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VECTOR BUNDLES, REFLEXIVE SHEAVES AND LOW

CODIMENSIONAL VARIETIES
Dedicated to Paolo Valabrega on the occasion of hi @irthday

Abstract. We give a short, but hopefully up—to—date account on therthefovector bundles
and reflexive sheaves on projective spaces and hyperssirface

1. Introduction

The theory of vector bundles and reflexive sheaves has bestoged rapidly from
the 70’s up to today, (see the fundamental papers [33], [B&jinly because of its
connection with the geometry of low codimensional vargti&n important motivation
for the study of these objects came out from the conjecti84])[that any smooth
2-codimensional variety if", r > 6, is complete intersection. Recently, a strong
impulse towards the theory followed the interest on theysafdubvarieties of general
hypersurfaces.

In this note, we show a general approach which, at least fdc 2a seems to
us sufficient to justify the introduction and inspection etctor bundles and reflexive
sheaves, in the task of understanding the geometry of gigesuibvarieties.

The note is also a tribute to Paolo Valabrega, in the occadibis 60th birthday.
Paolo was the advisor of my thesis and inspired all my eadgliss in Mathematics.
He addressed me to the theory of algebraic varieties, atiyears ago. One of his
first intuition concerned the role that vector bundles ptathie development of a point
of view for understanding the geometrical behaviour of l@glimensional varieties.

| hope that writing down some fundamental aspects of theryhebrank 2
bundles and reflexive sheaves, will be useful for propagadimpoint of view in the
theory of projective varieties, that Paolo followed in heogetrical papers, in the last
years.

2. Subvarieties of projective spaces

Many concepts that will be displayed through the note, afadhindependent from the
characteristic of the ground field. Some of them (but it isemtirely clear which) do
not even need the presence of a ground field itself. Neverthgit is more comfortable
to work over an algebraically closed field of characteri8tiSo let us say that, through
the note, we only consider projective spaces and projectvieties defined over the
complex fieldC.

In the study of varieties of codimension one in the projecipace?’, one has
little to deal with complicate relations between the logad global description.
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Indeed hypersurface¥ are always described by a single equation, a homoge-
neous polynomiaF in the ringClxo, ..., X ], and properties of the hypersurface are
strictly connected with properties &f. For instance, deformations &f correspond to
deformations of the equatidh (modulo the action of*).

In principle, if one wants to describX¥ in terms of O-locus of functions, it
is necessary to deal with the local equationsXoin the various affine pieces @ .
Hence, there are transition functions which disp¥aygs the 0-locus of a section of a
line bundle, usually indicated a@pr (d), d being the degree of. However, as the
global sections ofpr (d) coincide with homogeneous polynomials of degde¢hen
one could also forget this description and go on with the elg@ary algebraic point of
view.

As soon as one considers codimension 2, things become “ticathgd more
complicated and new methods cannot be avoided.

First of all, givenX c P' of codimension 2, by no means one can be sure of the
existence of two homogeneous polynomilsG such thatX coincides globally with
the locus wherd- = G = 0. Even locally, the existence of the two defining equations
is not guaranteed.

Varieties for which the two defining equations exist (on thieole projective
space) ardglobal) complete intersection In general, a variety of codimension
is a (global) complete intersection when there mre m homogeneous polynomials
F1, ..., Fr_m such thatX coincides with the locu§1 = --- = F,_n = 0.

When the same condition is true locally, th¥ns locally complete intersection

Things become a little easier when we restrict to study emgpothsubvarieties
X c P', i.e. subvarieties without singular points. In this casee oan find a Zariski
open cover of® such that, on any piece of the covir,js defined by two polynomial
equations. In other words, every smooth subvariety is lpcamplete intersection.

Turning back to the case of smooth varieties of codimensjam could expect
that the transition functions determined on the open coyéhé equations of a smooth
subvarietyX, could determine a rank 2 bundieon P" such thatX coincides with the
O-locus of a section oE. Unfortunately, this turns out to be false, in general. kule
the glueing conditions are not trivial oX.

Whenr = 2 andX is a discrete set of points, then the glueing conditions are
local on a finite set, so they behave friendly and one is alvedys to define a vector
bundleE out from some local equations .

On the other hand, when dit¥) > 1, the glueing condition becomes non—
trivial. The resulting data define a line bundle ¥nwhich is a twist of the canonical
bundlewy, the line bundle defined by the differentials ¥n

Serre’s construction ([64]) shows that one obtains a rankiridle E on P
associated withX as soon agy is the restriction toX of some line bundleZp: (d).
Varieties X satisfying this property are calleibcanonical The restriction oft to X
turns out to be isomorphic to the normal bundleXofNx = Tpr|x/ Tx.

For general varieties, the difference betwegpnand the restriction ofpr (d)
determines somsingularity of E and E is no longer a vector bundle, but justrex
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flexive sheaf i.e. a torsion free sheaf such that the double dtél is canonically
isomorphic toE.

OPENPROBLEM 1. ltis still an open problem to determineemsonableset of
conditions which extend the previous theory to varietiesamfimension greater than 2.

In codimension 3, a theorem of M. Kreuzer ([41]) shows thatset of distinct
points in the 3-space can be realized as the 0-locus of a rankn8le onP3. The
bundle, however, is in general far from being unique. It i$ clear (and difficult)
to determine which invariants are allowed for a vector baraflrank 3 with sections
vanishing exactly on a given sgtof points. Observe that any set of distinct points is
automatically subcanonical.

We do not know a precise description of curve@fhwhich can be realized as
the O-locus of sections of a rank 3 vector bundle. A theore@haing proves, however,
that not every smooth subcanonical curvé@fhshares this property ([10]).

For other varieties, observe that we have the following ss&e condition:

(%) All the Chern classes of the tangent sheaf (or the cotandesdfsof X are cut
on X by Chern classes 8f .

In other words, the Chern classes ©f sit in the image of the restriction map
Chow(P")— Chow(X).

We do not know to which extent the previous condition is algfiigent. It
coincides with subcanonicity for curves, thus it is suffitiéor curves inP2 (and for
codimension 2) but it is not sufficient for curveshfi.

We guess that the condition could be sufficient only as so@rdas(X)+1 > r.

Other, more geometrical, generalizations of the notiorubtanonical varieties
could be tested. For instance, it would be interesting takifithe following could be
true:

(Q) A smooth surface Xt P° is theO-locus of a section of a ran& vector bundle if
and only if there exists a (reflexive?) sheaf T of r@rdn P®, whose restriction
to X is isomorphic to the tangent sheaf.T

OPEN PROBLEM 2. Useless to say that even more complicate would be to de-
termine in general when a 2-codimensional subvaréty P' is the 0-locus of a rank
2 torsion free sheaf, having singularities in a given dinemg 0.

The subcanonical condition can be rephrased in terms gbliai

Roughly speaking, we say that two subvarietiesX’ of codimension 2 are
(directly) linked by the complete intersection of two hypersurfaces of degreasb,
whenY = X U X’. We will write

X ~&b 7

Indeed one should consider a more refined definition, whikbstaare of the
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case where&X, X’ have overlapping components. We refer to the paper [51]foecise
statement.

It is classical that wheiX ~2P X', then the canonical clagsx of X is cut by
hypersurfaces of degree-b—r —1 passing througlX’, outside the intersectiodN X'.

As a consequence, whetis subcanonical, witbx = Ox(e) (= Opr () ® Ox) then
there exists a hypersurface of degaeeb —r — 1—ewhich exactly cutsX N X’ on X’.

Thus X’ turns out to be described by the vanishing of three homogengalynomials,
of degrees,b,a+b—-r —1—e.

In general, one can see that we need 1 equations to describe point by point
a subvariety of codimension 2: namely, with two equations describes a complete
intersection of codimension 2, containiXg The third equation restricts the intersec-
tion to X U {a subvariety of codimensiont &nd so on, increasing the codimension of
the residue by 1 at every step, up to the reach of the empty set.

Thus subcanonical varieties are exactly those which akedimo subvarieties of
codimension 2 defined by 3 equations, which is the minimuowedt for non complete
intersection varieties.

For curves inP3, this remark exhausts the possible cases, for any curvesin th
3-dimensional projective space can be cut with 4 equatises €.9. [66]).

What happens for higher dimensional object seems widely amkneven for
the initial cases.

OPEN PROBLEM 3. In P4, a general (smooth) surface can be described by 5
equations. Surfaces directly linked to subcanonical setfaan be cut by 3 equations.

The problem asks for a description of the geometry of susfadeich can be
described with 4 equations.

Even if their canonical class is not cut by hypersurfaces 8f*, they have the
following property:

(*xx) there exists a number € Z such that, in the Chow ring, the intersection
wx - (wx ® Ox(U)) is 0.

The previous property should be also sufficient for a surfiad®* to be cut by
4 equations.

In general the geometry (existence, properties, defoansticlassification) of
this class of surfaces, which are, in a sense, a natural geraion of subcanonical
surfaces, is unknown.

The theory could be generalized in two ways: first considgvarieties of codi-
mension 2 inP", r > 4, cut by 4 equations, then to varieties of codimension 2 gut b
any intermediate number of equations, between 4rand

Generalizations to subvarieties of higher codimensiomseely out of reach!
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3. Subcanonical subvarieties

Let us restrict our attention ®moothsubcanonical varietieX of codimension 2 irP".
Also we assume in this section> 3, so that dingX) > 1.

We sete to be the number such that the canonical buagiecoincides with the
restrictionfx (e) = Opr (€) ® Ox. eis also thendex of specialityof X, i.e.

e=maxi : dimH%wx(—i)) > 0}.

Fixing e, we will also say thak is e-subcanonical

In this setting, Serre’s correspondence shows that thésesexvector bundl&
onP" and a sectios € H2(E) such thatX coincides with the O—locus &f Identifying
any homogeneous summand of the Chow ring®ofwith Z, Serre’s correspondence
shows that the Chern classestofre:

ct = e+r+1
c; = degX).

Locally, s is defined by two polynomials in any set of an open coveP'ofThe
Koszul complexes of the two polynomials link globally to githe fundamental exact
sequence:

(1) 0— A%E* = Opr (—c1) > E* = E(—¢1) > Ix — 0

where % is the ideal sheaf oK.

From this description, it turns out that is globally complete intersection of
hypersurfaces of degrez b if and only if sequence (1) coincides with the (global)
Koszul complex of two polynomials of degreeb, i.e. whenE splits:

ProPOSITIONL. In the previous setting, X is complete intersection of hyper
surfaces of degree,& if and only if the local Koszul complex globalizes, i.e.nifla
only if E decomposes in a direct sum of line bundles &pr () @ Opr (D).

Thus, the problem of detecting when a smooth subcanonibabsiety of codi-
mension 2 is complete intersection is rephrased, in theulzge of bundles, as a par-
ticular case of the genersplitting problem:

SP: Determine conditions under which a vector burigligf rankn decomposes into
a direct sume Opr (&).

An implicit answer to the splitting problem for rank 2 ¥ was determined in
1942 by G. Gherardelli.

DEFINITION 1. We say that a variety Xc P' is t-normal if the surjection of
line bundlestpr (t) — Ox(t) = Opr (t) ® Ox yields also a surjection of the spaces of
global sections (G (t)) — HO(Ox(1)).

1-normal varieties are also calleléhearly normal varieties.

X is arithmetically normal if it is t-normal for all t.
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In [28] Gherardelli proves the following result:

THEOREM 1. A curve Cc P2 is complete intersection if and only if it {®)
subcanonical andb) arithmetically normal.

A result of Strano ([65]) proves that a smooth 2-codimeraisnbvarietyX c
P',r > 4, is complete intersection if and only if its general hypang section is.

Thus, summing up these two results, we obtain:

COROLLARY 1. A smooth subvariety X= P', r > 3, of codimensior? is
complete intersection if and only if it is subcanonical atstjieneral curvilinear section
is arithmetically normal.

To understand Gherardelli’s result for the splitting ofk@bundles, one needs
to consider the cohomology &.

REMARK 1. The natural sequence
(2) 0— Ix(t) > Op (t) > Ox(t) —> 0

shows thatX is t-normal if and only ifH1(.#x(t)) = 0. From the cohomological
sequence associated to (1), one obtains

HY(#x (1) = HY(E(=c1 +1)).

Thus:

A rank 2 bundle onP?® decomposes in a sum of line bundles if and only if
HL(E(i)) = Oforalli.

The previous splitting criterion has been extended in 1962 bHorrocks, to
vector bundles of any rank in any projective space.

THEOREM 2 (Horrocks splitting criterion) A vector bundle E of rank n if",
r > 1, decomposes in a sum of line bundles if and only if:

3) H™(E(i)) =0foralliandforalll1 <m < ré

We will refer to vector bundles satisfying condition 3aghmetically Cohen-
Macaulay vector bundles (aCM for short).

Let us just observe that Gherardelli's theorem, Stranasilteand Kleiman'’s
proof of the fact that for any vector bundie a general section d(t) (see [39]), for
t > 0, vanishes in a smooth locus, indeed imply Horrocks cdtefor rank 2 vector
bundles inP",r > 2.

Horrocks criterion has been improved in several ways. Arilaute of Paolo
Valabrega to this theory is contained in the paper [18], wher proves that the van-
ishing of one single, well-determined cohomology gradibE (to) is enough to cause
the splitting of a rank 2 vector bundle i¥:
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THEOREM 3 (Splitting criterion inP3). A vector bundle E of ranR in P3
decomposes in a sum of line bundles if and onlyf Etg)) = 0, where

c
to = _El — 1foreveng, or

ct+3 c+1 c-1
toe[— T T ]foroddq

Equivalently: a curve Cc P2 is complete intersection if and only if it is e-subcanonical
and (tp)-normal, where

e
to = > + 1foreven e or

e+l e+3 e+5
t()E[ ) }forodde

Examples prove that this description is sharp.

REMARK 2. A brief account on the history of this result. The origipabof
was based on théruson—Peskine speciality lemrfsee [31]), which bounds the index
of specialitye.

As pointed out in [53] and [60], indeed, the use of the spagildmma can be
avoided in the proof of the result.

The same theorem has been subsequently re—obtained bycaediaenination
of the cohomology of vector bundles ([52]) or via the theofyhe spectrum ([22]).

In the case of rank 2 bundleslth, r > 3, by using several times the hyperplane
sectional sequence:

(4) O—-E-1)—>E—->E®0Oy—0
whereH is a general hyperplane, then the splitting criterion ofdreen 3 yields:

THEOREM4. A vector bundle E of ranR in P" decomposes in a sum of line
bundles if and only if

HY(E(t))) = H?(E(to— 1)) =---=H (E(to—i +1)) =0, i=1,...,r —2

where c
to = _El — 1foreveng, or

to = either —

ct+3 c+1 c-1
> T T g for odd q.

An important improvement of the Horrocks criterion has beletained by Evans
and Griffith([29]):



388 L. Chiantini

THEOREMS. A vector bundle E of rank n it" (r > 1) decomposes in a sum
of line bundles if and only if:

(5) HM(E()) =0foralliandforallm=1,...,min{n —1,r — 1}.

OPEN PROBLEM 4. For rank 2 bundles, the splitting criterion of Evans and
Griffith reads:
E splits if and only ifH1(E(t)) = O for all t.

So we have two different conditions which imply the spligtiof a rank 2 bundle: a
“flat” condition, by theorem 5:

HY(E(t)) = 0forallt
and a “tower” condition, by Theorem 4
HY(E(ty)) = H%(E(to— 1) =---=H (E(to—i +1))=0, i=1....,r—2

wheretg is a precise number, depending only on the first Chern clags of
The “intersection” of these two conditions yields the fallag problem:

Q: IsH(E(tg)) = 0 for some fixedo enough to guarantee the splitting of a rank 2
bundle inP",r > 3?

Indeed there are few known examples of non—splitting ranirites inP*, all
of them essentially obtained from thrrocks—Mumford bundle ([38]).

In all of these examples{ 1E(tg) does not vanish.

It is not a consequence of Theorem 3, but still true, that & eabundleE on
P2 decomposes in a sum of line bundles if and only if a precisewmtiogy group
H1(E(tp)) vanishes. Here the choices of numbgysfor which the statement holds,
widens (see [4]).

Indeed, as observed in the introduction, the correspordbatveen subvari-
eties of codimension 2 if#? (i.e. sets of points) and rank 2 vector bundles is weaker
than in higher dimensional spaces.

In P2, any non-empty set of pointX has some non—vanishing cohomology
group H1(#x (1)), thus the notion of “arithmetically normal” becomes meagtess.

Also the notion of “subcanonical” variety is useless, foe tineory of lines
bundles on such a finitX trivializes. One has to use instead the notiorCafyley—
Bacharach number

e is a Cayley—Bacharach number for the finite ¥etc P? if, for any point
P € X, one has
HO(x (€) = HO(Ix—(p)(8)).
In other words, there are no curves of degegmssing throughX — {P} and missing
P.
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If eis a Cayley—Bacharach number fir, then one finds a rank 2 bundie
onP? and a sectiors of E which vanishes exactly oX. The Chern classes & are
Cc1 = e+ 3,c = deg X).

From this description, one easily understands that theraéinitely many bun-
dles associated t§. As Cayley—Bacharach numbers associated tnay change, we
find bundles associated ¥ with different Chern classes.

Sets of points ifP? which are complete intersection, are characterized by the
Cayley—Bacharach theorem:

THEOREM 6 (Cayley—Bacharach)A set of point XC P? of degree d= ab
is complete intersection of curves of degreé & and only if a+ b — 3 is a Cayley—
Bacharach number for X.

Among the many rank 2 bundles associated to a complete éuteva X C P2,
there are for sure indecomposable bundles. Neverthetdsspassible to determine
cohomological criteria for the splitting of rank 2 bundlesE?.

Namely, the possible sequences which give the dimensioheo€dhomology
groupsH(E(t)), ast varies, are classified in [4]. It turns out that we have a erite
rion for detecting, from the cohomological sequence HifE (t)), the existence of
a global section of some twig(t) which vanishes on a complete intersection set of
points.

We refer to the paper [4] for details.

OPEN PROBLEM 5. If E is a rank 2 vector bundle oR?, then the possible
structures of the cohomologgHL(E(t)), as vector spaces ovél, are known, as
explained above. NeverthelesdH 1(E(t)) is also a module over the polynomial ring.
It is not known which module structures are allowed for tHigeot.

Actually we only know a factorial characterization of thehomology module
@®HY(E(t)), via its minimal resolution (see [21] for details).

What we have in mind is a sort of results similar to the one a&Elhd Fiorentini

([24)):

THEOREM 7. The only indecomposable ra@kundles inP® whose cohomol-
ogy modulepH1(E(t)) has trivial multiplication are associated to pairs of skeneks.

Indeed Theorem 3 is a step in this direction. See also [373dane bounds on
the dimension oH1(E(t)) for rank 2 bundles iiP3.

OPENPROBLEMG6. A similar description for the structure @H(E(t)), when
E is a rank 2 vector bundle oB', r > 2, has been exploited quite partially. E.qg.
Decker’s result [21] also works i&°.

In fact, inP", r > 2, we do not know a complete description of all the possible
functions dimH(E(t)) for a vector bundleE of rank 2. We just have partial results.
E.g. Buraggina proved in [8] that the support of the funci®oonnected. Also Chang
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gave a conjecture on the non—vanishing of cohomology gréarpsnk 2 bundles (see
[9], [27], [20])).

When one considers codimension 2 subvarietid® irwithr > 6, then a new
phenomenon occurs: namely the Lefschetz principle implias all smooth subvari-
eties are subcanonical (see e.g. [32]). So any smooth setyaf codimension 2 is
associated with a rank 2 vector bundle.

Classical algebraic geometers knew very well the diffiegltin constructing
smooth subvarieties of low codimension. For codimensidhée are no examples of
such varieties i" as soon as > 5 (but we should mention that such a subvariety
exists inP®, in characteristic 2, see [45]).

Forr > 7, in [34] Hartshorne conjectured that:

CoNJECTUREL. All smooth subvarieties of codimension 2Ith, r > 7, are
complete intersection.

Equivalently:
All rank 2 bundles irP", r > 7, decompose in a sum of line bundles.

It is far beyond the scopes of this note to give an accountefthte of the art
in the study of Hartshorne’s conjecture. Enough to say thmbaf of this conjecture
would bound the study of rank 2 bundles over projective sp&tdo the case of low
r.

Turning back to the case of curves ¥, let us mention another suggestion
which comes from the splitting Theorem 3.

OPEN PROBLEM 7. LetC be a smooth curve ift® of degreed and genus.
Then the index of speciality of C ranges between 0 arﬁ%;—z.

eis maximal for subcanonical curves. Assume for a while ¢hatvenge = 2a.
Then Theorem 3 yields that, for any degree, a subcanonice €liis arithmetically
normal if and only ifHY(.%c (a + 1)) = 0.

The other extremal case &= 0. Curves for which this condition holds are
callednon-special A theorem of Mumford ([47]) shows that, faF > 2g — 1, then
a non special curve ifi® is arithmetically normal if and only if it is linearly normal
i.e. H1(#c (1)) = 0. Observe that in this case alao= e/2 is zero, thus Mumford’s
condition can be written as the previous ohe*(7c (a + 1)) = 0.

The question is: can this pattern be extended to the intéatgechses?

Q: isthere some (serious) functidr(g) such that for smooth curvesi? with even
index of specialitye = 2a, and ford > ®(g), arithmetically normal is equivalent
to the vanishing of just the unique cohomology grddip(.7c (a + 1))?

It could happen that the numbar 1 should be replaced by some more com-
plicate expression involving, d, g.

Of course, a similar problem can be stated for curves withindex of special-
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ity, or for surfaces irP*.

The previous problem suggests to exploit how the behavibsubcanonical
subvarieties is mirrored by general subvarieties of codsin 2. We consider here
mainly the case of curves iP® and surfaces if?*.

Fix a smooth curveC in P2 and calle its index of speciality. Then, glueing
together the various local equations ©f one ends up with a she& which is not
locally free, unles< is subcanonical F is just a reflexive sheaf of rank 2, a rank 2
“vector bundle with singularities”. Theingularitiesof F are the points where it is not
locally free, i.e. the points at which the fiber Bfjumps in dimension. These points
belong toC, and their number depend on the construction of the glueliamely,
taking any value < e, one gets a reflexive shekfwith Chern classes; = ¢ + 4,
c2 = degC) andcz = 2g — 2 — ed (whereg is the genus of the curve), such that there
is a sectiors € HO(F) which vanishes exactly alor@.

As above, by taking the glueing of the local Koszul complere® gets an exact
sequence:

(6) 0— Ops > F — Ix(c1) > 0

In this situation,F is singular exactly atz3 = 2g — 2 — ed points. ThusF is a
rank 2 bundle exactly whetg = 0.

A completely analogue construction works als@®frandP®. It could work also
in higher dimensional projective spaces, but due to Bardinsén Theorem [32], every
smooth subvariety of codimension 2 is subcanonical in spelees, thus the reflexive
sheaf theory here is useless.

One may arise, for reflexive sheaves, the same splittinglgmothat exists on
rank 2 bundles: i.e., find cohomological conditions undeicWithe reflexive sheaf
(is a vector bundle and) decomposes into a sum of line bundles

It turns out easily thaF decomposes if and only if, for atl, H1(F(t)) =
H2(F(t)) = 0. Observe that, since is not locally free, theH? sequence could be, in
principle, completely different from thel 1 sequence.

The cohomological criterion has been refined by M. Roggenogtirves inP3
(see [54], and [60] for the extension to higher dimensiopates):

THEOREM 8 (Roggero’s criterion) A reflexive sheaf F of ranR on P3 with
first Chern classesice {—1, 0} is a vector bundle and decomposes into a sum of line
bundles, if and only if H(F (t)) = 0for some number t in the range-3+cy, —3—c1].

Observe that the condition, via Serre duality, coincideh tie one of Theorem
3 for vector bundles.

OPEN PROBLEM 8. Is there some analogue of Evans-Griffith criterion of The-
orem 5 for rank 2 reflexive sheaf on higher dimensional spaces

Can this be intersected with Roggero’s criterion?
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OPENPROBLEM 9. Let us mention that Strano’s criterion for the splittirfgao
rank 2 reflexive sheaf extends indeed to any rank. Is thisals for other splitting
criteria?

The starting point of our discussion works verbatim, if wasider subvarieties
of codimension 2 of some variel with good geometrical properties

Namely, for instance, if we consider a subvariéty” Y of codimension 2 in a
smooth complete intersection variety then Serre’s correspondence also works( if
is subcanonical, then one can find a rank 2 burktlien Y, with a sectiors vanishing
along X. The exact sequence (1) now reads:

(7) 0— ﬁy(—Cl) — E* = E(—Cl) — j)(,y — 0.

where again we use integers to signify the tensor produdhkyblundles orY belong-
ing to the image of the restriction map:

p 1 Pic(P") — Pic(Y)

which, in our cases, will usually be a surjection.
We have:

PROPOSITIONZ2. In the previous setting, E decomposes in a direct sum of line
bundles E= L @ M if and only if X is complete intersection of tBeloci of a section
of L and a section of M.

It turns out that the analogy between the theory of rank 2 lasndnP" and
onY, stops soon when we consider splitting criteria, even foy wmple complete
intersectiony.

EXAMPLE 1. LetY be a smooth quadric if*. Then there are lineX insideY.
X cannot be complete intersection of two surface.itndeed the map : Pic(P') —
Pic(Y) surjects, thus any surface Yharises by intersectinyg with an hypersurface in
P4, thus any complete intersection curveYirhas even degree.

On the other handX is subcanonical, so we have a rank 2 bundl®en Y,
associated withX, which cannot decompose. A$ is arithmetically normal irP?,
then the exact sequence-8 Ops(—2) = S — Ix — FIxy — 0 shows that
H1(#x y(t)) = 0 for allt. By the exact sequence (7), this in turn implig$(E(t)) =
0 for all t.

Hence Horrocks splitting criterion does not work on a gehguadric inP*.

One can prove (see e.g. [50]) that the rank 2 bundle assdaiatie a line X is
essentially the unique counterexample to the Horrock#isgjicriterion, on a quadric
hypersurfacef of P4,

The situation for hypersurfaces Bf has been clarified by C. Madonna, who
found in [42] that Horrocks splitting criterion is valid exgt for bundles whose first
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Chern class fits in a well determined range. Indeed Madonmd oxeer proving an
extension of the splitting criterion of Theorem 3:

THEOREM 9 (Madonna’s criterion).Let Y ¢ P* be a smooth hypersurface of
degree d. Let E be a rarikvector bundle on Y. Set:

(8) b:=max(i : HO(E(—i)) # 0}

and assume
ci—2b<—-d+2 or c1—2b>d.

Then the following are equivalent:

(i) E decomposes in a sum of line bundles=EZy (a) @& & (b);

(i) HY(E(t)) =O0forallt.

Observe that Madonna’s rangal + 2 < ¢; — 2b < d is empty wherd = 1,
i.e. whenY = P3. Also it reduces to a singleton wheh= 2, corresponding to the
case of the rank 2 bundle associated with a line.

Madonna’s range foc; is indeed sharp. On one hand,¥fcontains a line,
then the associated rank 2 bundle satisfies and contradictsdks splitting criterion.
On the other hand, one find examples of rank 2 bundles @it d — 1, whenY
corresponds to the pfaffian of a skew-symmetric matrix oédinforms (see [2] for
details).

OpPEN PROBLEM 10. Madonna’s criterion has been extended to a wider class
of threefolds, as complete intersection threefolds or lexgsubcanonical threefolds.
See [42] for details.

However, an extension to more complicate classes of tHaeeftor which the
Serre correspondence could present some failures) is wmkno

OPEN PROBLEM 11. Using Madonna’s criterion or direct constructions, one
could try to classify all rank 2 vector bundles on smooth éfokls X ¢ P*, which
does not decompose and nevertheless satsfiE (t)) = 0 for allt.

This has been done for deg) = 2 ([50]), ded X) = 3 ([1]) and deg@X) = 4
([43]). For degX) = 5, in [15] one finds a description of all the bundles with the
previous property, whiclgould exist on a smooth quintic. The effective existence is
not known (but see [40] for some partial results).

In general, on a smooth hypersurface of degtee 5, it is not known, for a
fixed c1 in Madonna’s range, which values one has for the second Gitass of an
indecomposable aCM rank 2 bundle.

The situation becomes only a little easier when one lookgeaeralhypersur-
facesX of P4. The situation does not change for §¥y < 5, while for degX) = 6,
i.e. for canonical hypersurfaces, we have:
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THEOREM 10. On a general hypersurface X of degréén P*, the Horrocks
splitting criterion holds for rank2 bundles. Namely, a rarkbundle E decomposes in
a sum of line bundles if and only if HE(t)) = O for all t.

As a consequence, Gherardelli’s criterion holds: a smoattve in X is com-
plete intersection of X and two other hypersurfaces if ang it is subcanonical and
arithmetically normal.

Proof. See [16]. O

OPEN PrROBLEM 12. Although one can hope to play some induction on the
degree, by now we do not know whether Horrocks splittingecidin is valid for rank 2
bundles on a smooth hypersurface of degtee 6 in P*.

REMARK 3. For rank 2 bundles on a general hypersurfac® ofr > 4, the
splitting criterion works, except for quadricsI?.

This has been proved for hypersurfaces of dedree3, 4, 5, 6 inP® in [17] and
extended to any degree in a recent paper by Mohan Kumar, RhBarindra ([46]).
The extension to higher dimensional projective spacesvi@leasily by Strano’s crite-
rion.

The casal = 2,r > 5 is easy. In fact, by Madonna’s criterion, Horrocks split-
ting theorem would fail only when the quadric contains adingpace of codimension
2, which is not the case for general quadrics.

OPENPROBLEM 13. Extend the previous theory to other classes of thregfold
as complete intersections, subcanonical threefolds, etc.

OPENPROBLEM 14. |sthere some analogue of Evans-Griffith criterion of-The
orem 5 for rank 2 bundles on general hypersurface® of > 3?

OPEN PROBLEM 15. Some particular smooth sextic threefoldin P* does
not satisfies Horrocks splitting criterion. E.g.Xf contains a line, then this line is
associated with a rank 2 bundle which is indecomposable @ml a

The situation is similar to the Noether—Lefschetz prineifjolr surfaces of degree
d > 3inP3: we know that, on a general surface, all line bundles areicésns of line
bundles on the projective space. However, for some paaticurface, new line bun-
dles may arise. Surfaces which do not satisfy the Noethésehetz principle, fill up
some subsets of the parametrizing spack °(¢ps(d))), which are calledNoether—
Lefschetz loci The study of these Noether—Lefschetz loci has severalcapions in
Algebraic Geometry.

Analogously, one may ask to describe the IOCU@GHO(ﬁ]}M(e))) which para-

metrizes hypersurfaces of degree Gthbearing some indecomposable aCM rank 2
bundle.

OPEN PROBLEM 16. For the case of surfacesit¥, Madonna’s criterion for
the splitting of rank 2 vector bundles also works: Horroclitedon is valide outside a
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narrow range for the invariaftof Theorem 9.

It would be interesting to know a description of all indecasable aCM rank
2 bundles on @eneralsurface of degred of PS3.

Ford = 2 this is more or less well known. The cade= 3 has been solved by
Faenzi ([25]), while the cast = 4 is essentially well known. Fat = 5, a forthcoming
paper ([14]) will describe the situation.

The problem is open for higher values @f Giving a precise description of
all possible shapes of the functiom-> dim(H(E(t))), for vector bundles on smooth
surfaces of?3, seems a task. However, using a lemma on the Hilbert fundiicets
of points on surfaces ([13]), in a forthcoming paper [5] we egady to give serious
restriction for the possible shapes of the function.

At the end of this section, we would like to point out that, mstie case oP?,
non—subcanonical curvéslying in smooth hypersurface$ ¢ P* are associated with
rank 2 reflexive sheavds on X.

M. Valenzano (see [67]) extended to this situation a mix leetwMadonna’s
and Roggero’s criteria:

THEOREM11. Let F be a reflexive sheaf of rar&kon a smooth hypersurface
X c P* of degree d. Set b= maxi : HO(E(—i)) # 0} and assume

ci—2b<—-d+2 or cgt—2b>d.

Then F is a vector bundle and decomposes in a sum of line ukdle Ox(a) &
O'x (b) if and only if

H2 (F (d—ch—G)) =0 forevend- ci;

d—c1 -7

OPEN PROBLEM 17. It is clearly not an easy task, but it could be worthy of
some effort, the attempt to apply the methods used for ranin2iles, to obtain in-
formation on the Chern classes of reflexive sheaves on srhyptrsurfaces dp* (or
even more general threefolds).

This could be a way to answer some interesting question aoows contained
in general threefolds d*. E.g. questions like the following ones are still unanswere

e QI1: Is it true that every smooth, connected arithmeticablynmal curve on a
general smooth threefold of degrée- 5 in P* has degree multiple af?

e Q2: Is the statement true for subcanonical curves?

See [30] and [68] for a discussion on the subject.
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Finally, in order to construct examples of subcanonicatesiin smooth three-
folds, one can try to consider double structures on curadiewiing the pattern intro-
duced by Ferrand if?® (see [26]). In [6] one finds some generalization to multiple
structures. In [44] one can find a systematic study of sucitttres.

Let us point out that a generalization of Ferrand constonctias been per-
formed in Valabrega’s paper [18], 83. The constructiondgedxamples of subcanoni-
cal curves and vector bundles whose cohomological pragsectin be controlled rather
deeply. Indeed, several pathological examples of rank 2lesronP2 can be obtained
in this way (see e.g. [11]).

OPEN PROBLEM 18. Reproduce the multiple structure construction of [D8] f
curves and varieties in more general spaces, and explaitvidimd of bundles one may
obtain.

4. Families of varieties and vector bundles

The study of deformations of vector bundles and reflexivagdg has a natural interest
in projective Algebraic Geometry. Let us set the problenmfithe very beginning.

Any hypersurfaceX of the projective spacB is defined by a single homoge-
neous equatior € C[Xo, ..., X ]. In order to deformX we need just to deform the
homogeneous polynomidd. The set of all hypersurfaces that can be obtained with
a deformation ofX coincides thus the set of hypersurfaces defined by homogeneo
equations of the same degreeFaf They are parametrized by the points of a projective
space

|0 (d)] = P(HO(Opr (d)))

whered is the degree of. Hence, at this level, any hypersurface is described by its
degree plus a point in a projective space.

If we replaceP” with a (even smooth, irreducible) projective varidty then
some of the previous facts fail.

A hypersurfaceX c V, i.e. a subvariety of codimension 1 ¥, is no longer
globally defined, modulo the homogeneous ideaV/oty a unique equation. Never-
theless, a¥ is smooth,X is defined by a unique equation in a suitable Zariski open
neighbourhood of any point of . These equations may vary as the Zariski open set
varies. They match in the overlapping of the neighbourhpatzdulo well defined
transition functions. ThuX determines a line bundlex overV and a global section
sx € HO(Lx), with the property thaX is exactly the locus whersx vanishes. This is
true not only set-theoretically, but in a refined algebraitse, i.e. scheme-theoretically.

In order to deformX in V, we may clearly take a deformation of the section
sx € H%(Lx). So the hypersurfaces &f associated to global sectionslof are the
“first—level” deformations ofX.

However, depending on the geometry of the var\éfyt is possible that a defor-
mation of the transition functions @fyx could determine also a deformation of the line
bundle, which carries a deformation of the global secsiowe get thus a family of line
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bundles and for ang in the family and any non—zero global sectioe H%(G), the
locus defined by = 0 is also a hypersurface obtained with a deformatioXot.ine
bundlesG obtained from a deformation dfx are indeed of the typk x + ¢, where
€ is a line bundle which lies in a variety (Pi¢/)) which parametrizes line bundles
numerically equivalent to 0.

Thus, deformations oKX are parametrized by points of a space which is a pro-
jective fibration over a subvariety of Big/).

Pic®(V) is trivial whenX is rational, or a hypersurface of dimensigr2. On the
other hand, when for instanséis a non—rational curve, then Bi&/) has a complicate
geometrical structure, exploited in the Brill-Noetherdhe

When we consider subvarieties of codimension 2 in a projective space (or,
even worse, in a subvarie¥) then the structure becomes suddenly much more difficult
to describe.

First of all, we do not have a nice organization of such olgjéctterms of
sections of some vector bundle.

An organization of this type would follow, from Serre’s ctmgtion, only in
the case of subcanonical varieties. For the general casestmuld refer to reflexive
sheaves, which however are not uniquely determined, evéreinnumeric features,
by the subvarietyX.

Restricting our attention to subcanonical varietlesnevertheless one has a
notion of “linear” deformation: fix a rank 2 bundle assocthte X and a sectios €
HO(E) which vanishes aloni and take a deformation afinside P(H°(E)). This
is, roughly speaking, the concept equivalent to a defownadif local equations for
subvarieties of codimension 1. Besides that, there aredf@mations that one can
reach by moving the pair (bundle, global section).

This sounds as a very reasonable theory, but unfortundtelsptace parametriz-
ing vector bundles of rank 2, even on a projective space, naag k very intricate
structure, whose understanding is far from being complétee situation worsens if
we replaceP’ with some varietyy.

OPENPROBLEM 19. A systematic study of the deformations of a subcanonical
variety, from this point of view, has been scarcely carried &ven a collection of
fundamental results, as the space parametrizing subaata@formations, is sparse
in a set of papers which, at least occasionally, deal witlsthmgect.

See e.g. [63], [12], [27] for examples.

A similar problem of course could be introduced for non—sutonical varieties,
just replacing the rank 2 bundle with a rank 2 reflexive sheaf.

In any event, it seems natural to believe that the orgawzaif deformations
of 2-codimensional varieties in terms of linear deformagiplus deformations of the
bundle (or the reflexive sheaf) could lead to some new poiniaf in the theory.

One more reason to look at the vector bundle in order to utatesubvarieties
of codimension 2 is given by the notion of “twist”.
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Namely, if X is the O—locus of a section of a rank 2 vector burtejehen O—loci
of sections of a twisE(n) = E ® &pr (n) yields subvarieties which, for many features
(cohomology, deformations, etc.) are similarXo Thus one can changé with some
new subvarietyX’ in order to obtain geometrical information, play inducti@md so
on.

The general non—sense rule, in this game of passing frontideisections of
E to O-loci of sections oE(n) is:

e N> 0 — geometrically simpler, arithmetically more complicate
e N« 0 = geometrically more complicate, arithmetically simpler.

Beware that starting with a smooth subcanonical vark¥egnd taking sections
of E(n), n « 0, one may easily obtain varieties with very bad singulesit{even
non-reduced ones!).

However we have the following Bertini-type theorem ([39]):

THEOREM 12. Assume that E igenerated by global sectigrie. there exists
a surjective mapﬁ’]%,r — E for some t. Then a general global section of E has smooth
zero locus.

Thus, by replacinge with E(n), n > 0 (when possible), one may always
assume that the zero locus of a general sectidh isfsmooth.

Observe that the Castelnuovo—Mumford criterion [48], §kdyides a cohomo-
logical procedure to determine when a vector bundle (algtuady torsion free sheaf)
is generated by global sections:

THEOREM 13 (Castelnuovo-Mumford criterion)f H' (E(—i)) = Oforalli >
0, then E is generated by global sections.

This also suggests the following (probably non—sense, yrcase very hard):

OPEN PrROBLEM 20. Determine necessary and sufficient conditionsEon
such that a general section Bfn) has smooth zero locus.

OPENPROBLEM21. Provide conditions oB under which, for alh, HO(E (n))
# 0 implies that a general section B{n) has smooth zero locus.

OPEN PROBLEM 22. Assume thaE has a global section whose zero locus is
smooth. Assume th&E (1) has sections which vanish in codimension 2. May one
conclude that a general section®©fl) has smooth zero locus?

A basic question in this theory is
Q): Given a vector bundle E, for which n one ha8(#(n)) # 0;

and a similar question clearly arises for reflexive sheaves.
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Consider the case rafik) = 2 andE has a section whose zero locusds Via
the usual exact sequence

00— Opr - E— Fx(c1) >0

the question can be rephrased as follows:

assume we are given a subcanonical variety X of codimergsiéor which values d
are there hypersurfaces of degree d which contain X?

Notice that the rephrasement, however, is not perfectlgmit. Namely
min{d : H%(#x(d)) # 0} = min{d : HY%(E(d — ¢1)) # 0}

unlessE is strongly normalizedi.e. unless dinH%(E) = 1. Indeed wherE is nor-
malized, mid : HO(E(d — c1)) # 0} = c; but X lies in no hypersurfaces of degree
C1.

OPEN PROBLEM 23. Find “serious” geometrical conditions on a subcandnica
variety X of codimension 2 which determine wheth¢ris the zero locus of a section
of a strongly normalized rank 2 bundle.

We know indeed that subcanonical varietdsX’ which are zero loci of sec-
tions of E, E(n) respectively, for the same rank 2 bun@earedoubly linked Namely
there exists a variety which is directly linked both toX and X’. With this respect,
zero loci of sections of strongly normalized rank 2 bundli#gsrohave minimal degree
in their equivalence class with respect to the relati¥ns Y <= X s doubly linked
toY.

Going back to the main argument of this section, let us ndkiaethe question
about the minimal degregof a hypersurface which contains a given varigtis a non
trivial one. In generalX is always contained in a hypersurface of degred ¥e¢[18],
§2). However this bound, which turns out to be sharp for lireedovarieties, is rather
coarse.

In this setting, the main result is due to Hartshorne, whegaan [36]:

THEOREM14. Let F be a rank? reflexive sheaf i3, with second Chern class
c; > 0and g € {0,—1}. Then HF(n) # 0 provided that n> /3c, + 1 — 2 if
c1=0,0orn> /3c,+ (1/4) — (3/2)ifcy = —1.

This result, although partial, it is indeed sharp in its mng

Improvement are possible if one knows something on the colugy of E.
For instance, Paolo Valabrega proved in [18] the followiaguit:

THEOREM 15. Let E be a rank2 bundle inP3. Assume M(E) # 0 and
HY(E(c1)) = 0. Then @ > ¢1./C1 + 2¢1 — 2,/C1.

Notice that, for the case @2, almost any answer comes out from our knowl-
edge of the shape of the functiom> dim HL(E(t)) (see e.g. [4]).
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Beware that Kleiman’s Theorem 12 does not work for reflexhesses. Namely
there are reflexive sheavessuch that no sections &f(n) vanish in a smooth locus, for
all n. Reflexive sheaves having sections with smooth zero loaisadiedcurvilinear.

For general reflexive sheaves, Paolo Valabrega and M. Roggeved the fol-
lowing bound ([59]), which works for any Chern classes:

THEOREM16. Let F be areflexive sheaf ? having a non zero global section.

Then H(F(t)) # 0 for some t< ¢; + 2/3c; + 1+ 3¢ /4.

The same authors extended these methods to produce similad$ for sub-
canonical surfaces and rank 2 bundle®Mm

OPEN PROBLEM 24. Repeat this analysis for rank 2 vector bundles and re-
flexive sheaves on threefolds different frdfd, as general hypersurfaces, complete
intersections, etc.

When the vector bundle or reflexive sh&abn P is strongly normalized, then
the minimal degree of a surface containing the zero locussafcéion ofE evidently
does no longer represent the minimal level of twist such Ehaas sections. Instead it
is connected with the level ofsecond sectioof E:

DEFINITION 2. Let F be a reflexive sheaf of raon P3. Call « the minimal
integer such that B(F (a)) # 0. Then for all n> « the space K(F(n)) contains
all the products of a section of YF («)) by forms of degree r . These products
vanishes along a surface.

Definep as the minimal integer such that
dimHO(F(8)) > dimH%(Gps(n — ).

In other words g is the first level of twist such thadt (8) has a section which
does not depend algebraically from a minimal section.

REMARK 4. If dimHO(F) > dimHO9(F(—1)) = 0 andC is the zero locus of
a (minimal) section ok, thenc; + £ is the minimal degree of a surface containig

If Y is the smooth irreducible zero locus of a sectiofr@ih), for n >> 0, thenY
is contained in a complete intersection curve of minimaétyp+ a 4+ c1, n+ B + ¢1).
Roggero proved in [53] that the general sectior-gh) vanishes along a curve
exactly when eithen = o orn > f.

Thus the knowledge of this second section level has relag@pitcations in the
theory of vector bundles and curves.

In particular, it allows to start with the procedure of liams which produces
exactly the chance of reading properties of a given curveomesother, hopefully
simpler, variety.

In this setting, the best known results has been found byoRé&dhbrega, Rog-
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gero and Nollet. In a series of papers ([55], [57], [58], [B&lIminating with [49],
they prove the following:

THEOREM 17. Let F be a rank? reflexive sheaf, withic= 0, —1. Consider
the numbers, # defined in 2. Let g'be the largest real root of the polynomial:

T3 — (6c2 + 60.Cy + 602 + 1T + 3(20 + ¢1)(C2 + Cro + a?).
Thenp <To—a —c1 — L

The same paper contains applications of this result to uhirterthe minimal
degree of a surface containing a given curve, where the worde in this setting
means any generically complete intersection subschemarefdimension 1 (possibly
reducible and non reduced). This generalization of the tqpresbout the geometry
of a curve to such non-trivial varieties produced recentiyige amount of literature,
which we do not record here.

OPEN PROBLEM 25. A similar analysis for rank two bundles and reflexive
sheaves on surfaces and threefolds which are not projexpiizees is only at a very
initial stage.

OPEN PROBLEM 26. Only few ideas are known about the extensions of these
theories to codimension 3 or higher, e.g. to rank 3 bundles.

Finally, let us point out quickly another huge field of reseas in this theory.

As we said at the beginning of the section, besides the stlidyrees or vari-
eties arising from the section of one fixed vector bundle, mag deform the bundle
itself, just as one does in the study of linear systems.

Classification spaces (Moduli spaces) for vector bundiegstensively studied
in the literature, and we will not even try to present here aergew of the theory,
neither a short patch of it.

Let us simply recall a long—standing open problem, whicttristy related to
the above discussion on the cohomological properties dbvécndles.

It is well known that, in the border of most Moduli spaces o€tez bundles,
one finds also non—locally free sheaves, which are, in gemesatorsion free.

For instance, starting with the decomposable burdtle(2) & Ops3(2), whose
general sections correspond to an elliptic quartic, cotephgersection of two quadrics
Q1, Q2, and moving the quadrics to acquire a common plane, therénstacurve C
which splits in the union of an elliptic plane curve and a lidecordingly, the bundle
Op3(2) & Ops(2) is the general element of a family whose special menftpewhich
corresponds t€, is not locally free. Notice that, in any everd,}(Eq(n)) = 0 for all
n.

The cohomology groups are semi—continous in flat families, there are ex-
amples of flat deformations in which the general element® ls@mme vanishing co-
homology groups which do not vanish for the special elemse¢ €.9. [12]). Nev-
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ertheless there is no known example of splitting bundlesaokr2 which degener-
ate to non-splitting ones. After Horrocks criterion, thieans that we do not know
whetherH1(E(n)) = 0 for all n and for all general elements in the family, implies that
H1(Eo(n)) = O for any special element which is locally free.

As sections o (n) vanish on smooth varieties, far>> 0, the problem can be
exactly rephrased as follows:

e Are thereflat families ofsmoothcurves inP2 whose general member is complete
intersection, while some special member is not?

The problem, although apparently quite basic, seems vew. Hanly partial
answers are known.

E.g. one gets a negative answer by imposing that all the menolh¢he family
belong to surfaces of small degree ([19]).

On the other hand, Mohan Kumar proved in [45] that there aaengtes of this
type in positive characteristic.

For an overview of the setting of the theory, one can read dipep[19].

The interesting feature of this problem resides in the guitusual) fact that
no precise feeling seems available, through the matheahaticnmunity, on what the
answer should be.

This justifies the absence of conjectures.
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