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Fig. 8. State space trajectories of the Chua’s memristor circuit with R = 1/0.7, C1 = 1, C2 = 2, L = 1.36 [corresponding to
the point marked with ? in Fig. 5(b)] and N(ϕM ) being a smooth-piecewise approximation of Npwl(ϕM ). The initial conditions
(marked with ×) are chosen to ensure that the trajectories lie on the invariant manifolds MI : (a) Manifold with I = 2 (the
unique equilibrium point is marked with ◦); (b) Manifold with I = −2 (the unique equilibrium is marked with ◦).

toward one stable equilibrium point. Instead, if we
set R = 1/0.7, C1 = 1, C2 = 2, L = 1.83, corre-
sponding to the point (α, β) = (2, 2.3) [marked with
� in Fig. 5(b)], then the system displays oscillatory
behaviors on some invariant manifold. For instance,
Fig. 9 shows that on the invariant manifold with

Fig. 9. State space trajectories of the Chua’s memristor cir-
cuit with R = 1/0.7, C1 = 1, C2 = 2, L = 1.83 [correspond-
ing to the point marked with � in Fig. 5(b)] and N(ϕM )
being a smooth-piecewise approximation of Npwl(ϕM ). The
initial conditions (marked with ×) are chosen to ensure
that the trajectories lie on the invariant manifolds MI with
I = 0. The three equilibrium points (marked with ◦) are all
unstable.

I = 0, there are two stable periodic solutions.
Simulations show that similar oscillatory behaviors
are present also on manifolds with small values of
|I|, while for larger values of |I|, the dynamics
on the manifolds displays convergence toward the
equilibrium points.

4.2. The RLC-memristor circuit

Let us assume that the memristor characteristic
N(qm) satisfies the slope-bounded condition (35) for
some k1, k2, k2 > k1 and consider the matrices A,
B, C in (16). Since (A − kiBC) ∈ R2, i = 1, 2, its
2-additive compound matrix reads

(A− kiBC )[2] = Tr(A− kiBC )

= − 1

RC 0
− ki
L
,

where Tr(·) denotes the matrix trace. Hence, from
Theorem 1, we get that the memristor circuit is
nonoscillatory if the following condition

k1 > −
L

RC 0
(47)

holds. Indeed, it can be shown that the above con-
dition is exactly the condition derived by applying
the Poincaré–Bendixson criterion to the state space
model (33) which describes the circuit dynamics
on the manifold MI . From (17), we get that the
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matrices in (26) boil down to

A =


− 1

RC 0
1

− 1

LC 0
0

 , B =


− 1

LRC 0

− 1

L

 ,

C = (1 0).

Therefore, the dynamics on MI obeys
ẋ1 = − 1

RC 0
x1 + x2 −

1

L
N(x1),

ẋ2 = − 1

LC 0
x1 −

1

RLC 0
N(x1) +

1

LC 0
I,

(48)

where, according to Remark 3.1 and (29), x1 = qM
and x2 = iL + qM/(RC 0) + (1/L)N(qM ). From
these two relations and the expression ofMI in (18),
it turns out that the original state variables of the
circuit are related to x1 and x2 as follows:

qM = x1,

vC0 =
1

C0

(
1− L

R2C0

)
x1 +

L

RC 0
x2 −

1

C0
I,

iL = − 1

RC 0
x1 + x2 −

1

L
N(x1).

(49)

By applying the Poincaré–Bendixson criterion
to (48), we get that the dynamics is nonoscillatory
on each manifold MI if

− 1

RC 0
− 1

L
N ′(x1) < 0,

which turns out to be equivalent to condition (47)
since N ′(x1) ∈ [k1, k2].

To investigate the circuit dynamics, we assume
that the memristor characteristic function is given
by

N(qM ) = −aqM + b
q3M

1 + cq2M
, (50)

where a, b, and c are positive constants. It can be
verified that

−a ≤ N ′(qM ) ≤ −a+
b

c
, ∀ qM ∈ R,

i.e. N(qM ) satisfies the slope-bounded condi-
tion (35) with k1 = −a and k2 = −a + b/c. Hence,
the nonoscillatory condition (47) becomes

a <
L

RC 0
. (51)

The equilibrium points (x1, x2) = (x1, x1) of (48)
depend on the value of the manifold index I.
In particular, x1 is the solution of the following
equation: (

1− a

R

)
x1 +

b

R

x31
1 + cx21

= I,

while x2 is obtained by the first equation of (48)
and, according to (49), the corresponding equilib-
ria in the original state variables are (vC0 , iL, qM ) =
(0, 0, x1). It can be verified that if a ≤ R,
then there is a unique equilibrium point on each
invariant manifold MI which is locally asymp-
totically stable. If a > R and c < b/(a − R),
then MI can have either one or three equilib-
rium points, the latter case requiring sufficiently
small values of |I|. For instance, if I = 0, there
are three equilibria with x1 = 0 and x1 =
±
√

(a/R− 1)/(b/R− c(a/R− 1)). Moreover, it
turns out that the equilibrium point with x1 = 0 is
unstable, while the other two are locally asymptot-
ically stable. For increasing values of |I|, we get a
unique equilibrium point which is locally asymptot-
ically stable. This implies that at I = ±IF , IF > 0,
one of the two stable equilibrium points and the
unstable one collapse and disappear, thus implying
the occurrence of a fold bifurcation in the circuit
state space, without varying the parameters. For
instance, in the case a/R = 2, b = 1/3, c = 0.2,
this bifurcation occurs at IF = 0.574. Hence, if the

Fig. 10. State space trajectories of the RLC-memristor cir-
cuit with R = 1, L = 0.5, C0 = 0.1 and a = 2, b = 1/3,
c = 0.2 in memristor characteristic (50). The initial condi-
tions (marked with ×) are chosen to ensure that the trajec-
tories lie on the invariant manifolds MI with I = 0. The
three equilibrium points are marked with ◦.
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