐼 (𝛽𝑆𝐼 − 𝜈𝐼 − 𝜆𝐼),

where 𝜓HA𝑆 (𝑡) and 𝜓HA𝐼 (𝑡) are the adjoint variables associated with the dynamics of susceptibles and infectives, respectively.
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Based on the necessary conditions and the characterization of the blow-up cost structures, the HA’s optimal control problem leads 
to the following forward–backward system:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑆̇∗ = 𝜈 − 𝜈 𝑆∗ − 𝛽 𝑆∗ 𝐼∗, 𝑆∗(0) = 𝑆0,

𝐼̇∗ = 𝛽 𝑆∗ 𝐼∗ − 𝜈 𝐼∗ − 𝜆∗ 𝐼∗, 𝐼∗(0) = 𝐼0,

𝜓̇HA𝑆 = (𝜈 + 𝛽 𝐼∗)𝜓HA𝑆 − 𝛽 𝐼∗ 𝜓HA𝐼 , 𝜓HA𝑆 (𝑇 ) = 0,

𝜓̇HA𝐼 = −e−𝛿𝑡
(

𝜂 +
𝛼𝑏 𝑏(𝑡)2 𝑝(𝑡) 𝜆∗

(𝑏(𝑡) − 𝑝(𝑡)𝜆∗ 𝐼∗)2

)

+ 𝛽 𝑆∗ 𝜓HA𝑆

−(𝛽 𝑆∗ − 𝜈 − 𝜆∗)𝜓HA𝐼 , 𝜓HA𝐼 (𝑇 ) = e−𝛿 𝑇 𝜃,

𝜆∗(𝑡) = max

{

0,
𝑏(𝑡)

𝑝(𝑡)𝐼∗(𝑡)

(

1 −

√

𝛼𝑏 e−𝛿𝑡𝑝(𝑡)
𝜓HA𝐼 (𝑡)

)}

,

(17)

provided that 𝜓HA𝐼 (𝑡) > 0 for all 𝑡 ∈ [0, 𝑇 ]. This condition ensures that the square root in the expression for 𝜆∗(𝑡) is well defined, and 
that the optimal control remains finite and real throughout the time horizon. Moreover, the term 1 −√

⋯ is always strictly less than 
1, which guarantees that the resulting treatment expenditure ℎ∗(𝑡) = 𝑝(𝑡)𝜆∗(𝑡)𝐼∗(𝑡) remains strictly below the available budget 𝑏(𝑡). 
The constraint is thus satisfied by construction. In the case where 𝜆∗(𝑡) = 0, the constraint is trivially satisfied.

The expression for the optimal control 𝜆∗(𝑡) under blow-up costs reflects the trade-off between the marginal benefit of treatment 
and the associated blow-up cost. The structure of the optimal solution is divided into two regimes:

• No treatment (𝜆∗(𝑡) = 0): This occurs when e−𝛿𝑡 𝛼𝑏 𝑝(𝑡) ≥ 𝜓HA𝐼 (𝑡), that is, when the marginal benefit of reducing the infected popu-
lation, represented by 𝜓HA𝐼 (𝑡), is less than or equal to the discounted marginal cost of treatment, e−𝛿𝑡𝛼𝑏 𝑝(𝑡). In this case, treatment 
is not cost-effective, and the optimal policy is to abstain from intervention.

• Interior solution (𝜆∗(𝑡) > 0): This arises when the marginal benefit of treatment exceeds its discounted marginal cost, i.e., 𝜓HA𝐼 (𝑡) >
e−𝛿𝑡𝛼𝑏 𝑝(𝑡). In this case, the optimal control takes a strictly positive value that balances the gain from reducing infections with the 
rising cost due to the proximity to the budget ceiling. The expression for 𝜆∗(𝑡) ensures that the instantaneous expenditure remains 
strictly below 𝑏(𝑡), thereby avoiding the blow-up in the cost functional.

The optimal treatment strategy adapts dynamically to both economic conditions (via 𝑝(𝑡), 𝑏(𝑡)) and the epidemiological state (via 
𝐼(𝑡) and the costate 𝜓HA𝐼 (𝑡)), in order to balance public health objectives with financial and institutional constraints. These dynamics 
are clearly illustrated in the numerical simulations presented in Section 4, where the outcomes under quadratic and blow-up cost 
structures are compared in terms of treatment intensity, infection trajectories, and total cost.

On sufficiency and local uniqueness. The blow-up cost specification does not alter the conceptual interpretation of sufficiency discussed 
for the quadratic case.  The main difference is the enforcement of the budget constraint. Although the mixed constraint is not 
imposed explicitly, the blow-up structure of the running cost prevents optimal trajectories from approaching the budget threshold. 
As a consequence, the same a priori bounds used in the quadratic case can be recovered. In particular, on sufficiently short time 
horizons the infected fraction remains uniformly bounded away from zero, ensuring that the pointwise representation of the optimal 
control is well defined and uniformly bounded. Uniqueness of the associated optimality system then follows by arguments analogous 
to those employed in the quadratic case, based on weighted energy estimates and a contraction property for the coupled state–adjoint 
variables.

3.4.  Economic rationale for alternative cost structures

The adoption of quadratic versus blow-up cost structure reflects different institutional views on how health authorities manage 
pharmaceutical expenditures under budget constraints.

The quadratic formulation is suitable for centralized systems that operate through structured, anticipatory planning. In these 
settings, treatment policies are typically designed within fixed annual budgets, and increasing marginal costs capture logistical lim-
itations, administrative burdens, or resource saturation. The explicit incorporation of a budget constraint into the control problem 
reflects a transparent and proactive approach to financial governance, consistent with systems where overspending is institutionally 
or politically infeasible.

By contrast, the blow-up specification models situations where financial limits are not imposed ex ante but emerge progressively as 
spending intensifies. This setting is representative of fragmented or reactive health systems, in which expenditures can initially grow 
unconstrained but become sharply penalized as they approach the available budget. The endogenous steepening of marginal costs 
captures institutional frictions, emergency reallocations, or procurement bottlenecks that arise under financial stress. In this context, 
the constraint is enforced indirectly by the cost function itself, which discourages excessive spending through rapidly escalating 
penalties.

These two approaches, though distinct in formulation and interpretation, serve complementary purposes. The quadratic model 
facilitates analysis under stable financial planning, while the blow-up model offers a more realistic representation of systems operating 
near or beyond capacity. Their joint inclusion within the decision framework allows for a flexible exploration of how treatment 
intensity should adapt under different cost architectures, ranging from predictable budget regimes to crisis-prone environments with 
endogenous constraints.
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Table 1 
Model parameters and units used in the numerical simulations.
 Parameter  Description  Value  Unit
𝑆0  Initial susceptible population density  0.95  –
𝐼0  Initial infected population density  0.05  –
𝑅0  Initial recovered population density  0  –
𝜈  Birth/death rate  0.0125  1/year
𝛽  Transmission rate  0.0015  1/year
𝛿  Discount rate  0.03  1/year
𝛼𝑞  Scaling parameter for quadratic cost  0.0454  year/€
𝛼𝑏  Scaling parameter for blow-up cost  1.135  year/€
𝜂  Societal cost per infected individual  40,000  €/year

4.  Simulated policy dynamics under budget constraints

In this section, we present a set of numerical simulations calibrated to the case of hepatitis C in France, using selected param-
eter values from Dubois and Magnac (2024) together with additional realistic and empirically grounded calibrations. The baseline 
parametrization is reported in Table 1 and serves as the reference scenario throughout the analysis.2 The initial conditions assume 
that 5% of the population is infected at time zero, while 𝑅0 = 0, reflecting the fact that no individuals have recovered prior to the 
introduction of the innovative treatment. The remaining 95% of the population is considered susceptible. This setup is consistent with 
an early-intervention scenario, in which curative therapies have not yet been widely administered and natural recovery is assumed 
to be negligible.

Using the baseline parameter values reported in Table 1, we can compute the critical treatment threshold defined in Eq. (4) as 
𝜆𝑐 = 0.025. This value represents the minimum constant treatment intensity required to reduce the basic reproduction number 0
below 1 and ensure disease extinction in the long run. In the following simulations, this threshold will serve as a benchmark to 
assess whether the optimal treatment intensity 𝜆∗(𝑡) determined by the HA under different cost specifications and budget constraints 
is sufficient to eradicate the infection or only to stabilize it at endemic levels. This means that, in order to eradicate the infection, 
the HA must maintain a treatment intensity of at least 𝜆∗(𝑡) > 0.025 for a sufficiently long period. If treatment levels fall below this 
threshold or are applied inconsistently over time, eradication is no longer guaranteed, and the infection may persist at endemic levels. 
This benchmark will guide the interpretation of the optimal treatment policies computed in the following.

In the following, numerical resolution of the optimal control problems is performed using a forward–backward algorithm where 
state and costate equations are integrated iteratively until convergence. The implementation relies on symplectic exponential Lawson-
type integrators (Diele et al., 2011), which preserve structural properties of the Hamiltonian system and improve numerical stability. 
The overall procedure builds on the algorithmic framework developed in Martiradonna et al. (2020).

4.1.  Comparative dynamics of treatment policies under budget constraints

In this subsection, we present numerical experiments illustrating how the optimal treatment strategy adapts to different budget 
levels. The aim is to show how cost structure, resource availability, and drug prices affect treatment intensity and epidemic dynamics. 
We focus on the two alternative formulations discussed in Section 3 for the cost of treatment: a quadratic cost structure with an explicit 
budget constraint, and a blow-up cost formulation that embeds the budget limitation directly into the cost function. In all simulations, 
the drug price is assumed to be constant and equal to 𝑝 = €18,000. The epidemic and economic parameters are taken from the baseline 
case study and are summarized in Table 1. Moreover, we set the terminal penalty parameter to 𝜃 = 0, so that the HA does not explicitly 
target the final infection level.

Fig. 1 illustrates the time profiles of the optimal treatment intensity 𝜆(𝑡), the epidemiological outcomes 𝐼(𝑡) and 𝑅(𝑡), and the 
instantaneous expenditure ℎ(𝑡), under both quadratic and blow-up cost structures and for different levels of the budget constraint 𝑏. 
As the budget increases from 𝑏 = €100 (top row) to 𝑏 = €200 (middle row) and 𝑏 = €300 (bottom row), treatment becomes more in-
tensive. For lower budgets, both cost specifications induce moderate treatment levels, and the budget constraint is not fully saturated. 
When the budget becomes more generous, the quadratic cost formulation promotes a more aggressive and front-loaded treatment 
strategy, with sharper initial increases in 𝜆(𝑡), faster reductions in 𝐼(𝑡), and rapid saturation of the budget constraint. In contrast, the 
blow-up specification leads to a smoother and more gradual ramp-up, discouraging abrupt spending peaks through its endogenous 
penalization mechanism. As a result, expenditures under the blow-up cost remain below the ceiling throughout the horizon, avoiding 
early saturation and enforcing a softer allocation profile. Across all scenarios, treatment intensities remain well above the critical 
threshold 𝜆𝑐 for most of the horizon, leading to a progressive reduction in infection prevalence. The differences lie mainly in the 
intensity and duration of the treatment effort: higher budgets allow treatment levels to remain elevated for longer periods, acceler-
ating the decline of infections and moving the system closer to eradication. Comparing the effectiveness of the two cost structures, 

2 In all the numerical exercises, the time horizon is set to 5 years. This reflects two motivations: analytically, we focus on short- to medium-term 
effects of HA decisions on epidemic dynamics; institutionally, 𝑇  represents the contract duration between the HA and the pharmaceutical company, 
with 10 years being a realistic upper bound.
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Fig. 1. Dynamics of the optimal treatment policy and epidemic evolution under quadratic (Q) and blow-up (B) cost formulations, for different 
budget levels 𝑏. Left column: optimal treatment intensity 𝜆(𝑡) over time, with the eradication threshold 𝜆𝑐 indicated by a dotted line. Center column: 
trajectories of infected 𝐼(𝑡) (solid lines) and recovered 𝑅(𝑡) (dashed lines). Right column: instantaneous treatment expenditure ℎ(𝑡) compared to the 
budget ceiling 𝑏 (dashed black line). Rows correspond to increasing budget levels: 𝑏 = €100 (top), 𝑏 = €200 (middle), and 𝑏 = €300 (bottom).

Table 2 
Comparison of key epidemiological and economic outcomes under quadratic 
and blow-up cost specifications for different budget levels over a 5-year hori-
zon.

 Per capita budget  Index  Quadratic  Blow-up

€100
 Final infected share  2.83%  3.77%
 Aggregate recovered share  43.97%  25.30%
 Aggregate per capita expenditure  7720 €  6450 €

€200
 Final infected share  1.83%  2.50%
 Aggregate recovered share  63.85%  50.61%
 Aggregate per capita expenditure  7360 €  3570 €

€300
 Final infected share  1.78%  1.22%
 Aggregate recovered share  64.89%  75.91%
 Aggregate per capita expenditure  7360 €  695 €

Fig. 1 and the outcomes provided in Table 2 allow us to observe how the two specifications lead to different trade-offs between cost 
efficiency and epidemic control. For low budget levels (e.g., €100), the quadratic formulation proves more effective in curbing the 
epidemic, achieving a significantly higher recovery rate and a lower final prevalence of infection, albeit at the expense of greater 
per capita spending. In contrast, the blow-up model, which strongly penalizes treatment intensities approaching the budget ceiling, 
results in more conservative treatment and worse health outcomes. As the available budget increases, both cost structures allow the 
HA to intensify treatment, improving outcomes. However, an important divergence emerges. While the quadratic model maintains 
high expenditure even at higher budget levels—due to the smooth nature of the cost function—the blow-up model shows a marked re-
duction in spending once the budget is sufficiently large. This is because, in the blow-up formulation, treatment becomes increasingly 
cost-efficient as long as it remains far from triggering the singularity at ℎ(𝑡) = 𝑏. Strikingly, at €300 per capita, the blow-up model 
achieves better epidemiological outcomes than the quadratic one (e.g., lower final infection share and higher cumulative recovery), 
while incurring dramatically lower costs. These findings indicate that, although the quadratic cost function supports stronger early 
intervention when resources are limited, the blow-up specification becomes more advantageous when budgetary conditions allow for 
sustained and moderate treatment without incurring excessive marginal costs.
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Fig. 2. Dynamics of the optimal treatment policy and epidemic evolution under quadratic (Q) and blow-up (B) cost formulations, for different 
terminal penalty levels 𝜃, with fixed budget 𝑏 = €200. Rows correspond to increasing 𝜃: 𝜃 = 0 (top), 𝜃 = 10,000 (middle), and 𝜃 = 20,000 (bottom). 
Left column: treatment intensity 𝜆(𝑡); center column: infection 𝐼(𝑡) and recovered 𝑅(𝑡); right column: per capita expenditure ℎ(𝑡) versus budget 
ceiling.

4.2.  Policy preferences and economic trade-offs driven by 𝜃

In this subsection, we investigate how the terminal penalty parameter 𝜃 affects the optimal treatment dynamics and epidemic 
outcomes. As shown in Section 3, 𝜃 weighs the residual number of infected individuals at the end of the planning horizon, effectively 
encouraging the HA to prioritize long-term eradication when set to higher values. To isolate the effects of 𝜃, we fix the per capita 
budget at 𝑏 = €200 and maintain all other parameters at their baseline values (see Table 1). We explore three representative scenarios: 
𝜃 = 0 (no terminal penalty), 𝜃 =€ 10,000, and 𝜃 = € 20,000.

Fig. 2 displays the dynamics of the optimal treatment intensity 𝜆(𝑡), the infection share 𝐼(𝑡), the recovered share 𝑅(𝑡), and the 
instantaneous per capita expenditure ℎ(𝑡), under different values of 𝜃 over a 5-year horizon. As 𝜃 increases from 0 to 20,000 (moving 
from top to bottom rows), we observe that the HA becomes progressively more aggressive in its treatment strategy, especially toward 
the end of the time horizon. In the scenario with 𝜃 = 0, the focus is entirely on minimizing cumulative infections and costs during the 
planning period, resulting in a moderate decline of 𝐼(𝑡) and a more gradual treatment profile. In this case, 𝜆(𝑡) drops to zero toward 
the final period, indicating no concern for the future state of the epidemic beyond the time horizon. When 𝜃 is increased to 10,000 
and 20,000, the authority explicitly prioritizes reducing the final infected share 𝐼(𝑇 ). This leads to sustained or even intensified 
treatment levels in the later phases, as visible in the higher and more persistent 𝜆(𝑡). Crucially, for large 𝜃, 𝜆(𝑡) remains consistently 
above the critical threshold 𝜆𝑐 until the end of the horizon. This sustained effort supports the convergence toward a disease-free state 
and prevents resurgence after the planning period. In terms of expenditures ℎ(𝑡), we see that higher 𝜃 values lead to a slower decline 
in spending, reflecting the policy’s effort to achieve near-eradication by the end of the horizon. Despite the fixed budget constraint, 
the quadratic formulation tends to saturate the budget earlier and more sharply than the blow-up cost, which enforces a smoother 
expenditure path.

These findings highlight the importance of the terminal penalty parameter 𝜃 in shaping not only immediate epidemic control but 
also long-term eradication goals. By assigning sufficient weight to 𝐼(𝑇 ), policymakers can enforce a persistent treatment effort that 
ensures the system remains above 𝜆𝑐 and supports disease elimination, rather than merely stabilizing the infection at low endemic 
levels.

5.  An extension to the strategic pricing of innovative treatment: a Stackelberg differential game approach

Building upon the baseline model developed in the previous sections, where the price 𝑝(𝑡) of the innovative treatment was assumed 
to be exogenously given, we now extend the framework to a more realistic and strategic setting. In this extended formulation, the price 
is endogenously determined by the Pharmaceutical Company (PC), which optimizes its pricing strategy to maximize profits while 
anticipating the optimal treatment response of the Health Authority (HA). This interaction is modeled as a Stackelberg differential 
game over the finite horizon [0, 𝑇 ], where the PC acts as the leader and the HA as the follower.
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The PC chooses the price trajectory 𝑝(𝑡) > 0 over the time horizon [0, 𝑇 ] to maximize the total discounted profit:

 PC(𝑝(⋅)) = e−𝛿 𝑇 𝜅 𝐼(𝑇 ) + ∫

𝑇

0
e−𝛿𝑡(𝑝(𝑡) − 𝑐) 𝜆(𝑡; 𝑝(𝑡)) 𝐼(𝑡) 𝑑𝑡, (18)

where 𝑐 > 0 denotes the constant unit cost of drug production, and 𝜆(𝑡; 𝑝(𝑡)) is the treatment intensity optimally chosen by the HA in 
response to the price path 𝑝(𝑡). That is, 𝜆(𝑡; 𝑝) = 𝜆∗(𝑡), as characterized in system (13) for the quadratic cost case, or in system (17) for 
the blow-up case.

The first term in  PC, e−𝛿𝑇 𝜅𝐼(𝑇 ), plays the role of a terminal (or scrap) value and captures the strategic relevance, for the PC, of 
the epidemic status at the end of the planning horizon. The economic meaning of this term depends on the sign of the parameter 
𝜅 ∈ ℝ. When 𝜅 > 0, the firm benefits from persistent disease prevalence, for instance because it sustains future demand, delays 
competitive entry, or enhances bargaining power in subsequent negotiations. Conversely, when 𝜅 < 0, a high terminal infection 
level represents a reputational or strategic cost, reflecting regulatory pressure, public scrutiny, or the risk of exclusion from future 
procurement and reimbursement processes. The case 𝜅 = 0 corresponds to a firm that is indifferent to the terminal epidemic outcome 
and focuses solely on contemporaneous profit flows. Beyond its formal role in the objective function, the terminal term e−𝛿𝑇 𝜅𝐼(𝑇 )
captures the intertemporal link between current pricing decisions and future strategic payoffs. In this sense, 𝜅 provides a reduced-form 
representation of the long-run policy and regulatory environment faced by the firm, summarizing how forward-looking incentives 
shape dynamic pricing behavior beyond static profit maximization.

The control variable of the PC is the price trajectory 𝑝(𝑡), which is constrained from below by a minimum price equal to the 
production cost 𝑐. Accordingly, the admissible control set is defined as:

 =
{

𝑝 ∈ 𝐿∞([0, 𝑇 ]) ||
|

𝑝(𝑡) ≥ 𝑐 > 0 a.e. in [0, 𝑇 ]
}

.

The PC aims to maximize its total discounted profit by selecting a time-dependent pricing strategy 𝑝(𝑡), while anticipating the treatment 
response 𝜆(𝑡; 𝑝(𝑡)) = 𝜆∗(𝑡) of the HA. This leads to a hierarchical (Stackelberg) control problem in which the leader’s decision influences 
the optimal behavior of the follower. The resulting optimization is subject to the epidemiological dynamics of the system and to the 
HA’s optimality conditions, which depend on the assumed cost structure. Specifically, the HA’s best-response 𝜆∗(𝑡) is implicitly defined 
by the solution to either the quadratic-cost system (13) or the blow-up-cost system (17). In both cases, the treatment intensity is a 
nontrivial function of the price trajectory and state variables, reflecting the trade-off between epidemiological control and economic 
feasibility.

If 𝜆∗(𝑡) = 0, the PC earns no profit at time 𝑡, regardless of the price level as (𝑝(𝑡) − 𝑐) 𝜆∗(𝑡) 𝐼(𝑡) = 0. From the PC’s perspective, such 
intervals are strategically undesirable, as they suppress demand entirely and nullify revenue generation. For this reason, we assume 
throughout the analysis that the HA’s optimal policy satisfies the interiority condition:

𝜆∗(𝑡) > 0 for all 𝑡 ∈ [0, 𝑇 ],

which ensures that the price always induces a strictly positive treatment response and that the profit functional remains active over 
the entire horizon.

5.1.  Pricing behavior under HA quadratic response

We now turn to the analysis of the PC’s optimization problem, assuming that the HA operates under a quadratic cost specification. 
To ensure smooth dependence of the treatment intensity 𝜆∗(𝑡) on the price trajectory 𝑝(𝑡), we focus on the interior regime, where the 
HA’s budget constraint remains inactive throughout the planning horizon. Specifically, we assume:

𝜆∗(𝑡) > 0 and 𝑝(𝑡)𝜆∗(𝑡)𝐼(𝑡) < 𝑏(𝑡) for all 𝑡 ∈ [0, 𝑇 ],

with the associated Lagrange multipliers 𝜇1(𝑡) and 𝜇2(𝑡) equal to zero, ensuring that the HA’s budget constraint remains non-binding 
throughout the planning horizon. These assumptions eliminate potential nonsmooth behavior (kink points) in the treatment response 
and guarantee that the HA’s optimal control remains continuously differentiable in both time and price. Based on the first-order 
condition of the HA’s problem, the optimal treatment intensity is given by:

𝜆(𝑡; 𝑝(𝑡)) = e𝛿𝑡

𝛼𝑞 𝑝(𝑡)2 𝐼(𝑡)
𝜓HA𝐼 (𝑡) > 0 for all 𝑡 ∈ [0, 𝑇 ],

which guarantees that the interior regime is active at all times. Moreover, this expression defines a continuous and monotonic 
relationship between the price and the treatment intensity: higher prices reduce the affordability of treatment and thereby depress 
the HA’s optimal response.

The PC, acting as Stackelberg leader, seeks to maximize its profit functional:

 PC
𝑞 (𝑝(⋅)) = e−𝛿 𝑇 𝜅 𝐼(𝑇 ) + ∫

𝑇

0

𝑝(𝑡) − 𝑐
𝛼𝑞 (𝑝(𝑡))2

𝜓HA𝐼 (𝑡) 𝑑𝑡,
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subject to the HA’s forward–backward system:
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑆̇ = 𝜈 − 𝜈𝑆 − 𝛽𝑆𝐼, 𝑆(0) = 𝑆0

𝐼̇(𝑡) = 𝛽𝑆𝐼 − 𝜈𝐼 − e𝛿𝑡

𝛼𝑞 𝑝2
𝜓HA𝐼 , 𝐼(0) = 𝐼0

𝜓̇HA𝑆 = (𝜈 + 𝛽 𝐼)𝜓HA𝑆 − 𝛽 𝐼 𝜓HA𝐼 , 𝜓HA𝑆 (𝑇 ) = 0
𝜓̇HA𝐼 = −e−𝛿𝑡𝜂 + 𝛽 𝑆 𝜓HA𝑆 − (𝛽 𝑆 − 𝜈)𝜓HA𝐼 , 𝜓HA𝐼 (𝑇 ) = e−𝛿 𝑇 𝜃

(19)

Under the given assumptions, the admissible price set  is closed and bounded from below, and all variables remain finite over 
the planning horizon. Although the absence of an upper bound means that the set is not compact, the structure of the problem and the 
fact that the profit term becomes negligible as the price grows sufficiently large help ensure that the leader’s optimization problem 
is well-defined. These features support the existence of an optimal pricing strategy according to standard principles in dynamic 
optimization.

We adopt an open-loop Stackelberg formulation of the leader’s problem, assuming full precommitment to the entire price trajectory 
over the planning horizon. In this setting, the PC commits at the initial time 𝑡 = 0 to a complete price trajectory 𝑝(𝑡) over [0, 𝑇 ], taking 
into account the dynamic response of the HA.

To derive the first-order necessary conditions for optimality, we introduce the Hamiltonian associated with the PC’s prob-
lem. The state variables are 𝑆(𝑡), 𝐼(𝑡), 𝜓HA𝑆 (𝑡), 𝜓HA𝐼 (𝑡), while the corresponding costate variables introduced by the PC are 
𝜓PC𝑆 (𝑡), 𝜓PC𝐼 (𝑡), 𝜒PC𝑆 (𝑡), 𝜒PC𝐼 (𝑡). The Hamiltonian function PC captures both the instantaneous profit of the PC and the indirect effects 
of pricing on the state and costate variables through the HA’s dynamics:

PC =
𝑝 − 𝑐
𝛼𝑞 𝑝2

𝜓HA𝐼 + (𝜈 − 𝜈𝑆 − 𝛽𝑆𝐼)𝜓PC𝑆 +

(

𝛽𝑆𝐼 − 𝜈𝐼 − e𝛿𝑡

𝛼𝑞 𝑝2
𝜓HA𝐼

)

𝜓PC𝐼

+
(

(𝜈 + 𝛽𝐼)𝜓HA𝑆 − 𝛽𝐼 𝜓HA𝐼
)

𝜒PC𝑆 +
(

−e−𝛿𝑡𝜂 + 𝛽 𝑆 𝜓HA𝑆 − (𝛽 𝑆 − 𝜈)𝜓HA𝐼
)

𝜒PC𝐼 ,

(20)

The derivatives of the Hamiltonian with respect to 𝑝 are given by:
𝜕PC

𝜕𝑝
= 1
𝛼𝑞
𝜓HA𝐼

1
𝑝3

(

2𝑐 + 2e𝛿𝑡𝜓PC𝐼 − 𝑝
)

, 𝜕2PC

𝜕𝑝2
= 2
𝛼𝑞
𝜓HA𝐼

1
𝑝4

(

𝑝 − 3𝑐 − 3e𝛿𝑡𝜓PC𝐼
)

.

These expressions indicate that the Hamiltonian is increasing in 𝑝 when 𝑝 ≤ 2(𝑐 + e𝛿𝑡𝜓PC𝐼 ) and decreasing otherwise. Moreover, it 
is concave for 𝑝 ≤ 3(𝑐 + e𝛿𝑡𝜓PC𝐼 ). Consequently, the candidate optimum price is the maximum between 𝑐 and 2(𝑐 + e𝛿𝑡𝜓PC𝐼 ).

The full set of necessary conditions for the PC’s optimal pricing problem consists of the following forward–backward system:
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑆̇(𝑡) = 𝜈 − 𝜈𝑆(𝑡) − 𝛽𝑆(𝑡)𝐼(𝑡), 𝑆(0) = 𝑆0,

𝐼̇(𝑡) = 𝛽𝑆(𝑡)𝐼(𝑡) − 𝜈𝐼(𝑡) − e𝛿𝑡

𝛼𝑞 (𝑝𝑆 (𝑡))2
𝜓HA𝐼 (𝑡), 𝐼(0) = 𝐼0,

𝜓̇HA𝑆 (𝑡) = (𝜈 + 𝛽𝐼(𝑡))𝜓HA𝑆 (𝑡) − 𝛽𝐼(𝑡)𝜓HA𝐼 (𝑡), 𝜓HA𝑆 (𝑇 ) = 0,

𝜓̇HA𝐼 (𝑡) = −e−𝛿𝑡𝜂 + 𝛽𝑆(𝑡)𝜓HA𝑆 (𝑡) − (𝛽𝑆(𝑡) − 𝜈)𝜓HA𝐼 (𝑡), 𝜓HA𝐼 (𝑇 ) = e−𝛿 𝑇 𝜃,

𝜓̇PC𝑆 (𝑡) = 𝜈 𝜓PC𝑆 (𝑡) + 𝛽𝐼(𝑡)
(

𝜓PC𝑆 (𝑡) − 𝜓PC𝐼 (𝑡)
)

− 𝛽𝐼(𝑡)𝜒PC𝑆 (𝑡) + 𝛽𝐼(𝑡)𝜒PC𝐼 (𝑡), 𝜓PC𝑆 (𝑇 ) = 0,

𝜓̇PC𝐼 (𝑡) = 𝜈 𝜓PC𝐼 (𝑡) − 𝛽𝑆(𝑡)
(

𝜓PC𝑆 (𝑡) − 𝜓PC𝐼 (𝑡)
)

− 𝛽𝑆(𝑡)𝜒PC𝑆 (𝑡) + (𝛽𝑆(𝑡) − 𝜈)𝜒PC𝐼 (𝑡), 𝜓PC𝐼 (𝑇 ) = e−𝛿 𝑇 𝜅,

𝜒̇PC𝑆 (𝑡) = −𝛽 𝜓HA𝐼 (𝑡)𝜓PC𝐼 (𝑡) − 𝛽𝐼(𝑡)𝜒PC𝐼 (𝑡), 𝜒PC𝑆 (0) = 0,

𝜒̇PC𝐼 (𝑡) =
𝑝𝑆 (𝑡) − 𝑐
𝛼𝑞 (𝑝𝑆 (𝑡))2

− e𝛿𝑡

𝛼𝑞 (𝑝𝑆 (𝑡))2
𝜓PC𝐼 (𝑡) + 𝛽𝑆(𝑡)𝜒PC𝐼 (𝑡) − (𝜈 + 𝛽𝑆(𝑡))𝜒PC𝑆 (𝑡), 𝜒PC𝐼 (0) = 0,

𝑝𝑆 (𝑡) = max
{

𝑐, 2
(

𝑐 + e𝛿𝑡𝜓PC𝐼 (𝑡)
)}

.

(21)

The optimal pricing strategy derived in this Stackelberg framework reflects a balance between production costs and the marginal 
value of treatment, as captured by the adjoint variable 𝜓PC𝐼 . The optimal price 𝑝𝑆 (𝑡) increases with the perceived economic benefit of 
reducing infections and the discounting of future profits.

Correspondingly, the follower’s (HA) optimal treatment response under the quadratic cost structure is given by:

𝜆𝑆 (𝑡) = e𝛿𝑡

𝛼𝑞
(

𝑝𝑆 (𝑡)
)2 𝐼(𝑡)

𝜓HA𝐼 (𝑡).

An important analytical insight emerges when we evaluate the optimal pricing strategy at the terminal time 𝑇 . The optimal price 
function 𝑝𝑆 (𝑡) satisfies:

𝑝𝑆 (𝑇 ) = max {𝑐, 2(𝑐 + 𝜅)}.

This formula highlights the direct dependence of the terminal price on the strategic weight 𝜅 assigned by the PC to the final infection 
level 𝐼(𝑇 ). The interpretation of this result is as follows:

• If 𝜅 = 0, the PC is neutral with respect to the terminal infection level, and the optimal terminal price simplifies to 𝑝𝑆 (𝑇 ) = 2𝑐. This 
provides a benchmark reference level, driven solely by production cost considerations.
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• If 𝜅 > 0, the PC has an incentive to maintain some residual infection in the population (e.g., to sustain future demand or delay 
market competition). As a result, 𝑝𝑆 (𝑇 ) increases linearly with 𝜅, making treatment more expensive and reducing the HA’s ability 
to eradicate the disease.

• If 𝜅 < 0, the firm incurs a reputational or strategic penalty from persistent infection, such as reduced approval in future negotiations 
or pressure from public institutions. In this case, the optimal price may drop significantly, and if 𝜅 is sufficiently negative to satisfy 
2(𝑐 + 𝜅) ≤ 𝑐, then the lower bound becomes active and the price is set at the minimum feasible level 𝑝𝑆 (𝑇 ) = 𝑐.

This structure shows that the terminal pricing decision incorporates not only economic fundamentals (such as production cost), 
but also strategic positioning over long-term health outcomes. It also provides a practical rationale for price drops observed in real-
world pharmaceutical negotiations, especially in the context of large-scale eradication campaigns or public-private partnerships. The 
trajectory of the pricing function 𝑝𝑆 (𝑡) over time reflects a complex interplay between infection dynamics, the adjoint variables of 
both players, and intertemporal trade-offs shaped by discounting. Prices may decrease as the epidemic subsides, remain high when 
eradication incentives are weak, or even rise near the horizon when persistent infection retains strategic value. In some cases, revenues 
may be front-loaded to exploit early demand.

On existence, sufficiency and uniqueness in the Stackelberg setting. Under the interiority assumptions and on sufficiently short time 
horizons, the follower’s optimal response is well defined and depends continuously on the leader’s pricing strategy. This regularity 
implies local well-posedness of the coupled forward–backward system (21) and guarantees the existence of at least one solution.

In the same regime, uniqueness of the solution of the optimality system follows by arguments analogous to those employed for 
the HA problem, based on weighted energy estimates and a contraction property for the coupled state–adjoint variables. Accordingly, 
the first-order optimality conditions provide a locally sufficient characterization of the Stackelberg equilibrium. In this local regime, 
multiplicity of equilibria and unstable behavior are ruled out. Possible global bifurcations, loss of stability, or coexistence of multiple 
equilibria may arise outside this regime, depending on parameter values and on the length of the planning horizon, but their systematic 
analysis is beyond the scope of the present paper.

Remark on precommitment, institutional pricing agreements, and time consistency. The Stackelberg pricing problem analyzed in this 
section is formulated under an open-loop precommitment assumption. In this setting, the HA and the PC commit at the initial time 
𝑡 = 0 to their respective strategies over the planning horizon. Specifically, the PC commits to a complete price trajectory, while the 
HA commits to the optimal treatment policy induced by its control problem in response to the announced price. The open-loop 
formulation adopted here is consistent with the institutional design of Managed Entry Agreements (MEAs), which are contractual 
arrangements between manufacturers and payers or Health Authorities that define pricing and reimbursement conditions in advance 
in order to manage clinical and financial uncertainty associated with innovative therapies (Wenzl and Chapman, 2019; Ciulla et al., 
2023). Under these agreements, price-related conditions such as price–volume rules, budget caps, or outcome-based clauses are fixed 
at market entry and remain binding over the duration of the agreement.

In the absence of a precommitment assumption, the leader’s problem may suffer from time inconsistency, a well known issue 
in open-loop Stackelberg differential games (Dockner, 2000). Intuitively, if the PC were allowed to revise its pricing strategy at an 
intermediate date, the continuation of the initially announced price path would generally no longer be optimal. As a result, the pricing 
policy obtained from a re optimization would differ from the original plan, undermining the credibility of ex ante commitment.

In this paper, we focus on the benchmark case of full precommitment, which allows us to clearly characterize the strategic 
interaction between the HA and the PC and to highlight the role of institutional pricing agreements. Relaxing the precommitment 
assumption is expected to affect the credibility and the intertemporal structure of the announced price trajectory, with potential 
implications for treatment incentives and epidemic dynamics. Investigating these effects within a feedback or renegotiation framework 
is left for future research.

5.2.  Simulation-based insights on costs and incentives

We present numerical simulations illustrating the dynamic interplay between price, treatment intensity, and epidemic outcomes, 
adopting the baseline epidemiological and economic parameters introduced in Section 4, and varying key variables such as production 
cost 𝑐, budget levels, and the terminal infection valuation parameter 𝜅.

5.2.1.  Cost-driven pricing and treatment dynamics
In this analysis, we fix both terminal weights to zero, i.e., 𝜅 = 0 and 𝜃 = 0, so that neither player assigns value to the final state 

of the epidemic at time 𝑇 = 5 years. The strategic interaction is therefore governed solely by the stream of intermediate payoffs 
and costs. Fig. 3 illustrates the dynamic response of the system for three representative values of the unit production cost: €8,000, 
€12,000, and €16,000. The figure reports the time paths of key outcome variables, including the optimal price 𝑝(𝑡) set by the PC, the 
treatment intensity 𝜆(𝑡) chosen by the HA, and the resulting epidemiological dynamics.

The first panel of Fig. 3 shows that the drug price 𝑝(𝑡) remains approximately constant over time for each scenario and grows 
linearly with the production cost 𝑐. This behavior reflects the Stackelberg pricing rule, under which the PC sets the price as a 
markup over marginal cost, stabilizing around 𝑝(𝑡) ≈ 2𝑐. In the absence of price regulation or terminal penalties (𝜅 = 0), this direct 
proportionality holds robustly, confirming that higher production costs translate immediately into higher prices. As 𝑐 increases, the 
higher price induces a pronounced reduction in the treatment intensity 𝜆(𝑡) chosen by the HA, as shown in the second panel. When 
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Fig. 3. Dynamic behavior of the Stackelberg system under three values of the unit production cost, 𝑐 = 8,000, 12,000, and 16,000, with 𝜅 = 𝜃 = 0, 
over a time horizon of 𝑇 = 5 years. The panels show: (left) drug price 𝑝(𝑡), (center) treatment intensity 𝜆(𝑡), and (right) infected and recovered 
densities 𝐼(𝑡) and 𝑅(𝑡).

Fig. 4. Sensitivity analysis of Stackelberg outcomes with respect to the unit production cost 𝑐 ∈ [8000, 16000], with 𝜅 = 𝜃 = 0. The four panels 
display: (top left) average drug price ⟨𝑝⟩, (top right) average treated population density ⟨𝜆𝐼⟩, (bottom left) HA’s per capita total cost  HA

𝑞 , and 
(bottom right) PC’s per capita payoff  PC

𝑞 , computed over a simulation horizon of 𝑇 = 5.

𝑐 = €8,000, treatment begins at a relatively high level (around 0.3), peaks above 0.4, and then gradually declines over time. For 
𝑐 = €12,000, the initial intensity is substantially lower, and the peak is significantly dampened. At 𝑐 = €16,000, treatment remains 
markedly suppressed, staying below 0.15 for most of the horizon. In all scenarios, 𝜆(𝑡) initially exceeds the eradication threshold 
𝜆𝑐 , enabling early strong suppression of infections. However, over time, 𝜆(𝑡) approaches or even drops below 𝜆𝑐 , reflecting a loss of 
momentum in sustaining aggressive intervention without explicit incentives for eradication at the final horizon. These dynamics in 
price and treatment intensity jointly shape the epidemiological outcomes, depicted in the third panel. When treatment is intense (low 
𝑐), infections decline rapidly, and a large share of the population transitions to recovery. As 𝑐 rises, the diminished treatment effort 
results in slower infection decline and lower cumulative recovery. In the high-cost scenario (𝑐 = €16,000), infections persist at higher 
levels, and the recovered fraction remains limited, illustrating the public health risks associated with limited affordability and low 
coverage.

A transversal reading across the three panels reveals a cascading chain of effects driven by the production cost 𝑐: higher 𝑐 leads 
to higher 𝑝(𝑡), which discourages treatment (𝜆(𝑡)), ultimately resulting in more persistent infections and lower recovery. This se-
quence underscores how economic fundamentals directly shape epidemiological trajectories in a strategic environment. The analysis 
highlights the importance of integrating cost containment, pricing policy, and incentive design to maintain treatment coverage and 
prevent unfavorable epidemic scenarios.

To synthesize the dynamic results and facilitate comparison across a broader range of scenarios, Fig. 4 presents an aggregate 
sensitivity analysis. Each panel reports a key performance indicator, either a cumulative payoff or a time-averaged quantity, computed 
over the full simulation horizon 𝑇 = 5 years, as a function of the unit production cost 𝑐 ∈ [8, 000, 16, 000]. Time-averaged quantities 
are denoted using angle brackets ⟨⋅⟩, and are defined as

⟨𝑓⟩ = 1
𝑇 ∫

𝑇

0
𝑓 (𝑡) 𝑑𝑡. (22)

In the top-left panel, we observe that the average drug price ⟨𝑝⟩ increases linearly with 𝑐, reflecting the optimal markup strategy 
adopted by the PC. This confirms that the PC fully internalizes production cost in its pricing decision, leading to a proportional price 
adjustment even without external constraints. The top-right panel shows that the average treated population ⟨𝜆𝐼⟩ decreases steeply 
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Fig. 5. Dynamic behavior of the system under three values of the terminal weight parameter: €–10,000, €0, and €10,000, with 𝑐 =€8,000, and 
𝜃 = 0, over a time horizon of 𝑇 = 5 years. The panels show: (left) drug price 𝑝(𝑡), (center) treatment intensity 𝜆(𝑡), and (right) infected and recovered 
population shares 𝐼(𝑡) and 𝑅(𝑡).

as 𝑐 increases. This outcome arises from the HA’s optimal response: higher prices imply greater economic burden, thus reducing 
treatment intensity. The nonlinearity in this relationship is shaped by the quadratic cost structure, which heavily penalizes intense 
interventions when prices are high. The bottom-left panel illustrates the per capita total cost incurred by the HA,  HA

𝑞 . Interestingly, 
this cost increases with 𝑐, but at a decreasing rate. Although higher 𝑐 leads to higher prices, it also induces lower treatment intensity, 
partially offsetting the total expenditure. However, when treatment is too limited, persistent infections generate additional societal 
costs, maintaining upward pressure on  HA

𝑞 . Finally, the bottom-right panel reports the PC’s per capita payoff  PC
𝑞 , which declines 

sharply with 𝑐. While higher prices could theoretically increase revenues, they simultaneously reduce demand through the HA’s 
endogenous response. Consequently, the volume of treated individuals shrinks faster than the price rises, leading to overall lower 
profits. This highlights a form of endogenous demand erosion: excessive pricing undermines intervention coverage and ultimately 
harms the PC’s own payoff.

The figure clearly illustrates the delicate balance between pricing, affordability, and epidemic control in a strategic context. The 
unit production cost emerges as a key factor that shapes not only market dynamics but also the ability of public health systems to 
respond effectively. These findings emphasize the need for integrated policy strategies that combine cost containment, fair pricing 
negotiations, and incentive alignment to support large-scale treatment programs and achieve lasting public health goals.

5.2.2.  The role of long-term incentives
We now investigate the role of the terminal value parameter 𝜅, which captures the strategic importance assigned by the PC to 

the final infection level 𝐼(𝑇 ). Positive values of 𝜅 model scenarios in which the firm benefits from residual disease prevalence at the 
end of the horizon, for instance, due to sustained demand, delayed competition, or increased leverage. Conversely, negative values 
of 𝜅 represent reputational or regulatory penalties associated with high long-term infection levels. In this analysis, we fix the unit 
production cost at 𝑐 =€8,000 and set the terminal weight of the HA to zero, i.e., 𝜃 = 0, so that only the PC is forward-looking.

Fig. 5 illustrates how the dynamic Stackelberg equilibrium is affected by variations in 𝜅. The left panel shows that the drug price 
𝑝(𝑡) is strongly influenced by the PC’s valuation of the epidemic end state. When 𝜅 > 0, the firm strategically prefers maintaining a 
higher infection level and thus increases the price over time: we observe a clear upward-sloping trajectory. In contrast, when 𝜅 < 0, 
the firm is penalized for high residual infection and reduces the price dynamically to stimulate treatment uptake, resulting in a 
decreasing price path. For 𝜅 = 0, the price remains approximately constant around 2𝑐, reflecting a purely static profit motive without 
terminal concerns. The center panel shows the corresponding treatment intensity 𝜆(𝑡) chosen by the HA. In the 𝜅 < 0 scenario, lower 
prices incentivize more aggressive treatment, with 𝜆(𝑡) starting above 1 and gradually decreasing over time. When 𝜅 > 0, the higher 
price discourages intervention, resulting in lower initial and overall treatment levels. In all scenarios, the treatment intensity initially 
exceeds the eradication threshold 𝜆𝑐 , but eventually declines and may fall below it depending on the price trajectory and the PC’s 
strategic incentives. The right panel displays the evolution of the infected and recovered population shares. Under 𝜅 < 0, aggressive 
treatment leads to a rapid decline in infections and a higher final share of recovered individuals. Conversely, when 𝜅 > 0, infections 
persist at higher levels, and the recovered fraction remains lower, highlighting the impact of pricing strategy on long-term epidemic 
control. This analysis confirms that the PC’s valuation of the terminal epidemic state, encoded in 𝜅, critically shapes pricing behavior, 
which in turn alters the HA’s response and the resulting epidemiological outcomes. Even in the absence of terminal incentives for the 
HA (𝜃 = 0), forward-looking strategies by the PC are sufficient to significantly shift the equilibrium dynamics. This underscores the 
importance of incorporating long-term incentives and potential regulatory penalties into policy design to better align private pricing 
decisions with public health objectives.

Fig. 6 shows how the average price ⟨𝑝⟩, the average treated population ⟨𝜆𝐼⟩, the HA’s per capita total cost  HA
𝑞 , and the PC’s 

per capita payoff  PC
𝑞  vary with the terminal weight parameter 𝜅, ranging from –10,000 to 10,000 euros. The top-left panel shows 

that the average drug price increases monotonically with 𝜅, confirming that the PC internalizes the terminal valuation of residual 
infection: higher values of 𝜅 incentivize the firm to raise prices, anticipating long-term benefits from sustained prevalence. As prices 
rise, the HA reduces treatment intensity in response to affordability constraints, leading to a marked decline in ⟨𝜆𝐼⟩, as shown in 
the top-right panel. The bottom-left panel reports the HA’s total cost, which increases steadily with 𝜅. This outcome reflects a dual 
burden: higher prices directly increase pharmaceutical expenditures, while reduced treatment intensity slows infection containment, 
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Fig. 6. Sensitivity analysis of Stackelberg outcomes with respect to the terminal weight 𝜅 in the PC’s objective, with 𝑐 = €8,000 and 𝜃 = 0. The four 
panels display: (top left) average drug price ⟨𝑝⟩, (top right) average treated population density ⟨𝜆𝐼⟩, (bottom left) HA’s per capita total cost  HA

𝑞 , 
and (bottom right) PC’s per capita payoff  PC

𝑞 , computed over a simulation horizon of 𝑇 = 5 years.

Table 3 
Discounted average annual pharmaceutical expenditure 𝐵𝑇  (in € per capita 
per year) sustained by the HA over a 5-year horizon, under the uncon-
strained optimal policy. Rows vary by the unit production cost 𝑐, columns 
by the PC’s terminal weight 𝜅, with 𝜃 = 0.

𝜅 = −10000 𝜅 = −5000 𝜅 = 0 𝜅 = 5000 𝜅 = 10, 000

𝑐 = 8000  249.99  155.88  125.00  83.08  62.25
𝑐 = 10, 000  200.00  112.28  100.00  71.24  55.35
𝑐 = 12, 000  166.66  125.87  83.33  62.35  49.83
𝑐 = 14, 000  142.85  100.53  71.43  55.44  45.31
𝑐 = 16, 000  122.02  83.69  62.50  49.90  41.54

amplifying social costs. In contrast, the PC’s payoff  PC
𝑞  grows strongly with 𝜅, as shown in the bottom-right panel. For sufficiently 

negative values of 𝜅, the firm’s payoff becomes negative—indicating that reputational penalties or regulatory pressures can offset the 
short-term economic gains from high pricing.

The analysis highlights that assigning a high strategic value to residual infection (𝜅 > 0) incentivizes the PC to set higher prices 
and reduce effective coverage, ultimately worsening epidemic outcomes. Conversely, negative values of 𝜅 act as implicit regulatory 
mechanisms, forcing the firm to lower prices and support broader access. From a policy perspective, when the PC assigns positive 
value to residual infection, it tends to maintain high prices and discourage treatment, undermining eradication efforts. In the absence 
of explicit regulation or long-term alignment of objectives, such strategic pricing may significantly hinder public health goals. By 
contrast, negative values of 𝜅, reflecting reputational or regulatory disincentives for high infection levels at the end of the horizon, 
encourage price reductions and broader treatment coverage. This underscores the potential effectiveness of policy tools such as 
outcome-based agreements, public–private partnerships, or reputational scoring systems that explicitly link pricing behavior to long-
term epidemiological outcomes.

In all scenarios analyzed above, the treatment intensity 𝜆(𝑡) starts above the eradication threshold 𝜆𝑐 = 0.025, as shown in the 
central panels of Figs. 3 and 5. However, it eventually falls below 𝜆𝑐 before time 𝑇 . This behavior reflects the fact that the HA assigns 
no value to the final infection level (𝜃 = 0) in the current simulations. In the absence of terminal incentives, the HA optimally reduces 
treatment intensity over time, even when early intervention is strong.

This outcome is consistent with the structure of the HA’s optimal control problem, where the terminal cost term 𝜃𝐼(𝑇 ) directly 
incentivizes sustained treatment when 𝜃 > 0. Theoretically, larger values of 𝜃 shift the trade-off toward higher treatment intensity 
near the end of the horizon, increasing the likelihood of eradication.

5.2.3.  Budget benchmarks for sustaining optimal interventions
In the theoretical analysis, the PC’s optimization problem was solved under the assumption that the HA’s budget constraint 

remains inactive throughout the planning horizon, i.e., 𝜇(𝑡) = 0 and 𝑝(𝑡)𝜆(𝑡)𝐼(𝑡) < 𝑏(𝑡) for all 𝑡 ∈ [0, 𝑇 ]. This interiority condition ensures 
that the HA’s treatment intensity responds smoothly to price variations, avoiding discontinuities in the optimal control. To assess 
the plausibility of this assumption, we compute the ex post per capita pharmaceutical expenditure sustained by the HA under the 
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Stackelberg equilibrium. This quantity is defined as:

𝐵𝑇 ∶= 1
𝑇 ∫

𝑇

0
e−𝛿𝑡𝑏(𝑡) 𝑑𝑡,

where 𝑏(𝑡) = 𝑝(𝑡)𝜆(𝑡)𝐼(𝑡) is the instantaneous pharmaceutical spending rate. The resulting value 𝐵𝑇  corresponds to the average annual 
expenditure, in present value terms, required to implement the unconstrained optimal policy over the horizon [0, 𝑇 ]. This benchmark 
helps determine whether the assumption of an inactive budget constraint is plausible in practical settings, given the financial resources 
realistically available to the HA.

Table 3 reports the minimum per capita budgets 𝐵𝑇  required to sustain an optimal treatment strategy in the absence of binding 
constraints. If the actual pharmaceutical resources allocated to the HA fall below these thresholds, the optimal treatment intensity 
𝜆∗(𝑡) derived from the unconstrained model becomes unfeasible. In such cases, the HA must revise its policy to remain within its 
financial means, potentially resulting in truncated, delayed, or discontinuous treatment profiles. As shown in the table, the required 
pharmaceutical expenditure declines both with increasing production costs 𝑐 and with higher terminal valuation of residual infection 
by the PC (i.e., increasing 𝜅). In both cases, higher drug prices discourage intervention, prompting the HA to scale back treatment 
intensity and reduce cumulative spending. Conversely, lower values of 𝑐 and 𝜅 support more aggressive intervention, which entails 
substantially higher budgetary needs.

This pattern suggests that cost-containment policies alone may be insufficient: to ensure effective epidemic control, they must 
be accompanied by institutional mechanisms that preserve adequate incentives for broad treatment coverage. From a public health 
perspective, the expenditure levels reported in Table 3 serve as critical thresholds for assessing the financial feasibility of optimal 
treatment strategies. Falling below these levels may trigger deviations from the interior regime, where the budget constraint becomes 
binding. Such departures can have significant epidemiological and economic consequences: reduced treatment intensity may slow 
infection decline, raise long-term societal costs, and jeopardize eradication goals. In addition, budget-induced distortions may weaken 
the HA’s responsiveness to pricing strategies, reduce the effectiveness of Stackelberg dynamics, and shift bargaining power toward 
the PC.

To maintain consistency between strategic objectives and financial capacity, it is therefore important to align public budgets with 
the spending levels implied by the unconstrained optimum. If tighter budgets are unavoidable, the theoretical framework should be 
extended to explicitly account for active budget constraints and their influence on both players’ decisions. This highlights the broader 
need to embed financial feasibility into the design of pricing and procurement policies.

6.  Discussion and policy implications

The dynamic modeling framework presented in this study provides new insights into the complex interaction between pharma-
ceutical pricing strategies, treatment intensity, and budget constraints in epidemic control. In particular, our analysis shows how the 
HA’s optimal policy dynamically adapts to different economic and institutional parameters — such as budget availability, price levels, 
and long-term eradication incentives — and highlights the potential tensions between immediate budgetary priorities and long-term 
epidemiological goals.

The sensitivity analyses, conducted under a setting with exogenous and constant treatment price, reveal that the HA adopts 
different strategies depending on the available budget. In particular, we observe that under tight budget constraints, the HA is forced 
to operate well below its full treatment capacity, limiting its ability to effectively suppress the epidemic. Conversely, when the per 
capita budget is sufficiently high, the HA is able to respond more aggressively, significantly reducing the share of infected individuals 
at the terminal time. A cross-comparison of the two cost structures further refines these insights. Under severe budget constraints, the 
quadratic specification proves more effective in promoting early and sustained treatment interventions, resulting in better containment 
of the disease. However, for a sufficiently high budget, the blow-up cost structure becomes increasingly advantageous. This shift occurs 
because, when sufficient budget space is available, the HA can deploy moderate treatment intensities without approaching the cost 
singularity near the budget ceiling. In such settings, the blow-up formulation achieves superior epidemiological outcomes, such as 
lower terminal infection rates and higher cumulative recovery, while incurring substantially lower expenditures.

An important lesson from the simulations concerns the critical threshold 𝜆𝑐 : while both specifications often maintain treatment 
intensities above this threshold during most of the horizon, the trajectory of 𝜆(𝑡) in the final phase is decisive. When the HA does 
not explicitly value the final state (e.g., 𝜃 = 0), treatment intensity tends to decline toward zero at the end, ignoring future risk and 
potentially allowing infections to stabilize at low endemic levels. Conversely, increasing 𝜃 induces a more persistent effort, keeping 
𝜆(𝑡) above 𝜆𝑐 up to the terminal time. This strategic maintenance supports convergence toward a disease-free state, emphasizing the 
role of 𝜃 as a policy lever for long-term eradication.

These simulation-based findings resonate with earlier studies emphasizing the importance of sustained treatment efforts and dy-
namic budget planning. For example, it has been shown that myopic or overly conservative budget allocations can lead to suboptimal 
long-term outcomes, even when early intervention appears promising (Dubois and Magnac, 2024). Other works highlight that the 
shape of the treatment cost function critically affects the feasibility of eradication strategies, especially under resource constraints 
(Di Liddo, 2016). Our results extend these insights by explicitly quantifying how different cost structures (quadratic versus blow-up), 
terminal valuation parameters 𝜃, and budget levels jointly influence treatment trajectories and epidemic outcomes. Furthermore, 
our analysis echoes recent policy discussions on performance-based agreements and flexible budget mechanisms to support access to 
high-cost therapies (PhRMA, 2017).
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In studying the extended version of the model, where the HA and the PC play a Stackelberg game, a central issue emerging from 
the analysis is the alignment between private incentives and public health objectives. When pharmaceutical companies assign posi-
tive value to residual infections (high 𝜅), they are incentivized to maintain high prices, limiting treatment coverage and undermining 
eradication efforts. Conversely, negative values of 𝜅, representing reputational or regulatory penalties, encourage price reductions 
and broader access. This underscores the potential effectiveness of policy tools such as outcome-based agreements, public–private 
partnerships, or reputational scoring systems that explicitly link pricing behavior to long-term epidemiological outcomes (Euro-
pean Commision, 2018; Forum, 2020). Another critical dimension concerns price transparency and affordability. Several studies 
have highlighted that confidential discounts and managed entry agreements (MEAs) are increasingly used to manage costs, yet often 
fail to ensure equitable access (Vogler, 2022; Thanimalai et al., 2021). Our results indicate that relying solely on indirect price controls 
or negotiated caps, without explicitly accounting for public health externalities (e.g., through penalties for residual infections), may 
be insufficient to achieve optimal coverage and eradication. A further problem is the fragmentation of pricing and reimbursement 
frameworks across Europe. Differences in value assessment methods and evidence standards create opportunities for strategic pricing 
behaviors that erode treatment coverage (Kaló et al., 2024). Harmonization of assessment frameworks and the adoption of shared 
risk-sharing agreements could help address these discrepancies and promote sustainable access.

These policy considerations naturally raise the question of whether the mechanisms highlighted by the model are consistent with 
observed treatment dynamics in real-world settings. Although our simulations are not intended as a formal empirical validation 
exercise, several qualitative patterns generated by the model are consistent with empirical evidence on the rollout of direct-acting 
antivirals (DAAs), i.e. highly effective interferon-free therapies for hepatitis C, in France. The focus on the French case is natural 
in our setting, as the numerical analysis builds on the parameterization proposed by Dubois and Magnac (2024), which is explicitly 
calibrated to the French institutional and epidemiological context. First, our simulations highlight that treatment expansion is gradual 
and constrained by budgetary limits, even in the presence of highly effective therapies. This pattern is qualitatively consistent with the 
evolution of the hepatitis C care cascade documented by Brouard et al. (2020), who show that treatment uptake increased progressively 
following the introduction of DAAs. In our model, treatment intensity rises gradually and depends critically on available resources, as 
illustrated by the treatment paths in left panels of Fig. 1. Second, the persistence of substantial healthcare expenditures despite large-
scale treatment adoption, which emerges endogenously in our framework when pharmaceutical spending is front-loaded, is consistent 
with real-world evidence from nationwide administrative data. Using French claims data, Lam et al. (2024) document that managing 
chronic hepatitis C generated a large cumulative economic burden and that healthcare costs remained elevated even several years 
after DAA treatment. In our simulations, infection prevalence and pharmaceutical expenditures remain positive over the planning 
horizon (see right panels of Fig. 1), and final outcomes reported in Table 2 show that high treatment intensity does not immediately 
eliminate economic costs. Third, our results emphasize the role of explicit policy objectives in sustaining treatment efforts over time. 
Fig. 2 shows that when the Health Authority assigns positive weight to the terminal infection level, treatment intensity remains 
above the eradication threshold until the end of the horizon, supporting convergence toward disease elimination. This mechanism 
is consistent with the French policy shift toward explicit elimination targets and universal access to DAAs. Finally, our numerical 
analysis predicts non-monotonic treatment trajectories in response to institutional changes and strategic incentives. This feature is 
strongly supported by the evidence in Brouard et al. (2024), who identify distinct phases in DAA initiation in France and sharp 
temporary contractions associated with exogenous shocks such as the COVID-19 pandemic. Similar non-monotonic patterns arise in 
our simulations under strategic pricing and changing incentives, as illustrated by the dynamic treatment paths in Fig. 3. All these 
insights, combining the simulation-based analysis with empirical evidence on treatment rollout and expenditure dynamics, reinforce 
the need for a coherent policy framework that integrates transparent pricing, dynamic budget allocation, and explicit alignment of 
private and public incentives. Beyond simple cost containment, future strategies should focus on long-term sustainability, equitable 
access, and the attainment of strategic eradication goals, while remaining robust to institutional constraints and exogenous shocks. 
The quantitative results provided here, interpreted in light of observed real-world patterns, may support health authorities and 
policymakers in negotiating pricing agreements, designing risk-sharing schemes, and defining realistic budget priorities to achieve 
comprehensive epidemic control.

7.  Conclusions and future directions

This paper developed a dynamic optimization framework to study how a centralized Health Authority (HA) manages an inno-
vative, curative treatment in the face of an evolving infectious disease, whose evolution is based on a continuous-time SIR model. 
In addition, we extended the model to a strategic setting where a forward-looking Pharmaceutical Company (PC) sets the treatment 
price anticipating the HA’s optimal behavior. Drawing on the results obtained from both versions of the model, we summarize our 
main findings as follows:

1. Higher drug prices, resulting either from production costs or strategic behavior, reduce treatment intensity and slow epidemic 
control. Financial constraints further amplify this effect: when public budgets are insufficient, the HA is forced to limit intervention, 
leading to persistent infection levels. Conversely, adequate funding allows for sustained treatment and potential eradication.

2. The structure of healthcare costs plays a critical role in shaping the behavior of the optimal policy. Quadratic costs permit smooth 
treatment paths but require explicit enforcement of budget constraints. Blow-up costs embed these limits endogenously, ensuring 
compliance but generating steeper and less predictable responses. The choice of cost structure has direct implications for policy 
feasibility and implementation.
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3. The PC’s long-term strategic incentives, captured via a terminal valuation of residual infection, significantly affect pricing. When 
residual infection is valuable to the firm (𝜅 > 0), it raises prices, reducing access and weakening eradication prospects. When 
persistent infection is penalized (𝜅 < 0), prices fall, and broader coverage becomes feasible. In both cases, optimal pricing reflects 
a balance between short-term profits and long-term positioning.

These insights highlight the need for coherence between budget design, pricing rules, and health objectives. Cost-containment must 
be complemented by institutional mechanisms that sustain coverage incentives, whether through long-term planning, regulatory 
oversight, or negotiated pricing frameworks.

The Stackelberg analysis in this paper focused on quadratic treatment costs, which, despite their simplicity, provided clear insights 
into the interplay between pricing, intervention, and institutional constraints. Extending the framework to blow-up cost structures, 
where financial limits arise endogenously, remains a promising avenue. Preliminary results indicate that this leads to more complex 
equilibrium conditions, including cubic pricing equations, raising new questions about existence, uniqueness, and strategic behavior 
under financial stress.

In the present framework, both treatment and pricing decisions are determined ex ante and remain fixed over the planning horizon. 
As a consequence, neither the HA nor the PC adjusts their strategies in response to evolving epidemiological conditions, unexpected 
shocks, or parameter uncertainty. This structure is consistent with institutional settings characterized by strategic commitment, 
predefined budget horizons, and contractual pricing arrangements, but abstracts from fully adaptive policy responses. A natural 
extension of the framework would be to allow for state-dependent or feedback-based treatment and pricing policies. This would 
make it possible to explicitly account for real-time information, adaptive decision making, and time inconsistency in dynamic policy 
environments, and is left for future research.

Future work could also incorporate uncertainty (Carratelli et al., 2024), behavioral or epidemiological heterogeneity (Fenichel 
et al., 2011), and explicit market regulation. These extensions would help the model better reflect the complexity of real-world health 
systems, including stochastic dynamics, multi-firm competition, and institutional procurement constraints. Another direction involves 
modeling price-setting as a bargaining process between the HA and the PC, as in Dubois et al. (2022), where negotiated outcomes 
replace unilateral pricing.  In particular, uncertainty could be incorporated through stochastic perturbations acting directly on key 
epidemiological or economic parameters, while preserving their boundedness. In realistic settings, quantities such as transmission 
intensity, treatment effectiveness, or behavioral response fluctuate within constrained ranges due to biological, institutional, or reg-
ulatory limits. Modeling such effects via bounded stochastic processes, as in d’Onofrio et al. (2018), Lacitignola and Martiradonna 
(2025), is particularly appealing from a methodological perspective. For instance, bounded perturbations based on sine–Wiener pro-
cesses allow key parameters to fluctuate within prescribed ranges, capturing realistic uncertainty and preserving feasibility, while 
still accounting for regime-dependent sensitivity and robustness properties of nonlinear dynamics.

The terminal value parameters 𝜅 and 𝜃 have been introduced to capture long-term strategic considerations of both PC and HA 
within a finite-horizon setting. While this formulation enables the incorporation of forward-looking incentives and residual infection 
valuation into the analysis, future work could extend the framework to an explicit infinite-horizon formulation. Such an approach 
would allow for a more rigorous investigation of sustained control strategies, stationary equilibria, and the long-term interactions 
between pricing decisions and public health objectives.

Another promising research direction concerns price discrimination under budget asymmetry and partial market connectivity. 
One could consider a setting with two health authorities (e.g., from a high-income and a low-income country) facing different budget 
constraints, where the PC offers differentiated prices. If the two buyers are partially connected—meaning one can (legally or infor-
mally) resell treatments to the other—then arbitrage opportunities emerge, potentially undermining price discrimination strategies 
(Danzon, 2018). This setting introduces a new layer of complexity when combined with cost structures, as marginal costs become 
endogenous and sensitive to inter-agent dynamics. Formalizing this problem would provide useful insights for global procurement 
policy, equitable access strategies, and market segmentation under financial asymmetry. Similar concerns arise in other domains such 
as energy markets, environmental permits, or vaccine distribution (Miklós-Thal and Shaffer, 2021).
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