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We consider a degenerate wave equation in one dimension, with drift and in presence of
a leading operator which is not in divergence form. We impose a homogeneous Dirichlet
boundary condition where the degeneracy occurs and a boundary damping at the other
endpoint. We provide some conditions for the uniform exponential decay of solutions for
the associated Cauchy problem.
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1. Introduction

It is well known that the displacement of a mass subjected to the action of spring
is modeled by a nonlinearly damped oscillator and the displacement u of the mass
is described by the scalar equation

u” + h(u') + ku + f(u) = 0.
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Here k > 0 is a physical parameter, f is continuous and describes some nonlinear
phenomenon, while A(u’) is the nonlinear damping. Set

F(u) = /0 " fyar

and define the energy associated to a solution u as
1 1
Bu(t) = 5/ (1)? + 5ke(2) + Fu(t).

Assuming that
sh(s) >0 VseR, (1.1)
then
E,(t) = —u/(t)h(u/(t)) <0,

which is a dissipation relation.

Similarly, consider a vibrating membrane fixed on the boundary. Then the evo-
lution of the displacement of a point z of the membrane at time t is described by
the wave equation

ugr — Au~+ h(ug) + f(u) =0 in (0,00) X £,
where Q is a (possibly bounded) domain of RY. The energy of a solution u is

Eu(t):/ﬂ B(u%w?wmu) dz

and if everything is smooth enough and h is as before, we get

ElL(t) = —/Quth(ut)dx <0.

An analogous result can be proved if the wave equation is coupled with a damping
in a portion I' of 0 as

0 .
a—:j + h(u) =0 in [0,00) x T.

From a monotonicity property of the energy, it is natural to look for conditions
which guarantee the stability of even more general problems, namely

IVul|zz + ||ut]|pz — 0 ast — oc.

In this respect, several conditions have been found, even when (1) is not satisfied,
also in the presence of nonlinear sources (see, for instance, [I3HI5] [I7, [19] and the
two monographs [I} [3]).

However, all the previous results concern nondegenerate problems. On the other
hand, the standard linear theory for transverse waves in a string leads to the classical
wave equation

p(x)uy(t, ) = %(t,m)uz(t,m) + T (t, ) ugs(t, ),
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where u(t, z) is the vertical displacement of the string from the z-axis at position z
and time ¢, p(x) is the mass density of the string at position x, while 7 (¢, z) denotes
the tension in the string at position z and time ¢. Dividing by p(z), assuming 7 is
independent of ¢, and setting a(z) = 7 (z)p~ (), b(x) = T'(x)p~*(x), we obtain

gt (b, ) = a(@) gy (t, ) + b(x)ug (t, x).

If density is extremely large at some point, for instance z = 0, we can assume
a(0) = 0. The drift term b may degenerate at x = 0, as well.
A related equation in divergence form and without drift is

uge(t, ) = (a(x)ug).(t, x),

which has been studied in [2] (see also the arXiv version of 2015) and [20] for a
general @ and for a(r) = %, K € (0,2), respectively. In both cases, boundary
controllability was pursued via multiplier methods [2] or spectral methods [20].
Moreover, in [2], stability results were proved, as well. Inspired by such a case, here

we consider the problem

Yt — a(m)ym - b(x)yr - O’ (tvx) € Qv
ye(t, 1) +nyz(t, 1) + By(t, 1) =0, t>0, 12)
y(t,0) =0, >0, ’

y(0,7) =yo(z), w5:(0,2) =y1(x), z€(0,1),

where Q = (0,+00) x (0,1) a,b € C°[0,1], with a > 0 on (0,1], a(0) = 0 and
b e LY(0,1): hence, if a(z) = zX, K > 0, we can consider b(z) = z" for any
h > K —1. In the boundary term, we take § > 0 and 7 as the well-known absolutely
continuous weight function

n(x) := exp{/: %ds}, x € [0,1],

introduced by Feller in a related context [10] and used by several authors, see, e.g.
[7, @, [18]. Finally, the initial data ug and u; belong to suitable weighted spaces.

The main feature in this problem is that a degenerates at x = 0 (with b possibly
degenerate, as well) and that the leading operator is not in the usual divergence
form. As a consequence, classical methods cannot be used directly to study such a
problem and a different approach is needed, see the following section.

As for the function a, we consider two cases: a can be weakly degenerate or
strongly degenerate. More precisely, we have the following standard definition.

Definition 1.1. A function a is weakly degenerate (WD) at 0, for short, if a €
C[0,1] N C*(0,1] is such that a(0) =0, a > 0 on (0,1] and, if
zla’ (z)|

x€(0,1] a(x)

K= : (1.3)
then K € (0,1).
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Definition 1.2. A function a is strongly degenerate (SD) at 0, for short, if

a€C'0,1] is such that a(0) =0, a > 0 on (0,1] and in ([L3)) we have K € [1,2).

In the previous definition, we always assume that K < 2, since it is essential in
Hypothesis @ as follows.

Remark 1. Observe that (3] implies that the function

7

— 1.4

~ @ (1.4)

is nondecreasing in (0, 1] for all v > K. In particular, Hypothesis [l is satisfied.
Moreover,

:L"Y
= 1.
lim @ = (1.5)
for all v > K and
2Vb(x) 1
< — s L.
G(ZL') = a(l) HbHL (0,1) ( 6)

for all v > K, assuming b € L>°(0, 1).

2. Preliminary Results and Well-Posedness

In this section, we introduce the functional setting needed to treat our problem.
However, our assumptions here are more general than those required to get the
desired stability and have an independent interest.

We start assuming a very modest requirement, which will be assumed through-
out the paper.

Hypothesis 1. Functions a and b are continuous in [0,1] and such that
b e LY0,1).

Remark 2. (1) We note that, at this stage, « may not degenerate at = = 0.
However, if it is WD then < € L(0,1) and b cannot degenerate. If a is SD then
1 ¢ L1(0,1), hence the assumption £ € L'(0,1) implies b(0) = 0. In this case,
b can be WD or SD.

(2) If ais WD or SD with K = 1 then (6] immediately implies that £ is bounded.

If Hypothesis [ holds, it is clear that the function 1 : [0,1] — R introduced
before is well defined and we immediately find that n € C°[0,1] N C1(0,1] is a
strictly positive function, which is bounded above and below by a positive constant.
Note also that 7 can be extended to a function of class C1[0, 1] when b degenerates
at 0 not slower than a, for instance if a(r) = 2% and b(x) = 2" with K < h.
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Now, we are ready to go back to problem ([L2)) and study its well-posedness. To
do that, let us define

which is a continuous function in [0, 1], independently of the possible degeneracy of

a. Moreover, observe that if y is a sufficiently smooth function, e.g. y € I/Vlicl (0,1),

then we can write
Ay = ay’ + by (2.1)
as
Ay =a(ny')"

Following [7] (see [1I] and [12] for the case b = 0), let us consider the following
Hilbert spaces with the related inner products:

1
1
L3(0,1) := {u € L*(0,1) | fulls < oo}, (u,v)1 ::/ uv;dm,
g - - 0

for every u,v € L3 (0,1);

1
HY(0,1):=L%(0,1)NnH'0,1), (u,v)1:= (u,v)1 —|—/ nu'v'dz,
- 7 0

1
for every u,v € HY (0,1) and
H3(0,1):={ue Hi(0,1)| Aue L (0,1)}, (u,v)2:= (u,v)1 + (Au, Av) 1,

for every u,v € H?% (0,1). The previous inner products obviously induce the related
respective norms

1,2 1
U
fuly = [ Tan =l + [ e
o 0o O e v 0
and
1
sy = Null + [ o) P
Moreover, consider the spaces
H;(J(O, 1):={ue HI% (0,1) : w(0) =0}
and
H1 (0,1) == {u € H1(0,1) : u(0) = 0},
endowed with the previous inner products and related norms.

Remark 3. Being 1 bounded above and below by positive constants, it is clear that
the inner product with weight n is equivalent to the standard one without weight.
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However, it will be clear soon that in this way we have a quite better functional
setting, as Corollary 211 will show as follows.

Hypothesis 2. Hypothesis [l holds. In addition, a is such that a(0) =0, a > 0 on
(0,1] and there exists K > 0 such that the function

xK

" a(@)

is nondecreasing in a right neighborhood of = = 0.

Note that here we require only continuity on a (and no differentiability); more-
over, the monotonicity property required only near 0 holds globally in (0,1] if a is
WD or SD.

Proceeding as in [5] and using the fact that v(0) = 0 for all v € HLO(O, 1),

one has

Proposition 2.1 (Hardy—Poincaré Inequality). Assume Hypothesis[2l Then,
there exists Cgp > 0 such that

1 1
1
/ v?=dx < C’Hp/ (v')?’dz Vv e Hi (0,1). (2.2)
0 o 0 7’
In particular, we have the equivalence as follows.

Corollary 2.1. Assume Hypothesis 2. Then the two norms |ul|? , and

1
Jul? := / (u!)?de,

are equivalent for all u € HY 0(0,1). In particular,

1 2 2 2
U and ||u < | ma |7,
in[0,1]77|| ”1,% ” ”1)% > ( HP + [0)1?(@) H H1

lull} <
where Cyp 1s the Hardy—Poincaré constant introduced in Proposition 2.1l
Now, define the domain D(A) of the operator A given in (2.1I]) as
D(A) = H;O(O, 1).

We start with a set of results, actually of independent interest, which describe
the functional setting we shall use.

Lemma 2.1. Assume Hypothesis[D. For all (u,v) € D(A) x H} (0,1) one has
1
(Au,v)1 = —/ nu'v'dr + (nu'v)(1). (2.3)
7 0

Proof. As a first step, we consider the space H!(0,1) := {v € H'(0,1) | supp{v} C

(0,1]}.
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As in the proof of [6, Lemma 2.1], we can see that H}(0,1) is dense in H1 0(0,1).
Indeed, fix v € Hi (0,1) and consider the sequence (vy,)n>3, where v, = &,v €
H(0,1) and

0, z € [0,1/n],
gn(.’b) = 1a T € [2/”" l]a
ner—1, z¢€(1/n,2/n);
then v, — v in H;O(O, 1).

Now, as in [7], consider

b(v) 1= /01 ((au" + bu')v% + nu’v’) dx — (nu'v)(1)

with u € H3 (0,1). Then, & is a bounded linear functional on H} (0, 1). Moreover,
@ =0on H!(0,1). Indeed, taking v € H}(0, 1), one has that
1 1 1 1 1
/ (au” + bu")yv=dx = / o(nu')v=dz = —/ nu'v'dr + (nu'v)(1).
0 g 0 g 0

Thus, & = 0 on Hi (0,1), that is ([Z3) holds. O

To evaluate the boundary terms, the following results are important. Since the
proofs are similar to those of [5 Lemma 3.2], we postpone them to Appendix A.

Lemma 2.2. (1) Assume Hypothesis[l. If y € H% (0,1) and if u € Hi)O(O, 1), then
lim, o u(z)y () = 0. ’ 0

(2) Assume Hypothesis Bl If u € D(A), then xu'(nu’)’ € L'(0,1).

(3) Assume HypothesisBl If u € D(A) and K < 1, then lim, ¢ z(u/(z))? = 0.

(4) Assume Hypothesis Bl If w € D(A), K > 1 and ‘%b € L>(0,1), then
lim, o z(u'(x))? = 0.

(5) Assume Hypothesis 2l If u € H1(0,1), then lim,_o 2u?(z) = 0.

The last result, which will be crucial to obtain the stabilization of problem (L2)),
is given by the following proposition.

Proposition 2.2. Assume Hypothesis[2 and for > 0 define

5 1
el = / n(='2de + B23(1)

forall z € HY (0,1). Then the two norms || - |||, and ||| are equivalent. Moreover,
for every A € R, the variational problem

| 0o+ B2)001) = o)) Vo e HL (0.1 (24

2550001-7
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admits a unique solution z € H} 0(0,1) which satisfies the estimates

2

A
ll2lF < ming 17 and HZ||2% <

maxjg 17 + Cup
— T T P2, (2.5)
mln[o’l] n

where Cyp is the Hardy—Poincaré constant in Proposition 21l In addition, z €
H3 (0,1) and solves

(2.6)

_a(nzr)r =0,
Nzg(t, 1) + Bz(t,1) = A

Proof. Observe that

1
sl | [ z’(t)dt‘ <zl 27)

for all z € HY 0(0,1). Thus, ||| - [[l; and [| - [|1 are equivalent. Indeed, for all 2z €
Hi (0,1)

1

2
ZIf E ———
H ”1 ln[O,l] n

2
1211135 (2.8)
moreover, since 322(1) < 3||z||? by @), one has

2
1 < (s +) 1%

)

and the claim holds.
Now, consider the bilinear and symmetric form A : Hi ((0,1)x H; ,(0,1) — R,
given by ’ ’

Az, ) = / 02 dde + B=(1)(1).

for all z,¢ € HI 0(0,1). Clearly, A is also coercive and continuous. Indeed, by
Corollary 211 ’

2
1,L-

Iz

1 1 mingg 111
Az, z :/ 2z + 52%(1 >/ 2)dx > [0.1]
(25 = [ 0 Pdet5:20) 2 [ o> G

Moreover,

|A(z,9)| < T[%al)](nHZ/”LQ(O,l)H¢/”L2(0,1) + Blz(W)lle(1)].

With 7)) applied to z and ¢, one has

A(z 0)] < (maxn+ﬂ> 1=l ll

(0,1]

Now, consider the linear functional
L(®) == Ao(1),

2550001-8
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with ¢ € H! 0(0,1). Clearly, £ is continuous and linear. Thus, by the Lax-Milgram

Theorem, there exists a unique solution z € H} 0(0,1) of

Az, ¢) = L(9) (2.9)
for all ¢ € H;O(O, 1). In particular,

1
A(z,2) = / n(2)dx + B22(1) = L(2) = Az(1). (2.10)
0
By 7)), 23) and (2I0) we have
Al
2112 = A=(1) < ——2 |2l
mll’l[071] n
thus
R A2
2, < —= and 2]} € ———.
mingg 1) 7 minyo,1] 77

Moreover, by Corollary ZT] we know that in H; (0,1) the two norms [ - [|; and

|- |l;, 1 are equivalent. Thus

2 .
[IE1F Zr[gllr]lnHZIIerﬁzz( ) = min n 2|3

mingg 1) 7 I ”2 : mingg 1] 7 1212 .
~ maxpq 7+ Cup Ve~ maxpgn+ Cup 10D
Thus, by (2.3
ey < 22X ””*CHP||| |2 < o + i
minjo,1 minf ;7 '

Now, we will prove that z € H3 (0,1) solves (ZG). With this aim, we consider
again (Z3). Since it holds for every ¢ € H} 0(0,1), it holds in particular for every
¢ € C>(0,1), so that

1
/ n2'¢' =0 forall ¢ € C(0,1).

0

By the fundamental lemma of the calculus of variations (for instance, see [16,
Lemma 1.2.1]), we get that 7z’ is constant a.e. in (0,1) and so (nz’) = 0 a.e.
n (0,1); in particular

o(nz’) =0 ae. in (0,1)
and so Az = o(nz') € L3 (0,1).
Now, coming back to (23], we have

1
/ n2'¢'de + B2(1)¢(1) = Ab(1) & [n2'¢l5=5 + B2(1)d(1) = Ae(1)

0

2550001-9
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for all ¢ € Hi ;(0,1). Thus, since ¢(0) = 0, we obtain
(nz")(1) + Bz(1) = A,
that is, z solves ([2.0). O

We are now ready to study the well-posedness of problem ([2]). For this, we
introduce the Hilbert space

Ho := H;O(OJ) X Lé(og),
with the inner product

«mmwwmm=AEwM+A

for every (u,v), (4,?) € Ho, and the induced norm

L
vﬁ;dﬂc + pu(1)a(1)

1 1
o)l = [ e+ [ o odas pilq)

Observe that if u € Hi (0,1), then u is continuous, so that u(1) is well defined.

Moreover, being 7 € C°[0,1]NC*(0, 1] far away from 0, for every (u,v), (4, 7) € Ho,
the norm [|(u,v)||3,, is equivalent to

1 1
2. 2 21 2
o)l = [ e+ [ o des o)

Obviously, to such a norm, we associate the inner product

1 1
((u,v), (4, 0))1 ::/O nu'ﬂ'dx—k/o vﬁ%dm—‘—ﬂu(l)ﬂ(l),

which we will use from now on, being more convenient for our treatment.
Now, consider the matrix operator A : D(A) C Ho — Ho, given by

0 Id
A:z( ),
A 0

D(A) := {(u,v) € HI ((0,1) x H} ;(0,1) : (nu')(1) + (1) + Bu(1) = 0}.

Thus, by using the operator (A, D(A)), we rewrite (I2) as a Cauchy problem.
Indeed, setting, as usual,

Y(t) = <y> and Y := <y0> :
Yt Y1

one has that (L2) can be rewritten as
Y(t) = AV(t), =0,
Y(0) = .

and

(2.11)

2550001-10
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If we prove that (A, D(A)) generates a contraction semigroup (S(t));>o and
Yo € Ho, then Y(t) = S(t))p gives the mild solution of (ZII)). The following
theorem holds.

Theorem 2.1. Assume Hypothesis2l Then the operator (A, D(A)) is non positive
with dense domain and generates a contraction semigroup (S(t))i>o0-

For the proof of this theorem, we use the following result.

Theorem 2.2 ([8], Corollary 3.20). Let (A, D(A)) be a dissipative operator on
a reflexive Banach space such that AXI — A is surjective for some A > 0. Then A is
densely defined and generates a contraction semigroup.

Proof of Theorem [2.7]1 According to the previous theorem, it is sufficient to
prove that A : D(A) — H, is dissipative and that I — A is surjective.

A is dissipative: Take (u,v) € D(A). Then (u,v) € Hi,o(o’ 1) x HLO(O, 1) and
so (23) holds. Hence, by Lemma 2] 0 0

(Alu, v), (u,v))1 = ((v, Au), (u,v))1

1 1
1
:/ nu'v'dm+/ vAu—dz + fo(1)u(l)
0 0 o

1 1
= / nu'v'dz — / nu'v'dr + (nu'v)(1) + Bo(1)u(1)
0 0

= v(1)((pu’)(1) + Bu(1))
= —v*(1) <0.

I — Ais surjective: Take (f,g) € Ho = H} ,(0,1) x L3 (0,1). We have to prove that
there exists (u,v) € D(A) such that

(1—A)<“>:<f><:> vl (2.12)
v g —Aut+u=f+g.

Thus, define F': Hi ,(0,1) — R as

1

z—
a

1
F(z) = / (f + g)r~dz + 2(1)F(1).

Obviously, F' € HEIO(O, 1), the dual space of Hi’O(O, 1) with respect to the pivot
space L2 (0,1): i]r1(217eed7 f e Hi (0,1), and so also f(1) is well defined, and
geLi(Ojl). Now, introduce the bilinear form L : Hi)O(O,l) X Hi’O(O,l) — R
given by

1 1
L(u,z):= /0 uz%dm —|—/O nu'z'dz + (8 + 1)u(1)z(1)

2550001-11
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for all u, z € Hi ,(0,1). Clearly, since § > 0, L(u, z) is coercive. Moreover L(u, z)
is continuous: indeed, for all u € H;O(O, 1), as in (271)

1
lu(1)] < /0 ' (#)ldt = JJu'l|Lr0,1) < [[w'l|z2(0,1);
thus, for all u, z € Hi ((0,1),
1L(u, 2)| < llullzz 01202z 0,1y + (1l 2o o,y + B8 + Dllwll 20,0 12"l 22(0,1),

and the conclusion follows from Corollary 211
As a consequence, by the Lax—Milgram Theorem, there exists a unique solution
uwe HY 0(0,1) of

L(u,z) = F(z) forall z € HLO(O7 1),

namely

/ ueda + / ' di + (B + Du(1)z(1) = / (f + g)a—dr + =(1) (1)
0 0 0
(2.13)

for all z € HY 0(0,1).
Now, take v := u— f; then v € H} 0(0,1). We will prove that (u,v) € D(A) and
solves (212). To begin with, [ZI3]) holds for every z € C2°(0,1). Thus, we have

1 1 1
/ ' 2 dx = / (f+g—u)z—dz
0 0 g

for every z € C2°(0,1). Hence —(nu’)’ = (f+g—u) a.e. in (0,1). This implies that

—o(nu') = (f+g—u) € L2(0,1), i.e. Au € L2 (0,1); thus u € D(A). Moreover,
coming back to (2I3]) and thanks to (Z3))

1
—/O U(?]U/)/Z%dl' + (nu'2)(1) + (B+ Du(1)z(1)

1 1
= [+ g-wetis+ 2w,

Using the fact that —o(nu')’ = (f + g — u) a.e. in (0, 1), we obtain

(nu'z)(1) + (8 + Du(1)z(1) = (1) f(1)

for all z € H;O(O,l). Hence, n(1)u/(1) + (8 + 1)u(1) — f(1) = 0. Recalling that
v =u — f, one has

n(1)u'(1) + Bu(l) + v(1) = 0.

In conclusion, (u,v) € D(A), u—Au= f+gand v =u— f, ie. (u,v) solves ([ZI2]).
O

2550001-12



Bull. Math. Sci. Downloaded from www.worldscientific.com
by UNIVERSITY OF SIENA on 06/27/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

Linear stabilization for a degenerate wave equation

As usual in the semigroup theory, the mild solution of (2I1]) obtained above
can be more regular: if Jy € D(A), then the solution is classical, in the sense
that Y € C1([0,+00); Ho) N C([0, +0); D(A)) and the equation in (I2)) holds for
all t > 0. Hence, as in [2, Corollary 4.2] or in [4, Proposition 3.15], one has the
following theorem.

Theorem 2.3. Assume Hypothesis[2l.
If (yo,y1) € Ho, then there exists a unique mild solution

y € C*([0, +00); LQ% (0,1)) N C([0, +00); Héo(o7 1))

of [2)) which depends continuously on the initial data (yo,y1) € Ho. Moreover, if
(Yo, y1) € D(A), then the solution y is classical, in the sense that

y € C*([0,+00); L3 (0,1)) N C* ([0, +00); H1 (0,1)) N C([0, +00); H3 ,(0,1))
and the equation of (L2l holds for all t > 0.

3. The Stability Result

In this section, we prove the main result of the paper when a is WD or SD. Actually,
we will prove that the energy associated to the initial problem is nonincreasing and,
in particular, it decreases exponentially under suitable assumptions.

With this aim, let y be a mild solution of (L2 and consider its energy, given by

1
1
0=y | [ (300 +ntea)dospPen], o e
0
With this definition in hand, one can prove that the energy is nonincreasing.

Theorem 3.1. Assume Hypothesis2l and let y be a classical solution of (L2) (for
instance, if (yo,y1) € D(A)). Then the energy is nonincreasing and
4E, ()

=—y(t,1)?%, t>0.
dt yt( ) =

f
o’

Proof. By multiplying the equation by
boundary conditions, one has

1 td [y =1 !
0== [ —(2Z£)de - [nyey]®= Yind
2/0 dt(g x — [ny yt]z_o+/0 NYoYrzda

integrating over (0,1) and using the

1d
=g [ (2 mi ) s 0] e
1d
=g g ) + i (¢, 1).
Indeed, taking u = y; in Lemma [Z2](1), one has lim,_.o(ny,y:) (¢, 2) = 0. Hence,
1d 5
- — _ <
L LB = (1) <0
for all t > 0. O
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Now, our aim is to estimate the energy F,(t) with the value of the energy E, at
t = 0. To do that, we need to restrict Hypothesis[2] requiring the crucial assumption
as follows.

Hypothesis 3. Hypothesis[Ilholds and a is WD or SD; if K > 1, then also assume
that 2 € L>(0, 1).

Remark 4. It is clear that, by definition of WD or SD, if Hypothesis B holds, then
Hypothesis Bl holds, as well.

The following preliminary result holds.

Proposition 3.1. Assume Hypothesis[3l and let y be a classical solution of (L2).
Then

1 t=T 1 T T
0=2 [ [P ar— - [ e nae—n) [ ar
0 s s

o Ji=s o(1)

b "—b)\ 1
—/ xnayidxdt—i—/ <1— %) ;yfdxdt—l—/@ ny2dedt,  (3.2)

s

for every T > s > 0.

Proof. Take s € (0,T); then, multiplying the equation of (L) by “=, integrating
over Qs := (s,T) x (0,1) and recalling ([Z1), we have

Oz/ wdxdt—/ (MY )Y dadt

. 7 Q.
1 =T
:/ {xyxyt} dx_/ xya:tytdxdt_/ (o + e )t
0 g t=s o

s s

1 t=T 1
=/ [%} dr — —/ E(y?)wdacdt—/ an'ysdadt
o b 0 Ji=s 2Jq.0 Q.

1
—5/ xn(yg)zdxdt

s

1 t=T 1 [T z=1 1 /
:/ [xnyt] dx — —/ {Eyf] dt + —/ (E) y2dadt
0 o Ji=s 2 ), Lo7"la=0 2 o

s

b
— / n ayg dzdt

s

1 /T _ 1
-3 / [enyzli=odt + 5 / (zn)'yadadt. (3.3)

s
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Linear stabilization for a degenerate wave equation

Recalling the definition of 1 and o, we immediately find
1 _ T B .
xya:ytr—T 1 / {x 2} =1 1 / -
e P A dt — —Ldt
! /O { g t=s * 2 /s o'yt 2=0 2 /. [xnyw]zfo
L b 1 —p)\ 1
_ _/ xn—yidwdt + —/ <1 _ M) —yfdxdt
2 Qs a 2 Qs a o

1
+—/ ny2dxdt (3.4)
2 Jq.

for all s € (0,T).
Now, we consider the boundary terms. Thanks to the boundary conditions of ,
(LX) and Lemma[Z2] we immediately have that

. E 2 T E 2 _
lim —y; (¢, 2) = lim —ny; (¢, 2) = 0
and
lim xny?(t,z) = 0.
z—0

Hence, (34) multiplied by 2 gives (B32)). O

Proposition 3.2. Assume HypothesisBl and let y be a classical solution of (L2).
Then, for all T > s > 0 we have

r— K\ 1 K
/ (1 — M + —) —yZdxdt +/ (1 — 339 — —) ny2dxdt = (B.T.)
. a 2 )0 . a 2
(3.5)

t=

1
e K
(B.T) :/ [—233‘” Yoy —%}
0 g

T T
1 K
dz +/ [—yf +nys — —nyym} (t,1)dt
o 2 s |o

t=s 2
(3.6)

and Qs := (s,T) x (0,1).

Proof. By multiplying the equation in (L2)) by £ and integrating over ), we have

2 1 t=T T
/ (_y_t+nyg)dxdt+ [ 2] o= [ lizsiae=0. @0
g 0 O Jlt=s s

s

Using the fact that y is a classical solution of (L2]), that y(¢,0) = 0 and Lemma 22]
one has

T T
/ yey]2=hdt = / nyay](t, 1)d;
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thus, multiplying B) by %, one has
K Vi oo K/l yye =T K/T
i _% dedt + = {—} de — = wyl(t 1)dt = 0.
2/Qs<a+nym v+ 5 | ) 2S[nyy]() 0

By summing [B8) and ([B2), we get the claim. m|

Proposition 3.3. Assume HypothesisBl 8> 0 and let y be a classical solution of
([T2). Then, for any T > s > 0 and for every § > 0 we have

T
2 11 +C
/yQ(t,l)dtS gy 2Cme L lmaxpan®Cur)
s ming 7 0 0 minj g7

. 25( ) / By
mm[o1

Proof. To prove the statement, fix ¢ € [s,7T] and set A = y(¢,1) and let z = z(¢, )
be the unique solution of

(3.9)

1
/0 n2'¢'dr + Bz2(1)¢(1) = Ap(1) V¢ € Hi ((0,1).
By Proposition 22 z(t,-) € H? 0(0,1) for all ¢ and solves

{_U(%)‘” -0 (3.10)
Nz (t, 1) + Bz(t, 1) = A

Now, multiply the equation in (LZ) by Z and integrate over Q. Then, we have

o= [ (- )asa= [ o]

T
_/ ytﬁdxdt—/ [nymz]iié dt+/ NYp 2z dadt.
g s Qs

s

By Lemma 2.2]
liﬂ(l)(ﬁyzz)(tv €) =0,

thus we have

1 4t=T 2 T
/ [yt—} dm—/@ yt;dxdt:/ nyz(t,l)z(l)dt—/ NYzzgdadt. (3.11)
0 s s

glt=s

s

By multiplying the equation in (B.I0) by £ and integrating on @, one has

/ (nzz)zydzdt = 0.

s
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Using the fact that (nz,y)(¢,0) = 0 and (nz,)(t, 1) = A — Bz(t, 1), we get

T T
/ [nzzy]izédt - / NzzYedrdt =0 & / (nzzy)(t, 1)dt = / Nz Yo drdt
s Qs s

s

& /T()\ — Bz(t,1))y(t, 1)dt = / Nz Yz drdt.

s

Substituting in I1)) and recalling that y solves (L2) and A = y(¢,1), we have

Ly zt=T 12t
[ ] e e
T T
:/S (nymz)(t,l)dt—/s (A= Bz(t,1))y(t, 1)dt
:/ST(nymz)(t,l)dt—/STy2(t,1)dt+ﬁ/sT(zy)(t’l)dt

:—/Tyt(t,l)z(t,l)dt—/TyQ(t,l)dt.

Then
T T 1 T
/ V2(,1)dE = / Y2t gy — / (ye2) (1, 1)dt — / P e 312)
s g s 0

O lt=s

s

Hence, to bound fST y2(t, 1)dt, we estimate the last three terms in the previous
equality. By Proposition 2] (23] and recalling that A = y(¢, 1), we have

1 112 112
/ %(T,x)‘dasg —/ L(T’m)daj—k—/ 2309 (Tw)dx
o' 2 Jo 0

o 2 o
1 [ y? 1 C !
<3 [ 00 s Cm [ i
2 Jo o 2ming 111 Jo
1 [hy? 1
S _/ yt (7_7 x)d - C;IP Q(t, 1)
2Jo o 2 mino 1) 7
1 C
< Ey(T 5 . ;{P Q(ta 1)
2 ming ;7
for all 7 € [s,T]. By 21, one has
13/2(15 1)< 17/1@2 )(t, z)dx < L g (t) (3.13)
2 ) ming 117 Jo MDA ~ ming 17 yya '
for all t € [s,T]. Thus, by Theorem B.1]
1
C C
/ P2 (r, )| do < By () + = — By (0) < (14 —— | Ey(s)
0 a mln[ovl] n mln[OJ] n
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Again by Theorem B3]

[

Moreover, for any 6 > 0 we have

<2 (1 + ﬂ) E,(s). (3.14)

T

T 1 T T
/ |(ye2)(t, 1)|dt < 5/ yf(t,l)dt+5/ 22(t,1)dt. (3.15)
By 1), 1) and (3I3), one has
1 ! 1
z2t,1 <,7/ zz t,xd:v<,7z2
(1) 5 g [ D) < ol

vy 2
min[20,1] n min?o,u U

Thus, by [BI3) and Theorem Bl we have

T 1 T ) ) T
[ w5 [ e ndess—s— [
s s mln[0177 s

< — / dt+6 / E,(t)dt
5 ming 17

E 2
< y(s)+ ,35 /Ey(t)dt. (3.16)
0 Mg 1) 77 Js

Finally, we estimate the first integral in (BI2]). To this aim, consider again
problem (Z0]) and differentiate with respect to ¢. Then

—0(n2te)e = 0,
nZtI(t, 1) + ﬂzt(t, 1) = >\t = yt(t, 1)

Clearly, z; satisfies the estimates in (ZI)); in particular

IN

Ey(1).

2
2 yi (t, 1) maxjo 1] 7 + Cup
lzell? < 222l and )2 < —22 y2(t,1).
minfo,1] 7 7 mingg 137

Thus, for § > 0, we find

2 1 2
/ Y2 Gedt ga/ y—tdxdzH——/  dwdt
Q. o o 1) o
1 maxjg, 1] 77 + Cyp
< 25/ B, / V2(E 1)t
mln[o’l] 77 s
C T
—26/ B, lmax[01277+ HP/ dEy(t)dt
mingy yyn S dt
1 max[o 1] 77 + CHP
<26 E E,(s). (3.17)
mingy ;) 7
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Hence, going back to (312), by (I4), (I6) and BI7), we get

T T
C E 20
/ YA, 1)dt <2 [ 14+ —25— | Ey(s) + -”6(8) +—3 / E,(t)dt
s mln[ovl] n mln[ovl] nJs

1 +C
+25/ t)dt + = wa(s)

mln[ovl] n

2C 1  1max +C
minjg ;17 ) ming 1,7

as claimed. 0O

Now, we assume an additional hypothesis on the functions a and b.

Hypothesis 4. Hypothesis Bl holds and there exists €9 > 0 such that
(2 — K)a —2z|b| > gga for every = € [0,1].
Note that the required inequality implies that |b(x)] < w Thus, if
a(z) = x¥, the condition reads |b(x)| < M Of course, the previous
condition is automatically satisfied in absence of the drift.

Proposition 3.4. Assume Hypothesisl 3 > 0 and let y be a classical solution of
(C2). Then, for any T > s >0

= (yt + 77%5) dxdt
2 Ja,

<4OFE,(s) + (0_(11) + ’17(11) + 77(/61) + %) (Ey(s) — E,(T))
B KB, B K\ [T,
+<77(1) 5t 4)/5 y?(t, 1)dt, (3.18)
where
‘— max 1 CHP ) 5
. a{MD+KmmmmJ+4}- (3.19)

Proof. By all the assumptions in force

z(a=b) K (2—K)a+2(Ka—zad')+2zb _ £
— + -~ = 2 a0
a 2 2a 2

b K 0
1—al -2}
< Ta 2)2
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as well. Thus, the boundary terms given in [B.4), from (B3] can be estimated in
the following way:

€0 yi 2
(B.T.) > 5 +ny; | dzdt. (3.20)
Qs

g

Now, we estimate the boundary terms from above. First of all, consider the term

1
" K
/ (—Qxy' L —%> (1,2)dx
0 o 2 o

for all 7 € [s,T]. Using the fact that a”fi) < a(ll) by ([4)), together with Proposi-
tion 211 one has

1 ” K
/ (_wa N _%) (7. 2)dx
0

o 2 o

1.2, 2 1,2 1,2 1,2
Toyxn Yi K Yy K Yy
< L7 L . b . Z
< /0 . (1, x)dx —|—/O > (1,z)dx + 1 /0 . (1, x)dx + 1 /0 . (1,2)dx

1 ! 2 K ! ytz
< il zt
ST /o Ny (T, x)dx + (1 + 1 ) /o pn (1,2)dx

Cup v,
+K,7/ yan(r, x)dx
ming,1]71 Jo

1 Cwp . K A — B2 (r
gmax{a(l)m g }<2Ey<> By2(r,1)).

ming 1) 7 4

By (B20) and ([B.6]), thanks to Theorem [B1] we get

2
g0 ) (%ﬁ + nzﬁ) drdt < 20E,(T) 4 20E,(s)

2
T 2
K
+/ (yt +nys — —nyym> (t,1)dt

o 2
T 2
y K
< 4OE,(s) +/ <;t + Yz — 5?71/%) (t,1)dt.
(3.21)

where © is defined in (3I9)).
Now, we need to estimate ng h(t)dt, where

2
To this aim, recall that ny,(¢t,1) = —By(t, 1) — y:(t,1). Thus

2 K
0= (2 = G ) (1.0

YE(4,1) + (=Bt 1) ~ 1t 1) — (= By(t. 1) ~ et D)yt )

M) =5 G0+
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1

n(1)
T gﬁyQ(t, 1)+ gyt(t, Dy(t,1)

= (ﬁ + ﬁ) yi(t, 1)+ 3 (% + %) y2(t, 1) + (% + g) yye(t, 1).
Thus, by Theorem [

2
_
_U(

t1) + (B2y*(t,1) + 7 (t.1) + 28y(¢, Dye(t, 1))

1M @) a1 4

B KB B KN [T
+<77(1)+ 5 +"7(1)+ 4>/S y=(t, 1)dt. (3.22)

By BZI)) and (322]), we have

) y? 2 1 1 8 K
2 Jo. (F *”yw> drdt < 408, () + <o<1> o Tam T Z)

x (Ey(s) — Ey(T))
KB, B K\ [T,
+<@+7+@+Z>/S yo (¢, 1)dt
and (3I8) holds. O

As a consequence of Propositions and [3.4] we can state the main result of
the paper. As a first step, define

6% Kp B K ﬂ60> 1
Cr=\—F+—+—F~+—+— - L)
' (n(l) T Tm T e (minf’o,u’? ' )

Theorem 3.2. Assume HypothesisHl 3 > 0 and let y be a mild solution of (L2).

Then, for allt > 0 and for all § € (0, 25701), we have

t

Ey(t) < Ey(0)e! ™, (3.23)
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where

1 1 1 I} K)
M:=——— (40 + + + + —
Ceo,8,Km ( a(l) n(1) a1 4

)
(B KB B K @)
Ceo.,8,Km (W(UJr 2 +77(1)jL 1773

2 1  1ma C
_<2+ Cup 1 1m X[0,1] M + HP)

+

+

. . : (3.24)
mln?o,u VB mln[20,1] U

being Ce, 8,k := €0 — 20C1 and © as in (B19).

Proof. As usual, let us start assuming that y is a classical solution. If y is the
mild solution associated to the initial data (yo,y1) € Hop, consider a sequence
{(y, y") bnen € D(A) that approximate (yo, y1) and let y™ be the classical solution
of ([[2) associated to (yj,y}). With standard estimates coming from Theorem 2]
we can pass to the limit in (323)) written for y™ and obtain the desired result.
So, let y be a classical solution. By (3.18)) and 33, we have
p

T
60/ E,(t)dt < 40E,(s) + (0(11) 4 n(11) o o %) E,(s)

B KB B K  Beo\ [T,
+<ﬁ+7+77(1)+¥+7>/8 y(t,l)dt

1 1 3 K
< (104 i+ o 1) B0

+<52 Kg 5 | K ﬂ&))

m+7+@+Z+T

2C) 1 1max +C
<2+ HP L4z 0,11 M HP) Ey(s)

mln[o 1"n 6 0 min[2071] n

T
+25C, / E,(t)dt.

Hence

T
/ B, (t)dt < (4@+ 0(11) + n(11) + (ﬂ K) E,(s)

1)
Ii5 g, B K e
+(m+— ﬂ*TT)

2C 1  1max +C
(24 —ip o BEEONTT IR ) o),
minpyn 0 0 minjn

Choosing 4 € (0, 58-), we have
g0 — 26C1 > 0.
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Hence, we can apply Lemma 3.1 as follows, obtaining
1—-t
Ey(t) < Ey(0)e 1,
where M is as in (3:24]). O

Lemma 3.1. Assume that E : [0, +00) — [0, +00) is a nonincreasing function and
that there is a constant M > 0 such that

/ E(s)ds < ME(t), Vt][0,+00).
¢
Then

E(t) < E(0)e!~3, Vt[0,+00).

Appendix A

For the readers’ convenience, in this section we prove a technical lemma, used
throughout the previous sections.

Proof of Lemma (1) We will actually prove an equivalent fact, usually
appearing in integrations by parts, namely, that

lim 1()uz)y (x) = 0.

For this, consider the function

Observe that

1
| 1elde < Clulloon 1y 120
0
Moreover
Z(z) = (ny')'u +ny'’
and, by Holder’s inequality,
1 1
u
\(ny’)’U\de=/ Vo(ny') —=dz < llo(ny) || Ll|ull 2
/0 0 Vo ’ ’
and
1
[ alywlds < Cly ol .-
0
Thus 2’ is summable on [0, 1]. Hence z € W1(0,1) < C[0,1] and there exists
lim 2(z) = lim n(z)u(z)y' (x) = L € R.
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We will prove that L = 0. If L # 0 there would exist a neighborhood Z of 0 such
that

I Iy u)
2 -_— b

for all € 7; but, by Hélder’s inequality

()] < / (1)1t < Va2 0.0-

Hence
Ll
5 < Iyl < lnllocly’ Va2 0,1
for all x € Z. This would imply that
L
| L

>
~ 2|20, nlloo v/
in contrast to the fact that y' € L?(0,1).

Hence, L = 0 and the conclusion follows.

(2) It is enough to write

Vo (')

xu/(nu/)/ —

SIE

and note that, by Hypothesis

2 2
T
< Hn\loo—a(x) (u')? < Cllnllo(u')* € L0, 1),

zu’

Nz

for a positive constant C, and

atmy)? = A ¢ 110,1),

(3) Set z(x) = zn(z) (v (x))?. Of course, z € L(0,1). Moreover,
o = ()2 + ()2 + 2ol = 20 (Y — o (12 + ()
By the previous point, zu/(nu’)’ € L*(0, 1), while
2 =

| (u”) <Cu')?

1‘775(“/)2

by (LG). Clearly, n(u')? € L*(0,1), thus 2’ € L1(0,1), so that = € W1(0,1) and
there exists lim, g z(x) = L € R. If L # 0, sufficiently close to x = 0 we would

have that
L|
/ 2 > ‘ Ll 1
W@) 2 5 ¢ L'0,1),

while u € H1(0,1). The conclusion follows since 7 is bounded away from 0.
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(4) Proceed as above, observing that

b b
|z (u')?| = J11‘775(1/)2 <l— 191l £oc 0,1y ()
L>=(0,1)
and that
T
|z’ (nu')'| = —a\/ﬁ@/ Vo).

(5) Set z := Zu?(x). Then z € L*(0,1). Indeed

1 1,2
1
/£u2(x)dx§,7/ u—dx.
0o @ minjg1]7 Jo @

Moreover

a a a?
thus, for a suitable € > 0 given by Hypothesis

5 1 1 2
/ \z'\d:ﬂg,i/ Y da
0 minge 1171 Jo 0
e ,.2(,,/1\2 % 1,2 % 1,2
+2(/ Ld) (/ “_dm) o [
0 a 0o @ 0o a

1 1
1 K 1 2 2 2 1 2 1.2 2
< — i Y dr 76 (/ (u')%lm) (/ u—dm) .
minp 1117 .Jo © a(e) mingg,1) 71 0 o O

This is enough to conclude that z € W1(0,1) and thus there exists lim, g z(z) =
L e R. If L # 0, sufficiently close to z = 0 we would have that

u?(z) _ |L]

—2 > ZrY0,1

25 ¢ L(0,1),

while %2 € L1(0,1) (since = € L1(0,1)). O
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