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In recent years, many contributions have been reported in the literature showing that memristor
circuits can exhibit very rich oscillatory and chaotic behaviors. In this paper, we look for con-
ditions ensuring that memristor circuits are nonoscillatory, i.e. they do not display oscillations
and more complex attractors and enable convergence toward some of the infinite nonisolated
equilibrium points. Specifically, we consider the class of memristor circuits composed by the
interconnection of a linear time-invariant two-terminal (one port) element and an ideal mem-
ristor, which can be either flux-controlled or charge-controlled and whose characteristic satisfies
a slope-bounded condition. First, exploiting the well-known fact that any circuit with an ideal
memristor admits first integrals, and hence its state space is decomposed in a continuum of
invariant manifolds, a state space representation of the circuit dynamics on each invariant mani-
fold is derived in an explicit way. Then, conditions to ensure the absence of oscillatory behaviors
on each manifold are obtained by employing the 2-additive compound matrix of the Jacobian
of these representations. It is shown that the memristor circuit is nonoscillatory if there exists a
common Lyapunov function for two suitable 2-additive compound matrices, which is obtained
by solving two linear matrix inequalities. Two memristor circuits are analyzed in some detail to
illustrate the application of the results and their degree of conservatism.
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1. Introduction

The memristor was introduced by [Chua, 1971] as
the fourth basic passive circuit element. The inter-
est in memristors only exploded many years later,
thanks to the discovery of memristive effects in
solid-state nanoscale electronic devices by Williams
and his team [Strukov et al., 2008]. Since then, the
research activity on memristors has rapidly flour-
ished in several directions, mainly motivated by
their potential use for implementing power-efficient
memories and their possible contribution to futur-
istic neuromorphic computers [Yang & Williams,
2013; Williams, [2017}; |[Sebastian et al., 2018; |James
et al), 2018} Huang et all [2021} [Sirakoulis et al.,
2022).

The ideal memristor is a circuit element defined
by a nonlinear characteristic relating flux (the inte-
gral of voltage) and charge (the integral of current).
In the voltage—current domain, the memristor sat-
isfies a state-dependent Ohm'’s law where the state
variable is either the flux, for a flux-controlled mem-
ristor, or the charge, for a charge-controlled mem-
ristor. Later on, wider classes of memristive systems
have been proposed (see |Chua, [2015] and references
therein), including extended memristors which are
of practical interest for modeling real memristive
devices |[Mazumder et al., 2012 |Chen & Yu, 2015;
Hajri et al.,2019]. Beyond their importance in non-
linear circuit theory [Corinto & Forti, 2016} |Cor-
into et al., 2021} |Chua et al., [2019; |Tetzlaff, 2014,
ideal memristors can be employed to approximate
the dynamics of physical components (see [Vista &
Ranjan, |2019] and references therein). One relevant
feature of memristors is that, due to their memory
and nonlinearity, they are able to greatly enrich the
range of circuit dynamic behaviors. For instance,
this feature plays a key role for the use of analog cir-
cuits in future electronics [Itoh & Chuay, 2008; Bus-
carino et al.} |2013; Kumar et all 2017; Liang et al.,
2020; |Ascoli et al., 2022a, 2022b).

In [Corinto & Forti, 2016], it has been pointed
out that the flux—charge domain is more appropri-
ate than the traditional voltage—current domain for
the analysis of circuits with ideal memristors. By
means of the flux—charge analysis method, it has
been shown that any circuit with ideal memristors
admits for structural reasons first integrals. Conse-
quently, its state space can be foliated into infinitely
many invariant manifolds where different dynamic
behaviors can be displayed (see [[nnocenti et al.,
2024] and references therein). This rigorously shows

that these memristor circuits can possess infinitely
many convergent, periodic and complex dynamics
for a given set of circuits parameters, a property
which is known in the literature as extreme mul-
tistability (see e.g. |Hens et al. 2012; Bao et al.l
2016; Chang et al., 2019]). In spite of literally many
contributions dealing with memristor circuits dis-
playing complex dynamics, less attention has been
paid to the case where these circuits do not exhibit
oscillations and their dynamics eventually converges
toward the equilibrium points. A significant excep-
tion concerns some classes of memristor neural net-
works which have quite a different structure from
the class here considered. For these classes, condi-
tions ensuring complete stability, i.e. convergence
toward equilibrium points, have been derived also
in the case of extended memristors (see [Di Marco
et al.,|2022a}|Di Marco et al.l|2022b}|Di Marco et al.l
2024] and references therein).

This paper aims to fill this gap by looking for
memristor circuits which are nonoscillatory, i.e. they
do not possess periodic solutions and more com-
plex attractors, thus enabling convergence toward
some of the infinite nonisolated equilibrium points.
Indeed, identifying the parameter ranges for which
the memristor circuit is nonoscillatory can also pro-
vide insights on how to choose these parameters for
the synthesis of circuits capable to generate the com-
plex dynamics usually sought. It is well known that
the Poincaré—Bendixson criterion permits to ensure
the absence of oscillations in second-order nonlin-
ear systems, while sufficient conditions to rule out
oscillatory and more complex behaviors in higher-
order nonlinear systems were given by [Muldowney,
1990; Li & Muldowneyl, |1995]. More recently, these
remarkable results have been reinterpreted within
the context of 2-contraction theory [Wu et al.l
2022af, by showing that a system is nonoscillatory
if it is 2-contractive, i.e. the variational equation
associated to the 2-additive compound matrix of
the system Jacobian is 1-contractive. Moreover, in
[Angeli et al.,2021], it has been shown that a nonlin-
ear system is nonoscillatory if the variational equa-
tion associated to the 2-additive compound matrix
of the Jacobian of a nonlinear system is exponen-
tially stable, thus allowing for the use of classic
Lyapunov stability tools. This approach has been
extended in |[Martini et al., 2022] to provide suffi-
cient conditions to rule out the existence of attrac-
tors with positive Lyapunov exponents and applied
to some case studies in [Martini et al.l 2023]. For a
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nonlinear system of order n, these conditions
require to solve Linear Matrix Inequalities (LMIs)
involving matrices of order n(n — 1)/2. To reduce
the computational burden for large n, small gain
like conditions have been proposed in [Angeli et al.,
2025 which, by suitably decomposing the nonlinear
system into two subsystems of dimension ny and no,
n1 + ne = n, require the solution of LMIs of lower
dimensions.

The goal of the paper is to derive conditions
to assess if a memristor circuit is nonoscillatory.
Specifically, we consider the class of circuits com-
posed by the interconnection of a linear time-invari-
ant two-terminal (one port) element and either a
flux-controlled or a charge-controlled memristor.
For such a class, it is possible to verify the nonoscil-
latory nature of the circuits via an approach that
is more efficient than the one provided in [Mar-
tini et al., 2023] for general nonlinear systems with
first integral. Indeed, we pursue a strategy based
on the two following facts: (i) the state space
of memristor circuits is decomposed in a contin-
uum of invariant manifolds which admit a closed
form expression; (ii) a state space representation
of the dynamics of the circuit on each invari-
ant manifold can be derived in an explicit way.
The first one permits to assess the nonoscillatory
nature of a circuit by considering its dynamics on
each invariant manifold, while the second ensures
that this dynamics is governed by a state space
model. Notably, models related to different mani-
folds only differ for a constant vector, thus imply-
ing that their Jacobian matrices (and consequently
the 2-additive compound matrices) share the same
structure. Moreover, if the memristor characteris-
tic function is slope-bounded, then the 2-additive
compound matrix belongs to the convex hull of two
constant matrices, which do not depend on the con-
sidered invariant manifold. This makes it possible
to ensure that the circuit is nonoscillatory if there
exists a common quadratic (or homogeneous poly-
nomial) Lyapunov function for the two matrices
defining the convex hull, a problem which requires
to solve two LMIs.

The rest of this paper is organized as follows.
Section 2 introduces the considered class of circuits
and formulates the addressed problem. Two exam-
ples of circuits, the first with a flux-controlled mem-
ristor and the second with a charge-controlled one,
are presented in Sec. while Sec. concerns
some known preliminary results on the approach

A Lyapunov Condition for Nonoscillatory Behaviors

pursued to derive LMI sufficient conditions for
ensuring that nonlinear systems are nonoscillatory.
Section |3 is devoted to the main result of the paper
and its discussion. The two circuits presented in
Sec. are analyzed in Sec. [ to illustrate the
theory and to show its degree of conservatism and
scope of applicability. Some final remarks and con-
clusions end the paper in Sec.

2. Problem Formulation and
Preliminaries

In this paper, we consider the class of memris-
tor circuits composed by the interconnection of a
two-terminal (one port) element L, with voltage
vy, and current ¢y, and a memristor, with voltage
vy and current ips, as described in Fig. The
two-terminal element L can contain ideal oper-
ational amplifiers and linear time-invariant con-
trolled sources, in addition to linear R, L, C' com-
ponents, while the memristor can be either flux-
controlled or charge-controlled. The flux-controlled
memristor is described by the flux—charge charac-
teristic N : R — R, i.e.

where 3 and qp; are the memristor flux and
charge, i.e.

on (1) = / on (7)dr,

qM(t):/ iM(T)dT,

while the charge-controlled memristor is described
by the charge—flux characteristic N : R — R, i.e.

om = N(qm).

i,

VL, 17’ M UM

) |
N

Fig. 1. Class of circuits. L: linear time-invariant two-
terminal element; MR.: memristor.
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The flux-controlled memristor admits the following
state space representation:

{@M(t) =vum(t),
in(t) = N'(on(t)var(t),

where @) is the state variable, vys is the scalar
input, 77 is the scalar output, the characteristic
function N is assumed of class C' on the real axis
and N'(pp) is known as the memristor memcon-
ductance. Analogously, the dynamics of the charge-
controlled memristor obeys

dm(t) = in (1),

o (t) = N'(qne(t))ina(t),
where N'(qps) is known as the memristor
memristance.

The two-terminal element L can be described

by the following linear time-invariant finite-
dimensional causal state space representation:

{ZL(t) = AZL(t) + Buy, (t),

(1)

(2)

(3)
yL(t) = CzL(?),
where z;, € R" is the state vector, A € R"*"
B € R™! C € R™™ are constant matrices, and
uy, and yy, are the scalar input and output signals,
respectively. Specifically, for consistency with
and , uy, = i, and yy, = vy, in the case of flux-
controlled memristor and uy, = vy, and yy, = i, in
the case of charge-controlled one. Consequently, the
rational transfer function G(s) = C(sI, — A)™1B,
where s denotes the complex variable and I, is the
identity matrix of order n, represents the impedance
of L if the memristor is flux-controlled and the
admittance if it is charge-controlled. The follow-
ing assumptions are enforced on matrices A, B,

and C.

Assumption 1

(a) The pair (A, B) is controllable and the pair
(A, C) is observable.

(b) The matrix A is nonsingular.

Assumption [Ifa) ensures that G(s) is a rational
function of order n. Hence, it can be written as

boo18" "+ +bis+b
Gls) = ot AR )
s+ ap_15" 1+ +ais+ap
where ag,a1,...,a,-1,b9,b1,...,b,_1 are constant
coefficients. Note that Assumption [I[b) is equiva-
lent to ag # 0.

Taking into account that vy, = vy; and if, =
—ip, it can be verified that the dynamics of the
circuit of Fig. [1] is completely described by the
following system:

{é(t) — oCa(t),
5(t) = A=(t) — N'(€(1))BC(1),

where £ € R and z € R" are the state variables,
N : R — R is a nonlinear function of class C', and o
is either equal to 1 or —1. Specifically, z = 21, £ =
prm, 0 = 1 in the flux-controlled memristor case,
z = 21, £ = qu, 0 = —1 in the charge-controlled
one.

It is known that system (b)) has some pecu-
liar features. We first observe that (z,&) = (0,€)
is an equilibrium point for all £ € R, ie. sys-
tem possesses infinitely many nonisolated equi-
libria. Moreover, the structure of system ensures
the existence of first integrals [Innocenti et al.|
2024]. Indeed, the next result holds true.

()

Proposition 1. The function H : R — R
defined as

H(&2)=¢6—0CA™ 2 — CATIBN(¢)  (6)
18 constant along the solutions of @), i.e.

H(&(t), 2(t)) = H(&o, 20), (7)
where zy = z(tg) and & = £(to) are the initial con-
ditions at t = tg.

Proof. From Assumption b), the second equation
of can be rewritten as
2(t) = ATH(E(t) + BN'(£(1))C= (1))

— a7 (20 + Ly ).

where the second equality follows from the following
equivalences:

N'(6() BC(t) = N'(6(1) B-E(H) = ~ BN (E(1).

Consequently, the first equation of (|5|) boils down to
£(t) —oCA™ 2(t) — CATIBN(&(t)) = 0,
and hence H(&(t), z(t)) = 0, i.e. H(E(t), 2(t)) is con-

stant over time. W

We remark that the expression of the first integrals
can be explicitly derived also if Assumption b)
does not hold (see e.g. [Di Marco et al., [2021]).
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In this paper, we are interested in investigat-
ing the dynamics of system with the aim of
determining conditions under which the system is
nonoscillatory, i.e. it does not display oscillatory
and more complex behaviors and enables conver-
gence toward some of the infinite nonisolated equi-
librium points. To derive these conditions, we refer
to the approach developed in [Angeli et al., 2021]
for general time-invariant nonlinear systems and
extended in [Martini et al, 2022, 2023] to rule
out the existence of attractors with positive Lya-
punov exponents (see Sec. . However, instead
of applying to the procedure provided in |[Mar-
tini et all 2023] for general nonlinear systems
with first integral, we follow a different way which
exploits the peculiar property of the memristor
circuit state space which is foliated in invariant
manifolds. Indeed, according to Proposition [I} the
solution 2°(t), ©9,(t), t > to, of (5) with initial con-
ditions z(tg) = zo, ¢, (to) = @, is confined to lie
onto the invariant manifold

Mz ={{€R,zeR": H(§,z) =1},  (8)
where the manifold index Z is given by

7 = H(&o, 20), 9)

i.e. it depends on the initial conditions of . Since
for any fixed £ € R the equation H(&,z) = Z is an
hyperplane in R", it follows that (J7op Mz = R" 1,
i.e. the state space of system is decomposed into
a continuum of invariant manifolds. Also, observe
that the equilibrium points belonging to the invari-
ant manifold Mz are (z, &) = (0, &7) with £7 solving
the scalar equation £ — CA'BN(¢) = T.

This property of the state space suggests that
we can assess the nonoscillatory nature of the
memristor circuit by considering the dynamics on
each manifold Mz. To proceed this way, we need
to derive the equations governing the dynamics
on M. This is accomplished in Sec. [3]together with
the main result of this paper.

2.1. Examples of memristor circuits

In this section, we introduce a couple of mem-
ristor circuits. The first one is the memristor
Chua’s circuit depicted in Fig. [2, which is obtained
from the celebrated Chua’s circuit by replac-
ing the classic nonlinear resistor (Chua’s diode)
with a flux-controlled memristor [Itoh & Chual
2008], whose classic characteristic is the canonical

A Lyapunov Condition for Nonoscillatory Behaviors

R iL \
A% <
11, + + +
L voy

av = N(pm) |

Fig. 2. Chua’s memristor circuit: two-terminal element L
(blue box); charge-controlled memristor (red box).

piecewise-linear function

1
Npwi(pm) = 5( o —mi1)(lem + 1| = o — 1)

+mipm, (10)

where the constants my and mi, mg < mq, define
the two different slopes. Since, in this paper, the
memristor characteristic needs to be of class C', we
assume that N(p)/) is any C' function on the real
axis such that N(0) = 0 and N'(pnr) € [mo, mi]
for all pps € R. By exploiting the smooth-piecewise
representation of given in |Jimenez-Fernandez
et al.l 2016], this assumption permits to consider
also Npuwi(par) as a limiting case.

Applying the Kirchhoff laws to L, which con-
tains two capacitors C and Cs, an inductor L and
a resistor R, we obtain the equations

. 1 .
Croc, (t) = R(vcg —vey) +in(t),

Catcs(t) = (ve, —ven) +in@), Y

| Lis(t) = —vc, (1),

where ve, and vg, are the capacitor voltages and
iz, is the inductor current. By setting zr, = (vc,,
vey,,ir) | and observing that vy, = vg,, it can be
readily verified that the two-terminal element L
admits the structure with

__r 1y
RCi  RC 1
C
a=| L -1 1] p_ ,
ROy RCy; (9
0 l 0
L
C=@1 0 0)

(12)
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Hence, the dynamics of the memristor circuit obeys
Egs. (3) with z = (vey,ve,,in) ", € = ou, 0 = 1
and A, B, C as above. It can be readily checked
that both (a) and (b) of Assumption [I| hold. The
impedance of LL is given by the following third-order
rational function:

Ll L L
o\ T RS, IO,
C1+ Cy 9 1 1

RO, S T 16 T RIOG,
(13)

The expression of the invariant manifolds can be
derived via Proposition (1, obtaining

G(s) =

53+

Mz = {(0017U027iL)T S RS,(PM eR:

©Mm + RClvcl + Lip, + RN((pM) = I}.
(14)

The equilibrium points on the manifold Mz are
given by ve, = ve, =i, = 0 and ¢y = Py, with
®, solving the scalar equation ¢y +RN (o) = 7.

Consider the circuit of Fig. [3] which will be
referred to as the RLC-memristor circuit. Applying
the Kirchhoff laws to the two-terminal element L,
we obtain the equations

1
Covcy = —=vc, +ir,
0 R 0 (15)

Lij, = —vg, — v1,

where vc, is the capacitor voltage and ¢y, is the
inductor current. By setting 21, = (vg,,ir)’ and
observing that iy, = —iy, it turns out that the two-
terminal element admits the structure (3)), with ir,
and vy, exchanged, once

1 0
RCy C
= O X, B=| 1|, c=0 -1)
1 _ =
— L
T 0
(16)
onm = N(qmr)

—Yim

Fig. 3. RLC-memristor circuit: two-terminal element L
(blue box); charge-controlled memristor (red box).

Hence, the dynamics of the RLC-memristor circuit
is governed by Egs. (5) with z = (ve,, i)', € = qur,
o =—1and A, B, C as above. It can be checked

that both (a) and (b) of Assumption [1| hold also in
this case. The admittance of L reads

1/, 1
L \" " Ra,

while becomes

Mz = {(UCO,Z'L)T S R2,qM cR:

L. 1
am — Covgy + R'L + EN(QM) :I} .
(18)

The equilibrium points belonging to Mz are
(veysin, qm) = (0,0,Ga, ), where Gpy, is such that
R(]MI + N(EJMI) = RT.

2.2. Preliminary results

Muldowney| [1990] provided a significant extension
of the classic Poincaré-Bendixson criterion to non-
linear systems of order higher than two. Specifi-
cally, sufficient conditions to rule out the existence
of nontrivial periodic solutions were given in terms
of the logarithmic norm of the 2-additive com-
pound matrix of the system Jacobian. Moreover,
it was also shown that the conditions ensure that
every solution with initial conditions lying within
some forward invariant set of the system converges
toward the set of equilibrium points contained in
the invariant set [Li & Muldowneyl, [1995]. Recently,
the Muldowney results have been reinterpreted and
extended within the context of 2-contraction the-
ory [Wu et al., 2022b], by exploiting the powerful
algebraic machinery of compound matrices |Bar-
Shalom & Margaliot, 2021]. Specifically, it is shown
that a system is nonoscillatory if it is 2-contractive
which means that the variational equation associ-
ated to the 2-additive compound matrix of the sys-
tem Jacobian is 1-contractive. Here, we recall the
definition of 2-multiplicative and 2-additive com-
pounds of a given matrix (see e.g. [Bar-Shalom &
Margaliot, [2021]).

Definition 2.1. Consider a matrix A € R™*" with
n > 2. Then,

e the 2-multiplicative compound matrix of A,
denoted as A® e R(g)x(g), is the matrix whose
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entries are all 2-dimensional minors of A listed in
lexicographical order;
e the 2-additive compound matrix of A, denoted as

Al2l ¢ R(g)x(g), is given by

d
AR — 21 A2
dE( n +e ) o ’
where ¢ € R and I, is the identity matrix of
order n.

Some useful properties of these compound matrices
are listed as follows (see e.g. [Wu et al., 2022b]).

Property 1. Let Ai, Ag,..., A\, be the eigenvalues
of matrix A € R™™. Then, the eigenvalues of A
and AP are given by {\;\i,,1 < i1 < ig < n} and
{Ai; + Aiy, 1 <ip < ig < n}, respectively.

Property 2. Let T' € R™" be a nonsingular
matrix. Then,

(TPAT)R = 77 ARIT®), (19)
Consider the time-invariant nonlinear system

2(t) = f(x(t)), (20)
where z € R" is the state vector, f : R — R" is
assumed to be of class C!, and x(t) is the state time
evolution with initial condition z(0) = zo.

A natural way to assess the nature of the non-
trivial attractors of consists in analyzing the
variational equation

i) = L avyo), (21)

where %(m(t)) € R™ " is the Jacobian of
evaluated at x(f) and § € R™ is a vector which
propagates along solutions of the effect of
an infinitesimal perturbation of initial conditions
in the direction 6(0). Indeed, several techniques
are available to numerically compute from (21
the Lyapunov exponents of any attractor of ([20)
[Dieci & Elial 2008; Dieci et al., [2011].

In this paper, we refer to the approach devel-
oped in [Angeli et al, [2021] to assess if ([20))
is a nonoscillatory system. The approach looks
at the following, possibly higher-order, variational
equation:

of 2

9O = 5 @), (22

where %[Q] € RG> () is the 2-additive compound
of the Jacobian and 1 € R(:) propagates along

A Lyapunov Condition for Nonoscillatory Behaviors

solutions of with the effect of the infinites-
imal area perturbation enclosed by the two vec-
tors 01(0) and 602(0). In particular, if the initial
condition (0) is set equal to the wedge product
between 61(0) and 65(0), i.e. ¥(0) = 61(0) A 62(0),
then the corresponding solution v (t) is given by
P(t) = 01(t) A O2(t), where 01(t) and 02(t) are the
solutions of with initial conditions 6;(0) and
02(0), respectively. In [Angeli et al) [2021], it is
shown that if the linear time-varying system is
exponentially stable, then the solution z(t) of
is not periodic. This permits to employ Lyapunov
stability conditions to ensure that is a nonoscil-
latory system. In particular, if the Jacobian of sys-
tem belongs to a convex hull of matrices, i.e.

of
ox

for fixed constant matrices J; € R™*™, i=1,...,N,
then it is possible to employ some Lyapunov func-
tions V' (¢; x) to obtain conditions, in terms of LMIs,
ensuring exponential stability of and hence
the nonoscillatory nature of . The case of a
quadratic Lyapunov function in v is reported next.

Proposition 2. Suppose that f : R" — R" in )
is of class C' and its Jacobian satisfies ) for
some given matrices J; € R™" ¢ = 1,... N.
Then, system ) 1s monoscillatory if there exists
a quadratic Lyapunov function V() = T Py with
P e R(:)x() being a symmetric and positive defi-
nite matriz such that

JApypi oo, i=1,.. N, (29)
2

)

(x) € conv(Jy,...,Jn), VzeR"™ (23)

where J: is the 2-additive compound matriz of J;.
Proof. It readily follows from [Angeli et al., 2021]
once it is observed that conditions and
imply that

of 2

(x)P + P% (x)) P <0,

N
-7 (2

Ve eRY, Vo eRE), ¢ £0,
which ensures that is exponentially stable. W

Remark 2.1. Proposition [2| ensures that the system
is a nonoscillatory in some subset D C R™ if con-
dition holds for all z € D. Moreover, if D is a
forward invariant set of (20)), i.e. z(t) € D, Vt > 0
if (0) = z¢ € D, then every solution with initial
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conditions in D converges to the set £ND, where £
denotes the set of equilibrium points of . Finally,
we observe that in [Martini et al., 2022] it is shown
that if condition holds as a nonstrict inequality
within some forward invariant set D, then this set
cannot contain attractors with positive Lyapunov
exponents. Note that in this case, the presence of
stable periodic solutions is not excluded.

Proposition [2] simply requires the existence of
a common quadratic Lyapunov function for the
. 2] . .
matrices J,”, ¢ = 1,...,N and condition
amounts to solve a finite number of LMIs, a prob-
lem for which efficient software is available |[Lof-
berg, [2004]. Other LMI conditions can be derived by
employing Lyapunov functions more general than
the quadratic one. Indeed, less conservative suffi-
cient conditions can be looked for by using the
class of Homogeneous Polynomial Lyapunov Func-
tions (HPLF) of order 2m, m > 1 [Chesi et al.,
2003]. Specifically, by introducing for i = 1,..., N
the extended matrices JE} € RIxd of J?}, with

{m
d = ((3):;"_1), condition can be replaced by
the following one:

T P+ PP 4+ L(7) <0,

i) i=1,...,N,

(25)

where P,, € R%? is symmetric positive definite
and L(v), v € R% denotes the linear parameter-
ization of all the matrices L € R4 such that
I Lytmt = 0, vylm € RY, with 4{™} being
the vector of all monomials of degree m of the
vector 1. It is known that the dimension of the
parameter vector v is given by dp = id(d+ 1) —

((Z);ilm—l)' For instance, in the case of an HPLF

of order 4 (m = 2), we have d = 6 and d;, = 6.
In this case, we have that system is nonoscil-
latory if there exists a symmetric and positive def-
inite matrix P, € R%%6 and a vector v € RS such
that holds. The use of HPLF's will be treated
in some detail in Sec. d to show how the conser-
vatism of condition could be reduced. Finally,
we mention that condition is one instance of
how several analysis and control problems can be
reduced to polynomial optimization problems (see
e.g. |Chesi, 2010] and references therein).

3. Main Results

To apply the results of Sec. we first need to
determine the equations governing the dynamics of

system on the invariant manifold Mz. For this
purpose, we proceed as in [Innocenti et al.,2020] by
first observing that for any linear transformation of
coordinates z = Tzlz, with 77, € R™*"™ being non-
singular, we obtain a system dynamically equiva-
lent to with matrices A = TzlATL, B= TZIB7
and C = CT and the same impedance or admit-
tance G(s) in . Among all the possible choices,
we find it convenient to assume that the matrices
A, B, and C enjoy the following structure:

—Ap—1 1 0 --- 0 bnfl
—Ap—2 0 1 -+ 0 bn,Q

|
I
av]
I

—al o o0 --- 1 b1

C=(1 0 --- 0 0).
(26)
Note that the A and B directly depend on the coef-
ficients of the polynomial denominator and numer-
ator of G(s), respectively. Also, it can be verified
that T, = O~'0, where O € R™" and O € R™"
are the observability matrices of the two equivalent
systems.
Clearly, this transformation leads to the follow-
ing equivalent system:
£(t) = oCz(1),
. _ __ (27)
z(t) = Az(t) — N'(£(2))BCz(1),

while the expression of the invariant manifold
becomes

Mzz{geR,ze]R”:

H(§z) =€+ aiozn + Z?)N(g) :I} . (28)

Consider now the nonlinear state transformation
Ty @ R™ — R from (£,27)T € R to
(6, ¢N)T eR*™! € R and ¢ € R", given by

n=¢,
- - (29)
{C =0z — Ae1§ + BN(§),

where e; = (1,0,...,0)" € R™. It turns out that
TN can be readily reversed obtaining

{5 =1,
: L (30)
zZ=0(+ocAein—ocBN(n).
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This implies that, under the hypothesis that N (&)
is of class C' on the real axis, T is a diffeomor-
phism on R"™*!. Hence, by applying the transfor-
mation T, we get a new system which is dynami-
cally equivalent to . Tedious though straightfor-
ward computations show that this equivalent sys-
tem obeys

77(75) T](t) 0

G(t) Gi(t) 0

Ga(1) | &) _ 0

-4 ~BN((H) +
bn—a(t) Cna(t) 0
én—l (t) Cn—l (t) Cn (t)
\C‘n(t) =0
(31)

The last equation in (31]) states that (, is constant
over time, since it can be shown that the following
relation

Cn = CLQI (32)

holds. Indeed, noticing that n = £, the last equality
in can be written as

Cn = 0Zp + apd + bON(S)

Therefore, readily follows from the equality
in and it provides an equivalent description
of the invariant manifold Mz. As a consequence,
the remaining n equations of are the sought
equations governing the dynamics on the invariant
manifolds, as stated next.

Proposition 3. Let Assumption[]] hold and assume
that N : R® — R"™ is of class C* on the real axis.
Then, the dynamics on the invariant manifold Mz
obeys

#(t) = Az(t) — BN(Cz(t)) + enaoZ,  (33)

where x € R and e, = (0,...,0,1)T € R",

Proof. Since the assumptions ensure that sys-
tem (31 is dynamically equivalent to and the
last equation of exactly defines the manifold
Mz, the proof follows by observing that for z = (n,
(i, .- .,Cn_l)T the equations in boil down to
the first n equation of . i

A Lyapunov Condition for Nonoscillatory Behaviors

Remark 3.1. Once a solution z(t) = (n(t),1(t), .. .,
Cao1(t))T of (33) is available, the corresponding
solution z(t) of (b)) can be obtained by first comput-
ing z via the second equation in with §, = agZ
and then using the relation z = Trz. Also, we
observe that the manifold index Z acts as a con-
stant external input on the dynamics of and, in
particular, its variation influences the equilibrium
points of the system.

We can now derive the main result of the paper
by applying the results of Sec. to system (33).
First, we observe that the Jacobian J(z) of (33)
reads

J(z) = A— N'(Cz)BC. (34)

Note that it does not depend explicitly on the man-
ifold index Z. Moreover, if the derivative of N is
bounded on the real axis, i.e.

N'(€) € [k1, ko], VEER, (35)

then on any invariant manifold Mz, the Jacobian
J(x) satisfies the following condition:

J(z) € conv(A — kyBC, A — ksBC), Va €R".
(36)

The next result holds true.

Theorem 1. Consider system @) which describes
the dynamics of the memristor circuit of Fig.[1. Let
E denote the equilibrium points of @) and assume
that the memristor characteristic N : R" — R" is
of class C' on the real axis and it satisfies the slope-
bounded condition ) for some given constants
ki € R, ¢ =1,2. If there exists a symmetric positive
definite matriz P € RG)*G) such that

(A— ki BC)A" P4+ P(A -k BO)? <0,

. (37)
(A—kyBC)P' P+ P(A—kyBC)? <0,
then the memristor circuit of Fig. 1| is nonoscil-
latory. Moreover, every solution with initial condi-
tions in a forward invariant set D of @) converges
toward the set £ ND.

Proof. The assumptions on N ensure that sys-
tem is dynamically equivalent to system
and that the dynamics on each manifold M7 is com-
pletely described by . To apply the results of
Sec. we observe that, according to the expres-
sion of the Jacobian J(z) in , the variational
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equations and boil down to
0(t) = (A — N'(Cxz(t))BC)O(t)
and
Y(t) = (A= N'(Cx(1)) BC)Py(t),

respectively. Since the memristor characteristic IV
satisfies and thus holds on each mani-
fold Mz, Proposition [2| and ensure that the
memristor circuit is nonoscillatory if there exists a
symmetric positive definite matrix P such that

(A — kz-EC*)[QlTTD + P(A — k;BO)P
<0, i=1,2. (38)

By taking into account that A = TzlATL, B =
Tle, C = (T and exploiting Property
can be rewritten as

-1
(TP (A - kBC)ATP)TP
+PTP (A - kBC)ET?

<0, i=1,2. (39)

To complete the proof, we show that conditions
)

are solved for P = T(LQ)TPT(Lm with P such that 1
holds. Indeed, with this choice, boils down to

(T)T((A = k;BC)2' P 4+ P(A - k; BC)2H)T®)
<0, i=1,2,

which is clearly satisfied if and only if holds.

In the case that D is any forward invariant con-
tained in Mz, we observe that J(x) in sat-
isfies condition for all x € D. Hence, from
Proposition |2} it follows that guarantees that
every solution with initial conditions in D con-
verges toward the set of equilibrium points there
contained. MW

Remark 3.2. Condition does not depend on Z,
thus implying that oscillatory and more complex
behaviors are ruled out on all the invariant man-
ifolds. Moreover, according to Remark if the
strict inequalities in condition are replaced by
the nonstrict ones, then we can conclude that no
attractors with positive Lyapunov exponents are
displayed on the invariant manifolds.

Remark 3.3. We observe that holds only if
(A—k1 BC)? and (A — ke BC)P are Hurwitz matri-
ces, i.e. all their eigenvalues have a negative real

part. Indeed, it can be readily verified that this must
hold for any matrix (A — kBC)!? with k € [ky, ko).
Hence, Property [1] implies that all the matrices
(A —kBC), k € [ki, k2], should have no more than
one eigenvalue with a positive real part. Moreover,
this positive real part should be smaller than the
magnitude of the real part of all the remaining n—1
eigenvalues.

Remark 3.4. Less conservative conditions can
be obtained by looking at an HPLF of degree 2m,
m > 1, instead of a quadratic one as in Theorem
Indeed, according to (25) and , we get the fol-
lowing condition:

(A~ k;BO) P+ Pr(A — K:BC)P, + L(%)

<0, i=1,2, (40)

where (A — k;BC)(ny € R™ is the extended
matrix of (A — k;BC), P, € R™? is symmetric
positive definite and v € R, with d = ((g)tnm_l)
and dy, = 1d(d + 1) — ()21,

Remark 3.5. Tt can be verified that J(z) in is
equivalent to the Jacobian of the Lur’e system of
Fig. [d where the linear time-invariant subsystem
in the forward path is described by the rational
transfer function G(s) = C(sl, — A)7!'B, i.e. the
impedance (or the admittance) of the two-terminal
element L, y and w are the voltage and current
(or the current and voltage) of the nonlinear resis-
tor in the feedback path whose voltage—current (or
current—voltage) characteristic is equal to the flux—
charge (or charge—flux) characteristic N(-) of the
memristor. This equivalence suggests that to inves-
tigate the nonoscillatory nature of the memristor
circuit of Fig. [1, we can replace the memristor with

Y

Fig. 4. Lur'e system: G(s) = C(sl, — A)"'B is the
impedance (or the admittance) of the two-terminal ele-
ment L; y and w are the voltage and current (or the current
and voltage) of the nonlinear resistor whose characteristic is
equal to the memristor characteristic N(-).
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