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Abstract

We study the null controllability for a degenerate/singular wave equation with drift in
non divergence form. In particular, considering a control localized on the non degen-
erate boundary point, we provide some conditions for the boundary controllability via
energy methods and boundary observability.
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1 Introduction

The aim of this paper is to study the null controllability for a degenerate hyper-
bolic equation with drift in presence of a singular term, with singularity at the same
point where the leading coefficient degenerates. To be more precise, we consider the

B Genni Fragnelli
genni.fragnelli @unisi.it
Dimitri Mugnai
dimitri.mugnai @unitus.it

Amine Sbai
a.sbai@uhp.ac.ma

Dipartimento di Ingegneria dell’Informazione e Scienze Matematiche, Universita degli Studi di
Siena, via Roma 56, 53100 Siena, Italy

2 Dipartimento di Scienze Ecologiche e Biologiche, Universita della Tuscia, Largo dell’Universita,
01100 Viterbo, Italy

3 Faculty of Sciences and Technology, MISI Laboratory, Hassan First University of Settat, B.P.
577, 26000 Settat, Morocco

4

Department of Applied Mathematics, University of Granada, Granada, Spain

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00245-025-10236-8&domain=pdf
http://orcid.org/0000-0001-8908-5220

43 Page2of32 Applied Mathematics & Optimization (2025) 91:43

following control problem:

tt a(x)uxx - U —- b(x)ux =0, ([,X) S QT»
d( ) 1.1
w(t,0) =0, u(t,1)= f(), t>0, (.1

u(0,x) =ug(x), u;(0,x)=ui(x), x € (0,1),

where Q = (0, +00) x (0, 1), A € R and ug, u; are the initial values. The control
function f, which is used to steer the solution to its equilibrium state 0 at a sufficiently
large time 7' > 0, acts on the non degenerate and non singular boundary point. The
interest in this kind of equation comes from the standard linear theory for transverse
waves in a string of length L under tension 7. Actually, if u(z, x) denotes the vertical
displacement of the string from the x axis at position x € (0, L) and time ¢ > 0, then
the classical wave equation can be rewritten as

92 92
SSen =aw ”(t x)+b( 12,

where a(x) := T(x)p~ ' (x), b(x) := T'(x)p~ ' (x). Here p(x) is the mass density
of the string at position x, while 7 (x) denotes the tension in the string at position x
and time ¢. If the string is made of a non homogeneous material, it can happen that at
some point, say x = 0, the density is extremely large or the tension is extremely small;
then the previous equation degenerates at x = 0, in the sense that we can consider
a(0) = 0. The remainder term is a drift one, and the resulting equation is thus a
degenerate equation with drift. For such a situation, in [8] the null controllability for
(1.1) with A = 0 is considered. For the same problem in divergence form we refer to
[30] for the prototype case (a(x) = x%, « € (0, 1)) and to [1] for a general function
a. (See also the arxiv version of 2015).

On the other hand, wave equations with singularities appear in some natural con-
texts, for instance when a gravitational-like potential is given (see the recent [28] and
[29]). Actually, the sign of A determines different physical interpretation and behaviour
of the system: indeed, if A < O the singular potential acts as a repulsive one, causing
the wave function to be pushed away from x = 0 (where the potential concentrates),
while if A > 0 it acts as an attractive potential. If the string has the physical structures
assumed above, we are in the simultaneous presence of a degeneracy and a singularity,
the object of the investigation of this paper.

Let us recall that null controllability for the one dimensional nondegenerate wave
equation can be attacked in several ways: for instance, consider

Urr — Uxx = folt, x), (t,x) € Oy,
u(,0)=0, u, 1)=f@), t>0, (1.2)
u(0,x) = up(x) € Hy (0, 1), u;(0,x) =uj(x) € L*0,1), x € (0, 1).

Here u is the state, while f,, and f are the controls: one may have f = 0 and f,
acting as a control localized in the subset w of [0, 1], or f,, = 0 and f acting as a
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boundary control. In any case, one looks for conditions in order to drive the solution
to equilibrium at a given time T, i.e. given the initial data (u¢, #1) in a suitable space,
we look for a control (f or f,) such that

u(T,x) =u;(T,x) =0, forallx e (0, 1). (1.3)

Clearly, due to the finite speed of propagation of solutions of the wave equation, we
cannot expect to have null controllability at any final time 7 (as in the parabolic case),
but we need T to be sufficiently large: for equation (1.2) it is well known that null
controllability holds if T > 2, see [35, Chapter 4]. Moreover, the Hilbert Uniqueness
Method (HUM) permits to characterize such a control in terms of minimum of a
certain functional. A related approach for (1.2) with f = 0 is showed in [34]. We
also mention the recent paper [36], where the author studies (1.2) with two linearly
moving endpoints, establishing observability results in a sharp time and deriving exact
boundary controllability results.

However, in recent years great attention is given to controllability issues for
parabolic problems not only with a degenerate terms, but also with a singular term.
Indeed, many problems coming from Physics (see [3, 32, 38]), Biology (see [6, 7, 14,
18, 19, 27]) or Mathematical Finance (see [31]) are described by degenerate parabolic
equations with a singular term. A common strategy in showing controllability is to
prove global Carleman estimates for the operator which is the adjoint of the given one.
In this framework, new Carleman estimates and null controllability properties have
been established in [5, 9, 10, 20, 33] for regular degenerate coefficients, in [7, 21, 24]
for non smooth degenerate coefficients and in [15-17, 22, 23, 25, 37] for degenerate
and singular coefficients.

Null controllability for wave equations with degeneracy and singularity in presence
of pure powers and in divergence form has been recently tacled in [2]. As far as
we know, this is the first paper to consider a degenerate hyperbolic equation in non
divergence form with drift, where both the degeneracy and the singularity are described
by more general functions. Clearly the presence of the drift term and of the singular
term leads to use different spaces with respect to the ones in [1, 2, 8] and give rise
to some new difficulties. As a consequence, the tools used in those papers cannot
be simply adapted and a different functional setting is needed, together with suitable
assumptions on b. For this, following [1] or [8], we consider two types of degeneracy
for a and b, which we introduce for a general function g.

Definition 1.1 A function g : [0, 1] — R is weakly degenerate at 0, (WD) for short,
if g € C°[0, 11N C'(0, 1] is such that g(0) = 0, g > 0 on (0, 1] and, if

x|g'()|
— = K,, 14
xe©.1] &) & 14

then K, € (0, 1).

Definition 1.2 A function g : [0, 1] — R is strongly degenerate at 0, (SD) for short, if
g€ C1[0, 1]is such that g(0) =0, g > O on (0, 1] and in (1.4) we have K, € [1, 2).
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Roughly speaking, when g(x) ~ xX, itis (WD) if K € (0, 1) and (SD) if K €
[1, 2). Notice that the case K > 2 is not considered, since controllability cannot hold,
not even when A = 0, see [8].

Remark 1 Although the prototypes we have in mind are a pure power degeneracy x X«
and a pure power singularity xX¢, in spite of the additional technicalities due to the
presence of general functions a and d (and b), we prefer to handle the general case, in
order to cover not only ideal situations. Moreover, this choice makes the paper more
general, not only a nondivergence version with drift of [2].

The paper is organized as follows: in Sect.2 we study the well posedness of the
associated problem with Dirichlet boundary conditions, which we need to study the
adjoint problem of (1.1); in Sect. 3 we consider such an adjoint problem and we prove
that for this kind of problem the associated (weighted) energy is constant in time.
Moreover, we prove some estimates of the energy and, thanks to them, we will prove
in Sect.4 boundary observabilities and null controllability for (1.1). The paper ends
with the Appendix where we present some technical results, which we postpone for
the readers’ convenience.

Concerning the controllability result given in Theorem 4.1 - the main result of
this paper -, we recall that it is a consequence of suitable observability inequalities
and an application of the HUM method. As for the classical case, such a result can
hold provided that the controllability time is sufficiently large. However, the value of
the optimal control time is not an issue for us. Indeed, even in the prototype case of
pure power functions for a, b and d, it is not easy to determine the minimum time
for controllability, since we don’t know the velocity of the wave; thus, for general
coefficients, the calculation of the optimal time seems to be impossible.

2 Well Posedness for the Problem with Homogeneous Dirichlet
Boundary Conditions

Consider the degenerate/singular hyperbolic problem with Dirichlet boundary condi-
tions

A
Vi —ayxx — =y — by, =0, (t,x) € (0, +00) x (0, 1),

d
y([, 1) = y(t, 0) = O, t e (0, +OO), (21)
y(0,x) = y3(x), xe O,
yl‘(()rx) = y%‘(-x)s X € (Oa 1)’

where the functional setting and the motivation for the notation of the initial data will
be made clear below.
We assume the following hypothesis.

Hypothesis 1 The functions a, b, d € CO[O, 1] are such that

b 1
1. —eLY0, 1),
a
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2. a(0) =d(0)=0,a,d >0on (0, 1],
3. there exist K1, K € (0, 2) such that K| + K7 < 2 and the functions

xki
and
xk2
X —> a0 2.3)

are nondecreasing in a right neighborhood of x = 0.

Remark2 We notice that our assumptions involve the coefficients a = ’T,o_l, and
b = T'p~!; this implies conditions on the string, and, in particular, on its physical
structure. Indeed, the request b/a € L! (0, ) readsas7'/T € L! (0, 1): in a vibrating
string the tension 7 is never 0, so the previous mathematical condition implies that
log 7 (1) —log 7 (0) € R, which is obvious also from a physical point of view.

It is clear that, if Hypothesis 1 holds, then

xy
lim — =0, 2.4)
x—0 a(x)
for all y > K and
Y
o, 2.5)

lim — =
x—=0 d(x)

forall y > K».
Let us remark that if a is (WD) or (SD), then (1.4) implies that the function

Y
X % is nondecreasing in (0, 1] for all y > K. (2.6)
a(x

In particular, the monotonicity condition of the map in (2.2) holds and

xVb(x)
a(x)

1
< —||bll7 o S 2.7
_a(l)” Iz 0,1 2.7

for all y > K. For further purposes, let us introduce

151 o0, 1)
a(l)

M= , 2.8)

noticing that if a and b are both (WD) or (SD), Hypothesis 1 reduces to require
be 10, 1) and K, + Kq < 2.
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Letus also remark that for the prototypes a(x) = xKandb(x) = x" withK € (0, 1]
and i > 0, the condltlon € L'(0, 1) is clearly satisfied when & > K — 1.

In order to study the Well -posedness of (2.1), we consider as in [8] the well-known
absolutely continuous weight function

*b
n(x) ;= exp {ﬁ %ds} , xe€]l0,1],
1oal

b
introduced by Feller several years ago. Since — € L! (0, 1), wefind thatn € CO[O, 11N
a

C1(0, 1]is a strictly positive function. When b degenerates at 0 not slower than a, for
instance if a(x) = xX and b(x) = x", K < h, then n can be extended to a function
of class C1[0, 1]. Now set

o(x) == a(x)n" ' (x),

and introduce, as in [12], the following Hilbert spaces with the related inner products
and norms

1 1 1 Lt2
L%0,1):= {u e L20, 1) | Jull1 < oo}, (u,v)1 :=f uv—dx, ||ul? =/ ~dx
ra o o 0 o o 0 O
and
H}(0,1):=L3(0,1)N Hy (O, 1),

1 1
2 2 2
o)y = Gwhy o+ [l =l + [ n0Rs,
c 0 o G 0
Notice that the presence of the weight 7 in the integrals above is non-essential, but it
is useful to have easier calculations in some steps below.
The following result holds:

Proposition 2.1 Assume Hypothesis 1. If u € H' (0, 1), then " € L*(0,1) and
i vod
there exists a positive constant C > 0 such that
1 MZ 1
/ —dx < cf n(u)’dx. (2.9)
0o od 0

Proof Takingu € H i (0, 1), recalling the monotonicity condition in Hypothesis 1, by

Hardy’s inequality one has

1 2
u
/_dx“%aﬁ‘”/ _d”C/O o

1
SC/ —zdxfé/ n(u')dx
0 X 0
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for some C, C > 0. O

Let
Cpy p be the best constant of (2.9), (2.10)

and let us remark that, if the monotonicity conditions in Hypothesis 1 are global, for
instance if a and d are (WD) or (SD), then the estimate in the proof of Proposition 2.1
shows that

4 max[o, 177
p= - .
a(l)d(l) mln[o,l] n

Cy

Another assumption we will use is the next one:

Hypothesis 2 The constant A € R is such that

1
A< —. @2.11)
Chp

Under Hypotheses 1 and 2, one can consider on Hi (0, 1) also the inner product

o

1 .
(u, v)1 1= (U, v)1 +f nu'v'dx — )L/ —dx,
o 0 0 od

which induces the norm

1 1.2
u
2 = [lull?} +/ n(u/)zdx—/\/ Z _dx.
3 0 0 od

o

Forallu e H i (0, 1), consider also the two norms

o

1 1
lulf :=/0 )’dx and |lu|f, :=/0 nu)*dx.

By Proposition 2.1 and the classical Poincaré inequality, it is straightforward to prove
the equivalence below.

Corollary 2.1 Assume Hypotheses 1 and 2. Then the norms || - |> |, || - I, || - ||%,o and

1>
L

I - ||%’. are equivalent in Hi O, 1).

o

Moreover, from (2.9), one can also deduce that there exists C > 0 such that

1.2 1
/ Tax < c/ W)2dx Ve H ). 2.12)
(U 0 o
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Thus the spaces HO1 (0, 1) and Hi (0, 1) algebraically coincide.

Now define the operator

Ay 1= ayxx + byx = o (Myx)x, (2.13)

for all y € D(A), where D(A) is the Hilbert space
H3(0, 1) := {u e HL (0, 1) | Au e L3 (0, 1)},

with inner products

+ (Au, Av)

(u, v>2, = (u, v)]’

1 1 1
o o o

or

(u, v)2 := (u,v)1 + (Au, Av)

1.
The following integration by parts holds.

Lemma 2.1 (see [7], Lemma 2.1) Assume Hypothesis 1. If u € Hi 0,1) and v €
H{ (0, 1), then

1
(Au,v)1 = —f nu'v'dx. (2.14)
0

1
o

In order to study the well posedness of problem (2.1), we introduce the operator

A
Ay = Ay + 77 Vy € D(Ay),
where

D(A;) = {u e HL (0, 1) | Ayu e L3 (0, 1)} . (2.15)

Remark 3 Notice thatif u € H i (0,1) and K, + 2K; < 2, reasoning as in the proof
of Proposition 2.1, we immediaately find that ?7 € LZl (0, 1), and sou € D(A,) if and
only if u € H?(0, 1), thatis D(A;) = H? (0, 1). ’

If K, + Z%d > 2, the definition ofED(A,\) is not sufficient to ensure that its
members are smooth enough to justify the integration by parts given in (2.14): indeed,

if u € D(A,), the request that o (nu')’ + 15 € Li doesn’t permit to take u in Hi,

2 2 . 2
L~ W near 0, and so, in general, d”z—g ¢ L0, 1).

since ——
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In view of the previous remark, we assume the following condition, which will
assume also for the final controllability result, see Theorem 4.1.

Hypothesis 3 Hypothesis 1 holds with K| + 2K, < 2.

Remark 4 We notice that Hypothesis 3 excludes the case of d being (SD). On the other
hand, a can be (SD), but in such a case d must be (WD) with small K.

Now, let us consider the matrix operator A : D(A) C Ho — Hp given by

A= <£ 16’), D(A) := D(A,) x H' (0, 1). (2.16)
A o
and
Ho = H1(0,1) x L% (0, 1) (2.17)

is endowed with scalar product

In this way, we can rewrite (2.1) as the Cauchy problem

{ym = AV, t>0, 218

Y(0) = b,

with

0
V() == (yy,) and Y 1= (ﬁ)

Theorem 2.1 Assume Hypotheses 2 and 3. Then the operator (A, D(A)) is non
positive with dense domain and generates a contraction semigroup (S(t))s>0.

For the proof of the previous theorem we use the next result.
Theorem 2.2 ([13], Corollary 3.20) Let (A, D(A)) be a dissipative operator on a
reflexive Banach space such that ul — A is surjective for some u > 0. Then A is

densely defined and generates a contraction semigroup.

Proof of Theorem 2.1 According to the previous theorem, it is sufficient to prove that
A D(A) — Hy is dissipative and that I — A is surjective.
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Ais dissipative: take (#, v) € D(A). Then (u, v) € H% 0,1) x Hl (0, 1) and so

Lemma 2.1 holds. Hence,

(A, v), (u, V)1, = ((, Ayu), (u, V))H,

1 1 1
1
:/ nu'v'dx —A/ —dx—i—/ vAyu—dx
0 0 od o
1 1 1 1 uv
:/ nu'v'dx — A/ Yk —/ nu'v'dx +A/ —dx =0.
0 0 od 0 0 od

I — Ais surjective: take (f, g) € Ho = Hi O, 1) x Lzl (0, 1). We have to prove that
there exists (u, v) € D(A) such that ’ ’

_ u\ _(f v=u-—f,
04 A)(U)_<g><:>{—Aw+u=f+g. (2.19)

Thus, define F : Hi 0,1) — Ras

1
F(2) =/ (f+g)zldx.
0 o

Obviously, F € H Il (0, 1), the dual space of H i (0, 1) with respect to the pivot space
L2l (0, 1). Now, introduce the bilinear form L : Hi 0, 1) x Hi (0, 1) — R given by

LI |
L(u, z) :=/ uz—dx—i—/ nu'z'dx — & —dx
0 o

forallu,z € H i (0, 1), which is well defined by Proposition 2.1. Clearly, L(u, z) is

coercive: indeed, for allu € H i (0, 1), when A < 0 we have

1,2 1 1,2

u " u
L(u,u):/ —dx+/ nu)“dx — A —dx

0 0 0 0o od

lMZ 1
z/ —dx+/ nw)dx = |lul} ;.
0 0 0 4

On the other hand, if A € (0, C—fl”)), then

1.2 1
L(u,u)z/ ”—dx+(1—Ach)/ n@)?dx = (1 = AChp)ull? .
0o O 0 o
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by (2.9). Moreover L(u, z) is continuous: indeed, one has

L@, D) = Nlull 2 o pllzl2 o.1) + (il + DI 20,10 121 220,1)-

forallu, z € Hi (0, 1), and the conclusion follows by (2.12).

As a conseqflence, by the Lax-Milgram Theorem, there exists a unique solution
ue Hi©,1)of

L(u,z) = F(z) forall z € H! (0, 1),

namely

1 1 1 1
d 1
f %dx—i-/ nu'z'dx —A/ 22 ax =/ (f +g)z—dx (2.20)
0o O 0 o od 0 o

forallz € H1 (0, ).
Now, take v :=u — f;thenv € Hi (0, 1). We will prove that (u, v) € D(A) and
solves (2.19). To begin with, (2.20) holds for every z € C2°(0, 1). Thus we have

1 1
1
'7d =f —u+212)—a
/Onuz X O(f+g u+ d)Zax

for every z € C2°(0, 1). Hence —(qu') = (f + g —u + )\5) é in the distributional
sense and a.e. in (0, 1); in particular, —o (nu')’ = (f + g —u + A%) a.e. in (0, 1),
thatis Ayu =o(qu’) +2% =—(f+g—u) € Li(O, 1);thusu € D(A) and (2.19)
holds. ’ o
Asusual in semigroup theory, the mild solution of (2.18) obtained by using Theorem
2.1 can be more regular: if )y € D(A), then the solution is classical, in the sense that
Y € CL([0, +00); Ho) N C([0, +00); D(A)) and the equation in (2.1) holds for all
t > 0. Hence, as in [1, Corollary 4.2] or in [4, Proposition 3.15], one can deduce the
next result.
Theorem 2.3 Hypotheses 2 and 3 hold. If (y., y1.) € H1 (0, 1) x L% (0, 1), then there

exists a unique mild solution
y € €' (10, +00): L3 (0. ) N € (10, +00); HL (0, 1))

of (2.1) which depends continuously on the initial data. Moreover, there exists C > 0
such that

| 5 { 1 (yly2 1
/ yelt, x) dx+f ny2(t, x)dx < C (/ @d;w/ n(y?)idX> @21
0 0 o 0

(e
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for every t > 0. Moreover, if(y%, le) € D(A)) x Hi (0, 1), then the solution y is

classical, in the sense that
y € €2 (10, +00): L3 (0. 1)) N €' ([0, +00); H} (0, 1)) N C (10, +00): D(A1)

and the equation in (2.1) holds for all t > 0.

Proof We only prove (2.21), the rest being standard. First, assume that y is a classical
solution for which (2.14) holds, for instance when (y2, y1.) € C°(0, 1) x C2°(0, 1) C
H3(0,1)x H{ (0, 1). Then, taken any # > 0, multiply the equation by - and integrate

over [0, 1] x [UO, t], obtaining

t 1
/ / ——(yf<r x)*dxdt + ~ f / ni@x(r,x)z)dxdr
// Ed_y (r x)dxdr.

As a consequence, !

12 ! L Oop)? 1
[ EDars [Cnamar= [ O / 109 3dx
0 0 0 ’

o
H/y(rx) (T)2
0

Now, if A < 0, the previous inequality, together with Proposition 2.1, immediately
give (2.21). On the other hand, if A € (O, C—;})), there exists ¢ > O suchthat \Cyp =
1 — e. In this way, by Proposition 2.1 we find

A/ )’(tx)d <(1_£)/ ny2dx
0

which, together with (2. 22) gives the desired statement.
Now, let (yT,yT) € H 0, 1) x L2 (0, 1) and take (yTn,yT W) € CX(0,1) x

C2°(0, 1) be such that (yT w yT W) = (yT, yT) in H 0,1) x L2 (0, 1) - recall that
C2°(0, 1) isdensein H1 (0, 1),and soin L2 0, 1), see[ll CorollaryZ 2]. In this way,

(2.22)

the mild solution y, to problem (2.1) with yT replaced by yT and yT replaced by yT n
is also classical, and thus (2.21) holds for y,. Moreover, by linearity of the equation,

it is readily seen that (2.21) implies that % + /1(yn), is a Cauchy sequence in

L2(0, 1). This permits to pass to the limit and show that (2.21) holds also for mild
solutions. O

! Notice that this equality is an obvious consequence of Theorem 3.1 below.
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Remark 5 Due to the reversibility in time of the equation, solutions exist with the
same regularity for # < 0. Indeed, the associated matrix operator is skew-adjoint and
it generates a Cq group of unitary operators on the associated reference space Hy by
Stone’s Theorem. We will use this fact in the proof of the controllability result, by
considering a backward problem whose final time data will be transformed in initial
ones: this is the reason for the notation of the initial data in problem (2.1).

3 Energy Estimates

In this section we prove estimates of the energy associated to the solution of (2.1)
from below and from above. The former will be used in the next section to prove a
controllability result, while the latter is used here to prove a boundary observability
inequality.

To begin with, we give the following lemma which will be crucial for the rest of the
paper. Some points are similar to the ones given in [8, Lemma 3.2] or in [26, Lemma
2.2]; however, due to the different domain of the operator A, some computations are
more complicate that those in [8, Lemma 3.2] or in [26, Lemma 2.2], for this reason
we will give the proof of the next lemma in the Appendix.

Lemma 3.1 Assume Hypothesis I.
1. Ifye D(A) andu € H} 0, 1), then lin})u(x)y’(x) =0.
Fi x—
2. Ifu e H' (0, 1), then lim “u*(x) = 0.
o x—0a

3. Ifuce H} 0, 1) and K1 + K, < 2, then lirr}) iduz(x) =0.
o x—>0a

2
4. Ifu e H' (0, 1), then lim “—u?(x) = 0.
i x—0 ad

5. Ifu € D(A), then lim x*>(u'(x))> = 0.
x—0
6. Ifu € D(A), K| < 1, then lir%x(u/(x))z =0.
x—

b
7. Ifu € D(A), K1 > 1 and © e L*(0, 1), then lirrbx(u’(x))2 =0.
a xX—
Now, let us introduce the definition of the energy.

Definition 3.1 For a mild solution y of (2.1) we define its energy as the continuous
function

1 ('T1
Ey(t) = —/ [—y?(r,x)+ny,%<r,x)— iyza,x)} dx, Vt=0.  (3.1)
2 0 g od

The definition above guarantees that the classical conservation of the energy still
holds true also in the degenerate/singular situation with a drift term, see Theorem 3.1
below.
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Theorem 3.1 Assume Hypothesis 1 and let y be a mild solution of (2.1). Then

Ey (1) = E,(0), Yi=>0. (3.2)

Proof First, suppose that y is a classical solution. Then multiply the equation by &,
o

integrate over (0, 1) and use the boundary conditions to get

0 1/1 d y,2 d [ =l /1 d fl )\ d
= - — | = )dx — 0+ X — — X.
2 )y at \ o NYxYtlx—0 0 NYxYtx o Gd}’)’t

Now, observe that, thanks to the boundary condition at 1, (ny, y;)(#, 1) = 0. Moreover,
thanks to Lemma 3.1.1 applied with u = y;, one has

lim n(x)y: (¢, x)yx(t, x) = 0.
x—0

Thus
1 L d [y? 1 L d /ay?
oz_/ (2 42 dx——/ LX) ax
2 Jo dt \ o 2 Jo dt \od

1 ('d y,2 ’ Ay? 1d
[ &(x B Vi = -2 E 0.
2/0 dt(o + od) Y= qa B

If y is a mild solution we can proceed with a standard approximation method with
more regular initial data, as in the proof of Theorem 2.3. O

Now we prove an inequality for the energy which we will use in the next section
to prove the controllability result. For that, we start proving the following result.

Moreover, we introduce the next assumption, which collects all the needed
requirements, in particular Hypothesis 3.

In order to face the original problem, we introduce the next assumption, which
collects all the needed requirements, in particular Hypothesis 3.

Hypothesis 4 Hypothesis 2 holds. Moreover, functions a,b,d € C 010, 1] are such
that

b 1
e —cL (0,1
a
e a and d are (WD) or (SD) with K, 4+ 2K, < 2.

Theorem 3.2 Assume a and d (WD) or (SD) with K, + 2K, < 2 and la—’ e LY, 1).
If y is a classical solution of (2.1), then for any T > 0 we have

1 T 1.2 =T 1 "_p 2
fn(l)/ (S 1)dr=/ [x y*y’} dx-i-f/ (2— M)xy—’dxdz
2 0 0 (e =0 2 or a g

1 b A 2 '—b)  xd
+/ xnyldxdt — 7/ x*ny? =dxdt + f/ 2 (2 _*a ) _ x—) dxdt.
or : 2 or a 2 or od a d

(3.3)
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Here Q; := (0, T) x (0, 1)

As a consequence, if Hypothesis 4 holds and if y is a mild solution of (2.1), then
ye(, 1) € L2(0, T) for every T > 0 and there exist two constants C; > 0,1 = 1, 2,
such that

T
n(l)f y2(t, )dt < CLE(0) + C2T Ey(0). (3.4)
0

Proof First, assume that y is a classical solution of (2.1). Then, multipling the equation
2
X7 Yx

(e

in (2.1) by and integrating by parts over Q7 we have

11,2 t=T Tr,2 7*=! 2
1 1
o= [&} a3 | [x_yg] arts [ (_) y2dxdt
0 o =0 o LO x=0 or \9 /Jx

2 1,2
—/ Ayx yxdxdt—k/ al yyxdx.
or o 0 od
2

Observe that by assumptions Au € Li O, 1),y € L?(0, 1) and % is bounded, thus

(3.5)

2
/ Ay wdxd t is well defined by Holder’s inequality. Moreover, also
or o

1.2
/ T e e R
0 od

Indeed, by Proposition 2.1 there exists ¢ > 0 such that

1,2
/ XTYVx
0 od

and Holder’s inequality permits to conclude. Hence, by (3.5),

17,2 1=T Tr,2 %=l 2
1 1
o= [ﬂ] a5 [ [Ly,z] arty [ (f) y2dxds
0 o t=0 2 0 o x=0 2 or 0 /Jx
x2yy,

_/ (nyx)xxz)’dedf - )»/ ———dxdt
or or od

1 2 t=T T 2 x=1 / 2
1 1 —b
:/ [u] dx_,/ {Lytz] d,+,/ (Z_M)x&dxdz
0 o =0 2 0 o x=0 2 or a o

T =1 A 2
,f [xznyf]x dt+[ nyx (x?yy)cdxdt — ,/ = (y),dxdt
0 x=0 or or od

2 Jo, 0

1r.2 =T Tr.2 x=1 ’ 2
1 1 —b
:/ [x yxyt] dx — 7/ |:x—y,2:| dt + 7[ (2 — La )) xy—’dxdt
0 o =0 2 Jo o =0 2 Jor a o

max(o,1) I
Vad() -~

1
< max [yl [yl Ly dx,

xKH—Kz 1
< iy |—dx5c/
o0 V" )y Vod ' Jad o Vod

2 Letus remark that, if @ and d are (WD) or (SD), then a good constant in such an inequality is
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Tr o, =l 5 A [T Ta2y? x=1
— [x nyx] dt + nyx 2xyy + x“yep)dxdt — - dt
0 x=0 or 2 Jo od x=0
A 2
+ff (x—> y2dxdt
2 or O’d x
1,2 1=T Tr,2 %=l T —
1 1 =1
-/ [ﬂ] ar-3 [ [Ly,z] ar—5 [ 2] 7
0 o =0 2 0 o x=0 2 0 x=0
A T 2. 2qx=l 1 "_p 2
— 7/‘ D dt + 7f 2 - Ma —b) xy—’dxdt—F/ xnyldxdt
2 0 od x=0 2 or a o or

1 b A 2 "—b d’
- 7/ xny? —dxdt + f/ rx (2 _xa ) _ x—) dxdt. 3.6)
2 Jor a 2 Jor od a d

As in [8], using Lemma 3.1, we can prove

=1
T X2 ) x N
—; dt = 0;

0 o x=0

2

in addition, thanks to Lemma 3.1, lim,_,¢ xzy)%(t, x) =0and lin}) yA(t, x)x—d =0,

X— a
so that
Tra o7 T
/ [x nyx] dt = n(l)/ yi (2, Ddt
0 x=0 0
and

,\fT[ sz}x_ldt 0
y — =V,
O Ud x=0

so that (3.3) holds true.

Now assume Hypothesis 4 and let us prove that inequality (3.4) holds. First, suppose
that y is a classical solution. As in [8, Theorem 3.4], one can prove that

t=T

1r.,2 1
/ [M] dx§2max{—,1}Ev(0).
0 o =0 a(l) V

Then, we estimate the distributed terms in the previous equation. Using (2.6), one
has

1 bx? M
— ‘/ niyfdxdt < —/ nyfdxdt,
21Jg; a 2 Jor

where M is defined in (2.8); moreover

1 2 '—b 24+ K, +M 2
_/ X 9 _ M dxdt| < 2t Rat M y—tdxdt
2Jo, O a 2 or O
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and, by Proposition 2.1,

A "—b d by 2
‘/yx<2—x(a ) _ X )dxdtfu y—(2+1< + Ky + M) dxdt
2 QT O'd a d 2 QT
M@+ Ky + Kg + M)C
_||(+ + Ky + )HP/ ny2dxds
2 or

Hence, by (3.3) and the previous computations, thanks to Theorem 3.1, we get

24+ K, + M 2
—n(l)f V2(t, 1)dt < 2 max )+ EEEatMD [0
(1) 2 0r O
M2+ K, + Kg+ M)C M
+ ||(+ at+ Kaqg+ )HP+—+1 nyfdxdt
2 2
or
< C1Ey(0) + C2TEy(0),
where
1
Ci=2max{——, 1
a(l)
and

Cy = max {|A2+ Ko + Ka + M)Chp + M +2,2+ K, + M} .

Now, let y be the mild solution associated to the initial data (y, y1.) € Ho, see
(2.17), and consider a sequence {(y%n, y}ﬂ)}neN Cc D(A) = Hi 0, 1) x Hi O, 1)
- see (2.16) - that approximates (yg, y}) and let y, be the classical solution of (2.1)
associated to (y%n, y}n) Clearly y, satisfies (3.4) and by linearity (y,) is a Cauchy

sequence in L(0, T') and we can conclude by passing to the limit. O

We shall also use an estimate from above for the energy. The next preliminary result
holds.

Theorem 3.3 Assume a and d (WD) or (SD) with K, + 2K; < 2 and fj e L'(0, 1).
If y is a classical solution of (2.1), then for any T > 0 the following identity holds:

1 T Urxyeys =T 1 b 1
Zn(l 2, 1)dt = [L] d——/ 2 2dxdt —/ 2 dxdt
2n( )/0 i@, 1) /0 e L QTxnayx X +2 or nyydx
1 x (a'—b 1 2 d "—b
+—/ 1—g d dt+— / y—(l—x (_+a ))dxdt.
2 Jo, a 2 Jor od d a

3.7
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Proof Multiplying the equation in (2.1) by ﬂ, integrating by parts over Qr and
ol
recalling (2.13) we have, as in [8, Theorem 3.6],

1 T x=1 1 1=T 1 b
_/ [xny)%] dt = / [xyxyz] dx — —/ xn—ygdxdl
2 Jo x=0 0 o t=0 2 or a

+1/ 1 X b)Y 1 2d dt+1/ 2dxdt
= - = X = X
2 or a Gyt 2 or M

—a / IV edr
or

o

(3.8)

Now, consider the last term in the previous equality:

2
5 )\. X
—A/ Xyidxd,:_,/ dedt
or do 2 or od

r T 2qx=l1 A 2 d 'd
:_7/ 2 dt+ff R PR L P 1)
2Jo Lod ] 2 Jo, od od
2

A T 2 qx=1 A d’ r_p
=_,/ xy” d,+,[ R R dxdt.
2Jo Lod Jio 2Jo, 0d d a
2

Clearly % (¢, 1) = 0. Moreover, the fact that K, + 2K; < 2 implies that
o

K, + K4 < 2,s0by Lemma 3.1.3 we find

[ xy?
Iim | — ) (t,x) =0
x—=0\ od

and the conclusion follows. O

In order to conclude the estimate which leads to the observability inequality, we
distinguish between two cases; the first case is when a is (WD) or (SD) with K, = 1,
while the second one is for @ (SD) and K, # 1.

Hypothesis 5 Hypothesis 4 holds with K, < 1 and K, < 2 — 2 M, Where M is
defined in (2.8)
Remark 6 1. The assumption K, < 2 — 2M implies that M < 1.

1
2. The assumption K, < 2 — 2M is clearly satisfied if ||b]| L (0,1) < ?. Indeed in

thiscase2 —2M > land K, < 1.
3. The assumption K, < 2 — 2M is not surprising since it is the same assumption
made in [8] when A = 0.

The observability inequality we get in this case is the following:
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Theorem 3.4 Assume Hypothesis 5. If y is a mild solution of (2.1), then there exists a
positive constant C3 such that for any T > 0 we have

T K
n(l)/ y2(t, )ydt > 2T <1 - 7 —M = ACup2+ K, + Kd)> Ey(0)
0

1
— {4max{1, E} + K, max {1, CHPI[I(}:’ﬁI)](d}} Ey(0),

if A <0, and

T K 2
n(l)/ y2(t, 1)dt > 2T (1 _La_ M) Ey0) +22—Ky—Kg—M) | 2dxdr
0 2 ° or od

1 1
- - <4max{m, 1} + K, max {1, Cyp 1[1(}211)](41}) Ey(0)

i e (0, CI?)
Here € € (0, 1) is such that

1
A= - -0 (3.10)
Cup Cup

Proof As a first step, assume that y is a classical solution. By multiplying the equation

. _Ka
in (2.1) by
o

4 and integrating by parts on Qr, we have

2

Ko (! =T K 2 K 1K,
0=_12a [&] dx + 29 [ 2axar - —“/ ny2dxdt + ~=° / Y dxar.
0 o dr=0 2 or O 2 or 2 or od

Summing the previous equality to (3.7) multiplied by 2, we have

T 1 =T K 1 =T K 2
n(l)/ y2(t, dt = zf [M] dx — =% [&] de+ =2 | axar
0 0 g t=0 2 Jo o dt=0 2 or O

Ka 2 yt2 2 b 2
- —/ nyxdxdt—&-/ —dxdt—i—/ nyxdxdt—/ xn—y;dxdt
2 Jor or 9 or or ¢4

x (@' = D) y? 2 d '_b AK 2
—/ gy—’dxdt—l-xf R (1 —x (— +1 ))dxdt + 2o / 2.
or a o or od d a 2 Jorod
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Analogously to what done in the proof of [§, Theorem 3.7] for A = 0, we find

r 1= T
77(1)/ yat, 1)dt22/ [ yxy, __/ yzy
0 0 o
K, 5
+t{1——-M ny;dxdt
2 or
K 2
+<1——“—M>/ X gxar
2 or O
2 / /
K, d -b
+)‘/ L 1+ —x +a dxdt.
or Ud 2 d a

First, we concentrate on the boundary terms. By the Schwartz inequality, for all
T € [0, T] we have

(3.11)

Xy (T, )i (T, %) b2 Uy (r,x)
’ f o () X‘S/o ety x)dHfo o

2
yi(t, x)
(1)/ (nyx)(r x)dx—l—/ pors ——dx

1,2
ax{—,l} ( nyf(r,x)a’x—l—/ de),
a(l) o 0 o

(3.12)

and by Proposition 2.1

Ka [&( x)dx
0

2

Ko 'y} K.Cyp by
< £ (1, x)d _ d ,x)d
=3 ./0 o (t,x)dx + 7 1[1&3117]( /0 ny;(t, x)dx

K 1 U y2(e,
Jmax{l’CHP maxd} (/ nyf(r,x)dx+f de)
4 0.1] 0 0 o

(3.13)

IA

forall T € [0, T].
Now, we proceed in different ways, according to the sign of A.

Case A € (0, #) In this case, by (3.10) and by (2.9),

1
/ nyxdx - f —dx > / nyxdx - - e)/ nyxdx = ef nyxdx
0 0 0

Thus, by Theorem 3.1, for all 7 € [0, T']

1 1,2
26,0 = 28,0 z ¢ [ D@+ [ LDy
0 0

o(x)
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1 1,2
> ¢ (/ (ny?)(t, x)dx ~|—/ de)
0 o o)

so that

1 1,2
/ (nyﬁ)(r,x)dx +/ de < %E},(O), (3.14)
0 o o) €

forall T € [0, T].
Thus, by (3.12) and (3.14) we get for any t € [0, T]

1
b b 2 l
2/ xyx (T, X)ye (T x)dx < 2 max 11 Ey(0), (3.15)
0 U()C) € a(l)
while from (3.13) and (3.14)
K ! K
_“/ 22 0dx| < 24 max |1, Cyp maxd } E, (0). (3.16)
2 )y o 2¢ [0.1] ]

Moreover, since A > 0, by Theorem 3.1 we have

2 1 1
K d —b
+x/ y—<1+—“—x(—+a ))dxdt
QTO'd 2 d a
Ka 2 yt2 y2
T
2 4 I
K K d —b
+x/ y—<<1——“—M>+1+—“—x(—+a ))dxdt
QTO'd 2 2 d a
2

K
> 2T (1 _ e M) Ey0)+ 22— Ky — Ka— M) | dxdr.
2 or od

Hence, from (3.11), (3.15), (3.16) and (3.17) we find the desired inequality.
Case . < 0. In this case, in (3.12) and (3.13) we can estimate the sum of the two
integrals in right-hand-side with E,(t) = E,(0) (by Theorem 3.1).
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Moreover, as in (3.17) we find

K 2

1-—-—2-M nyz—i-y—t dxdt
2 Yoo

or
2 / /
K d —-b
+/\/ y—<1+—“—x<—+a >>dxdt
QTO'd 2 d a
2

K
> 2T (1 -2 - M) Ey(0) + 22+ Ko+ Kag) | dxdt
2 or od

a

K
>2T <1 -5 - M) Ey(0) — [AM2Q2 + K4 + Kg)CpTEy(0),

and as before the conclusion follows.

Now, let y be the mild solution associated to the initial data (yg, y}) € Ho. By
approximation, as in the proof of Theorem 3.2, we get the same estimates for mild
solutions. O

Now assume the following

b
Hypothesis 6 Hypothesis 4 holds with 1 < K, <2 —2 M and i € L*>(0, 1).
a

Set

xb

a

Mo = (3.18)

L%(0,1)

Under Hypothesis 6, Theorems 3.3 and 3.4 still hold. Indeed, all the calculations made
in the proofs can be reformulated verbatim, substituting M with M ,. We briefly collect
this fact in the following

Theorem 3.5 Assume hypothesis 6; then the statement of Theorem 3.4 holds with M
replaced by M.

4 Boundary Observability and Null Controllability

Following [1], we recall the next definition:

Definition 4.1 Problem (2.1) is said to be observable in time T > 0 via the normal
derivative at x = 1 if there exists a constant C > 0 such that for any (y%, y}) € Ho
the mild solution y of (2.1) satisfies

T
CE,(0) 5/ y2(t, Ddt. (4.1)
0
Any constant C satisfying (4.1) is called observability constant for (2.1) in time 7.
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Setting
Ct :=sup{C > 0 : C satisfies (4.1)},
we have that (2.1) is observable if and only if

T
c o YE(r, 1ydt
T fr— ——————
0% yh#0,0  Ey(0)

1
The inverse of C7, ¢; 1= o is called the cost of observability (or the cost of control)
T

in time 7.

Theorems 3.4 and 3.5 admit the following straightforward corollaries.

Corollary 4.1 Assume Hypothesis 5 and

2—K,—-2M
— <A <0.
2Cyp 2+ K, + Ky)
If
C3
T > —, 4.2
> C 4.2)
then (2.1) is observable in time T. Moreover
C4T — C
Ccr>—_—2
n(1)
where
1
Cz;:=4max {1, — ¢ + K;max {1, Cyp maxd
a(l) [0,1]
and
K,
Cy:=2 I_T_M_ MCrp2+ K, + Ky) | .
Corollary 4.2 Assume Hypothesis 5, L€ (O, C—;})) and K, + Kg <2 - M. If
Cs
T > —, 4.3
> Ce 4.3)

then (2.1) is observable in time T. Moreover

CeT — C
Cng
n(1)

3
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where

4 1
Cs:=-max{——, 1} + K,max {1, Cyp maxd
€ a(l) [0,1]

and

Kq
Co:=1——-2—M.
2

Remark 7 Corollaries 4.1 and 4.2 still hold true if we replace Hypothesis 5 with
Hypothesis 6 and M with M.

We underline that boundary observability is no longer true when K, > 2. Indeed if
we consider the pure degenerate case, i.e. A = 0 and b = 0, one can consider the same
examples given in [8] with a(x) = xX_ K > 2, which shows the failure of boundary
observability.

In the rest of this section we will devote to prove null controllability for (1.1) stated
in Theorem 4.1. More precisely, given (ug, u1) € L2l 0,1) x Hl_1 (0, 1), we look for

o

acontrol f € LZ(O, T) such that the solution of (1.1) satisfies
u(T,x) =u;(T,x) =0, forallx € (0,1). “4.4)

For this last purpose, we first give the definition of a solution for (1.1) by transposi-
tion, which permits low regularity on the notion of solution itself: such a definition is

A
formally obtained by re-writing the equation of (1.1) as u;; — o (nuy), — Eu (thanks

to (2.13)), multiplying by v and integrating by parts. Precisely:
o

Definition 4.2 Let f € L}, [0, +00) and (uo, u1) € L3 (0,1) x H{'(0, 1). We say

loc

that u is a solution by transposition of (1.1) if
uec! <[o, +00); H{'(0, 1)> nc ([0, +00); L3 (0, 1))
and forall T > 0

1
1
0 |
<”t(T), UT> /0 —u(Tvpdx = {uy, U(0)>H;(0,1),H1%(0,1)

HY'0,1),H} 0,1)
o o

1 T
—/ luol),(O, x)dx +77(1)f f@®v. (e, 1)dt
00 0
4.5)
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for all (v, v}) € H] (0, 1) x L3 (0, 1), where v solves the backward problem

)y
Vit = AUxx = SV = bvy =0, (¢,x) € (0,+0c0) x (0, 1),

v(t, 1) = v(t,0) =0, t € (0, +00), (4.6)
u(T, x) = V2 (x), x € (0,1),
v (T, x) = vh(x), x € (0, 1).

Observe that, by Theorem 2.3, there exists a unique mild solution of (4.6) in
[T, 4+00). Now, setting y(¢, x) := v(T — t, x), one has that y satisfies (2.1) with
yg x) = v(} (x) and y} (x) = —v} (x). Hence, thanks to Theorem 2.3 one has that
there exists a unique mild solution y of (2.1) in [0, +00). In particular, there exists a
unique mold solution v of (4.6) in [0, T']. Thus, we can conclude that there exists a
unique mild solution

vec! ([0, +00): L3 0. 1)) nc ([0, +00): H1 (0, 1))

of (4.6) in [0, +00) which depends continuously on the initial data V7 := (vg, U]T) €
Ho.

By Theorem 3.1, the energy is preserved in our setting, as well, so that the method of
transposition done in [1] continues to hold thanks to (3.4), and so there exists a unique

solution by transposition u € C! [0, +00); HII(O, 1)) ncC ([0, +00); in (0, 1))

of (1.1), namely a solution of (4.5).

Now, we are ready to pass to null controllability, recalling that by linearity and
reversibility of equation (1.1), null controllability for any initial data (ug, u1) is equiv-
alent to exact controllability, see [1]. In order to prove that (1.1) is null controllable,
let us start with

Hypothesis 7 Assume

e Hypothesis 5 with —% <A <0and 4.2),or

Hypothesis 5 with Le (O, #) and K, + K5 <2 — M and (4.3), or

e Hypothesis 6 with —% <A <0and4.2),or

) and K, + Ky <2 — My, and (4.3).

Hypothesis 6 with Le (O

_1
> Cyp
Moreover, we recall the Hilbert space introduced in (2.17)

Ho == H1 (0, 1) x L} (0, 1),

endowed with the inner product

! L | Ui
((u,v), (@, V), = / nu'i' dx —+—/ vi—dx — k/ —dx
0 0 o o od
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for every (u, v), (i, v) € Hop, which induces the equivalent norm

Il (u, v)|13 :=/ln(u’)2dx+/lu2ldx—1/lﬁdx.
Ho 0 0 o 0 Gd

On the product space Ho x Ho, consider the bilinear form A defined as

T
A (Vi W) 1= n(l)/ v, Dws (1, di
0

where v and w are the solutions of (4.6) associated to the final data Vy := (v(}, v})
and Wr = (wg, wlr), respectively. The bilinear form A is continuous and coercive

(see Lemma 5.1) and thanks to these properties one can prove the null controllability
for the original problem (1.1). In particular, defining 7y as the lower bound found in
Corollaries 4.1 and 4.2, which changes according to the different assumptions used
therein, one can prove the next result, whose proof is postponed in the Appendix.

Theorem 4.1 Assume Hypothesis 7. Then, for all T > Ty and for every (ug, uy) in
L2l 0,1) x HII(O, 1) there exists a control f € L*(0, T) such that the solution of

(I'1) satisfies (4.4).

5 Appendix

For the readers’ convenience, in this section we prove some results used throughout
the previous sections.

5.1 Proof of Lemma 3.1

1. We will actually prove an equivalent fact, usually appearing in integrations by parts,
namely that

lim n(x)u(x)y’(x) = 0.
x—0
For this, consider the function

2(x) i= n@ux)y'(x), x € (0,1].

As in [8] or in [26] one can prove that z € wil (0, 1). Indeed

1
/ |zldx < Cllull 20, 1)I1¥ 20,1y
0
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thus z € L'(0, 1). Moreover
Z'(x) = (ny)'u+ny'u’

and
1
/
/ nly'u'ldx < Clly ||L2(0,1)||u/||L2(0,1)-
0
It remains to prove that (ny’)u € L'(0, 1). To this aim observe that
N N
(my)udx = oy’ gdx.

Thus, by Holder’s inequality and Proposition 2.1,

1
/ |(ny") uldx < | Ayl L flull 1,
0 o o

for a positive constant C. Thus z’ is summable on [0, 1]. Hence z € wbhl,1) —
C]0, 1] and there exists

limoz(x) = lim0 nx)u(x)y'(x) =L e R.

We will prove that L = 0. If L # 0 there would exist a neighborhood Z of 0 such that

LI Iny'ul
2 — 9

for all x € 7; but, by Holder’s inequality,

X
()| 5/0 W Ol < V200

Hence

IL]
5 = Iny"ul < InlloolyIv/*1lull 20,1y

for all x € 7. This would imply that

/ IL]
1> =
201Nl 20,1y 1Mo/

in contrast to the fact that y’ € L(0, 1).
Hence L = 0 and the conclusion follows.
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2. Using the fact that #(0) = 0, we have

X
()| sf W (01t < VI 201
0
thus

2
X 2 X 2
—u(x) < —|u .
a(x) ( ) = a(x) ” ||L2(0,1)

By (2.4), it follows the thesis.
3. As in the previous point, we know that

lu(x)| < Vxllu'll 120,13

thus
2
2 < x— 2
adm" Y = aam " o
By assumption we have that
1 1 1 1

< d —< ———,
a0 —axk MY 40 S dxk
Hence

2

2 2
a()dx) " () = a(hd(1) xKi+K2 17 20,1y

Using the fact that K1 + K> < 2, the claim follows immediately.
4.1f K1+ K> < 2,then we can deduce the thesis by the previous point. If K1+ Ky =
2, then proceeding as before, one has

2 2

2
amam " @ =

2(x) 2(x)

X
= a(d() xk &= dmam

and the thesis follows immediately.
5. It is a straightforward consequence of the first point. Indeed, it is enough to
choose any function u € H i (0, 1) such that u(x) = x in a right neighborhood of 0,

and squaring.
6. Consider the function z := xn(x) (1’ (x))%. We have

7 =)+ xn' @) + 2xnqu'u” = n)? + 2xu’ (qu') — xn’ W')?.
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Since K, < 1, one has that x'(u’)?> € L'(0, 1). Moreover, 2xu’(nu’)’ belong to
L'(0, 1); indeed, as before,

/

/
x(qu)'u'dx = xo(nu’)’u—dx = Aul
o o

/
Clearly, Aut ¢ L0, 1); hence z € W-1(0, 1) and lim,_,¢ z(x) = 0.
o

7. We can proceed as above, observing that

=

b
xn—u')?
a a

171l o0 0,1y ).

‘xn/(u/)2’ —
L(0,1)

5.2 Proof of Theorem 4.1

The proof of Theorem 4.1 is based on the following properties of A.

Lemma 5.1 Assume Hypothesis 7. Then, the bilinear form A is continuous and
coercive.

Proof By Theorem 3.1, E, and E,, are constant in time and thanks to (3.4), one has
that A is continuous. Indeed, by Holder’s inequality and Corollary 2.1,

T
A (Vr, Wr)| < n(l)/o lox (1, Dwy (7, 1)| dt

T 3 T 3
< <n(l)/0 vi(, l)dt) <;7(1)/0 w(z, 1)dt)

1 1
< CEj(T)Ey(T)

1 1 2 1 1
<C (/ de +/ nv)zr(T,x)dx —/ &UZ(T, x)dx)
0 o 0 o d

1 1 2 1 1
‘ / (CINCIA / (T, x)dx — / "W (T, vdx
0 o 0 o d

= C (D), ve(T) 1y 1w (T, we (T M3y = CNVT gy IWT N4 5

1
2

1
2

for a positive constant C independent of (Vy, Wr) € Hy x Hp.
In a similar way, one can prove that A is coercive. Indeed, by Theorem 3.4, for all
Vr € Hyp, one immediately has

T
A(Vr, Vr) = / n(Dy(t, Ddt = CrEy(0) = CrEy(T) = C || Vr i, -
0
for a positive constant C. O
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Proof of Theorem 4.1 Consider the continuous linear map £ : Ho — R defined as

1
upvy (0, x)
L(Vr) 32/0 [de — {u1, U(O)>H11(0,1),Hi(0,1)’

where v is the solution of (4.6) associated to the final data V7 := (v9, v}) € Ho.

Thanks to Lemma 5.1 and by the Lax-Milgram Theorem, there exists a unique V7 €
Ho such that
A (Vr, Wr) = L (Wr) forall Wy € H. 5.1

Set f(t) := v,(¢, 1), v being the solution of (4.6) with initial data V. Then, by (5.1)

T T
71(1)/0 FOwx(t, Ddt 77(1)/0 v (t, Dwy (7, Ddt = A (Vp, Wr) = L(Wr)

1
1
= —(u, w(o)>H;(0,1),H;(0,1) +/0 ;uowl(O, x)dx,

(5.2)

for all Wy € Hy. Finally, denote by u the solution by transposition of (1.1)

T 1 1
n(1) / FOwete, Dt = (uy (), wy) / ~u(T)whdx
0 0 O

HY'(0,1),H} (0,1)
o o

1
1
— (u1, W(0)>H;1(071)7H1%(0’1) +/O ;uow,(o,x)dx.

(5.3)
By (5.2) and (5.3), it follows that
1
<u (T) w°> — f L mywhdx =0
ST o0y Jo o T ’
for all (w), w}.) € Ho. Hence, we have
u(T,x) =u,(T,x) =0 forallx € (0, 1).
[m}
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