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Abstract

In this paper we study the null controllability property for a single population model in which
the population y depends on time ¢, space x, age a and size 7. Moreover, the diffusion coefficient & is
degenerate at a point of the domain or both extremal points. Our technique is essentially based on
Carleman estimates. The 7 dependence requires us to modify the weight for the Carleman estimates,
and accordingly the proof of the observability inequality. Thanks to this observability inequality
we obtain a null controllability result for an intermediate problem and finally for the initial system
through suitable cut off functions.
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1 Introduction

In this paper we consider the following degenerate structured population model

0 0 0

au + au + —(g(Mu) — k(2)uge — b(x)uy + p(t,a, 7, 2)u = f(t,a,7,x) in Q,

ot 0Oa Ot

u(t,a,7,1) = u(t,a,7,0) =0 on Q7. 4,7,
u(0,a,7,x) = ug(a, 7, x) in Qar1, (1.1)
u(t,a,m,2) =0 in Qr a1,

U(t, 0,2, T) - foA ﬂ(aa T, :L‘)’U,(t, a, T, x)da in QT,T’z,h
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in the domain @ := (0,T) x (0,A) x (71,72) x (0,1) with fixed constant T > 0. Here, Qr,a,-, =
(0,7) x (0,A) x (11,72), Qa,rs1 = (0,4) x (11,72) x (0,1) and Qrr,1 = (0,T) x (71,72) x (0, 1);
u(t,a,T,x) is the distribution of certain individuals of size 7 € (71,72) and age a € (0, A) at location
x € (0,1) and time ¢t € (0,T). Here A is the maximal age of life, while 8 is the natural fertility. Thus, the

formula fo Puda denotes the distribution of newborn individuals at time ¢ and location x. Moreover, y is

the natural death rate and satisfies p € C(Q) and p > 0 in (. The function k is the dispersion coefficient

and we assume that it depends on the space variable z and is degenerate at the boundary of the state
T2 1

space. Finally %(g(r)u) represents the growth effect and g(7) is the growth modulus (i.e. fﬁ de is

a spending time to grow the individual from size 7 to size 7).

Clearly the asymptotic behavior of the solution for the Lotka-McKendrick system depends on the
functions and the parameters which appear in the system (see, for example, [4] and [5]). Obviously, it
is very worrying if the system represents the distribution of a damaging insect population or of a pest
population and the solution grows exponentially. For this reason, recently great attention is given to null
controllability issues. For example in [22], where (1.1) models an insect growth when y is independent of
T, the control corresponds to a removal of individuals by using pesticides.

In the case that the dispersion coefficient k is positive, (1.1) is considered in [26], where the authors
prove some Carleman estimates and, as a consequence, a unique continuation. If k is a constant or a
positive function and y is independent of T, null controllability for (1.1) is studied, for example, in [4] (see
[27] for the well-posedness). If k is degenerate at the boundary or at an interior point of the domain and
y is independent of a and T we refer, for example, to [3], [17], [18] and to [19], [20], [21] if p is singular at
the same point of k.

To our best knowledge, [2] is the first paper where the dispersion coefficient can degenerate at the
boundary of the domain (for example k(z) = «®, being = € (0,1) and « > 0), but y is independent of 7.
Using Carleman estimates for the adjoint problem, the authors prove null controllability for (1.1) under
the condition T' > A. However, this assumption is not realistic when A is too large. In order to overcome
this problem, [10] used Carleman estimates and a fixed point method via the Leray - Schauder Theorem.
The case T' < A is considered in [6], [10], [15] and [16]. In [10] the problem is always in divergence form
and the authors assume that k is degenerate only at a point of the boundary; moreover, they use the
fixed point technique in which the birth rate 8 must be of class C?(Q) (necessary requirement in the
proof of [10, Proposition 4.2]). A more general result is obtained in [15] where f is only a continuous
function, but k can degenerate at both extremal points. In [6] the problem is always in divergence form
and k is degenerate at an interior point ¢ and it belongs to C[0,1]NC([0,1]\ {zo}); see also the recent
paper [14] where the functions are less regular and both cases T' < A and T' > A are considered. The
non divergence form is considered in [16], where we studied null controllability for (1.1) with a diffusion
coefficient degenerating at a one point of the boundary domain or in an interior point (for a cascade
system we refer to [7]). We underline again that in all the previous papers, except for [26], the model is
independent of T.

The novelty of this paper is to study, via Carleman estimates, the null controllability for (1.1) in the
case that y depends on T and k is degenerate at a point of the domain or at both extremal points. Clearly,
the 7 dependence leads to some consequences in the choice of the weight for the Carleman estimates and
in the proof of the observability inequality for the associated adjoint problem (see Theorem 4.5). Thanks
to this observability inequality we obtain a null controllability result for an intermediate problem and
finally for (1.1). It is important to underline that with our technique we are not able to prove a global
null controllability in the sense that

uw(T,a,7,2) =0 ae. (a,7,2) € (0,A4) x (11, 72) x (0,1),
but only a partial global null controllability result, i.e.
w(T,a,7,2) =0 ae. (a,7,2) € (B, A) X (11,72) X (0,1),

where E := max{A — ea,a} for all € € (0,1).

Finally, observe that in this paper, as in [15] or [16], we do not consider the positivity of the solution,
even if it is clearly an interesting question to face (see [23] for related results in non degenerate cases).
This topic will be a subject of further investigations.

The paper is organized as follows. In Section 2 we study the well-posedness of the problem; in Section
3 we prove the Carleman estimates given in Theorem 3.1 (if the diffusion coefficient k is degenerate at



0) and Theorem 3.2 (if k is degenerate at 1). Section 4 is devoted to study, first of all, the observability
inequality for the associated adjoint problem (see Proposition 4.1) via w—local Carleman estimates (see
Theorems 4.1 and 4.3, if k vanishes at 0 and 1, respectively) and a Caccioppoli’s inequality (for the
reader’s convenience, we give its proof in Appendix). Secondly, thanks to this observability inequality,
we obtain a null controllability result for an intermediate system (see Theorem 4.6); hence, via cut off
functions, we extend the null controllability result to the original problem if k is degenerate only at a
point of the boundary (see Theorem 4.7) or at both extremal points (see Theorem 4.8).

A final comment on the notation: by C we shall denote universal positive constants, which are allowed
to vary from line to line.

2 Well-posedness of the problem

To study the well-posedness, we assume that the dispersion coefficient k satisfies the following assumption:

Hypothesis 2.1. The diffusion function k € C[0,1] and there exist M7, M2 € (0,2) such that
ke C'0,1),k>01in (0,1),k(0) = k(1) = 0,2k"(z) < Mik(z) and (z — 1)k’ (z) < Mak(x)
for all z € [0,1], or
ke C(0,1],k > 0in (0,1],k(0) = 0 and 2k’(z) < Myk(z)
for all z € [0,1], or
ke C'0,1),k>01in [0,1) and k(1) = 0, and (x — 1)k’ (z) < Mak(z)
for all z € [0,1].

For example, as k one can consider k(x) =z, k(z) = (1 — 2)% or k(z) = 2%(1 — 2)?, o, B > 0.

On the rates b, g, and 8 we assume:

Hypothesis 2.2. The functions g, 4 and /3 are such that

eb e C[0,1] and g € L'(0,1),

e g€ C%r, ] and g > 0 on [y, 7], (2.2)
.ﬁ e C(QA,TQ,].) a‘nd /3 2 0 in QA,7'2717

e e C(Q)and > 0in Q.

b
Observe that b can vanish at 0 and/or at 1; indeed we just require that 7€ LY(0,1) thus if k(z) =

2%(1 — 2)?, then we can consider as b the function given by b(z) = 2*1(1 — )% with oy > a — 1 and

51>671.

In order to prove the well-posedness of (1.1), we introduce the well-known weight function

n(x) := exp {/: Z((‘Z))dy}, x € [0,1],

which introduced by Feller [12] and used by several authors, see, e.g. [9], [11] and [24]. Define

1
o(x) = k(x)m,

and observe that if u is sufficiently smooth, e.g. u € W120cl (0,1), then

Aot := ktigy + buy = o(nug) s,



for almost every = € (0,1). For this purpose, let us consider the following Hilbert spaces

= {ue 120,1) | lully <o}, 3 = fy u?Lda
é(o 1):= L3.(0,1) N HE(0,1), el o o= lully + Jy wdda,
H2(0 {u € H1(0.1) | Agu € L3 (0, 1)}, lull3 1 = llullf 1 + [ Aoull3-

b
Observe that since z € LY(0,1), n € C°[0,1](C*(0,1) is a strictly positive function. Thus, in the

sense of Banach spaces, one has that

l

(Lé(o,n, HL(0,1), H§(0,1)) ~ (L%E(O,l), HL(0,1), H3(0, 1))

where the last triplet is the triplet related to well-posedness as, for example, in [8] or [16]. Observe that,
if k is nondegenerate, the spaces L2 (0,1), H:(0,1) and H?(0,1) coincide, respectively, with L2(0, 1),
k k k
H(0,1) and H?(0,1) N H(0,1).
As in [9, Lemma 1], one can prove

Lemma 2.1. For all (u,v) € H3(0,1) x H}(0,1) one has

1
(Apu,v)1 = —/ Nz VzdT. (2.3)
7 0

Thanks to the previous Green’s formula one can prove, as in [8], [9] or [18], that the operator (Ag, D(Ay)),
where D(Ap) := H3 (0, 1), is self-adjoint, nonpositive and generates a contraction semigroup on the space

LZ% (0,1).

I(gu)
or
Au = Agu + Aru — Agu,

ou
Now, setting A,u := %0 and A, u = , we have that
a

for

ou Ou

uwe D(A) = {u € L*(Qa,r,; D(Ap)) : % Dr

€ L*(Qa.r H1(0,1)),

u(o’ 7-’ x) = / B(a’ T’ x)u(a”r’x)da} b
0
generates a strongly continuous semigroup on L2 (Qa 1) == L*(Qa.r; L3 (0,1)) (see also [27, Chapter
1.4]). Here Qa 1, := (0, A) x (11, 72). Moreover, the operator B(t) defined as
B(t)u = /,L(t, a,T, x)ua

for u € D(A), can be seen as a bounded perturbation of A (see, for example, [3]); thus also (A +
B(t), D(A)) generates an evolution family.

Setting L3 (Q) := L*(Qr, ;L3 (0,1)), the following well-posedness result holds (see [25, Theorem
2,1]): 0 0

Theorem 2.1. Assume that Hypotheses 2.1 and 2.2 are satisfied. For all f € L3%(Q) and uy €

L3 (QAry1), the system (1.1) admits a unique solution
uel:=C([0,T); L3 (Qa,r,1)) NL*(0, T3 HY(0, A; H' (71, 72); H1(0,1)))).

In addition, if f =0, u € Cl([O,T];Li(QA,ml)).



3 Carleman estimates

From the general theory, it is known that null controllability for a linear parabolic system is, roughly
speaking, equivalent to the observability for the associated homogeneous adjoint problem (see, for exam-
ple, [13]). In particular, in this case the adjoint problem of (1.1) is the following system:

ov  Ov ov

5 + o + g(T)E + k(2)vge + b(z)ve — p(t,a, 7, 2)v + Bla, 7, x)v(t,0,7,2) =0, (t,a,7,2) € Q,
v(t,a,7,0) =v(t,a,7,1) =0, (t,a,7) € Q. A,y
(T, a,7,z) = vr(a,7.7), (a,7,2) € Qary.1,
’U(t,A,T,J)) =0, (t’T’x) € QT7T271’
v(t,a,m9,x) =0, (t,a,z) € Qr,anq,
(3.4)

and we prove, in the next section, that the observability inequality implies a null controllability result for
(1.1). Thus, the key point is to prove such an inequality. A usual strategy in showing the observability
inequality is to prove that certain global Carleman estimates hold true for the adjoint operator. For this
reason, we consider the following system:

O 4 ) k()2 + D)2 — it m 1)z =, (fa7 ) € Q,

2(t,a,7,0) = 2(t,a,7,1) = 0, (t,a,7) € QT Ary, (3.5)
Z(t,A, T, ‘T) =0, (t7T7 l‘) € QT,T2,17
Z(t,avTZax) =0, (t,a,x) € QT,A,L

In this subsection we will consider separately the case when k£(0) = 0 or k(1) = 0. In both cases we assume
that b, g, 8 and p satisfy Hypothesis 2.2. On the other hand, on k we make different assumptions:

Hypothesis 3.1. Hypothesis 2.2 is satisfied, the function k& € C°[0,1](C?(0,1] is such that k(0) = 0,
kg; . b— k:z:

k> 0on (0,1] and there exists M; € (0, 2) so that vk (@) < Mj a.e. in [0,1] and x(k()(x)) € L*>(0,1).
x
Finally, there exist ¢ € (0,1] and a function C; = C1(g) > 0, defined in (0, ), such that

Ci(e) =0 as e—0%,

and

S
Yz e (0,¢).
Hypothesis 3.2. Hypothesis 2.2 is satisfied, the function & € C°[0,1](C?[0,1) is such that k(1) = 0,
k > 0on (0,1) and there exists Ma € (0, 2) so that (a:—kl(ll;x(x) < M a.e. in [0,1] and & 1)15'1255_) ) €

L*°(0,1). Finally, there exist ¢ € (0, 1] and a function Co = Cy(e) > 0, defined in (0, €), such that
Cole) >0 as e— 0T,

and

‘((fﬂ — D(b(x) — kz(:v))>m _ Z((Z)) ((fﬂ - 1)(28) kz(w)))x <

Vee(l—-el).

We observe that (3.6) and (3.7) are similar to the assumpsions made in [9].
Moreover, in order to estimate the distributed terms that appear in Lemma 3.1 (see below), we suppose
the following:

Hypothesis 3.3. Setting

the functions b and & are such that p,,(x) and p,(z) exist for 0 < z < 1.



Now, let us introduce the weight functions

o(t,a,7,2) = O(t,a,7)(p(x) = 2[|pllL~(0,1)) (3.8)
and
@(tv a,T, QL') = @(t, a, T)(ﬁ(f) - QHﬁHL‘X’(O,l))a (3'9)
if k satisfies Hypothesis 3.1 or Hypothesis 3.2, respectively, where
1
O(t,a,71) := (3.10)

_ [T Y Ry sy [ Y7L Re-1)?
p(x) == — e dandpx.—/ie dy,
@)= [ s ™ dy snd i) | y

with R > 0. Observe that ¢(t,a,7,2),p(t,a,7,2) = —oo ast — 0F, 77, a — 0" or 7 — 7;". The
following estimates hold:

Theorem 3.1. Assume Hypotheses 3.1 and 3.3. Then, there exist two positive constants C' and sy such
that every solution v of (3.5) in

V.= L? (QT,A,TQ; H? (0, 1)) NH! (0, T; Hl(O, A; Hl(ﬁ, Tos HY (0, 1))))
satisfies, for all s > sg,
2sp
/ (sn@vi + 537793(%)21)2) e?*?dxdrdadt < C/ er—dxdeadt
Q Q

+s C'/ O(t,a,T) [vie%‘p] (t,a,7,1)drdadt.
Qr, A,y

Theorem 3.2. Assume Hypotheses 3.2 and 3.3. Then, there exist two strictly positive constants C' and
so such that every solution v of (3.5) in V satisfies, for all s > sg,

- . — _ 2s5@
/ (517@1132c + %103 (LI)QUQ> e**Pdrdrdadt < C’/ fze—dxdrdadt
Q k Q"

+sC O(t,a,7) {vie%@] (t,a,T,0)drdadt.

QT, 4,79

Clearly the previous Carleman estimates hold for every function v that satisfies (3.5) in (0,7) x
(0, A) x (11,72) x (0,B) or (0,T) x (0,A) x (11,72) x (B,1) as long as (0,1) is substituted by (0, B) or
(B, 1) and k satisfies Hypothesis 3.1 in (0, B) or Hypothesis 3.2 in (B, 1), respectively.

In the following, we will prove only Theorem 3.1 since the proof of Theorem 3.2 is analogous.

Proof of Theorem 3.1 As a first step, as in [15] or [16], assume that 1 = 0. In order to prove Theorem
3.1, we define, for s > 0, the function

w(t,a,T,x) = es“a(t’a"r’””)v(t, a,T,T)

where v solves (3.5) in V. Clearly, this implies that w € V and satisfies

(e7*w); + (e7*Pw)a + g(7)(e™*w) + k(z) (e PW)ee — ble™Pw)a = f(t,a,7,2), (t,a,7,7) €Q,
w(0,a,7,2) = w(T,a,7,2) =0, (a,7,2) € Qar,1,
w(t, A, 7,2) =w(t,0,7,z) =0, (t,7,7) € Qr,7y1,
w(t,a,7,0) = w(t, a,7,1) =0, (t,a,7) € QT 4,7
w(t,a,m1,) =w(t,a,7,z) =0, (t,a,z) € Qr,a,1-
(3.11)

Defining Lw := w; + w, + gw; + kwy, — bw, and Low := e*? L(e*Pw), the equation of (3.11) can be
recast as follows



Lsw = e*?f.
In particular, the following equality holds:

Proposition 3.1. The operator Lsw can be rewritten as
Low=Liw+ L w,
where LT and L7 denote the (formal) selfadjoint and skewadjoint parts of Ls. In this case

Liw = Agw — s(¢r + 0a + 0rg(7))w + s2kp2w — %gT(T)w,

L;w:=w +w, + gwr + %g-,—(T)’LU — 2skpw, — sAgpw.
Proof. Computing L(e~*?w) one has

L(e™%fw) = e (—sprw — spaw — sp-g(T)w + sb(x)pw)
+ e (we + wa + g(T)wr — b(x)ws)
+e %%k (—sgomw + 32gaiw — 28p Wy + wm) .
Thus,
Low = —spiw — spaw — s, g(T)w — sAgpw
+wy + W, + g(T)wy + Aow + k (202w — 250w, -
By (2.3), one has that the adjoint operator L* of L, is

Liw = —spiw — spaw — s¢,g(T)w — sAgpw + s* k2w
—wp — we — (g(T)w)r + Agw + 28kp,w, + 28k, w — 28bp,w
= —spw — $Paw — 50, 9(T)w — sAgpw + sk w
—wy — we — (g(T)w)r + Agw + 2skp,w, + 2sAgpw.

Thus I I 1
w + Liw
Liw= % = — 51w — 8w — 50, g(T)w + 82 k2w — igT(T)w + Agw,

and I s )

w— L*w

Liw= % = wy + wg + gw, + §gT(T)w — 2skpw, — 28 Agpw.
O
Moreover, setting < u,v >1 := / uv%ddedadt, one has
7 Q
ILFwl3 + L5 w|i +2 < Liw, Lyw>1= || fe*?|3. (3.12)

Now, we compute the inner product < L¥w,L;w >1 whose first expression is given in the following
lemma ’



Lemma 3.1. Assume Hypothesis 3.1. The following identity holds

<Liw,Lyw>1

(B.T.}

1
= s/ N(kpee + (kpy)z)widrdrdadt — 58/ (n(Aop)s)sw?drdrdadt
Q

+
VAl
no

—~

H%Aoso — NPu Pt — (NPrpt)z) wdzdrdadt

+
»
w

02 ((kpa)s + kpue ) wdzdrdadt

3

+
N ®» N~

ngrw2dzdrdadt — 52/ NP Praw?drdrdadt
Q

+

wg(%T + o1t + 20ta + Paa + Pirg + Prag)drdrdadt

>3

(D.T.}

grw?*(—sp; + 82ke?)dedadrdt

+
N =
>3

(Pa + ©79)(NPe)pw?drdrdadt

+
VA
no

+

N~ N ®

|
»
2
8
hS)
8
3
g
IS
S
QU
\]
I~
S
&

(pa + gng)Tngdxdeadt — 52 /Q[n(cpa + @Tg)g%]wadxdeadt

+

S I3

1
(9°)rrw?drdrdadt — 4/QZ(gT)QdeIdeadt

(3.13)
n [wi] OTddeda + / [nwxwt] édeadt

Qr. A 7y

[n(Aogo)wwz] édrdadt — s/ [nAopww,] édrdadt

Qr,A,my

V)

|
N~ N
S
>
:
()
=

_|_

Qr, A,y

/ [nkgpm ] drdadt + 1/ n[(s 02— (,Ot) Q}dedea
Qr, A,y 2 QAa,ry,1 k

w

3]‘1(:% —s @xcpt) Ll)deadt — %/ [nwi]?dmcﬁ‘dt
QT,79,1

.
/ nwmwa] deadt+/ [gnwaLl)deadt
QT, 4,79

Qr, A,y

_ / [gnw?] z dzdadt + % / (ngrww,] édeadt
Qr,a,1 Qr, A,y

52
S 2 927A
—3 /QT i kw apt} dxdrdt + —2 [ngpxw ]0 dxdrdt

Qr,mg 1

-2 / (D] Pdadadt + 5 / (me2?) drdads
Qr,A1 T,A,1

2 2

n w T n
_s/ E[((pa—i—gng)?]odxdea—s/ E[(goa—i—gorg) ] dxdrdt
Qa1 Qr,m9,1
U W17 dad U kpow?| drdad
s [ Uput e R drdadt + 5 [ Mg+ prg)bipsn?] Sirdadt
T,A,1 QT, A7
A

T
1 1 1 1
—7/ {gTwz] da:dea—f/ [gTwz] dxdrdt
4 Qa1 o 0 4 QT 79,1 o 0
1
2

1 T2
- / {(gz)TwQ} dzdadt + f/ [nngowa]é drdadt.
Qr,A1 2 Qr,A,m9

g -




Proof. Tt results, integrating by parts, that

=6
<Liw,Ljw>1=Y T,

i=1

where )
I = / —Agw(w; — 2skprw, — sAgpw)drdrdadt,
Q o
1
. / 7( _ sppw+ 52k<piw) (wy — 2skprw, — sAgpw)drdrdadt,
Q g
1 1
Is = | —Ajw(w, + gw, + —grw)dxdrdadt,
Q g 2
1 9, o 1
Iy = | —(=sprw+ s kpiw)(w, + gw, + igTw)dxdeadt,
Q ag
1 1
Is = —s/ —(¢a + prg)w(ws + we + gwr + F9rw = 2skpw, — sAgpw)drdrdadt
Q ag
and ) ) )
Is = -5 / —grw(ws + we + gw,r + 29w = 2skp,w, — sAgpw)dxdrdadt.
Q g

By several integrations by parts in space and in time (see [9, Lemma 3]), we get

1
L+ 1= —5/ n[wi]ona:dea —|—/ [nwzwt]édnladt
QA.TQ,] Q

T,A, T

1
+s/ nAopwidedrdadt — 53/ (n(Aop)s)sw?drdrdadt
Q Q

1
+ fs/ [n(Aogo)sz]édeadt - s/ [nAOgowwa:]édeadt
2 Qr, A,y Qr, A,y
+ S/ N((kws)e + bpg )widrdrdadt — s/ [nkgomwﬂ(l)deadt (3.14)
Q QT, 4,79

S
+ 5/ n%wzdwdﬂr 52/ (U%AOSO — 0w Pat — (Npapr)e)w?dwdt
Q Q
1
+ 53/ (kel)e — ne2Agp)wdadt + 5/ n[(s’¢2 — s%)wﬂ?dmcﬁda
Q Qa1

- / [n(sgkwi — szgoxgot)wQ];deadt.
QT A,
Next, we compute I; with ¢ = 3,4,5,6:
=1 214 dxdrd Ldrdad Ldrdad
3=73 [nwm]o xdrdt + [nwmwa]o Tdadt + [gnwa]O Tdadt
QT,r9.1 QT, 4,79 QT, 4,79

_/ [gnwi]:dxdadt—&- %/ [ngTwwm}(l)deadt (3.15)
Qr,4,1 QT,A,7y

1
—|—/ ngrwidxdeadt— f/ ngTwidxdeadt.
Q 2Jq



On the other hand

2
s N o 1A s 2, 214
I, = —f/ [fw cpt] dxdrdt + — [ngpmw ] dxdrdt
2 Q1,751 k 0 2 QT,79,1 0
2

[Zw <pt] dxdrdt + 5/ [ngpin]:dxdet
T,A,1

N ®»

S~ —~S—o—

N
b
=

_l_

N~ N ® N ®

w?piedrdrdadt — 52/ NP Peew>drdrdadt (3.16)
Q

+

wzgotfda:deadt — 32/ ngomgomwzdxdeadt
Q

+
TNI IS I

grw?(—spy + s%ke?)dxdadrdt.

Moreover

/ %(cpa + 0r9)grwidrdrdadt + s* / (Va + ©+9)(NPe)pw?drdrdadt
Q Q

2 2 2

7 wp W, w2
a T ks t
S/Qk(@ + g)<2 + 5 —|—g2 skp,w >dxd7'dad

/ g(goa + @Tg)gTwzdxdeadt + 52 / (o + ©r9) (n@z)zw2dacd7'dadt
Q Q

2
_5/ g[(goa—i-gorg) lo dxdea—s/
Qa1 QT 79,1
n
k

w2
[(pa + ©r9)g ] dxdadt + s /

Qr, A,y

[(Saa + 307—9) ] dxdrdt (3.17)

>3

[(Pa + Prg)kp,w?] édeadt

>33

|
V)
S~
N
S

TN IS ¢

w2 2
(pta + gprg)—dszdadt + S/Q %(g@aa + @Tag)w?dzdrdadt

+

+
S— 5—

[(¢a + ng)g]T%dszdadt —s° / (@0 + ©79)0z|cw?dzdrdadt.
Q

Finally,
1

1
Io=—7 / — 97 (W) + (@%)a + g(w*) + grw?) dudrdadt
Q

+f/ nngow(wz)Ida:deadt—Ff/ Gr(N92)wdzdrdadt
2Jq 2Jq

1 1 r 1 1 4
= —7/ {gTwQ} drdrda — f/ {gTwz} dxdrdt (3.18)
4 Qa,ry1 o 0 4 QT 79,1 o 0

1 ” 1 /1
/ {(gz)fuﬂ] dzdadt + — / ~(¢*)rrw?dzdrdadt
Qr,a,1 2)g0o

g -

1
2

1 1
— 7/ —(9,)*w*dzdrdadt + f/ [ngrgowwz]édrdadt.
4 Q7 2 Qr, A,y

Adding (3.14) - (3.18), (3.13) follows immediately. O

Proceeding as in [9] or in [16], using the definition of ¢ and the conditions on w, one can prove that
the boundary terms in (3.13) satisfy the following equality:

Lemma 3.2. Assume Hypothesis 3.1. The boundary terms {B.T.} in (3.13) become
(BT} = —seR/ n(1)O(t, a, 7w (t, a, 7, 1)drdadt. (3.19)
QT,A,79

On the other hand, the distributed terms {D.T.} in Lemma 3.1 satisfy the next inequality:
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Lemma 3.3. Assume Hypotheses 3.1 and 3.3. There exist two positive constants C and sy such that,
for all s > sg, all solutions w of (3.11) satisfy the following estimate

2
sC/ n@widmdadt—!—sBC’/ n@3(§> w?drdadt < {D.T.}.
Q Q k

z(b—ky)

Proof. Using the definition of ¢ and setting p(z) := ?

, the distributed terms of < Lfw, LTw > 12 (¢
take the form ’

{DT.} = s/Qn@eRzz (2 + 4Rz? — %x) w2drdrdadt — ;/Qn@em’2 (pzz — %pm)wzdxdeadt

- s/ 7O’ R((1+ 2Rx?)p(x) 4 2xp,(x))w?drdrdadt

Q
- s/ 7]@@1"7‘zz %Rx(p(x) + 3 4 2Rz} w?dxdrdadt

Q
—s / 10 R(3 + 12R2? + 4R%2*))wdxdrdadt

Q

x2 2
= 232/ n@tGEesz w?dzdrdadt
Q

:L'2 2 x2 2
— 52/ n@a@—zemh w2dzdrdadt — 52/ 7)(9T(9—262R’J w?dzdrdadt
Q k Q k
(3.20)

1 1 1
+z / ng-w?dedrdadt + ~ / D(g?),rwidzdrdadt — ~

n 2.9
5 4/@ (9-) w*dxdrdadt

k
45 [ L0t) = 20pl100,)07 Our + Bt + 201, + Ou + Ot +20,09) dndrduc
Q

S
+5 / L(p(2) = 2Pl L 0.1))w*(Orrg + O, )gdrdrdadt
Q

2 2 )
- f/ %gTwZGt(p(x) —2||pl Lo (0,1))dxdadTdt + %/ ngTwQG)Qx—eQR’” dxdadrdt
Q Q

2 k2
22e2Ra?
- 52/ n@T(Ga + 0, 9)w?drdrdadt
Q
2 3Rz? k
+ s /Q N (2 + 4Ra” — == )w’dadrdadt

using the fact that

n ((Aoip)m + Z(Aogo)w) w?dzdrdadt.

1 1

fs/(n(Aogo)x)wwgd:vdeadt: fs/

2 Jo 2 Jo
Thanks to Hypothesis 3.1

Kz .
92— xk >92 - M, > 0ae. in [0,1];
thus
zky 9 .
2— + 4Rz > 2 — M a.e. in [0,1].

k
Moreover, for all z € (0,1) one has that

R|ab (p(x) + 3 + 2R2?)]
b—k,
SR|0]l o< 0,1) (H (¥)

+3+2R| = CRJ.
L>(J1)

11



Using Hypothesis 3.1 and Proposition 3.2 (see below), for all € (0,1) one has

R|((142R2?)p(x) + 2zpe(x)) + (34 12R2” + 4R%2")| <

(oo (05), ()
=:Cgp.

+(1+2R)'

+(3+12R + 4R2)>

L>(0,1) L>=(0,1)

Now, observe that there exists ¢ > 0 such that

OF<eO”iIf0<u<y
06,| < 0°,100,| < 6%, |00,| < c0? (3.21)
O4a| < O% 04| < O3 |04, < O, |0,,4] < cOF and O] < cOF.

Then, applying Hypothesis 3.1 and (3.21), one has
2
(DT} > s(2— M) / nOw2dzdrdadt + s3(2 — M) / 77@3(%) w2dzdrdadt
Q Q

3
2

2
—sgCeQR/ 77@3({) dexdeadt—sCHpHLoo(OJ)/ nG—dexdeadt
Q k Q k
s S}
- 26RC’1(5)/Qnm2w2dxd7'dadt
R O 5 R 2
—se'Cr1 | n—wdzdrdadt — se”*Cro | nOw dzdrdadt
Q k Q
1 2 Lfmeey 2 L g2y
+ ngrwidrdrdadt + (9°) rrwdadrdadt (g-) w*dxdrdadt (3.22)
2 Jo 2 Jo & 4ok
2
> 52— Ml)/ nOw2drdrdadt + s3(2 — Ml)/ 77@3(%> w?drdrdadt
Q Q
2
—sZC’eQR/Qn@S(Z) w?dzdrdadt — ;eRCl(e)/Qnngdxdeadt

o3
— s(e"Cra2 + €"Cr1 + C|lkll 0,1y [Pl L (0,1)) /Q TITIUQdIdeGdt

1 1 ' 1 '
—-C / nOwdrdrdadt — ~C / 9% w2dzdrdadt — ~C / 9% w2dzdrdadt.
27 Jo 27 Jok 1 ok

(C]
By Hardy’s inequality, it is possible to estimate the term / 77—2w2da:d7'dadt in the following way
Q X

SUP[0,1]{77}

S
—wdxdrdadt < Cpy -
/an2 = infjo 1 {n}

/ nOw?dxdrdadt. (3.23)
Q
Here, C'y is a positive constant. Thus,
{DT.} >s(2- Ml)/ nOw2dxdrdadt — (;eRcl(E)C + g) / nOw?dxdrdadt
Q Q
2 2
+s%(2 - Ml)/ ne? (E) w?drdrdadt — szCeQR/ ne* (£> wdrdrdadt

Q k Q k

3 (3.24)

O3
— s(e""Cprya + e Cry1 + Clk| < (0,1) Hp||L°°(O,1))/ 777w2d$d7'dadt
Q

—C / 1o% w2dzdrdadt.
ok

12



Moreover, as in [8] or in [16], one has, for v > 0,

o3 2 Lo\ o
n——w-dxdrdadt < supn -0 (7) w
@ k 1] Jo\v Nk

1 2 (T\? o e
<supn— [ © (7) wdzdrdadt + ysupn | —5; w dzdrdadt.
o] Yo Mk 01 Jo T

[N

0 ,\°
Y5 w dxdrdadt
T

Again, by Hardy’s inequality one has
3

o3 1 2
/ n— wldedrdadt < ~C / o? (f) wdzdrdadt + ~C / Ow2drdrdadt, (3.25)
@ Kk v Jg  \E Q

for a positive constant C.
Thus, for sy large enough and + small enough, by (3.24) and (3.25), the lemma follows. O

Proposition 3.2. Assume Hypothesis 3.1. Then there exists | € R such that

lim z
z—0t

As a consequence of Lemmas 3.2 and 3.3, we have

Proposition 3.3. Assume Hypotheses 3.1 and 3.3. There exist two positive constants C and sqg such
that, for all s > sg, all solutions w of (3.11) in V satisfy

2s

2
/ (sn@wi + o3 (%) )dmdrdadt <C / e * dedrdadt
Q
+ SC/ O(t,a, 7)wi(t,a,r,1)drdadt.
Qr, A,y

Recalling the definition of w, we have v = e™*?w and v, = (w; — sp,w)e *¥. Thus, Theorem 3.1
follows immediately by Proposition 3.3 when p = 0.

Now, we assume that p # 0. B
To complete the proof of Theorem 3.1, we proceed as in [16] and we consider the function f = f+ po.
Hence, there are two positive constants C' and sy such that, for all s > sq, the following inequality holds

2s
/ (sn@vi + 5317@3(%)21)2) e?*?dxdrdadt < C/ f2 © dachdadt
Q (3.26)
+sC O(t,a, ) {’0262&‘0} (t,a,1l)drdadt.

Qr. A 7y

On the other hand, we have

/\f|”

Now, applying Hardy—Pomcare inequality to the function v := e’?v, we obtain

drdrdadt < 2 / Tk dxdeadt) (3.27)

e
dxdeadt-i-Hﬁb”Loo(Q)/ |U|2

2 2,2
/ |v|2 ddedadt Y dwdrdadt < sup” ’ — drdrdadt < C’/ — dvdrdadt
QO o1 Jo ka

< C/ (e*?v)2dxdrdadt < C/ e25wv§dxd7dadt+032/
Q Q

o ©2e25% (E) vidzdrdadt.

Using this last inequality in (3.27), it follows

_ 2s 2s
/ 72 dvdrdadt < 2 / 12 dedrdadt + C / 202 drdrdadt
@7 © 7 ? (3.28)
, .
+CS2/ ©2e25% (E) vidxdrdadt.
o k

13



Substituting in (3.26), one can conclude

5 B 2 2s
/ (sn@vi + 53103 (%) vz> e*?dxdrdadt < C’(/ |f|267¢ dzxdrdadt
Q Q

2
+ /ezs@yidxdrdadt + 52 /@2625“" (E) v?dadrdadt + sC
Q Q K

This completes the proof of Theorem 3.1 when u Z 0.

O(t,a,T) [vi 625“’} (t,a,1l)drdadt.

QT-,A-,T2

4 Observability and controllability of linear equations

In this section we will prove, as a consequence of the Carleman estimates established in Section 3,
observability inequalities for the associated homogeneous adjoint problem of (1.1). To this aim, we
assume that the control set w is such that

w=(a,p) CC (0,1). (4.29)
Hypothesis 4.1. On the birth rate 5 we assume that there exists @ < min{7, A} such that
Bla,7,z) =0for all (a,7,z) € [0,a] x [r1, 2] x [0, 1]. (4.30)

Observe that Hypothesis 4.1 is the biological meaningful one. Indeed, @ is the minimal age in which
the female of the population become fertile, thus it is natural that before a there are no newborns. For
other comments on this assumptions we refer to [15] or to [16].

Under the previous hypotheses, the following observability inequality holds:
Proposition 4.1. Assume Hypotheses 3.1 or 3.2, 3.3 and 4.1. Moreover, suppose that w satisfies (4.29).

1

Then, V' n € N and V ¢ € (O, ), there exists a positive constant C = C(¢) such that every solution
n

v eU of (3.4) satisfies

1 = T2 1 2
/ —v*(T — a,a,,z)dzdrda < C’/ / / wdmcﬁd’y +C
QAa,ry,1 0 Jm JO o

02
/—d;vdeadt,
o ,Jw O

Qr,A,r

where Z := max{A — da,a}. Here vr(a,7,x) is such that vp(A,7,2) =0 in (11,72) x (0,1).

As a first step we will prove Proposition 4.1 for more regular solutions. To this aim, we introduce the
following class of functions

W = {v solution of (3.4) | vy € D(Az)},
where D(A?) = {u e D(A) | Aue D(A) }.

Obviously,
WcCVcCclu.

In order to prove the w—local Carleman estimate given in Theorem 4.1 (see below), we need the following
Caccioppoli’s inequality, whose proof is postponed to the Appendix.

Proposition 4.2 (Caccioppoli’s inequality). Assume Hypothesis 3.1 or 3.2. Let w’' and w be two open
subintervals of (0,1) such that ' CC w CC (0,1). Let ¥(t,a,7,z) := O(t,a,7)¥(x), where O is defined
in (3.10) and ¥ € C*(0,1) is a strictly negative function. Then, there exist two strictly positive constants

C and sg such that, for all s > sy,
T (A
c / / / videdadt + / f2e*Y dxdadt
0 0 w Q

T A
/ / /vie%wdxdadt
o Jo Ju
( T A o2 e2sv
C / / / —dzdadt + / f?——daxdadt | ,
o Jo Jw O Q a

IN

(4.31)

IN

for every solution v of (3.5).
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With the aid of Theorems 3.1, 3.2 and Propositions 4.2, we can now show the following w—local
Carleman estimate for (3.5). To this aim, we consider the function ® defined as follows

®(a,t,z) = Ot a,7)¥(z), U(z)=e@ — 2kl (4.32)
for all (t,a,T,z) € Q. Here O is defined as in (3.10), k > 0 and y(z) :=0 fw F Ol dy, where d = ||0’[| oo (0,1)-

Theorem 4.1. Assume Hypotheses 3.1, 3.3 and (4.29). Then, there exist two positive constants C' and
so such that every solution v of (3.5) in V satisfies, for all s > sg,

2s5® 2
(sn@112 + 5303 (5)202) e?*?dxdrdadt < C f? ¢ daxdrdadt + Y duxdrdadt | .
Q ’ k Q" Qroamy Jw @

The proof of Theorem 4.1 is analogous to the one of [16, Theorem 4.1], but we repeat it for the
reader’s convenience. First of all, we need the following Carleman estimate that holds for the non
degenerate problem. We omit its proof, but we refer the reader to the proof of [16, Theorem 3.1].

Theorem 4.2. Let z € V be the solution of (3.5) where f € L*(Q) and k € C[0,1] is a strictly positive
function. Then, there exist two positive constants C' and sg, such that, for any s > so, z satisfies the
estimate

/ (36322 + sp22)e*® dudrdadt < C( / F2eX® dydrdadt — sk / [ke>®¢(z)%)"—, deadt>.
Q Q QT, 4,79

(4.33)
Here ¢(t,a,7,z) = O(t,a,7)e"®) & and v are as in (4.32) and © is as in (3.10).

Proof of Theorem 4.1. Let us consider a smooth function £ : [0, 1] — R such that

£(x) € [0, 2a+p)/3;
§(x) € [(a+2p)/3,1].

We define w(t, a, 7, z) := &(x)v(t, a, 7,x) where v € V satisfies (3.5). Then w satisfies

0<&(x) <1, forallzel0l],

1
0

wy + wg + g(T)% + kwes + b(2)wy — pw = Ef + k(Epuv + 26,v,) = h, (t,a,z) € Q,

’LU(t, a,T, O) = ’LU(t, a, T, 1) = Oa (tvafaT) c QT,A,TQ
lU(t, A7T7 ‘T) = 07 (t77—7 l’) € QT,TQ 1,
’U)(t, aa7—27x) = Oa (t,a,x) S QT,A 1

Thus, proceeding as in [16, Theorem 4.1], via Theorem 3.1 and Proposition 4.2 one can prove

T A e s
snOv? + 5303 () v? ) e**dadrdadt
Ll (2)"7)
T A e 2
:/ / / (sn@wi—ks?’n@?’({) w2) e?*?dxdrdadt (4.34)
o Jo Jo k
2s¢p T A 2
<C / 72 / / / Y drdrdadt | .
Q g 0 0 w T

Now, consider z = nv, where n = 1 — £ and take & € (0, «). Then z satisfies

zt + 2z + g(T)% + kzge + (@) 2p — pz = nf + k(Nexv + 20202) =1 hy, (t,a,2) € Qroam X (@,1) = Q,
2(t,a,7,a&) = z(t,a,7,1) = 0, (t,a,7) € Qr, Az,
z(t, A, 1, 2) = 0, (t,7,2) € Qrmp 1,
z(t,a, o, z) =0, (t,a,z) € Qroaa.

(4.35)
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Clearly the equation satisfied by z is not degenerate, thus applying Theorem 4.2 and Proposition 4.2, one
has

1 1
/ / (s330% + spw?)e** P drdrdadt = / / (s3032% + s¢22)e?* dxdrdadt
T, A,y J2E20 Qr A ry J 2E20

2 2
< / (53632 + s¢22)e** P drdrdadt < C ( / ie25@dxd7dadt+ / “dxdeadt> ,
Q QY Q

T, A,y JW

for a positive constant C. As in [16, Theorem 4.1], for a strictly positive constant C,

/ / (sn@v + 53n03 ( ) v )ezwdxdrdadt
T,A,T Q+2p

<C (/ / (30302 + spv?)e 28q>dxd7dadt> (4.36)
Q1. 4,75 #
<o

02
/ / /—d:chdadt .
Q Qr, 4,75 Jw T

Now, consider & € (o, (2ac+ p)/3), p € ((aw+2p)/3, p) and a smooth function + : [0, 1] — R such that

2sP
2€
g

0<~v(z)<1, forallze]|0,1],

Y(z) =1, z € [(2a+p)/3,(a+2p)/3],
7(56) =0, (S [Ovd] U [ﬁa 1]7

and define ((¢,a, 7, z) := y(x)v(t, a,x). Clearly, ¢ satisfies (4.35) with h := vf + k(7440 +27,05). Observe

2 2
that in this case vz, Vpe Z 0 in w := (d, 04;— p) U (a—; p,ﬁ). Again
a+32p 2
/ / <sn@v§j + 5303 (7> v2> e**?dxdrdadt
Qr, a7y J 2L k
gL
<C / / (50302 + spv?)e** P dxdrdadt (4.37)
Qr, 4,7, J 2L
25® 2
<C / 7€ / / Y drdrdadt | .
Q Qr,am Juw 7
Adding (4.34), (4.36) and (4.37), the theorem follows. O

Proceeding as before one can prove

Theorem 4.3. Assume Hypotheses 3.2, 3.3 and (4.29). Then, there exist two positive constants C and
so such that every solution v of (3.5) in V satisfies, for all s > sg,

1—x 2 e2s® v2
/ sn@v§+s3n@3< > v? | e**?dxdrdadt < C / f? dxdrdadt + / / —dzdadt | .
Q k Q g Qr,a,m Jw T

Remark 1. Observe that the results of Theorems 4.1 and 4.3 still hold true if we substitute the interval
(0,T) with a general interval (77, T5), provided that p and § satisfy the required assumptions. In this
case, in place of the function © defined in (3.10), we have to consider the weight function

1
(t —T)*(Ty — t)*a* (T — )%

O(t,a,1) = (4.38)

Using the previous local Carleman estimates one can prove the next observability inequalities.
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Theorem 4.4. Assume Hypotheses 3.1 or 3.2, 3.3 and 4.1. Suppose that w satisfies (4.29). Then, for
every 6 € (0,A) and v € (11, T2), there exists a positive constant C = C(d,t) such that every solution v of
(3.4) in V satisfies

1 5 T 1) T2 1 1
/ —v*(T,a,7,r)dzdrda < C/ / / / —v?(t,a, T, x)drdrdadt
Qargn 9 o Jo Jrp Jo O

T A L 1 )
1
+C/ / // —vz(t,a,r,x)dxdfdadwC||ﬁ||2LOO(Q)/ vr(s ) oo
0 4 nJo O e

a,tg,1
v? 1,
+C —dxdrdadt + C | —v*(s,a,7,x)dxdrdads.
Qr,A,r g QI
Here ~
T:=T7-a (4.39)
Moreover, if vp(s,7,2) =0 for all (s,7,x) € (0,a) X (11, 72) ,1), one has

/ —v T, a,7,z)dvdrda < C’/ / / / ~v*(t, a, 7, v)drdrdadt

QAa,ry,1

JrC’/ / / / —vQ(t,a,T,x)dIdeadtJrC’/ /U—dxdeadt
0 ) T1 0 g QT,A,7—2 w g

1
+ C/ —v%(s,a, 7, z)drdrdads.
Q g
Proof. The operator (B, D(B)), where B := A + g% and

D(B) := {v € L2(11,79; D(A)); @

o € Ln i} (0.1)].

generates a strongly continuous semigroup on L3 (Qr,.1) = L*((71,72); L% (0,1)) (we recall that the
operator A is defined in Lemma 2.1). As is stated after Lemma 2.1, the operator B(t) defined as

B(t)u := u(t,a, 1, x)u,

for u € D(B), can be seen as a bounded perturbation of B; thus also (B + B(t), D(B)) generates an
evolution family. Let (S(¢)):>0 be the associated semigroup. Then, using the method of characteristic
lines, the assumption on 8 and v(t, A, 7,z) = 0 for all (¢,7,x) € Qr,r,,1, one can obtain the same implicit
formula for v solution of (3.4) given in [16]:

S(T —t)yor(T+a—t,-,-), (4.40)
if t > T 4 a (observe that in this case T 4 a —t < @) and

’U(t a, -, ) - {S(T . t)vT(T ta—t, )+ f“T—Hl_t S(S - a)ﬁ(sv ) )U(S +t— CL707 ) )d87 I'=a

faA S(s—a)B(s, )v(s+t—a,0,-,-)ds, I'=Ty4r,
y (4.41)
where 'y 7 :=A—a+t—T and
I' :=min{a,T4 r}. (4.42)
In particular, it results that
v(t,0,+,) = S(T — t)yor(T —t,-,-), (4.43)
ift >T — a.
Now, define, for ¢ > 0p, the function w = e‘v, where v solves (3.4). Then w satisfies
0 0 0
Gt T+ 90 G+ k@)wes £ b@)w, - (u(t a7 2) +Qw = —Bla T @)w(t, 0, 7). (ta,Ta)€Q,
w(t,a,7,0) =w(t,a,7,1) =0, (t,a,7) € Qr.Ary,
w(T,a,7,2) = eTvr(a,7,z), (a,7,%) € Qa1
UJ(t,A,T,fL’) :Ov ( 7T7$) € QT,Tz,h
’U)(t, aa7—27x) = Oa ( avx) S QT,A,l;
(4.44)
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where Q :

=(T,T) X Qary1, Qr.as = (T,T) x (0,A) x (0,1), Qr.a.r = (%T) x (0, A) x (11, 72) and
QTJQJ = (T,T) x (11,72) x (0,1). Multiplying the equation of (4.44) by —— and integrating by parts
on Q; := (T t) X QA ry.1, it results that
1 1 T
- = —w*(t,a, 7, z)dzdrda + £
2 Qa1 7

—v*(T,a,7,z)dzdrda

Qa1

1 T2 1 1 1
4+ / / / —w?(s,0,7,z)drdrds + §/ —w?(s,a, T, x)drdrdads
2 T T1 0 a Qt g

+/ L(T)wQ(s,a,T,z)da:deads<
., o

(4.45)
< —Bw(s,0, T, x)wdrdrdads
Q: 9
1 ) t T2 1 1 )
<18l QA=T2’1)6/Q L dxdeadS—|—6AH,B||C(QA7T2’1)/T /T /0 —wi(s 0,7, x)dxdrds
1 Blle@o
for € > 0. Choosing e = ——— and ¢ = ””C(M, we have
2[1Blc(Ga.,, A €
T
2

~ 1 1
v (T, a,1,x)dxdrda < 7/ —w?(t,a, 1, r)drdrda
Qarpn 7 2 Qarpn 7

1
+||gT||C[T1,T2]/ 7w2(s,a,7,x)dxd7dads.
Q9
Hence

1 5 -
/ —v*(T,a,7,x)dzdrda < C —v*(t,a, 7, x)dedrda+t|gr||crry )
Qa1 g Qa1 g

1
/ —v*(s,a, 1, z)drdrdads.
Q9
. . a a
Now, integrating over [T — 5 T— 4} one has

1 N T
/ —v*(T, a,,x)drdrda < C/
Qa0

i 1,
/ —v°(t, a, 7, z)dxdrdadt
% Qarg1 @

Mm

+C / —v*(s,a,,x)drdrdadsdt
T-2

T-2

s (/ / )/ / —v*(t,a, 7, z)drdrdadt e

+C o / —v*(s,a, T, z)drdrdadsdt.
-2 Jg,
Consider the term

T*% A T2 1 1 T*%
/ / / / —v(t,a, T, z)drdrdadt :/ / (/ / ) / 2(t,a, 7, r)dzdrdadt
-2 J§ Jr Jo O T-2

where ¢ € (11, 72) is fixed. As in [16, Theorem 4.4], one can prove

T-2 T-3
/ / / / —v*(t,a,7,r)dzdrdadt < C / / / nOv2e**Pdrdrdadt
a T_,
2

where © is defined as in (4.38) with 71 := T —a, Ty :== T, v = 0 and ¢ is the function associated to ©
according to (3.8). By Theorem 4.1 or 4.3 applied to Q := (T'—a,T) x (0, 4) x (11,72) x (0,1)

T*% A T2 1 ~ _ 62 'U2
/ / / / nOv2e**Pdrdrdadt < C / f?=— dzdrdadt + / —dzdrdadt
ng ) L 0 Qr,a,rg Jw g
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where, in this case, f(¢,a,7,2) := —B(a, 7, z)v(t,0,7,2). Thus

-4 2 2
/ 4/ / / —v*(t,a, 7, x)dzdrdadt < C||BHL°°(Q) </ Mdmdq—dadt +/ / Udgchdadt> 7
z g Qr Ay Jw T

(4.47)
for a positive constant C. Now, using the fact that the semigroup generated by B is bounded, by (4.43),

one has

t,0, 7
/ ( 0T b drdadt < © / / / ot =8T2) gy < © (ST s,
Qa,ry,1 g
’ (4.48)
where Qg1 := (0,a) x (71, 72) x (0,1). Hence, by (4.47) and (4.48), one has
T-2 A 7o 1 - 2 2
’ nOv2e**?drdrdadt < C|| B2 Mdmdrds—i—C U—daﬁdrdadt,
a v L=(Q) o o
-2 L 0 Qa, 1,1 Qr,Am Jw
(4.49)

for a positive constant C. From (4.46) and (4.49), it results

1, -1
/ v (T, a,,z)drdrda < C / / / 2(t,a, 1, r)dzdrdadt
Qa,ro,1 T-2
T_, 2
/ / / ~02(t, 0,7, 2)dedrdadt + C|%, / V(9T Gdrds (4.50)

T_7 a72,1 g

T-2
+C / Y dedrdadt + C / (s,a, 7, )dzdrdadsdt.
Qr,am Jw 7 T-% t

Hence, the theorem follows.

Actually, we can improve the previous results in the following way:
Theorem 4.5. Assume Hypotheses 3.1 or 3.2, 3.3 and 4.1. Moreover, suppose that w satisfies (4.29).
Then, forn € N and V 9 € (0, i) , there exists a positive constant C = C(9) such that every solution v

of (3.4) in'V satisfies

1 A—vYa To 1 2
/ —v*(T — a,a,,z)drdrda < C’/ / / Mdmdnh
Qa1 @ 0 71 JO g

a T 1.2 2
+C / / / Mdmdmv—i—(] / Y dedrdadt
Qr,am Jw 9

’77 s T ’U2
<C dschd'y +C —dzxdrdadt,

Qr,am Jw T

where = := max{A — ¥a,a}.

Proof. Fixed n € N, let ¥ € (0,+) and set § := (2 — nd)a; then, as in (4.46), integrating over
[T — nva, T — val,

1, ) T—-9a 5—a A m rlq )
—v*(T —a,a,T,z)dzdrda < C + —v*(t,a, T, x)drdrdadt
Qarn O T—nda 0 5—a n Jo O

T—9%a 1
+C / —v*(s,a, T, z)drdrdadsdt

T—nvda

T—"9a d—a
<2C (/ / ) / / 0 (t,a, T, z)dxdrdadt.
T—nda

(4.51)
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Observe that § —a = (1 —nd)a € (0,a). As in the proof of Theorem 4.4, setting ¢ := 2572

Y

e 7(v,7,7)
/ m/ J / —v?(t,a,T,r)drdrdadt < C / %dxah'd'y—ﬁ—/ / —dzdrdadt
Qa, .1 g Qr,a,79
T—9a
J / / —v*(t,a, 7, z)dzdrdadt.
T—nda)d—a J 11
T—9%a

Now, consider the term J / / —v? (t,a,7,x)dxdrdadt. Using the fact that ¢ > T — nda and
o—a J1

(4.52)

T—nv
the definition of ¢, onehast7T+a>Tfm9a7T+a—5fa Moreover, t — T 4+ a < a < A. Hence,

T—2Y9a T—Ya t—T+a L 1 1
/ / / / —v3(t,a, T, z)dzdrdadt = / / / / —v%(t,a, 7, x)drdrdadt
nda Jd—a J nda J o
T—-9Ya
/ / / / —v%(t,a, 7, x)dzdrdadt.
—nda Jt—T+a J 11
In the first integral we can apply (4.40); thus, using the fact that ¢ < — <1 for all n > 2, one has
T—9Ya t—T+a L 1 T—9Ya t—T+a
1 (T t,
/ / / / ~v(t,a, 7, z)dzdrdadt < C / / / T+ a =t 2) b dadt
—nda 5 71 J0 a T—nda J o a
a—z L 1 2 nda
<cC / / / / VOt 5 TT) b drdads < © / / / Vg (.7, 7) Y grdrdyds
Ya s—a Jm Jo g
a T2 1,2
e / / / ) bdrdy,
o Jr Jo o

Now, consider the other integral /

(4.53)

L 1
1
/ / / ~v*(t,a, 7, z)drdrdadt, where (4.41) holds. In
T+a J 1 o

—nva Jt—
this case, we have to distinguish between I' = @ and I' = I'4 7 (we recall that I" is defined in (4.42)).
Observe that I' = @ if and only if a < A —T +¢. Moreover, t — T+ a < A —T + t. Hence,

T—Ya A L 1 1 T—9Ya A—-T+t A L 1 1
/ / / / fvz(t,a,T,x)d:chda,dt:/ / —|—/ / / —v%(t,a, T, z)dzdrdadt.
nda Jt—T+aJr Jo O T—nda \Jt—T+a A-T+t) Jry Jo O

(4.54)
Ifa € (t—T+a, A—T+t), we have to apply the first formula of (4.41), on the contrary if a € (A—T+t, A)
the second formula of (4.41) can be applied. Thus,

T—9Ya A-T+t L 1 T—9a A—-T+t L 1 92
1 T+a—t
/ / / / ~(t,a, 7, x)dzdrdadt < C / / / v a=tm2) 4o dadt
—nda T+a Jm a T—nda T+a Jr Jo a
T—9%a A-T+t T+a—t e
/ / / / p(l —s—thana) N o et
T—nda T+a o
<C / / / / 7% Ot 25T) b drdads
da a
T—Ya A—-T+t T—t—a .2
+C / / / / / w0+ 278) 0 Gedrdadt
—nda Jt—T+a o

(proceeding as in (4.53) for the first integral)

A—Ya T2 1.2 T—9%a A—-T+t
<C / / / ) drde 4+ © / / / / v ) 0 dedrdadt
g T—nda Jt—T+a g

(since T —t < nda < a)

A—9da
<c/ / / rn 72 dxd7d7+0/ /(/ ”T%Tx)dfy>dxd7.
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Moreover,

T—9%a A L 1 1
/ / / / 2 (t,a, T, z)dxdrdadt
nda J A=T+t J 11
T—9%a e
/ / / / ST D) N drdrdadt
T—nda JA-T+t J 11 g
T—9%a L T—t—a
<C / / / / / CACREITIR B
nva J A—T+t J7 T—A—t o (4.56)
T—Ya 2
/ / / / ) 0 dwdrdadt
T—ndva JA-T+t J 11 0 —a) g

(since T —t < nva)

<C/ /</ UT%TZ)d'y)d:rdT.

Hence,
T—9a A L 1 A—va T 1 2
1 2
/ / / / —v%(t,a, 7, z)dzdrdadt < C/ / / Mdmdn{'y
a —a JT a T g
’I’Lﬁaa o - 11 02 0 1 0 (4'57)
+C / / / 2T 2) 4oy,
o Jr Jo g
T—-9Ya 6—a 1 1
Finally, consider the term / / / —v? (t,a,T,x)dxdrdadt and let us prove that there exists
T—nda Jo 0o 0

C > 0 such that

T—"Ya §—a 7o 1 1 a T2 1,2
/ / / / —v2(t,a, 7, z)dzdrdadt < C / / / VD) o deds, (4.58)
T—nda J0 n Jo O o Jrn Jo g

Observe that t > T —nva >T —aand a € (0,0 —a). ThusT —t<a<d—a<A—a. Hence,I'=a
(recall that I" is defined in (4.42)). Hence in (4.41) we have to consider the first formula, i.e.

TH+a—t
v(t,a,") =S(T —t)yopr(T +a—t, )Jr/ S(s—a)B(s,, )v(s+t—a,o,-)ds.

T—Ya d—a T2 1 1
/ / / / —v*(t,a, 7, x)drdrdadt
—nda Jo mn Jo O

T—9Ya d—a T 1 1
<C / / / —v25(T + a — t, 7, z)drdrdadt
0o O

T—nda J0

T-9a pé—a rra 1 T+a—t
+C / / / - (/ v (s +t—a,0,T, x)ds) dxdrdadt
T-nva Jo n Jo 9 \Ja
nda d—a T2 1 1
= C/ / / / —v&(a+ z,7,x)drdrdadz
va
T—-9a d—a T—a—t
/ / / (/ va(a + z,T, ac)dz) dzxdrdadt
T—nva
(1—nd)a To 1
< C’/ / / —vA(y, 1, x)dxdrdydz
T—9%a é—a
/ / / (/ v (7, T, x)d’y) dxdrdadt
T—nva
< C/ / / —v2(y, T, z)dedrdydz
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T—-9%a 6—a
/ / / </ v (7, T, x)d’y) dzxdrdadt
T—nva
SC/ / / —va(y, T, x)dydzdr.
0 Jr Jo O
Hence, (4.58) holds.

By (4.51), (4.52), (4.57) and (4.58), it follows that

1 A—va T2 1.2 a T2 1,2
/ (T - a,a, 7, z)dzdrda < C / / / Mdmdnﬁ e, / / / Mdded'y
Qarpn O 0 1 JO o o Jr Jo a

02
+C/ /—dajdrdadt.
Qr,a,79 Jw g

O

By Theorem 4.5 and using a density argument, one can deduce Proposition 4.1. As a consequence
one can prove, as in [16], the following null controllability results:

Theorem 4.6. Assume Hypotheses 3.1 or 3.2, 3.3 and 4.1. Moreover, suppose that w satisfies (4.29).
Take yo € L3 (Qarp1) and T > 0. Then for n € N and for all ¥ € (0,%) there exists a control

fo € L2 (Q) such that the solution y = yg € U of

oy 0Oy 0 =
3t T g T 9 WY — k(@)ae = b(2)ye + ult, 0,7, 2)y = felt,a,7,2) in Q
y(t,a,7,1) =y(t,a,7,0) =0 on Qr,A,rys
y(T7aa7—a .Z') = yo(a77-7 .'L') m QA,Tz,la (460)
y(tv a,T1,T ) =0 m QT,A,M
y(t,0,2,7) fo (a,7,2)y(t,a,7,1)da in QT@‘J,
satisfies
y(Tv a, T, (E) =0 ae (aaTv .’E) € (Ev A) X (Tla TZ) X (Oa 1)7
where & := max{A — Ya,a}. Moreover, there exists C = C(J) > 0 such that
||fﬂ||Li(Q) < C||3/0HL2l (Qarp,1)" (4.61)

H~e7“e, we recall, Q = (T, T)~>< (0,A) x (11,72) x (0,1), QT’A’T2 = (T, T) x (0,A) x (11,72), QT,AJ =
(T,T) x (0,4) x (0,1) and Qp.r,1 = (T, T) x (11,72) X (0,1).

Proof. Take h € L% (Qa .+, 1) such that h(A,7,2) =0 in (1, 72) x (0,1). Let v be the solution of

% + % + g(T)g—:)_ + k(2)vge + b(2)vy — p(t,a, 7, 2)v = —B(a, 7, 2)v(t, 0,7, 2), (t,a,x)€ Q,
v(t,a,7,0) =v(t,a,7,1) =0, (t,a,7) € QT Ary,
o(T, a,7,5) = vr(a, 7,5) = {h(a,T7 x), (a,7,2)€ (E,fl) x (11,72) x (0,1),
0, (a,7,2) € (0,2) X (11,72) x (0,1),
v(t, A, 7,2) =0, (t,7,7) € Qrra 1,
v(t,a,m9,x) =0, (t,a,x) € QT7A71.
(4.62)

Now, fixed yo € L3 (QA,r,.1), define

1 2 1 -
J(h) = f/ / Y dzdrdadt —|—/ —o(T,a,T,2)yo(a, 7, x)dxdrda.
Qr, 4, g Qarpn 9

The functional J is strictly convex, continuous and coercive over the Hilbert space H defined by the

completion of L2 ((2,A) x (11,72) x (0,1)) with respect to the norm ||11HL2l (O pry X) (see [1] if v is
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independent of 7). Thus, there exists a unique minimum, h, of J and /A’L(Aﬂ', ) =0in (r1,72) x (0,1).
Let © = 0y be the solution of (4.62) associated to h = hy. Define f = fy := 0, and let y = yy be the
solution of (4.60) in @ associated to f. Since h is the minimum of J, it results that

d - 1 1 -
0= {J(h + eh)} :/ / —vddzdrdadt +/ —v(T,a,7,7)yo(a, 7, x)drdrda, (4.63)
de Qr, A7y Jw T Qara 9
for all h € L2 (Qa.r,.1) such that h(A,7,2) = 0 in (71,72) x (0,1). In particular, for & = h, one has

1 1
0 =/ / fﬁQdachdadt—i-/ ~o(T, a,,2)yo(a, 7, z)dzdrda.
Qr,a,7p Jw Qa1 7

Hence 1 )
/ / ~d?drdrdadt = —/ ~(T, a,,z)yo(a, 7, x)dzrdrda, (4.64)
Qram Jw 0 Qarg1 9

1
2

(T, a, 7, z)yo(a, 7, x)dzrdrda

ql~

1
(/ ~ya(a,T, a:)dxdrda)
Qa1 @

and, by Holder’s inequality and Proposition 4.1 applied to ¢ in Q, one has

1 . .
/ < / ~0*(T, a, 7, r)dxdrda
QA,rg,1 Qarg1
02 :
<C / / —dxdadt ||yo||Lz1 (Q@armg1)"
Qr A,y Jw 7 £

Thus, by (4.64) and (4.65),

/ / v—dmdadt<C / / —dzdadt HyOHLz @arra)" (4.66)
Qr,a,79 Jw o Qr,a,79 Jw

2

,132
||fHL21 &) = </ / dxdadt) < CliyollLz (@a.)-
o Qr,a,79 Jw g %

Now, let y be the solution of (4.60) asssociated to f and yo.

(4.65)

(NI

Hence

Multiplying the equation of (4.62) by Y and integrating over Q, one has:
o

B Jdv  Ov ov Y
0= / (5t + %a +g(r )87' + k() vz + b(2)v, — pu(t,a, 7, 2)v + Bla, 7, 2)v(t,0, T, .T)) Udsr:deadt =

1 1
0= / / / —y(T,a,1,x)h(a,7,z) dedrda — / ~yov(T, a,7,z)dxda
= Jn Jo 7 Qarpa O
1 1
— / *y(taoa’ra SC)U(t,O,T,I)dId’rdtJr / 7/8((1,7—, I’)U(t,o,’]’, x)y(t,a77—7 x)dxd,]—dadt
QT T9,1 9 Q o

dy Oy  O(gy)
_ / <8t 4+ 22 ” + 57 " Aoy + p(t,a,7,2)y | dedrdadt

9y , 9y  Olgy)
(recall that y(t,0,7,2) = fo (a,7,2)y(t,a,7,x)da). B ta—l—a——i—?—fl oy + 1ty a, 7, )y = fXxuw;

hence
L 1 7 V0

0:/ / / —y(T,a,7,x2)h(a,T,x) ddeda—/ fyov(T,a,T,x)ddeda—/ /*dxdeadt.
=m0 Qama @ Qr.am Jw T

Thus, being by (4.63)

1 1 -
/ / —vidrdrdadt = —/ —v(T,a,7,2)yo(a, 7, x)dxdrda,
QT A7y Jw T Qaran 9
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it follows that

/: / / —y(T,a,7,2)h(a, 7, x) dedrda

for all h € L% (Qa.rp.1) with h(A,7,2) = 0 in (r1,72) x (0,1). Hence y(T,a,7,2) = 0 ae. (a,z) €
(EaA) X (leTZ) X (071) ]

Theorem 4.7. Assume Hypothesis 3.1 or 3.2, 3.3 and 4.1. Moreover, suppose that w satisfies (4.29).
Take ug € L*(Qa,r,,1) and T > 0. Then forn € N and for all9 € (0, L) there exists a control fy € L3 (Q)

such that the solution u =uy € U of (1.1) satisfies
w(Tya,7,2) =0 a.e (a,7,2) € (E,A) X (11,72) X (0,1).
Moreover, there exists C = C(9) > 0 such that
HfﬂHL’i(Q) < C||U0||L2‘L(QA,2,1)7 (4.67)

where = is as in the previous theorem.

Proof. As a first step, set T:=T—ac (0,T). By Theorem 2.1, there exists a unique solution y of

W ot g )) = Keae — bl + a0y =0 n @

y(t,a,7,1) = y(t,a,7,0) =0 on Qr A1,

y(0,a,7,x) = ug(a, 7, ) in Qa1 (4.68)
y(t,a,m,2) =0 in Qr.ai,

y(t,0,2,7) fo (a,7,2)y(t,a,7,z)da in Qrry1,

A)x (71,72), Qr.a1 = (0,T)x (0, A)x(0,1)

where Q = (0,7 (0,
= ( y( a,T,x); clearly gg € Li(QAm,,l). Now,

)XQO,A)X(’H,TQ)X((L].), Qr.am = (0,T)x
O,T) X (7’1,7’2) X (0,1) Set, QQ(CL,T ) =

and QT,TQJ

consider
681: 8871;} + %(g(T)w) — k(2)wzy — b(x)wy + u(t,a,7,2)w = h(t,a,7,2)Xw in C~2~,
w(t,a,7,1) =w(t,a,7,0) = on Q7 4,7,
w(T,a,7,z) = jo(a,T, ) in Qary1, (4.69)
w(t, a, Tl,x) =0 in QT,A,la
w(t,0,x,7) fo (a,7,2)w(t,a,7,z)da in Qroryi

By the previous Theorem, there exists a control hy € L% (Q) such that the solution wy € U of (4.69)

associated to hy satisfies
wy(T,a,7,2) =0 a.e. (a,7,2) € (B, A) X (11,72) X (0,1)

and
1Poll 2 () < CligollLa (@ar):

for a positive constant C' = C(9).
Now, define uy and fy by

wy =AY {ln[OjT], and [y = 0, fn[O,T],
wy, in[T,T] )

Then uy satisfies (1.1) and fy € L2 (Q) is such that
uyg(T,a,7,2) =0 ae. (a,7,2) € (£, A) X (11,72) X (0,1).

Indeed uy (T, a,7,2) = wy(T,a,7,2) =0 a.e. (a,7,z) € (E,A) x (11, 72) x (0,1).
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Now, we prove (4.67). As a first step, we multiply the equation of (4.68) by y. Then, integrating over
QA,r,1, We obtain:

1 1 L™t 1
1d —y?dzdrda + = / / —y2(t, A, 1, z)dxdr + / ny2drdrda + ~ / d(9y) dxdrda
2dt Qarg1 9 2 n Jo O QA,ry1 2 Aol

‘ . o dr 7
1, 1™t
+ —py“drdrda = - —y~(¢,0, 7, x)dxdr.
Qa,ry1 o 2 mn Jo O

Clearly,

1 1 4 1
7/ fd(gy)ydxd da = /
2 Qarn O dr

1
t,a, o, x)drdr — — — dy’ dxdrda
) ) 9
Qa,r dT

1
1
/ ~ (g
"1
/ (9y®)(t,a, 79, )dxdT—*/ / —(gy*)(t, a, 12, x)dxdr
0o O

+3 / L9 2 tvdrda

QAT 10d7—

1d
/ (99°)(t, a, 7o, x)dzdr + = / & y2dzdrda.
QAa,ry,1 odr

It follows that

1d

1 INAER A 1 1d
—— —y*drdrda < 7/ / —y2(t,0,7, 2)dxdr — f/ f—ngdxdea.
2dt Qargn O 2), Jo o 4 g, . ,odr

Using the fact that y(¢,0, 7, x) fo (a,7,2)y(t,a, 7, x)da, we have

2

1d 1, 1A

—— —y“drdrda < f/ / - / Bla,1,2)y(t,a,z)da | dxdr
2 dt QA,TQ,l ag 2 I 0 ag 0

1 1
+ ZHQTHC[n,m] / *dexdea
QA,‘rz,l g

1
< g —y?dxdrda.

2 Qa1 7

) and multiplying the previous inequality by e~C?, it results that

79,1

: — 2
Setting F(1) = [ly(1)25 .,

% (e @F(t)) <0.

Integrating over (0,t), for all ¢ € [0,T], we obtain

1 1 1
/ —y%(t,a, 7, x)dzdrda < eCT/ —4%(0,a, 1, z)drdrda = eCT/ ~u(a, T, r)dzdrda.
Qarg1 9 Qarg1

Qarg1

In particular,

1 ~ 1
/ —yX(T,a,7,z)drdrda < eCT/ —u2(a, 7, r)dzdrda.
Qa 79,1

QA,Tz,l o
Thus,
2 Lo =2
||fﬂ||Li(Q) = 5 ;hﬂdxdrdadt < CHyOHL'i (Qa,rg,1)
’ : (4.70)
L oam cr L
=C —u*(T,a,1,z)drdrda < e —ug(a, 7, z)dzdrda,
Qa,ry,1 QAa,ry,1

for a positive constant C. Hence, (4.67) follows. O
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As a consequence of the previous theorem, we obtain the null controllability property if the coefficient
k is degenerate at 0 and at 1 at the same time. In particular, we make the following assumption:

Hypothesis 4.2. Hypotheses 2.2, 3.3 and 4.1 are satisfied. Moreover, the function k € C°[0, 1] C?(0,1)
oo~ ka(@) |z~ Db hala))

i =0=k(1 1 i
is such that k(0) = 0 = k(1), £ > 0 on (0,1), the functions ) B belong
ko . D)k,
to L>°(0,1) and there exist My, M7 € (0,2) so that xk((? < Mp a.e. in [0,1] and (k())(rv) < M,
x x

a.e. in [0,1]. Finally, there exist € € (0,1] and two functions C; = C;(e) > 0, i = 1,2, defined in (0, ¢),
such that
Ci(e) =0 as e— 0T,

and
() - (So00) s,
Va € (0,e) and
()t )| it

Vze(l—el).

Theorem 4.8. Assume Hypotheses 4.2 and (4.29). Take ug € L?*(Qa,r,,1) and T > 0. Then for n € N
and for all ¥ € (0,1) there exists a control fy € L% (Q) such that the solution u = uy € U of (1.1)

satisfies
w(T,a,7,2) =0 a.e (a,7,2) € (E,A) x (11,72) x (0,1).

Moreover, there exists C = C(9) > 0 such that

HfﬁHLi(Q) < C'||U0||L’i(QA,TQ,I)- (4.71)

Here E is as before.

Proof. Fixed ug € L?*(Q A r,.1), consider the two problems

% + %_"_ %(Q(T)u) — k(@)uze — b(2)us + p(t, a, 7, 2)u = f(t,a,7,2)xw in Qr,4,7, X (O’B)’
u(t,a,7,8) = u(t,a,7,0) =0 on Qr A7, )

() Y u(0,a,7,2) = ug(a, 7, x) in (0, 4) x (r1,72) x (0, ),
u(t,a, 7, )—0 in (0,7") x (0,4) x (0, 5)7
u(t,0,7,7) = fo u(t,a,7,x)da in (0,T) x (11, 72) x (0,3),

(4.72)

and

% + % (,%( (Tu) — k(2)uge — b(x)ug + p(t,a, 7, 2)u = f(t,a,7, ) X0 in Qr.a- x (a,1),
u(t,a,7,a) = u(t,a,7,1) =0 on Q7 4,7,

(P,) u(0,a,7,x) = ug(a, 7, x) in (0,A) x (11,72) x (@,1),
u(t,a, i, )—0 in (0,T) x (0,4) x (a,1),
u(t,0,7,2) = fo u(t,a, 7, z)da in (0,7) x (71, 72) x (a,1),

(4.73)

where @ € (0,a) and 8 € (B,1). Thus, by Theorem 4.7, there exist two controls hy y and hs » such that
the solutions uq 9 and ug y of (P1) and (P»), associated to hy g and hg g, respectively, satisfy

U1719(T,a77', l') =0 ae. (CL,T,Q]‘) € (E’A) X (7—177—2) X (07/6)7

and
ug9(T,a,7,2) =0 ae. (a,7,2) € (E,A) x (11, 72) X (&,1).
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Moreover, there exists C = C(d) > 0 such that

f1
—h2 ydrdrdadt < Cllugl|?2
/QTAQ/ o 1Y raraaat > ||U0||L%(QA‘72YI)

and )
/ / h3 gdxdrdadt < CH“O”ij(QA,Tz,l)'
QT, 4,79 &

o

Denote with uy and hy (respectively uz and hg) the trivial extensions of uy ¢y and hy g (respectively ug »
and hg ) to [5,1] (respectively [0,a]), so that all the functions are defined in the interval [0,1]. Clearly,

they depends always on ¥ and
1hillzz (@) < Clluollzy (Qa,rpi)s =152

Now, let u3 be the solution of

5 T a0 T 5 0(Mw) = k(@)uzs —b@)us +p(ta, 7 2)u=0  inQ,
u(t,a,7,1) = u(t,a,7,0) =0 on Qr,4,r,,
u(0,a,7,x) = up(a, T, x) in Qam,1,
u(t, a,ﬁ,x) =0 in Qr.a1,
u(t,0,z,7) fo (a,7,z)u(t,a,7,2)da in Q7,1

and consider the three smooth cut off functions &, 7, ¢ : [0,1] — R defined as

0<&(z) <1, forallxzel01],
@) =1,  ze[0,(2a+p)/3)
£(z) =0, z € [(a+2p)/3,1],
0<n(z)< for all z € [0,1],
B@) =0, we(a+p)/3)
n(z) =1, z € [(a+2p)/3,1]
and ¢ := 1 — ¢ — 1. Finally, take
U(t,CL, T, .T) = ful + nu2 + F(t)¢u3a
where F(t) := r-t

T

Tt is easy to verify that u(t,a,7,0) = u(t,a,7,1) = 0, u(0,a,7,z) = ug(a, 7, z) (since F(0) =

CLTI

u(t,0,7, ) fo u(t,a,7,x)da. Moreover,

w(T,a,7,2) =0 a.e. (a,7,2) € (,4) x (11,72) x (0,1)

and u satisfies the equation of (1.1) with

1
fo = Ehixw + nhaxw — T¢u3 = b(&ur +n'us + F(t)¢ us)

- k(ﬁlul,w + (Elul)w + 77’“2,95 + (77/U2)z)
— F(t)k¢'uz » — F(t)k(¢ us) .

Obviously, the support of fy is contained in w and the terms (¢'ug)y, (§'u1), and (9'ug),
(recall that ¢/(z) = ¢'(z) = 1'(x) =0 for all x € (0,1) \ w); thus fy € L3 (Q) as required.

Now, we will prove (4.71).
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(4.74)

(4.75)

1) and

are L2 (0,1)

U
To this aim, consider the equation satisfied by uw; and multiply it by -1
o



Then, integrating over Qa,,,1, we have
1d IR
5%””1@)”%1(@&72,1) + 2/—1 A ;’U;%(f,A,’ﬂ LU)dCCdT
1 1, )
- f/ / —u1“(¢,0, 7, x)dxdr —l—/ nui o “drdrda
2 mn Jo O QA rg,1
1 1 1
= —/ p—uidrdrda — f/ uldxdea
Qargn 7 2 QAa,ry,1

- 7/ / g(m ul (t,a, 72,2 dscda—i—/ / / — furdzdrda.

Hence, using the initial condition u4 (¢, 0, 7, x) fo (a, 7, 2)uq(t, a, 7, x)da, the assumptions on S, p and
g and the Jensen’s inequality, one has

d 1 (™ [t
%Hm(t)ﬂii(QA)@l) + f/ / —u?(t, AT, x)dxdT%—/Q nuiwda:dea

Aol

/ fuldxdea — f/ / (t2)ut(t,a, 12, x)dxda
Qayrg1
/ / —hiuidzdrda

1d

37tz @y <

N —

IN
2| Q

N\Q\

1 A T2 1
< / —uldxdea + = / / / —h2dxdrda,
Qa,rg,1 2Jo mn Ju 0
(4.76)
where C' is a positive constant. Hence,
i\lu Gl < Cllua (1|17 +lha (D17
"L (Qar = CII L4 - 0) T I (Qa )
Setting F'(t) := ||u1(t)|\2Li (Q@ar) and multiplying the previous inequality by e~¢?, one has
d . _ct —Ct 2
LR W) < e 0 (4.77)
Integrating (4.77) over (0,¢), for all ¢ € [0, T it follows that
t
020 <F(0)+/O O Ih(T) 2 (g 1y
Hence, for all ¢ € [0,T],
T
Fi#) < T (F(O) T (QA,M)dT>
and
s 0l .. < C (100125 (@) + Il 0 ) (478)
€0, o ' o o

Therefore, by (4.76), it follows that

1d 9 9 C
thH u (t )||L2%(QA),271) +/QA,T2,1 nuy zdrdrda < Q/QA,TQ 1 —uldxdea—l— / / / ~hidxdrda.

Integrating over (0,7"), we have

1 1 C 1 1
2||u1(T)izl(QA@l)+/Qnuiwdxd7-dadt§ 2||u0||2L21(Qw)+2/quf(t,a,f,x)dxdmadw2||h1||§21(Q).
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Hence, by (4.78),
T
/ lv/nus, $|\L2 (Qu.r)drdTdadt < ||u0||L2 @arn) T C’/ 2(t,a, T, x)dzdrdadtt + *than

<c <||U0||2L21 @l ).

(4.79)
Estimates (4.78) and (4.79) hold also for us and us, where h; is replaced by hs and 0, respectively. By
the definition of fy and (4.74), the theorem follows. O

5 Appendix

5.1 Proof of Proposition 4.2:

Let us consider a smooth function £ : [0,1] — R such that

E(x) < for all z € [0,1],
§(z):1 x €W,
§(x) =0, ze(0,1)\w

Then, integrating by parts one has

Td
0= / — / (€e*¥)2v2dadrda | dt
o dt QAa,ry,1

= / 2590, (€e5Y)20% + 2(€e*Y)20(—va — gur — Agv + v + f) drdrdadt
Q

= 25/ wt(few)zvzdszdadt—!—Qs/ wa(few)zvzdxdeadt—&—Q/ (EQeQSwJ)Invvxdszdadt
Q Q Q

2 / (£2e*V k) v dadrdadt + 2 / 22 yPdedrdadt + 2 / £2e%Y fudrdrdadt
Q Q Q
—|—2s/ z/JT(fesw)ng2dxdeadt+/ £2e%% g v?dadrdadt.
Q Q
Hence, using Young’s inequality

2 / (£2e**V k)2 drdrdadt = —2s / Wy (gesw)%?dxdvdadtﬂs / Yo (€e®V) 2 v*dadrdadt
Q Q Q

2,250
_2/ (i w\/,)mgew\fmww dxdeadt—Q/ §2e*Y po’dedrdadt
Q e

-2 / £2e*Y fudrdrdadtt

—2s / U, (Ee¥) 2 gvdadrdadt — / £2e%% g v?dadrdadt

< —25/ wt(fesw)%zdxdrdadt—%/ Vo (e 0% dzdrdadt
Q Q

—28/ wT(gesw)2gv2ddedadt—/ £2e%Y g v?dadrdadt

Q

/(few\f) T]UQdJideadt—i-/(62625wk)1}id1‘d7’dadt
Q

+ 2llellp=) +1) / ¢2vtdzdrdadt + / £2e** f2dxdrdadt.
Q Q
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It follows that,
/ (£2e*V k) v2drdrdadt < —2s / Py (€e*V) 0% dadrdadt — 2s / Vo (Ee*V) 0% dadrdadt
Q Q Q

—23/ $T(£es’b)2gv2dxd7'dadt—/ £2e?*% g v?dadrdadt
Q Q

+ 4/ (e* o )i nvldzdrdadt
Q
+ 2l|pllL=(g) + 1) / 2v?daxdrdadt + / €262 f2dadrdadt.
Q Q
Thus,

inf{k} / e**Vvidrdrdadt
w’ QT,A,ry JWw’

wx (0,T

s( sup {\4(5ewﬁ)i2s(wt+¢a+wfg+g7)(£ew>2|}+2||u|Lm<Q>+1> [ dadrda
) Qr,a,r Jw

+ / f2e*¥dedrdadt.
Q
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