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Abstract

In this paper we study the stability of two different problems. The first one is a one-dimensional de-
generate wave equation with degenerate damping, incorporating a drift term and a leading operator in
non-divergence form. In the second problem we consider a system that couples degenerate and non-
degenerate wave equations, connected through transmission, and subject to a single dissipation law at the

boundary of the non-degenerate equation. In both scenarios, we derive exponential stability results.
© 2024 Published by Elsevier Inc.
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1. Introduction

Degenerate partial differential equations (PDEs) are a subclass of PDEs in which some of the
coefficients or terms lose their independence or become dependent on the same variable. As a
result, the PDE could lose its typical characteristics, including ellipticity or hyperbolicity, which
can have a substantial impact on how solutions behave.

In the context of wave equations, one intriguing aspect of wave equations arises when certain
coefficients or terms become dependent on the same variable, leading to the emergence of de-
generate wave equations. In such scenarios, the usual well-behaved properties of wave equations,
such as hyperbolicity and ellipticity, may no longer hold, resulting in unique and sometimes
counterintuitive wave behaviors. In some physical systems, losing ellipticity can cause novel
phenomena, such as the appearance of many solutions with the same energy (degenerate en-
ergy levels) or the non-uniqueness of solutions. In materials with anisotropic properties [35], the
wave equation can become degenerate, meaning that certain directions of wave propagation ex-
hibit different behaviors compared to others. For example, in certain crystals, the speed of wave
propagation may vary depending on the direction of the wave, leading to degeneracy in the wave
equation. Also, in fluid dynamics, in the study of shallow water waves [4], some specific flow
conditions can cause the wave equation to become degenerate.

In many real-world contexts, including camouflage (the fabrication of devices that render their
operators invisible to outside observation) [21], Lévy noise [9], meteorology [8], and biological
population [32], degenerate partial differential equations (PDEs) give rise to control and inverse
problems. Intricate mathematical problems associated with degenerate PDEs have been brought
to light by these many applications. For example, the field of semiconductor physics and device
engineering provides a significant physical application where degenerate PDEs play a crucial
role in understanding and optimizing the behavior of modern electronic devices.

These circumstances often include operators that are not uniformly elliptic because their dif-
fusion coefficients vary spatially. However, these operators become uniformly elliptic in small
areas of the spatial domain that are at positive distance from the degenerate area. Degeneracy can
occur on either the boundary or an internal submanifold [6].

Recently, there has been a growing interest in the study of degenerate wave equations. To the
best of our knowledge, there has been no investigation conducted to date that addresses the case in
which both the wave and the damping are simultaneously considered degenerate. Furthermore,
the concept of internally localized degenerate damping has not been explored in the existing
literature. Thus, in this paper, the main focus is twofold. Firstly, it aims to explore the stability
of a degenerate wave equation that incorporates locally degenerate damping. Significantly, this
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study distinguishes itself as the first to simultaneously consider the degeneracy of both the wave
and the damping in the equation. Also, in this paper we obtain a better generalized condition for
the exponential stability than that in [20] in Hypothesis 4. Thus, the system for this case is as
follows:

Uy —a(xXuxy —bXuy +h(x)u; =0, (x,1)e(0,1) x ]R;f,
u(,t)=u(l,t) =0, teR:‘, (1.1)
u(x,0)=ug(x), us(x,0) =ui(x), x€(0,1),

b
where a, b € CY[0, 1], with @ > 0 on (0, 1], a(0) =0 and — € L' (0, 1). Hence, if a(x) = xX,
a

K > 0, we can consider b(x) = x™ for any m > K — 1. The damping coefficient function 4(-) :
(0, 1) — RTU{0}, belongs to L>(0, 1) and satisfies: 2 (x) = 0 for x € (0, x;) U (x2, 1) (assuming
O<xi<x<l)yand h(x) = h1(x) = (x — x)%|x — x2|*2 = (x — x)* (xp — x)*2 for x €
[x1, x2] with a1, a2 > 0. The initial data ug and u; belong to suitable weighted spaces. The
degeneracy of (1.1) at x = 0 is measured by the parameter K defined by

xla’(x)|
K = (1.2)
xe©,1] a(x)
We say that a is weakly degenerate at 0, (WD) for short, if
aeC0,11nC'©0,1] and K €(0,1) (WD)
and we say that a is strongly degenerate at 0, (SD) for short, if
aeC'0,1] and K €[1,2). (SD)

Here we assume K < 2 because it is essential in the calculation that will be conducted below.

Secondly, the paper aims to study the coupling of a degenerate and a non degenerate wave
equations via transmission with only one dissipation law acting at the end of the non degenerate
part. The system is given as follows

ul, —a(xyul, —b)ul =0, (x,1) € (0, 1) x R},

yh—yl =0, (x,1) e (1,L) x R},
u'(0,1)=0,u'(1,1) =y'(1,1), teRf,

() (1, 1) = yy (1,0, yi (L, 1) = =y (L, 1), t€R], -
ul (x,0) = ud(x), u} (x,0) =u} (x), x €(0,1),

Y1, 0) =y (), ¥/ (x,0) = y{ (x), xe(l,L),

where L > 1, a, b are defined as in system (1.1), and 7 is the well-known absolutely continuous
weight function
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n(x) :=exp %ds , xe€l0,1],
1

2

introduced by Feller in a related context [16] and used by several authors, see, for example, [12]
or [17] and the references therein.

Example 1.1. The following are examples of the functions a satisfying K < 2 and can be weakly
or strongly degenerate.

1. Let B €]0, 2[ be given. Define
a(x)=xP,vxelo0,1].
2. Let g €]0,2[ be given and let @ €]0, 1 — g[ ([6]). Then, define the function

xP(1 +sin’(logx®)),  Vx €]0,1],

“(x)z{o, x=0.

Indeed, for all x €]0, 1],

a'(x) = BxP~1(1 + sin®(log x¥)) + 2axP ! sin(log x¥) cos(log x%),

so that K < 8+ 2a < 2.
3. Let B+ & < 2. Define

a(x)=xPe? vx o, 1].
The reader can also refer to the examples in Example 2.9.
Prior to delving into the systems discussed in this paper, a literature review on the investiga-

tion of degenerate systems would be valuable. It is well known that standard linear theory for
transverse waves in a string of length L under tension 7 leads to the classical wave equation

pEuy(x,t) = %ux(x, D4+ T(x, Duxx(x, ),

where u(x, t) denotes the vertical displacement of the string from the x axis at position x € (0, L)
and time ¢ > 0, p(x) is the mass density of the string at position x, while 7 (x, ¢t) denotes the
tension in the string at position x and time ¢. Divide by p(x), assume 7 is independent of ¢, and
seta(x) =T x)p~ ' (x), b(x) =T (x)p~"(x). In this way, we obtain

ur (X, 1) = a(X)uxx (x, 1) + b(xX)uy(x,1).
Let’s assume that the density is remarkably high at a particular point, for example, x = 0. In this

case, the previous equation degenerates at x = 0, as we can treat a(0) = 0, and the remaining
term becomes a drift term.
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Controllability problems concerning parabolic issues have become a prominent subject in
contemporary research. Initially explored in the context of the heat equation, subsequent contri-
butions have extended this investigation to encompass more generalized scenarios. A frequently
adopted approach to establish controllability involves proving global Carleman estimates for the
adjoint operator of the given problem, and such estimates have been extensively developed for
uniformly parabolic operators without any degeneracies or singularities.

Inrecent years, researchers have expanded their investigations of these estimates to encompass
operators that are not uniformly parabolic. Also, the study of systems governed by degenerate
parabolic equations has expanded, where several problems raised in Physics and Biology (see
[28]), Biology (see [10,18]), as well as Mathematical Finance (see [23]). The existing literature
focused on controlling and stabilizing the nondegenerate wave equation using diverse damping
methods is notably extensive. This fact can be observed in the substantial number of works cited,
as exemplified by [13—15] and the references mentioned within. In [13], the authors consider the
following modelization of a flexible torque arm controlled by two feedbacks depending only on
the boundary velocities:

yll(-x$t) - (a)’x)x(xs t) +ﬁyf(x’ l) + Vy(x»t) =Os (xs t) € (Os 1) X st
(a}’x)(o»t)=31U1(t)» t>0,

(ayx)(1,1) = &2Ua(1), 1>0,

where 8 >0,y >0,¢1,62>0, e +¢e#0and a € w0, 1), a(x) > ag > 0 for all
x € [0, 1]. They prove the exponential decay of the solutions. On the contrary, when the co-
efficient a(x) degenerates very little is known in the literature, even though many problems that
are relevant for applications are described by hyperbolic or parabolic equations degenerating at
the boundary of the space domain. In fact, in [5], the authors prove a Carleman estimate for the
one dimensional degenerate heat equation and the null controllability on [0, 1] of the semilinear
degenerate parabolic equation is also studied. On the other hand, in [19], the authors establish
Carleman estimates for singular/degenerate parabolic Dirichlet problems with degeneracy and
singularity occurring in the interior of the spatial domain. Additionally, the topic of controllabil-
ity and stability in degenerate hyperbolic equations has gained significant attention, with various
advancements made in recent years (see [6], [22], [37], and the references mentioned within).

More recently, Alabau et al. consider a degenerate wave equation of the form u, —
(a(x)uy)y =01in (0, 1) x (0, +00), where a is positive on (0, 1] and vanishes at zero. Initially
presented in an arxiv preprint in May 2015 and later published in [6], their work establishes ob-
servability inequalities for weakly and strongly degenerate equations, proving negative results
when the diffusion coefficient degenerates too violently (i.e., when the constant K in (1.2) is
greater than 2). They also study the blow up of observability time when K converges to 2 from
below and prove the exact controllability of the corresponding degenerate control problem. The
authors also study the boundary stabilization of the degenerate linearly damped wave equation,
showing that a suitable boundary feedback stabilizes the system exponentially. In the same work
they also consider the stability analysis for the degenerate nonlinearly boundary damped wave
equation for an arbitrarily growing nonlinear feedback close to the origin, showing that degener-
acy does not affect optimal energy decay rates over time. Then, in [37], Zhang and Gao focus on
the case a(x) = x“ investigating null controllability for degenerate wave equations using differ-
ent spectral methods.
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Recently, in [20], the authors consider a degenerate wave equation in one dimension, with drift
and in presence of a leading degenerate operator which is in non divergence form. In particular,
they prove uniform exponential decay under some conditions for the solutions of the following
system

Yir —a(x)yxx — b(x)y, =0, (x,0)€(0,1) x(0,T),
ye@, D) +nye(, D)+ By, 1) =0, re€(0,7), (14)
y(t,0) =0, te(,7), '

y(ov-x):yo(x)9yt(07x)=yl(x)s XG(O, 1)9

where homogeneous Dirichlet boundary condition is taken where the degeneracy occurs and a
boundary damping is considered at the other endpoint. A boundary controllability problem for
a system similar to (1.4) is considered in [11]. In particular, the authors study the controllability
of the system by providing some conditions for the boundary controllability of the solution of
the associated Cauchy problem at a sufficiently large time. On the other hand, in [31] the authors
consider the exact boundary controllability for a degenerate and singular wave equation in a
bounded interval with a moving endpoint. Later, in [7], the boundary controllability of a one-
dimensional degenerate and singular wave equation with degeneracy and singularity occurring
at the boundary of the spatial domain is considered. In particular, exact boundary controllability
is proved in the range of both subcritical and critical potentials and for sufficiently large time,
through a boundary controller acting away from the degenerate/singular point.

Some years ago, in [29], the authors study the stability of an elastic string system with local
Kelvin— Voigt damping given in the following system

U (x, 1) — [ux (x,8) +b(X)uy; (x, )] =0, >0, —-1<x<1,
u(,—1)=u(,1)=0, t>0, (1.5)
u(x,0)=ug(x), us(x,0) =ui(x), xe(—1,1).

The function b(x) € L*°(—1, 1) is assumed to be

0, forx e [—1,0),
blx) = { a(x).  forx [0, 1], (1.6)
where the function a(x) is nonnegative. Under the assumption that the damping coefficient has
a singularity at the interface of the damped and undamped regions and behaves like x# near the
interface, they prove that the semigroup corresponding to the system is polynomially (of order
1# when g € (0, 1)) or exponentially (when 8 > 1) stable and the decay rate depends on the
parameter g8 € (0, 1].
It is known that the optimal decay rate of the solution is 7~ in the limit case 8 = 0 and expo-
nential for 8 > 1. In the case when the damping coefficient b(x) is continuous, but its derivative

_ 3B
has a singularity at the interface x = 0, the best known decay rate is ¢ 20-/ (see [25]), which
fails to match the optimal one at 8 = 0. The authors in [26], obtain a sharper polynomial decay

2-B
rate t~ -8 ; more significantly, the decay rate is consistent with the optimal polynomial decay
rate at 8 = 0 and uniform boundedness of the resolvent operator on the imaginary axis at 8 = 1
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(consequently, the exponential decay rate at 8§ = 1 as t — 00). But, they don’t reach the optimal
decay rate in this case. For the case of coupling systems, we mention [36] where the authors
prove a polynomial energy decay rate for a locally coupled wave equations with only one in-
ternal viscoelastic damping of Kelvin-Voigt type. On the other hand, in [3], the authors study
the wave-Euler Bernoulli beam equations coupled through transmission with localized fractional
Kelvin-Voigt damping acting on one of the two equation. In this case the authors prove polyno-
mial energy decay rate in the different placement of the damping.
The main novelty of this paper lies in:

e The simultaneous consideration of degeneracy in both the wave and damping aspects within
the first system. Additionally, the concept of internally localized degenerate damping re-
mains unexplored in existing literature. Furthermore, we have achieved exponential stability
regardless of the degeneracy, whether it’s weak or strong, representing an independent and
significant result. This stability is attained under assumptions that depend on the length of
the damped region according to the choice of the functions @ and . Moving on to the sec-
ond system discussed in this paper, it involves a coupling of the degenerate wave equation
with a non-degenerate wave equation through transmission, where only one damping effect
is applied at the endpoint of the non-degenerate part.

e The degenerate wave equation has a damping term only in the first system (1.1) and not in
(1.3). Actually, in (1.3) the damping occurs at the endpoint of the non-degenerate part, and
the two equations are connected via transmission. Notably, achieving exponential stability
doesn’t necessitate damping of the degenerate equation itself. Thus, ensuring damping at the
non-degenerate equation’s boundary is sufficient to establish exponential stability. To achieve
exponential stability for system (1.1) with interior degenerate damping, we observe that the
conditions depend on the interval of the damping coefficient. However, for system (1.3),
which has boundary damping at x = L in the non-degenerate wave equation, we leverage
the interface conditions at x = 1 to transition from the non-degenerate to the degenerate
equation. In this case, the point x = 1 serves as a boundary damping point for the degenerate
wave equation, absorbing the conditions at this point and thus resulting in conditions that
only depend on x = 0 (see Hypothesis 3.2). This is in contrast to system (1.1), where the
conditions are found to depend on both x =0 and x = 1 (see Hypothesis 2.7).

e In [20], the authors considered the degenerate wave equation in the non-divergence form
with a drift, incorporating boundary damping at the non-degenerate endpoint. In contrast, our
work introduces a new damping mechanism that is both interior and degenerate at two dis-
tinct points. Additionally, by employing the same techniques used in our paper, we enhance
Hypothesis 4 from [20], leading to a more generalized condition for exponential stability
compared to the one considered in their study (see also Remark 3).

e A surprising result is obtained that system (1.1) is exponentially stable regardless of the de-
generation of the wave and the damping, but under certain conditions (see Hypothesis 2.7).
However, if the viscous damping is replaced with degenerate Kelvin-Voigt damping, the sit-
uation changes. For the non-degenerate wave equation, the decay depends on the degeneracy
of the damping (see [25,26]). Thus, in the case of the degenerate wave equation with degen-
erate Kelvin-Voigt damping, we conjecture that the decay rate will depend on the degeneracy
of both the wave and the damping.

The paper is structured as follows. Section | addresses a system of a degenerate wave equa-
tion with internally local degenerate damping. We reframe the system (1.1) into an evolution
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system and establish the well-posedness of this system using a semigroup approach. Further-
more, we demonstrate the exponential stability of the system using multiplier methods. Moving
to Section 2, we investigate a degenerate wave equation coupled with a non-degenerate one via
transmission. The non-degenerate wave equation is subjected to a single dissipation law, which
acts only on its end. For this particular system (1.3), the authors also prove exponential stability.

2. Stabilization of degenerate wave equation with drift and locally internal degenerate
damping

In this section, we focus on the well-posedness and the exponential stability of (1.1).
2.1. Preliminaries, functional spaces and well-posedness
This subsection is devoted to establish a very modest assumption and to define the functional

spaces that will be used throughout the entire paper. Moreover, the well-posedness of (1.1) is
studied. We begin with the following hypotheses.

b
Hypothesis 2.1. Functions a and b are continuous in [0, 1] and such that — € L! 0, 1).
a

Hypothesis 2.2. Hypothesis 2.1 holds. In addition, a is such that a(0) =0,a > 0 on (0, 1] and
there exists o > 0 such that the function

xO[

x — 2.1

a(x)

is non-decreasing in a right neighborhood of x = 0.
Remark 2.3.

(1) If a is (WD) or (SD), then (2.1) holds for all « > K and for all x € (0, 1).
(2) We notice that, at this stage, b may not degenerate at x = 0. However, if it is (WD) then — €
a

b 1
L'(0, 1) and the assumption — € L!(0, 1) is always satisfied. If a is (SD) then — ¢ L'(0, 1),
a a

b

hence, if we want — € L!(0, 1) then b has to degenerate at 0. In this case b can be (WD) or
a

(SD).

In order to study the well-posedness of (1.1), let us recall the well-known absolutely continu-
ous weight function

r b(s)
n(x) :=exp / Eds , xe€[0,1],

1
2

introduced by Feller in a related context [16] and used later by several authors, see, for example,
[12], [17] and the references therein.
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Under Hypothesis 2.1, it is clear that the function 5 : [0, 1] — R introduced before is well
defined and we immediately find that n € C 910, 11n ¢!t (0, 1] is a strictly positive function, which
is bounded above and below by a positive constant. Notice also that  can be extended to a
function of class C! [0, 1] when b degenerates at O not slower than a, for instance if a(x) = xK
and b(x) = x™ with K <m.

Now we set the function o as

o(x):=——, 2.2)

which is a continuous function in [0, 1], independent of the possible degeneracy of a. Moreover,
observe that if u is a sufficiently smooth function, e.g. u € WIZO’C1 (0, 1), then we can write Bu :=
auyy + bu, as

Bu =0 (nuy)x.
By using the definition of o, the system (1.1) can be rewritten as

uy — o (i) +h(x)u; =0, (x,1) €(0,1) x R},
u,0)=u(,1)=0 reR}, (2.3)

u(0,x) =uo(x), y(0,x) =yo(x), x¢€(0,1).

We introduce the following Hilbert spaces

L30,1):= {y € L2(0. 1: lIyllx < oo} :

1
1
(y,2)1 ::/;yzdx, for every y,zeLZL(O,l),
0

HL0,1):=L30,1)NnH0,1),
1

+/nyx2xdx, for every y,zeHi(O, 1),
0

and

H}(0,1):= {y € H1(0,1); By e LA (0, 1)} (y,2)2:=(y,2)1 + (By, Bz)

1.
G
The previous inner products induce related respective norms

1 1 1

1
2 2 2 2 2 2 2 2
llell s =/;Iu| dx, |lullf=lluly +f77|uxl dx and lull3 = [lull +/0|(nux)x| dx.
0 0 0
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Also, we consider the following spaces

00, 1)—L 0, 1)NH(0,1) and H%‘O(O,l):z{ueH 0,1); Bue L3 10, 1)}

endowed with the previous inner products and related norms and we denote by || - [| = [| - | 2o, 1)-

Proposition 2.4 (Hardy-Poincaré Inequality). Assume Hypothesis 2.2. Then there exists Cyp >
0 such that

1

1

/uz—dx < CHP/uidx YueH 0,1, (HP)
o o’

0 0

4 1
where Cyp = ——=+ max | — | Cp | max n(x), Cp the constant of the classical Poincaré
a(l) = xe[B.1] x€el0,1]
inequality on (0, 1) and B € (0, 1).

Proof. The one dimensional Hardy inequality with one-sided boundary condition is represented
by

1 1
-1 p p-l
) + 2 /'“(”' dxs( P ) /|ux|2dx,
p xP p—1
0 0

forevery u € C2°((0, 1]) and 1 < p < co. When u(1) = 0, this is a well-known Hardy inequality.
Now, taking p = 2 in the above inequality, we obtain

1 1

2
/ Juo)] dx§4/|ux|2dx. (2.4)

0 0

Now, take u € Hi (0, 1) and using the definition of o, we have

Jul? |u|? lu|?
—d n—dx < max n(x) —d 2.5)
a x€[0,1
0 0 0
| 2
Thus it is sufficient to estimate / de To this aim, thanks to Hypothesis 2.2 and (2.4), it
0

results
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1 B 1 1 1

L I L 1 1, 5 I
—|u| dx = —|u| dx+ | —|ul"dx < — | —|ul“dx+ | —|u|"dx
a a a(l) xK a

B

B
1

1
(L/ '“'zd”f jufdx < (D/'”’“'de (a(x>>/'”'2dx

0

4
= (@ xelf 11( )CP>/|MX| dx.

Combining the above inequality with (2.5), we obtain the desired result (HP). O

Using Hypothesis 2.2, we have

1 1

1
fn|ux|2dxs lull} < (cHP max (—) +1>/n|ux|2dx.
xel0,11\ n
0

0

1
Thus, ||u||2l 0 and / n|ux|2dx are equivalent. Moreover, the norms ||u||2l ) and the usual norm
0
1
in H(} ,1.e. / |1y |2dx, are equivalent for all u € HO1 (0, 1). Indeed,

0

1 1
: 2 2 2
mmn/luxl dx < |lully < (CHP+ max n)[luxl dx,
[0.1] xe[0.1]
0 0

where Cyp is the Hardy-Poincaré constant introduced in Proposition 2.4. Now, defining the
domain of the operator B as

D(B)=Hi (0, 1)
and using a semigroup approach, we will establish the well-posedness result for (1.1). Let (u, u;)
be a regular solution of the system (2.3). The energy of the system is given by

1

1 1
E(t)= 5[ (;W + n|ux|2) dx (2.6)
0

and we obtain that

1
d 1 2
—Et)=— | —hx)|us|*dx <O0.
dt o
0
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Thus, the system (2.3) is dissipative in the sense that its energy is a non increasing function with
respect to the time variable . We define the energy Hilbert space H by

H= HiyO(O, 1) x L3 (0, 1)

equipped with the following inner product

1
~ -1 - .
(U, U>H=/<nuxu}+—vf)> dx, forallU=(u,v)' eHand U= (i, 1) eH
o
0

1
1
and endowed with the norm ||U ”%—l = / (nlu 4= |v|2) dx. Finally, defining the unbounded
o

0
linear operator A by

A, v)" = (v, o (quy)x —h(x)v) "

forall U = (u, v) € D(A), where
D(A):=Hi ,0,1) x H} (0, 1),
we can rewrite (2.3) as the following evolution equation

U, =AU, U(©0) =U, Q2.7)

where Uy = (uo, ul)T.
In order to estimate some terms in the following results, the below lemmas are important.

Lemma 2.5. (See Lemma 2.2 in [20])

(1) Assume Hypothesis 2.1. Ifu € Hi O, 1) and ifv e Hl 0(0’ 1), then
Iim v(x)u,(x) =0. ’ !
x—0

(2) Assume Hypothesis 2.2. If u € D(A), then xu,(nuy), € L1(0, ).
(3) Assume Hypothesis 2.2. If u € D(A) and K <1, then lirr%)x|ux|2 =0.
X—>

b
(4) Assume Hypothesis 2.2. Ifu € D(A), K > 1 and it € L*°(0, 1), then limo)c|ux|2 =0.
a x—
(5) Assume Hypothesis 2.2. Ifu € H! (0, 1), then lin%) ilu(x)|2 =0.
o x—0a
Proposition 2.6. The unbounded linear operator A is m-dissipative in the energy space H.
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Proof. For all U = (u,v)" € D(A), we have

1
N (AU, U)y = —/ %m?dx <0, (2.8)
0

which implies that A is dissipative. Now, fixed F = (f], fz)—r € ‘H, we prove the existence of
U=(u,v)" € D(A) unique solution of the equation

—AU =F. 2.9)

Equivalently, we have the following system

—v=/f1 and —o(uy)x+h(x)v=fr.

Combining the above two equations, we obtain
—o(ux)x = f2+h(x) f1. (2.10)

1
Letpe H } O(O, 1). Multiplying (2.10) by —¢ and integrate over (0, 1), we obtain
o o

Au, ) = L(9), cheHi’o(O, 1), (2.11)

where

1 1 1
_ 1 1 _
Au,¢) = / nux@xdx and L(p) = / ;fchdx +/ ;h(x)flwdm
0 0 0
We have that A is a sesquilinear, continuous and coercive form on H i 0(0, 1), and L is a con-

o’

tinuous form on H i O(O, 1). Then, using the Lax-Milgram Theorem, we deduce that there exists
u e Hl O(O, 1) unique solution of the variational problem (2.11). Now, taking v := — f], we

have v € Hi 0(0’ 1). It remains to prove that U € D(A) and solves (2.9). To this aim observe

1

that equation (2.11) holds for every z € CZ°(0, 1), thus we have —(nuy)x = —(f2 + h(x) f1)
o

a.e. in (0, 1). This implies that —o (nuy)x = f> +h(x) fi € L3 (0, 1), i.e. Bu € L (0, 1). Thus,

U € D(A). Therefore, (u,v) € D(A) is the unique solution of (2.9). Then, A is an isomor-
phism and since p(A) is open set of C (see Theorem 6.7 (Chapter III) in [24]), we easily get
R(A — A) = H for a sufficiently small A > 0. This, together with the dissipativeness of A, imply
that D(A) is dense in H and A is m-dissipative in H (see Theorem 4.5, 4.6 in [33]). The proof
is thus complete. O
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According to the Lumer-Phillips Theorem (see [33]), Proposition 2.6 implies that the operator
A generates a Cop-semigroup of contractions (7 (¢));>0 = (e’ A)tZO in H which gives the well-
posedness of (2.7). Then, we have the following result
Theorem 1. For any Uy € ‘H, problem (2.7) admits a unique weak solution satisfying

Ut) e CORT; H).
Moreover, if Uy € D(A), (2.7) admits a unique strong solution U satisfying
U@t) e C'RT, H)NCORT, D(A)).

2.2. Exponential stability

In this subsection we prove the exponential stability of the system (1.1) when a is (WD) or

(SD). Here we define the interval I ¢ such that j € {0, 1,2}, given by I;c := (x1 + je,x2 — je)
Xy — X1

where € is such that € < . In particular, we denote by Iy = lpe = (x1,x2) and I = [j.

Clearly, I C I C Iy. Moreover, for convenience, we denote by

b
Moy :=|[x— M= |(x—-1)—
a || Loo(0,x;+2¢) A || Loo(xy—2¢,1) 2.12)
a —b a—b .
My :=|x Mip:=|(x—-1) .
a |l Lo0,x142€) a  llL®(x—26,1)

Hypothesis 2.7. Assume Hypothesis 2.1, a (WD) or (SD) and the functions a and b such that
Moy +Miy<1—5 and Moo, +M, <1+ 5.

Remark 2.8. We observe that the choice of the functions a and b affect the length of the damped
interval; that is, the choice of x| and x» is dependent on the choice of the functions a and b.

Example 2.9. (1) Example for the (WD) case: a(x) = /x and b(x) = 1. In order for the func-
tions a and b to satisfy Hypothesis 2.7, we need

3
< —.
Lo(—2e1) 4

Varzes I 3 gy
X € —_— < —  an
! Xy — 2€ 4

_1 11
(x )(Zx ﬁ)
41-34/73

So, it is sufficient to take xp —2e > ===~ 0.4802and 0 < x} <x; +2€ <xp—2e <xz <1
in order to satisfy the above inequalities. (As a specific choice for x; and x3, we take x| + 2¢ =
0.15 and x» — 2e = 0.8, see the below Fig. | that corresponds to this specific choice).

(2) Example for the (SD) case: a(x) = x4/x and b(x) = %x. In order for the functions a and
b to satisfy Hypothesis 2.7, we need

1
< —.
Lo(—2e1) 4

1 — (xp —2¢)
VX1 +2e+ ——= <2 and
! X2 —2€

| 3 1
- >(a‘m)
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So, it is sufficient to take xp — 2¢ > 0.8471 and 0 < x; < x1 + 2€ < xp» — 2€ < xp < 1 in order to
satisfy the above inequalities. (As a specific choice here, we take x| +2€ = 0.3 and x, —2¢ = 0.9,
see the below Fig. 2 that corresponds to this specific choice).

0.5
0.4
0.3 1
0.2 1
0.1
0 T T T T \
0 0.2 04 0.6 0.8 1
X
Fig. 1. a is (WD): a(x) = /¥, b(x) = L.
1.59
l.
— MO1
— M11
Mo2
— M12
0.54
0

x

Fig. 2. a is (SD): a(x) = x/x, b(x) = % (For interpretation of the colors in the figure(s), the reader is referred to the
web version of this article.)

where MO1, M11, M02, and M12 represent the functions inside the norms given in (2.12).
The following is the theorem of Huang [27] and Pruss [34], which will be used to prove the
exponential stability of the system.
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Theorem 2.10 (Huang-Priiss). Assume that A is the generator of a strongly continuous semi-
group of contractions (T (t)),>¢ on a Hilbert space H. Then (T (t)),>( is exponentially stable,
if and only if

IR < p(A) (HI)

and

sup || iA1= A) "l gy = O(1) (H2)
reR

are satisfied.
As a consequence of the previous theorem, we can prove the following stabiltiy result.

Theorem 2.11. Assume Hypothesis 2.7. Then, the Co-semigroup of contractions (T (t));>¢ is
exponentially stable, i.e. there exist constants M > 1 and t > 0 independent of Uy such that

IT® N3 < Me ™ Uolln, 1>0.

According to Theorem 2.10, we have to check if the conditions (H1) and (H2) are satisfied.
The following proposition is a technical finding that will be used to prove Theorem 2.11.

Proposition 2.12. Assume Hypothesis 2.7 and let (A, U := (u,v)) € R* x D(A), with A # 0,
such that

A —AU=F:=(f', fHeH, (2.13)

iAu—v:fl and i)»v—a(nux)x+h(x)v:f2. (2.14)

Then, we have the following inequality

||U||H§K(1+%> 1 F {1 (2.15)
where K is a suitable positive constant independent of ).
Observe that, by substituting v = iAu — f! into the second equation in (2.14), we have
22U+ o (qity)y — h(xX)idu = — <f2 Finfl+ h(x)f1> . (2.16)
Using equation (2.14) and the Hardy-Ponicaré inequality given in Proposition 2.4, we obtain

el < ols +/Crpll 1 = max(L, col (Wl + IVAL) < et LU e+ 1 Fllu)
(2.17)
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where ¢; =max (1, co) withco = /Cgp max n=1(x).
x€[0,1]

Moreover, consider the following cut-off functions: define the functions 8, ¢; and ¢, in
C>([0,1]) sothat 0 <6, @1, 02 < 1

_]J1 on I
0(x):= { 0 on (0 D\, (2.18)
|1 on [0,x+2€] )0 on [0,x;+2e€]
P1(x) = { 0 on [x3—2e1] and - p(x) = { 1 on [x3—2e1]. (2.19)

Here I, and I are the intervals defined before (2.12). Finally, define ¢(x) = x¢1(x) + (x —
Dga(x), x € [0, 1]. Now, we introduce the following lemma that will be used in the proof of
Proposition 2.12.

Lemma 2.13.
(1) Assume Hypothesis 2.2. If u € D(A) and K < 1, then lin}) r;q)lux|2 =0.
X—>

b
(2) Assume Hypothesis 2.2. If u € D(A), K > 1 and it € L*°(0, 1), then lin%) 77<,o|ux|2 =0.
a x—

(3) Assume Hypothesis 2.2. If u € H! (0, 1), then lim @|u(x)|2 =0.
2 x—00(x)

(4) Assume Hypothesis 2.2. If u, ' € H} (0. 1), then lim 9} [m ! fﬁ] —0.
o xX— o

Proof. For the proof of the first three items in the Lemma we rely on the definition of ¢ defined
below and the proof of Lemma 2.2 in [20].

For the last item (4), using the definition of ¢, we have that 1irrb SR[Zi)»f lfﬁ] =
xX—> o

lin}) N [21’ Af! mﬁ]. So, by using Young’s inequality we obtain
xX—> o

A 2
gn[zi/\flfﬁ]‘g” u
(o2

12
x
+|f|
o

lo1] le1]. (2.20)

Then, by using items (5) of Lemma 2.5, we obtain lirr%) ‘SR [21’ Af ! gﬁ] = 0 and thus the proof is
xX— o

complete. O
Proof of Proposition 2.12. We divide the proof of Proposition 2.12 into several steps.

Step 1. The aim of this step is to show that the solution U = (u, v) € D(A) of equation (2.13)
satisfies the following two estimates

[ Svabay <[00I P+ 1FIR] and [ aluPdx <o (100 Pl -+ 171
I, De

2.21)
where « and k; are constants to be determined.
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Firstly, taking the inner product of F with U in H, using (2.8) and the Cauchy-Schwarz
inequality, we have

h(x
/%' Pdx =R (—AU. U)gy) = R (F.U)gy) < U3¢ Fll - 222)

Using the first equation in (2.14), and using the above equation, the Young inequality and (HP),
we have

1 1

1
/h—) ulPdx <2 | 1dx +2/ |f "Padx (2.23)
0

1
<2||U|I%|IF 1% + 2 max hl(x)/ —If'%dx
[x1,x2] o

1

<2||U|l4|IFlly +2 max h1<x>céfn|f1|2dx
[x1,x2]
0

< &IV Fllae + 1 FI

where ¢y = 2max{l, [max]hl(x)c(z)}. Using the fact that 4;(x) # 0 in I and h| € L*®°(l¢), we
x1,%2

have min/(x) < hi(x) <maxh(x). Thus,
xele xele

hi(x)
/ IhulPdx < GUIU I3 F 2+ I F I3,
Ie

1
o f —pauldx < s [1U I3 F e+ 1 FIR |
le

c

with k] = ,70 and thus the first estimation in (2.21) is proved.
min Ay (x)
xele

1
Secondly, multiplying (2.16) by —0u, integrating over (0, 1), and taking the real part we
o
obtain,

1 1 1

1 1
/—9|Xu|2dx+§/(n9’)’|u|2dx—/n9|ux|2dx
o (2.24)

0 0 0
=% <f01 g (F2+inf +h@)f) ﬁdx) .
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In order to estimate the terms in the previous equality we use the first inequality in (2.21), the
definition of the function 6 and the fact that supp8 = I, the Cauchy-Schwarz inequality and
(2.17) obtaining

1

1 1
/geuuﬁdxsfguuﬁdxsxl[||U||H||F||H+||F||i], (2.25)
0 Ie
1 1 1
2 2
5 / 6" ludx| < 5 [ 080 | oy, f uldx < 5 [1UIRI Fll+IFI3]. - 226)
0 Ie
1
/lwf idx f Il < [0 Fl +H1FIR]. @2
— —|AlU|aX c .
NN 3 I Fllx M
0 0

1
where ¢, = 3 |(n0) o || Lo 1yk1, and ¢3 = coci. Now, by (HP), we obtain

1 1 12, 1/2
0 5 1 1
[ Zraax| < | [ Zipax | [ Zwlar]  saliwbdrneirg] @)
0 0 0
and
1 1
[P0t < max neo [ oiri oty <ei[ 10 Pl 1P 229)
o x€[x,x2] \/_ \/— 4 H H H ’
0

where ¢4 = cg I[nax ]h(x). Thus, using equations (2.25)-(2.29) in (2.24), we have
X€E€[x1,x2

[ 6t ax < [0 Pl + 171 (2.30)

Ie

C . .. .
where ky = k) + A—; with k) = k1 4 co + ¢3 + c4. Hence, thanks to the definition of 6 we obtain
the second estimate in (2.21).

Step 2. The aim of this step is to show that the solution U = (u, v) € D(A) of (2.13) satisfies the
following equation
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1 1 1 1
/ a —b b )
/"i|xu|2dx+fn¢’|ux|2dx:/ kd <—) |Au|2dx+/<p—n|ux|2dx— lim ne|uy)?
o a a x—0
0 0

1

~32 lim E ;| )2 — 2% f—z,\mpuxdx + 20 /(f Fh(x) f )—uxdx
0
_ont i/ (%) Ay | =2 lim 9t |:1Af (x)"’i ;-( )]

0
(2.31)

First, multiplying (2.16) by —2£12 x» integrating over (0, 1) and taking the real part, we have
o

1

/ |Au|2dx + hm
0

g"i ;Ik )2 — 2% /(nux)x(puxdx 420 /—lkuwuxdx
0o

1

— 20 /(f YR f )—uxdx —om i/(M> Aiidx
o X
0 0

—211m<h[z,\f YACIETN )}

o (x)
(2.32)
! ! "—b b
For the first term in the above equation, we have that <£> v ¢ (a ) and ' = —n,
o o o a
then
1 L 1 '
/ —
/ (£> |au|?dx = / gl)»mzdx - / ¢ <a ) |Aul?dx
o o o a
0 0 0
and

1

=20 f(nux)xwﬁxdx =29 /nux(fpﬁx)xdx +2)}i§%)n(X)<p(X)lux(X)|2

0
1

=2 f ngju*dx — / () Itz Pdx + lim 31 ()p ()|
0
= Jo n¢/luPdx = [y @nlusPdx im0 n(x)e ) s ().

Substituting the above two equations into (2.32), we obtain (2.31).

Step 3. The aim of this step is to estimate the terms on the right hand side of (2.31).
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1
h
o We start by the term 2R / &)i Auguydx |. By the Cauchy-Schwarz inequality, (2.22) and
o

0
the inequality: \/p +¢ < /p + /q for all p, g > 0, we have

AV
2|9 Qu\wuxdx §2nlax\/h(x)||<p||oo/MMﬁluﬂdx
o I ; \/E
0

Ja
0
1 _ 5 \1/2
< 2max VA @l max (—= ) V& (10l Fll +1F13,) 10— 233)
xely xely \/E
1 3/2, oy 1/2
< 2maxy/h(x) ||so||oomag<(—>f(||U|| CIFIG + IF 51Ul
xely xely \/E
1/2

3/2|

= esNUIGZIFIGE +es [1U el Fllae + 1F 13,

1 =
where ¢5 =2max /h(x) [|¢| o max (T) v/ €o-
a

xely xely

1
e For the term 20 / h(x)f! gde , observe that by the Cauchy-Schwarz and the Hardy-
o

0
Poincaré inequalities we have

1

¢__ 1/ v
20 /h(x)fl—u dx || <2maxh(x)lle] |uecldx
5 o * xely > \/—\/_ e
1/2 1/2
1 (2.34)

<2maxh(x)||<p||oomax( ) /TI|Mx|2dX
xely x€lp 0 1
0

= s [ 10l Fllac + 1 FI

1
where cg = 2co max h(x)|[|¢| oo max (ﬁ)

xely xely
o Now, consider the term 291 / f —uxdx . By definition of ¢, we have

1

1 1
~1
/ P lmdx | =20 / O frd | 4+ 2m / CoD% o). @3s)
o o
0 0

0

First of all, consider the first term in (2.35). Obviously, we can rewrite it as
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1 x1+2e

0 /X‘plfz‘ dx | =290 / Y Pazdx | +2m fx‘mf . (2.36)

0 J2e

Using the Cauchy-Schwarz inequality, the fact that a doesn’t vanish on the interval I»¢, the
monotonicity of the function 2 in all the interval (0, 1] if a is (WD) or (SD) and the fact that

Ja

K < 2, we obtain

x1+2€ x1+2€

X 1 X
2R Z fundx || <2 / — | uy|dx
0 0
1 1
X1+2€ 2/ x1+2e 2
20 4+20) (1, ! , (2.37)
< — —|f7I7dx nlux|dx
Ja(xy +2¢e) J
< 22Dy Pl < e [N Fllg + 11
and
XP1 o
20 / fruydx || <2(x2 —2e) ma_X< )/ | £2 1/l |dx
x€el
L2 (2.38)
= s [ 10l Pl + 1 FI
2(x1 + 2¢) 1 o .
where ¢; = ———= and cg = 2(x2 — 2¢) max [ —= |. Thus, substituting equations (2.37)
a(xi+2e) xehe \Vda

and (2.38) into (2.36), we obtain

1

X1 0- 2
o { [ paax || <eo 10 P+ 11 (2.39)
0

with c9 = ¢7 + cg.
Now, for the second term in (2.35), we have

1

1
(x=De2 p_ =11 o V7T, )
o | [0 pan || <2 5 P < o [IU I Fl + 1 F 1G]
0

x1+2e

(2.40)

1
being c19 =2(1 — (x; +2¢)) max ( ) Using (2.39) and (2.40) in (2.35), we obtain
xelxi+2¢,1] \ A/a
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1
o { [ £ Lmdx || < en [0 Pl + 171 (241)
0

where c11 = c¢9 + c19.

1
1
e Finally, consider the last term 2% | i / (u> ludx |. Hence, we have
o X
0

1 1 1

1 1 ,
20 i/(ﬂ> idx | =290 i/%mdx 1o if(f) fhadx . (42
o
X
0 0 0

o o

Using the definition of ¢, the first term on the right hand side of (2.42), becomes

1 xy—2€ 1
1
—1
| i / O jiax | = o [ i / Lo flaadx | +20 | / =D flidx
o o o
0 0 x1+2€
(2.43)
Now, we need to estimate the terms in (2.43). Thus, using again the monotonicity of % and
a
(2.17), we obtain
xp—2€ xXp—2¢€
(i [ Zeuhadx)|<2 [ el ozl
Npi — Q] udx || < —e1lv/1 —|Auldx
) o ! ) va v (2.44)
< c2[IUIul Fllzc+ 1 F15,
and
- =1 |
X — X —
20| i / o flaadx || <2 f il —|ai|dx
o ! Va Vo (2.45)
X142 x142e€
=3 [0 Pl + 1 F 13y,
ith p 27 2¢) d Using (2.44) and (2.45) in (2.43), one h
wiln Cjp = 2——————C1 and Cc13 = C10C1. USIin . an 4A4D) 1n 45), one nas
12 Jatn =20 1 13 10€1 g
1
. <Pfx] _ 2
0 l/ “giidx || < ens [ U Flla+ 1F 1) (2.46)
0

being c14 = c12 + c13.
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Moving to the second term in (2.42), we have

1 1

1
/ / /_b
W i/(f) Flaadx | =20 i/ﬂflmdx +2m i/f(a )flmdx
o2 (o2 o a
0

0 0

(2.47)
Using (2.17), the first term in the right hand side of (2.47) can be estimated as

1 1
20 (i [ nadn )| <2000 [ 111ttt < s (101 Fllsg + 11,
o = NN =
0 0

(2.48)
where ci5 = 2¢[|lsococi.
On the other hand, using the definition of ¢ and Hypothesis 2.7, the second term in the right
hand side in (2.47) can be estimated in the following way:

1
a —b _
2R i/%( )flkudx 52(M0,2+M1,2+M25)||f1||l||)\ulll

a

(2.49)
K 1 2
<2¢0 (14 5+ Mae | IVAF Nl =< v [ 1010 Fll+ IF I
being c16 = 2coct (1+ & + Mac), with My := Hx“/;” H + H (x — ezt H :
. L (1) Lo0(Iz¢)
Then, by (2.47), (2.48) and (2.49) we obtain
1
. o\ L1, - 2
2 i [ (£) fhaadx || < e [1UII Pl + 1 F1G,). (2.50)
0
with c17 = ¢15 4 c16, and using (2.46) and (2.50) in (2.42), we can conclude that
| 1
W /e _ 2
2|\ ) dudx fh = | 1Tl Flzc+ 1TFG, |- (2.51)
X

Here c13 = c14 + c17.
Step 4. The aim of this step is to show the following two estimates
1 1 1
3/2 1/2
/ —lrul? <xs (nuuqé IFIG + (L4 55 [1U 1 Pl + ||F||%]) (2.52)
and
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1

3/2, /2 1
[ nhusPax < <||U|| PIFI + U2 [1U 3 Pl + ||F||%l]> ey
0
where k3 = 1 23 and k4 = 1 23, for a suitable positive constant

1+ & —(Mo2+M2)
c»3 that will be determined below.

In order to prove the above estimates we start considering the first two terms on the left
hand side of (2.31), and using the fact that ¢" = @1 + @2 + ¢ where ¢ = x¢| + (x — )¢} with
supp @ = I, we obtain

1-& — (Mo 1 +M1,1)

. 1 X142€ 1 1
/£|Au|2dx+/n<p/|ux|2dx: / l|)\u|2d)c+ / l|)»u|201x—}- / nlux>dx
0 7 0 0 ? xp—2€ ? xp—2€
x142e | 1
[ ol [P pax+ [+ emuPax+ [ Eialax+ [ o Par.
he D 0

(2.54)
Estimating the last four terms in the above equation, using (2.21) and the fact that supp @ = I,
we obtain

1

¢ . 1
/ —huldx < l1@lLono / —lhuldx < ero [1U I3 Flls + 1 FI | (2.55)
0 D
1
f¢n|ux|2dx < e[ IVl Fllc+ 1713, ). (2.56)
0

and

/ 91 +<ﬂ2|)h 2dx +/((p1 + o)y Pdx < (K1 + 2(ch + 2)) [”UHH”F“H + ||F||H]
e e
(2.57)
with c19 = [[@llLoe (o1 and c20 = @1l (1) (Ké + %)

On the other hand, using the definition of ¢, the first two terms on the right-hand side of (2.31)
can be estimated as follows:
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xp—2€

1 1
"—b "—b —1 "—b
/ kd (a ) |Au|2dx = / adl (a ) |Au|2dx + / > )¢2 <a ) |Au|2dx
o a o a o a
0 0

x1+2€

x14+2€

1
- / f(“ _b>|ku|2dx+ f (x_1)<a
o a o
0

xp—2€

b
) [Au|?dx

xp—2€

-1 "—b
n f xo1+ (@ —Dgo <a )lku|2dx
o a

x142e

x1+2€ 1 xp—2€
1 1 1
<oz [ iwldvesny [ iwldvs o [ pelas
0 xp—2€ x1+2€
(2.58)

and

1 xp—2€

b
/w;muxfdx: / x¢1—n|ux|dx+ / (x—l)coz Ny *dx

0 0 x1+2€
x1+2€ xo—2€

= / x— n|ux|2dx+ / <x—1> Ny ?dx + / (xp1 + (x = Da) n|ux|2dx (2.59)

0 xp—2€ x1+2€
x1+2€ 1 xy—2€

< Mo, / plue Pdx + My / pliee Pedx + Mo o / nluez P,
0 xp—2€ x142€

"—b . b
HLOC(Izg) + H x = I)QTHLOC(IZG) and Mo, = HXEHL“’(Ize) + ”(x -

Now, using (2.54), (2.58) and (2.59) in (2.31), one has

where M)y := Hx%

l)f_l ||L°°(12€)'

x1+2€ 1 1 x142€

1 2 1 2 2 2
EMM dx + ;Mul dx + nlux|“dx + nlux|“dx

0 xp—2€ Xp—2€ 0
1 1

+ 0 .
_/“’1 2P |2dX+/(<01+<P2)77|ux| dx+/9|xu|2dx+/<pn|ux|2dx
he he (2.60)
—hm n<p|ux| —k2 E ;| (x )| — 2N /—lku(puxdx

1 l
120 /(f2+h(x)f1) Comdx | — 20 i/<M> Aidx
o o X
0 0
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1
1
1m0t i f @) P a0 | + Mo + My 2)/—|Au|2dx
x—=0 o(x) ’ ’ o
0
xo—2€ xXo—2€

1
1
+(M0,1+M1,1)/77|Mx|2dx+M1,Ze f ;lf\ulzdx-FMo,ze / Ny dx.
0 x1+2€ x1+2€

Finally, using (2.33), (2.34), (2.41), (2.51), (2.55)-(2.57), (2.21) and Lemma 2.13 in the above
equation, we obtain

x1+2€ 1 1 x1+2€
1 2 1 2 2 2
;|Au| dx + ;|Au| dx + Nluy|“dx + nluy|“dx
0 xp—2€ xXo—2€ 0
1 1
! 2 2 3/2 1/2 (261
< (Mo + M) ;IMI dx+ (Mo,1 +Mi,1) [ nlux|"dx +cs|Ulig [1F 4y
0 0

/ 2 ¢y 2
+eo [ U F il + 1 F 1l +A_2 NN Fll+ 13 |

where ¢y, = ¢s5 +cg +c11 +c18 + 19 + @l oo (10 k5 + M1 pekt + Mo peich + 261 4 2k5, ¢hy =
@1l Looca +2¢2 + Mo eca.
Then, adding the above equation with the two equations in (2.21), we obtain

1 1 1

1 1
/—I)»ulzdx—}—/nluxlzdxS(Mo,z—i—Ml,z)/—l)»ulzdx
o o
0 0 0

1
3/2 172

) (2.62)
+(Mo,1 + My,1) / nluxdx + s U1 FI1Y,
0

€22
ear [ 1N Fllae + 1 F I |+ 25 [ 10051 Pl + 1 F I

with 31 = ¢}, + k1 +«5 and ¢22 = ¢, + ca.

K
Now, multiply (2.16) by Z—E, integrate over (0, 1), and take the real part, it results
o

1 1 1 1
K 1 ) K 2 K 1 ., K 1
— | —|xul"dx — — | nlux|"dx =——"R —fudx | —=NR|i [ —f Audx
2 o 2 2 o 2 o
0 0 0 0
1

K /l 1—
——N —h(x) f udx
2 o
0
(2.63)

For the estimation of the last terms in the above equation, by using the Cauchy-Schwarz, (HP)
and (2.17), we obtain
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1
K 1, K )
S| [ = 2adx | = Seo [0 Flac + 113, ] (2.64)
2 o 2
0
1
K *o 1 1y K 2
S [ —flradx || < Seoer [ IV Fll+ IF13,). (2.65)
0
1
K n 1 1+ K 2 2
S| [ —heosadx || =5 max GO (10 Fllac+ 1 FI - (2.66)
2 o 2 xelxi,xl
0
So, using (2.64)-(2.66) in (2.63), we have
K 1 1 K 1
> / —lufPdx = = / Ml Pdx < @0 [ U3 Fllae + 115, (2.67)
0 0

where ¢ = %(coq 4+ co+ max h(x)c%).
xe[xy,x2]
Finally, adding (2.62) and (2.67), we obtain

1 1
K 1 K )
(1+3—(M0,2+M1,2)) ;Ikul dx+(l—5—(M0,1+M1,1)) nlux|“dx <
0 0

3/2 1/2 ~
esNUIGZNF I + (ean + K1 4465 4+ E0) [1U a1 Pl + 1 F I (2.68)
nta

+

S (WU Pl + 1 F 13

32, p1/2 1
5023<|IU||74 IFI, +<1+p)[||U||H||F||H+||F||;]),

being cp3 = max{cs, c21 + 1 + Ké + €20, ¢22 + c3}. Finally, by Hypothesis 2.7, we obtain the
desired estimates (2.52) and (2.53).

Step 5. The goal of this step is to prove (2.15).
Using the first equation in (2.14), (HP) and the Young inequality, we have

1 1 1

1 1
/;|v|2dx52/;|ku|2dx+2c(2)/n|fxl|2dx
0 0 0

1 1

1
< 2max {1, c(z)] / —|Au|2dx —|—/n|fxl|2dx
o
0 0
1
Now, from the above estimate, (2.52) and the fact that / nlflPPdx < |FlI3, < (L+ A" FI13,,

0
we obtain
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1
32, p1/2 1
[ P <2max{1.c ]<x3+1)<||U|| PIFI + (1+ﬁ)[||U||H||F||H+||F||%{]);

0

thus, thanks to this inequality and again by (2.52), one has
320 P2 4 1
1UIG, < e <||U|| CIF I, (1 + ﬁ) L1011 Pl + ||F||%{]) :

2
3/2 12
with ¢4 =2max {1, ¢} (k3 + 1) + k4. Since 24| U3, Fll3,” < 2||U||H+ 4 U gl F g,

by the previous inequality we have

1 1
SIUI, < exs (1 + ﬁ) (10 Fllae + 1 F 1 (2.69)

2
c .
where ¢p5 = <% + cz4) . Now, since

1 2 1 1 cs)\?
025 1+ + ¢25 1+ﬁ < C25+§+F

and

1 | I 1\
€25 1+ﬁ IIUIIHIIFIIHSZIIUIIH+625 1+)L—2 | Fll%,

by (2.69) we have

1 e\ 1\? 1\?
IIUII%L§4<c25+§+F> IF|3, <4 as+s) (1453 IF 3.

1
Thus, | Uy <k <1 + ﬁ) | Fll#, with kK = 2c¢25 + 1 and the proof of Proposition 2.12 is com-
pleted. O

Proof of Theorem 2.11. First, we will prove (H1). Remark that it has been proved in Propo-
sition 2.4 that 0 € p(A). Now, suppose (H1) is not true, then there exists Ao, € R* such that
iAoo & p(A). According to Remark A.1 in [2], page 25 in [30], and Remark A.3 in [1], there exists
{(ns Un = (Un, v }p=1 C R* x D (A) with A, — Aoo as n — 00, |Ay| < [Acol and Uyl =1
such that (iA,l — AU, =F, -0 in H as n— 0. By taking F = F,, U = U, and
A = A, in Proposition 2.12 such that ||F, |l — 0 as n — oo, we have ||U,|ly — 0, which
contradicts that | Uy ||y = 1. Thus, condition (H1) is true. Next, we will prove (H2) by a contra-
diction argument. Suppose there exists

{ns U = (un, v }p>1 C R* x D (A)
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with |A,| > 1 without affecting the result, such that |A,| — oo, |U,|l%¢ = | and there exists a
sequence F, = (f}, f?) € H such that

(il -—AU,=F,—0 in H as n—0.
From Proposition 2.12, as |A,| — oo, we obtain || U, ||y = o(1), which contradicts ||U, | = 1.
Thus, condition (H2) holds true. The result follows from Huang-Priiss Theorem (see [27] and

[34]) and the proof is completed. O

3. Stabilization of connected degenerate and non-degenerate wave equations with drift
and a single boundary damping

This section is devoted to study the well-posedness and the exponential stability of (1.3).
3.1. Well-posedness

In this subsection, we will study the well-posedness of (1.3). To this aim, using the definition
of o given in (2.2), we rewrite the system (1.3) as follows:

ul —o(ul), =0, (x,1) € (0, 1) x R,
Vi — Yax =0, (x,)e(l,L) x R},
ul(0,0)=0,u'(1,0)=y'(1,1), teR},

G.1)
(ub)(1,0) =y (1, 0,y (L) ==y (L. 1), teR},
ul(x,O)zu(l)(x),u}(x,O) =ul(x), x €(0,1),
Y (x,0) =y (), yl(x,0) =y} (x), xe(,L).

By using the same arguments as in Section 2, we introduce the following Hilbert spaces
Hi ,(0,1):= {ul e H}(0,1);u'(0)= 0} and
Hi ,0,1):= {ul € Hi ,(0.1); Bu' € L7 (0, 1)}

equipped with the following norm

1 1

nwﬁe=ww3f4mﬁ+/mwﬁu mdnfﬁ2=Wﬁl+/ﬂmmM%m
0 0
1
Thanks to (HP), we obtain that ||1,t||2l ‘ is equivalent to /nlux|2dx. Let (ul,u,l, yl, ytl) be a
0
regular solution of the system (3.1). The energy of the system is given by
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1

1 1
Ei(t) = 5/ (;Iutllz—i-nluiIz) dx +

0

(/2 +19412) dx (3:2)

N =
T t—=

and we obtain that

d 1 5
—Ei(t)=—|z2 ()" <0
= 1(1) lz (D))" =

Thus, the system (3.1) is dissipative in the sense that its energy is a non increasing function with
respect to the time variable . We define the energy Hilbert space H by

Hi= {U=(u,1 'yt ) e Hi 0,1 x L3 (0. 1) x H'(1, L) x L*(1, L);u' (1) =y1<1>}

equipped with the following inner product

1
UZ/l =/<nuul+—vv>dx+
0

and endowed with the norm

1 L
1
2413, =f(n|ui|2+;|vl|2)dx+/ yal®+ 12! |2 (3.3)
1

0

T t—
—~
~
N
|
+
N»—
Ly
~
QU
=

forall U = (ul, vl yl, zl)—r and U = (u~1, le, )71,;1)—'— € H1. Noting that the standard norm on
H, is

Wl = 103+ a1+ 12+ 10 2 + 15272 - (34)

Lemma 3.1. The two norms || - ||, and || - ||s are equivalent in H;, i.e. there exist two positive
constants C1, Ca, independent of U, such that

2 2 2
Cillhlls = IUll5, = C20Uls (3.5)
forallld = (u',v', y', z") e Hi.

Proof. The inequality on the right hand side is evident with Cy = 1.

Thanks to the boundary and the transmission conditions (u'(0)=0and u'(1) = yl (1)), we
1

have u1(1)=/u)lcdx and
0

X

y‘<x>=u1<1>+/y;<s>ds.

1
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Moreover, by the Young and the Cauchy-Schwarz inequalities we have

1

1
lu' (1)]? sxg}gxl];/mu}ydx and |y1(x)|2§2|u1(1)|2_|_2(L—1)||y§||iz(]’L);
0

thus

1

L L
/|y1(x>|2dst /n|u;|2dx+/|y}|2dx : (3.6)
1 1

0

where R :=2(L — 1) max {maxxe[o,l] %, L— 1}. Hence, by (3.6),
s < (1+R) (nvlu@ S R B R ||y;||Lz(1,L>)

1
and the left hand side of inequality of (3.5) is true with C| = TR O

Finally, we define the unbounded linear operator .4; by
11 1 _INT 1 1 o)’
A v,y ,z0) z(v co(uy)x, 2 ,yxx) ,
foralld = (u',v,' y', 21T € D(A), where

U=@' o'yl her 0.dheH) 0.1)xH(1 L), u'eH} 0.1, }

by = { 1 2 1 1 1 1
y e HZ(L, 1), (nuy)x(1) =y, (1), y,(L)=—2"(L)
Hence, we can rewrite (3.1) as the following Cauchy problem

.
Uy=AU, UQO)=Uy where L{O:(u(l),u},yg,yll) . 3.7)

We have that R(A U, Uy, = —|z'(L)|?, which implies that A; is dissipative. Now, let G =
(g1, &2, 83, 84) € H1; by the Lax-Milgram Theorem, one can prove the existence of i € D(A;)
such that

- AU =4G.
Therefore, the unbounded linear operator .A; is m-dissipative in H;, thus 0 € p(A;) and, by
Lumer-Phillips Theorem (see, e.g., [30] and [33]), A; generates a Cy-semigroup of contractions

(T1(@®))ts0 = (e[Al)tzo in H;. Hence, the solution of the Cauchy problem (3.7) admits the fol-
lowing representation

Uty =e Uy t>0,
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which leads to the well-posedness of (3.7). The following result is immediate.

Theorem 2. For any Uy € H1, problem (3.7) admits a unique weak solution satisfying

Ut) e CORT: Hy).

Moreover, if Uy € D(Ay), (3.7) admits a unique strong solution U satisfying

Ut e C' R, H)NCORY, D(A).
3.2. Exponential stability
This subsection focuses on examining the exponential stability of system (3.1). We begin

introducing a main hypothesis that will serve as the basis for studying the system’s exponential
stability. Denote by

a —b

a

b
x=
a

Ni:=|x and N := 3.8)

L>(0,1) L*(0,1) .

Hypothesis 3.2. Assume Hypothesis 2.1, a (WD) or (SD) and the functions a and b such that

N1<1+§andN2<l—§.

Example 3.3. (1) Example for the (WD) case: a(x) = /x and b(x) = % In this case K = % and
it is easy to see that N1 = Ny = % So, Hypothesis 3.2 is satisfied.

(2) Example for the (SD) case: a(x) = x4/x and b(x) = %. In this case K = % and it is easy
to see that N1 = % and Ny = %. So, Hypothesis 3.2 is satisfied.

Theorem 3.4. Assume Hypothesis 3.2. Then, the Cy-semigroup of contractions (T1(t));> is ex-
ponentially stable, i.e. there exist constants M > 1 and t > 0, independent of Uy, such that

e, =M Ul 120,
1
According to Huang [27] and Pruss [34], we have to check if the following conditions hold:

IR Cp(AD) RD)

and

sup | (AT — A7 iz, = 0(1). (R2)
reR

The following proposition is a technical finding that will be used to prove Theorem 3.4.
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Proposition 3.5. Assume Hypothesis 3.2 and let (L, U := (u, v, y, 7)) € R* x D(A}), with A # 0,

such that

(M —ADU=G = (g', % &, ") e Hi,

iau' —o! =g1,
inw' —o(uy). =g°,
iyl =l = g
ir' =y =g*

Then the following inequality holds:

1
4113, < m <1 + ﬁ> 1G4,

where m is a suitable positive constant independent of ).

(3.9)

(3.10)
(3.11)
(3.12)
(3.13)

(3.14)

Before proving the above proposition, observe that, by the dissipation of the energy, we have

' (L)1 = IR (AU Uy | = IR GAT — AU Uy, | = (G U, | < U3 Gl (315)

and, using the equality y;(L) =—z(L),
Ve (L) < U2, Gl < U3, I1G N9, + IIGII%{I.

Moreover, thanks to the transmission condition g3(1) = g1 (1), one has

1
1
1Ml =1g' W)= /g,{dx <./ max —|/ng,ll <milGllx,
xel0,11
0
where m| := | max L Hence,
xe[0,11 "

18> (D] <m1|Glln,
L
and using the fact that g3(L) = / gidx + g3(1), we can deduce
1
1 ()P <2(L = DI} I1* +2mi G, <2(L — 1+m]IGll3,

< m2 [ 1Ul34,1Gllae, + 1G 1, |
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where my =2(L — 1 + m%). Now, since iAy!' — z! = g>, one has

Iy @)1 <212 (L)1 +218° (L)? <21Ull3¢, G i3, +2m2lIG I3y,

s (3.20)
< m3 [ Ul |G e, + 1G]

with m3 = 2max{1, m;}. Using (3.10), the Young inequality and (HP), we deduce

s < ol +/Crrplighll < mo (1" + 1v/ghl) < mo [[Ull, +11Gllag,]. 32D

~ L~ / 1
where my = max (1, mg) withmg=_|Cyp max —.
x€[0,1]1 1

Using the equivalence between the norms given in Lemma 3.1 and the fact that G € H, we
obtain

180200y < 1831 a.z) < 1Glls < V1+ RIG |3, (3.22)
with R defined in (3.6); thus by (3.22) and the equality iAy! = z! + g3, we obtain
Iy 220,z < 022y + 182 I e2a o) < AU, + Gl s (3.23)

where 7] = +/1+ R. Substituting v' = iiu' — ¢! and z' =iry! — g3 in (3.11) and (3.13),
respectively, we have

Aul roul)y =—(g*+irg') and A%y 4yl =—(g* +irg). (3.24)
Now, we are able to prove Proposition 3.5.
Proof of Proposition 3.5. We divide the proof into several steps.

Step 1. The aim of this step is to show that the solution U = (u!, v', vyl zh) e D(A)) of (3.9)
satisfies the following estimates

L
[ (' 152) dx < ms [1 G, + 161y | (3.25)
1
and
L
[ 121 Pax < 20ms + R+ 1) 14120 16, + 161Ry ] (3.26)
1

where ms will be determined below. Let o, 8 € R and define the function g, g)(x) := (o +

B)x — (¢ + BL).
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As a first step, multiply the second equation in (3.24) by —2g 4, g) (x)y_; and integrate by parts
over (1, L). Then, taking the real part, we have

L

[ Sl (109 52 dx = g (00 (112 @O + 5 0)
1
L

L
8 (1) (13 (DP+y (1)) =29 / 8 8ap @)yidx | =2 | i / 838 (¥)y1dx
1 1
L
—20 [ in f 838l OV x| 4298 [i83 (L)gay (LT (L)] =24 [i2g7 Dy (DY (D) ]
1
(3.27)

Taking 8 =0 and o = 1 in (3.27), we obtain

L

L
[ (' 4 52 dx = 2 = DI P + @ = D P + 2t [ et rlas
1

1
L L

gt [in / ¢2g.0@)yldy | — 20 | in / yldx | + 20 [i)\g3(L)g(1,O)(L)F(L)].

1 1
(3.28)

Now, we will estimate the terms on the right hand side of the above equation. To this aim, by
(3.19), (3.20), (3.22) and (3.23), we have

L

20 /848(1,0)(36)de <2(L = DU, I1Gl13, » (3.29)
1
L

20 { i [ g 03Tdx || 2L = DIGI I3y
1
< 2i (L= D[ Ul 1Gllg, + 161, |.

(3.30)

L

20 ixfg3ﬁdx 52||g3||||xy1||52¢1+m1[nu|m.||6|m1+||G||%{l], 3.31)
1

20 [i2g* (L1ga0 LT ]| = (L = D2y WP + 183 @)

(3.32)
= ma U, G e, + 1G 1y, ]

where m4 = (L — 1)2m3 + m». Thus, from the above estimations, (3.16) and (3.20) we obtain
the following one
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L
[ (' 4 152P) dx < ms [1l G, + 161y .
1

where ms = (L — 1) [Lm3 + 3 +2m1] + 2+/1 + Rmy + my.
L
From the above inequality, (3.12) and the fact that / 1g°1?dx < |Gz < (14 R)IIGIl3, we

obtain

[z Pax <2 1y Pax +2 [ 1g7Pax < 20ms + R+ ) [l Gl + 1G]

Step 2. The aim of this step is to show that the solution U = (u!,v', y', z') € D(A) of (3.9)
satisfies the following estimates

' (D < m7 [1Ul3,1G 13, +1G13, | - and
2
(DI < ms [ U126, 1G e, +1G 13y, | (3.33)

where m7 and mg will be determined below.
Taking « =0 and 8 =1 in (3.27), we have

L L

(L= DIy OF + L = DIy OF = [ (1 B+ 102) =2t | [ 000077

1 1
L L

+om | in / g g0.n ) yldx | +29% | ix / @yldx | + 20 [mg3(1)g(o, Ml)ﬁ(l)] .
1 1
(3.34)
To estimate the last term in the right hand side of the above equation, we use the Young inequality
and (3.18), obtaining

— 1 1
2 [i2g* WgonTM][ =@ -1 (Ewl(mz +2|g3(1)|2) < S (L =Dy P+
1
2L = DmilGIy = 5L =Dy (P +2(L = Dmd [l 1G , +1G1,, |

Now, using the above inequality, observing that estimates (3.29), (3.30), and (3.31) are true also
for g(o,1)(x) and using (3.25) in (3.34), we obtain

1 1 2 1 2 2
S = DRy P + (L = DIy < me [1Ull3,1G 1, + 1G5, | (3.35)

where mg =ms +2+/1 + Rm1 +2(L — 1)(1 +m7 + m%). Therefore,
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A DR < ma [ Ul |Gl +1GI3, | and [} DP < ms [ 1l 1G 13, +1G 1y, |.
(3.36)
2 1
with m7 = ﬁmﬁ and mg = ﬁmﬁ. Now, using the transmission conditions y1 M =ul(1)

and y!(1) = (qu!)(1), we obtain (3.33).

Step 3. The aim of this step is to show that the solution U = (u!,v', y', z') € D(A)) of (3.9)
satisfies the following estimates

1

f guu‘ Pdx <mig (1 + %) (12134, 1G 13, +1G 13, | (3.37)
0
and
1
/n|u;|2dx <mis (1 + X—lz) 16134, 1G 13, + IG 1y, | (3.38)

where m17 and m g are positive constants to be determined below.
K —
Multiplying the first equation in (3.24) by 2—u1, integrating over (0, 1) and taking the real
o

part, one has

1
Kfll)\ 'Pa K/| P 4+ 50 (n(Dud (Dl () = 5
— | - - — — — 7 lim
5 | Shuldx =2 uy|[Pdx + S (n(Du (Du nuu

1 1
K/l—1 f Ty
— | - R uldx
2 ) o P

0 0

Now, multiplying the first equation in (3.24) by 2 ul 1ntegrat1ng over (0, 1) and taking the

(3.39)

real part, we have

1 1 1
X\ 12 1,2 b 1n Ly 2 1 1,172
[ (G patPaxt [l Pax = [ Zal Pax = n0lud )P = i 1)
0 0 | 0 X (3.40)
32 1im )2 = 20 /ngﬁdx 1o iA/glf@dx
x—00 o o
0 0

ro1 "—b
Using Lemma 2.5 and the fact that <£> =— <1 —X <a )) , the above equation becomes
o o a
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1 1
|
(RS e
0 0
1 1

1 — —
(D) + 20 l/g2fuyh: 4% ix/}ﬁfuyh
o(1) o o
0
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1
b
) P + /x;muiﬁdx + (Dl ()2
0

0

(3.41)
Adding (3.39) and (3.41), we obtain

1 1 1
K 1 K "—b
I+ = /—I)»ullz—i- 1- > /muiﬂdx:/f S et P
2 o 2 o a
0 0 0

1

b
+/x5n|ui|2dx+n<1>|ui(1>|2+

)\,112
ROl
o | (3.42)
+m:/£xlm 1o / 12 0Tdx
o o
0 0
K K [1 K [1
_= 1 2 Zulax | = li=> 1
ot (nudandm) = 5 [ 2 n iy [ Leltas
0 0

Now, we need to estimate the terms on the left hand side of the above equation

1

e As a first step, consider the term 29 / nggdx : using the Cauchy-Schwarz inequality
o

0
.. . X . .
and the monotonicity of the function — in (0, 1], we obtain

1

1
| [ & ulds / |u Hdx < mo [ I, 1Gllze, +1G1,, |, (3.43)
0 0

where mg = ﬁ

uldx |, we have

Q=

1
e Now, for the term 20t | iA / gl
0

1 1
— / J—
Mtzk ) —o% /f- uld —mnixf(f)yuwx
o
0 0
M0 '71 21 %(A i
+ 1( o) 1rn irg u)

1216




M. Akil, G. Fragnelli and I. Issa Journal of Differential Equations 416 (2025) 1178-1221

Estimating the first term on the right hand side of (3.44), one has

1

. X — 2

20 M/;giu ax || = = 12 N3G, < mao [ U3, Gllagy + 1G 13y, | (3.45)
0

3

with m g = Mmo Now for the second term on the right hand side in (3.44), using (3.21), we
have
1 1 | 1 -
M0 m/ Nildx | =20 ix/—g‘ﬁdx ey ix/f (“ - >g‘u_1dx
o o a
0 0 0

(3.46)
Using (3.21) and the Hardy-Poincaré inequality, the last two terms in the above equation can be
estimated in the following way

1

22[ l)\‘/ g u d.C <_ 2”)th ||7l || g || <_ 2”0(”11”7‘[1 ||G ||7‘[1)“l0||\/—”gx”
O \/g

< mu [IUl3 G, + 161y, |

and

1 1

x (a —b — 1 1
W |in | = Yldx || <2 | —1g'|d
l/o<a>gux < 1/ Glulflglx
0

0

<z [, 1G e, + 161y, |

where m11 = 2momg and m1y = 2moN1mig.
Then, thanks to the above two inequalities and (3.46), we obtain

1

wl: LAY 2
2R i 5)8u dx || =mi3 | Ul 1Gll#, + 1G5, | (3.47)
0

being m13 = m11 + m12. Now, consider the term 2 ( l(1)) Using the conditions

(1)
g' () =g3(1), u' (1) = y!(1) and the inequalities (3.18) and (3.33), we have

‘ZW (lkg (1) (1)u ( ))

where m4 = —(m7 +m1)

o(l)

(1" P + ' (D) < mua [ U134, 1G 12, + Gy, |
(3.48)

(1)
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By (3.44), (3.45), (3.47), (3.48) and Lemma 2.5, it results

1

. x—
20 m/g‘ “uldx || <mis 13, 1Gln, + GG, | (3.49)
0

where mis =mg +mi3 +mi4.
By using the Cauchy-Schwarz and the Young inequalities and (3.33), one has

1
K (1 ,— K 2
(5 [ et )| = 50 [ 161 +1G1E, ). (3.50)
0
1
K Lenatan || < K Ul IIG Gll3 351
i | —g'ruldx || < Zomo [ 1Ul5 G, + 1G5, | (3.51)
0
and
Sot(noul )| <y (145 ) [l 161, + 1613, ] G52
) L\n x = m7 )\2 Hi H H | .

mgK2 my
8 2

where 7 = max (

(3.41), we obtain

) Hence, using (3.33), (3.43), (3.49), (3.50), (3.51) and (3.52) in

K 15 K 12
(1—}—5—1\’]);”\-“ | dx + (1—3—N2)77|“x| dx
J ; (3.53)

1
<mig (1 + ﬁ> (124136, 1G 112, + 1613y, |.

1 1 K K . ~

with mig = max | mg + mi5s + ——m7 + ——mg + —mqo + —momg, m7 ). Thus, we can con-
o(D) n(1) 2 2

clude that (3.37) and (3.38) are satisfied with m17 = mie(1 + & — N))~! and m g = m6(1 —

——Nz) L

Step 4. The aim of this step is to prove (3.14).
From (3.10), and by using Young’s inequality, (HP) and (3.37), we obtain

1 1 1
1 1 1
/—|v1|2dx52/—|ku1|2dx+2CHp n%xl]—/mgyzdx
o o x€[0,1]
0 | 0 (3.54)
< 2max{myy. i) (1 + ﬁ> (120134, 1G 34, + 1G 1y, |-

Moreover, by (3.25), (3.26), (3.38), and (3.54), we obtain
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1
2 2
U1y, < mio (1 + p) 12134, 1G 136, + Gy, | (3.55)

where m19 =3ms +2(R+ 1) +mig + 2max{m17,n~1%}.

1 1 1)? .
We have m 19 <1 - ﬁ) 1241124, 11G I3, < 1IN, +mT (1 + ﬁ> IGI3, - Since m%9(1+

1\? 1 1 mig 2
2 +mig 1+E < m19+§+7 , then (3.55) becomes

uiz <4 1m192G2<4 12112Gz
Uy, =% m19+§+7 I ||Hl_§ m19+§ +ﬁ 1G5, -

1
Thus, U]y, <m (1 + ﬁ) IGll%,, with m = %(me + 1) and the proof of Proposition 3.5

is completed. O

Proof of Theorem 3.4. The proof of the conditions (R1) and (R2), is similar to the proof of
(H1) and (H2) respectively in Theorem 2.11. And finally, we have the conclusion applying the
Huang-Priiss (see [27,34]) Theorem. O

Remark 3. Thanks to the previous result we can improve the result given in [20]. Indeed if
Hypothesis 4 in [20] is satisfied then the two assumptions taken on N and N; in Hypothesis 3.2
satisfy Ny < 1 + % and N <1 — %

4. Conclusion

In this paper we study two systems. The first one is a degenerate wave equation in non
divergence form with a drift term and localized internal degenerate damping. We prove the well-
posedness of this system and the exponential stability, without any restriction on the degeneracy
of the damping coefficient (i.e. a1, op > 0). The second system we consider consists of coupled
degenerate and non-degenerate wave equations connected through transmission conditions with
a drift term and a single boundary damping at the endpoint of the non-degenerate wave equation.
Also for this system we prove well-posedness and exponential stability.
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