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Abstract
In this work, the estimation of species richness is approached from a design-based perspective, considering 
the probabilistic sampling of species and checking the performance of the estimators automated in the SPADE 
software. As shown theoretically and by a simulation study, these estimators are affected by a massive 
negative bias. To reduce the underestimation of species richness, data integration is attempted, by 
exploiting the list of rare species compiled by purposive surveys. Richness estimation is then performed on 
the residual community of species not in the list, and a bootstrap mean squared error estimator is applied. 
A simulation study and the application to four case studies produce encouraging results.
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1 Introduction
When communities of animals or plants contain species with very different characteristics and in
comparable abundances, the number of species in the study region, usually referred to as species 
richness, constitutes the most straightforward method of analysing diversity (Hurlbert, 1971). In 
most cases, the complete list of species is an unknown characteristic of natural communities, so 
species richness constitutes an unknown parameter. Species lists can be compiled by purposive in
vestigations, traditionally performed by botanists (Palmer et al., 2002), or through sample surveys 
of probabilistic nature (Bunge & Fitzpatrick, 1993).

When species lists are compiled by subjectively searching for species, nothing can be stated about 
the reliability of these investigations, or, as pointed out by Stevens (1994, Section 2.2), only model- 
based inference can be attempted. In these cases, the author underlies as the properties of species rich
ness estimators are not objective because they strictly depend on the more or less realistic assumptions 
of the model that has been supposed to have generated the sample. Notably, this type of inference is 
traditionally adopted in species richness estimation, in which, as discussed later in the article, data are 
traditionally supposed to be generated by the so-called Bernoulli product model (Colwell et al., 
2012). On this issue, Chiarucci (2007) stigmatizes naturalists ‘that continue to ignore these argu
ments and collect their data on the basis of preferential choices’, suggesting that in these cases they 
should avoid the term sampling and should avoid any statistical inference, simply describing their 
works as descriptive field recognition of natural communities. Similarly, Albert et al. (2010) note 
that probabilistic sampling is often difficult to perform when surveying natural communities due 
to logistic problems such as time, money and accessibility and that, ‘unfortunately’, ‘this often leads 
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to the implementation of simplified or so-called convenience sampling designs which, like all nonpro
babilistic designs, suffer from unknown biases’. In addition, Boyd et al. (2023) evidence that, in the 
era of big data, naturalists now have access to very large nonprobability samples obtained from digi
tized museum and herbarium collections or from data collected for species atlases or citizen science. 
Therefore, naturalists often justify the use of nonprobability samples on the basis of their large sizes. 
Additionally, in this case, the authors warn against the use of these nonprobability large sets of data, 
as ‘quantity of data is no substitute for representativeness’.

Alternatively, if probabilistic sampling schemes are executed, the resulting estimators of species 
richness can be objectively evaluated from their design-based sampling distributions arising from 
the schemes actually adopted in the field rather than on the basis of some assumptions about sampling 
and about the communities under study (e.g. Gregoire, 1998; Särndal et al., 1992). As stated by 
Särndal et al. (1992, p. 21), the great appeal of a design-based approach is that ‘Design-based infer
ence is objective, nobody can challenge that the sample was really selected according to the given sam
pling design. The probability distribution associated with the design is real, not modelled or assumed’. 
Nevertheless, in their seminal paper, Palmer et al. (2002) warn botanists against the use of probabil
istic sampling (what they call objective methods) because objective methods ‘are likely to miss the rare 
or unclassifiable habitats that are likely to contribute the most to regional diversity. The error in
volved in extrapolation can be tremendous. Indeed, it is unlikely that such methods can outperform 
the guesses of experienced botanists’. The authors also emphasize that ‘Experienced botanists gener
ally have a strong intuition or ‘educated guess’ about where to direct one’s efforts in collecting speci
mens. Botanists are drawn to unusual habitats, edges between vegetation types, environments 
suspected to be species rich, and geomorphic features such as bluffs, outcrops, streams, etc. 
Botanists often intensify their efforts when they detect new or scarce species, and move more quickly 
through areas in which the species are commonplace’. Finally, the authors conclude that ‘The expe
rienced botanist, using internal ‘algorithms’, will most likely outperform any objective methodology 
if the goal is to maximize species encountered’.

Based on these considerations, the purpose of this article is to conciliate these conflicting opinions 
by adopting a sort of data integration, i.e. the merging of probabilistic and opportunistic, preferential 
data, that has been successfully attempted in several environmental surveys (e.g. Adde et al., 2021; 
Bowler et al., 2019). In this framework, our goal is to exploit the valuable information acquired 
by nonprobabilistic surveys, especially regarding the rarest species which are difficult to sample, to 
modify an estimate of species richness obtained from a probabilistic sample. In this way, considering 
the information acquired from the nonprobabilistic survey to be fixed, the uncertainty of the resulting 
data integration estimator continues to stem from the sole sampling scheme adopted in the probabil
istic survey, so that a rigorous and objective design-based inference can be performed.

Accordingly, the first step is to choose a sample-based estimator of species richness with appeal
ing design-based properties to be subsequently modified based on the information acquired from 
the nonprobability sample. To this end, for the first time in the literature, our study views the es
timation of species richness from a design-based perspective, in which species are selected by 
means of independent replications of a probabilistic sampling scheme (e.g. plots or transects ran
domly and independently located in the study region).

The familiar estimators of species richness, automated in the popular SPADE software and then 
widely applied in environmental studies—in most cases disregarding the sampling protocols—are 
checked theoretically from a design-based perspective. In addition, empirical testing of the perform
ance of these estimators is carried out by a simulation study performed on two real communities of 
trees: the Barro Colorado Island (BCI) community and the Harvard Forest (HF) community. The re
sults of our theoretical and empirical investigations are discouraging and should warn naturalists 
against the uncritical use of the software, with all the estimators automated in SPADE affected by 
large negative biases due to the missing of rarest species. Moreover, the results recognize the Lee 
and Chao (1994) original estimator as the best design-based performer and then as the unique can
didate to be adopted in data integration.

The article is organized as follows. In Section 2, we introduce the issue of the probabilistic sampling 
of species, distinguishing between the sampling of plant and animal communities. In Section 3, we con
sider the design-based characteristics of data arising from the probabilistic sampling of species, outlin
ing their few properties that simply and uniquely stem from the independent replications of the 
sampling schemes. In Section 3, we also distinguish between sampling schemes in which agglomerates 
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of units are selected at each replication and sampling schemes that instead select single units, indicating 
that schemes selecting single units are not considered in the article because they are difficult to imple
ment in natural communities, where selections are usually performed by plots, transects, nests, or 
traps. In Section 4, we describe the rich sequence of results achieved in a model-based framework under 
the Bernoulli product model, which has generated a set of estimators of wide use, referred to as non
parametric estimators, most of which are automated in the free software SPADE (Chao et al., 2015). In 
Section 5, we approach these nonparametric estimators from a design-based perspective, outlining 
some theoretical drawbacks that may cause large negative bias and recognizing the estimator originally 
proposed by Lee and Chao (1994) as the most appealing from a theoretical point of view. In Section 6, 
we perform a design-based simulation study on BCI and HF communities that fully confirms the the
oretical concerns raised about nonparametric estimators, whereas the same simulation extended in 
Section 7 confirms the Lee and Chao (1994) estimator to be the best performer. Therefore, in the 
same section, we attempt to reduce bias by using a data integration approach based on the original 
idea proposed by Chiarucci et al. (2018), which involves exploiting the lists of rare species usually com
piled by ecologists in purposive surveys. These lists are used to recognize those species that are surely 
present in the community and then to estimate the richness in the residual community of species not 
included in the purposive lists. To this end, we adopt the Lee and Chao (1994) estimator to estimate 
the richness in the residual community. We check the performance of the proposed data integration 
estimator and a bootstrap estimator of its mean squared error via the same simulation study described 
in Section 6. In Section 8, the proposed method is applied to estimate the species richness in four com
munities of vascular plants located in nature reserves and parks in Central Italy. Concluding remarks 
are presented in Section 9. For brevity, details on the basic concepts of design-based inference are not 
reported and can be found in the first chapters of many textbooks on survey sampling (e.g. Fuller, 2009; 
Hedayat & Sinha, 1991; Särndal et al., 1992; Thompson, 2012), while details on sampling plant and 
animal communities, on BCI and HF communities and some proofs and tables are reported in the ap
pendices of the online supplementary material file.

2 Probabilistic sampling of species
We consider a natural community (animals or plants) within a study region A. The community can 
be viewed as a without-frame population U of N units scattered on A. If K species are present, the 
community is partitioned into K subpopulations U1, . . . , UK of size N1, . . . , NK, where Ul de
notes the set of Nl units belonging to species l. We denote the frame of species partitioning the com
munity as the species list L and the number of species K as the species richness.

S ⊂ U denotes the sample of units selected from the community by means of a suitable sampling 
scheme that induces the inclusion probabilities of single units. Usually, schemes suitable for nat
ural communities are such that the inclusion probabilities can be determined at least for the se
lected units. This feature is important because it allows for the Horvitz–Thompson estimation 
of the totals of some interest attributes (e.g. abundance, biomass, and basal area). However, 
when species rather than units are to be sampled, we view each subpopulation Ul as a unit itself 
and the species list L as a population. Because species are difficult to sample as unknown assemb
lages of units spread across the study region, the natural way to sample species is to sample units so 
that a species is sampled if at least one unit of that species is sampled. Accordingly, any possible 
sample of units S ⊂ U univocally determines the corresponding sample of species D ⊂ L, and the 
scheme adopted to sample units univocally determines the species sampling design, i.e. the prob
ability distribution over the collection D of all the possible samples of species. In turn, the species 
sampling design determines the species inclusion probabilities π1, . . . , πL, i.e. the probabilities 
that single species are selected, and the species joint inclusion probabilities πl,h for each 
h > l ∈ L, i.e. the probabilities that pairs of species are selected jointly. The joint inclusion prob
abilities strictly depend on species overlap or avoidance, i.e. species that tend to occupy similar 
habitats have high probabilities of being sampled jointly, as opposed to species that tend to occupy 
different habitats. Independence of species inclusion, i.e. πl,h = πlπh for each h > l ∈ L, never oc
curs for the sampling schemes usually adopted in natural communities.

Notably, even if the schemes adopted to sample units allow for the quantification of their inclusion 
probabilities, the quantification of species inclusion probabilities is generally precluded because it 
would entail the knowledge of all of the units belonging to a species together with their locations in 
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the study region. This fact precludes the use of the Horvitz–Thompson criterion for estimating species 
richness. We detail schemes for sampling units (and subsequently species) in natural communities in the 
online supplementary material, Appendix A, where we distinguish between the sampling of plants or 
animals. Animals are usually sampled if they are observed from transects or points or by cameras, or if 
they are captured by nests or traps. Therefore, the probability of sampling an animal depends on many 
factors (e.g. visibility conditions and observer ability) and cannot be physically defined in terms of in
clusion regions, as in the case of plant communities (online supplementary material, Appendix A). 
Usually, some assumptions are introduced to perform inference on animal species richness. 
Therefore, even if we generally refer to natural communities, it is worth noting that a genuine design- 
based approach to species richness estimation is possible only for plant communities in which species 
inclusion probabilities are well defined (even if unknown) and do not vary among sampling occasions. 
The same inference can also be performed to estimate the richness of animal communities but at the 
cost of supposing that there is a well-defined inclusion probability for each species that does not 
vary between different sampling occasions.

3 Design-based properties of data from species sampling
We consider a sampling scheme adopted to select units in a natural community that induces a sam
pling design over D. Then, we introduce a one-to-one mapping Z from D to {0, 1}K such that for 
each D ∈ D, Z = Z(D) is a K-vector Z = [Z1, . . . , ZK]t with Zl = I(l ∈ D) for each l ∈ L. The dis
crete random vector Z has support {0, 1}K and probability function:

p(zm) = θm, zm ∈ {0, 1}K, (1) 

where z1, . . . , zM are the M = 2K vectors of {0, 1}K written in a lexicographic order, such as 
(0, . . . , 0), . . . , (1, . . . , 1), and θ = [θ1, . . . , θM]t is an M-dimensional parameter varying in 
the parametric space Θ = {θ : 0 ≤ θ j ≤ 1,

􏽐M
j=1 θ j = 1}. In this way, the uncertainty arising from 

species sampling is transferred to the parameter θ. Accordingly, Pθ and Eθ denote the design-based 
probability measure and expectation.

According to Equation (1), each marginal variable Zl has support {0, 1} and 
Pθ(Zl = 1) = πl, so that Eθ(Zl) = πl and Eθ(Z) = π, where π = [π1, . . . , πK]t is the vector of spe
cies inclusion probabilities. For some proofs in the online supplementary material file, π(1) 

denotes the smallest inclusion probability and K(1) denotes the number of species with inclu
sion probability π(1).

In most cases, a natural community cannot be adequately sampled by means of only one run of 
the sampling scheme. Thus, we suppose that the sampling scheme is independently replicated n 
times (e.g. n plots or transects are randomly and independently located in the study region). 
The replications give rise to n independent samples of species D1, . . . , Dn that in turn give rise 
to n iid random vectors Z1, . . . , Zn from Equation (1), which are usually gathered in the K × n ran
dom matrix Z(n) = [Z1, . . . , Zn] in which the (l, i)-element is the random variable Zl,i,n, which is 
equal to 1 if the species l is sampled at the ith replication and is equal to 0 otherwise. Due to 
the independence of replications, the distribution of Z(n) continues to be determined by θ, so 
that Pθ and Eθ also denote the probability measure and expectation induced by the n independent 
replications of the sampling scheme.

Now, we use D(n) =
􏽓n

i=1 Di to denote the pooled sample of species and Qobs,n to denote the total 
number of sampled species. Notably, only Qobs,n rows out of the K rows of Z(n) are observable (those 
having at least one 1), whereas the remaining K − Qobs,n rows of 0’s cannot be observed. The 
K-random vector Xn =

􏽐n
i=1 Zi plays an important role in the estimation of species richness, where 

the marginal random variable Xl,n yields the number of replications in which species l is sampled. 
While the analytical formulation of the design-based joint distribution of Xn is prohibitive to derive, 
due to the independence of replications each marginal variable Xl,n has a binomial distribution with 
parameters n and πl. Once again, only Qobs,n components out of the K components of Xn are actually 
observable (those having positive values), whereas the remaining K − Qobs,n components equal to 0 
cannot be observed. A further synthesis of the incidence matrix is provided by the (n + 1) random 
vector Qn = [Q0,n, Q1,n, . . . , Qn,n]t, where Qx,n =

􏽐
l∈L I(Xl,n = x) is the random variable that gives 
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the number of species detected in x replications. Obviously, the number of unsampled species Q0,n is 
not observable, whereas the n vector Qn/0 = [Q1,n, . . . , Qn,n]t is a genuine statistic that can be ex
ploited in species richness estimation.

Unfortunately, even the analytical formulation of the design-based joint distribution of Qn is 
prohibitive to derive, and only the expectations of each single component can be analytically de
rived. Indeed, from the binomial distribution of each Xl,n, it follows that:

Eθ(Qx,n) = n
x

􏼒 􏼓
􏽘

l∈L

πx
l (1 − πl)

n−x, x = 0, 1, . . . , n. (2) 

Equation (2) provides the unique theoretical support for the design-based estimation of species 
richness, which is the price that must be paid to work from a design-based perspective, without 
assuming models.

Notably, the literature on species sampling traditionally distinguishes two kinds of schemes 
for selecting units from communities: schemes that, at each replication, select agglomerates of 
units by means of devices such as plots, transects, nests, or traps, and schemes that, at each 
replication, randomly select single units (Chao, 2005; Chao & Chiu, 2016a, 2016b). In the first 
case, the resulting data matrices Z(n) are referred to as incidence data, and they are the types of 
data previously considered in this section. This data format is particularly convenient in natural 
communities because only the presence or absence of a species is recorded at each replication, 
neglecting the number of individuals whose quantification may be problematic in the presence 
of highly abundant species, such as insects, grass species, or species exhibiting clonal reproduc
tion (Palmer, 1990). However, the literature on species richness estimation has traditionally 
considered schemes in which a single individual is randomly selected at each replication with 
replacement. In this case, the resulting data are referred to as abundance data because the ran
dom variable Xl,n now provides the abundance of units of species l that are present in the final 
sample of n individuals. Many estimators of species richness were originally proposed for abun
dance data and subsequently adapted to incidence data. Familiar examples are the Chao1 es
timator (Chao, 1984), followed by the Chao2 estimator (Chao, 1987), and the ACE 
estimator (Chao & Lee, 1992), followed by the ICE estimator (Lee & Chao, 1994). 
However, in natural communities, in which species exhibit spatial aggregation, the random se
lection of single units with replacement, similar to balls from an urn, is difficult to implement 
(e.g. Chiu, 2022). As noted by Wang (2010), abundance data are realistic in other fields of ap
plication, such as the analysis of gene expression data. From a design-based point of view, 
abundance data are generated by designs of much lower entropy with respect to those gener
ating incidence data. Indeed, in the case of abundance data, the support of the discrete random 
vector Z reduces to the standard base of RK, and the possible samples are constituted by single 
species, so that their probabilities coincide with the species inclusion probabilities that sum to 1 
and are proportional to the species abundances in the whole community. In addition, the joint 
inclusion probabilities are invariably zero because only one species is selected at each replica
tion. In practice, abundance data constitute particular cases of incidence data and are collected 
by sampling schemes that are difficult to implement in natural communities. For these reasons, 
we avoid considering estimators based on abundance data.

4 Model-based view of species sampling and richness estimation
The Bernoulli product model (BPM) was originally introduced by Burnham and Overton (1978)
to estimate animal population sizes from capture–recapture experiments. The analogy between 
capture–recapture population size estimation and species richness estimation from incidence 
data has been well recognized (e.g. Chao & Chiu, 2016b). In typical capture–recapture experi
ments, data consist of an individual-by-trapping sample matrix with rows that correspond to in
dividuals, columns that correspond to trapping occasions and elements that correspond to either 
the capture (1) or noncapture (0) of individuals. Thus, an individual in capture–recapture studies 
corresponds to a species in species richness estimation, and a trapping occasion corresponds to a 
replication.
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As stated in the Section 1, since the seminal paper by Burnham and Overton (1978), and without 
any reference to the sampling scheme adopted to select species, the matrix of incidence data is trad
itionally supposed to be generated by the BPM

Pr(Z(n); π) =
􏽙n

i=1

􏽙

l∈L

πZl,i

l (1 − πl)
1−Zl,i =

􏽙

l∈L

πXl,n

l (1 − πl)
n−Xl,n (3) 

The BPM is based on three assumptions: (i) the n sampling occasions are independent; (ii) species 
inclusion probabilities are constant between occasions, and (iii) species selections at each sampling 
occasion are independent events. The BPM is presented in the literature as a general, unavoidable 
framework for performing species richness estimation (e.g. Chao & Colwell, 2017; Chao et al., 
2014; Colwell et al., 2012). Despite its wide use, it should be noted that while Assumption (i) is 
ensured by independently replicating the sampling scheme (e.g. independent location of plots or 
transects) and Assumption (ii) is ensured by the type of community (e.g. it surely holds in plant 
communities as outlined in the online supplementary material, Appendix A), Assumption (iii) is 
unrealistic in the presence of incidence data due to the tendency of species to aggregate or to avoid 
each other.

Moreover, considering Equation (3) and supposing that π1, . . . , πK are iid random variables 
from a distribution F, Burnham and Overton (1978) demonstrated that Qn has a multinomial dis
tribution with parameters K and gF = [gF(0), gF(1) . . . , gF(n)]t, where:

gF(x) = n
x

􏼒 􏼓

∫10 πx(1 − π)n−x dF(π) for x = 0, 1, . . . , n (4) 

so that the vector Qn/0 = [Qn,1, . . . , Qn,n]t is the minimal sufficient statistic irrespective of F, 
which allows for the estimation of species richness by exploiting the best synthesis of the incidence 
data.

In this framework, estimation can be performed on the basis that Qobs,n is binomial with pa
rameters K and 1 − gF(0). Accordingly, a pseudo-maximum likelihood estimator (Gong & 
Samaniego, 1981) for K can be obtained by 􏽢KPMLE,n = Qobs,n(1 +􏽢φ), where φ = gF(0)/{1 − 
gF(0)} is the odd of missing a species. In practice, the problem of estimating K reduces to that 
of estimating φ in a parametric way, by supposing a parametric model for F (e.g. Chao, 2005, 
pp. 7908–7909 and many references therein), or in a nonparametric way, leaving F unspecified 
(e.g. Norris & Pollock, 1998; Wang, 2010; Wang & Lindsay, 2005). Chao (2005, p. 7909) 
criticizes the parametric approach, emphasizing the difficulty in specifying the mixing distribution 
F. The author noted that ‘Two models with different mixing distributions may fit the data equally 
well, but they yield widely different estimates’. In addition, Mao and Lindsay (2007) showed that 
if the support of the mixing distribution F is arbitrarily near 0 (i.e. if it does not exist a π0 such that 
π > π0), no unbiased estimator for K and no genuine two-sided confidence interval exist. Even if 
this result is originally achieved by supposing a Poisson distribution for Xl,ns, it also holds in the 
binomial case. Therefore, considering that the distributions of species inclusion probabilities in 
natural communities are in most cases highly spiked at 0 (e.g. Figures B2 and B3 in the online 
supplementary material, Appendix B), it seems quite unrealistic to presume a lower threshold 
π0 in real cases.

The above concerns have led to the wide use of so-called nonparametric approaches, which 
avoid the maximum likelihood criterion and for which the species richness is simply estimated 
by suitable functions of the components of the minimal sufficient statistics Qn/0. In addition, 
due to the convergence of Qn/0 to normality that holds under the BPM for large K, variance esti
mation and the construction of confidence intervals are performed by standard methods.

Most nonparametric estimators have long been automated in the free software SPADE (Chao 
et al., 2003). Due to the possibility of computing estimates, variance estimates and confidence in
tervals by means of a well-known, easily accessible software—continuously improved in an 
R-based version referred to as SpadeR (Chao et al., 2015; Chao & Shen, 2010)—SPADE software 
is widely applied by botanists, foresters, and zoologists. For these reasons, we focus our attention 
on the nonparametric estimators implemented in SPADE.
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5 Design-based view of nonparametric estimators
In this section, we show that all of the nonparametric estimators automated in SPADE have a 
design-based nature because they can be derived simply from the independence of the replications 
that in turn determines the basic Equation (2) while disregarding the BPM. From the same equation, 
we also derive the design-based properties of these estimators. In addition, we consider two real 
communities of trees to check the estimator performance in real cases: the BCI community, which 
is a portion of a tropical forest on Barro Colorado Island (Panama) within a rectangular stand of 
50 ha composed of N = 221,758 trees and K = 302 species, and the HF community, which is a 
portion of a temperate forest in Massachusetts within a rectangular stand of 35 ha composed of 
N = 77,536 trees and K = 55 species (see the online supplementary material, Appendix B for de
tails). We sampled both communities by means of n = 10, 20, 50 circular plots of 10 m radius, 
which were randomly and independently located in the stands, and we determined the species inclu
sion probabilities of the species encountered during plot sampling (see the online supplementary 
material, Appendix A). As it is customary in natural communities, the resulting sets of species inclu
sion probabilities give rise to heavy-tailed distributions clumped near 0, with frequencies that slowly 
decrease toward 1 (see Figures B3 and B4 in the online supplementary material, Appendix B).

According to Equation (2), the design-based expectation of Qobs,n is given by

Eθ(Qobs,n) = K −
􏽘

l∈L

(1 − πl)
n. (5) 

Equation (5) is well known as the species accumulation curve, as it describes the increase in the ex
pected number of sampled species as the number of replications increases (Colwell & Coddington, 
1994). For finite n, Qobs,n is a design-biased estimator of K with a negative bias that approaches 0 
as n increases. However, the bias is relevant, and it slowly approaches 0 when there are many species 
with small inclusion probabilities. This condition is apparent in the BCI and HF communities (see 
Figure 1), where the expectations of Qobs,n are plotted for n = 10, 20, 50 (black line) and from the per
centages of the relative bias reported in Table 1. In both communities, the species accumulation curves 
slowly approach the horizontal black lines representing the true species richness, with approximately 
30% of the species remaining undetected notwithstanding the sampling effort of 50 plots, which means 
there was approximately one plot per ha, field work that is hardly sustainable in real surveys.

In this framework, nonparametric estimators can be viewed as criteria to reduce the bias of 
Qobs,n to achieve approximately unbiased estimators of K. Based on the criteria adopted, we 
grouped the nonparametric estimators automated in SPADE into jackknife estimators, 
CHAO2-type estimators, and ICE-type estimators.

5.1 Jackknife estimators
As jackknife techniques constitute very common tools for reducing bias, Heltshe and Forrester 
(1983) proposed estimating K via a first-order jackknife on Qobs,n. Deleting one replication at a 
time, the first-order jackknife estimator of K is given by

􏽢Kjack,n = Qobs,n +
n − 1

n
Q1,n. (6) 

Based on Equation (2), the design-based expectation of Equation (6) is given by

Eθ(􏽢Kjack,n) = K −
􏽘

l∈L

(1 − πl)
n−1(1 − nπl). (7) 

Subsequently, Smith and Van Belle (1984) proposed the use of a second-order jackknife. Deleting a 
pair of replications at a time, the second-order jackknife estimator of K is given by

􏽢Kjack2,n = Qobs,n +
2n − 3

n
Q1,n −

(n − 2)2

n(n − 1)
Q2,n (8) 
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Figure 1. Design-based expectations of observed species (OBS, first line from the bottom) and jackknife estimators 
(JACK1, JACK2; fourth and fifth lines from the bottom) and values of the Chao lower bounds (CHAO2, third line from 
the bottom) and of the Lee and Chao (L&C, sixth line from the bottom) and homogeneous model (HM, second line 
from the bottom) approximators achieved with n = 10, 20, 50 circular plots of 10 m radius, which were randomly and 
independently located in the stands of the Barro Colorado Island (a) and Harvard Forest (b) communities compared 
with their true species richness represented by the black horizontal lines.
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Based on Equation (2), the design-based expectation of Equation (8) is given by

Eθ(􏽢Kjack2,n) = K −
􏽘

l∈L

(1 − πl)
n−2 n2π2

l

2
− 2nπl + πl + 1

􏼒 􏼓

. (9) 

D’Alessandro and Fattorini (2002) provided theoretical justifications for the design-based inad
equacy of jackknife estimators to reduce the bias of Qobs,n, on the basis of the failure of the 
Qobs,n statistic to satisfy some standard conditions required by the jackknife to be effective (see, 
e.g. Shao & Tu, 1995, Section 2.4.2). This situation is apparent in the BCI and HF communities 
(see Figure 1), where the expectations of the jackknife estimators are plotted for n = 10, 20, 50 
(light and dark green lines), and from Table 1, which reports the percentages of the relative 
bias. Despite a bias reduction, the convergence of expectations toward the black horizontal lines 
of true species richness is similar to that provided by Qobs,n, and the bias is approximately −15%, 
notwithstanding the great sampling effort of 50 plots.

5.2 Chao2-type estimators
These estimators are based on the Chao inequality, which was originally derived in capture–recap
ture experiments (Chao, 1987). The same inequality can be derived from Equation (2), exploiting 
the Cauchy–Schwarz inequality (see, e.g. Chao & Colwell, 2017), so that it also holds in a design- 
based framework. From Equation (2), it follows that:

KChao2,n = Eθ(Qobs,n) +
n − 1

2n

Eθ(Q1,n)2

Eθ(Q2,n)
(10) 

is a lower bound for K. Chao (1987) proposes to estimate KChao2,n instead of K, giving rise to the 
following estimators, which were implemented in SPADE:

􏽢KChao2,n = Qobs,n +
n − 1

2n

Q2
1,n

Q2,n
(11) 

􏽢KChao2−bc,n = Qobs,n +
n − 1

2n
Q1,n Q1,n − 1

( 􏼁

Q2,n + 1
(12) 

to be used instead of 􏽢KChao2,n when Q2,n = 0 (Chao et al., 2015) and

􏽢KiChao2,n =􏽢KChao2,n +
(n − 3)Q3,n

4nQ4,n
max 0, Q1,n −

(n − 3)Q2,nQ3,n

2(n − 1)Q4,n

􏼔 􏼕

(13) 

Table 1. Percentages of the relative bias of observed species (OBS) and jackknife estimators (JACK1, JACK2) and 
percentages of the approximation errors of the Chao lower bounds (CHAO2) and the Lee and Chao (L&C) and 
homogeneous model (HM) approximators achieved with n = 10, 20, 50 circular plots of 10 m radius, which were randomly 
and independently located in the stands of the Barro Colorado Island (BCI) and Harvard Forest (HF) communities

STAND n OBS JACK1 JACK2 CHAO2 L&C HM

BCI 10 −54 −39 −33 −40 −11 −49

20 −43 −29 −23 −31 −8 −40

50 −31 −19 −15 −22 −4 −30

HF 10 −52 −36 −28 −37 −2 −47

20 −41 −25 −19 −29 0 −38

50 −28 −17 −14 −21 −2 −27
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which exploits the additional information provided by Q3,n and Q4,n to obtain an ‘improved’ 
reduced-bias estimator (Chiu et al., 2014).

Even if KChao2,n converges to K as n increases (online supplementary material, Appendix C), and 
despite the emphasis given to the inequality (e.g. Chao & Colwell, 2017), the approximation to K 
is accurate in unrealistic situations in which species inclusion probabilities are quite homogeneous. 
Otherwise, when rare and common species are present, resulting in high variability in the odds of 
missing species, KChao2,n approaches K very slowly (online supplementary material, Appendix C). 
This situation is apparent in the BCI and HF communities (see Figure 1), in which the lower 
bounds are plotted for n = 10, 20, 50 (blue line), and from Table 1, which reports the percentage 
approximation errors. In both communities, KChao2,n converges very slowly to the black horizontal 
lines representing the true species richness, with approximation errors of approximately 20% even 
with 50 plots. In these situations, the CHAO2-type estimators, estimating these bounds, are likely 
to heavily underestimate the actual richness.

5.3 ICE-type estimators
These estimators are based on the following approximation to K, which was originally derived in 
capture–recapture experiments by Lee and Chao (1994):

KL&C,n =
Eθ(Qobs,n)

Eθ(Cn)
+

Eθ(Q1,n)
Eθ(Cn)

γ2, (14) 

where Cn is the sample coverage and γ2 is the squared coefficient of variation of the species inclu
sion probabilities. In the case of incidence data, Cn and γ2 are respectively given by

Cn =
􏽐

l∈L πlI(Xl,n > 0)
􏽐

l∈L πl 

and

γ2 = K

􏽐
l∈L π2

l
􏽐

l∈L πl
( 􏼁2 − 1 (15) 

while from Equation (2) Cn has design-based expectation

Eθ(Cn) = 1 −
􏽐

l∈L πl(1 − πl)
n

􏽐
l∈L πl

(16) 

Based on Equation (14), Lee and Chao (1994) propose estimating KL&C,n instead of K. In the 
online supplementary material, Appendix D, we prove that the approximator (14), henceforth re
ferred to as the L&C approximator, continues to hold in a design-based framework, so that the 
estimation criterion proposed by the authors continues to hold in this framework.

If the variability of species inclusion probabilities is neglected, i.e. γ = 0, the approximator de
fined in Equation (14) reduces to the so-called homogeneous model (HM) approximator

KHM,n =
Eθ(Qobs,n)

Eθ(Cn)
. (17) 

Both approximators converge to K as n increases (online supplementary material, Appendix E), 
but while KHM,n has an approximation error asymptotically equivalent to the bias provided by 
Qobs,n (online supplementary material, Appendix E, Equation E2) so that any estimator based 
on it is destined to fail, the idea of considering the heterogeneity of species inclusion probabilities 
by KL&C,n is effective. This situation is apparent from Figure 1, where the approximators KL&C,n 

and KHM,n in the BCI and HF communities are plotted for n = 10, 20, 50 (red and orange lines), 
and from Table 1, which reports the percent approximation errors of the two approximators. 
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In both communities, the values of KL&C,n are the closest to the black horizontal lines representing 
the true species richness, and the relative errors are close to 10% or smaller, even for sampling ef
forts of 10 and 20 plots. The effectiveness of the L&C approximator with respect to the Chao2 
approximator is apparent: while KChao2,n is a lower bound achieved from the Cauchy–Schwarz in
equality so that it always under-evaluates K being accurate only in unrealistic situations in which 
the inclusion probabilities are quite homogeneous, KL&C,n is equivalent to K as n increases and co
incides with K up to an infinitesimal of higher order than the variance of the inclusion probabilities 
(Supplementary Material Appendix D, Equation D4).

Notwithstanding the theoretical appeal of the L&C approximator, the SPADE implementation 
of the estimators based on KL&C,n is questionable. This implementation stems from the idea of 
Chao et al. (1993), which, when estimating the number of different bugs in software from abun
dance data, suggest choosing a cutoff value x0 so that bugs are partitioned into those detected 
more than x0 times, referred to as frequent bugs, and those detected no more than x0 times, re
ferred to as infrequent bugs. Since frequent bugs are likely to be detected, the authors suggest ig
noring them and applying the Chao and Lee (1992) estimator only to estimate infrequent bugs. 
The number of bugs detected more than x0 times is then added to the resulting estimate. To our 
knowledge, the performance of this proposal has been checked only once: in the original paper 
by Chao et al. (1993), which describe their simulation study in which the abundance data were 
generated from several artificial sets of detection probabilities. Nevertheless, the splitting proced
ure had already been implemented at the time of the first version of SPADE and had also been ex
tended to incidence data (Chao et al., 2003). In practice, the KL&C,n and KHM,n approximators 
(Equations (14) and (17)) are exploited to estimate the number of infrequent species with a default 
value x0 = 10, giving rise to the ICE, ICE1, and HM estimators. For brevity, we do not report the 
huge expressions of the ICE estimators, which are reported in the online supplementary material, 
Appendix F. Rather, we outline that the proposal of splitting natural communities into frequent 
and infrequent species, depending on the random vector Qx, is likely to involve an additional 
source of uncertainty over that involved by the sole sampling scheme. This issue, together with 
the unsuitable use of the HM estimator as an initial estimate of K, which is necessary in the esti
mation of γ2, is likely to deteriorate the performance of ICE and ICE1.

5.4 Variance estimation
While the nonparametric estimators automated in SPADE, i.e. jackknife estimators, CHAO2-type 
estimators and ICE-type estimators, hold in a design-based scenario due to Equation (2) and irre
spective of the BPM, their variances and the subsequent variance estimators adopted in the litera
ture and implemented in SPADE are strictly of model-based nature being invariably based on the 
asymptotic normality of Qn derived from the BPM. Therefore, we do not consider the variance 
estimators adopted in SPADE because they are completely outside the design-based perspective. 
Moreover, given the presence of a large negative bias that, as theoretically argued in this section, 
is likely to affect nonparametric estimators in real situations, the estimation of variance seems to be 
a quite useless task. Rather, reliable evaluations of the actual precision should be based on mean 
squared error estimators.

6 Simulation studies
We empirically checked the performance of the nonparametric estimators adopted in SPADE by 
conducting a design-based simulation study performed on the BCI and HF communities. As in the
oretical investigations, for both communities we considered n = 10, 20, 50 plots of 10 m radius, 
and we conducted R = 10,000 simulation runs. At the rth run, we randomly and independently 
locate n plots recording the species contained within them, achieving an incidence matrix of n col
umns and as many rows as the number of sampled species. The matrix was subsequently passed as 
input in the R-based version of SPADE (Chao et al., 2015).

Based on the Monte Carlo distributions achieved from the R runs, for both communities, for 
each estimator and for each n, we empirically computed the expectation of estimators En and 
their mean squared errors MSEn, from which the values of the relative bias RBn = (En − K)/K, 
the standard errors SEn =

�������������
MSEn − E2

n

􏽰
and the relative root mean squared errors RRMSEn = �������

MSEn
√

/K were derived. Regarding the performance of the standard error estimators and the 
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actual coverage of the confidence intervals, in the case of the HF community the software repeat
edly crashed when computing the standard error estimates of the ICE-type estimators. Therefore, 
for the HF community, we report only the RB and RRMSE values. On the other hand, in the case 
of the BCI community, for each estimator and for each n, we empirically achieved the expect
ation of the standard error estimators ESEn, the coverage of the 0.95 confidence intervals 
C95n and their expected relative length ERL, i.e. their expected length divided by K. Then, the 
ratios RATn = ESEn/SEn were derived to check the tendency of these model-based estimators 
to overestimate/underestimate the true standard errors. The simulation results are reported in 
Table 2.

The results in Table 2 fully confirm the theoretical concerns outlined in Section 5 regarding the 
nonparametric estimators, as it is apparent from the Monte Carlo expectations of the eight esti
mators. The expectations of the resampling estimators are very similar to the theoretical expres
sions, confirming the reliability of the simulation. The expectations of the CHAO2-type 
estimators follow the trend of the lower bounds they are estimating. The estimator based on 
HM approximation is the worst and the ICE-type estimators greatly underestimate the L&C ap
proximator due to the unsuitable implementation discussed in Section 5.3.

In general, the most serious drawback is the massive presence of negative bias induced by the loss 
of rare species. For the sampling effort of 10–20 plots, the negative bias ranges from 20% to 40%, 

Table 2. Monte Carlo percentages of the relative bias (RB), relative root mean squared errors (RRMSE), coverage of 
the 0.95 confidence intervals (C95) and their expected relative lengths (ERL), and ratio of the expectations of the 
standard error estimators to the true values (RAT) for the nonparametric estimators applied to Barro Colorado Island 
(BCI) and Harvard Forest (HF) communities

BCI HF

ESTIMATOR n RB RRMSE C95 ERL RAT RB RRMSE

First-order Jackknife 10 −39 39 0 0.12 71 −36 38

20 −29 29 0 0.12 81 −25 27

50 −19 19 0 0.11 87 −17 19

Second-order Jackknife 10 −32 33 0 0.19 85 −28 32

20 −23 24 4 0.20 92 −19 24

50 −14 15 34 0.19 95 −14 18

Chao2 10 −39 40 2 0.22 86 −29 39

20 −30 31 7 0.21 89 −22 31

50 −21 21 16 0.18 89 −17 23

Chao2-bc 10 −40 41 1 0.21 85 −36 40

20 −31 31 5 0.20 87 −28 32

50 −21 22 11 0.17 88 −21 23

iChao2 10 −37 37 1 0.14 51 −26 39

20 −27 28 4 0.14 52 −20 31

50 −19 20 9 0.12 53 −15 23

ICE 10 −38 38 0 0.18 84 −30 34

20 −31 31 0 0.15 86 −25 28

50 −22 23 0 0.12 85 −21 22

ICE-1 10 −32 33 12 0.28 94 −17 33

20 −27 28 7 0.22 95 −19 26

50 −20 21 7 0.16 91 −19 21

Homogeneous model 10 −49 49 0 0.07 49 −46 47

20 −39 39 0 0.06 53 −35 36

50 −27 28 0 0.06 57 −25 26

J R Stat Soc Series C: Applied Statistics, 2025, Vol. 74, No. 3                                                               895
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssc/article/74/3/884/7986096 by Biblioteca centrale Ingegneria Siena user on 29 O
ctober 2025



and it remains over 14% even with 50 plots. In addition, for the BCI community, the model-based 
estimators of standard errors show underestimations that range from 50% to 5% and that shorten 
the confidence intervals. The short length of the confidence intervals is apparent when comparing 
the ERL values in Table 2 with 4 times the relative sampling errors that, in the normal case, approxi
mately represent the ERL necessary to achieve confidence intervals with a coverage of 95%.

The effect of large bias, which incorrectly centres the intervals, combined with the underestimation 
of standard errors, which reduces the interval lengths, leads to disastrous results for confidence inter
vals with risible values of coverage. Being funny, we should speak of distrust intervals rather than con
fidence intervals.

Similar results were achieved in a simulation study by Chiu (2022), which, to our knowledge, 
constitutes a unique investigation of design-based nature performed on a real community in which 
incidence data were generated from the community via the sampling scheme adopted in the simu
lation. This approach contrasts with the plethora of simulations performed in the literature on 
richness estimation, most of which generated data from artificial sets of inclusion probabilities 
in accordance with the BPM. Analogous to our study, the author generated incidence data via 
quadrat sampling (online supplementary material, Appendix A) performed on the BCI community 
of K = 298 species censused in 1985. For a sampling effort of n = 40 quadrats of side 20 m, i.e. for 
an effort comparable to n = 50 plots of 10 m radius, the main concern remains the negative bias, 
which is invariably greater than 14% for both the nonparametric and pseudo-maximum likelihood 
estimators and the subsequent risible coverage of the confidence intervals.

Notably, in addition to SPADE, the SPECIES package by Wang (2011) has been widely 
adopted, as it provides simple R functions to compute species richness estimates from some 
pseudo-maximum likelihood and nonparametric methods. As the software is designed to 
work with abundance data, it should not be used with incidence data collected from natural 
communities. However, because, in the end, all of the estimators considered in SPECIES are 
functions of Qn/0, they can also be attempted with incidence data. Therefore, we have checked 
the performance of these estimators by employing the same simulation study that checked the 
performance of the estimators automated in SPADE. The simulation results are available to 
the authors but are not reported because they do not show any improvement with respect to 
the results of Table 2.

7 Data integration proposal
According to the theoretical and empirical investigations described in Sections 5 and 6, it is our 
impression that the literature on species richness estimators and the related software do not pro
vide naturalists with reliable methods for achieving point and interval estimates from incidence 
data collected in natural communities via sustainable sampling efforts. To address this issue, an 
alternative solution is necessary.

7.1 The Lee and Chao estimator
Based on the appealing result from the L&C approximator in Equation (14), we attempted a more 
effective estimation of this approximator, avoiding the partition between frequent and infrequent 
species adopted in SPADE. For this purpose, we exploited only the estimator originally proposed 
by Lee and Chao (1994, Equation 3.18):

􏽢KL&C,n =
Qobs,n

􏽢Cn

+
Q1,n

􏽢Cn

􏽢γ2
n (18) 

henceforth referred to as the L&C estimator, where, quoting again from the same paper (Equation 
3.20):

􏽢Cn = 1 −
Q1,n

􏽐n
x=1 xQx,n

(19) 

Regarding Equation (19), we prove that it is a design-unbiased estimator of Eθ(􏽢Cn) up to the first 
order of approximation (online supplementary material, Appendix G). Regarding the estimation 
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of γ2 in Equation (18), we slightly differ from Lee and Chao (1994, Equation 3.22), as we adopt the 
estimator:

􏽢γ2
n = max 􏽢K0,n

n
􏽐n

x=1 x(x − 1)Qx,n

(n − 1)
􏽐n

x=1 xQx,n
( 􏼁2 − 1, 0

􏼨 􏼩

, (20) 

where 􏽢K0,n is an initial estimate of K. Up to the first-order approximation, we prove that the fraction 
in Equation (20) is a design-unbiased estimator of the fraction in Equation (15) (online 
supplementary material, Appendix H). As an initial estimate of K, we used the second-order jack
knife estimator, which has proven to be the best performer in our simulation study.

We then checked the performance of the L&C estimator by using the same simulation study de
scribed in Section 6. Table 3 reports the values of the relative bias and relative root mean squared 
errors, showing that 􏽢KL&C,n provides the best performance with respect to the nonparametric es
timators considered in SPADE, even if the bias remains relevant for sampling efforts of 10 plots 
and, in the BCI community, also 20 plots.

7.2 Data integration
In accordance with a novel drift of survey sampling, usually referred to as data integration (e.g. 
Kim & Tam, 2021), we attempted to further reduce the bias of the L&C estimator by joining 
the information acquired in purposive surveys performed to detect the rarest species with the in
formation gathered by the probabilistic surveys, as proposed by Chiarucci et al. (2018). In this art
icle, L0 denotes the community of the K0 rare species detected by means of one or several purposive 
surveys. We then adopted the L&C estimator to estimate the number of species in the residual 
community L − L0 of species not included in the purposive list. In practice, we propose as estima
tor of species richness the data integration estimator

􏽢KDI,n = K0 +􏽢K
(L−L0)

L&C,n , (21) 

where 􏽢K
(L−L0)

L&C,n is the L&C estimator in Equation (18) applied to the community L − L0 (see online 
supplementary material, Appendix I for details on the estimator defined in Equation (21)). In prac
tice, according to Equation (21), we estimate the approximator to K by means of

KDI,n = K0 + K(L−L0)
L&C,n (22) 

which is achieved from data integration by the sum of K0 plus the L&C approximator in Equation 
(14) applied to the community L − L0 (see online supplementary material, Appendix J for details 
on the approximator in Equation (22)).

From a theoretical point of view, the improvement entailed by data integration in estimating spe
cies richness is easy to see. First, the knowledge that K0 rare species—hardly detectable by probabil
istic sampling—are present in the community obviously reduces the missing of species that constitutes 
the main reason for the failure of species richness estimators. This fact is clearly apparent from the 

Table 3. Monte Carlo percentages of the relative bias (RB) and relative root mean squared errors (RRMSE) for the Lee 
and Chao estimator applied to Barro Colorado Island (BCI) and Harvard Forest (HF) communities

BCI HF

n RB RRMSE RB RRMSE

10 −28 29 −16 30

20 −18 19 −7 23

50 −9 11 −6 16
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species accumulation curves obtained via data integration, which are invariably above those achieved 
from the whole community, with faster convergence rates to K (online supplementary material, 
Appendix J, Equation J4). In addition, we prove in online supplementary material, Appendix J, 
Equation J8 that the approximator defined in Equation (22), which was achieved by data integration, 
provides more accurate approximations to K than the L&C approximator in Equation (14). 
Therefore, the data integration estimator in Equation (21) that estimates the approximator in 
Equation (22) is likely to perform better than the L&C estimator in Equation (18), which instead es
timates the approximator in Equation (14).

However, apart from these theoretical considerations, from a practical point of view, it is apparent 
that the effectiveness of the estimator in Equation (21) strictly depends on the ability to detect the rar
est species via opportunistic surveys. To this end, we once again quote from Palmer et al. (2002), 
which consider purposive surveys to be the unique effective methods for detecting most rare species 
otherwise missed by probabilistic sampling. In addition, Alessi et al. (2023) emphasize the utility of 
combining probabilistic and opportunistic sampling, pointing out that ‘The combination of probabil
istic and preferential sampling approaches may detect different facets of plant community diversity, 
revealing both common and rare species distributions and abundances’. Based on these considera
tions, the use of data integration seems appealing from both theoretical and practical points of view.

7.3 Design-based estimation of precision
With respect to the design-based estimation of precision, in contrast to the model-based case, we 
have no asymptotic result to exploit. We only have available the independence between the col
umns of the incidence matrix which is not assumed but is ensured by the replications of the sam
pling scheme. We then estimated the mean squared error of 􏽢KDI,n via a bootstrap procedure 
performed by B independent resamplings of Z1, . . . , Zn. At each bth resampling, we randomly 
and independently selected the n columns Z∗1,b, . . . , Z∗n,b that constitute the bth bootstrap inci
dence matrix Z∗(n),b from which the bth bootstrap estimate 􏽢K

∗

DI,n,b was computed via Equation 
(21). The bootstrap estimator of the mean squared error is given by

􏽤mse∗n,B =
1
B

􏽘B

b=1

(􏽢K
∗

DI,n,b −􏽢KDI,n)2 (23) 

from which we obtained the bootstrap estimate of the relative root mean squared error 

􏽤rrmse∗n,B =
��������
􏽤mse∗n,B

􏽱
/􏽢KDI,n. Finally, from the ordered sequence of the B bootstrap estimates, we de

rived the bootstrap 0.95 confidence interval from the quantiles of order 0.025 and 0.975, 􏽢K
∗

0.025 

and 􏽢K
∗

0.975. The bootstrap procedure can be easily automated in R (codes are available from the 
authors). For single case studies, B = 10,000 resamplings can be performed in approximately 
2 min using a standard workstation (Intel(R) Core(TM) i7-8750H with 6 cores, 12 logical proc
esses, and 16 GB of RAM). Obviously, the procedure is more cumbersome in simulation studies 
when the resampling procedure must be performed for each selected sample. In these cases, 
B = 1,000 resamplings were adopted.

7.4 Simulation studies
We checked the performance of the proposed strategy via the same simulation study described in 
Section 6, supposing an accurate purposive list L0 containing all of the species with inclusion prob
abilities smaller than the third decile (Tables B1 and B2 in the online supplementary material, 
Appendix B). In the case of the BCI community, the list contains K0 = 91 species, whereas in 
the case of the HF community, the list contains K0 = 17 species. At the rth simulation run, the 
bootstrap relative root mean squared error estimate and the bootstrap confidence intervals were 
obtained based on B = 1,000 resamplings, from which we derived the empirical expectations of 
the bootstrap relative root mean squared error estimator (ERRMSEEn,B) and the coverage of 
the 0.95 bootstrap confidence intervals (C95n,B).

The simulation results in Table 4 show the effectiveness of the data integration estimator in 
terms of reducing bias. For the sustainable sampling effort of 10–20 plots, the bias is invariably 
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smaller than −10%. With respect to the bootstrap performance, while the precision was conser
vatively estimated, the coverages of bootstrap intervals are excessively smaller than the nominal 
level. Therefore, we heuristically enlarged the intervals via a symmetrizing procedure of type:

􏽢KDI,n ± max(􏽢KDI,n −􏽢K
∗

0.025, 􏽢K
∗

0.975 −􏽢KDI,n).

In addition, to avoid less than obvious results, if the lower bound of the symmetrized interval is 
smaller than the number of species Qpool,n in the pooled set D(n) ∪ L0, i.e. the minimum number of 
species surely existing in the study region, we set the lower bound equal to Qpool,n. As it is apparent 
in Table 4, the coverages become conservative but at the cost of an increase in the relative interval 
lengths that however, as n increases, become comparable with those expected in the normal case 
(approximately 4 times the relative sampling error).

Table 4. Monte Carlo percentages of the relative bias (RB) and relative root mean squared errors (RRMSE) of the data 
integration estimator applied to the Barro Colorado Island (BCI) and Harvard Forest (HF) communities, and 
percentages of the expectations of the bootstrap relative root mean squared error estimator (EBRRMSEE), coverage 
of the 0.95 bootstrap confidence intervals (CB95), coverage of the 0.95 bootstrap symmetrized confidence intervals 
(CB95SYM) and their expected relative lengths (ERLSYM = expected length/K) based on B = 1,000 resamplings. The 
simulations were based on 10,000 runs

STAND n RB RRMSE EBRRMSEE CB95 CB95SYM ERLSYM

BCI 10 −2 7 20 19 100 64

20 4 7 16 52 100 51

50 5 7 8 98 100 28

HF 10 −8 20 24 59 80 76

20 −4 16 19 72 86 64

50 −5 11 11 75 85 40

Table 5. Results of data integration for species richness estimation performed in four protected areas of Tuscany (Central 
Italy), reporting size, plot type, number of replicated plots (n), number of species observed in the sample (SAMPLED), 
number of species in the purposive list (LISTED), total number of species sampled and/or listed (POOLED), species 
richness estimate (ESTIMATE), percentages of the bootstrap relative root mean squared error estimate (BRMSEE) based 
on B = 10,000 resamplings and limits of 0.95 bootstrap symmetrized confidence intervals (B95SYM)

Study region Size 
(km2)

Plot type n SAMPLED LISTED POOLED ESTIMATE BRRMSEE 
(%)

B95SYM

Maremma 
Regional 
Park

94 Quadrat 
plots  

10 m side

90 608 846 962 1390 25 966–1814

Poggio 
all’Olmo 
Nature 
Reserve

4 Circular 
plots of 
50 m2

100 411 224 512 678 19 512–851

Duna Feniglia 
Nature 
Reserve

4.74 Quadrat 
plots of 

10 m side

103 202 55 206 365 35 206–536

Foreste 
Casentinesi 
National 
Park

368.46 Circular 
plots of 

13 m 
radius

87 325 370 454 541 14 454–643
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8 Applications to communities of vascular plants in Central Italy
We applied our data integration method to estimate species richness in four communities of vas
cular plants located in nature reserves and parks in Tuscany (Central Italy). The study regions were 
the Maremma Regional Park, Poggio all’Olmo Nature Reserve, Duna Feniglia Nature Reserve and 
Foreste Casentinesi National Park. The necessity of applying an alternative estimation criterion to 
take advantage of the additional information furnished by the purposive lists available for those 
study regions is apparent from the awkward results provided by the SPADE software, which 
are not reported here for brevity but are completely detailed in the online supplementary 
material, Appendix K. In the case of the Maremma Regional Park and the Foreste Casentinesi 
National Park, the resulting estimates are invariably smaller than Qpool,n. In the case of the 
Poggio all’Olmo Nature Reserve, only the second-order jackknife provides an estimate greater 
than Qpool,n, while the CHAO2-type estimates, notwithstanding their widespread use in botanical 
applications (e.g. Cazzolla Gatti et al., 2022), are invariably smaller than Qpool,n. The Duna 
Feniglia Nature Reserve is the sole case in which the achieved estimates provide admissible results. 
On the other hand, the estimates provided by the data integration estimator in Equation (21) are 
invariably greater than the minimum number of species present in the study regions with reliable 
confidence intervals provided by the symmetrized bootstrap procedure based on B = 10,000 re
samplings (Table 5).

9 Concluding remarks
Due to the theoretical drawbacks of pseudo-maximum likelihood estimators, nonparametric spe
cies richness estimators based on the sufficient statistic Qn/0 (where the sufficiency is with respect 
to BPM) are widely used, and most of them are automated in the SPADE software. These methods 
have produced promising results in several simulation studies of a model-based nature, in which 
abundance data were generated from artificial sets of inclusion probabilities (e.g. Chao & Lee, 
1992; Chiu et al., 2014).

On the other hand, when the nonparametric estimators from incidence data are evaluated from 
a design-based perspective and, as in the present article, their performance is checked in real com
munities via simulation studies of a design-based nature, these estimators are unsatisfactory, with 
unacceptable negative bias and risible coverages of confidence intervals. These findings are also 
confirmed by a simulation study of a similar nature (Chiu, 2022).

The analysis performed in this article shows that the failures of nonparametric estimators from 
incidence data are due mainly to the massive presence of rare species that are likely to be missed for 
realistic sampling efforts. In this scenario, the integration of probabilistic samples with accurate 
lists of rare species seems to be a unique solution for performing reliable design-based inference 
on species richness. In this setting, the use of the Lee and Chao (1994) criterion for estimating 
the number of species outside purposive lists seems to be a viable solution. These considerations 
are supported by the results achieved in the four case studies performed in nature reserves and 
parks in Central Italy, in which our data integration estimator furnishes estimates that are invari
ably greater than the minimum number of species surely present in the study region (i.e. those pre
sent in the purposive list and/or in the probabilistic sample): these results contrast those of SPADE, 
whose estimators give, in most cases, illogical estimates lower than these minima. These self- 
evident results should discourage naturalists from mechanically adopting automated software 
to estimate species richness.

However, finally, it should be noted that even if the improvements of our proposal with respect 
to the nonparametric estimators render the proposal appealing, we must stress that the perform
ance of our proposal is strictly linked to the accuracy of the purposive lists. If the purposive lists fail 
to detect the rarest species, our estimation strategy fails as well.
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