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ABSTRACT In the last few years the literature has witnessed a remarkable surge of interest for maps
implemented by discrete-time (DT) memristor circuits. One main reason is that from numerical simulations
it appears that even for simple memristor circuits the maps can easily display complex dynamics, including
chaos and hyperchaos, which are of relevant interest for engineering applications. Goal of this manuscript is
to investigate on the reasons underlying this type of complex behavior. To this end, the manuscript considers
the map implemented by the simplest memristor circuit given by a capacitor and an ideal flux-controlled
memristor or an inductor and an ideal charge-controlled memristor. In particular, the manuscript uses the
DT flux-charge analysis method (FCAM) introduced in a recent paper to ensure that the first integrals and
foliation in invariant manifolds of continuous-time (CT) memristor circuits are preserved exactly in the
discretization for any step size. DT-FCAM yields a two-dimensional map in the voltage-current domain
(VCD) and a manifold-dependent one-dimensional map in the flux-charge domain (FCD), i.e., a one-
dimensional map on each invariant manifold. One main result is that, for suitable choices of the circuit
parameters and memristor nonlinearities, both DT circuits can exactly embed two classic chaotic maps, i.e.,
the logistic map and the tent map. Moreover, due to the property of extreme multistability, the DT circuits
can simultaneously embed in the manifolds all the dynamics displayed by varying one parameter in the
logistic and tent map. The paper then considers a DT memristor Murali-Lakshmanan-Chua circuit and its
dual. Via DT-FCAM these circuits implement a three-dimensional map in the VCD and a two-dimensional
map on each invariant manifold in the FCD. It is shown that both circuits can simultaneously embed in the
manifolds all the dynamics displayed by two other classic chaotic maps, i.e., the Hénon map and the Lozi
map, when varying one parameter in such maps. In essence, these results provide an explanation of why it
is not surprising to observe complex dynamics even in simple DT memristor circuits.

INDEX TERMS Chaos, discrete-time circuits, extreme multistability, first integral, flux-charge analysis
method, Hénon map, invariant manifold, logistic map, memristor circuit.

I. INTRODUCTION
Memristor has been theoretically envisioned by Leon Chua
in a seminal paper published in 1971 [1] as the fourth basic
passive circuit element in addition to resistor, capacitor and
inductor. More than thirty years later, in 2007, a team at
HP led by Stanley Williams made the fundamental discovery
that we can physically observe memristive behavior in some
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metal-insulator-metal (MIM) solid-state devices [2]. This
discovery has triggered an unprecedented and widespread
interest in the theory and applications of continuous-
time (CT) circuits with memristors, memcapacitors and
meminductors [3], [4], [5], [6], [7], [8], [9], [11], [12]. Among
the many relevant potential applications there are the imple-
mentation of high-density and low power random access
memories [13], [14], [15]. More generally, the memristor is
seen as a strategic component for implementing in-memory
computing schemes, akin to the computation mechanism
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of the brain, aiming at overcoming basic limitations of
traditional Von Neumann computing machines [16], [17],
[18], [19], [20], [21], [22].

Recent years have witnessed a significant surge of interest
also for discrete time (DT) versions of memristor circuits.
During a first phase, Euler’s discretization method has been
employed to derive discrete memristor models [23] and to
study the discretization of simple CT memristor circuits [24].
Subsequent studies have also investigatedmore abstract maps
employing typical memristor nonlinearities but not necessar-
ily related to the discretization of a CT counterpart [25], [26],
[27], [28], [29]. There are strong motivations for considering
DT memristor circuits. First of all, since solid-state memris-
tors are not easily available as yet, DT emulators can be useful
to assess their performance without relying on experimental
measurements. Moreover, DT memristor circuits can be
easily and effectively interfaced with digital computers.
However, the most relevant motivation is maybe that maps of
DT memristor circuits can easily generate complex dynamics
that are of interest in themselves for engineering applications.
The main dynamical aspects studied in the literature include,
but are not limited to, chaos and hyperchaos displayed
by DT memristor maps [26], [28], [29], [30], [31], [32],
[33], [34], [35], [36], [37], [38] and coexisting attractors,
multistability and extrememultistability inmemristor circuits
with special classes of memristor nonlinearities [40], [41],
[42]. The generated complex dynamics have found relevant
applications in the fields of random number generation [32],
[43], secure communications [31], [44], implementation of
reservoir computing systems [45], [46] and biomedical image
encryption [47], [48], [49].

A recent line of research has addressed the extension to
DT memristor circuits of the flux-charge analysis method
(FCAM), a technique that was originally developed for CT
memristor circuits [6], [50]. In particular, the paper [51] has
introduced a special discretization scheme ensuring that the
first integrals of CT memristor circuits are exactly preserved
in the discretization for any step size. As a consequence,
the state space in the voltage-current domain (VCD) of DT
memristor circuits can be foliated in invariant manifolds and
on each manifold the circuits obey a manifold-dependent
reduced-order dynamics in the flux-charge domain (FCD).
Such a structural property gives a rigorous explanation of the
so-called extreme multistability property of DT memristor
circuits, i.e., the coexistence of infinitely many different
dynamics and attractors for a fixed set of circuit parameters.

An inspection of the literature shows that even relatively
simple DT memristor circuits can easily display really
complex dynamics including chaos and hyperchaos [52],
[53]. It is then natural to ask if we can find a rationale for
this kind of behavior. Goal of this manuscript is to give an
answer to this question via the study of themaps implemented
via DT-FCAM by a simple DT memristor-capacitor circuit
and a DT Murali-Lakshmanan-Chua circuit [54]. It is shown
that, by a suitable choice of the memristor nonlinearity and

circuit parameters, such circuits can embed, as a manifold-
dependent reduced-order dynamics in the FCD, a number
of classic chaotic maps, namely, the logistic and the tent
map as well as the Hénon and Lozi map [55], [56]. Another
particularly intriguing feature is that by varying the manifold
the memristor circuits can embed all the dynamics that are
generated by varying one parameter in the logistic or Hénon
map. This represents an effective way to exploit the property
of coexisting attractors and extreme multistability, which
is peculiar to DT memristor circuits [51]. In overall, the
obtained results clearly show why it is not surprising to
observe complex dynamics even in simple DT memristor
circuits.

The organization of the manuscript can be outlined
as follows. Sect. II first summarizes some results from
DT-FCAM needed in the manuscript and then it derives
the maps implemented by the considered classes of DT
memristor circuits. Thereafter, Sect. III and Sect. IV show
how the logistic, tent, Hénon and Lozi maps can be embedded
in the DTmemristor circuits. Finally, the main conclusions in
the paper are given in Sect. V.

II. TWO SIMPLE CLASSES OF DT MEMRISTOR CIRCUITS
One basic question in dynamic system theory is whether it
is possible to embed the dynamics of a given system into
a higher-order system with a given structure. One relevant
and quite unexpected result in this sense has been obtained
by Stephen Smale in [57] for CT systems. In that paper it is
shown that any n-th order CT dynamics can be embedded in a
CT competitive system of order n+1. More precisely, Smale
devised a suitable design procedure ensuring that any given
n-th order CT dynamics evolves on an attracting n-th order
invariant manifold of the (n + 1)-th order CT competitive
system. One problem however is that the equations of the
embedding system do not resemble those of a network. More
details on the construction of the embedding competitive
system can be found in [57]. An analogous result holds for
CT cooperative systems, although in this case the n-th order
manifold is a repelling one [58]. As discussed in [59, Sect.
11], this follows since a CT irreducible cooperative system
is such that almost all its solutions converge to the set of
equilibria. More recently, in [60] it has been shown how CT
memristor circuits can embed the FitzHugh-Nagumo system
[61] and the Duffing oscillators [62].

In this manuscript, we address an embedding problem
for a class of maps implemented by DT memristor circuits
obtained via DT-FCAM [51]. More specifically, we study
if it is possible to embed the logistic and the tent map,
which are one-dimensional maps, as reduced-order dynamics
in the invariant manifolds of a two-dimensional DT flux-
controlled memristor and capacitor circuit or its dual (a
charge-controlled memristor and inductor circuit). Moreover,
we investigate whether we can embed the Hénon and the
Lozi map, which are two-dimensional maps, as reduced-order
dynamics in the invariant manifolds of a three-dimensional
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DT Murali-Lakshmanan-Chua or its dual. First of all, in the
remaining part of this section, we recall some basic facts
on DT-FCAM useful for the analysis in the paper. Then, in
Sect. II-B and Sect. II-C, we derive the maps implemented in
the VCD and FCD by the considered classes of DTmemristor
circuits.

A. ANALYSIS VIA DT-FCAM
FCAM has been developed in [50] and [63] (see also the
general treatment in [6]) to analyze a class of CT circuits
containing ideal resistors, capacitors, inductors and ideal
flux-controlled or charge-controlled memristors. The method
is based on analyzing the circuits both in the standard voltage
current domain (VCD) and in the flux-charge domain (FCD)
using Kirchhoff laws and constitutive relations of circuit
elements. One relevant result obtained via FCAM is that
for structural reasons a CT memristor circuit possesses first
integrals in the VCD. Hence, the state space is foliated in
invariant manifolds where the circuit satisfies a manifold-
dependent reduced-order dynamics in the FCD. Later on,
the recent article [51] has extended FCAM to DT memristor
circuits. At the basis of DT-FCAM is the use of a special
discretization scheme for the memristor circuits ensuring that
the first integrals are exactly preserved in the discretization
for any step size. This ensures that also aDTmemristor circuit
possesses integrals of motion and, as a consequence, its state
space is foliated in invariant manifolds.

Consider a two-terminal element (a one-port) with voltage
v and current i. Let ϕ(t) =

∫ t
−∞

v(τ )dτ and q(t) =∫ t
−∞

i(τ )dτ be the flux and charge, respectively. Moreover,
consider the incremental flux ϕ0(t) =

∫ t
0 v(τ )dτ and

incremental charge q0(t) =
∫ t
0 i(τ )dτ [50]. Given the

sampling instants tk = kh, k = 0, 1, 2, . . . , where h > 0 is
the step size, the corresponding discretized electric quantities
are given by vk = v(tk ), ik = i(tk ), ϕk = ϕ(tk ), qk = q(tk ),
ϕ0
k = ϕ0(tk ) and q0k = q0(tk ).
In theVCD,Kirchhoff voltage law (KVL) can be expressed

as
∑

j vj,k = 0 around any loop, whereas Kirchhoff current
law (KCL) is given as

∑
j ij,k = 0 for any cut-set. In the FCD,

Kirchhoff flux law (KϕL) is given as
∑

j ϕ
0
j,k = 0 around any

loop, while Kirchhoff charge law (KqL) can be expressed as∑
j q

0
j,k = 0 for any cut-set [51].

Consider a linear capacitor qC = CvC or iC = CdvC/dt .
Via forward Euler rule we obtain the one-dimensional map
(VCD)

iC,k = C
vC,k+1 − vC,k

h
. (1)

Moreover, in the FCD the capacitor satisfies the one-
dimensional map

q0C,k = C
ϕ0
C,k+1 − ϕ0

C,k

h
− CvC0 (2)

where vC0 = vC (0).
Consider now a linear inductor ϕL = LiL or vL = LdiL/dt .

Applying forward Euler rule we obtain the one-dimensional

map (VCD)

vL,k = L
iL,k+1 − iL,k

h
. (3)

Moreover, in the FCD the inductor satisfies the one-
dimensional map

ϕ0
L,k = L

q0L,k+1 − q0L,k

h
− LiL0 (4)

where iL0 = iL(0)
A flux-controlled memristor is defined by qM = q̂(ϕM ).

This yields (VCD) {
iM = q̂′(ϕM )vM
ϕ̇M = vM .

(5)

In accordance with [51], we use for the memristor the
discretization scheme (VCD) iM ,k =

q̂(ϕM ,k+1) − q̂(ϕM ,k )
h

ϕM ,k+1 = ϕM ,k + hvM ,k .

(6)

On the other hand we have (FCD)

q0M ,k = q̂(ϕ0
M ,k + ϕM0) − q̂(ϕM0) (7)

where ϕM0 = ϕM (0).
A charge-controlled memristor is defined by ϕM = ϕ̂(qM ).

This yields (VCD) {
vM = ϕ̂′(qM )iM
q̇M = iM .

(8)

In accordance with [51], we use for the memristor the
discretization scheme (VCD) vM ,k =

ϕ̂(qM ,k+1) − ϕ̂(qM ,k )
h

qM ,k+1 = qM ,k + hiM ,k .

(9)

On the other hand we have (FCD)

ϕ0
M ,k = ϕ̂(q0M ,k + qM (0)) − ϕ̂(qM0) (10)

where ϕM0 = ϕM (0).
Remark 1: We stress that the discretization schemes for

the memristor given in (6) and (9) guarantee that the
first integrals of CT memristor circuits are preserved in
the discretization for any step size [51]. As such, they
basically differ from typical discretization schemes used in
the literature that do not preserve first integrals [64].

B. MC AND ML CIRCUITS
First, let us consider the MC circuit in Fig. 1(a) (VCD),
which is composed of an ideal flux-controlled memristor and
an ideal capacitor. The corresponding circuit in the FCD is
shown in Fig. 1(b). The next result provides us with the maps
implemented by the circuit in the VCD and FCD. It also gives
the expression of the first integral and the invariant manifolds
of the circuit.
Proposition 1: The following results hold:
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1) In the VCD the dynamics of the MC circuit is described
by the two-dimensional map in the state variables vC,k and
ϕM ,k vC,k+1 = vC,k −

1
C
(q̂(ϕM ,k + hvC,k ) − q̂(ϕM ,k ))

ϕM ,k+1 = ϕM ,k + hvC,k .

(11)

2) The function of the state variables given by

2MC(vC , ϕM ) = CvC + q̂(ϕM )

is a first integral of (11) for any step size h, i.e., we have
2MC(vC,k+1, ϕM ,k+1) = 2MC(vC,k , ϕM ,k ), k = 0, 1, 2, . . . .

FIGURE 1. DT MC circuit. (a) VCD and (b) FCD.

3) The state space of (11) is foliated in one-dimensional
invariant manifolds

MMC(Q0) = {(vC , ϕM ) ∈ R2
:

2MC(vC , ϕM ) = CvC + q̂(ϕM ) = Q0}

where Q0 ∈ R is the manifold index. On each manifold, i.e.,
in the FCD, the dynamics is described by the one-dimensional
map in the state variable ϕM ,k

ϕM ,k+1 = ϕM ,k −
h
C
q̂(ϕM ,k ) +

h
C
Q0. (12)

Proof: 1) Let us show that in the VCD the dynamics of
the MC circuit is described by the two-dimensional map vC,k+1 = vC,k −

1
C
(q̂(ϕM ,k + hvC,k ) − q̂(ϕM ,k ))

ϕM ,k+1 = ϕM ,k + hvC,k .

(13)

To this end, we perform the analysis of the DT circuit in
Fig.1(a) using Kirchhoff laws and constitutive relations of
circuit elements. KCL and KVL written for such a circuit
yield

iC,k + iM ,k = 0, (14)

vC,k = vM ,k . (15)

Substituting the constitutive relation (1) and the first equation
of (6) in (14) we obtain

C
vC,k+1 − vC,k

h
+
q̂(ϕMk+1) − q̂(ϕMk )

h
= 0 (16)

while using (15) in the second equation of (6) allows us to
write

ϕM ,k+1 = ϕM ,k + hvC,k (17)

i.e., the second equation of (13). Substituting (17) into (16),
after simple algebraic manipulation we obtain

vC,k+1 = vC,k −
1
C
(q̂(ϕM ,k + hvC,k ) − q̂(ϕM ,k ))

i.e., the first equation of (13), thus completing the proof of
the statement.

2) Follows directly by reordering the terms of (16).
3) From (16) we have that that, for any k ≥ 1,

CvC,k + q̂(ϕM ,k ) = CvC,0 + q̂(ϕM ,0) = Q0

i.e., the state variables are bound to evolve on the manifold
MMC(Q0). To derive the equations describing the dynamics
on MMC(Q0), let us write the KqL and KϕL for the MC
circuit in Fig. 1(b)

q0C,k + q0M ,k = 0 (18)

ϕ0
C,k = ϕ0

M ,k . (19)

Substituting (2) and (7) in (18) we obtain

C
ϕ0
C,k+1 − ϕ0

C,k

h
−CvC,0

+ q̂(ϕ0
M ,k + ϕM ,0) − q̂(ϕM ,0) = 0.

Considering (19), we obtain

ϕ0
M ,k+1 = ϕ0

M ,k −
h
C
q̂(ϕ0

M ,k + ϕM ,0) + hvC,0 +
h
C
q̂(ϕM ,0)

which can be recast into (12) by summing ϕM ,0 to both sides
and taking into account the expression of Q0.

Now, let us consider the dual of the circuit in Fig. 1,
which is composed of an ideal charge-controlled memristor
and an ideal inductor, as depicted in Fig. 2(a) (VCD). The
corresponding circuit in the FCD is shown in Fig. 2(b).
Proposition 2: The following results hold:
1) In the VCD the dynamics of the ML circuit is described

by the two-dimensional map in the state variables iL,k and
qM ,k iL,k+1 = iL,k −

1
L
(ϕ̂(qM ,k + hiL,k ) − ϕ̂(qM ,k ))

qM ,k+1 = qM ,k + hiL,k .
(20)
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2) The function of the state variables given by

2ML(iL , qM ) = LiL + ϕ̂(qM )

is a first integral of (20) for any step size h, i.e., we have
2ML(iL,k+1, qM ,k+1) = 2ML(iL,k , qM ,k ), k = 0, 1, 2, . . . .
3) The state space of (20) is foliated in one-dimensional

invariant manifolds

MML(80) = {(iL , qM ) ∈ R2
:

2ML(iL , qM ) = LiL + ϕ̂(qM ) = 80}

where 80 ∈ R is the manifold index. On each manifold, i.e.,
in the FCD, the dynamics is described by the one-dimensional
map in the state variable qM ,k

qM ,k+1 = qM ,k −
h
L

ϕ̂(qM ,k ) +
h
L

80. (21)

FIGURE 2. DT ML circuit. (a) VCD and (b) FCD.

Proof: 1) Let us show that the dynamics in the VCD of
the ML circuit is described by the two-dimensional map iL,k+1 = iL,k −

1
L
(ϕ̂(qM ,k + hiL,k ) − ϕ̂(qM ,k ))

qM ,k+1 = qM ,k + hiL,k .
(22)

To this end, we perform the analysis of the DT circuit in
Fig.2(a) using Kirchhoff laws and constitutive relations of
circuit elements. KCL and KVL written for such a circuit
yield

vL,k + vM ,k = 0 (23)

iL,k = iM ,k . (24)

Substituting the constitutive relation (3) and the first equation
of (9) in (23) we obtain

L
iL,k+1 − iL,k

h
+

ϕ̂(qMk+1) − ϕ̂(qMk )
h

= 0 (25)

while using (24) in the second equation of (9) permits to write

qM ,k+1 = qM ,k + hiL,k (26)

i.e., the second equation of (20). Substituting (26) into (25),
after simple algebraic manipulation we obtain

iL,k+1 = iL,k −
1
L
(ϕ̂(qM ,k + hiL,k ) − ϕ̂(qM ,k ))

i.e., the first equation of (20), thus completing the proof of
the statement.

2) Follows directly by reordering the terms of (25).
3) From (25) we have that, for any k > 1,

LiL,k + ϕ̂(qM ,k ) = LiL,0 + ϕ̂(qM ,0) = 80

i.e., the state variables are bound to evolve on the manifold
MML(80). To derive the equations describing the dynamics
on such a manifold, let us first write the KqL and KϕL for the
ML circuit in Fig. 2(b)

q0L,k = q0M ,k (27)

ϕ0
L,k + ϕ0

M ,k = 0. (28)

Substituting (4) and (10) in (28) we obtain

L
q0L,k+1 − q0L,k

h
−LiL,0

+ ϕ̂(q0M ,k + qM ,0) − ϕ̂(qM ,0) = 0.

Considering (27), we have

q0M ,k+1 = q0M ,k −
h
L

ϕ̂(q0M ,k + qM ,0) + hiL,0 +
h
L

ϕ̂(qM ,0)

which can be recast into (21) by summing qM ,0 to both sides
and taking into account the expression of 80.

Clearly, via a suitable change of variables, it is possible to
put the maps, first integral and invariant manifolds of the MC
circuit and its dual in the same abstract mathematical form.
Indeed, for the MC circuit, let xk = ϕM ,k , yk = vC,k , δ =

1/C , F(·) = q̂(·) and I0 = Q0. Moreover, for the ML circuit,
let xk = qM ,k , yk = iL,k , δ = 1/L, F(·) = ϕ̂(·) and I0 = 80.
Then, for both circuits the dynamics in the VCD obeys the
two-dimensional map in the state variables xk and yk{

yk+1 = yk − δ(F(xk + hyk ) − F(xk ))
xk+1 = xk + hyk .

(29)

Moreover, there exists a first integral given by

2(x, y) =
1
δ
y+ F(x) (30)

and the state space in the VCD is foliated in the invariant
manifolds

M(I0) = {(x, y) ∈ R2
: 2(x, y) =

1
δ
y+ F(x) = I0}
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where I0 ∈ R is the manifold index. On each manifold the
dynamics is described in the FCD by the one-dimensional
map in the state variable xk

xk+1 = xk − hδF(xk ) + hδI0. (31)

C. MEMRISTOR MURALI-LAKSHMANAN-CHUA CIRCUIT
AND ITS DUAL
Fig. 3(a) depicts a circuit in the VCD, obtained from Murali-
Lakshmanan-Chua (MLC) circuit by replacing the nonlinear
resistor with a flux-controlled memristor [54], [60], [65],
[66]. Formore generality, a voltage-controlled voltage-source
(VCVS) is also added in series with the inductor. The
corresponding circuit in the FCD is shown in Fig. 3(b). The
MLC circuit is a simplified version of the celebrated Chua’s
circuit [67].

FIGURE 3. DT MLC circuit. (a) VCD and (b) FCD.

Proposition 3: The following results hold:
1) In the VCD the dynamics of MLC circuit is described

by the three-dimensional map in the state variables vC,k , iL,k
and ϕM ,k
vC,k+1 = vC,k −

q̂(ϕM ,k + hvC,k ) − q̂(ϕM ,k )
C

+
h
C
iL,k

iL,k+1 = (1 −
Rh
L
)iL,k +

h
L
(µ − 1)vC,k

ϕM ,k+1 = ϕM ,k + hvC,k .

(32)

2) The function of the state variables given by

2MLC(vC , iL , ϕM ) = CvC +
LiL
R

+ q̂(ϕM ) +
1 − µ

R
ϕM

is a first integral of (32) for any step size h, i.e., we have
2MLC(vC,k+1, iL,k+1, ϕM ,k+1) = 2MLC(vC,k , iL,k , ϕM ,k ),
k = 0, 1, 2, . . . .

3) The state space of (32) is foliated in two-dimensional
invariant manifolds

MMLC(Q0) = {(vC , iL , ϕM ) ∈ R3
: 2MLC(vC , iL , ϕM )

= CvC +
LiL
R

+ q̂(ϕM ) +
1 − µ

R
ϕM = Q0}

where Q0 ∈ R is the manifold index. On each manifold, i.e.,
in the FCD, the dynamics is described by the two-dimensional
map in the state variables ϕM ,k and yk = q0L,k +

µ−1
R ϕM ,0 −

L
R iL,0

ϕM ,k+1 = ϕM ,k +
h
C
yk −

h
C
q̂(ϕM ,k ) +

h
C
Q0

yk+1 = (1 −
hR
L
)yk +

h
L
(µ − 1)ϕM ,k .

(33)

Proof: 1) First, we can write KCLs and KVLs for the
MLC circuit in Fig. 3(a) as follows

iL,k = iM ,k + iC,k (34)

iL,k = iR,k (35)

vC,k + vR,k + vL,k − µvC,k = 0 (36)

vC,k = vM ,k . (37)

Substituting (1) and the first equation of (6) in (34) we obtain

iL,k = C
vC,k+1 − vC,k

h
+
q̂(ϕM ,k+1) − q̂(ϕM ,k )

h
(38)

while using (3) and (35), from (36) we have

(1 − µ)vC,k + RiL,k + L
iL,k+1 − iL,k

h
= 0. (39)

Using (37) we can write the second equation of (6) as

ϕM ,k+1 = ϕM ,k + hvC,k . (40)

Now, (38)-(40) can be straightforwardly recast into (32).
2) Solving (40) with respect to vC,k and substituting in (39)

we obtain the following expression

iL,k = (µ − 1)
ϕM ,k+1 − ϕM ,k

Rh
− L

iL,k+1 − iL,k

Rh
.

By using (38) and reordering terms we arrive at

CvC,k+1 +
LiL,k+1

R
+ q̂(ϕM ,k+1) +

1 − µ

R
ϕM ,k+1

= CvC,k +
LiL,k

R
+ q̂(ϕM ,k ) +

1 − µ

R
ϕM ,k . (41)

3) From (41) we have that, for any k > 1,

CvC,k +
LiL,k

R
+ q̂(ϕM ,k ) +

1 − µ

R
ϕM ,k = Q0

i.e., the state variables are bound to evolve on the manifold
MMLC(Q0). To derive the equations describing the dynamics
on such a manifold, let us write the KqL and KϕL for the
MLC circuit in Fig. 3(b)

q0L,k = q0M ,k + q0C,k , (42)

ϕ0
C,k + ϕ0

R,k + ϕ0
L,k − µϕ0

C,k = 0 (43)

ϕ0
C,k = ϕ0

M ,k . (44)
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Substituting (2) and (7) in (42) and (4) in (43), and taking into
account (44) we have

ϕ0
M ,k+1 = ϕ0

M ,k −
h
C
q̂(ϕ0

M ,k + ϕM ,0) +
h
C
q0L,k

+ hvC,0 +
h
C
q̂(ϕM ,0)

q0L,k+1 =

(
1 −

hR
L

)
q0L,k + hiL,0 +

h
L
(µ − 1)ϕ0

M ,k

which can be recast into (33) by summing ϕM ,0 to both sides
of the first equation and taking into account the expressions
of yk and Q0.

Finally, let us consider the dual of the circuit in Fig. 3,
i.e., DMLC, which is depicted in Fig. 4(a) (VCD). The
corresponding circuit in the FCD is shown in Fig. 4(b).
Proposition 4: The following results hold:
1) In the VCD the dynamics of DMLC is described by the

three-dimensional map in the state variables iL,k , vC,k and
qM ,k

iL,k+1 = iL,k −
ϕ̂(qM ,k + hiL,k ) − ϕ̂(qM ,k )

L
+
h
L
vC,k

vC,k+1 = (1 −
h
RC

)vC,k +
h
C
(ν − 1)iL,k

qM ,k+1 = qM ,k + hiL,k .

(45)

FIGURE 4. DT DMLC circuit. (a) VCD and (b) FCD.

2) The function of the state variables given by

2DMLC(vC , iL , qM ) = RCvC + LiL + ϕ̂(qM ) + R(1 − ν)qM

is a first integral of (32) for any step size h, i.e., we have
2DMLC(vC,k+1, iL,k+1, qM ,k+1) = 2DMLC(vC,k , iL,k , qM ,k ),
k = 0, 1, 2, . . . .

3) The state space of (32) is foliated in two-dimensional
invariant manifolds

MDMLC(80) = {(vC , iL , qM ) ∈ R3
: 2DMLC(vC , iL , qM )

= CRvC + LiL + ϕ̂(qM ) + R(1 − ν)qM
= 80}

where 80 ∈ R is the manifold index. On each manifold, i.e.,
in the FCD, the dynamics is described by the two-dimensional
map in the state variables qM ,k and yk = ϕ0

C,k + R(ν −

1)qM ,0 − CRvC,0
qM ,k+1 = qM ,k +

h
L
yk −

h
L

ϕ̂(qM ,k ) +
h
L

80

yk+1 = (1 −
h
RC

)yk +
h
C
(ν − 1)qM ,k .

(46)

Proof: 1) First, write KCLs and KVLs for the DMLC
circuit in Fig. 4(a) as follows

vC,k = vL,k + vM ,k (47)

vC,k = vR,k (48)

iL,k + iR,k + iC,k − νiL,k = 0 (49)

iL,k = iM ,k . (50)

Substituting (3) and the first equation (9) in (47) we obtain

vCk = L
iL,k+1 − iL,k

h
+

ϕ̂(qM ,k+1) − ϕ̂(qM ,k )
h

(51)

while using (1) and (48), from (49) we obtain

(1 − ν)iL,k + C
vC,k+1 − vC,k

h
+
vC,k

R
= 0. (52)

Exploiting (50) we can write the second equation of (9) as

qM ,k+1 = qM ,k + hiL,k . (53)

Now, (51)-(53) can be straightforwardly recast into (45).
2) Solving (53) with respect to iL,k and substituting in (52)

we obtain the following expression

vC,k = R(ν − 1)
qM ,k+1 − qM ,k

h
− RC

vC,k+1 − vC,k+1

h
.

Equating the right hand sides of the latter equation and (51)
and reordering the terms we have

RCvC,k+1 + LiL,k+1 + ϕ̂(qM ,k+1) + R(1 − ν)qM ,k+1

= RCvC,k + LiL,k + ϕ̂(qM ,k ) + R(1 − ν)qM ,k . (54)

3) Using (54) we have that, for any k > 1,

RCvC,k + LiL,k + ϕ̂(qM ,k ) + R(1 − ν)qM ,k = 80

i.e., the state variables are bound to evolve on the manifold
MDMLC(80). To write the dynamics on such a manifold, let
us write the KqL and KϕL for the DMLC circuit in Fig. 4(b)

ϕ0
C,k = ϕ0

M ,k + ϕ0
L,k (55)

q0C,k + q0L,k + q0R,k − νq0L,k = 0 (56)

q0L,k = q0M ,k . (57)

Substituting (4) and (10) in (55) and (2) in (56), and taking
into account (57) we obtain

q0M ,k+1 = q0M ,k −
h
L

ϕ̂(q0M ,k + qM ,0) +
h
L

ϕ0
L,k

+ hiL,0 +
h
L

ϕ̂(qM ,0)

ϕ0
C,k+1 =

(
1 −

h
RC

)
ϕ0
C,k + hvC,0 +

h
C
(ν − 1)q0M ,k .
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This can be recast as (46) by summing qM ,0 to both sides of
the first equation, and taking into account the expressions of
yk and 80.

For the MLC, let xk = ϕM ,k , zk = iL,k , wk = vC,k , F(·) =

q̂(·), δ = 1/C , β = R/L, γ = (µ − 1)/L, while for DMLC,
let xk = qM ,k , zk = vC,k , wk = iL,k , F(·) = ϕ̂(·), δ = 1/L,
β = 1/(CR), γ = (ν −1)/C . Then, the dynamics in the VCD
of both circuits obeys the three-dimensional map in the state
variables wk , zk and xk

wk+1 = wk − δ(F(xk + hwk ) − F(xk )) + δhzk
zk+1 = (1 − hβ)zk + hγwk
xk+1 = xk + hwk .

(58)

There is a first integral given by

2(x,w, z) =
1
δ
w+

1
β
z−

γ

β
x + F(x) (59)

and the state space in the VCD is foliated in the invariant
manifolds

M(I0) = {(x,w, z) ∈ R3
: 2(x,w, z) =

1
δ
w+

1
β
z

−
γ

β
x + F(x) = I0}

where I0 ∈ R is the manifold index.
Moreover, let for MLC yk = q0L,k −

z0
β

+
γ
β
x0 and I0 = Q0,

while for DMLC, let yk = ϕ0
C,k −

z0
β

+
γ
β
x0 and I0 = 80.

Then, on each invariant manifold the dynamics in the FCD of
both circuits is described by the two-dimensional map in the
state variables xk and yk{

xk+1 = xk + hδyk − hδF(xk ) + hδI0
yk+1 = yk − hβyk + hγ xk .

(60)

III. EMBEDDING THE LOGISTIC AND TENT MAP IN THE
MC AND ML CIRCUIT
We have seen in Sect. II-B that on each given invariant
manifold the dynamics of an MC or an ML circuit obeys
a one-dimensional map which depends upon the circuit
parameters R and C or R and L, the memristor nonlinearity q̂
or ϕ̂, the discretization step h and the index I0 of the invariant
manifold. Moreover, in Sect. II-C we have shown along
similar lines that the dynamics on each invariant manifold of
an MLC circuit and its dual obeys a two-dimensional map
depending once more on circuit parameters, discretization
step, memristor nonlinearity and invariant manifold index.
In Sect. III-A, we address a fundamental design problem, i.e.,
to select, if it is possible, the circuit parameters, nonlinearity,
discretization step and manifold index of an MC and ML
circuit so that the map on each manifold coincides with
a logistic or a tent map. An analogous design problem is
addressed in Sect. IV, i.e., to implement the Hénon or the
Lozi map on each invariant manifold of an MLC circuit or its
dual.

A. LOGISTIC MAP
The logistic map became popular due to a paper published in
Nature in 1976 by biologist Robert May and entitled ‘Simple
mathematical models with very complicated dynamics’ [68].
The logistic map is an equation for population growth

Pk+1 = rPk (1 − Pk ) (61)

where the next generation population Pk+1 is determined by
the populationPk in the current generation, the rate r at which
individuals reproduce and the level of available resources
given that the system has a finite capacity. According to
May, such a one-dimensional map, ‘even though simple and
deterministic, can exhibit a surprising array of dynamical
behaviour, from stable points, to a bifurcating hierarchy of
stable cycles, to apparently random fluctuations’ [68].

Consider the change of variables xk = rPk − r/2. This
yields from (61) the map

xk+1 = −x2k + a (62)

where a = −r/2 + r2/4 ∈ R is a scalar parameter. The
maps (61) and (62) are topologically conjugate [56].

Let us now address the main design problem considered
in the paper, i.e., to determine, if it possible, the circuit
parameters, memristor nonlinearity, discretization step and
manifold index of an MC or ML circuit so that the
one-dimensional map on each manifold coincides with the
logistic map. To this end, let us compare (62) with (31).
On this basis it is seen that the dynamics of an MC or an
ML circuit in the FCD is exactly described by the logistic
map (62), provided we choose hδI0 = a and F(x) = (x +

x2)/(hδ). One possible solution to these constraints is given
by

h = 1, δ = 1, F(x) = x2 + x, I0 = a. (63)

Summing up, under the conditions (63), the dynamics
in the VCD of an MC or an ML circuit obeys the
two-dimensional map (cf. (29)){

yk+1 = yk − (F(xk + yk ) − F(xk )) = −y2k − 2xkyk
xk+1 = xk + yk .

(64)

The map (64) has the first integral (cf. (30))

2(x, y) = y+ x + x2

and the two-dimensional state space (x, y) is foliated in one-
dimensional invariant manifolds

M(a) = {(x, y) ∈ R2
: 2(x, y) = y+ x + x2 = a} (65)

where a ∈ R is the manifold index. On each manifold the
dynamics is described in the FCD by the logistic map

xk+1 = −x2k + a. (66)

Next, we show that the two-dimensional map (64) in the
VCD displays an extremely rich dynamics due to the foliation
of its state space and the property of extreme multistability.
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Moreover, we provide simulations to illustrate and verify the
predicted behavior.

We have seen that on an invariant manifold with index
a the two-dimensional map (64) embeds the logistic map
(66) with parameter a. First, for convenience of exposition,
let us briefly recall some basic facts about the logistic map,
see for instance [55]. The classic bifurcation diagram of
the logistic map is shown in Fig. 5, where we considered
for simplicity the case a ≥ 0. When 0 ≤ a ≤ 2 the
orbits are bounded, while when a > 2 orbits escape to
infinity. The orbits approach a stable fixed point when 0 ≤

a ≤ a1 = 3/4. At a1 = 3/4, a flip (or period-doubling)
bifurcation occurs with the birth of a stable period-two cycle.
By increasing a, we observe a second flip bifurcation at a2 =

5/4 where the period-two cycle gives birth to a stable period-
four cycle. This is followed by a typical cascade of period-
doubling bifurcations accumulating at a∞ = 1.401 . . . .
These bifurcations originate the birth of a complex attractor
for a > a∞.

Let us now come back to the two-dimensional map (64)
in the VCD and verify via simulations with MATLAB the
correctness of the predicted dynamical behavior. Its invariant
manifolds (cf. 65)

y = a− x2 − x

for some relevant values of a are depicted in Fig. 6. Note that
they have a reverse U-shape due to the quadratic term −x2.
The same figure shows for each manifold the transient part
(green dots) and the attractor (red dots) of an orbit starting on
the manifold and evolving, due to its invariance, on the same
manifold. When a = 0.5 we have convergence to a fixed
point, while when a1 < a = 1 < a2 there is convergence
to a period-two cycle and when a = 1.3 > a2 we observe
convergence to a period-four cycle. Moreover, when a =

1.627 the orbit converges to a period-five cycle while when
a = 1.95 we observe convergence to a complex attractor. The
corresponding time-domain evolution of orbits for large k is
shown in Fig. 7. Fig. 8 displays the bifurcation diagram of
x and y when varying the manifold index a. Note that the
bifurcation diagram of x coincides with that of the logistic
map shown in Fig. 5, confirming that the two-dimensional
map (64) embeds as predicted the logistic map (62). A three-
dimensional view of the bifurcation diagram of the map (64)
in the space (x, y, a) is in Fig 9.
Remark 2: It is important to stress that, given any param-

eter a ∈ R, the dynamics of the logistic map (62) with
parameter a is embedded in the invariant manifold with
index a of the two-dimensional map (64). Therefore, all the
different dynamics and attractors of the logistic map are
embedded as a whole in the set of invariant manifolds of
the map (64). This very rich behavior with infinitely many
coexisting attractors is an instance of the property of extreme
multistability enjoyed bymaps of DTmemristor circuits [69].

Remark 3: Consider again the two-dimensional map (64).
It can be verified that the map has a line of fixed points

given by (ȳ, x̄) = (0, χ), where χ is any value in R. The
previous results can also be interpreted this way. Suppose that
by changing the index a of the manifold we move along the
line of fixed points. When 0 ≤ a ≤ a1 the positive fixed
point is stable. At a = a1 the fixed point loses stability via
a flip bifurcation. We note that this bifurcation happens for
fixed parameters in the map (64), hence we are dealing with a
so-called flip-bifurcation without parameters [63]. Similarly,
we observe a second flip bifurcation without parameters at
a = a2 and a subsequent cascade of flip bifurcations without
parameters for a > a2.
Remark 4: It is possible to embed also other classic

one-dimensional maps into the two-dimensional map (64).
Consider for example the tent map [55]

xk+1 =

{
ax, x < 0.5
a(1 − x), x ≥ 0.5

(67)

where a ∈ R is a parameter. This can be transformed into the
logistic map (61) via the homeomorphism [56]

h(x) =
2
π
arcsin(

√
x)

and hence the two maps are topologically conjugate. There-
after, we can proceed by the devised technique to embed the
tent map into the MC or the ML circuit (we omit the details).

Remark 5: There are intervals of parameters a where
chaos in the sense of Devaney and Li-Yorke can be rigorously
proved for the logistic map (62) [55]. Since the DT MC and
ML circuits exactly embed on the invariant manifolds the
logistic map, it follows that we have constructed a class of
memristor circuits where chaos can be analytically proved.
This differs from results in the literature where chaos in
DT memristor circuits is studied via numerical means as
simulations, bifurcation diagrams and Lyapunov exponents.

FIGURE 5. Bifurcation diagram of the logistic map (62) obtained by
varying parameter a.
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FIGURE 6. Curves from bottom to top: (reverse) U-shaped invariant
manifolds M(a) of the two-dimensional map (64), see (65), when
a ∈ {0.5, 1, 1.3, 1.627, 1.95}. On each manifold the figure shows the
evolution of an orbit of (64) starting on M(a) (green circles), as well as
the long-term behavior of each orbit (red circles), as obtained with
MATLAB simulations.

IV. EMBEDDING THE HÉNON AND LOZI MAP IN THE
MLC AND DMLC CIRCUIT
The celebrated Lorenz system is a three-dimensional system
of ordinary differential equations modeling the convection
and temperature variation of a hydrodynamical system. The
system, presented by Edward Lorenz in a 1963 paper entitled
‘Deterministic Nonperiodic Flow’ [70], for suitable param-
eter values has a complex attractor and from simulations
almost all its orbits appear to be of a nonperiodic nature.
Later on, in the 1976 article entitled ‘A Two-dimensional
Mapping with a Strange Attractor’, Michel Hénon introduced
a two-dimensional map constructed as a simplified model of
the Poincare’s section of the Lorenz system [71] that inherits
the stretch and folding mechanism leading to chaos in Lorenz
system. The Hénon map actually provides a more tractable
mathematical model useful for better understanding Lorenz
system. Hénon map has been deeply studied and it is still the
subject of intense investigation.

The two-dimensional Hénon map is given as{
Xk+1 = 1 − aX2

k + Yk
Yk+1 = bXk

(68)

where a, b ∈ R are two parameters. For suitable parameters
the map can display a chaotic attractor while for other
parameter values it shows a convergent or a periodic behavior.

Let us consider the change of variables xk = aXk and yk =

aYk . We obtain from (68) the two-dimensional map{
xk+1 = −x2k + yk + a
yk+1 = bxk .

(69)

The two maps (68) and (69) are topologically conjugate.
As an example, Fig. 10 shows the chaotic attractor with a
boomerang-like shape of Hénon map (69) obtained for the

FIGURE 7. Long-term behavior of the orbits of the two-dimensional
map (64) for different values of the manifold index a. For better
visualization, the values xk (resp., yk ) are connected by solid (resp.,
dashed) lines. (a) Fixed point for a = 0.5, (b) period-two cycle for a = 1,
(c) period-four cycle for a = 1.3, (d) period-five cycle when a = 1.627,
(e) complex attractors when a = 1.95.

traditional parameters a = 1.4 and b = 0.3 considered
in [71], while Fig. 11 shows the bifurcation diagram of x when
parameter a is varied and b = 0.3.
Let us now address the main design problem considered

in the paper, i.e., to determine, if it possible, the circuit
parameters, memristor nonlinearity, discretization step and
manifold index of an MLC circuit or its dual so that the
map on each manifold coincides with the Hénon map.
Comparing (60) with (69), it is easy to see that the dynamics
of anMLC or a DMLC circuit is exactly described in the FCD
by the Hénon map (69), provided we choose hδ = 1, hβ = 1,
hγ = b, F(x) = x + x2 and I0 = a. One possible solution is
given by

h = 1, δ = β = 1, γ = b, F(x) = x2 + x, I0 = a.

(70)
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FIGURE 8. a) Bifurcation diagrams of the two-dimensional map (64)
obtained by varying parameter a: a) variable x and b) variable y .

FIGURE 9. A three-dimensional view of the bifurcation diagram of the
two-dimensional map (64) in the space (x, y, a) obtained by varying
parameter a.

We can wrap up these results as follows. Under the
conditions (70), the dynamics in the VCD of an MLC or a
DMLC circuit obeys the three-dimensional map (cf. (58))

wk+1 = wk − (F(xk + wk ) − F(xk )) + zk
= −w2

k − 2xkwk + zk
zk+1 = bwk
xk+1 = xk + wk .

(71)

FIGURE 10. Attractor displayed by Hénon map (69) when a = 1.4 and
b = 0.3..

FIGURE 11. Bifurcation diagram of variable x for the Hénon map (69)
obtained by varying parameter a when b = 0.3.

The map (71) has the first integral (cf. (59))

2(x,w, z) = w+ z− bx + x + x2

and the three-dimensional state space (x,w, z) is foliated in
one-dimensional invariant manifolds

M(a) = {(x,w, z) ∈ R3
: 2(x,w, z) = w+ z (72)

− bx + x + x2 = a} (73)

where a ∈ R is the manifold index. It turns out that on each
manifold the dynamics is described in the FCD by the Hénon
map (cf. 60) {

xk+1 = −x2k + yk + a
yk+1 = bxk .

(74)

The three-dimensional map (71) in the VCD displays an
extremely rich dynamics due to the foliation of its state space
and the property of extreme multistability. Fig. 12 shows the
bifurcation diagram of variables x of (71) obtained by varying
awhen b = 0.3, as obtainedwithMATLAB simulations. This
coincides with that in Fig. 11, confirming that (71) embeds
the Hénon map for the considered parameters and memristor
nonlinearity.
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Remark 6: Once more we stress that, given any parameter
a ∈ R, the dynamics of the Hénon map (69) with
parameter a is embedded in the invariant manifold with
index a of the three-dimensional map (71). Therefore, all
the different dynamics and attractors of the Hénon map are
embedded as a whole in the set of invariant manifolds of
the map (71). This extremely rich behavior with infinitely
many coexisting attractors is once more a consequence of the
property of extreme multistability of DT maps implemented
by memristor circuits [69].

FIGURE 12. Bifurcation diagram of variable x three-dimensional map (71)
obtained by varying parameter a when b = 0.3.

Remark 7: If we eliminate the controlled sources in the
MLC or DMLC, i.e., we put µ = 0 or ν = 0, respectively,
it is seen that the simplified MLC and DMLC circuits can
implement a variant of Hénon map where parameter b < 0.
Such a variant is still able to display interesting complex
behaviors as discussed for instance in [64].
Remark 8: In 1978, in a short note entitled ‘Un attracteur

étrange (?) du type attracteur de Hénon’ [72], René Lozi
proposed [1] the following two-dimensional map{

xk+1 = 1 − a|xk | + yk
yk+1 = bxk

(75)

where a, b ∈ R are two parameters. The defining equations
are exactly those of the Hénonmap, provided a quadratic term
in Hénon map is replaced with a piecewise linear term in Lozi
map. This permits to rigorously prove the chaotic character of
some attractors and to arrive at a detailed analysis of attraction
basins. In his original paper, Lozi used the parameters a =

1.7 and b = 0.5 to obtain a complex attractor with an edgy
boomerang-like shape whose chaotic nature was rigorously
proved by Michal Misiurewicz [73]. A review on Lozi maps
and its applications is provided in [74], [75]. Again, it is not
difficult to show that we can embed Lozi map in an MLC
circuit or its dual by appropriately choosing the parameters
and the piecewise linear memristor nonlinearity (details are
left to the interested reader).

V. CONCLUSION
One relevant fact that emerges in the literature is that maps
obtained by discretizing simple memristor circuits are able
to display via simulations an unexpectedly rich dynamic
behavior including chaos and hyperchaos. This paper has
provided a rationale to explain this complex dynamics via
the analysis of two simple classes of DT memristor circuits
obtained via DT-FCAM. Firstly, a DT circuit composed of
a capacitor plus a flux-controlled memristor and its dual,
have been considered. It is shown that the two-dimensional
map in the VCD of the circuits can exactly embed on the
invariant manifolds, i.e., in the FCD, two classic chaotic
one-dimensional maps, i.e., the logistic and the tent map.
Secondly, a DT memristor Murali-Lakshmanan-Chua and its
dual, have been considered. The paper has shown that the
three-dimensional map in the VCD of the circuits can exactly
embed on the invariant manifolds two classic chaotic two-
dimensional maps, i.e., the Hénon and the Lozi map. One sig-
nificant result is that we can exploit the property of extreme
multistability of the DT memristor circuits to simultaneously
embed in the set of invariant manifolds all possible dynamics
obtained by varying one parameter in the logistic or in the
Hénon map. The main conclusion is that observing complex
dynamics even in maps obtained by discretizing the simplest
memristor circuits is not surprising at all.
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