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Abstract—Tracking eye movements with high precision is
crucial for various medical and technological applications,
yet detecting subtle torsional motion remains a challenge.
This article presents a magnetic sensor system that accu-
rately tracks the full six-degree-of-freedom motion (6-DoF) of
a miniature dual-magnet assembly. This work leverages two
(nearly) orthogonal magnetic dipoles, building upon previ-
ous results achieved with a single-dipole source. The 6-DoF
tracking and the achieved level of precision may enable
the detection of complex eye movements, including tor-
sion. Moreover, the system can also track head orientation,
expanding its applications in biomedical research, assistive
technologies, and human—computer interaction.

R

Index Terms— Eye motion, eye-tracking, magnetic sensor, magnetic tracker, magnetoresistor, sensor array.

[. INTRODUCTION

RACKING objects is crucial across numerous domains,

including biological research [1], industry, security and
defense [2], [3], navigation [4], and medicine. Tracking tech-
nologies and methodologies are continuously evolving.

Tracking methods based on magnetometric measurements
are minimally invasive. Most materials are transparent to static
magnetic fields, making magnetic tracking an occlusion-free
methodology. Magnetic trackers have found various appli-
cations, including surgical [5], [6] and prosthetic [7], [8]
tools, medical diagnostics [9], [10] vehicle tracking [11],
biology [12], robotics [13], and security [14], [15], including
covert surveillance.

Various biomedical applications exist, hinged on the achiev-
able precision and speed. These applications encompass body
part tracking (e.g., eye, tongue, hand, finger), human—machine
interfaces and human—computer interaction, and virtual and
augmented reality [16], [17], [18], [19].

The simplest magnetic target that can be created or modeled
is a point dipole, which generates a field with a well-known
expression. That field decreases with the third power of the
distance and is proportional to the dipole strength [20], which
in turn—for a given level of magnetization—is proportional
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to the volume of the source. Consequently, for a given
magnetization and sensitivity, a detection system for a static
dipole operates under similar conditions regardless of the scale
of the problem: the targets may have sizes spanning from
injectable micromagnets to large vehicles.

The rapid decrease in strength over distance allows for a
fast but rough localization of a magnetic source using arrays
with numerous detectors, based on the positions of those
that detect a large anomaly. A quantitative analysis—e.g.,
based on best-fit procedures—of the field’s spatial distribution
enables the use of a smaller number of sensors and permits
a more accurate tracking, of both the position and orienta-
tion of the source. This more advanced approach has been
proposed for several delicate tasks. Among the medical ones,
consider the localization on capsule endoscopes [21], [22],
the study of jaw dynamics [10], [23], assessment of vestibulo-
ocular reflex [24], [25], eye-tracking [26], [27], localization of
implanted devices [9], and surgical tools [5].

Thanks to the superposition principle [20], magnetic track-
ing can be applied to localize sets of magnetic sources. While
conceptually straightforward, the problem rapidly increases
in complexity, as each dipolar source to be tracked comes
with its degrees of freedom. Several publications report on the
challenging task of simultaneously locating multiple magnetic
sources [8], [28], [29], [30], [31].

The axial symmetry of the dipolar field makes the tracking
of a dipole unresponsive to target rotations around the dipole
direction: only five of the six degrees of freedom (6 DoFs) of
a rigid body can be retrieved by marking it with a punctual
dipolar source [32].

In the presence of constraints, such tracking may be enough
to fully determine the pose (position and orientation) of
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the rigid body. Otherwise, complete pose retrieval requires
additional inputs. For instance, the position and orientation of a
dipole on the eye surface would suffice to identify the eye pose,
provided that the eye bulb can be modeled as a sphere whose
center is known. For eye-tracking, a physiological constraint
(commonly denominated Listing’s law [33]) can be used to
make a dipolar marker sufficient [34]. However, the use of
Listing’s law requires some extra information to be known
beforehand, or to be determined based on dataset consistency.
This involves a degree of subjectivity and a potential lack of
accuracy.

Eye-tracking is often applied to identifying the gaze ori-
entation, which (considering a patient in an erect position) is
associated with rotations around the vertical axis or a hori-
zontal transverse one. Small torsional rotations, i.e., around
the gaze direction, occur as well and are of interest for
medical applications. The detection of the latter by optical
techniques based on pupil localization is made challenging by
the axial symmetry of the analyzed feature. The localization
of iris features [35], [36], [37] or artificial markers [38] has
been proposed, instead. We examine the potential of magnetic
tracking to detect eye rotations about arbitrary axes, thus
including torsional movements.

Nonpunctual sources [28] or rigid assemblies of two (or
more) dipoles allow for a complete 6-DoF determination of a
rigid body’s pose.

This work aims to enhance the capabilities of an
eye-tracking prototype that has already been tested both
in vitro [39], [40] and in vivo [24], [25] using dipolar sources,
thereby overcoming the 5-DoF limitation imposed by the axial
symmetry of the single-dipole field.

The task of tracking two rigidly connected dipoles is per-
formed with a dual scope: identifying the geometrical structure
of the magnetic source, and then fully determining its pose.
Methods have been developed to quantify the self-consistency
of the recorded data, enabling the evaluation of the 6-DoF
tracking precision. This is crucial for detecting small rotations
around arbitrary axes, which is essential for identifying the
torsional motion of the eye bulb.

This article is organized as follows. In Section II,
we describe the magnetic assembly and the detection system.
In Section III, we describe the approach used to retrieve
tracking data from the magnetometric ones. In Section IV,
examples of tracking data and corresponding features of the
assembly structure are presented in terms of trajectories and
statistical distributions, as well as showing the tracks as a
function of time. The system performance and its potential
applications are discussed in Section V. Finally, Section VI
summarizes the achievements and the analyses performed.

Il. SETUP

The hardware (see Fig. 1) has been thoroughly described
in [39], and further details about its use as an eye tracker
can be found in [24], [34], and [40]. The field detectors
are distributed on a goggle-shaped frame and consist of
K = 8 three-axial magnetoresistive sensors, providing a total
of 24 simultaneous data points per measurement. The raw
data are affected by offsets and unequalized gains, and thus,
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Fig. 1. Sensor contains eight three-axial magnetoresistive sensors in

two sets distributed on two parallel printed circuit boards as shown in the
left side of picture, where one of the sensors is indicated by the yellow
arrow. An interface board (right side) enables communication between
the sensors and a PC. When the goggle frame is worn for eye-tracking
and the head is erect and front-oriented, z is back-directed, X is vertical,
and J is transverse-horizontal. The lower schematic represents the
hardware architecture, made of PC, interface board, and sensor array
(s.a.). The interface board hosts a microcontroller (1C), plus a battery
and memory for stand-alone used in precalibration measurements. The
interface board has a USB connection with the PC, the eight sensors
are set and interrogated through eight independent PC buses.

a preventive calibration of the sensors is necessary to convert
the readings into magnetometric values (see [39] for details).
A microcontroller card facilitates communication between
the sensor array and a personal computer (PC). The PC is used
to configure the measurement parameters (rate, sensitivity,
filtering) and to process, store, and analyze the readings.
A USB connection ensures data transfer and powers the
hardware. Data processing and tracking analysis can be done
online or offline. In the first case, two independent programs
run asynchronously (one to acquire and save raw data and one
to elaborate and provide preliminary tracking). The elaboration
program receives data through a lossy queue, enabling a quasi-
real-time response, at the expense of possible disregarded data.
The current prototype uses chips (Isentek 8308 [41])
that feature three-axis anisotropic magnetoresistance sensors.
These chips have built-in thermal compensation, set-reset, and
analog-to-digital conversion (ADC) circuitries. The maximum
data throughput rate is 200 samples per second (Sa/s) for
each channel. The ADC has a 14-bit resolution, with the least
significant bit corresponding to about 20 nT. Two field ranges
(4200 and £500 uT) can be selected, the smaller of which can
be used in this application. Correspondingly, the specifications
guarantee nonlinearity and hysteresis levels below 200 nT.

This type of solid-state sensor is evolving rapidly, and
models based on other technologies, particularly tunnel mag-
netoresistors, with higher resolution and conversion rates, are
currently in commerce.

The magnetic field source (see Fig. 2) is made of a rigid
assembly with two small (millimetric) magnets, which are
displaced by several millimeters from each other and move
at centimetric distances from the sensors.
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Fig. 2. Magnetic source is made of a rigid assembly (in gray) holding
two magnetic dipoles (red-blue disks). The magnet size is millimetric,
they are separated by D = (19.5 £+ 0.5) mm (center-to-center) and rotate
around an axis approximately aligned with the z-axis, at a centimetric
distance from the sensors (not shown). The vectors representing the
two dipoles and their relative position are not linearly dependent. The
two dipoles are made by one and two Nd—Fe-B disks (each 2 mm
in diameter, 0.5-mm thick), respectively. The vector ¥ represents the
position of my relative to the sensors’ reference frame.

A dc gear motor actuates the assembly. The movement
consists of a rotation around an axis approximately oriented
along z. The axis is held by a normal bearing or by a threaded
hole. As a result, the two magnets follow either circular or
helical (1-mm pitch) trajectories, respectively, and the spatial
configuration evolves periodically or quasi-periodically.

The magnet sizes are chosen so that the field they generate
at the sensor positions is comparable to the Earth’s magnetic
field. Under these conditions, neither contribution is pertur-
bative compared with the other, and both must (and can) be
accurately determined by analyzing the magnetometric data
collected.

The measurement field at the position 7, of each sensor is
modeled as the superposition of a uniform (environmental)
field and the fields generated by two dipoles m; and m,
located at positions 7 and 7' = 7+ D, respectively, with respect
to the sensors’ reference frame, the patient’s head referencg,
in the case of eye-tracking application (see Fig. 2). Here, D
represents the displacement of the second dipole relative to
the first one.

As will be clarified ill the next, it is advisable to build
assemblies in which n1;, D and m, are not linearly dependent.
Instead, having the three nearly perpendicular to each other is
a favorable condition. In the representation of Fig. 2, the three
vectors have a nearly tangential, radial, and axial orientation,
respectively. A similar configuration is shown in the pictures
of the real implementation (see Fig. 3).

It is necessary to distinguish the two dipoles and to label
them uniquely. In the experiments reported here, we used Nd—
Fe-B disks (2-mm diameter, 0.5-mm thickness), two stacked
disks as a first dipole and one disk as a second dipole. When
two dipolar sources are identified, the strongest is considered
to be m; and the other ;.

In summary, the expected field on each sensor can be
evaluated based on five 3-D vectors, as summarized in Table I,
for a total of 15 parameters.

Fig. 3. Close-up picture of (a) magnetic assembly and (b) wider view
showing the assembly and the sensor array.

TABLE |
DEFINITIONS OF RELEVANT QUANTITIES AND RELATED SYMBOLS (IN
Italic, THE TRACKING PARAMETERS TO BE IDENTIFIED: EACH OF THEM
CoMES WITH 3 DOFs, FOR A TOTAL OF 15 DOFS). As WILL BE
SHOWN IN SECTION IIl, 9 DOFS RELATED TO THE TRIPLET OF
VEGCTORS IN THE FIRST THREE LINES CAN BE REDUGED
TO 3 ANGULAR DOFs, AFTER HAVING IDENTIFIED A TRIANGULAR
MATRIX R REPRESENTING THOSE THREE VECTORS IN THEIR
INTRINSIC REFERENCE FRAME. IN THAT CASE, THE TRACKING
PROBLEM HAS ONLY 9 DOFSs:
Bgseo, F AND THOSE THREE (EULER) ANGLES

symbol description DoF
m1 15 dipole magnetic moment 3
T2 224 dipole magnetic moment 3
D =7 — 7 | position of ma relative to 1 3
I absolute position of M1 3
7’ absolute position of 12
Bgeo ambient field 3
L position of the k-th sensor

I11. MODEL

As mentioned in Section II, if the field of each magnet
is modeled with that of a punctual dipole, the total field on
each sensor can be evaluated based on the sensor position and
15 parameters (see Table I). As the positions of the sensors
are known, the (inverse) problem to be solved has 15 DoFs,
at least in its first instance.

At large distances compared with D, two separate magnets
produce an approximately dipolar field, with higher order
multipole terms that decay faster than cubically. While we do
not use this expansion, it suggests that closely located sensors
can easily identify the positions of two magnets, as long as
the assembly—sensor distance is not too large relative to D.

Similar to the case of single-dipole tracking performed
with this apparatus [42] and with similar ones reported in
the literature [8], [9], we verified that a nonlinear best-fit
procedure based on the Levenberg—Marquardt (LM) algorithm
serves reliably to determine the mentioned 15 parameters from
the 24 magnetometric data collected. It is worth noting that
other identification strategies are available, which may become
essential when the number of dipoles to be tracked is large and
possibly unknown and when the elaboration speed constitutes
a critical parameter [31], [43].

In the case of eye-tracking based on a single dipole,
we verified [42] that a large volume exists within the parameter
space (much larger than all realistic configurations) where any
initial guess will lead the LM algorithm to converge to the
correct solution.
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In the two-dipole instance, the presence of local minima
is more evident and requires the initial guess to be assigned
more carefully. The slow motion of the target compared with
the acquisition rate renders each tracking output an excellent
guess for the next best-fit procedure.

The dynamic measurements reported in this work are
obtained by rotating the magnetic assembly at approximately
60 deg/s, with acquisition rates ranging from 50 to 100 Sa/s.
This results in rotations of about 1 deg and submillimetric
displacements between consecutive measurements.

Less favorable conditions might be encountered in vivo,
in the case of saccadic movements that may occur at several
hundred deg/s. In this case, a higher acquisition rate could
be necessary for an adequate sampling of the eye dynamics.
On the other hand, we have experimentally verified that even
reducing the acquisition rate to 10 Sa/s a tracking output
(therefore about 6 deg rotation between consecutive measure-
ments) is a good guess for the next fit procedure, confirming
that a 600 deg/s saccadic rotation should not produce guess
issues when operating at 100 Sa/s. In conclusion, the guess
criticality arises particularly when analyzing the first data of
each measurement set.

A specifically implemented first-point procedure provides
a practical solution to the initial guess problem. The pro-
cedure repeatedly applies the LM algorithm to the first
measured dataset, using guesses randomly selected in a
predetermined hypervolume of the parameter space. The
guess leading to the minimum best-fit residue is selected.
A few tens of attempts normally permit one to identify a
guess from which the algorithm converges correctly. The
data reported in this article are obtained searching the
first point within a hypervolume defined as follows: spa-
tial parameters (Cartesian components of 7, D) ranging in
+30 mm, ambient field components in £50 uT, and dipoles’
components in +3 mAm?. Guesses randomly selected in
this volume lead to 10-20 minima. The good one (absolute
minimum) is achieved in 10%-30% of the attempts. The
others (local minima) are well-distinguishable because the
corresponding residues are 1-3 orders of magnitude larger than
in the case of the absolute minimum.

Even starting from suited guesses, each correct solution has
a twin one, due to the equivalent roles played by n; and ;.
Namely, any good solution corresponds to an equivalent one
obtained by swapping the indexes of the two dipoles and 7
with 7. In other terms, the configuration (n111, 1712, D,7, égeo)
produces the same field as (7i,, 11, _D.7, Bgeo). As men-
tioned in Section II, in this work the dipoles are labeled based
on their strength: whenever the best-fit procedure outputs a
solution with m; < m,, the two vectors are swapped, and
the vector D is reversed. Magnets of the same strength could
be used, as well, provided that they form quite different
angles with D. In that case, a unique identification would be
based on the comparison of those angles. After the first-point
tracking, being the rotation between the (n — 1)th and the nth
acquisitions small (less than 180 deg), a reliable alternative
criterion is to perform the swap whenever D, - f)n < 0.

Among the five vectors output by the LM routine (see
Table 1), 7 and B geo have independent evolutions related to the

Fig. 4. In the intrinsic £ — n — { reference frame, the three vectors
that identify the assembly lay on the £ axis, on the £ — n plane, and
along a generic direction, respectively. Their components constitute the
R elements. Three angles o, B, and -y describe their relative orientation
and can be inferred from Rj values.

translation of the magnetic source and to the movements of
the sensor array, respectively. In contrast, the two dipoles and
their relative position constitute a triplet nominally expected
to rotate rigidly. .

As shown in Appendix, when the three vectors (1, D, n>)
are assembled in a matrix M, the latter can be expressed in
terms of a rotated triangular matrix R, with the aid of the
QR decomposition method [44]. The matrix R is made of the
three vectors represented in their intrinsic £ — n — ¢ reference
frame (see Fig. 4). A suited structure of the magnetic source (a
linearly independent triplet) guarantees that M is not singular,
which has relevance, as highlighted in Appendix.

The QR decomposition retrieves estimates R of R based
on each measured triplet M™ = (m,, D, m,)|™ (let n be
the measurement index). Eventually, an average value (R)
is obtained, which serves as an estimate of the magnetic
source’s structure. This structure could also be deduced from
the assembly’s geometry and the magnets’ specifications.
However, its experimental characterization is a favorite choice
because it can be simpler and avoids systematic errors caused
by specification uncertainties.

As said, the matrix R accounts for the geometrical details
of the magnetic assembly. In particular, the angles formed by
the three vectors m, D, m, in the reference frame &€ —n — ¢
can be expressed as

a = atan2(R», R1»)
B = atan2(R»3, R3)

R3;3

v Ry + R3; + R,

using spherical co-ordinates, with the definitions provided in
Fig. 4. These relationships may refer to single R” estimations
or to (R).

Once the matrix R is determined, a best-fit procedure with
a smaller number of parameters can be used to reanalyze

y = arccos

(D
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the same dataset or to elaborate new data collected with the
same magnetic assembly. It is worth noting that R could
be ideally evaluated from independent measurements of the
magnetic dipoles and their relative position (all intended as
vector quantities). However, while the distance D is easily
accessible, the dipole intensity and the relative orientations of
the three vectors can be hardly estimated with good accuracy.

The fitting parameters 7 and B, remain unchanged, while
three angles (e.g., the Euler angles 6, ¢, ¥) parameterizing a
rigid rotation can be used instead of the three vectors m, D,
and m; (see Table I). To this end, the three angular parameters
are used to define an orthogonal (rotation) matrix U® =
U@™, ™, ™), such that (m,, D, iip)|™ = U™ (R). Sum-
marizing, the number of fit parameters is reduced to 9, namely,
ETRATRET Bgeofm Bgeofys Bg60727 0,0,¢.

Reducing the number of fitting parameters does not help
shorten the computation time. The primary benefit is an
improved accuracy of the best-fit results, achieved by coun-
teracting the effects of significant covariances that arise in the
case of 15-parameter best-fit.

It has been experimentally verified that it is not advisable
to further reduce the number of free parameters based on the
assumption that the vector égeo maintains a constant modulus.
The ambient field is homogeneous enough within the volume
occupied by the sensor array to ignore its gradient in one mea-
surement. However, its intensity may nonnegligibly change
during measurements, because the whole system (sensor array
and magnetic assembly) could move over distances much
larger than the array size so that despite its weakness, ambient
field gradient may play a significant role.

IV. RESULTS

This section presents results obtained under different mea-
surement conditions and using different best-fit procedures.
The measurements are carried out under static conditions
(repeated tracking of a fixed configuration) or under dynamic
conditions, in which the position and orientation of the
magnetic assembly change over time along predetermined
trajectories. The data analysis can be based on either a
15-parameter best fit or, after the assembly structure identifi-
cation, a nine-parameter one. The results can be displayed as
histograms showing the distribution of the best-fit parameters,
or as trajectories followed by the various vectors. It is also
useful to analyze some quantities over time (i.e., versus the
measurement index) because the (quasi-)periodic motion of
the assembly leads to the estimation of several parameters
with (quasi-)periodic systematic errors and this highlights
significant covariances among spatial and magnetic variables.

The tracking performance is evaluated based on data self-
consistency, i.e., the results are compared among themselves
and not with independently assigned or measured quantities.
Absolute accuracy and precision assessments go beyond the
scope of this article.

A. 15-Parameter Fit Under Static and Dynamic
Conditions

Repeated measurements under static conditions enable the
quantification of the system precision, hence the minimal

300- :
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0-L | ..-.....l|l|i||||||| | | |||||ﬁh‘|h..!.=_-.-. )
2.3 2.55 2.6 2.65 R 2.7 2.73 2.8
m, (mA m*)

Fig. 5. Histogram of my inferred from a set of static measurements.

TABLE Il
MEAN VALUE, VARIANCE, AND RSD OF: VECTORS’ MODULUS,
RELATIVE ORIENTATION (SEE FIG. 4), AND Rj ELEMENTS

parameter | variance (c°) mean (1) RSD (o/|u)
m1 (Am?) 8.621E-10 2.666E-3 1.101E-2
mo (Am?) 5.645E-10 1.332E-3 1.783E-2
D (m) 1.471E-8 1.885E-2 6.434E-3
« (rad) 7.225E-5 -2.784E+0 3.057E-3
[ (rad) 2.250E-4 2.690E+0 5.576E-3
~ (rad) 9.425E-4 1.497E+0 2.050E-2
Ri11 (Am2) 8.621E-10 -2.666E-3 1.101E-2
R12 (m) 2.126E-8 6.594E-3 2.211E-2
Ra22 (m) 1.921E-8 -1.766E-2 7.850E-3
Ri3 (Am?) 3.195E-10 4.229E-5 4.227E-1
Ra3 (Am?) 4.985E-10 5.795E-4 3.853E-2
Rss3 (Am2) 4.572E-10 -1.198E-3 1.784E-2

variation in tracking parameters that can be distinguished
from the intrinsic uncertainty. Under static conditions, the
estimates of tracking parameters may fluctuate due to elec-
tronic noise affecting the magnetometric data and covariances.
For instance, a real variation in the ambient field due to
environmental magnetic noise or rigid movements of the whole
system (magnetic assembly plus sensor array) may cause an
apparent variation of the magnet pose with respect to the
Sensors.

As expected, independent and small effects on a large set
of sensors cause the distribution of the estimated parameters
to be, at least qualitatively, normal. For example, we report in
Fig. 5 a histogram of the estimated modulus of the m; inten-
sity. The histogram is compared with a best-fitting Gaussian
curve for a visual normality test. The experimental distribu-
tions of other parameters present quite similar profiles. Table II
reports the average value, variance, and relative standard
deviation (RSD) of other tracking parameters obtained from
the same dataset.

Under dynamic conditions, the parameter distribution from
the 15-parameter fit is broader and, in some cases, signif-
icantly deviates from a Gaussian distribution, as shown in
Fig. 6. This can be ascribed to the residual gradient of the
ambient field and imperfect calibration and/or nonlinearity of
the sensors. Besides distorting the retrieved trajectories, the
position-dependent estimates of the dipole strengths and their
relative position alter their statistical distribution. An exam-
ple of values obtained in dynamic conditions is reported in
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330~ TABLE IV
MEAN VALUE AND STANDARD DEVIATION OF THE POSITION, AMBIENT
300-
FIELD, AND EULER ANGLES, ESTIMATED BY NINE-PARAM BEST-FIT OF
250~ A DATASET RECORDED UNDER STATIC CONDITIONS
v 00— parameter mean st.dev.
Ei T (mm) 922 | 0.025
3 150- T4 (mm) 2238 0.035
r, (mm) 28.2 0.023
100- ) . Bgeo—x (uT) -42.6 0.021
Ir Bgeo—y (uT) | 260 | 0.024
| | ” “ Beoo_» (1) | 778 | 0056
[o000nnoo I“”“I“”“ | 6 (mrad) 2279 8.34
19 2 22 24 26 28 3 ¢ (mrad) 462 213
a2 ’ mrad -305 8.13
m, (mA m?) ¥ (mrad)
Fig. 6. Histogram of my from measurements performed under
dynamic conditions. Other parameters behave similarly, with asymmet- r r
ric/multimodal histograms and with a larger variance compared with the
static case.

TABLE IlI
MEAN VALUE, VARIANCE, AND RSD OF VECTOR INTENSITIES AND
RELATIVE ORIENTATIONS OBTAINED FROM MEASUREMENTS
PERFORMED UNDER DYNAMIC CONDITIONS

parameter variance (c2) mean (u) RSD (o /1)
m1 (Am?2) 2.548E-8 2.628E-3 6.073E-2
mo (Am?) 7.273E-9 1.265E-3 6.736E-2
D (m) 7.167E-7 2.063E-2 4.103E-2
« (rad) 4.108E-3 -2.800E+0 2.289E-2
[ (rad) 4.396E-3 2.76TE+0 2.396E-2
~ (rad) 3.936E-2 1.895E+0 1.000E-2
R11 (Am?) 2.548E-8 -2.628E-3 6.074E-2
Ri2 (m) 2.209E-6 -7.397E-3 2.009E-1
Ra2 (m) 8.196E-7 -1.920E-2 4.716E-2
Ri13 (Am?) 1.007E-8 -1.326E-4 7.570E-1
Ro3 (Am?) 1.299E-8 -4.027E-4 2.829E-1
R33 (Am?) 6.895E-9 -1.1835E-3 7.017E-2

Table III: these values are obtained when the assembly moves
along a helicoidal trajectory, making about six turns with a
1-mm pitch at an angular speed of about 60 deg/s.

B. Nine-Parameter Fit

As said in Section III, after the 15-parameter fit has char-
acterized the structure of the magnetic assembly (i.e., once
an estimate of the matrix R is available), a nine-parameter fit
can be performed to determine only quantities that vary under
dynamic conditions.

The nine-parameter fit yields more regular results. By con-
straining certain parameters (dipole strength, relative position,
and orientation), the estimates for other parameters (position
and orientation of the assembly) become more precise, leading
to smoother trajectories.

The accuracy depends on the estimates used to set those
constraints. We typically use the median value of R elements
obtained with a 15-parameter fit, either from the same dataset
or from another dataset recorded under analogous conditions
(same assembly performing a similar trajectory).

An assessment of the precision attained with a nine-
parameter best-fit can be performed by analyzing the fluc-
tuations of the tracking parameters observed under static
conditions (differing from the 15-parameter case, under
dynamic conditions, all the quantities described by the nine

)
I
R 7

NG

)

/)

(d) T

Fig. 7.  Spatial trajectory of the two dipoles, as they result from
(a) and (c) 15-parameter and (b) and (d) nine-parameter best-fits. The
constraints set by the assignment of fixed values to R determine a
notable improvement in the precision of the trajectory. The axes are
in mm.

parameters are expected to change, preventing a precision
estimate based on their standard deviation). We report in
Table IV mean values and standard deviations resulting from
the analysis of a dataset recorded in static condition to provide
an estimate of typical precision.

C. Trajectories and Time-Dependencies From 15- and
9-Parameter Fits

Fig. 7 shows the spatial trajectory followed by the first
dipole as reconstructed by a 15- and 9-parameter best-fit. The
corresponding trajectories of the vectors miy, m,, and D are
shown in Fig. 8.

Figs. 9 and 10 show the tracking results obtained with the
15-parameter fit versus time, deviationsqfrom the expected
evolution (linear for r,, constant for Bg,, sinusoidal for
other parameters) can be appreciated. As already seen
in the 3-D plots of the trajectories, the nine-parameter
fit produces smoother results (only one example is
shown).
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Fig. 8. Evolution of (a) and (b) i, (c) and (d) /o, and (e) and (f) D as
they result from (a), (c), and (e) 15-parameter and (b), (d), and (f) nine-
parameter best fits. Note that /1 is almost aligned with the rotation axis,
thus the circle size is smaller than for m,. The constant component of
my is large and the relative uncertainties for the two dipoles are similar.
A notable improvement of the precision is achieved in (b), (d), and (f)
cases. Each of the three vectors has a constrained (constant) modulus,
but the orientation also greatly improves. The dipoles are expressed in
mAm?, Dis expressed in mm.

D. Precision Evaluation Based on SVD Decomposition

Other quantities (e.g., the R elements and the angles «, 8, y)
could also be analyzed to qualitatively assess the achieved
precision. However, these quantities depend on the specific
assembly, and it is opportune to quantify the precision with
an assembly-independent parameter.

The singular value decomposition (SVD) offers a tool to
quantify the precision, as described in Appendix. Once (R)
has been estimated, each measurement M ™ can be expressed
as M™ = B™(R), with B nominally orthogonal.

The nonorthogonality of B®™ = M™(R)~! can be quanti-
fied according to 6. In Fig. 11 the quantities e and f defined
in 6 (referred to the 15-parameter tracking presented in the
previous figures) are plotted versus time. Both the plots present
deviation from the ideal zero value, and both present peaks
(more pronounced in the case of the quantity e) that coincide
with spurious features appearing in the plots of Figs. 9 and 10.

V. DISCUSSION

The results reported in Section IV demonstrate the feasi-
bility of dual-magnet tracking based on the LM algorithm to
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Fig. 9. Cartesian components of the absolute and relative positions

of the two magnets versus time, resulting from a 15-parameter best fit.
The smoother blue line corresponds to the ry plot and is obtained with
the nine-parameter fit (it is purposely displaced by 0.5 mm to avoid plot
superposition).

geo x

—B
=30 geoy
,40 geo x

Fig. 10. Cartesian components of the environmental field and magnetic
dipoles, resulting from a 15-parameter best fit. In this measurement, the
sensor array was steady: minor fluctuations of Byeo, appear concomi-
tantly with the assembly rotation.

analyze the magnetometric datasets produced by the prototyp-
ical device described in Section II.
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Fig. 11.  SVD evaluation of the precision along the trajectory. The two

plots show the quantities e and f defined by (6). Ideally, both these
quantities should be zero if the pose can be represented as a pure
rotation of the dual-magnet assembly. Nonzero values of e and f account
for anisotropy and a nonunitary scaling factor, respectively.

The initial guess is more critical than the previously studied
single-dipole tracking. Still, the method developed to assign
a suited guess proved to be effective and reliable despite its
simplicity. The data elaboration rate is slower than that of the
single dipole case. Typical values are 50 tracking outputs per
second, using an ordinary PC. This value is suited for online
data analysis using a lossy queue, while it demands an offline
analysis for a complete elaboration with full time-resolution.

The performance observed under dynamic conditions is
worse than under static ones, making the accuracy level worse
than the precision one. Several imperfections may originate
trajectory distortions and other position-dependent errors, due
to unequalized response of the sensors. The latter can be due
to field inhomogeneities affecting the precalibration procedure
[39] and to sensor response variations, e.g., due to thermal
drifts or elapsing time. We have verified that field gradients
typically present in the room do not cause evident degradation.
Magnetized materials nearby, such as steel chairs and iron
furniture, can generate spurious field gradients. Therefore, it is
advisable to take precautions to minimize interference from
such objects. As known, gradient decays with the fourth power
of distance, and this makes it crucial to select nonferromag-
netic devices and connectors for the circuitry in the sensors’
proximity, as they would be detrimental despite their small
size. According to the specifications, the sensors operate well
within their linear response range. However, minor nonlin-
earities in their response may still contribute to trajectory
distortions and crosstalk between various parameters, such as
the sensor frame’s orientation and the magnetic source’s pose.

It is worth noting that the results obtained under dynamic
conditions must be considered as a typical, but cannot be
used to strictly quantify the system performance. The cali-
bration imperfections of the diverse sensors may introduce
biases in the position and orientation estimates, depending
on the specific configuration. This may result in trajectory
distortion and position-dependent errors in the orientation
estimates. The same may occur as a consequence of an
imperfectly homogeneous background field. The parameters’
distributions depend on diverse contingent conditions, such
as the specific trajectory assigned to the magnetic assembly,
the sensors’ calibration accuracy, and the ambient field’s local
inhomogeneities. Crosstalking among diverse fitting param-
eters may cause large variations in some (positional and/or
angular) parameters to appear as minor changes in some

others. In particular, large reorientations of the gaze cause
important displacement and rotation of the assembly, which
might spuriously result in an apparent torsion. For instance, the
orientation of m; inferred from Fig. 8(a) and (b) has evident
bias errors that vary along the trajectory. Measurements aimed
at detecting torsional movements should be performed under
conditions of small gaze reorientation, i.e., would be mainly
limited by the precision and not by the accuracy of the
torsional angle estimate.

As already discussed in the case of single-dipole track-
ing [24], the passage from in vitro to in vivo measurements
might introduce additional uncertainty sources, such as those
due to slippage of the assembly on the eye bulb or the
sensor frame on the head, further artifacts can be caused by
eye-blinking that can displace the contact lens.

Both in the case of 15- and 9-parameter fits, small dis-
placements of the target result in pretty close tracking outputs,
while large displacements cause significant variation in the
systematic errors with consequent distortion of the recon-
structed trajectories, particularly in the 15-parameter case. This
feature indicates that the precision level exceeds the accuracy
confirming the high level of reproducibility observed under
static conditions (see Table IV).

In some applications, precision and reproducibility play
a role more important than accuracy. For instance, consider
detecting small torsional motion, which is challenging for
all the competing eye-tracking methodologies. In such an
application, one needs to detect small variations of the eye
pose (particularly rotations around the visual axis), while it is
unessential to identify the object observed or measure large
reorientations of the gaze. Consequently, the limiting factors
are those identified in the static-condition performance.

From the variances of the angular quantities reported in
Table II, uncertainties ranging from 0.5 deg (for ) to 1.7 deg
(for y) are estimated. Estimating the accuracy from the
corresponding data reported in Table III (i.e., measured under
dynamic conditions) leads to about ten times worse results.
It is worth noting that we are here dealing with the angles
that describe the structure of the magnetic assembly and not
its orientation in space.

The nine-parameter fit provides a clearer indication of the
angular uncertainty, as it outputs the Euler angles of the rotated
rigid frame rather than the angles among the m, D, m, vec-
tors. The same data measured under static conditions that
produce the results in Table II, with a 15-parameter best-fit,
when analyzed with a 9-parameter fit provide Euler angles
whose standard deviations are between 0.13 deg and 0.45 deg.
In concomitance with the smoother and more consistent spatial
trajectories [see Figs. 7(b) and (d) and 8(b), (d), and (f)], the
nine-parameter fit improves the angular precision.

For eye-tracking purposes, the magnetic assembly (with
the three vectors about mutually perpendicular) could be
implemented using magnets with axial and diametrical mag-
netization, as schematized in Fig. 12.

Concerning the determination of the absolute gaze direction,
the procedure would require a calibration step, in which the
subject observes an assigned target. Let #? be a unit vector
directed from the eye to the target and let M© be (i, D, i)
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Fig. 12. Aiming at eye-tracking, the examined assembly can be
implemented in a contact lens using two disk-shaped magnets with axial
and diametral magnetization, respectively.

measured in that condition (an averaging can be performed to
determine a (M @), for improved accuracy).

Now assuming that M™ is the result at the generic
measurement, it is expected that M® = A(M®©), with
A = M™(M©)~1 nominally orthogonal: #™ = Au® will
(approximately) be a unit vector oriented along the current
(nth) gaze direction. .

The simultaneous tracking of B, can be used to produce
an absolute gaze tracking, i.e., relative to the ambient field and
not to the sensor array.

VI. CONCLUSION

We have presented a system and methodology for tack-
ing two rigidly assembled magnetic dipoles. This system is
specifically designed for application to eye-tracking. Unlike
the single-dipole case, this system allows full localization of
the tracked rigid body (the patient’s ocular bulb), identifying
its three spatial and three angular degrees of freedom relative
to the sensor array, while also measuring the ambient field. The
latter enables the determination of two out of the three degrees
of freedom that describe the absolute orientation of the sensor
array (the patient’s head) in the laboratory frame. Details of the
system performance analyses based on data self-consistency
have been provided.

Angular uncertainty is influenced by measurement condi-
tions and the best-fit procedure used to analyze magnetometric
data. With the considered setup—which has the advantage of
being operated in vitro and the disadvantage of not being
fully optimized in terms of the spatial distribution of the
sensors—we have achieved angular uncertainties better than
half a degree.

APPENDIX

We make use of QR decomposition of 3 x 3 matrices.
It is worth recalling that any real square matrix A may be
decomposed as A = QR where Q is an orthogonal matrix,
and R is an upper triangular matrix.

Provided that detA # O, the factorization is unique if
the diagonal elements of R must have preassigned signs,
e.g., all positive [44]. Concerning the physical meaning of

0, orthogonal 3 x 3 matrices describe the composition of
rotations and/or reflections in the usual 3-D Euclidean space.

Specifically, when det O = +1, Q describes the composi-
tion of rotations and of an even number of reflections, which
can be more simply considered as a unique rotation.

In the case of 15-parameter fit (see Section III) the LM
routine outputs 7, égeo,l’T’H, D, and 7i,. The three latter are
expected to rotate rigidly and the Q R decomposition is applied
to the matrix having them three in the columns

mix Dx noyx
OR=M=m\, D, my). )
mi; D, my

For the sake of unicity.

1) It is first required that all the diagonal elements of R
are positive.

2) If it is found det Q = —1, then R and Q are replaced
by CR and QC, with

1 0 O
cC=(0 1 0 3)
0 0 -1
(this case occurs when 771, D, and 712, constitute a right-
handed triplet).

Now det O = +1 and the Q matrix describes a rotation
from the system x —y — z to a system & — n — ¢ where m is
oriented along &, D lays on the & — 5 plane, m, is generically
oriented

mig Dg_ mog
R=( 0 D, my 4
0 0 mye

with mg, D,, > 0. The left/right-handed orientation of the
triplet is preserved.

This process is repeated for each measurement in succes-
sion. Let n be the measurement index. We consider the M ™ fit
output along with the corresponding R™ triangular matrices.
Ideally, the columns of the R™ matrices represent repeated
estimates of the rigid triplet, expressed in its £ —n — ¢ system.
These matrices can then be averaged to estimate the structure
of the magnetic assembly, denoted as (R).

As an alternative, each R™ can be analyzed to determine
the relative orientation of m;, D, and m, and their moduli
[see (1)], aiming to determine a mean value of R from the
averaged vectors. The two estimates may differ due to the
nonlinear operations involved. However, we experimentally
verified that the two methods lead to very close estimates
(within 1%, typically), and we opted for the first one, for its
simpler implementation.

Once a reliable estimation (R) of the triplet is available, the
best-fit procedure can be performed with a reduced number of
free parameters. In fact, besides 7, Bge, vectors, only three
angles—such as the Euler angles—are necessary to define a
rotation matrix U™ such that U™ (R) is the current configu-
ration of the magnetic source assembly.

Another well-known matrix factorization is the so-called
SVD, based on which a matrix A can be expressed as

A=UxVT )
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in which U and V are orthogonal matrices and ¥ is a diagonal
one with positive elements. In the general case, if A is an
m x n matrix, U ism x m, X ism x n, and V is n X n.
In our case n = m = 3, i.e., we deal with 3 x 3 matrices
only.

Consider the case that M™ and M?) contain the vectors
mi, D, and i, estimated in two instances. Let M® =
AP MP and hence A = M@ (MP)~!. In the case of a
rigid rotation, A is ideally an orthogonal matrix and its SVD
decomposition would lead to £ =1, being A = U VT,

In real cases, due to experimental uncertainties affecting
M™ and MP, A®™P) is only approximately orthogonal and
IE|] = ||¥ — I|| can be used to evaluate the discrepancy
between A and an exactly orthogonal transformation.

Alternatively, the discrepancy can be quantified by

Al !
e= » ,
Feo AN+HN+A
3
being )\; the eigenvalues of ¥ (the singular values of A) in
descending order, with e and f accounting for the anisotropy
and the scaling factor, respectively.
Instead of two independent measurements, M and M,
the SVD analysis may involve M™ and (R): this is the case
of (e, f) quantities reported in Section IV.

and

1 (6)
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