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Abstract

In the one-dimensional setting we consider an Ambrosio-Tortorelli functional F¢ (u#, v) which has linear
growth with respect to u’. We prove that under suitable conditions on the fidelity term, minimizers and
critical points of Fy are Sobolev regular, and that the same is true for the I'-limit F of F¢. As a corollary, we
obtain that the functional Ay, (#) computing the length of the generalized graph of a function of bounded
variation u, under the same conditions on the fidelity term, admits a unique minimizer of class Cl. This
partially solves a conjecture by De Giorgi [16] in the one-dimensional case.
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1. Introduction

The Mumford-Shah functional was introduced as a main tool for image segmentation [24,25],
and after employed for other applications, such as in fracture mechanics [21]; for numerical im-
plementation it is of utmost importance the work of Ambrosio-Tortorelli [4,5], where the authors
introduced a phase-field functional that, by mean of I'-convergence, approximates the Mumford-
Shah one. In its best known version, the Ambrosio-Tortorelli functional has the form

(v—-1)
4

2
ATg(u,v):/(v2|Vu|2+ - —|—8|Vv|2)dx, (1.1)

Q

valid for (1, v) € H'(Q) x H (), with Q an open bounded subset of R". As ¢ — 0, the func-
tional AT (u, v) tends to the Mumford-Shah functional M S(u) in terms of I'-convergence, where

MS(u) = / VulPdx +H (),
Q

where now u is a special function of bounded variation, Vu is its approximate gradient, and
H"1(S,) is the (n — 1)-dimensional Hausdorff measure of its jump set S,. As usual in the
I'-convergence of Ambrosio-Tortorelli type energies, the I'-limit is +o0o0 when the phase-field
variable v is not constantly 1, and for this reason we omit the dependence on v.

In the years some attention has been payed to several variants of (1.1), also with different
powers of the gradient of u; for instance, in [2] the growth of the first term in (1.1) with respect
to Vu is linear. Besides the applications in mechanics, the Ambrosio-Tortorelli approximation
and related ones have been used successfully also in other fields, as the analysis of liquid crystals
[6], Steiner type problems [ 13], optimal transportation problem [12,26,19].

Both from the implementation point of view and for studying the corresponding time-
dependent evolution of critical points, or minima, of the I'-limit, it is important that such critical
points can be obtained as limits of critical points of the Ambrosio-Tortorelli approximating en-
ergies. For this type of results, see [20,22] and more recently [9,27,11].

In this paper we consider the problem of convergence of critical points of the energy F; to
critical points of the corresponding I'-limit. Here F is an Ambrosio-Tortorelli type energy with
linear growth in u’, namely

b b b

b
2 0 1 2 "2 2
Fg(u,v)zfv f(|u|)dx+£/(v—1) dx+8/(v)dx+/|u—w| dx

a a a

for (u, v) € Wh((a, b)); R¥) x H'((a, b)). We assume that f : [0, +00) — R is a non-negative
and increasing convex function of class C'! satisfying f/(0) =0 and lim,_, o f(¢)/t = 1. Ac-
cording to [2], F; I"-converges to

|t () —u” ()]

b b
P = [ fahds+ Y S ptula by + [ o= dx,
p xeSy a
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Notice that, due to the linear growth condition of Fg, existence of minimizers of F, in
H((a, b); R*) x H((a, b)) is not guaranteed, as well as the domain of F will be the space
of function of bounded variation. The energy of the form F can be seen, for instance, as a pro-
totype energy for a 1-dimensional mechanical model for cohesive fracture in the framework of
nonlinear elasticity. The presence of the fidelity term is crucial for our purpose, which is twofold.
On the one hand we show regularity of minimizers and critical points of F; under the assumption
that w is sufficiently small in L2((a, b)), and on the other hand we show the convergence of these
critical points to critical points of F. More precisely, setting €2 := (a, b), we show the following
first main result:

Theorem 1.1. There are constants € > 0 and B > 0 depending only on Q such that the following
holds: forall e € (0,€) and w € L2(Q; R¥) with lwllz2 < B, there exist minimizers (ug, ve) of Fe
in W (€: RK) x H2(2) such that, as € — 0, converge to a couple (u, 1), where u minimizes
F, and still belongs to W' (2; R¥). Moreover, if @ := ﬁ fab wdx, and (ug, v,) are critical
points of F, such that Fg(u,, ve) < Fe(w, 1) for e < &g, thenu, € Woo(Q: RY) and it converges
weakly star in W (Q; R¥) to u minimizer of F.

In the second part of the paper we notice that, in the special case f(|y|) =+/1+y2, F is
related to the relaxed area functional A,,, and as a byproduct of our main result we obtain regu-
larity of minimizers of A,,. In general, given a map u € C!(Q; R¥), the area functional measures
the area of the graph of u; the relaxation of this functional has been attracted attention in the
last years, especially for its application to the Cartesian Plateau problem [16,1,14]. Restricting
our attention to the one-dimensional case, the area functional reduces to the length functional
Ay (1), measuring the length of the generalized graph of a given curve u in R¥. Precisely, for all
u € BV ((a, b); R¥), the relaxed length functional is

b
Aw(u):/,/l+|u/|2dx+ Z |u+(x)—u7(x)|+|D"u|((a,b))+/|u—w|2dx, (1.2)
a Q

xX€eSy,

where w € L%((a, b); R¥) is a given map acting as fidelity term, and ensuring that a minimizer
of A, exists in BV ((a, b); R¥). Due to the strict convexity of A, such minimizer is unique;
according to De Giorgi [16], his conjecture asserts that this minimizer is of class C! if the L>-
norm of w is sufficiently small.

Comparing F with the length functional A,,, we obtain the following:

Theorem 1.2. There is a constant B > 0 depending only on Q such that the following holds: for
all w e L*(; RY) with lwll;2 < B the unique minimizer u of Ay, is of class CH(; RK).

We emphasize that the original conjecture by De Giorgi deals with the case in which the
fidelity term penalization is of the form

b
/|w —uldx,
a

3
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namely, it is the L' norm of w — u instead of the L? squared norm. Further, in the original
conjecture, it seems that the constant 8 should be independent on € if w is small in the L*°-
norm. Although in [16] De Giorgi states that a similar result should be valid in the case of
fidelity term of the form ||w — u|| Z »» for p > 1, we emphasize that our result contains the weaker
condition of w having a small L?-norm (instead of L one), and we do not know at the present
stage if it is possible in our case to get rid of the dependence of 8 on 2. In Theorem 1.2 we have

- 1 1
p —m‘“{v 128" 68(b —a)l/2 }

where it is clear that the explicit dependence of 8 on 2 occurs for large domain (namely, for b —

a> %). We also point out that a proof with different techniques of the conjecture in dimension
1 recently appeared in [10] in the case of fidelity term penalization ||w — u| 1, but still with

w € L and B depending on .

The proof of the first part of Theorem 1.1, concerning the regularity of the minimizers of F,
relies on a regularization approach and a I'-convergence argument.

As we have already mentioned, due to the linear growth condition of Fg, the existence of
minimizers of F, in H'((a, b); R¥) x H'((a, b)) is not guaranteed. To address this issue, we
introduce Fy s := Fe(u,v) + % fQ |u'|? dx, a regularization of Fy, for which, by employing the
direct method of the calculus of variations, we are able to establish the existence of minimizers
in the desired domain. This is proven in Theorem 4.1. The added term depending on § allows us
to obtain the crucial bound ||u’ ||i2 < C, abound that would not otherwise be achievable. Indeed,

while F already contains a term involving u’, namely fQ v2 f(Ju’]) dx, in cases where v = 0, we
are unable to deduce any information about u’. Even when v # 0, the best we can conclude is
that u € W1 € BV, which is insufficient for our purposes.

Lemma 4.3 allows us to deduce that, given (u, s, v¢,5) as minimizers of F¢ s, under suitable
conditions on the L2-norm of the fidelity term w, we have ve 5 > %. The fact that v, s stays away
from zero will be a crucial ingredient in the proof of what follows. Moreover, the same result
holds even if § = 0.

The I'-convergence Theorem 4.6 ensures that, under the same conditions on the L?-norm of
w, minimizers (# s, Ve s) of the functional F; ;5 converge in LY R x LY(2) as § — 0T to
minimizers of the functional I:"E defined in (4.1).

However, in Theorem 4.7, we prove that, up to subsequences, u; s — u, weakly™ in w0,
Vg, s — Ve weakly in H' as § — 0. Thus, (s, v;) are minimizers in W (Q; R*) x H'(Q) of
135 = F,. Moreover, we show the existence of a constant C independent of & and §, such that
luellwico + llvellgr < C.

Finally, by using the I'-convergence result from Theorem 2.2, which guarantees that the mi-
nimizers (u., ve) of F, converge to minimizers (4, v) of F as ¢ — 0, and by applying the above
estimate and the semicontinuity of the norm, we conclude that (u#, v) are minimizers of F in
whooQ: RF x HY(Q).

The second part of the theorem, concerning the convergence of the critical points of Fy, is
based on the following observations, which are stated in Corollary 4.5 and Corollary 4.8. The
fact that v > 1/4 and the existence of a constant C > 0, independent of ¢, such that |Jug|| y1,00 +
[lve |l g1 < C also hold when (u,, v.) are critical points of F¢, provided that we assume Fg (u¢, v;)
remains below a certain threshold. Indeed, this assumption, together with the use of the Euler-
Lagrange equations, is the only essential ingredient. The other key element is the application of
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a standard result on maximal monotone operators, which allows us to conclude that the Euler-
Lagrange equation of F; converges to that of F.

Theorem 1.2 follows from the observation that if u € Wl'OO(Q; R¥ ) is a minimizer of F, then
itis also a minimizer of A,,. Thus, up to this point, we have shown that the minimizers of A,, are
Sobolev regular. Actually, it is possible to gain regularity C'(€2; R¥). The idea behind the proof
is as follows. We know that the minimizer u of A,, satisfies the Euler-Lagrange equation with
the boundary conditions as expressed in Theorem 3.1. By integrating this equation we express
the derivative of u in terms of a new function ®, which turns out to be continuous.

2. Notation and preliminaries

We consider a one-dimensional setting, where €2 := (a, b) represents the domain of interest.
We use standard notation for Sobolev and Lebesgue spaces. £! will denote the Lebesgue measure
in R. When u is a Borel measure on 2 and B is a Borel subset of €2, we denote by u.B the
restriction of | to the set B, i.e., the measure given by (uLB)(E) := u(E N B), for every Borel
set E C Q2. With |u|(£2) we denote the total variation on €2 of the measure.

2.1. Functions of bounded variation

Let u € L'(R2). We say that u is a function of bounded variation in  if its distributional
derivative is representable by a finite Radon measure in ; i.e., if

/m/dx:—/g)dDu Vo € C°(R),
Q Q

for some Radon measure Du. The space of all functions of bounded variation in 2 will be
denoted by BV (£2).

Given u € BV (Q2), we define the jump set of u, denoted by S,,, as the complement of the set
of Lebesgue points of u. In dimension 1 there is always a precise representative of u, which is
still denoted by u, and it will be continuous except in its jump set. If x € S, the traces u™ of u at
x are defined as

ut(x) = lim_u(y).

y—>Xx

If u € BV(R2), we define the three measures D%, D”u, and D u as follows. By the Radon-
Nikodym Theorem we set Du = D% + D*u, where D%u < L' and D’u is the singular part of
Du with respect to £'. Here D% is the absolutely continuous part of Du with respect to the
Lebesgue measure, while D*u = D’ u + Du where D’ u = DuLS, is the jump part of Du, and
Du = DuL(2\ S,) is the Cantor part of Du. We can write then

Du = D% + D’ u + D¢u.

For a detailed study of the properties of BV -functions we refer to [7,17,18]. For an introduc-
tion to the study of free-discontinuity problems in the BV setting we refer to [7].
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2.2. Relaxation and I'-convergence

Let (X, d) be a metric space. We now recall the concept of a relaxed functional. Given a
function F : X — R U {400}, the relaxed functional F of F, or the relaxation of F, is the
greatest d-lower semicontinuous functional less than or equal to F'.

We say that a sequence Fj : X — [—00, +00] I'-converges to F : X — [—00, +0o0] (as j —
+o00) if for all u € X we have

(i) (lower limit inequality) for every sequence (u ;) converging to u,
F(u) <liminf F; (u;); 2.1
J
(ii) (existence of a recovery sequence) there exists a sequence (u ;) converging to u such that

F(u) > limsup Fj(u;), (2.2)
J

or, equivalently by (2.1),
F(M) = hrnF](uj)
J

The functional F is called the I'-limit of (F;) (with respect to d), and we write F' = I'-lim; F;.
If (F) is a family of functionals indexed by ¢ > 0, then we say that F, I"-converges to F as
g — 0T if F =T-lim;_, F¢, forall ¢; converging to 0 as j — oo.

The importance of introducing this notion is highlighted by the following fundamental result.

Theorem 2.1. Let F =T — lim; F}, and let a compact set K C X exist such that infy F; =
infg F; forall j. Then

dmin F = liminf F;.
J

Moreover, if (u) is a converging sequence such that lim; F;(u ;) =lim; infx F; then its limit is
a minimum point for F.

For an introduction to I'-convergence we refer to [15].
2.3. A result of T-convergence

We recall the following result, proven by Alicandro and Focardi (see [3, Theorem 3.2, Remark
3.4]). As in our case, their framework is vectorial, and generalizes the result of [2, Theorem 5.1],
in which the authors consider the particular case k = 1.
Theorem 2.2. Let Q = (a, b), u € WH1(Q; R¥) and v e WH2(Q); su]}pose that f : [0, +00) —
[0, +00) is a C! function of |u'|, convex, increasing with 1im;_, o # =1; let W:[0,1] —>

[0, +00) be a continuous function such that W(1) =0and W(t) > 0ift € [0, 1), let  : [0, 1] —

6
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[0, 1] be a lower semicontinuous increasing function with ¥ (0) =0, ¥ (1) =1, and ¥ (¢t) > 0 if
t > 0. Suppose that F, : L' (S2; RF) x L1(€) — [0, +00] is defined by

F.(u,v) =

/ 1 /"2 2 . 1,1 k 1,2
v fu')+-W)+elv |+ lu—wl|”)dx ifue W (2;R"),ve W (Q)
o € O0<v<la.e.,
+o00

otherwise.

Then there exists the I'-limg_, o+ Fc(u,v) = F(u,v) with respect to the LY(S: ]Rk) x L1()
topology, where

/f(|u’|)dx+/g(|u+—u*|)d7{°+|Dcu|(§z)+f|u—w|2dx
Q

Fu,v)=1{% Su
ifue BV(R; Rk) andv=1a.e,
+00 otherwise,
and
g(z) :=min{yy(1)z +2cw () : 0 =<7 <1},
with

1
cw(t) = 2/ vV W(s)ds.
t
Notice that under the assumptions of Theorem 2.2 on f it holds that there is a constant C > 0
such that

f(ph =CA+1pD, ¥p R, (2.3)
2.4. Other preliminary results

Theorem 2.3. [23, Theorem 1.8.1] Let F : Q x R x R¥ — R be a non-negative C' function that
is convex in the third variable. Then the functional

/ F(x,v(x), p(x))dx

Q

is sequentially lower semicontinuous in L'(2) x L' (Q;R¥),,. More precisely, if v; —> v in
LY(Q) and pj — p weakly in LY (Q; R¥), then

/F(x, v(x), p(x))dx < liminf/ F(x,vj(x), pj(x))dx.
j—00
Q Q
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Theorem 2.4 (see [14]). If u € BV (R; RK) and v € H(Q), define

tw = [P r@pa+ [P+ Y Rwt o -u @l

Q Q xX€eS,

with f as in Theorem 2.2. Then, for all v e H' (), it holds that
I(u,v) <liminf/(u;, v)
k—o00

whenever uj — u weakly*in BV (2; RFK).

In the theorem above, the variable v € H'! (€2) is held fixed, and the weak* convergence u; —
u in BV (§2; R¥) is the sole variable under consideration. The result establishes that the functional
I (u, v) is lower semicontinuous with respect to the weak* convergence in BV (£2; R¥ ), for a fixed
v.

The following corollary generalizes this result by allowing both variables u and v to vary
simultaneously. Specifically

Corollary 2.5. If v; — v weakly in HY(Q) and uy — u weakly* in BV (L2; R¥), then
I(u,v) <liminfl(u;,v;).
]—)OO
Proof. Since H'(Q) is compactly embedded in C%(Q), it follows that

v; — v uniformly. 24
We write

T(uj,vj)=1(u;,v)+ (I (wj,vj)—1(uj, v)),

and, since the liminf of the sum is greater than or equal to the sum of the liminf values, we deduce

liminf I (uj,v;) > liminf I (u;, v) + liminf(l(u/, vj)—1(uj, v))
Jj—+00 J—+0o0 J—+oo ’

=1+1L

We begin by proving that IT — 0. Indeed,
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[ (uj, vj) =1 (uj,v)| = '/(vf—v2>f<|u;~|>dx+/<v§—v2>d|DCuJ-|
Q Q

+ ) @) =V )t ) —u,<x>|’

xesy, .
ellj

< [ 13 =R dupar + [ 107~ a1 25)
Q Q

+ Y i) — )] () — ()]

xeSy, .
Euj

< ||v§—v2||Loo(/f(|u;-|)dx+|DCuj|(s2)+|D’uj|<sz)),
Q

where in the last inequality we used the fact that |v]2. - < vjz- — 02| L.
Now, recalling (2.3) we obtain

[T (uj,v) = T, )| < [0 —v*| L (C(b —a)+ c/ 'y dx + |Duj|(2) + |D’uj|(sz>>
Q

= v} — v2||LooC<<b —a)+ ||u,-||3v),

which tends to zero as j — oo due to (2.4).
By invoking Theorem 2.4 for term I, we obtain the desired result. 0O

3. Main results

Recall that, in our setting and throughout the following, we consider Q2 = (a,b), u €
WL1(Q; RY), and v € H'(2). Moreover, let us refer to Theorem 2.2, taking w € L?(2; R¥),

2 2
W) = %, so that cy (t) = (1%) and ¥ (v) = vZ. With these choices, F, can be rewritten
as

2 / 1 2 "2 2
Fg(u,v)=/v f(|u|)dx—|—5/(1—v) dx+€/(v)dx~|—/|u—w| dx,
Q Q Q

Q

while the I'-limit ' becomes

/f(lu/|)dx+/g(|u+—u_|)d’r'-lo+|Dcu|(Q)+/‘|u—w|2 dx
Q

Fu,v)={% Su
ifueBV(:; RN, andv=1;

+00 otherwise.
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The function g(z) can be explicitly computed and is equal to

|z|
1+]z]”

g(2) = (3.1)

See also [2, Example 4.6].
Here and below we make the following assumptions on f:

e f:[0,00)— [0, oo) is of class C, it is increasing and strictly convex;
o f/(0)=1lim,_ o+ L9 — 0 and lim,, 400 L2 = 1.

Under these hypotheses (2.3) holds. Our first main result reads as follows.

Theorem 3.1. Let Q = (a, b) C R and f = min {,/ 1_é8’ m}. Given w € L?(€2; R¥) such

that |wl|| ;2 < B, there exists a minimizer u of F in W>°(Q; R¥) with f/(|u’|)‘Z—:| € H'(Q; RY),
and satisfying the equation

(7 ')W) + 20— w) =0,

with the boundary conditions

u'(x)
|’ (x) ]

1w’ (D =0 forxela,b).

We also consider critical points of the functional F;; namely, we say that (i, v) € whl(Q:
R¥) x H?(Q) is a critical point for Fj if the following equations are satisfied

1
2uf(Ju') + —@—1) = 20" =0,
2¢e

d /
( f'(u’ | ,|)+2(u—w)—

3.2)

with boundary conditions

{v’(x) =0 for x € {a, b},

v2(0) 1l () )k =0 for x € {a, b}.

Theorem 3.2. Let Q = (a, b) CR, B:=min {, / ﬁ W} and let w € L*(2; R¥) be such

that |wll;2 < B. Let W = = f wdx. Then there is a constant € > 0 such that the following
holds: if (ug, ve) are critical points for F. satisfying

Fe(ug, Us)SFa(wvl)s (3.3)

10
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for & € (0,8), then (ug, ve) € WH(Q; RK) x HX(Q), and there is u € W (2; R¥) minimizer
of F such that

Ug —u weakly* in W (Q; RY), (3.4)
ve — 1 weakly in H' (). (3.5)

Theorem 1.1 follows by combining the two theorems stated above.
4. Proof of Theorem 3.1 and Theorem 3.2

The proof of theorems above will be a consequence of the propositions in the rest of the
section. Before entering into the details of the proof, we define a regularization of F; as follows:
for § > 0, let

8
Fes(u,v) = Fe(u,v) + E/|u’|2 dx.

Q
We also define
. Fes(u,v) on HY(QR¥) x H'(Q) and v > §
Fe,a(u, v) = '
400 otherwise
and
F.(u,v) + Z () ut —u| +fv(x)2d|DCu| ifu e BV(S; RY),
FE(M,U)I reSu @ UEH (2), UZ%
+00 otherwise.

4.1

Theorem 4.1. The functional F; s admits minimizers in HY(Q:; R¥) x H2(Q) forevery e, >0

and w € L*(; ]Rk) Moreover, if (ug s, Ve 5) € HY(Q; RY x H2(Q) are minimizers of Fg s, then
v af (|u8 5|) e + 8148 s € HY(Q; R and they satisfy the Euler-Lagrange equations

2va,af(|u;,5|)+ —(vep = 1) = 2605 =0,

d (4.2)

- (aaf(|“ga|) )+2(Mea—w)—3u85_
dx |u MI

with boundary conditions

28v’5(x)= for x € {a, b},
02 500 (I, 5 () ”” Bl () =0 forx € {a,b}.

| u

11
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Proof. To prove the first part of the theorem, we employ the direct method in the calculus of
variations. Specifically, we prove the coercivity and exploit the lower semicontinuity of F; ;.
Let m > 0 be such that

Fes(u,v) =m.

. ) C e .
In particular, we have 3 / |u’|2 dx <m and |lu — w||i2 < m, which implies respectively
Q

lu'll;, <C 4.3)

and
lull 2 < llu—wli2 + w2 < Vm+llwl2 < C, 4.4)
where in the last inequality we have used the hypothesis w € L?(€2; R¥). Here and below in
this proof C denotes a positive constant, which might change from line to line, and which is
independent of # and v but might depend on the fixed parameters § and . Combining (4.3) and

(4.4), we deduce

lull g1 =< C.

1
Similarly, for v, we have ¢ f |1/|2 dx <m and 1 /(1 — v)2 dx < m, which implies respectively
£
Q Q

|2, <C 4.5)
and
Ioll2 < T =vll2 +[1Tl2 <Vm+ (b -a)'/? <C. (4.6)
Combining (4.5) and (4.6), we deduce also
vl =C.

Now, let (uj,v;) € HY QR x HI(Q) be a minimizing sequence and assume without loss
of generality that for all j > 1

Fes(uj,vj) <m,
and thus
lujllgr <C, Nvjligr <C V).

Therefore, up to a subsequence, u; — u and v; — v weakly in H !, Weak convergence in H'!
ensures

12
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liminf||u/j||Lz > lu'|l 2, liminf||v;-||L2 > [Vl 2.
j—>+oo Jj—>+oo

Moreover, by the Rellich Theorem, weak convergence in H' implies strong convergence in L2,
ie.,

uj —> u strongly in LZ(Q; Rk), v; —> v strongly in L2(SZ),

which in turn implies

1/0 Padx = 1= vy = — Tim |1 — ;]2 4.7)
— - =—1- =— lim —vjll72; .
4¢ Vet = vl 4e j—>+oo Villp2
Q
/|u—w|2dx:||u—w||izz im [fuj — w3, (4.8)
J—>+00
Q
Furthermore
8/|v/|2dx=£||v/||iz <liminfe v} ]7,: (4.9)
J—>+0o0
Q
3 72 § 2 C 8 /2
> [ = SR, < tming 2 2. (4.10)

Q
Finally, by Theorem 2.3, for F'(x, v, p) = v2 f(|p|) we obtain
/u2f(|u’|)dx gliminf/ v2 f(|u;))dx,
j——+o0 J J
Q Q

where we remarked that the weak convergences in H! of v j.uj imply v; — v in L'(Q) and
u’j — ' in L1(2; R¥). In conclusion,

Fe5(u,v) <liminf Fg 5(uj, v;),
Jj—>+oo

and (u, v) is a minimizer of Fj s.

We now proceed to prove the second part of the statement. Let (u¢ s, v¢ 5) be a couple of mi-
nimizers of the functional. From the computation of the Euler-Lagrange equations, we obtain the
conditions (4.11) and (4.12) stated below (which are the weak forms of (4.2)). By comparison,
the condition

1
f2v8,5<pf(|u’g’5|) dx + % /(vag — Do dx + ZS/UA(W)/ dx=0 (4.11)
Q Q Q

valid for all ¢ € H' (), shows that v, s € H*(R2) and it yields

13
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2ve,5f (Ju, 5) + 5= (Ve,5 — 1) — 2e0] 5 =0,
281);5()6) =0 for x € {a, b}.

Similarly, the condition

/(ssf(|usa|)| : |+8u85)~w’dx+/2<us,a—w>-wdx=o (4.12)

Q Q

valid for all y € H'(Q; R¥) implies v2 5 f(Ju.. 8|)% + 8u, 5 € H'(Q; R¥) and it yields
: ST :

( 5f (|u 5|)|u55>+2(M88_w)_8u”5—0

02 5 GOt 5 (O 5+t ) = 0 for x € {a. b).

This concludes the proof. O
Adapting the results from [20] and [22] to our context, we obtain the following lemma:

Lemma 4.2. Let (ugs, ves) € HY(Q; RY x H2(Q) be minimizers of Fg 5. Then the following
properties hold:

0<ves(x) <1 forallx e, 4.13)
luesliz2 < llwll2. 4.14)

Moreover, if (ug, v;) € HI(SZ; Rk) X H2(Q) are critical points of F, then (4.14) holds for u,.

Proof. Formulas (4.13) follow straightforwardly by a truncation argument. Let us prove (4.14).
Multiplying (4.2) by u, s and integrating between a and b, we obtain

b
U
- ))] dx:2/(|ug,sl2 — U5 - w) dx,
a

b

d
/ [oulls e + e <E (25l

a

loeg s

hence

b

b b
= [ (31t + 2ottt ) d =2 [ sl dx =2 [us - wan,
a a

a

from which we deduce
b
2
2/|us,s| dx 52/u8,5-deS ||”a,8|| + Ilele,
a

14
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implying the desired result. For critical points, the same argument applies evenif § =0. O

Lemma 4.3. Let w € L>(Q; R¥) with lwll;2 < B where p = min [1 / ﬁ, m } Then there

exists € > 0 depending only on 2 and f(0) such that, for all ¢ € (0,€) and § > 0, if (ugs, Ves) €
HY(Q; ]Rk) X H2(Q) are minimizers of F s, it holds that ve s > i on Q.
Furthermore, the following equalities hold:
inf{F.s(u,v):u,ve H (2 RN x HX(Q)}
=inf{Fos(u,v):u,ve H (2 RY) x H*(Q),v > 1/4},
inf{Fo(u,v) :u,ve H' (& RY) x HA(Q)}
=inf{F(u,v) :u,ve H' (Q RY) x HX(Q),v > 1/4}. (4.15)
b
/ wdx and v = 1. Then we have

a

Proof. Let w =

—da

b b
Fos(@, 1) = fO)(b—a) + / @ — wPdx = fO)(b—a) + /(W 2w @+ [wP) dx.

Now,

b b b 5 b b
/|ﬁ|2dx=/[ﬁ(‘/wdx‘> ]dng[ﬁ(b—a)/mwx] dx

a

b
=f|w|2dx,
a

and then
b
Fus@. 1) < FO)b—a) +4/ WP dx < FO)(b —a) + 452,

Let (ue. 5, ve5) € HY(Q:; R¥) x H?(R) be such that

Fe (e 5, ve.s) < Fes(W, 1) < f(0)(b — a) + 487 =: C.

Notice that (u. s, ve5) always exists and it may happen that w and 1 are already the global
minimizers of F 5. In that case uz s = W, v 5 =1 and ve s > %.

Since vy 5 € H 1 ((a, b)) is continuous and can be extended to a continuous function on [a, b],
let X € argmax v, s and y € argmin v, s. We estimate:

15
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b
1
2
3o [0 = v dx = Fustuesvo) < Co.
a
which implies
b
(1 — ve5)*dx <4eCp. (4.16)
, B
a

In particular,

b b
(b — a)(1 — ve 5 () = /(1 e dx < /(1 e dx < 4eCy.

Thus,

. 4eCg _ B2
1 —ve (%) S‘/m —\/48<f(0)+4b_a),

2
ve,a(f)z1—\/4€(f(0)+4bﬁ_a>.

Now, there exists &9 > 0 such that Ve € (0, &9), ,/4¢ ( fO) + 4%) < }T; it follows that

Blw

Ue,S(J_C) =

Next, we will use this inequality to prove, repeating the argument for y € argmin v, that
Ve s (Y) > i. We start from the following estimate:

b

b b
8
Cﬂ—/vg[;f(|u/€’8|)dx—/|u6,5—w|2dx—§/|u;’5|2dx
a a

a

b
1
2/5(1 — vp.)* +elv) 517 dx

a

b
z/lvg,a(l —veg)ldx

a
/ d 1
:/'EE(I—U&(S)Z‘C{X
a

16
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(1 —ve.)?| dx

l\)l'—‘

d
dx

-/

d 1
/——(l—vga) dx
X

=

N | —

1
~(1 — v 5(3)) — (- ve.5(X))?

1 | 1
E( —Uea()’)) _ﬁ

We have thus obtained

b

1 1
5(1 - Ua,&(y))z = Cﬁ _/ e&f(|ue 6|) dx +

Tk (4.17)

a

. 2 .
Now, let us estimate the term / Vg s f(|u/€75 ) dx:

a

b

b
/vgaf(|u;5|)dxzf(O)/uga—1+1dx
a

a

=10 /(US,S = Des+Ddx+ f(0)(b—a)

b 12, b 12
> FO)b—a) — f(0)< / (Ve — 1)? dx) ( / (Vs + 12 dx)

> F(0)(b —a) — f(0)(4eCp)/? 2(b — a)'/2, (4.18)

where the last inequality follows from the bound obtained in (4.16). Substituting (4.18) into
(4.17), we find

%(1 —ve.5(M)? < Cp — F(O)(b —a) +2f(0)(4eCp)' 2 (b — a)'/* +

1
=47 +2f(0),/4eCp(b —a) + o

=4ﬂ2+2f(0)\/48(f(0)(b—a)+4ﬁ2)(b—a)+ =K
32

32

Thus,

17
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Ve,s(y) = 1 —V2K.
Let us estimate K: using the fact that g < ﬁ, we find

1

482 < —.
ﬂ_32

Additionally, there exists €1 > 0 such that for all ¢ € (0, €1),

7
2£0), 45 (£ O — ) +482) b —a) < 5.

Combining these bounds, we obtain

Finally, for € = min(eg, &1), it follows that Ve € (0, €),

9
v)>1— _— =
Ve s (V) > =1

The equalities in (4.15) follow from the arbitrariness of (u, v), completing the proof. O
Remark 4.4.
(i) Note that the value F; s(w, 1) does not depend on § and ¢.
(i1) For the proof, it is not strictly necessary that (u¢ s, ve,s) are minimizers of the functional,

but only that they solve the Euler-Lagrange equations and that Fy s5(us s, ve.s) < Fe s(W, 1)
is satisfied. Therefore, the following corollary holds.

Corollary 4.5.Let w € L*(Q: R¥) with the property |w| ;2 < B where B = min{,/%,

1 ~ 1 b .. . P
B2 ] Let w:= 35— fa w dx, and assume that (ug, ve) are critical points for Fy satisfying

Fe(ug, ve) < Fe(w, 1). (4.19)

Then there exists € > 0 depending only on (a, b) and f (0) such that, for all ¢ € (0,€) and § > 0,
Vg > % on S2.

Theorem 4.6. Let ¢ > 0 be fixed. If there exists a constant C > 0 such that

sup ﬁs,B(“e,Sa Us,&) < é, (4.20)
§€(0,1)

then there exists C' > 0 such that

18
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sup lug,sllpy + sup [lve sl <C'.
5e(0,1) §e(0,1)

Furthermore, the functional Fg,g I"-converges with respect to LY(; Rk) x L1(Q), as § — 0T,
to the functional F,.

Proof. Let us prove the first part of the statement. Given that lim;_, 4 @ = 1, there exists fg
such that, for ¢t > 19, we have f(|z]) > %|t|. Let us define Q0 ={x € Q: |u/8’8(x)| > 1o}).
By (4.20) we have that v, 5 > % for every 4, and moreover,

_ 1 1
o / 02y f (Il 5 o > = f Fllshdx > = f 5| dx.
16 32
o Q0

Q

Hence

lug sl < C, 4.21)

for some constant C > 0 independent of §. Additionally, since

/Ius,aldx—/lwldXS/IMs,a—wldx
Q Q Q
2 : 1
< (/Ius,a—wl dx) b—a)}
Q
1 2
55 lugs —w|“dx |+ (b —a)
Q

§é+(b_a)7

it follows that

f|ua,3|dx§é+/|w|dx+(b—a). (4.22)
Q Q

Combining (4.21) and (4.22), we obtain
lugsllpy < Ci
for some constant C; > 0 independent of §. Furthermore,

/8|vg75|2dx <C, (4.23)
Q

and observe that
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1 5 _
— (I —ves)°dx <C,
de

Q
1
™ 1—2v85+v85dx<C
Q
1 —a 1
E/vgadx<C— 1e 4—/ Vg 5 dX.
Q Q

2
UZ‘S + 4, the inequality above becomes

b—a 11 2 b—a
—/ 85dx<C— 1 +4—Z/v8’5dx+ o
Q

Applying Young’s inequality 2v, 5 <

that is

3 ) - b—a b—a
— | visdx <C — 1o + P

from which it follows that

lve.s11%2 < Ca. (4.24)

for some constant Cp > 0 independent of §. Combining (4.23) and (4.24), we deduce that, for
some constant C3 > 0 independent of §,

lvesll g1 < Cs.

We have thus established the first part of the statement with C’ = C| + C3. It remains to
address the I'-convergence, specifically proving the I' — liminf and the I" — lim sup inequality.
We may assume, without loss of generality, that

sup Fes(us;, vs;) < C,
J

which from the first statement implies us; — u weakly* in BV (2; R¥) and vs; — v weakly in

H'(Q) up to subsequences. R R
For every § > 0, we have Fg(ugj, vgj) < Fg’g(u(;j, vg_/.). Thus, the I' — liminf inequality will
follow from

Fo(u, v) <liminf F, (us, ., vs,),
J— 00

which is the lower semicontinuity of I:"G. Using (4.9), (4.7), and (4.8), it remains to prove the
semicontinuity of
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/vzf(lu/l)dx + / v3d|Dull+ Y vE)lut(x) —u (x)],

Q Q xeS(u)

which is assured by Corollary 2.5.

Thus, we are left with the construction of a recovery sequence (us;, vs;) satisfying the I' —
lim sup inequality.

If u e H(Q; RY), we simply set us;, =u and vs; = V. Conversely, if u € BV (Q; RY) \
H! (2; ]Rk), fixing vs; =V, we have to prove that:

lim fvzf(|ug,|)dx=1(u,v), (4.25)
Jj—>00 J
Q
lim | |us, —w|2dx=/|u—w|2dx, (4.26)
Q Q
. 8/ ;2
lim —= [ |uj |dx =0. 4.27)
j—o00 2 J
Q

We begin by noting that, for v > %,

I(u,v) :inf{liminf/ vzf(lu;l|)dx tUy —> uin LI(Q; ]Rk), u, € HI(Q; Rk)},
n—o0
Q

i.e., for a fixed v e HY(Q), I (u, v) is the relaxation of / v f (L)) dx.

Q
Thus, there exists a sequence u,, € HI(Q; Rk), n > 0, such that

,.IL“E.‘O/ vV f(lul ) dx =1 (u,v). (4.28)
Q

For n =0 set ug =0, and for n > 0 consider the sequence u,, such that (4.28) holds. For each
k, consider the indices in

. . 2
Jj = {n eN: ””””Hl

: }
< —g-
V9;
Note that J; # § because ug € J;. For each j, choose nj := max{n :n € J;} and set us; :=

Mnj

We now prove (4.27): indeed
8l 152 < 8jllus; g = 8lluen, 30 < /35

Therefore (4.26) follows from us;, — u weakly* in BV (L; R¥), which implies us; — u in
L2(2: RK).
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To establish (4.25), we must show that Un; is still a recovery sequence for the relaxation, i.e.,
lim / v f(lul, ) dx = 1(u,v).
Jj—00 J
Q

We note that:
nj—>00 asj— oo. 4.29)

Indeed, J; € J;41 and Uj Jj =N, since as j — 00, §; — 0 and \/La_j — 00, meaning that
every n € N belongs to some J;. Observe that n; is a non-decreasing sequence of natural num-

bers, which cannot stabilize; if it did, there would exist a constant C such that |J;| < C for all j,
contradicting the fact that | J; J; = N.
Thus, from (4.29), we conclude:

lim /vzf(m;_pdx: lim /vzf(|u}1|)dx=1(u,v). o
j—oo J h—o00
Q Q

From Lemma 4.3, the following theorem, ensuring that there are regular minimizers of Fy,
follows:

Theorem 4.7. Let 2 = (a, b) and € > 0 be as in Lemma 4.3 and let ¢ € (0,%). Let w € L*(Q; R¥)

such that |\wll ;> < B where B = min{Jﬁ, m} If (ues, ves) € H' (2 RY) x H2(Q)
are minimizers of F s, then there exists a constant C, independent of € and &, such that

lue,sllwrco + lvesllgr < C, (4.30)
and therefore, up to a subsequence,
Ug s — Ug weakly* in Wl’oo, Ve,s — Vg weakly in H'ass— 0.
Moreover, u, and v, are minimizers of Fg, and
lueliwio + lvellgr < C, (4.31)

forall e € (0,¢).

X
Proof. Set P.s =2 / (ue,5 — w) dt. Integrating (4.2) between a and x and multiplying by
a
u;’(s(x), we obtain
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X
02 S gDy < 02 f D+ Sl = 2f(us,5—w>dr e

5| 5|

!/
< | Pesllug gl
Since we can estimate P, s as

b

|Pes| < 2/ lue s — w| dt <2||ugs —wll 200 —a)'/? <420 —a)'/? < o

and vg s > 5, we can write

4a

1 i / i 1 i
R|Me,5| Sillug s < ﬁ|u5,5|-
Hence
I (Iuggl)_ - <1
from which we deduce that
, , 16
uisle{r:ram =}
and hence we have proved the existence of a constant C > 0, independent of ¢ and §, such that
llug sllLe < C.
In particular
llug 512 < C.
Combining this estimate with (4.14), we obtain
luesll g <C
with C independent of ¢ and § and due to Sobolev immersions
llug sllLe < C.
Thus
luesllwro <C.
We now prove that (., v;) are minimizers of F,. This is equivalent to prove
Feue,ve) < Fe(u,v)  Y(u,v) € Wh°(Q: RY x HI(Q). (4.32)
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In virtue of (4.15), we can restrict ourselves to the case where v > }—‘. Then

Fe(u,v) = Fy(u, v) (4.33)

and
Fo(ug, V) = Fe(ue, ve) < Fe(u,v) Vue BV(Q; R, ve H(Q). (4.34)

Thus,

“434) 4.33
Feug,ve) < Folu,v) "2 Fo(u,v). O

Corollary 4.8. Let (u., ve) be critical points for F. Under the same assumptions of Corol-
lary 4.5, there exists a constant C > 0, independent of €, such that

luellwrce + llvell g1 < C. (4.35)
We are now ready to prove our main results.

Proof of Theorem 3.1. Theorem 2.2 tells us that the minimizers (u,, ve) of F, converge to min-
imizers (u, v) of F. Now, from (4.31) and the semicontinuity of the norm, it follows that the
minimizers of F are in W1 (Q; R¥) x H' (). Moreover, from (4.15), we have v > %. O

Proof of Theorem 3.2. We begin by proving (3.5). From assumption (3.3), it follows that

b
l 2 ~
— | (ve = )" < Fe(w, 1),
4e
a

which implies that v; — 1 uniformly as ¢ — 0.
Next, we proceed to (3.4). Since

luellwree < C

where, here and below, we denote by C a positive constant independent of ¢ (see (4.35)), and
taking into account the assumptions on the function f (see Theorem 2.2), we obtain

!

u

\fwwr%

u,|

< f'(uy)) =C.

Define the function H : RF — R as

H(uy) := f(ug)),
and observe that
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u

[VH @)= |f(u}))

e |=ran=c (4.36)

|
The Euler-Lagrange equation for Fg, after integration on (a, x), can thus be rewritten as

vg(x)VH(u;(x)) = /2(148 —w)ds, Vx € (a,b).

a
Since v, > % (by Corollary 4.5), it follows that

X

VH(u,(x))= v_12 /2(u£ —w) ds.

&
a

Denoting by (-, -) the scalar product in L*(£2; R¥), multiplying both sides by ul,, we deduce by
(4.36) that there exists some 1 € L% (€2; R¥) such that, passing to the limit as & — 0,

X X

(VH(u;), u;) = (% / 2(ue — w)ds, u/g) - (nu)= (f 2(u —w)ds, u').

X

1
The fact that the right-hand side has this form can be seen by observing that — / 2(ue — w)ds
v

&€
a

X
tends, strongly in LZ(Q; ]Rk), to / 2(u — w)ds. If we now prove that

n=VHu) 4.37)

then the proof is complete, as we have shown that the Euler-Lagrange equation of F, converges
to that of F.

This follows from a standard result on maximal monotone operators ([8, Lemma 3.57]), whose
assumptions are satisfied because:

(i) The gradient V H is a maximal monotone operator.
(ii)) The weak convergences hold:

u, —~u weaklyin L>, VH(u.)—n weaklyin L>.

(iii)) The upper limit satisfies

X

limsup(V H (u}), u}) = (/ 2u —w)ds,u'y = (n,u).
e—0
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Eventually we observe that the functional F restricted to H'(2; R¥) is strictly convex, and thus
has a unique critical point which is the unique minimizer, hence u is the minimizer of F. 0O

5. Application to the length functional

Let us consider the length functional

w<u)-/\/1+|u Rax+ Yt —u |+|Dfu|<sz>+/|u—w| dx,

x€es,

defined for u € BV (2; R¥). We denote

L(u) _f\/1+|u |2dx + Z |u —u" |+ |Du|(2),

xX€eS,

$0 Aw(u) = L(u) + [o lu —w|.
Take f(u') =+/1+ |u'|? and let u € W'°(2; R¥) be a minimizer of F. Recalling (3.1), we
have g(z) < |z|. Hence it holds that

F(u) < F(ii) < Ay(i) Vi € BV(Q;RY). (5.1)
Moreover, F(u) = Ay (1), and thus from (5.1) we deduce that
Aw() < Ap@i) Vi e BV(S;RY).

Therefore, u is a minimizer of A,, and belongs to WI’OO(Q; RX).
We have thus proven the following theorem:

Theorem 5.1. Let Q = (a, b) and f = min {‘/ 8> W} Given w € L*(S; R¥) such that

lwllz2 < B, there exist minimizers u of Ay, in whoo(Q; Rb.

We now show that the minimizer as in Theorem 5.1 is indeed of class C!. Precisely, the
minimizer u of A,, solves, thanks to Theorem 3.1, the equation

d u’
——— 42w —w) =0,
dx /1 + (1/)2
with boundary conditions
W@  udb)

VI+W@)? I+ ®)?
Integrating on (a, x), for x € (a, b), we infer
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u'(x)

V1+ @ (x))?

where ®(x) is a primitive of 2(u — w). Notice that, being the primitive of an L? function, ®
belongs to H'! and, consequently, is continuous. Since the left-hand-side of (5.2) is strictly less
than 1, it follows that

=P(x), (5.2)

d(x) < 1.

2
Hence we can conclude u’ ()c)2 = 20" and then

T T’

L e | e
O = el T @2

that is a continuous function. We have then proved Theorem 1.2 with

. [ 1 1
/3 = mln{ ﬁ, W} (53)

5.1. An example

We conclude this section with an example showing that in general, if ||w||;2 > B, the regular-
ity of the minimizer of A, is not true.
Following [16], the function u : (—2,2) — R given by

-2 ifx <—1,
—1—+/=2x—x2 if —1<x<0,

= 54
ux) 1+ +2x —x2 if0<x <1, 54)
2 if 1 <x,
minimizes the functional L(v, (-2, 2)) + f_22 |v — gldx, where
-2 ifx<0
= ’ 5.5
8() {2 if x > 0. =
We want to modify this example for the functional
2
Ay () =L(v,(=2,2)) + / lv — wl*dx, (5.6)
-2

where we choose w as

-3 ifx <0,
w(x) = .
3 if x > 0.
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Theorem 5.2. The unique minimizer u of (5.6) is convex on (—2,0), concave on (0,2), and has
a jump at x =0 of amplitude u™(0) — u=(0) > 2.

Proof. The uniqueness of the minimizer is guaranteed by the strict convexity of the functional.
We will now show some properties of u:

Step 1: the function u satisfies —3 < u(x) <3 for a.e. x and u is non-decreasing. The first
property follows from the fact that, if not, (—3) V u A 3 would have smaller energy than u,
contradicting the minimality. For the second one, assume that 0 <a < b <2 and u(a) > u(b);
then the function

~ {u(x) forx <a,
ulx):=
u(x) Vu(a) forx >a,

would have smaller energy than u, again a contradiction. Similarly we can show that u
is non-decreasing in (—2,0). Observing that the previous argument also works for u(a) =
lim,_, o~ u(x), we deduce that u is non-decreasing in the whole domain.

Step 2: u is convex on (—2,0) and concave on (0,2). Let us show the first assertion (the
second being similar), and assume by contradiction that for some Lebesgue points a, b, y with
0<a <y <b <2, there holds

u(b) —u(a)

u(y) <u(@)+ @y —a)— —

Then it is easily seen that

u(x) for x ¢ (a, b),

u(x) = u(x) v (u(@) + (x _a)%z(“)) for x € (a, b),

provides a minimizer better than u, absurd.
Step 3: it holds

Iim u(x)>2, Iim wu(x)<-2.

x—2- x——2F

Again, we prove the first inequality by contradiction (the second being similar) and assume that
£ :=1lim,_,»- u(x) < 2. Then we replace u by

- {u(x) for x <0,
u(x):=
ux)4+2-4¢) forxel0,2),

and the energy of & will satisfy

2
Aw('zZ)—Aw(u)=(2—£)+/|u—3+2—£|2—|u—3|2dx
0
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2
=(2—Z)+/(2—Z)(2u—4—€)dx
0

2
5(2—£)—|—/(2—Z)(£—4)dx
0

<(2-0)—-42—-10) <0,

where in the first inequality we have used that # < ¢ and in the last but one that £ < 2. This is a
contradiction with the minimality of u.
Step 4: it holds

Iim u(x)>1, Iim u(x) <-—1.
x—0t x—0~

Let £ :=lim,_,»- u(x) assume that lim,_,y+ u(x) < 1. This means that there exists y > 0 such
that u(y) < 1; then we define

u(x) forx <O,
Ux):=3u(x+y) forxel0,2-y),
Y4 forx € [2—y,?2).
We estimate
2 y
M@ = A <3+ [ 16=3Pdx~ [ u=3Pax
2—y 0

<y+yle—37—4dy <2y —4y <0,

where in the last but one inequality we have used that £ > 2. This leads to a contradiction and the
thesis follows. 0O
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