
2nd Reading

February 3, 2025 9:52 WSPC/1664-3607 319-BMS 2550001

OPEN ACCESS

Bulletin of Mathematical Sciences
(2025) 2550001 (27 pages)
c© The Author(s)

DOI: 10.1142/S1664360725500018

Linear stabilization for a degenerate wave equation
in non divergence form with drift

Genni Fragnelli

Department of Information Engineering and Mathematics
University of Siena, via Roma, 56 53100 Siena, Italy

genni.fragnelli@unisi.it

Dimitri Mugnai ∗

Department of Ecological and Biological Sciences
Tuscia University, Largo dell’Università, 01100 Viterbo, Italy
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We consider a degenerate wave equation in one dimension, with drift and in presence of
a leading operator which is not in divergence form. We impose a homogeneous Dirichlet
boundary condition where the degeneracy occurs and a boundary damping at the other
endpoint. We provide some conditions for the uniform exponential decay of solutions for
the associated Cauchy problem.
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1. Introduction

It is well known that the displacement of a mass subjected to the action of spring
is modeled by a nonlinearly damped oscillator and the displacement u of the mass
is described by the scalar equation

u′′ + h(u′) + ku + f(u) = 0.
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Here k > 0 is a physical parameter, f is continuous and describes some nonlinear
phenomenon, while h(u′) is the nonlinear damping. Set

F (u) =
∫ u

0

f(t)dt

and define the energy associated to a solution u as

Eu(t) =
1
2
(u′(t))2 +

1
2
ku2(t) + F (u(t)).

Assuming that

sh(s) ≥ 0 ∀ s ∈ R, (1.1)

then

E′
u(t) = −u′(t)h(u′(t)) ≤ 0,

which is a dissipation relation.
Similarly, consider a vibrating membrane fixed on the boundary. Then the evo-

lution of the displacement of a point x of the membrane at time t is described by
the wave equation

utt − Δu + h(ut) + f(u) = 0 in (0,∞) × Ω,

where Ω is a (possibly bounded) domain of R
N . The energy of a solution u is

Eu(t) =
∫

Ω

[
1
2
(u2

t + |∇u|2) + F (u)
]

dx

and if everything is smooth enough and h is as before, we get

E′
u(t) = −

∫
Ω

uth(ut)dx ≤ 0.

An analogous result can be proved if the wave equation is coupled with a damping
in a portion Γ of ∂Ω as

∂u

∂ν
+ h(ut) = 0 in [0,∞) × Γ.

From a monotonicity property of the energy, it is natural to look for conditions
which guarantee the stability of even more general problems, namely

‖∇u‖L2 + ‖ut‖L2 → 0 as t → ∞.

In this respect, several conditions have been found, even when (1.1) is not satisfied,
also in the presence of nonlinear sources (see, for instance, [13–15, 17, 19] and the
two monographs [1, 3]).

However, all the previous results concern nondegenerate problems. On the other
hand, the standard linear theory for transverse waves in a string leads to the classical
wave equation

ρ(x)utt(t, x) =
∂T
∂x

(t, x)ux(t, x) + T (t, x)uxx(t, x),
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where u(t, x) is the vertical displacement of the string from the x-axis at position x

and time t, ρ(x) is the mass density of the string at position x, while T (t, x) denotes
the tension in the string at position x and time t. Dividing by ρ(x), assuming T is
independent of t, and setting a(x) = T (x)ρ−1(x), b(x) = T ′(x)ρ−1(x), we obtain

utt(t, x) = a(x)uxx(t, x) + b(x)ux(t, x).

If density is extremely large at some point, for instance x = 0, we can assume
a(0) = 0. The drift term b may degenerate at x = 0, as well.

A related equation in divergence form and without drift is

utt(t, x) = (a(x)ux)x(t, x),

which has been studied in [2] (see also the arXiv version of 2015) and [20] for a
general a and for a(x) = xK , K ∈ (0, 2), respectively. In both cases, boundary
controllability was pursued via multiplier methods [2] or spectral methods [20].
Moreover, in [2], stability results were proved, as well. Inspired by such a case, here
we consider the problem⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ytt − a(x)yxx − b(x)yx = 0, (t, x) ∈ Q,

yt(t, 1) + ηyx(t, 1) + βy(t, 1) = 0, t > 0,

y(t, 0) = 0, t > 0,

y(0, x) = y0(x), yt(0, x) = y1(x), x ∈ (0, 1),

(1.2)

where Q = (0, +∞) × (0, 1) a, b ∈ C0[0, 1], with a > 0 on (0, 1], a(0) = 0 and
b
a ∈ L1(0, 1): hence, if a(x) = xK , K > 0, we can consider b(x) = xh for any
h > K−1. In the boundary term, we take β ≥ 0 and η as the well-known absolutely
continuous weight function

η(x) := exp

{∫ x

1
2

b(s)
a(s)

ds

}
, x ∈ [0, 1],

introduced by Feller in a related context [10] and used by several authors, see, e.g.
[7, 9, 18]. Finally, the initial data u0 and u1 belong to suitable weighted spaces.

The main feature in this problem is that a degenerates at x = 0 (with b possibly
degenerate, as well) and that the leading operator is not in the usual divergence
form. As a consequence, classical methods cannot be used directly to study such a
problem and a different approach is needed, see the following section.

As for the function a, we consider two cases: a can be weakly degenerate or
strongly degenerate. More precisely, we have the following standard definition.

Definition 1.1. A function a is weakly degenerate (WD) at 0, for short, if a ∈
C0[0, 1] ∩ C1(0, 1] is such that a(0) = 0, a > 0 on (0, 1] and, if

K := sup
x∈(0,1]

x|a′(x)|
a(x)

, (1.3)

then K ∈ (0, 1).
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Definition 1.2. A function a is strongly degenerate (SD) at 0, for short, if
a∈C1[0, 1] is such that a(0) = 0, a > 0 on (0, 1] and in (1.3) we have K ∈ [1, 2).

In the previous definition, we always assume that K < 2, since it is essential in
Hypothesis 4 as follows.

Remark 1. Observe that (1.3) implies that the function

x �→ xγ

a(x)
(1.4)

is nondecreasing in (0, 1] for all γ ≥ K. In particular, Hypothesis 2 is satisfied.
Moreover,

lim
x→0

xγ

a(x)
= 0 (1.5)

for all γ > K and ∣∣∣∣xγb(x)
a(x)

∣∣∣∣ ≤ 1
a(1)

‖b‖L∞(0,1) (1.6)

for all γ ≥ K, assuming b ∈ L∞(0, 1).

2. Preliminary Results and Well-Posedness

In this section, we introduce the functional setting needed to treat our problem.
However, our assumptions here are more general than those required to get the
desired stability and have an independent interest.

We start assuming a very modest requirement, which will be assumed through-
out the paper.

Hypothesis 1. Functions a and b are continuous in [0, 1] and such that
b
a ∈ L1(0, 1).

Remark 2. (1) We note that, at this stage, a may not degenerate at x = 0.
However, if it is WD then 1

a ∈ L1(0, 1) and b cannot degenerate. If a is SD then
1
a /∈ L1(0, 1), hence the assumption b

a ∈ L1(0, 1) implies b(0) = 0. In this case,
b can be WD or SD.

(2) If a is WD or SD with K = 1 then (1.6) immediately implies that xb
a is bounded.

If Hypothesis 1 holds, it is clear that the function η : [0, 1] → R introduced
before is well defined and we immediately find that η ∈ C0[0, 1] ∩ C1(0, 1] is a
strictly positive function, which is bounded above and below by a positive constant.
Note also that η can be extended to a function of class C1[0, 1] when b degenerates
at 0 not slower than a, for instance if a(x) = xK and b(x) = xh with K ≤ h.
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Now, we are ready to go back to problem (1.2) and study its well-posedness. To
do that, let us define

σ(x) :=
a(x)
η(x)

,

which is a continuous function in [0, 1], independently of the possible degeneracy of
a. Moreover, observe that if y is a sufficiently smooth function, e.g. y ∈ W 2,1

loc (0, 1),
then we can write

Ay := ay′′ + by′ (2.1)

as

Ay = σ(ηy′)′.

Following [7] (see [11] and [12] for the case b = 0), let us consider the following
Hilbert spaces with the related inner products:

L2
1
σ
(0, 1) :=

{
u ∈ L2(0, 1)

∣∣ ‖u‖ 1
σ

< ∞
}
, 〈u, v〉 1

σ
:=

∫ 1

0

uv
1
σ

dx,

for every u, v ∈ L2
1
σ

(0, 1);

H1
1
σ
(0, 1) := L2

1
σ
(0, 1) ∩ H1(0, 1), 〈u, v〉1 := 〈u, v〉 1

σ
+

∫ 1

0

ηu′v′dx,

for every u, v ∈ H1
1
σ

(0, 1) and

H2
1
σ
(0, 1) :=

{
u ∈ H1

1
σ
(0, 1)

∣∣ Au ∈ L2
1
σ
(0, 1)

}
, 〈u, v〉2 := 〈u, v〉1 + 〈Au, Av〉 1

σ
,

for every u, v ∈ H2
1
σ

(0, 1). The previous inner products obviously induce the related
respective norms

‖u‖2
1
σ

=
∫ 1

0

u2

σ
dx, ‖u‖2

1, 1
σ

= ‖u‖2
1
σ

+
∫ 1

0

η(u′)2dx

and

‖u‖2
2, 1

σ
= ‖u‖2

1, 1
σ

+
∫ 1

0

σ[(ηu′)′]2dx.

Moreover, consider the spaces

H1
1
σ ,0(0, 1) :=

{
u ∈ H1

1
σ
(0, 1) : u(0) = 0

}
and

H2
1
σ ,0(0, 1) :=

{
u ∈ H2

1
σ
(0, 1) : u(0) = 0

}
,

endowed with the previous inner products and related norms.

Remark 3. Being η bounded above and below by positive constants, it is clear that
the inner product with weight η is equivalent to the standard one without weight.
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However, it will be clear soon that in this way we have a quite better functional
setting, as Corollary 2.1 will show as follows.

Hypothesis 2. Hypothesis 1 holds. In addition, a is such that a(0) = 0, a > 0 on
(0, 1] and there exists K > 0 such that the function

x �→ xK

a(x)

is nondecreasing in a right neighborhood of x = 0.

Note that here we require only continuity on a (and no differentiability); more-
over, the monotonicity property required only near 0 holds globally in (0, 1] if a is
WD or SD.

Proceeding as in [5] and using the fact that v(0) = 0 for all v ∈ H1
1
σ ,0

(0, 1),
one has

Proposition 2.1 (Hardy–Poincaré Inequality). Assume Hypothesis 2. Then,

there exists CHP > 0 such that∫ 1

0

v2 1
σ

dx ≤ CHP

∫ 1

0

(v′)2dx ∀ v ∈ H1
1
σ ,0(0, 1). (2.2)

In particular, we have the equivalence as follows.

Corollary 2.1. Assume Hypothesis 2. Then the two norms ‖u‖2
1, 1

σ

and

‖u‖2
1 :=

∫ 1

0

(u′)2dx,

are equivalent for all u ∈ H1
1
σ ,0

(0, 1). In particular,

‖u‖2
1 ≤ 1

min[0,1] η
‖u‖2

1, 1
σ

and ‖u‖2
1, 1

σ
≤

(
CHP + max

[0,1]
η

)
‖u‖2

1,

where CHP is the Hardy–Poincaré constant introduced in Proposition 2.1.

Now, define the domain D(A) of the operator A given in (2.1) as

D(A) = H2
1
σ ,0(0, 1).

We start with a set of results, actually of independent interest, which describe
the functional setting we shall use.

Lemma 2.1. Assume Hypothesis 1. For all (u, v) ∈ D(A) × H1
1
σ ,0

(0, 1) one has

〈Au, v〉 1
σ

= −
∫ 1

0

ηu′v′dx + (ηu′v)(1). (2.3)

Proof. As a first step, we consider the space H1
c (0, 1) := {v ∈ H1(0, 1) | supp{v} ⊂

(0, 1]}.
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As in the proof of [6, Lemma 2.1], we can see that H1
c (0, 1) is dense in H1

1
σ ,0

(0, 1).

Indeed, fix v ∈ H1
1
σ ,0

(0, 1) and consider the sequence (vn)n≥3, where vn := ξnv ∈
H1

c (0, 1) and

ξn(x) :=

⎧⎪⎪⎨
⎪⎪⎩

0, x ∈ [0, 1/n],

1, x ∈ [2/n, 1],

nx − 1, x ∈ (1/n, 2/n);

then vn → v in H1
1
σ ,0

(0, 1).
Now, as in [7], consider

Φ(v) :=
∫ 1

0

(
(au′′ + bu′)v

1
σ

+ ηu′v′
)

dx − (ηu′v)(1)

with u ∈ H2
1
σ ,0

(0, 1). Then, Φ is a bounded linear functional on H1
1
σ ,0

(0, 1). Moreover,

Φ = 0 on H1
c (0, 1). Indeed, taking v ∈ H1

c (0, 1), one has that∫ 1

0

(au′′ + bu′)v
1
σ

dx =
∫ 1

0

σ(ηu′)′v
1
σ

dx = −
∫ 1

0

ηu′v′dx + (ηu′v)(1).

Thus, Φ = 0 on H1
1
σ ,0

(0, 1), that is (2.3) holds.

To evaluate the boundary terms, the following results are important. Since the
proofs are similar to those of [5, Lemma 3.2], we postpone them to Appendix A.

Lemma 2.2. (1) Assume Hypothesis 1. If y ∈ H2
1
σ

(0, 1) and if u ∈ H1
1
σ ,0

(0, 1), then
limx→0 u(x)y′(x) = 0.

(2) Assume Hypothesis 2. If u ∈ D(A), then xu′(ηu′)′ ∈ L1(0, 1).
(3) Assume Hypothesis 2. If u ∈ D(A) and K ≤ 1, then limx→0 x(u′(x))2 = 0.
(4) Assume Hypothesis 2. If u ∈ D(A), K > 1 and xb

a ∈ L∞(0, 1), then
limx→0 x(u′(x))2 = 0.

(5) Assume Hypothesis 2. If u ∈ H1
1
σ

(0, 1), then limx→0
x
au2(x) = 0.

The last result, which will be crucial to obtain the stabilization of problem (1.2),
is given by the following proposition.

Proposition 2.2. Assume Hypothesis 2 and for β ≥ 0 define

�z�
2
1 :=

∫ 1

0

η(z′)2dx + βz2(1)

for all z ∈ H1
1
σ ,0

(0, 1). Then the two norms � ·�1 and ‖·‖1 are equivalent. Moreover,
for every λ ∈ R, the variational problem∫ 1

0

ηz′φ′dx + βz(1)φ(1) = λφ(1) ∀φ ∈ H1
1
σ ,0(0, 1) (2.4)

2550001-7

B
ul

l. 
M

at
h.

 S
ci

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

T
Y

 O
F 

SI
E

N
A

 o
n 

06
/2

7/
25

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

February 3, 2025 9:52 WSPC/1664-3607 319-BMS 2550001

G. Fragnelli & D. Mugnai

admits a unique solution z ∈ H1
1
σ ,0

(0, 1) which satisfies the estimates

�z�
2
1 ≤ λ2

min[0,1] η
and ‖z‖2

1
σ
≤

max[0,1] η + CHP

min2
[0,1] η

λ2, (2.5)

where CHP is the Hardy–Poincaré constant in Proposition 2.1. In addition, z ∈
H2

1
σ ,0

(0, 1) and solves {
−σ(ηzx)x = 0,

ηzx(t, 1) + βz(t, 1) = λ.
(2.6)

Proof. Observe that

|z(1)| =
∣∣∣∣
∫ 1

0

z′(t)dt

∣∣∣∣ ≤ ‖z‖1, (2.7)

for all z ∈ H1
1
σ ,0

(0, 1). Thus, � · �1 and ‖ · ‖1 are equivalent. Indeed, for all z ∈
H1

1
σ ,0

(0, 1)

‖z‖2
1 ≤ 1

min[0,1] η
�z�

2
1; (2.8)

moreover, since βz2(1) ≤ β‖z‖2
1 by (2.7), one has

�z�
2
1 ≤

(
max
[0,1]

η + β

)
‖z‖2

1,

and the claim holds.
Now, consider the bilinear and symmetric form Λ : H1

1
σ ,0

(0, 1)×H1
1
σ ,0

(0, 1) → R,
given by

Λ(z, φ) :=
∫ 1

0

ηz′φ′dx + βz(1)φ(1).

for all z, φ ∈ H1
1
σ ,0

(0, 1). Clearly, Λ is also coercive and continuous. Indeed, by
Corollary 2.1

Λ(z, z) =
∫ 1

0

η(z′)2dx + βz2(1) ≥
∫ 1

0

η(z′)2dx ≥
min[0,1] η

CHP + max[0,1] η
‖z‖2

1, 1
σ
.

Moreover,

|Λ(z, φ)| ≤ max
[0,1]

η‖z′‖L2(0,1)‖φ′‖L2(0,1) + β|z(1)||φ(1)|.

With (2.7) applied to z and φ, one has

|Λ(z, φ)| ≤
(

max
[0,1]

η + β

)
‖z‖1‖φ‖1.

Now, consider the linear functional

L(φ) := λφ(1),

2550001-8
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with φ ∈ H1
1
σ ,0

(0, 1). Clearly, L is continuous and linear. Thus, by the Lax–Milgram

Theorem, there exists a unique solution z ∈ H1
1
σ ,0

(0, 1) of

Λ(z, φ) = L(φ) (2.9)

for all φ ∈ H1
1
σ ,0

(0, 1). In particular,

Λ(z, z) =
∫ 1

0

η(z′)2dx + βz2(1) = L(z) = λz(1). (2.10)

By (2.7), (2.8) and (2.10) we have

�z�
2
1 = λz(1) ≤ |λ|√

min[0,1] η
�z�1;

thus

�z�1 ≤ |λ|√
min[0,1] η

and �z�
2
1 ≤ λ2

min[0,1] η
.

Moreover, by Corollary 2.1, we know that in H1
1
σ ,0

(0, 1) the two norms ‖ · ‖1 and
‖ · ‖1, 1

σ
are equivalent. Thus

�z�2
1 ≥ min

[0,1]
η‖z‖2

1 + βz2(1) ≥ min
[0,1]

η‖z‖2
1

≥
min[0,1] η

max[0,1] η + CHP
‖z‖2

1, 1
σ
≥

min[0,1] η

max[0,1] η + CHP
‖z‖2

L2
1
σ

(0,1).

Thus, by (2.5)

‖z‖2
1
σ
≤

max[0,1] η + CHP

min[0,1] η
�z�

2
1 ≤

max[0,1] η + CHP

min2
[0,1] η

λ2.

Now, we will prove that z ∈ H2
1
σ ,0

(0, 1) solves (2.6). With this aim, we consider

again (2.9). Since it holds for every φ ∈ H1
1
σ ,0

(0, 1), it holds in particular for every
φ ∈ C∞

c (0, 1), so that ∫ 1

0

ηz′φ′ = 0 for all φ ∈ C∞
c (0, 1).

By the fundamental lemma of the calculus of variations (for instance, see [16,
Lemma 1.2.1]), we get that ηz′ is constant a.e. in (0, 1) and so (ηz′)′ = 0 a.e.
in (0, 1); in particular

σ(ηz′)′ = 0 a.e. in (0, 1)

and so Az = σ(ηz′)′ ∈ L2
1
σ

(0, 1).
Now, coming back to (2.9), we have∫ 1

0

ηz′φ′dx + βz(1)φ(1) = λφ(1) ⇔ [ηz′φ]x=1
x=0 + βz(1)φ(1) = λφ(1)
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for all φ ∈ H1
1
σ ,0

(0, 1). Thus, since φ(0) = 0, we obtain

(ηz′)(1) + βz(1) = λ,

that is, z solves (2.6).

We are now ready to study the well-posedness of problem (1.2). For this, we
introduce the Hilbert space

H0 := H1
1
σ ,0(0, 1) × L2

1
σ
(0, 1),

with the inner product

〈(u, v), (ũ, ṽ)〉H0 :=
∫ 1

0

u′ũ′dx +
∫ 1

0

vṽ
1
σ

dx + βu(1)ũ(1)

for every (u, v), (ũ, ṽ) ∈ H0, and the induced norm

‖(u, v)‖2
H0

:=
∫ 1

0

(u′)2dx +
∫ 1

0

v2 1
σ

dx + βu2(1).

Observe that if u ∈ H1
1
σ ,0

(0, 1), then u is continuous, so that u(1) is well defined.

Moreover, being η ∈ C0[0, 1]∩C1(0, 1] far away from 0, for every (u, v), (ũ, ṽ) ∈ H0,
the norm ‖(u, v)‖2

H0
is equivalent to

‖(u, v)‖2
1 :=

∫ 1

0

η(u′)2dx +
∫ 1

0

v2 1
σ

dx + βu2(1).

Obviously, to such a norm, we associate the inner product

〈(u, v), (ũ, ṽ)〉1 :=
∫ 1

0

ηu′ũ′dx +
∫ 1

0

vṽ
1
σ

dx + βu(1)ũ(1),

which we will use from now on, being more convenient for our treatment.
Now, consider the matrix operator A : D(A) ⊂ H0 → H0, given by

A :=

(
0 Id

A 0

)
,

and

D(A) :=
{
(u, v) ∈ H2

1
σ ,0(0, 1) × H1

1
σ ,0(0, 1) : (ηu′)(1) + v(1) + βu(1) = 0

}
.

Thus, by using the operator (A, D(A)), we rewrite (1.2) as a Cauchy problem.
Indeed, setting, as usual,

Y(t) :=

(
y

yt

)
and Y0 :=

(
y0

y1

)
,

one has that (1.2) can be rewritten as{
Ẏ(t) = AY(t), t ≥ 0,

Y(0) = Y0.
(2.11)
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If we prove that (A, D(A)) generates a contraction semigroup (S(t))t≥0 and
Y0 ∈H0, then Y(t) = S(t)Y0 gives the mild solution of (2.11). The following
theorem holds.

Theorem 2.1. Assume Hypothesis 2. Then the operator (A, D(A)) is non positive
with dense domain and generates a contraction semigroup (S(t))t≥0.

For the proof of this theorem, we use the following result.

Theorem 2.2 ([8], Corollary 3.20). Let (A, D(A)) be a dissipative operator on
a reflexive Banach space such that λI −A is surjective for some λ > 0. Then A is
densely defined and generates a contraction semigroup.

Proof of Theorem 2.1. According to the previous theorem, it is sufficient to
prove that A : D(A) → H0 is dissipative and that I −A is surjective.

A is dissipative: Take (u, v) ∈ D(A). Then (u, v) ∈ H2
1
σ ,0

(0, 1) × H1
1
σ ,0

(0, 1) and
so (2.3) holds. Hence, by Lemma 2.1

〈A(u, v), (u, v)〉1 = 〈(v, Au), (u, v)〉1

=
∫ 1

0

ηu′v′dx +
∫ 1

0

vAu
1
σ

dx + βv(1)u(1)

=
∫ 1

0

ηu′v′dx −
∫ 1

0

ηu′v′dx + (ηu′v)(1) + βv(1)u(1)

= v(1)((ηu′)(1) + βu(1))

= −v2(1) ≤ 0.

I−A is surjective: Take (f, g) ∈ H0 = H1
1
σ ,0

(0, 1)×L2
1
σ

(0, 1). We have to prove that
there exists (u, v) ∈ D(A) such that

(I −A)

(
u

v

)
=

(
f

g

)
⇔

⎧⎨
⎩

v = u − f,

−Au + u = f + g.
(2.12)

Thus, define F : H1
1
σ ,0

(0, 1) → R as

F (z) =
∫ 1

0

(f + g)z
1
σ

dx + z(1)f(1).

Obviously, F ∈ H−1
1
σ ,0

(0, 1), the dual space of H1
1
σ ,0

(0, 1) with respect to the pivot

space L2
1
σ

(0, 1): indeed, f ∈ H1
1
σ ,0

(0, 1), and so also f(1) is well defined, and

g∈L2
1
σ

(0, 1). Now, introduce the bilinear form L : H1
1
σ ,0

(0, 1) × H1
1
σ ,0

(0, 1) → R

given by

L(u, z) :=
∫ 1

0

uz
1
σ

dx +
∫ 1

0

ηu′z′dx + (β + 1)u(1)z(1)
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for all u, z ∈ H1
1
σ ,0

(0, 1). Clearly, since β ≥ 0, L(u, z) is coercive. Moreover L(u, z)

is continuous: indeed, for all u ∈ H1
1
σ ,0

(0, 1), as in (2.7)

|u(1)| ≤
∫ 1

0

|u′(t)|dt = ‖u′‖L1(0,1) ≤ ‖u′‖L2(0,1);

thus, for all u, z ∈ H1
1
σ ,0

(0, 1),

|L(u, z)| ≤ ‖u‖L2
1
σ

(0,1)‖z‖L2
1
σ

(0,1) + (‖η‖L∞(0,1) + β + 1)‖u′‖L2(0,1)‖z′‖L2(0,1),

and the conclusion follows from Corollary 2.1.
As a consequence, by the Lax–Milgram Theorem, there exists a unique solution

u ∈ H1
1
σ ,0

(0, 1) of

L(u, z) = F (z) for all z ∈ H1
1
σ ,0(0, 1),

namely∫ 1

0

uz
1
σ

dx +
∫ 1

0

ηu′z′dx + (β + 1)u(1)z(1) =
∫ 1

0

(f + g)z
1
σ

dx + z(1)f(1)

(2.13)

for all z ∈ H1
1
σ ,0

(0, 1).

Now, take v := u−f ; then v ∈ H1
1
σ ,0

(0, 1). We will prove that (u, v) ∈ D(A) and
solves (2.12). To begin with, (2.13) holds for every z ∈ C∞

c (0, 1). Thus, we have∫ 1

0

ηu′z′dx =
∫ 1

0

(f + g − u)z
1
σ

dx

for every z ∈ C∞
c (0, 1). Hence −(ηu′)′ = (f +g−u) 1

σ a.e. in (0, 1). This implies that
−σ(ηu′)′ = (f + g − u) ∈ L2

1
σ

(0, 1), i.e. Au ∈ L2
1
σ

(0, 1); thus u ∈ D(A). Moreover,
coming back to (2.13) and thanks to (2.3)

−
∫ 1

0

σ(ηu′)′z
1
σ

dx + (ηu′z)(1) + (β + 1)u(1)z(1)

=
∫ 1

0

(f + g − u)z
1
σ

dx + z(1)f(1).

Using the fact that −σ(ηu′)′ = (f + g − u) a.e. in (0, 1), we obtain

(ηu′z)(1) + (β + 1)u(1)z(1) = z(1)f(1)

for all z ∈ H1
1
σ ,0

(0, 1). Hence, η(1)u′(1) + (β + 1)u(1) − f(1) = 0. Recalling that
v = u − f , one has

η(1)u′(1) + βu(1) + v(1) = 0.

In conclusion, (u, v) ∈ D(A), u−Au = f + g and v = u− f , i.e. (u, v) solves (2.12).
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As usual in the semigroup theory, the mild solution of (2.11) obtained above
can be more regular: if Y0 ∈ D(A), then the solution is classical, in the sense
that Y ∈ C1([0, +∞);H0) ∩ C([0, +∞); D(A)) and the equation in (1.2) holds for
all t ≥ 0. Hence, as in [2, Corollary 4.2] or in [4, Proposition 3.15], one has the
following theorem.

Theorem 2.3. Assume Hypothesis 2.
If (y0, y1) ∈ H0, then there exists a unique mild solution

y ∈ C1([0, +∞); L2
1
σ
(0, 1)) ∩ C([0, +∞); H1

1
σ ,0(0, 1))

of (1.2) which depends continuously on the initial data (y0, y1) ∈ H0. Moreover, if
(y0, y1) ∈ D(A), then the solution y is classical, in the sense that

y ∈ C2([0, +∞); L2
1
σ
(0, 1)) ∩ C1([0, +∞); H1

1
σ ,0(0, 1)) ∩ C([0, +∞); H2

1
σ ,0(0, 1))

and the equation of (1.2) holds for all t ≥ 0.

3. The Stability Result

In this section, we prove the main result of the paper when a is WD or SD. Actually,
we will prove that the energy associated to the initial problem is nonincreasing and,
in particular, it decreases exponentially under suitable assumptions.

With this aim, let y be a mild solution of (1.2) and consider its energy, given by

Ey(t) =
1
2

[∫ 1

0

(
1
σ

y2
t (t, x) + ηy2

x(t, x)
)

dx + βy2(t, 1)
]
, t ≥ 0. (3.1)

With this definition in hand, one can prove that the energy is nonincreasing.

Theorem 3.1. Assume Hypothesis 2 and let y be a classical solution of (1.2) (for
instance, if (y0, y1) ∈ D(A)). Then the energy is nonincreasing and

dEy(t)
dt

= −yt(t, 1)2, t ≥ 0.

Proof. By multiplying the equation by yt

σ , integrating over (0, 1) and using the
boundary conditions, one has

0 =
1
2

∫ 1

0

d

dt

(
y2

t

σ

)
dx − [ηyxyt]x=1

x=0 +
∫ 1

0

ηyxytxdx

=
1
2

d

dt

[∫ 1

0

(
y2

t

σ
+ ηy2

x

)
dx + βy2(t, 1)

]
+ y2

t (t, 1)

=
1
2

d

dt
Ey(t) + y2

t (t, 1).

Indeed, taking u = yt in Lemma 2.2(1), one has limx→0(ηyxyt)(t, x) = 0. Hence,
1
2

d

dt
Ey(t) = −y2

t (t, 1) ≤ 0

for all t ≥ 0.
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Now, our aim is to estimate the energy Ey(t) with the value of the energy Ey at
t = 0. To do that, we need to restrict Hypothesis 2, requiring the crucial assumption
as follows.

Hypothesis 3. Hypothesis 1 holds and a is WD or SD; if K > 1, then also assume
that xb

a ∈ L∞(0, 1).

Remark 4. It is clear that, by definition of WD or SD, if Hypothesis 3 holds, then
Hypothesis 2 holds, as well.

The following preliminary result holds.

Proposition 3.1. Assume Hypothesis 3 and let y be a classical solution of (1.2).
Then

0 = 2
∫ 1

0

[xyxyt

σ

]t=T

t=s
dx − 1

σ(1)

∫ T

s

y2
t (t, 1)dt − η(1)

∫ T

s

y2
x(t, 1)dt

−
∫

Qs

xη
b

a
y2

xdxdt +
∫

Qs

(
1 − x(a′ − b)

a

)
1
σ

y2
t dxdt +

∫
Qs

ηy2
xdxdt, (3.2)

for every T > s > 0.

Proof. Take s ∈ (0, T ); then, multiplying the equation of (1.2) by xyx

σ , integrating
over Qs := (s, T ) × (0, 1) and recalling (2.1), we have

0 =
∫

Qs

yttxyx

σ
dxdt −

∫
Qs

x(ηyx)xyxdxdt

=
∫ 1

0

[xyxyt

σ

]t=T

t=s
dx −

∫
Qs

xyxtyt

σ
dxdt −

∫
Qs

x(η′yx + ηyxx)yxdxdt

=
∫ 1

0

[xyxyt

σ

]t=T

t=s
dx − 1

2

∫
Qs

x

σ
(y2

t )xdxdt −
∫

Qs

xη′y2
xdxdt

− 1
2

∫
Qs

xη(y2
x)xdxdt

=
∫ 1

0

[xyxyt

σ

]t=T

t=s
dx − 1

2

∫ T

s

[x

σ
y2

t

]x=1

x=0
dt +

1
2

∫
Qs

(x

σ

)′
y2

t dxdt

−
∫

Qs

xη
b

a
y2

xdxdt

− 1
2

∫ T

s

[xηy2
x]x=1

x=0dt +
1
2

∫
Qs

(xη)′y2
xdxdt. (3.3)
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Recalling the definition of η and σ, we immediately find

0 =
∫ 1

0

[xyxyt

σ

]t=T

t=s
dx − 1

2

∫ T

s

[x

σ
y2

t

]x=1

x=0
dt − 1

2

∫ T

s

[xηy2
x]x=1

x=0dt

− 1
2

∫
Qs

xη
b

a
y2

xdxdt +
1
2

∫
Qs

(
1 − x(a′ − b)

a

)
1
σ

y2
t dxdt

+
1
2

∫
Qs

ηy2
xdxdt (3.4)

for all s ∈ (0, T ).
Now, we consider the boundary terms. Thanks to the boundary conditions of y,

(1.5) and Lemma 2.2, we immediately have that

lim
x→0

x

σ
y2

t (t, x) = lim
x→0

x

a
ηy2

t (t, x) = 0

and

lim
x→0

xηy2
x(t, x) = 0.

Hence, (3.4) multiplied by 2 gives (3.2).

Proposition 3.2. Assume Hypothesis 3 and let y be a classical solution of (1.2).
Then, for all T > s > 0 we have∫

Qs

(
1 − x(a′ − b)

a
+

K

2

)
1
σ

y2
t dxdt +

∫
Qs

(
1 − x

b

a
− K

2

)
ηy2

xdxdt = (B.T.)

(3.5)

where

(B.T.) =
∫ 1

0

[
−2x

yxyt

σ
+

K

2
yyt

σ

]t=T

t=s

dx +
∫ T

s

[
1
σ

y2
t + ηy2

x − K

2
ηyyx

]
(t, 1)dt

(3.6)

and Qs := (s, T ) × (0, 1).

Proof. By multiplying the equation in (1.2) by y
σ and integrating over Qs, we have∫

Qs

(
−y2

t

σ
+ ηy2

x

)
dxdt +

∫ 1

0

[yyt

σ

]t=T

t=s
dx −

∫ T

s

[ηyxy]x=1
x=0dt = 0. (3.7)

Using the fact that y is a classical solution of (1.2), that y(t, 0) = 0 and Lemma 2.2,
one has ∫ T

s

[ηyxy]x=1
x=0dt =

∫ T

s

[ηyxy](t, 1)dt;
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thus, multiplying (3.7) by K
2 , one has

K

2

∫
Qs

(
−y2

t

σ
+ ηy2

x

)
dxdt +

K

2

∫ 1

0

[yyt

σ

]t=T

t=s
dx − K

2

∫ T

s

[ηyxy](t, 1)dt = 0.

(3.8)

By summing (3.8) and (3.2), we get the claim.

Proposition 3.3. Assume Hypothesis 3, β ≥ 0 and let y be a classical solution of
(1.2). Then, for any T > s > 0 and for every δ > 0 we have∫ T

s

y2(t, 1)dt ≤
(

2 +
2CHP

min3
[0,1] η

+
1
δ

+
1
δ

max[0,1] η + CHP

min2
[0,1] η

)
Ey(s)

+ 2δ

(
1

min3
[0,1] η

+ 1

)∫ T

s

Ey(t)dt.

(3.9)

Proof. To prove the statement, fix t ∈ [s, T ] and set λ = y(t, 1) and let z = z(t, ·)
be the unique solution of∫ 1

0

ηz′φ′dx + βz(1)φ(1) = λφ(1) ∀φ ∈ H1
1
σ ,0(0, 1).

By Proposition 2.2, z(t, ·) ∈ H2
1
σ ,0

(0, 1) for all t and solves{
−σ(ηzx)x = 0,

ηzx(t, 1) + βz(t, 1) = λ.
(3.10)

Now, multiply the equation in (1.2) by z
σ and integrate over Qs. Then, we have

0 =
∫

Qs

(
ytt

z

σ
− (ηyx)xz

)
dxdt =

∫ 1

0

[
yt

z

σ

]t=T

t=s
dx

−
∫

Qs

yt
zt

σ
dxdt −

∫ T

s

[ηyxz]x=1
x=0 dt +

∫
Qs

ηyxzxdxdt.

By Lemma 2.2

lim
ε→0

(ηyxz)(t, ε) = 0,

thus we have∫ 1

0

[
yt

z

σ

]t=T

t=s
dx −

∫
Qs

yt
zt

σ
dxdt =

∫ T

s

ηyx(t, 1)z(1)dt −
∫

Qs

ηyxzxdxdt. (3.11)

By multiplying the equation in (3.10) by y
σ and integrating on Qs, one has∫

Qs

(ηzx)xydxdt = 0.
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Using the fact that (ηzxy)(t, 0) = 0 and (ηzx)(t, 1) = λ − βz(t, 1), we get∫ T

s

[ηzxy]x=1
x=0dt −

∫
Qs

ηzxyxdxdt = 0 ⇔
∫ T

s

(ηzxy)(t, 1)dt =
∫

Qs

ηzxyxdxdt

⇔
∫ T

s

(λ − βz(t, 1))y(t, 1)dt =
∫

Qs

ηzxyxdxdt.

Substituting in (3.11) and recalling that y solves (1.2) and λ = y(t, 1), we have∫ 1

0

[ytz

σ

]t=T

t=s
dx −

∫
Qs

ytzt

σ
dxdt

=
∫ T

s

(ηyxz)(t, 1)dt −
∫ T

s

(λ − βz(t, 1))y(t, 1)dt

=
∫ T

s

(ηyxz)(t, 1)dt −
∫ T

s

y2(t, 1)dt + β

∫ T

s

(zy)(t, 1)dt

= −
∫ T

s

yt(t, 1)z(t, 1)dt −
∫ T

s

y2(t, 1)dt.

Then ∫ T

s

y2(t, 1)dt =
∫

Qs

ytzt

σ
dxdt −

∫ T

s

(ytz)(t, 1)dt −
∫ 1

0

[ytz

σ

]t=T

t=s
dx. (3.12)

Hence, to bound
∫ T

s
y2(t, 1)dt, we estimate the last three terms in the previous

equality. By Proposition 2.1, (2.5) and recalling that λ = y(t, 1), we have∫ 1

0

∣∣∣ytz

σ
(τ, x)

∣∣∣ dx ≤ 1
2

∫ 1

0

y2
t (τ, x)

σ
dx +

1
2

∫ 1

0

z2(τ, x)
σ

dx

≤ 1
2

∫ 1

0

y2
t (τ, x)

σ
dx +

1
2

CHP

min[0,1] η

∫ 1

0

(z2
xη)(τ, x)dx

≤ 1
2

∫ 1

0

y2
t (τ, x)

σ
dx +

1
2

CHP

min2
[0,1] η

y2(t, 1)

≤ Ey(τ) +
1
2

CHP

min2
[0,1] η

y2(t, 1).

for all τ ∈ [s, T ]. By (2.7), one has

1
2
y2(t, 1) ≤ 1

2
1

min[0,1] η

∫ 1

0

(y2
xη)(t, x)dx ≤ 1

min[0,1] η
Ey(t), (3.13)

for all t ∈ [s, T ]. Thus, by Theorem 3.1∫ 1

0

∣∣∣ytz

σ
(τ, x)

∣∣∣ dx ≤ Ey(τ) +
CHP

min3
[0,1] η

Ey(t) ≤
(

1 +
CHP

min3
[0,1] η

)
Ey(s).
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Again by Theorem 3.1∣∣∣∣
∫ 1

0

[ytz

σ

]t=T

t=s
dx

∣∣∣∣ ≤ 2

(
1 +

CHP

min3
[0,1] η

)
Ey(s). (3.14)

Moreover, for any δ > 0 we have∫ T

s

|(ytz)(t, 1)|dt ≤ 1
δ

∫ T

s

y2
t (t, 1)dt + δ

∫ T

s

z2(t, 1)dt. (3.15)

By (2.7), (2.5) and (3.13), one has

z2(t, 1) ≤ 1
min[0,1] η

∫ 1

0

(ηz2
x)(t, x)dx ≤ 1

min[0,1] η
�z�

2
1

≤ y2(t, 1)
min2

[0,1] η
≤ 2

min3
[0,1] η

Ey(t).

Thus, by (3.15) and Theorem 3.1, we have∫ T

s

|(ytz)(t, 1)|dt ≤ 1
δ

∫ T

s

y2
t (t, 1)dt + δ

2
min3

[0,1] η

∫ T

s

Ey(t)dt

≤ −1
δ

∫ T

s

dEy(t)
dt

dt + δ
2

min3
[0,1] η

∫ T

s

Ey(t)dt

≤ Ey(s)
δ

+
2δ

min3
[0,1] η

∫ T

s

Ey(t)dt. (3.16)

Finally, we estimate the first integral in (3.12). To this aim, consider again
problem (2.6) and differentiate with respect to t. Then{

−σ(ηztx)x = 0,

ηztx(t, 1) + βzt(t, 1) = λt = yt(t, 1).

Clearly, zt satisfies the estimates in (2.5); in particular

�zt�
2
1 ≤ y2

t (t, 1)
min[0,1] η

and ‖zt‖2
1
σ
≤

max[0,1] η + CHP

min2
[0,1] η

y2
t (t, 1).

Thus, for δ > 0, we find∫
Qs

∣∣∣ytzt

σ

∣∣∣ dxdt ≤ δ

∫
Qs

y2
t

σ
dxdt +

1
δ

∫
Qs

z2
t

σ
dxdt

≤ 2δ

∫ T

s

Ey(t)dt +
1
δ

max[0,1] η + CHP

min2
[0,1] η

∫ T

s

y2
t (t, 1)dt

= 2δ

∫ T

s

Ey(t)dt − 1
δ

max[0,1] η + CHP

min2
[0,1] η

∫ T

s

dEy(t)
dt

dt

≤ 2δ

∫ T

s

Ey(t)dt +
1
δ

max[0,1] η + CHP

min2
[0,1] η

Ey(s). (3.17)

2550001-18

B
ul

l. 
M

at
h.

 S
ci

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

T
Y

 O
F 

SI
E

N
A

 o
n 

06
/2

7/
25

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

February 3, 2025 9:52 WSPC/1664-3607 319-BMS 2550001

Linear stabilization for a degenerate wave equation

Hence, going back to (3.12), by (3.14), (3.16) and (3.17), we get∫ T

s

y2(t, 1)dt ≤ 2

(
1 +

CHP

min3
[0,1] η

)
Ey(s) +

Ey(s)
δ

+
2δ

min3
[0,1] η

∫ T

s

Ey(t)dt

+ 2δ

∫ T

s

Ey(t)dt +
1
δ

max[0,1] η + CHP

min2
[0,1] η

Ey(s)

=

(
2 +

2CHP

min3
[0,1] η

+
1
δ

+
1
δ

max[0,1] η + CHP

min2
[0,1] η

)
Ey(s)

+ 2δ

(
1

min3
[0,1] η

+ 1

)∫ T

s

Ey(t)dt,

as claimed.

Now, we assume an additional hypothesis on the functions a and b.

Hypothesis 4. Hypothesis 3 holds and there exists ε0 > 0 such that

(2 − K)a − 2x|b| ≥ ε0a for every x ∈ [0, 1].

Note that the required inequality implies that |b(x)| ≤ (2−K−ε0)a
2x . Thus, if

a(x) = xK , the condition reads |b(x)| ≤ (2−K−ε0)x
K−1

2 . Of course, the previous
condition is automatically satisfied in absence of the drift.

Proposition 3.4. Assume Hypothesis 4, β ≥ 0 and let y be a classical solution of
(1.2). Then, for any T > s > 0

ε0

2

∫
Qs

(
y2

t

σ
+ ηy2

x

)
dxdt

≤ 4ΘEy(s) +
(

1
σ(1)

+
1

η(1)
+

β

η(1)
+

K

4

)
(Ey(s) − Ey(T ))

+
(

β2

η(1)
+

Kβ

2
+

β

η(1)
+

K

4

) ∫ T

s

y2(t, 1)dt, (3.18)

where

Θ := max
{

1
a(1)

+ K
CHP

min[0,1] η
; 1 +

K

4

}
. (3.19)

Proof. By all the assumptions in force

1 − x(a′ − b)
a

+
K

2
=

(2 − K)a + 2(Ka− xa′) + 2xb

2a
≥ ε0

2
,

and (
1 − x

b

a
− K

2

)
≥ ε0

2
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as well. Thus, the boundary terms given in (3.6), from (3.5) can be estimated in
the following way:

(B.T.) ≥ ε0

2

∫
Qs

(
y2

t

σ
+ ηy2

x

)
dxdt. (3.20)

Now, we estimate the boundary terms from above. First of all, consider the term∫ 1

0

(
−2x

yxyt

σ
+

K

2
yyt

σ

)
(τ, x)dx

for all τ ∈ [s, T ]. Using the fact that x2

a(x) ≤ 1
a(1) by (1.4), together with Proposi-

tion 2.1, one has∫ 1

0

(
−2x

yxyt

σ
+

K

2
yyt

σ

)
(τ, x)dx

≤
∫ 1

0

x2y2
xη

a
(τ, x)dx +

∫ 1

0

y2
t

σ
(τ, x)dx +

K

4

∫ 1

0

y2
t

σ
(τ, x)dx +

K

4

∫ 1

0

y2

σ
(τ, x)dx

≤ 1
a(1)

∫ 1

0

ηy2
x(τ, x)dx +

(
1 +

K

4

) ∫ 1

0

y2
t

σ
(τ, x)dx

+ K
CHP

min[0,1] η

∫ 1

0

y2
xη(τ, x)dx

≤ max
{

1
a(1)

+ K
CHP

min[0,1] η
; 1 +

K

4

}
(2Ey(τ) − βy2(τ, 1)).

By (3.20) and (3.6), thanks to Theorem 3.1, we get

ε0

2

∫
Qs

(
y2

t

σ
+ ηy2

x

)
dxdt ≤ 2ΘEy(T ) + 2ΘEy(s)

+
∫ T

s

(
y2

t

σ
+ ηy2

x − K

2
ηyyx

)
(t, 1)dt

≤ 4ΘEy(s) +
∫ T

s

(
y2

t

σ
+ ηy2

x − K

2
ηyyx

)
(t, 1)dt.

(3.21)

where Θ is defined in (3.19).
Now, we need to estimate

∫ T

s h(t)dt, where

h(t) :=
(

y2
t

σ
+ ηy2

x − K

2
ηyyx

)
(t, 1).

To this aim, recall that ηyx(t, 1) = −βy(t, 1) − yt(t, 1). Thus

h(t) =
y2

t

σ
(t, 1) +

1
η(1)

(−βy(t, 1) − yt(t, 1))2 − K

2
(−βy(t, 1) − yt(t, 1))y(t, 1)
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=
y2

t

σ
(t, 1) +

1
η(1)

(β2y2(t, 1) + y2
t (t, 1) + 2βy(t, 1)yt(t, 1))

+
K

2
βy2(t, 1) +

K

2
yt(t, 1)y(t, 1)

=
(

1
σ(1)

+
1

η(1)

)
y2

t (t, 1) + β

(
β

η(1)
+

K

2

)
y2(t, 1) +

(
2β

η(1)
+

K

2

)
yyt(t, 1).

Thus, by Theorem 3.1∫ T

s

h(t)dt =
(

1
σ(1)

+
1

η(1)

) ∫ T

s

y2
t (t, 1)dt + β

(
β

η(1)
+

K

2

) ∫ T

s

y2(t, 1)dt

+
(

2β

η(1)
+

K

2

) ∫ T

s

yyt(t, 1)dt

≤
(

1
σ(1)

+
1

η(1)

) ∫ T

s

−dEy

dt
dt + β

(
β

η(1)
+

K

2

) ∫ T

s

y2(t, 1)dt

+
1
2

(
2β

η(1)
+

K

2

) ∫ T

s

y2(t, 1)dt +
1
2

(
2β

η(1)
+

K

2

) ∫ T

s

−dEy

dt
dt

=
(

1
σ(1)

+
1

η(1)
+

β

η(1)
+

K

4

)
(Ey(s) − Ey(T ))

+
(

β2

η(1)
+

Kβ

2
+

β

η(1)
+

K

4

) ∫ T

s

y2(t, 1)dt. (3.22)

By (3.21) and (3.22), we have

ε0

2

∫
Qs

(
y2

t

σ
+ ηy2

x

)
dxdt ≤ 4ΘEy(s) +

(
1

σ(1)
+

1
η(1)

+
β

η(1)
+

K

4

)

× (Ey(s) − Ey(T ))

+
(

β2

η(1)
+

Kβ

2
+

β

η(1)
+

K

4

) ∫ T

s

y2(t, 1)dt

and (3.18) holds.

As a consequence of Propositions 3.3 and 3.4, we can state the main result of
the paper. As a first step, define

C1 :=
(

β2

η(1)
+

Kβ

2
+

β

η(1)
+

K

4
+

βε0

2

) (
1

min3
[0,1] η

+ 1

)
.

Theorem 3.2. Assume Hypothesis 4, β ≥ 0 and let y be a mild solution of (1.2).
Then, for all t > 0 and for all δ ∈

(
0, ε0

2C1

)
, we have

Ey(t) ≤ Ey(0)e1− t
M , (3.23)
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where

M :=
1

Cε0,β,K,η

(
4Θ +

1
σ(1)

+
1

η(1)
+

β

η(1)
+

K

4

)

+
1

Cε0,β,K,η

(
β2

η(1)
+

Kβ

2
+

β

η(1)
+

K

4
+

βε0

2

)

·
(

2 +
2CHP

min3
[0,1] η

+
1
δ

+
1
δ

max[0,1] η + CHP

min2
[0,1] η

)
, (3.24)

being Cε0,β,K,η := ε0 − 2δC1 and Θ as in (3.19).

Proof. As usual, let us start assuming that y is a classical solution. If y is the
mild solution associated to the initial data (y0, y1) ∈ H0, consider a sequence
{(yn

0 , yn
1 )}n∈N ∈ D(A) that approximate (y0, y1) and let yn be the classical solution

of (1.2) associated to (yn
0 , yn

1 ). With standard estimates coming from Theorem 2.1,
we can pass to the limit in (3.23) written for yn and obtain the desired result.

So, let y be a classical solution. By (3.18) and (3.9), we have

ε0

∫ T

s

Ey(t)dt ≤ 4ΘEy(s) +
(

1
σ(1)

+
1

η(1)
+

β

η(1)
+

K

4

)
Ey(s)

+
(

β2

η(1)
+

Kβ

2
+

β

η(1)
+

K

4
+

βε0

2

) ∫ T

s

y2(t, 1)dt

≤
(

4Θ +
1

σ(1)
+

1
η(1)

+
β

η(1)
+

K

4

)
Ey(s)

+
(

β2

η(1)
+

Kβ

2
+

β

η(1)
+

K

4
+

βε0

2

)

×
(

2 +
2CHP

min3
[0,1] η

+
1
δ

+
1
δ

max[0,1] η + CHP

min2
[0,1] η

)
Ey(s)

+ 2δC1

∫ T

s

Ey(t)dt.

Hence ∫ T

s

Ey(t)dt ≤
(

4Θ +
1

σ(1)
+

1
η(1)

+
β

η(1)
+

K

4

)
Ey(s)

+
(

β2

η(1)
+

Kβ

2
+

β

η(1)
+

K

4
+

βε0

2

)

×
(

2 +
2CHP

min3
[0,1] η

+
1
δ

+
1
δ

max[0,1] η + CHP

min2
[0,1] η

)
Ey(s).

Choosing δ ∈
(
0, ε0

2C1

)
, we have

ε0 − 2δC1 > 0.

2550001-22

B
ul

l. 
M

at
h.

 S
ci

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

T
Y

 O
F 

SI
E

N
A

 o
n 

06
/2

7/
25

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

February 3, 2025 9:52 WSPC/1664-3607 319-BMS 2550001

Linear stabilization for a degenerate wave equation

Hence, we can apply Lemma 3.1 as follows, obtaining

Ey(t) ≤ Ey(0)e1− t
M ,

where M is as in (3.24).

Lemma 3.1. Assume that E : [0, +∞) → [0, +∞) is a nonincreasing function and
that there is a constant M > 0 such that∫ ∞

t

E(s)ds ≤ ME(t), ∀ t [0, +∞).

Then

E(t) ≤ E(0)e1− t
M , ∀ t [0, +∞).

Appendix A

For the readers’ convenience, in this section we prove a technical lemma, used
throughout the previous sections.

Proof of Lemma 2.2. (1) We will actually prove an equivalent fact, usually
appearing in integrations by parts, namely, that

lim
x→0

η(x)u(x)y′(x) = 0.

For this, consider the function

z(x) := η(x)u(x)y′(x), x ∈ (0, 1].

Observe that ∫ 1

0

|z|dx ≤ C‖u‖L2(0,1)‖y′‖L2(0,1).

Moreover

z′(x) = (ηy′)′u + ηy′u′

and, by Hölder’s inequality,∫ 1

0

|(ηy′)′u|dx =
∫ 1

0

√
σ(ηy′)′

u√
σ

dx ≤ ‖σ(ηy′)′‖ 1
σ
‖u‖ 1

σ

and ∫ 1

0

η|y′u′|dx ≤ C‖y′‖L2(0,1)‖u′‖L2(0,1).

Thus z′ is summable on [0, 1]. Hence z ∈ W 1,1(0, 1) ↪→ C[0, 1] and there exists

lim
x→0

z(x) = lim
x→0

η(x)u(x)y′(x) = L ∈ R.
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We will prove that L = 0. If L �= 0 there would exist a neighborhood I of 0 such
that

|L|
2

≤ |ηy′u|,

for all x ∈ I; but, by Hölder’s inequality

|u(x)| ≤
∫ x

0

|u′(t)|dt ≤
√

x‖u′‖L2(0,1).

Hence

|L|
2

≤ |ηy′u| ≤ ‖η‖∞|y′|
√

x‖u′‖L2(0,1)

for all x ∈ I. This would imply that

|y′| ≥ |L|
2‖u′‖L2(0,1)‖η‖∞

√
x

in contrast to the fact that y′ ∈ L2(0, 1).
Hence, L = 0 and the conclusion follows.
(2) It is enough to write

xu′(ηu′)′ =
xu′
√

σ

√
σ(ηu′)′

and note that, by Hypothesis 2∣∣∣∣xu′
√

σ

∣∣∣∣
2

≤ ‖η‖∞
x2

a(x)
(u′)2 ≤ C‖η‖∞(u′)2 ∈ L1(0, 1),

for a positive constant C, and

(
√

σ(ηu′)′)2 =
(Au)2

σ
∈ L1(0, 1).

(3) Set z(x) = xη(x)(u′(x))2. Of course, z ∈ L1(0, 1). Moreover,

z′ = η(u′)2 + xη′(u′)2 + 2xηu′u′′ = 2xu′(ηu′)′ − xη′(u′)2 + η(u′)2.

By the previous point, xu′(ηu′)′ ∈ L1(0, 1), while

|xη′(u′)2| =
∣∣∣∣xη

b

a
(u′)2

∣∣∣∣ ≤ C(u′)2

by (1.6). Clearly, η(u′)2 ∈ L1(0, 1), thus z′ ∈ L1(0, 1), so that z ∈ W 1,1(0, 1) and
there exists limx→0 z(x) = L ∈ R. If L �= 0, sufficiently close to x = 0 we would
have that

(u′(x))2 ≥ |L|
2ηx

�∈ L1(0, 1),

while u ∈ H1(0, 1). The conclusion follows since η is bounded away from 0.

2550001-24

B
ul

l. 
M

at
h.

 S
ci

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

T
Y

 O
F 

SI
E

N
A

 o
n 

06
/2

7/
25

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

February 3, 2025 9:52 WSPC/1664-3607 319-BMS 2550001

Linear stabilization for a degenerate wave equation

(4) Proceed as above, observing that

|xη′(u′)2| =
∣∣∣∣xη

b

a
(u′)2

∣∣∣∣ ≤
∥∥∥∥xb

a

∥∥∥∥
L∞(0,1)

‖η‖L∞(0,1)(u′)2

and that

|xu′(ηu′)′| =
∣∣∣∣ x√

a

√
ηu′

∣∣∣∣ · |√σ(ηu′)′|.

(5) Set z := x
au2(x). Then z ∈ L1(0, 1). Indeed∫ 1

0

x

a
u2(x)dx ≤ 1

min[0,1] η

∫ 1

0

u2

σ
dx.

Moreover

z′ =
u2

a
+ 2

xuu′

a
− a′x

a2
u2;

thus, for a suitable ε > 0 given by Hypothesis 2∫ ε

0

|z′|dx ≤ 1
min[0,1] η

∫ 1

0

u2

σ
dx

+ 2
(∫ ε

0

x2(u′)2

a
dx

) 1
2

(∫ 1

0

u2

a
dx

) 1
2

+ K

∫ 1

0

u2

a
dx

≤ 1 + K

min[0,1] η

∫ 1

0

u2

σ
dx +

2ε2

a(ε)min[0,1] η

(∫ 1

0

(u′)2dx

) 1
2

(∫ 1

0

u2

σ
dx

) 1
2

.

This is enough to conclude that z ∈ W 1,1(0, 1) and thus there exists limx→0 z(x) =
L ∈ R. If L �= 0, sufficiently close to x = 0 we would have that

u2(x)
a

≥ |L|
2x

�∈ L1(0, 1),

while u2

a ∈ L1(0, 1) (since u2

σ ∈ L1(0, 1)).
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