
Available online at www.sciencedirect.com
ScienceDirect

Journal of Differential Equations 416 (2025) 1178–1221
www.elsevier.com/locate/jde

Stability for degenerate wave equations with drift under 

simultaneous degenerate damping

Mohammad Akil a, Genni Fragnelli b,∗, Ibtissam Issa c

a Université Polytechnique Hauts-de-France, CÉRAMATHS/DEMAV, Le Mont Houy 59313 Valenciennes Cedex 9, 
France

b Università degli Studi di Siena, Dipartimento di Ingegneria dell’Informazione e Scienze Matematiche, via Roma 56, 
53100 Siena, Italy

c Università degli Studi dell’Aquila-Italia, Dipartimento di Ingegneria e Scienze dell’Informazione e Matematica, Via 
Vetoio I, 67100 L’Aquila, Italy

Received 21 November 2023; revised 25 August 2024; accepted 17 October 2024

Abstract

In this paper we study the stability of two different problems. The first one is a one-dimensional de-
generate wave equation with degenerate damping, incorporating a drift term and a leading operator in 
non-divergence form. In the second problem we consider a system that couples degenerate and non-
degenerate wave equations, connected through transmission, and subject to a single dissipation law at the 
boundary of the non-degenerate equation. In both scenarios, we derive exponential stability results.
© 2024 Published by Elsevier Inc.
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1. Introduction

Degenerate partial differential equations (PDEs) are a subclass of PDEs in which some of the 
coefficients or terms lose their independence or become dependent on the same variable. As a 
result, the PDE could lose its typical characteristics, including ellipticity or hyperbolicity, which 
can have a substantial impact on how solutions behave.

In the context of wave equations, one intriguing aspect of wave equations arises when certain 
coefficients or terms become dependent on the same variable, leading to the emergence of de-
generate wave equations. In such scenarios, the usual well-behaved properties of wave equations, 
such as hyperbolicity and ellipticity, may no longer hold, resulting in unique and sometimes 
counterintuitive wave behaviors. In some physical systems, losing ellipticity can cause novel 
phenomena, such as the appearance of many solutions with the same energy (degenerate en-
ergy levels) or the non-uniqueness of solutions. In materials with anisotropic properties [35], the 
wave equation can become degenerate, meaning that certain directions of wave propagation ex-
hibit different behaviors compared to others. For example, in certain crystals, the speed of wave 
propagation may vary depending on the direction of the wave, leading to degeneracy in the wave 
equation. Also, in fluid dynamics, in the study of shallow water waves [4], some specific flow 
conditions can cause the wave equation to become degenerate.

In many real-world contexts, including camouflage (the fabrication of devices that render their 
operators invisible to outside observation) [21], Lévy noise [9], meteorology [8], and biological 
population [32], degenerate partial differential equations (PDEs) give rise to control and inverse 
problems. Intricate mathematical problems associated with degenerate PDEs have been brought 
to light by these many applications. For example, the field of semiconductor physics and device 
engineering provides a significant physical application where degenerate PDEs play a crucial 
role in understanding and optimizing the behavior of modern electronic devices.

These circumstances often include operators that are not uniformly elliptic because their dif-
fusion coefficients vary spatially. However, these operators become uniformly elliptic in small 
areas of the spatial domain that are at positive distance from the degenerate area. Degeneracy can 
occur on either the boundary or an internal submanifold [6].

Recently, there has been a growing interest in the study of degenerate wave equations. To the 
best of our knowledge, there has been no investigation conducted to date that addresses the case in 
which both the wave and the damping are simultaneously considered degenerate. Furthermore, 
the concept of internally localized degenerate damping has not been explored in the existing 
literature. Thus, in this paper, the main focus is twofold. Firstly, it aims to explore the stability 
of a degenerate wave equation that incorporates locally degenerate damping. Significantly, this 
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study distinguishes itself as the first to simultaneously consider the degeneracy of both the wave 
and the damping in the equation. Also, in this paper we obtain a better generalized condition for 
the exponential stability than that in [20] in Hypothesis 4. Thus, the system for this case is as 
follows: ⎧⎪⎪⎨⎪⎪⎩

utt − a(x)uxx − b(x)ux + h(x)ut = 0, (x, t) ∈ (0,1) ×R+∗ ,

u(0, t) = u(1, t) = 0, t ∈R+∗ ,

u(x,0) = u0(x), ut (x,0) = u1(x), x ∈ (0,1),

(1.1)

where a, b ∈ C0[0, 1], with a > 0 on (0, 1], a(0) = 0 and 
b

a
∈ L1(0, 1). Hence, if a(x) = xK , 

K > 0, we can consider b(x) = xm for any m > K − 1. The damping coefficient function h(·) :
(0, 1) → R+∪{0}, belongs to L∞(0, 1) and satisfies: h(x) = 0 for x ∈ (0, x1) ∪(x2, 1) (assuming 
0 < x1 < x2 < 1) and h(x) = h1(x) = (x − x1)

α1 |x − x2|α2 = (x − x1)
α1(x2 − x)α2 for x ∈

[x1, x2] with α1, α2 ≥ 0. The initial data u0 and u1 belong to suitable weighted spaces. The 
degeneracy of (1.1) at x = 0 is measured by the parameter K defined by

K := sup
x∈(0,1]

x|a′(x)|
a(x)

. (1.2)

We say that a is weakly degenerate at 0, (WD) for short, if

a ∈ C0[0,1] ∩ C1(0,1] and K ∈ (0,1) (WD)

and we say that a is strongly degenerate at 0, (SD) for short, if

a ∈ C1[0,1] and K ∈ [1,2). (SD)

Here we assume K < 2 because it is essential in the calculation that will be conducted below.
Secondly, the paper aims to study the coupling of a degenerate and a non degenerate wave 

equations via transmission with only one dissipation law acting at the end of the non degenerate 
part. The system is given as follows⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1
t t − a(x)u1

xx − b(x)u1
x = 0, (x, t) ∈ (0,1) ×R+∗ ,

y1
t t − y1

xx = 0, (x, t) ∈ (1,L) ×R+∗ ,

u1(0, t) = 0, u1(1, t) = y1(1, t), t ∈R+∗ ,

(ηu1
x)(1, t) = y1

x(1, t), y1
x(L, t) = −y1

t (L, t), t ∈R+∗ ,

u1(x,0) = u1
0(x), u1

t (x,0) = u1
1(x), x ∈ (0,1),

y1(x,0) = y1
0(x), y1

t (x,0) = y1
1(x), x ∈ (1,L),

(1.3)

where L > 1, a, b are defined as in system (1.1), and η is the well-known absolutely continuous 
weight function
1180
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η(x) := exp

⎧⎪⎪⎨⎪⎪⎩
x∫

1
2

b(s)

a(s)
ds

⎫⎪⎪⎬⎪⎪⎭ , x ∈ [0,1],

introduced by Feller in a related context [16] and used by several authors, see, for example, [12]
or [17] and the references therein.

Example 1.1. The following are examples of the functions a satisfying K < 2 and can be weakly 
or strongly degenerate.

1. Let β ∈]0, 2[ be given. Define

a(x) = xβ,∀x ∈ [0,1].
2. Let β ∈]0, 2[ be given and let α ∈]0, 1 − β

2 [ ([6]). Then, define the function

a(x) =
{

xβ(1 + sin2(logxα)), ∀x ∈]0,1],
0, x = 0.

Indeed, for all x ∈]0, 1],

a′(x) = βxβ−1(1 + sin2(logxα)) + 2αxβ−1 sin(logxα) cos(logxα),

so that K ≤ β + 2α < 2.
3. Let β + δ < 2. Define

a(x) = xβeδx,∀x ∈ [0,1].
The reader can also refer to the examples in Example 2.9.

Prior to delving into the systems discussed in this paper, a literature review on the investiga-
tion of degenerate systems would be valuable. It is well known that standard linear theory for 
transverse waves in a string of length L under tension T leads to the classical wave equation

ρ(x)utt (x, t) = ∂T
∂x

ux(x, t) + T (x, t)uxx(x, t),

where u(x, t) denotes the vertical displacement of the string from the x axis at position x ∈ (0, L)

and time t > 0, ρ(x) is the mass density of the string at position x, while T (x, t) denotes the 
tension in the string at position x and time t . Divide by ρ(x), assume T is independent of t , and 
set a(x) = T (x)ρ−1(x), b(x) = T ′(x)ρ−1(x). In this way, we obtain

utt (x, t) = a(x)uxx(x, t) + b(x)ux(x, t).

Let’s assume that the density is remarkably high at a particular point, for example, x = 0. In this 
case, the previous equation degenerates at x = 0, as we can treat a(0) = 0, and the remaining 
term becomes a drift term.
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Controllability problems concerning parabolic issues have become a prominent subject in 
contemporary research. Initially explored in the context of the heat equation, subsequent contri-
butions have extended this investigation to encompass more generalized scenarios. A frequently 
adopted approach to establish controllability involves proving global Carleman estimates for the 
adjoint operator of the given problem, and such estimates have been extensively developed for 
uniformly parabolic operators without any degeneracies or singularities.

In recent years, researchers have expanded their investigations of these estimates to encompass 
operators that are not uniformly parabolic. Also, the study of systems governed by degenerate 
parabolic equations has expanded, where several problems raised in Physics and Biology (see 
[28]), Biology (see [10,18]), as well as Mathematical Finance (see [23]). The existing literature 
focused on controlling and stabilizing the nondegenerate wave equation using diverse damping 
methods is notably extensive. This fact can be observed in the substantial number of works cited, 
as exemplified by [13–15] and the references mentioned within. In [13], the authors consider the 
following modelization of a flexible torque arm controlled by two feedbacks depending only on 
the boundary velocities:⎧⎪⎪⎪⎨⎪⎪⎪⎩

ytt (x, t) − (ayx)x(x, t) + βyt (x, t) + γy(x, t) = 0, (x, t) ∈ (0,1) ×R+∗ ,

(ayx)(0, t) = ε1U1(t), t > 0,

(ayx)(1, t) = ε2U2(t), t > 0,

where β ≥ 0, γ > 0, ε1, ε2 ≥ 0, ε1 + ε2 �= 0 and a ∈ W 1,∞(0, 1), a(x) ≥ a0 > 0 for all 
x ∈ [0, 1]. They prove the exponential decay of the solutions. On the contrary, when the co-
efficient a(x) degenerates very little is known in the literature, even though many problems that 
are relevant for applications are described by hyperbolic or parabolic equations degenerating at 
the boundary of the space domain. In fact, in [5], the authors prove a Carleman estimate for the 
one dimensional degenerate heat equation and the null controllability on [0, 1] of the semilinear 
degenerate parabolic equation is also studied. On the other hand, in [19], the authors establish 
Carleman estimates for singular/degenerate parabolic Dirichlet problems with degeneracy and 
singularity occurring in the interior of the spatial domain. Additionally, the topic of controllabil-
ity and stability in degenerate hyperbolic equations has gained significant attention, with various 
advancements made in recent years (see [6], [22], [37], and the references mentioned within).

More recently, Alabau et al. consider a degenerate wave equation of the form utt −
(a(x)ux)x = 0 in (0, 1) × (0, +∞), where a is positive on (0, 1] and vanishes at zero. Initially 
presented in an arxiv preprint in May 2015 and later published in [6], their work establishes ob-
servability inequalities for weakly and strongly degenerate equations, proving negative results 
when the diffusion coefficient degenerates too violently (i.e., when the constant K in (1.2) is 
greater than 2). They also study the blow up of observability time when K converges to 2 from 
below and prove the exact controllability of the corresponding degenerate control problem. The 
authors also study the boundary stabilization of the degenerate linearly damped wave equation, 
showing that a suitable boundary feedback stabilizes the system exponentially. In the same work 
they also consider the stability analysis for the degenerate nonlinearly boundary damped wave 
equation for an arbitrarily growing nonlinear feedback close to the origin, showing that degener-
acy does not affect optimal energy decay rates over time. Then, in [37], Zhang and Gao focus on 
the case a(x) = xα investigating null controllability for degenerate wave equations using differ-
ent spectral methods.
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Recently, in [20], the authors consider a degenerate wave equation in one dimension, with drift 
and in presence of a leading degenerate operator which is in non divergence form. In particular, 
they prove uniform exponential decay under some conditions for the solutions of the following 
system ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ytt − a(x)yxx − b(x)yx = 0, (x, t) ∈ (0,1) × (0, T ),

yt (t,1) + ηyx(t,1) + βy(t,1) = 0, t ∈ (0, T ),

y(t,0) = 0, t ∈ (0, T ),

y(0, x) = y0(x), yt (0, x) = y1(x), x ∈ (0,1),

(1.4)

where homogeneous Dirichlet boundary condition is taken where the degeneracy occurs and a 
boundary damping is considered at the other endpoint. A boundary controllability problem for 
a system similar to (1.4) is considered in [11]. In particular, the authors study the controllability 
of the system by providing some conditions for the boundary controllability of the solution of 
the associated Cauchy problem at a sufficiently large time. On the other hand, in [31] the authors 
consider the exact boundary controllability for a degenerate and singular wave equation in a 
bounded interval with a moving endpoint. Later, in [7], the boundary controllability of a one-
dimensional degenerate and singular wave equation with degeneracy and singularity occurring 
at the boundary of the spatial domain is considered. In particular, exact boundary controllability 
is proved in the range of both subcritical and critical potentials and for sufficiently large time, 
through a boundary controller acting away from the degenerate/singular point.

Some years ago, in [29], the authors study the stability of an elastic string system with local 
Kelvin– Voigt damping given in the following system⎧⎪⎪⎨⎪⎪⎩

utt (x, t) − [ux(x, t) + b(x)uxt (x, t)]x = 0, t ≥ 0, −1 < x < 1,

u(t,−1) = u(t,1) = 0, t ≥ 0,

u(x,0) = u0(x), ut (x,0) = u1(x), x ∈ (−1,1).

(1.5)

The function b(x) ∈ L∞(−1, 1) is assumed to be

b(x) =
{

0, forx ∈ [−1,0),

a(x), forx ∈ [0,1], (1.6)

where the function a(x) is nonnegative. Under the assumption that the damping coefficient has 
a singularity at the interface of the damped and undamped regions and behaves like xβ near the 
interface, they prove that the semigroup corresponding to the system is polynomially (of order 

1
1−β

when β ∈ (0, 1)) or exponentially (when β ≥ 1) stable and the decay rate depends on the 
parameter β ∈ (0, 1].

It is known that the optimal decay rate of the solution is t−2 in the limit case β = 0 and expo-
nential for β ≥ 1. In the case when the damping coefficient b(x) is continuous, but its derivative 

has a singularity at the interface x = 0, the best known decay rate is t−
3−β

2(1−β) (see [25]), which 
fails to match the optimal one at β = 0. The authors in [26], obtain a sharper polynomial decay 

rate t−
2−β
1−β ; more significantly, the decay rate is consistent with the optimal polynomial decay 

rate at β = 0 and uniform boundedness of the resolvent operator on the imaginary axis at β = 1
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(consequently, the exponential decay rate at β = 1 as t → ∞). But, they don’t reach the optimal 
decay rate in this case. For the case of coupling systems, we mention [36] where the authors 
prove a polynomial energy decay rate for a locally coupled wave equations with only one in-
ternal viscoelastic damping of Kelvin-Voigt type. On the other hand, in [3], the authors study 
the wave-Euler Bernoulli beam equations coupled through transmission with localized fractional 
Kelvin-Voigt damping acting on one of the two equation. In this case the authors prove polyno-
mial energy decay rate in the different placement of the damping.

The main novelty of this paper lies in:

• The simultaneous consideration of degeneracy in both the wave and damping aspects within 
the first system. Additionally, the concept of internally localized degenerate damping re-
mains unexplored in existing literature. Furthermore, we have achieved exponential stability 
regardless of the degeneracy, whether it’s weak or strong, representing an independent and 
significant result. This stability is attained under assumptions that depend on the length of 
the damped region according to the choice of the functions a and b. Moving on to the sec-
ond system discussed in this paper, it involves a coupling of the degenerate wave equation 
with a non-degenerate wave equation through transmission, where only one damping effect 
is applied at the endpoint of the non-degenerate part.

• The degenerate wave equation has a damping term only in the first system (1.1) and not in 
(1.3). Actually, in (1.3) the damping occurs at the endpoint of the non-degenerate part, and 
the two equations are connected via transmission. Notably, achieving exponential stability 
doesn’t necessitate damping of the degenerate equation itself. Thus, ensuring damping at the 
non-degenerate equation’s boundary is sufficient to establish exponential stability. To achieve 
exponential stability for system (1.1) with interior degenerate damping, we observe that the 
conditions depend on the interval of the damping coefficient. However, for system (1.3), 
which has boundary damping at x = L in the non-degenerate wave equation, we leverage 
the interface conditions at x = 1 to transition from the non-degenerate to the degenerate 
equation. In this case, the point x = 1 serves as a boundary damping point for the degenerate 
wave equation, absorbing the conditions at this point and thus resulting in conditions that 
only depend on x = 0 (see Hypothesis 3.2). This is in contrast to system (1.1), where the 
conditions are found to depend on both x = 0 and x = 1 (see Hypothesis 2.7).

• In [20], the authors considered the degenerate wave equation in the non-divergence form 
with a drift, incorporating boundary damping at the non-degenerate endpoint. In contrast, our 
work introduces a new damping mechanism that is both interior and degenerate at two dis-
tinct points. Additionally, by employing the same techniques used in our paper, we enhance 
Hypothesis 4 from [20], leading to a more generalized condition for exponential stability 
compared to the one considered in their study (see also Remark 3).

• A surprising result is obtained that system (1.1) is exponentially stable regardless of the de-
generation of the wave and the damping, but under certain conditions (see Hypothesis 2.7). 
However, if the viscous damping is replaced with degenerate Kelvin-Voigt damping, the sit-
uation changes. For the non-degenerate wave equation, the decay depends on the degeneracy 
of the damping (see [25,26]). Thus, in the case of the degenerate wave equation with degen-
erate Kelvin-Voigt damping, we conjecture that the decay rate will depend on the degeneracy 
of both the wave and the damping.

The paper is structured as follows. Section 1 addresses a system of a degenerate wave equa-
tion with internally local degenerate damping. We reframe the system (1.1) into an evolution 
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system and establish the well-posedness of this system using a semigroup approach. Further-
more, we demonstrate the exponential stability of the system using multiplier methods. Moving 
to Section 2, we investigate a degenerate wave equation coupled with a non-degenerate one via 
transmission. The non-degenerate wave equation is subjected to a single dissipation law, which 
acts only on its end. For this particular system (1.3), the authors also prove exponential stability.

2. Stabilization of degenerate wave equation with drift and locally internal degenerate 
damping

In this section, we focus on the well-posedness and the exponential stability of (1.1).

2.1. Preliminaries, functional spaces and well-posedness

This subsection is devoted to establish a very modest assumption and to define the functional 
spaces that will be used throughout the entire paper. Moreover, the well-posedness of (1.1) is 
studied. We begin with the following hypotheses.

Hypothesis 2.1. Functions a and b are continuous in [0, 1] and such that 
b

a
∈ L1(0, 1).

Hypothesis 2.2. Hypothesis 2.1 holds. In addition, a is such that a(0) = 0, a > 0 on (0, 1] and 
there exists α > 0 such that the function

x → xα

a(x)
(2.1)

is non-decreasing in a right neighborhood of x = 0.

Remark 2.3.

(1) If a is (WD) or (SD), then (2.1) holds for all α ≥ K and for all x ∈ (0, 1).

(2) We notice that, at this stage, b may not degenerate at x = 0. However, if it is (WD) then 
1

a
∈

L1(0, 1) and the assumption 
b

a
∈ L1(0, 1) is always satisfied. If a is (SD) then 

1

a
/∈ L1(0, 1), 

hence, if we want 
b

a
∈ L1(0, 1) then b has to degenerate at 0. In this case b can be (WD) or 

(SD).

In order to study the well-posedness of (1.1), let us recall the well-known absolutely continu-
ous weight function

η(x) := exp

⎧⎪⎪⎨⎪⎪⎩
x∫

1
2

b(s)

a(s)
ds

⎫⎪⎪⎬⎪⎪⎭ , x ∈ [0,1],

introduced by Feller in a related context [16] and used later by several authors, see, for example, 
[12], [17] and the references therein.
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Under Hypothesis 2.1, it is clear that the function η : [0, 1] → R introduced before is well 
defined and we immediately find that η ∈ C0[0, 1] ∩C1(0, 1] is a strictly positive function, which 
is bounded above and below by a positive constant. Notice also that η can be extended to a 
function of class C1[0, 1] when b degenerates at 0 not slower than a, for instance if a(x) = xK

and b(x) = xm with K ≤ m.
Now we set the function σ as

σ(x) := a(x)

η(x)
, (2.2)

which is a continuous function in [0, 1], independent of the possible degeneracy of a. Moreover, 
observe that if u is a sufficiently smooth function, e.g. u ∈ W

2,1
loc (0, 1), then we can write Bu :=

auxx + bux as

Bu = σ(ηux)x.

By using the definition of σ , the system (1.1) can be rewritten as⎧⎪⎪⎨⎪⎪⎩
utt − σ(ηux)x + h(x)ut = 0, (x, t) ∈ (0,1) ×R+∗ ,

u(t,0) = u(t,1) = 0 t ∈R+∗ ,

u(0, x) = u0(x), y(0, x) = y0(x), x ∈ (0,1).

(2.3)

We introduce the following Hilbert spaces

L2
1
σ

(0,1) :=
{
y ∈ L2(0,1); ‖y‖ 1

σ
< ∞

}
,

〈y, z〉 1
σ

:=
1∫

0

1

σ
yz̄dx, for every y, z ∈ L2

1
σ

(0,1),

H 1
1
σ

(0,1) := L2
1
σ

(0,1) ∩ H 1(0,1),

〈y, z〉1 := 〈y, z〉 1
σ

+
1∫

0

ηyxz̄xdx, for every y, z ∈ H 1
1
σ

(0,1),

and

H 2
1
σ

(0,1) :=
{
y ∈ H 1

1
σ

(0,1);By ∈ L2
1
σ

(0,1)

}
〈y, z〉2 := 〈y, z〉1 + 〈By,Bz〉 1

σ
.

The previous inner products induce related respective norms

‖u‖2
1
σ

=
1∫

1

σ
|u|2dx, ‖u‖2

1 = ‖u‖2
1
σ

+
1∫
η|ux |2dx and ‖u‖2

2 = ‖u‖2
1 +

1∫
σ |(ηux)x |2dx.
0 0 0
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Also, we consider the following spaces

H 1
1
σ

,0
(0,1) = L2

1
σ

(0,1) ∩ H 1
0 (0,1) and H 2

1
σ

,0
(0,1) :=

{
u ∈ H 1

1
σ

,0
(0,1);Bu ∈ L2

1
σ

(0,1)

}
endowed with the previous inner products and related norms and we denote by ‖ · ‖ = ‖ · ‖L2(0,1).

Proposition 2.4 (Hardy-Poincaré Inequality). Assume Hypothesis 2.2. Then there exists CHP >

0 such that

1∫
0

u2 1

σ
dx ≤ CHP

1∫
0

u2
xdx ∀u ∈ H 1

1
σ

,0
(0,1), (HP)

where CHP =
(

4

a(1)
+ max

x∈[β,1]

(
1

a

)
CP

)
max

x∈[0,1]η(x), CP the constant of the classical Poincaré 

inequality on (0, 1) and β ∈ (0, 1).

Proof. The one dimensional Hardy inequality with one-sided boundary condition is represented 
by

|u(1)|p + p − 1

p

1∫
0

|u(x)|p
xp

dx ≤
(

p

p − 1

)p−1 1∫
0

|ux |2dx,

for every u ∈ C∞
c ((0, 1]) and 1 < p < ∞. When u(1) = 0, this is a well-known Hardy inequality. 

Now, taking p = 2 in the above inequality, we obtain

1∫
0

|u(x)|2
x2 dx ≤ 4

1∫
0

|ux |2dx. (2.4)

Now, take u ∈ H 1
1
σ

(0, 1) and using the definition of σ , we have

1∫
0

|u|2
σ

dx =
1∫

0

η
|u|2
a

dx ≤ max
x∈[0,1]η(x)

1∫
0

|u|2
a

dx. (2.5)

Thus it is sufficient to estimate 

1∫
0

|u|2
a

dx. To this aim, thanks to Hypothesis 2.2 and (2.4), it 

results
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1∫
0

1

a
|u|2dx =

β∫
0

1

a
|u|2dx +

1∫
β

1

a
|u|2dx ≤ 1

a(1)

1∫
0

1

xK
|u|2dx +

1∫
β

1

a
|u|2dx

≤ 1

a(1)

1∫
0

1

x2 |u|2dx +
1∫

β

1

a
|u|2dx ≤ 4

a(1)

1∫
0

|ux |2dx + max
x∈[β,1]

(
1

a(x)

) 1∫
0

|u|2dx

≤
(

4

a(1)
+ max

x∈[β,1]

(
1

a

)
CP

) 1∫
0

|ux |2dx.

Combining the above inequality with (2.5), we obtain the desired result (HP). �
Using Hypothesis 2.2, we have

1∫
0

η|ux |2dx ≤ ‖u‖2
1 ≤

(
CHP max

x∈[0,1]

(
1

η

)
+ 1

) 1∫
0

η|ux |2dx.

Thus, ‖u‖2
1
σ

,0
and 

1∫
0

η|ux |2dx are equivalent. Moreover, the norms ‖u‖2
1
σ

,1
and the usual norm 

in H 1
0 , i.e. 

1∫
0

|ux |2dx, are equivalent for all u ∈ H 1
0 (0, 1). Indeed,

min[0,1] η
1∫

0

|ux |2dx ≤ ‖u‖2
1 ≤

(
CHP + max

x∈[0,1]η
) 1∫

0

|ux |2dx,

where CHP is the Hardy-Poincaré constant introduced in Proposition 2.4. Now, defining the 
domain of the operator B as

D(B) = H 2
1
σ

,0
(0,1)

and using a semigroup approach, we will establish the well-posedness result for (1.1). Let (u, ut )

be a regular solution of the system (2.3). The energy of the system is given by

E(t) = 1

2

1∫
0

(
1

σ
|ut |2 + η|ux |2

)
dx (2.6)

and we obtain that

d

dt
E(t) = −

1∫
1

σ
h(x)|ut |2dx ≤ 0.
0
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Thus, the system (2.3) is dissipative in the sense that its energy is a non increasing function with 
respect to the time variable t . We define the energy Hilbert space H by

H = H 1
1
σ

,0
(0,1) × L2

1
σ

(0,1)

equipped with the following inner product

〈
U, Ũ

〉
H =

1∫
0

(
ηux

¯̃ux + 1

σ
v ¯̃v
)

dx, for all U = (u, v)� ∈H and Ũ = (ũ, ṽ)� ∈H

and endowed with the norm ‖U‖2
H =

1∫
0

(
η|ux |2 + 1

σ
|v|2
)

dx. Finally, defining the unbounded 

linear operator A by

A(u, v)� = (v, σ (ηux)x − h(x)v)�

for all U = (u, v) ∈ D(A), where

D(A) := H 2
1
σ

,0
(0,1) × H 1

1
σ

,0
(0,1),

we can rewrite (2.3) as the following evolution equation

Ut = AU, U(0) = U0 (2.7)

where U0 = (u0, u1)
�.

In order to estimate some terms in the following results, the below lemmas are important.

Lemma 2.5. (See Lemma 2.2 in [20])

(1) Assume Hypothesis 2.1. If u ∈ H 2
1
σ

(0, 1) and if v ∈ H 1
1
σ

,0
(0, 1), then

lim
x→0

v(x)ux(x) = 0.

(2) Assume Hypothesis 2.2. If u ∈ D(A), then xux(ηux)x ∈ L1(0, 1).
(3) Assume Hypothesis 2.2. If u ∈ D(A) and K ≤ 1, then lim

x→0
x|ux |2 = 0.

(4) Assume Hypothesis 2.2. If u ∈ D(A), K > 1 and 
xb

a
∈ L∞(0, 1), then lim

x→0
x|ux |2 = 0.

(5) Assume Hypothesis 2.2. If u ∈ H 1
1
σ

(0, 1), then lim
x→0

x

a
|u(x)|2 = 0.

Proposition 2.6. The unbounded linear operator A is m-dissipative in the energy space H.
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Proof. For all U = (u, v)� ∈ D(A), we have

� (AU,U)H = −
1∫

0

h(x)

σ (x)
|v|2dx ≤ 0, (2.8)

which implies that A is dissipative. Now, fixed F = (f1, f2)
� ∈ H, we prove the existence of 

U = (u, v)� ∈ D(A) unique solution of the equation

−AU = F. (2.9)

Equivalently, we have the following system

−v = f1 and − σ(ηux)x + h(x)v = f2.

Combining the above two equations, we obtain

−σ(ηux)x = f2 + h(x)f1. (2.10)

Let ϕ ∈ H 1
1
σ

,0
(0, 1). Multiplying (2.10) by 

1

σ
ϕ̄ and integrate over (0, 1), we obtain

�(u,ϕ) = L(ϕ), ∀ϕ ∈ H 1
1
σ

,0
(0,1), (2.11)

where

�(u,ϕ) =
1∫

0

ηuxϕ̄xdx and L(ϕ) =
1∫

0

1

σ
f2ϕ̄dx +

1∫
0

1

σ
h(x)f1ϕ̄dx.

We have that � is a sesquilinear, continuous and coercive form on H 1
1
σ

,0
(0, 1), and L is a con-

tinuous form on H 1
1
σ

,0
(0, 1). Then, using the Lax-Milgram Theorem, we deduce that there exists 

u ∈ H 1
1
σ

,0
(0, 1) unique solution of the variational problem (2.11). Now, taking v := −f1, we 

have v ∈ H 1
1
σ

,0
(0, 1). It remains to prove that U ∈ D(A) and solves (2.9). To this aim observe 

that equation (2.11) holds for every z ∈ C∞
c (0, 1), thus we have −(ηux)x = 1

σ
(f2 + h(x)f1)

a.e. in (0, 1). This implies that −σ(ηux)x = f2 + h(x)f1 ∈ L2
1
σ

(0, 1), i.e. Bu ∈ L2
1
σ

(0, 1). Thus, 

U ∈ D(A). Therefore, (u, v) ∈ D(A) is the unique solution of (2.9). Then, A is an isomor-
phism and since ρ(A) is open set of C (see Theorem 6.7 (Chapter III) in [24]), we easily get 
R(λI −A) = H for a sufficiently small λ > 0. This, together with the dissipativeness of A, imply 
that D(A) is dense in H and A is m-dissipative in H (see Theorem 4.5, 4.6 in [33]). The proof 
is thus complete. �
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According to the Lumer-Phillips Theorem (see [33]), Proposition 2.6 implies that the operator 
A generates a C0-semigroup of contractions (T (t))t≥0 = (etA)t≥0 in H which gives the well-
posedness of (2.7). Then, we have the following result

Theorem 1. For any U0 ∈ H, problem (2.7) admits a unique weak solution satisfying

U(t) ∈ C0(R+;H).

Moreover, if U0 ∈ D(A), (2.7) admits a unique strong solution U satisfying

U(t) ∈ C1(R+,H) ∩ C0(R+,D(A)).

2.2. Exponential stability

In this subsection we prove the exponential stability of the system (1.1) when a is (WD) or 
(SD). Here we define the interval Ijε such that j ∈ {0, 1, 2}, given by Ijε := (x1 + jε, x2 − jε)

where ε is such that ε <
x2 − x1

4
. In particular, we denote by I0 = I0ε = (x1, x2) and Iε = I1ε . 

Clearly, I2ε ⊂ Iε ⊂ I0. Moreover, for convenience, we denote by⎧⎪⎪⎪⎨⎪⎪⎪⎩
M0,1 :=

∥∥∥∥x b

a

∥∥∥∥
L∞(0,x1+2ε)

M0,2 :=
∥∥∥∥x a′ − b

a

∥∥∥∥
L∞(0,x1+2ε)

and

⎧⎪⎪⎪⎨⎪⎪⎪⎩
M1,1 :=

∥∥∥∥(x − 1)
b

a

∥∥∥∥
L∞(x2−2ε,1)

M1,2 :=
∥∥∥∥(x − 1)

a′ − b

a

∥∥∥∥
L∞(x2−2ε,1)

.

(2.12)

Hypothesis 2.7. Assume Hypothesis 2.1, a (WD) or (SD) and the functions a and b such that

M0,1 + M1,1 < 1 − K
2 and M0,2 + M1,2 < 1 + K

2 .

Remark 2.8. We observe that the choice of the functions a and b affect the length of the damped 
interval; that is, the choice of x1 and x2 is dependent on the choice of the functions a and b.

Example 2.9. (1) Example for the (WD) case: a(x) = √
x and b(x) = 1. In order for the func-

tions a and b to satisfy Hypothesis 2.7, we need

√
x1 + 2ε + 1 − (x2 − 2ε)√

x2 − 2ε
<

3

4
and

∥∥∥∥(x − 1)

(
1

2x
− 1√

x

)∥∥∥∥
L∞(x2−2ε,1)

<
3

4
.

So, it is sufficient to take x2 − 2ε > 41−3
√

73
32 ≈ 0.4802 and 0 < x1 < x1 + 2ε < x2 − 2ε < x2 < 1

in order to satisfy the above inequalities. (As a specific choice for x1 and x2, we take x1 + 2ε =
0.15 and x2 − 2ε = 0.8, see the below Fig. 1 that corresponds to this specific choice).

(2) Example for the (SD) case: a(x) = x
√

x and b(x) = 1
8x. In order for the functions a and 

b to satisfy Hypothesis 2.7, we need

√
x1 + 2ε + 1 − (x2 − 2ε)√

x − 2ε
< 2 and

∥∥∥∥(x − 1)

(
3

2x
− 1

8
√

x

)∥∥∥∥ ∞
<

1

4
.

2 L (x2−2ε,1)

1191



M. Akil, G. Fragnelli and I. Issa Journal of Differential Equations 416 (2025) 1178–1221
So, it is sufficient to take x2 − 2ε > 0.8471 and 0 < x1 < x1 + 2ε < x2 − 2ε < x2 < 1 in order to 
satisfy the above inequalities. (As a specific choice here, we take x1 +2ε = 0.3 and x2 −2ε = 0.9, 
see the below Fig. 2 that corresponds to this specific choice).

Fig. 1. a is (WD): a(x) = √
x, b(x) = 1.

Fig. 2. a is (SD): a(x) = x
√

x, b(x) = x
8 . (For interpretation of the colors in the figure(s), the reader is referred to the 

web version of this article.)

where M01, M11, M02, and M12 represent the functions inside the norms given in (2.12).
The following is the theorem of Huang [27] and Pruss [34], which will be used to prove the 

exponential stability of the system.
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Theorem 2.10 (Huang-Prüss). Assume that A is the generator of a strongly continuous semi-
group of contractions (T (t))t≥0 on a Hilbert space H . Then (T (t))t≥0 is exponentially stable, 
if and only if

iR ⊆ ρ (A) (H1)

and

sup
λ∈R

‖ (iλI − A)−1 ‖L(H) = O(1) (H2)

are satisfied.

As a consequence of the previous theorem, we can prove the following stabiltiy result.

Theorem 2.11. Assume Hypothesis 2.7. Then, the C0-semigroup of contractions (T (t))t≥0 is 
exponentially stable, i.e. there exist constants M ≥ 1 and τ > 0 independent of U0 such that

‖T (t)‖H ≤ Me−τ t‖U0‖H, t ≥ 0.

According to Theorem 2.10, we have to check if the conditions (H1) and (H2) are satisfied.
The following proposition is a technical finding that will be used to prove Theorem 2.11.

Proposition 2.12. Assume Hypothesis 2.7 and let (λ, U := (u, v)) ∈ R∗ × D(A), with λ �= 0, 
such that

(iλI −A)U = F := (f 1, f 2) ∈ H, (2.13)

i.e.

iλu − v = f 1 and iλv − σ(ηux)x + h(x)v = f 2. (2.14)

Then, we have the following inequality

‖U‖H ≤ κ

(
1 + 1

λ2

)
‖F‖H, (2.15)

where κ is a suitable positive constant independent of λ.

Observe that, by substituting v = iλu − f 1 into the second equation in (2.14), we have

λ2u + σ(ηux)x − h(x)iλu = −
(
f 2 + iλf 1 + h(x)f 1

)
. (2.16)

Using equation (2.14) and the Hardy-Ponicaré inequality given in Proposition 2.4, we obtain

‖λu‖ 1
σ

≤ ‖v‖ 1
σ

+√CHP ‖f 1
x ‖ ≤ max{1, c0}

(
‖v‖ 1

σ
+ ‖√ηf 1

x ‖
)

≤ c1 [‖U‖H + ‖F‖H]

(2.17)
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where c1 = max (1, c0) with c0 =
√

CHP max
x∈[0,1]η

−1(x).

Moreover, consider the following cut-off functions: define the functions θ , ϕ1 and ϕ2 in 
C∞ ([0,1]) so that 0 ≤ θ, ϕ1, ϕ2 ≤ 1

θ(x) :=
{

1 on I2ε

0 on (0,1)\Iε,
(2.18)

ϕ1(x) :=
{

1 on [0, x1 + 2ε]
0 on [x2 − 2ε,1] and ϕ2(x) =

{
0 on [0, x1 + 2ε]
1 on [x2 − 2ε,1]. (2.19)

Here I2ε and Iε are the intervals defined before (2.12). Finally, define ϕ(x) = xϕ1(x) + (x −
1)ϕ2(x), x ∈ [0, 1]. Now, we introduce the following lemma that will be used in the proof of 
Proposition 2.12.

Lemma 2.13.

(1) Assume Hypothesis 2.2. If u ∈ D(A) and K ≤ 1, then lim
x→0

ηϕ|ux |2 = 0.

(2) Assume Hypothesis 2.2. If u ∈ D(A), K > 1 and 
xb

a
∈ L∞(0, 1), then lim

x→0
ηϕ|ux |2 = 0.

(3) Assume Hypothesis 2.2. If u ∈ H 1
1
σ

(0, 1), then lim
x→0

ϕ(x)

σ (x)
|u(x)|2 = 0.

(4) Assume Hypothesis 2.2. If u, f 1 ∈ H 1
1
σ

(0, 1), then lim
x→0

� 
[
2iλf 1 ϕ

σ
ū
]

= 0.

Proof. For the proof of the first three items in the Lemma we rely on the definition of ϕ defined 
below and the proof of Lemma 2.2 in [20].

For the last item (4), using the definition of ϕ, we have that lim
x→0

� 
[
2iλf 1 ϕ

σ
ū
]

=
lim
x→0

� 
[
2iλf 1 xϕ1

σ
ū
]
. So, by using Young’s inequality we obtain

∣∣∣�[2iλf 1 ϕ

σ
ū
]∣∣∣≤ x|λu|2

σ
|ϕ1| + x|f 1|2

σ
|ϕ1|. (2.20)

Then, by using items (5) of Lemma 2.5, we obtain lim
x→0

∣∣∣�[2iλf 1 ϕ

σ
ū
]∣∣∣= 0 and thus the proof is 

complete. �
Proof of Proposition 2.12. We divide the proof of Proposition 2.12 into several steps.

Step 1. The aim of this step is to show that the solution U = (u, v) ∈ D(A) of equation (2.13)
satisfies the following two estimates∫
Iε

1

σ
|λu|2dx ≤ κ1

[
‖U‖H‖F‖H + ‖F‖2

H
]

and
∫
I2ε

η|ux |2dx ≤ κ2

[
‖U‖H‖F‖H + ‖F‖2

H
]
,

(2.21)
where κ1 and κ2 are constants to be determined.
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Firstly, taking the inner product of F with U in H, using (2.8) and the Cauchy-Schwarz 
inequality, we have

1∫
0

h(x)

σ (x)
|v|2dx = � (〈−AU,U 〉H) = � (〈F,U 〉H) ≤ ‖U‖H‖F‖H. (2.22)

Using the first equation in (2.14), and using the above equation, the Young inequality and (HP), 
we have

1∫
0

h(x)

σ (x)
|λu|2dx ≤ 2

1∫
0

h(x)

σ (x)
|v|2dx + 2

1∫
0

h(x)

σ (x)
|f 1|2dx (2.23)

≤ 2‖U‖H‖F‖H + 2 max[x1,x2]
h1(x)

1∫
0

1

σ
|f 1|2dx

≤ 2‖U‖H‖F‖H + 2 max[x1,x2]
h1(x)c2

0

1∫
0

η|f 1|2dx

≤ c̃0

[
‖U‖H‖F‖H + ‖F‖2

H
]
,

where c̃0 = 2 max{1, max[x1,x2]
h1(x)c2

0}. Using the fact that h1(x) �= 0 in Iε and h1 ∈ L∞(Iε), we 

have min
x∈Iε

h1(x) ≤ h1(x) ≤ max
x∈Iε

h1(x). Thus,

∫
Iε

h1(x)

σ
|λu|2dx ≤ c̃0[‖U‖H‖F‖H + ‖F‖2

H]

=⇒
∫
Iε

1

σ
|λu|2dx ≤ κ1

[
‖U‖H‖F‖H + ‖F‖2

H
]
,

with κ1 = c̃0

min
x∈Iε

h1(x)
and thus the first estimation in (2.21) is proved.

Secondly, multiplying (2.16) by 
1

σ
θū, integrating over (0, 1), and taking the real part we 

obtain,

1∫
0

1

σ
θ |λu|2dx + 1

2

1∫
0

(ηθ ′)′|u|2dx −
1∫

0

ηθ |ux |2dx

= −�
(∫ 1

0
θ (

f 2 + iλf 1 + h(x)f 1
)
ūdx

)
.

(2.24)
σ
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In order to estimate the terms in the previous equality we use the first inequality in (2.21), the 
definition of the function θ and the fact that suppθ = Iε , the Cauchy-Schwarz inequality and 
(2.17) obtaining

1∫
0

1

σ
θ |λu|2dx ≤

∫
Iε

1

σ
|λu|2dx ≤ κ1

[
‖U‖H‖F‖H + ‖F‖2

H
]
, (2.25)

∣∣∣∣∣∣12
1∫

0

(ηθ ′)′|u|2dx

∣∣∣∣∣∣≤ 1

2

∥∥(ηθ ′)′σ
∥∥

L∞(Iε)

∫
Iε

1

σ
|u|2dx ≤ c2

λ2

[
‖U‖H‖F‖H + ‖F‖2

H
]
, (2.26)

∣∣∣∣∣∣
1∫

0

iλθ

σ
f 1ūdx

∣∣∣∣∣∣≤
1∫

0

1√
σ

|f 1| 1√
σ

|λu|dx ≤ c3

[
‖U‖H‖F‖H + ‖F‖2

H
]
, (2.27)

where c2 = 1

2
‖(ηθ ′)′σ‖L∞(Iε)κ1, and c3 = c0c1. Now, by (HP), we obtain

∣∣∣∣∣∣
1∫

0

θ

σ
f 2ūdx

∣∣∣∣∣∣≤
⎛⎝ 1∫

0

1

σ
|f 2|2dx

⎞⎠1/2⎛⎝ 1∫
0

1

σ
|u|2dx

⎞⎠1/2

≤ c0

[
‖U‖H‖F‖H + ‖F‖2

H
]

(2.28)

and

∣∣∣∣∣∣
1∫

0

h(x)

σ
θf 1ū

∣∣∣∣∣∣≤ max
x∈[x1,x2]

h(x)

1∫
0

1√
σ

|f 1| 1√
σ

|u|dx ≤ c4

[
‖U‖H‖F‖H + ‖F‖2

H
]
, (2.29)

where c4 = c2
0 max

x∈[x1,x2]
h(x). Thus, using equations (2.25)-(2.29) in (2.24), we have

∫
I2ε

ηθ |ux |2dx ≤ κ2

[
‖U‖H‖F‖H + ‖F‖2

H
]

(2.30)

where κ2 = κ ′
2 + c2

λ2 with κ ′
2 = κ1 + c0 + c3 + c4. Hence, thanks to the definition of θ we obtain 

the second estimate in (2.21).

Step 2. The aim of this step is to show that the solution U = (u, v) ∈ D(A) of (2.13) satisfies the 
following equation
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1∫
0

ϕ′

σ
|λu|2dx +

1∫
0

ηϕ′|ux |2dx =
1∫

0

ϕ

σ

(
a′ − b

a

)
|λu|2dx +

1∫
0

ϕ
b

a
η|ux |2dx − lim

x→0
ηϕ|ux |2

−λ2 lim
x→0

ϕ(x)

σ (x)
|u(x)|2 − 2�

⎛⎝ 1∫
0

h(x)

σ
iλuϕūxdx

⎞⎠+ 2�
⎛⎝ 1∫

0

(
f 2 + h(x)f 1

) ϕ

σ
uxdx

⎞⎠
−2�

⎛⎝i

1∫
0

(
f 1ϕ

σ

)
x

λūdx

⎞⎠− 2 lim
x→0

�
[
iλf 1(x)

ϕ(x)

σ (x)
ū(x)

]
.

(2.31)

First, multiplying (2.16) by −2
ϕ

σ
ūx , integrating over (0, 1) and taking the real part, we have

1∫
0

(ϕ

σ

)′ |λu|2dx + lim
x→0

ϕ(x)

σ (x)
|λu(x)|2 − 2�

⎛⎝ 1∫
0

(ηux)xϕūxdx

⎞⎠+ 2�
⎛⎝ 1∫

0

h(x)

σ
iλuϕūxdx

⎞⎠
= 2�

⎛⎝ 1∫
0

(
f 2 + h(x)f 1

) ϕ

σ
uxdx

⎞⎠− 2�
⎛⎝i

1∫
0

(
f 1ϕ

σ

)
x

λūdx

⎞⎠
− 2 lim

x→0
�
[
iλf 1(x)

ϕ(x)

σ (x)
ū(x)

]
.

(2.32)

For the first term in the above equation, we have that 
(ϕ

σ

)′ = ϕ′

σ
− ϕ

σ

(
a′ − b

a

)
and η′ = b

a
η, 

then

1∫
0

(ϕ

σ

)′ |λu|2dx =
1∫

0

ϕ′

σ
|λu|2dx −

1∫
0

ϕ

σ

(
a′ − b

a

)
|λu|2dx

and

−2�
⎛⎝ 1∫

0

(ηux)xϕūxdx

⎞⎠= 2�
⎛⎝ 1∫

0

ηux(ϕūx)xdx

⎞⎠+ 2 lim
x→0

η(x)ϕ(x)|ux(x)|2

= 2

1∫
0

ηϕ′|ux |2dx −
1∫

0

(ηϕ)′|ux |2dx + lim
x→0

η(x)ϕ(x)|ux |2

= ∫ 1
0 ηϕ′|ux |2dx − ∫ 1

0 ϕ b
a
η|ux |2dx + limx→0 η(x)ϕ(x)|ux(x)|2.

Substituting the above two equations into (2.32), we obtain (2.31).

Step 3. The aim of this step is to estimate the terms on the right hand side of (2.31).
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• We start by the term 2� 

⎛⎝ 1∫
0

h(x)

σ
iλuϕūxdx

⎞⎠. By the Cauchy-Schwarz inequality, (2.22) and 

the inequality: 
√

p + q ≤ √
p + √

q for all p, q ≥ 0, we have

2

∣∣∣∣∣∣�
⎛⎝ 1∫

0

h(x)

σ
iλuϕūxdx

⎞⎠∣∣∣∣∣∣≤ 2 max
I0

√
h(x)‖ϕ‖∞

∫
I0

|λ|√h(x)√
σ

|u|
√

η√
a

|ux |dx

≤ 2 max
x∈I0

√
h(x)‖ϕ‖∞ max

x∈I0

(
1√
a

)√
c̃0

(
‖U‖H‖F‖H + ‖F‖2

H
)1/2 ‖U‖H (2.33)

≤ 2 max
x∈I0

√
h(x)‖ϕ‖∞ max

x∈I0

(
1√
a

)√
c̃0

(
‖U‖3/2

H ‖F‖1/2
H + ‖F‖H‖U‖H

)
≤ c5‖U‖3/2

H ‖F‖1/2
H + c5

[
‖U‖H‖F‖H + ‖F‖2

H
]
,

where c5 = 2 max
x∈I0

√
h(x)‖ϕ‖∞ max

x∈I0

(
1√
a

)√
c̃0.

• For the term 2� 

⎛⎝ 1∫
0

h(x)f 1 ϕ

σ
uxdx

⎞⎠, observe that by the Cauchy-Schwarz and the Hardy-

Poincaré inequalities we have∣∣∣∣∣∣2�
⎛⎝ 1∫

0

h(x)f 1 ϕ

σ
uxdx

⎞⎠∣∣∣∣∣∣≤ 2 max
x∈I0

h(x)‖ϕ‖∞
∫
I0

|f 1|√
σ

√
η√
a

|ux |dx

≤ 2 max
x∈I0

h(x)‖ϕ‖∞ max
x∈I0

(
1√
a

)⎛⎝ 1∫
0

|f 1|2
σ

dx

⎞⎠1/2⎛⎜⎝∫
I0

η|ux |2dx

⎞⎟⎠
1/2

≤ c6

[
‖U‖H‖F‖H + ‖F‖2

H
]
,

(2.34)

where c6 = 2c0 max
x∈I0

h(x)‖ϕ‖∞ max
x∈I0

(
1√
a

)
.

• Now, consider the term 2� 

⎛⎝ 1∫
0

f 2 ϕ

σ
uxdx

⎞⎠. By definition of ϕ, we have

2�
⎛⎝ 1∫

0

f 2 ϕ

σ
uxdx

⎞⎠= 2�
⎛⎝ 1∫

0

xϕ1

σ
f 2uxdx

⎞⎠+ 2�
⎛⎝ 1∫

0

(x − 1)ϕ2

σ
f 2uxdx

⎞⎠ . (2.35)

First of all, consider the first term in (2.35). Obviously, we can rewrite it as
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2�
⎛⎝ 1∫

0

xϕ1

σ
f 2ūxdx

⎞⎠= 2�
⎛⎝ x1+2ε∫

0

x

σ
f 2uxdx

⎞⎠+ 2�
⎛⎜⎝∫

I2ε

xϕ1

σ
f 2ūxdx

⎞⎟⎠ . (2.36)

Using the Cauchy-Schwarz inequality, the fact that a doesn’t vanish on the interval I2ε , the 

monotonicity of the function 
x√
a

in all the interval (0, 1] if a is (WD) or (SD) and the fact that 

K < 2, we obtain

∣∣∣∣∣∣2�
⎛⎝ x1+2ε∫

0

x

σ
f 2uxdx

⎞⎠∣∣∣∣∣∣≤ 2

x1+2ε∫
0

1√
σ

|f 2| x√
a(x)

√
η|ux |dx

≤ 2(x1 + 2ε)√
a(x1 + 2ε)

⎛⎝ x1+2ε∫
0

1

σ
|f 2|2dx

⎞⎠
1
2
⎛⎝ x1+2ε∫

0

η|ux |2dx

⎞⎠
1
2

≤ 2(x1 + 2ε)√
a(x1 + 2ε)

‖U‖H‖F‖H ≤ c7

[
‖U‖H‖F‖H + ‖F‖2

H
]

(2.37)

and ∣∣∣∣∣∣∣2�
⎛⎜⎝∫

I2ε

xϕ1

σ
f 2uxdx

⎞⎟⎠
∣∣∣∣∣∣∣≤ 2(x2 − 2ε) max

x∈I2ε

(
1√
a

)∫
I2ε

1√
σ

|f 2|√η|ux |dx

≤ c8

[
‖U‖H‖F‖H + ‖F‖2

H
]
,

(2.38)

where c7 = 2(x1 + 2ε)√
a(x1+2ε)

and c8 = 2(x2 − 2ε) max
x∈I2ε

(
1√
a

)
. Thus, substituting equations (2.37)

and (2.38) into (2.36), we obtain

∣∣∣∣∣∣2�
⎛⎝ 1∫

0

xϕ1

σ
f 2ūxdx

⎞⎠∣∣∣∣∣∣≤ c9

[
‖U‖H‖F‖H + ‖F‖2

H
]
, (2.39)

with c9 = c7 + c8.
Now, for the second term in (2.35), we have

∣∣∣∣∣∣2�
⎛⎝ 1∫

0

(x − 1)ϕ2

σ
f 2uxdx

⎞⎠∣∣∣∣∣∣≤ 2

1∫
x1+2ε

|x − 1|√
σ

|f 2|
√

η√
a

|ūx |dx ≤ c10

[
‖U‖H‖F‖H + ‖F‖2

H
]
,

(2.40)

being c10 = 2(1 − (x1 + 2ε)) max

(
1√
)

. Using (2.39) and (2.40) in (2.35), we obtain

x∈[x1+2ε,1] a
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∣∣∣∣∣∣2�
⎛⎝ 1∫

0

f 2 ϕ

σ
uxdx

⎞⎠∣∣∣∣∣∣≤ c11

[
‖U‖H‖F‖H + ‖F‖2

H
]
, (2.41)

where c11 = c9 + c10.

• Finally, consider the last term 2� 

⎛⎝i

1∫
0

(
f 1ϕ

σ

)
x

λūdx

⎞⎠. Hence, we have

2�
⎛⎝i

1∫
0

(
f 1ϕ

σ

)
x

λūdx

⎞⎠= 2�
⎛⎝i

1∫
0

ϕf 1
x

σ
λūdx

⎞⎠+ 2�
⎛⎝i

1∫
0

(ϕ

σ

)′
f 1λūdx

⎞⎠ . (2.42)

Using the definition of ϕ, the first term on the right hand side of (2.42), becomes

2�
⎛⎝i

1∫
0

ϕf 1
x

σ
λūdx

⎞⎠= 2�
⎛⎝i

x2−2ε∫
0

x

σ
ϕ1f

1
x λūdx

⎞⎠+ 2�
⎛⎜⎝i

1∫
x1+2ε

(x − 1)

σ
ϕ2f

1
x λūdx

⎞⎟⎠ .

(2.43)

Now, we need to estimate the terms in (2.43). Thus, using again the monotonicity of 
x√
a

and 

(2.17), we obtain∣∣∣∣∣∣2�
⎛⎝i

x2−2ε∫
0

x

σ
ϕ1f

1
x λūdx

⎞⎠∣∣∣∣∣∣≤ 2

x2−2ε∫
0

x√
a
|ϕ1|√η|f 1

x | 1√
σ

|λu|dx

≤ c12

[
‖U‖H‖F‖H + ‖F‖2

H
] (2.44)

and ∣∣∣∣∣∣∣2�
⎛⎜⎝i

1∫
x1+2ε

(x − 1)

σ
ϕ2f

1
x λūdx

⎞⎟⎠
∣∣∣∣∣∣∣≤ 2

1∫
x1+2ε

|x − 1|√
a

√
η|f 1

x | 1√
σ

|λū|dx

≤ c13

[
‖U‖H‖F‖H + ‖F‖2

H
]
,

(2.45)

with c12 = 2
(x2 − 2ε)√
a(x2 − 2ε)

c1 and c13 = c10c1. Using (2.44) and (2.45) in (2.43), one has

∣∣∣∣∣∣2�
⎛⎝i

1∫
0

ϕf 1
x

σ
λūdx

⎞⎠∣∣∣∣∣∣≤ c14

[
‖U‖H‖F‖H + ‖F‖2

H
]
, (2.46)

being c14 = c12 + c13.
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Moving to the second term in (2.42), we have

2�
⎛⎝i

1∫
0

(ϕ

σ

)′
f 1λūdx

⎞⎠= 2�
⎛⎝i

1∫
0

ϕ′

σ
f 1λūdx

⎞⎠+ 2�
⎛⎝i

1∫
0

ϕ

σ

(
a′ − b

a

)
f 1λūdx

⎞⎠ .

(2.47)
Using (2.17), the first term in the right hand side of (2.47) can be estimated as∣∣∣∣∣∣2�

⎛⎝i

1∫
0

ϕ′

σ
f 1λūdx

⎞⎠∣∣∣∣∣∣≤ 2‖ϕ′‖∞
1∫

0

1√
σ

|f 1| 1√
σ

|λū|dx ≤ c15

[
‖U‖H‖F‖H + ‖F‖2

H
]
,

(2.48)
where c15 = 2‖ϕ′‖∞c0c1.

On the other hand, using the definition of ϕ and Hypothesis 2.7, the second term in the right 
hand side in (2.47) can be estimated in the following way:∣∣∣∣∣∣2�

⎛⎝i

1∫
0

ϕ

σ

(
a′ − b

a

)
f 1λūdx

⎞⎠∣∣∣∣∣∣≤ 2
(
M0,2 + M1,2 + M2ε

)‖f 1‖ 1
σ
‖λu‖ 1

σ

≤ 2c0

(
1 + K

2
+ M2ε

)
‖√ηf 1

x ‖‖λu‖ 1
σ

≤ c16

[
‖U‖H‖F‖H + ‖F‖2

H
]
,

(2.49)

being c16 = 2c0c1
(
1 + K

2 + M2ε

)
, with M2ε :=

∥∥∥x a′−b
a

∥∥∥
L∞(I2ε )

+
∥∥∥(x − 1) a′−b

a

∥∥∥
L∞(I2ε )

.

Then, by (2.47), (2.48) and (2.49) we obtain∣∣∣∣∣∣2�
⎛⎝i

1∫
0

(ϕ

σ

)′
f 1λūdx

⎞⎠∣∣∣∣∣∣≤ c17

[
‖U‖H‖F‖H + ‖F‖2

H
]
, (2.50)

with c17 = c15 + c16, and using (2.46) and (2.50) in (2.42), we can conclude that∣∣∣∣∣∣2�
⎛⎝i

1∫
0

(
f 1ϕ

σ

)
x

λūdx

⎞⎠∣∣∣∣∣∣≤ c18

[
‖U‖H‖F‖H + ‖F‖2

H
]
. (2.51)

Here c18 = c14 + c17.

Step 4. The aim of this step is to show the following two estimates

1∫
0

1

σ
|λu|2 ≤ κ3

(
‖U‖3/2

H ‖F‖1/2
H + (1 + 1

λ2 )
[
‖U‖H‖F‖H + ‖F‖2

H
])

(2.52)

and
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1∫
0

η|ux |2dx ≤ κ4

(
‖U‖3/2

H ‖F‖1/2
H + (1 + 1

λ2 )
[
‖U‖H‖F‖H + ‖F‖2

H
])

, (2.53)

where κ3 = 1
1+ K

2 −(M0,2+M1,2)
c23 and κ4 = 1

1− K
2 −(M0,1+M1,1)

c23, for a suitable positive constant 

c23 that will be determined below.
In order to prove the above estimates we start considering the first two terms on the left 

hand side of (2.31), and using the fact that ϕ′ = ϕ1 + ϕ2 + ϕ̂ where ϕ̂ = xϕ′
1 + (x − 1)ϕ′

2 with 
supp ϕ̂ = I2ε , we obtain

1∫
0

ϕ′

σ
|λu|2dx +

1∫
0

ηϕ′|ux |2dx =
x1+2ε∫

0

1

σ
|λu|2dx +

1∫
x2−2ε

1

σ
|λu|2dx +

1∫
x2−2ε

η|ux |2dx

+
x1+2ε∫

0

η|ux |2 +
∫
I2ε

ϕ1 + ϕ2

σ
|λu|2dx +

∫
I2ε

(ϕ1 + ϕ2)η|ux |2dx +
1∫

0

ϕ̂

σ
|λu|2dx +

1∫
0

ϕ̂η|ux |2dx.

(2.54)
Estimating the last four terms in the above equation, using (2.21) and the fact that supp ϕ̂ = I 2ε , 
we obtain

1∫
0

ϕ̂

σ
|λu|2dx ≤ ‖ϕ̂‖L∞(I2ε)

∫
I2ε

1

σ
|λu|2dx ≤ c19

[
‖U‖H‖F‖H + ‖F‖2

H
]
, (2.55)

1∫
0

ϕ̂η|ux |2dx ≤ c20

[
‖U‖H‖F‖H + ‖F‖2

H
]
, (2.56)

and

∫
I2ε

ϕ1 + ϕ2

σ
|λu|2dx +

∫
I2ε

(ϕ1 + ϕ2)η|ux |2dx ≤ (2κ1 + 2(κ ′
2 + c2

λ2 ))
[
‖U‖H‖F‖H + ‖F‖2

H
]
,

(2.57)

with c19 = ‖ϕ̂‖L∞(I2ε )κ1 and c20 = ‖ϕ̂‖L∞(I2ε )

(
κ ′

2 + c2

λ2

)
.

On the other hand, using the definition of ϕ, the first two terms on the right-hand side of (2.31)
can be estimated as follows:
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1∫
0

ϕ

σ

(
a′ − b

a

)
|λu|2dx =

x2−2ε∫
0

xϕ1

σ

(
a′ − b

a

)
|λu|2dx +

1∫
x1+2ε

(x − 1)ϕ2

σ

(
a′ − b

a

)
|λu|2dx

=
x1+2ε∫

0

x

σ

(
a′ − b

a

)
|λu|2dx +

1∫
x2−2ε

(x − 1)

σ

(
a′ − b

a

)
|λu|2dx

+
x2−2ε∫

x1+2ε

xϕ1 + (x − 1)ϕ2

σ

(
a′ − b

a

)
|λu|2dx

≤ M0,2

x1+2ε∫
0

1

σ
|λu|2dx + M1,2

1∫
x2−2ε

1

σ
|λu|2dx + M1,2ε

x2−2ε∫
x1+2ε

1

σ
|λu|2dx

(2.58)
and

1∫
0

ϕ
b

a
η|ux |2dx =

x2−2ε∫
0

xϕ1
b

a
η|ux |2dx +

1∫
x1+2ε

(x − 1)ϕ2
b

a
η|ux |2dx

=
x1+2ε∫

0

x
b

a
η|ux |2dx +

1∫
x2−2ε

(x − 1)
b

a
η|ux |2dx +

x2−2ε∫
x1+2ε

(xϕ1 + (x − 1)ϕ2)
b

a
η|ux |2dx

≤ M0,1

x1+2ε∫
0

η|ux |2dx + M1,1

1∫
x2−2ε

η|ux |2dx + M0,2ε

x2−2ε∫
x1+2ε

η|ux |2dx,

(2.59)

where M1,2ε :=
∥∥∥x a′−b

a

∥∥∥
L∞(I2ε)

+
∥∥∥(x − 1) a′−b

a

∥∥∥
L∞(I2ε)

and M0,2ε := ∥∥x b
a

∥∥
L∞(I2ε )

+ ∥∥(x −
1) b

a

∥∥
L∞(I2ε )

. Now, using (2.54), (2.58) and (2.59) in (2.31), one has

x1+2ε∫
0

1

σ
|λu|2dx +

1∫
x2−2ε

1

σ
|λu|2dx +

1∫
x2−2ε

η|ux |2dx +
x1+2ε∫

0

η|ux |2dx

≤
∫
I2ε

ϕ1 + ϕ2

σ
|λu|2dx +

∫
I2ε

(ϕ1 + ϕ2)η|ux |2dx +
1∫

0

ϕ̂

σ
|λu|2dx +

1∫
0

ϕ̂η|ux |2dx

− lim
x→0

ηϕ|ux |2 − λ2 lim
x→0

ϕ(x)

σ (x)
|u(x)|2 − 2�

⎛⎝ 1∫
0

h(x)

σ
iλuϕūxdx

⎞⎠
+2�

⎛⎝ 1∫ (
f 2 + h(x)f 1

) ϕ

σ
uxdx

⎞⎠− 2�
⎛⎝i

1∫ (
f 1ϕ

σ

)
x

λūdx

⎞⎠

(2.60)
0 0
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−2 lim
x→0

�
[
iλf 1(x)

ϕ(x)

σ (x)
ū(x)

]
+ (M0,2 + M1,2)

1∫
0

1

σ
|λu|2dx

+(M0,1 + M1,1)

1∫
0

η|ux |2dx + M1,2ε

x2−2ε∫
x1+2ε

1

σ
|λu|2dx + M0,2ε

x2−2ε∫
x1+2ε

η|ux |2dx.

Finally, using (2.33), (2.34), (2.41), (2.51), (2.55)-(2.57), (2.21) and Lemma 2.13 in the above 
equation, we obtain

x1+2ε∫
0

1

σ
|λu|2dx +

1∫
x2−2ε

1

σ
|λu|2dx +

1∫
x2−2ε

η|ux |2dx +
x1+2ε∫

0

η|ux |2dx

≤ (M0,2 + M1,2)

1∫
0

1

σ
|λu|2dx + (M0,1 + M1,1)

1∫
0

η|ux |2dx + c5‖U‖3/2
H ‖F‖1/2

H

+c′
21

[
‖U‖H‖F‖H + ‖F‖2

H
]
+ c′

22

λ2

[
‖U‖H‖F‖H + ‖F‖2

H
]
,

(2.61)

where c′
21 = c5 + c6 + c11 + c18 + c19 + ‖ϕ̂‖L∞(I2ε)κ

′
2 + M1,2εκ1 + M0,2εκ

′
2 + 2κ1 + 2κ ′

2, c′
22 =

‖ϕ̂‖L∞c2 + 2c2 + M0,2εc2.
Then, adding the above equation with the two equations in (2.21), we obtain

1∫
0

1

σ
|λu|2dx +

1∫
0

η|ux |2dx ≤ (M0,2 + M1,2)

1∫
0

1

σ
|λu|2dx

+(M0,1 + M1,1)

1∫
0

η|ux |2dx + c5‖U‖3/2
H ‖F‖1/2

H

+c21

[
‖U‖H‖F‖H + ‖F‖2

H
]
+ c22

λ2

[
‖U‖H‖F‖H + ‖F‖2

H
]
,

(2.62)

with c21 = c′
21 + κ1 + κ ′

2 and c22 = c′
22 + c2.

Now, multiply (2.16) by 
K

2σ
u, integrate over (0, 1), and take the real part, it results

K

2

1∫
0

1

σ
|λu|2dx − K

2

1∫
0

η|ux |2dx = −K

2
�
⎛⎝ 1∫

0

1

σ
f 2udx

⎞⎠− K

2
�
⎛⎝i

1∫
0

1

σ
f 1λudx

⎞⎠
−K

2
�
⎛⎝ 1∫

0

1

σ
h(x)f 1udx

⎞⎠ .

(2.63)
For the estimation of the last terms in the above equation, by using the Cauchy-Schwarz, (HP)
and (2.17), we obtain
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∣∣∣∣∣∣K2 �
⎛⎝ 1∫

0

1

σ
f 2udx

⎞⎠∣∣∣∣∣∣≤ K

2
c0

[
‖U‖H‖F‖H + ‖F‖2

H
]
, (2.64)

∣∣∣∣∣∣K2 �
⎛⎝i

1∫
0

1

σ
f 1λudx

⎞⎠∣∣∣∣∣∣≤ K

2
c0c1

[
‖U‖H‖F‖H + ‖F‖2

H
]
, (2.65)

∣∣∣∣∣∣K2 �
⎛⎝ 1∫

0

1

σ
h(x)f 1udx

⎞⎠∣∣∣∣∣∣≤ K

2
max

x∈[x1,x2]
h(x)c2

0

[
‖U‖H‖F‖H + ‖F‖2

H
]
. (2.66)

So, using (2.64)-(2.66) in (2.63), we have

K

2

1∫
0

1

σ
|λu|2dx − K

2

1∫
0

η|ux |2dx ≤ c̃20

[
‖U‖H‖F‖H + ‖F‖2

H
]
, (2.67)

where ̃c20 = K
2 (c0c1 + c0 + max

x∈[x1,x2]
h(x)c2

0).

Finally, adding (2.62) and (2.67), we obtain

(1 + K

2
− (M0,2 + M1,2))

1∫
0

1

σ
|λu|2dx + (1 − K

2
− (M0,1 + M1,1))

1∫
0

η|ux |2dx ≤

+c5‖U‖3/2
H ‖F‖1/2

H + (c21 + κ1 + κ ′
2 + c̃20)

[
‖U‖H‖F‖H + ‖F‖2

H
]

+c22 + c2

λ2

[
‖U‖H‖F‖H + ‖F‖2

H
]

≤ c23

(
‖U‖3/2

H ‖F‖1/2
H + (1 + 1

λ2 )
[
‖U‖H‖F‖H + ‖F‖2

H
])

,

(2.68)

being c23 = max{c5, c21 + κ1 + κ ′
2 + c̃20, c22 + c2}. Finally, by Hypothesis 2.7, we obtain the 

desired estimates (2.52) and (2.53).

Step 5. The goal of this step is to prove (2.15).
Using the first equation in (2.14), (HP) and the Young inequality, we have

1∫
0

1

σ
|v|2dx ≤ 2

1∫
0

1

σ
|λu|2dx + 2c2

0

1∫
0

η|f 1
x |2dx

≤ 2 max
{

1, c2
0

}⎛⎝ 1∫
0

1

σ
|λu|2dx +

1∫
0

η|f 1
x |2dx

⎞⎠ .

Now, from the above estimate, (2.52) and the fact that 

1∫
0

η|f 1
x |2dx ≤ ‖F‖2

H ≤ (1 + λ−2)‖F‖2
H, 

we obtain
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1∫
0

1

σ
|v|2dx ≤ 2 max

{
1, c2

0

}
(κ3 + 1)

(
‖U‖3/2

H ‖F‖1/2
H +

(
1 + 1

λ2

)[
‖U‖H‖F‖H + ‖F‖2

H
])

;

thus, thanks to this inequality and again by (2.52), one has

‖U‖2
H ≤ c24

(
‖U‖3/2

H ‖F‖1/2
H +

(
1 + 1

λ2

)[
‖U‖H‖F‖H + ‖F‖2

H
])

,

with c24 = 2 max
{
1, c2

0

}
(κ3 + 1) + κ4. Since c24‖U‖3/2

H ‖F‖1/2
H ≤ 1

2
‖U‖2

H + c2
24

2
‖U‖H‖F‖H, 

by the previous inequality we have

1

2
‖U‖2

H ≤ c25

(
1 + 1

λ2

)[
‖U‖H‖F‖H + ‖F‖2

H
]
, (2.69)

where c25 =
(

c2
24

2
+ c24

)
. Now, since

c2
25

(
1 + 1

λ2

)2

+ c25

(
1 + 1

λ2

)
≤
(

c25 + 1

2
+ c25

λ2

)2

and

c25

(
1 + 1

λ2

)
‖U‖H‖F‖H ≤ 1

4
‖U‖2

H + c2
25

(
1 + 1

λ2

)2

‖F‖2
H,

by (2.69) we have

‖U‖2
H ≤ 4

(
c25 + 1

2
+ c25

λ2

)2

‖F‖2
H ≤ 4

(
c25 + 1

2

)2(
1 + 1

λ2

)2

‖F‖2
H.

Thus, ‖U‖H ≤ κ

(
1 + 1

λ2

)
‖F‖H, with κ = 2c25 + 1 and the proof of Proposition 2.12 is com-

pleted. �
Proof of Theorem 2.11. First, we will prove (H1). Remark that it has been proved in Propo-
sition 2.4 that 0 ∈ ρ(A). Now, suppose (H1) is not true, then there exists λ∞ ∈ R∗ such that 
iλ∞ /∈ ρ(A). According to Remark A.1 in [2], page 25 in [30], and Remark A.3 in [1], there exists 
{(λn,Un = (un, vn))}n≥1 ⊂ R∗ × D (A) with λn → λ∞ as n → ∞, |λn| ≤ |λ∞| and ‖Un‖H = 1
such that (iλnI −A)Un = Fn → 0 in H as n → 0. By taking F = Fn, U = Un and 
λ = λn in Proposition 2.12 such that ‖Fn‖H → 0 as n → ∞, we have ‖Un‖H → 0, which 
contradicts that ‖Un‖H = 1. Thus, condition (H1) is true. Next, we will prove (H2) by a contra-
diction argument. Suppose there exists

{(λn,Un = (un, vn))}n≥1 ⊂ R∗ × D (A)
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with |λn| > 1 without affecting the result, such that |λn| → ∞, ‖Un‖H = 1 and there exists a 
sequence Fn = (f 1

n , f 2
n ) ∈ H such that

(iλnI −A)Un = Fn → 0 in H as n → 0.

From Proposition 2.12, as |λn| → ∞, we obtain ‖Un‖H = o(1), which contradicts ‖Un‖H = 1. 
Thus, condition (H2) holds true. The result follows from Huang-Prüss Theorem (see [27] and 
[34]) and the proof is completed. �
3. Stabilization of connected degenerate and non-degenerate wave equations with drift 
and a single boundary damping

This section is devoted to study the well-posedness and the exponential stability of (1.3).

3.1. Well-posedness

In this subsection, we will study the well-posedness of (1.3). To this aim, using the definition 
of σ given in (2.2), we rewrite the system (1.3) as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1
t t − σ(ηu1

x)x = 0, (x, t) ∈ (0,1) ×R+∗ ,

y1
t t − y1

xx = 0, (x, t) ∈ (1,L) ×R+∗ ,

u1(0, t) = 0, u1(1, t) = y1(1, t), t ∈R+∗ ,

(ηu1
x)(1, t) = y1

x(1, t), y1
x(L, t) = −y1

t (L, t), t ∈R+∗ ,

u1(x,0) = u1
0(x), u1

t (x,0) = u1
1(x), x ∈ (0,1),

y1(x,0) = y1
0(x), y1

t (x,0) = y1
1(x), x ∈ (1,L).

(3.1)

By using the same arguments as in Section 2, we introduce the following Hilbert spaces

H 1
1
σ

,�
(0,1) :=

{
u1 ∈ H 1

1
σ

(0,1);u1(0) = 0

}
and

H 2
1
σ

,�
(0,1) :=

{
u1 ∈ H 1

1
σ

,�
(0,1);Bu1 ∈ L2

1
σ

(0,1)

}
equipped with the following norm

‖u1‖2
1
σ

,�
= ‖u1‖2

1
σ

,1
= ‖u‖2

1
σ

+
1∫

0

η|ux |2dx and ‖u1‖2
1
σ

,2
= ‖u‖2

1
σ

,�
+

1∫
0

σ |(ηux)x |2dx.

Thanks to (HP), we obtain that ‖u‖2
1
σ

,�
is equivalent to 

1∫
0

η|ux |2dx. Let (u1, u1
t , y

1, y1
t ) be a 

regular solution of the system (3.1). The energy of the system is given by
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E1(t) = 1

2

1∫
0

(
1

σ
|u1

t |2 + η|u1
x |2
)

dx + 1

2

L∫
1

(
|y1

t |2 + |y1
x |2
)

dx (3.2)

and we obtain that

d

dt
E1(t) = −|z1(L)|2 ≤ 0.

Thus, the system (3.1) is dissipative in the sense that its energy is a non increasing function with 
respect to the time variable t . We define the energy Hilbert space H1 by

H1 =
{
U = (u,1 v,1 y,1 z1) ∈ H 1

1
σ

,�
(0,1) × L2

1
σ

(0,1) × H 1(1,L) × L2(1,L);u1(1) = y1(1)

}
equipped with the following inner product

〈
U , Ũ

〉
H1

=
1∫

0

(
ηu1

xũ
1
x + 1

σ
v1ṽ1

)
dx +

L∫
1

(
y1
x ỹ1

x + z1z̃1
)

dx,

and endowed with the norm

‖U‖2
H1

=
1∫

0

(
η|u1

x |2 + 1

σ
|v1|2

)
dx +

L∫
1

(
|y1

x |2 + |z1|2
)

dx (3.3)

for all U = (u1, v1, y1, z1)� and Ũ = (ũ1, ṽ1, ỹ1, ̃z1)� ∈ H1. Noting that the standard norm on 
H1 is

‖U‖2
S = ‖v1‖2

1
σ

+ ‖u1‖2
1
σ

,�
+ ‖z1‖2

L2(1,L)
+ ‖y1‖L2(1,L) + ‖y1

x‖2
L2(1,L)

. (3.4)

Lemma 3.1. The two norms ‖ · ‖H1 and ‖ · ‖S are equivalent in H1, i.e. there exist two positive 
constants C1, C2, independent of U , such that

C1‖U‖2
S ≤ ‖U‖2

H1
≤ C2‖U‖2

S (3.5)

for all U = (u1, v1, y1, z1) ∈ H1.

Proof. The inequality on the right hand side is evident with C2 = 1.
Thanks to the boundary and the transmission conditions (u1(0) = 0 and u1(1) = y1(1)), we 

have u1(1) =
1∫

0

u1
xdx and

y1(x) = u1(1) +
x∫
y1
s (s)ds.
1
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Moreover, by the Young and the Cauchy-Schwarz inequalities we have

|u1(1)|2 ≤ max
x∈[0,1]

1

η

1∫
0

η|u1
x |2dx and |y1(x)|2 ≤ 2|u1(1)|2 + 2(L − 1)‖y1

x‖2
L2(1,L)

;

thus

L∫
1

|y1(x)|2dx ≤ R

⎛⎝ 1∫
0

η|u1
x |2dx +

L∫
1

|y1
x |2dx

⎞⎠ , (3.6)

where R := 2(L − 1) max
{

maxx∈[0,1] 1
η
,L − 1

}
. Hence, by (3.6),

‖U‖2
S ≤ (1 + R)

(
‖v1‖2

1
σ

+ ‖u1‖2
1
σ

,�
+ ‖z1‖2

L2(1,L)
+ ‖y1

x‖L2(1,L)

)

and the left hand side of inequality of (3.5) is true with C1 = 1

1 + R
. �

Finally, we define the unbounded linear operator A1 by

A1(u
1, v1, y1, z1)� =

(
v1, σ (ηu1

x)x, z
1, y1

xx

)�
,

for all U = (u1, v,1 y1, z1)� ∈ D(A1), where

D(A1) =
{
U = (u1, v1, y1, z1) ∈ H1; (v1, z1) ∈ H 1

1
σ

,�
(0,1) × H 1(1,L), u1 ∈ H 2

1
σ

,�
(0,1),

y1 ∈ H 2(L,1), (ηu1
x)x(1) = y1

x(1), y1
x(L) = −z1(L)

}
.

Hence, we can rewrite (3.1) as the following Cauchy problem

Ut = A1U , U(0) = U0 where U0 =
(
u1

0, u
1
1, y

1
0 , y1

1

)�
. (3.7)

We have that �(A1U , U)H1 = −|z1(L)|2, which implies that A1 is dissipative. Now, let G =
(g1, g2, g3, g4) ∈ H1; by the Lax-Milgram Theorem, one can prove the existence of U ∈ D(A1)

such that

−A1U = G.

Therefore, the unbounded linear operator A1 is m-dissipative in H1, thus 0 ∈ ρ(A1) and, by 
Lumer-Phillips Theorem (see, e.g., [30] and [33]), A1 generates a C0-semigroup of contractions 
(T1(t))t≥0 = (etA1)t≥0 in H1. Hence, the solution of the Cauchy problem (3.7) admits the fol-
lowing representation

U(t) = etA1U0 t ≥ 0,
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which leads to the well-posedness of (3.7). The following result is immediate.

Theorem 2. For any U0 ∈ H1, problem (3.7) admits a unique weak solution satisfying

U(t) ∈ C0(R+;H1).

Moreover, if U0 ∈ D(A1), (3.7) admits a unique strong solution U satisfying

U(t) ∈ C1(R+,H1) ∩ C0(R+,D(A1)).

3.2. Exponential stability

This subsection focuses on examining the exponential stability of system (3.1). We begin 
introducing a main hypothesis that will serve as the basis for studying the system’s exponential 
stability. Denote by

N1 :=
∥∥∥∥x a′ − b

a

∥∥∥∥
L∞(0,1)

and N2 :=
∥∥∥∥x b

a

∥∥∥∥
L∞(0,1)

. (3.8)

Hypothesis 3.2. Assume Hypothesis 2.1, a (WD) or (SD) and the functions a and b such that

N1 < 1 + K
2 and N2 < 1 − K

2 .

Example 3.3. (1) Example for the (WD) case: a(x) = √
x and b(x) = 1

2 . In this case K = 1
2 and 

it is easy to see that N1 = N2 = 1
2 . So, Hypothesis 3.2 is satisfied.

(2) Example for the (SD) case: a(x) = x
√

x and b(x) = x
8 . In this case K = 3

2 and it is easy 
to see that N1 = 3

2 and N2 = 1
8 . So, Hypothesis 3.2 is satisfied.

Theorem 3.4. Assume Hypothesis 3.2. Then, the C0-semigroup of contractions (T1(t))t≥0 is ex-
ponentially stable, i.e. there exist constants M ≥ 1 and τ > 0, independent of U0, such that∥∥∥etA1U0

∥∥∥
H1

≤ Me−τ t‖U0‖H1 , t ≥ 0.

According to Huang [27] and Pruss [34], we have to check if the following conditions hold:

iR ⊆ ρ (A1) (R1)

and

sup
λ∈R

‖ (iλI −A1)
−1 ‖L(H1) = O(1). (R2)

The following proposition is a technical finding that will be used to prove Theorem 3.4.
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Proposition 3.5. Assume Hypothesis 3.2 and let (λ, U := (u, v, y, z)) ∈ R∗ ×D(A1), with λ �= 0, 
such that

(iλI −A1)U = G := (g1, g2, g3, g4) ∈ H1, (3.9)

i.e.

iλu1 − v1 = g1, (3.10)

iλv1 − σ(ηu1
x)x = g2, (3.11)

iλy1 − z1 = g3, (3.12)

iλz1 − y1
xx = g4. (3.13)

Then the following inequality holds:

‖U‖H1 ≤ m

(
1 + 1

λ2

)
‖G‖H1, (3.14)

where m is a suitable positive constant independent of λ.

Before proving the above proposition, observe that, by the dissipation of the energy, we have

|z1(L)|2 = |�〈A1U ,U〉H | = |�〈iλI −A1U ,U〉H1
| = | 〈G,U〉H1

| ≤ ‖U‖H1‖G‖H1, (3.15)

and, using the equality y1
x(L) = −z1(L),

|y1
x(L)|2 ≤ ‖U‖H1‖G‖H1 ≤ ‖U‖H1‖G‖H1 + ‖G‖2

H1
. (3.16)

Moreover, thanks to the transmission condition g3(1) = g1(1), one has

|g3(1)| = |g1(1)| =
∣∣∣∣∣∣

1∫
0

g1
xdx

∣∣∣∣∣∣≤
√

max
x∈[0,1]

1

η
‖√ηg1

x‖ ≤ m1‖G‖H1 (3.17)

where m1 :=
√

max
x∈[0,1]

1
η

. Hence,

|g3(1)| ≤ m1‖G‖H1 (3.18)

and using the fact that g3(L) =
L∫

1

g3
xdx + g3(1), we can deduce

|g3(L)|2 ≤ 2(L − 1)‖g3
x‖2 + 2m2

1‖G‖2
H1

≤ 2(L − 1 + m2
1)‖G‖2

H1

≤ m2

[
‖U‖H1‖G‖H1 + ‖G‖2

H
] (3.19)
1

1211



M. Akil, G. Fragnelli and I. Issa Journal of Differential Equations 416 (2025) 1178–1221
where m2 = 2(L − 1 + m2
1). Now, since iλy1 − z1 = g3, one has

|λy1(L)|2 ≤ 2|z1(L)|2 + 2|g3(L)|2 ≤ 2‖U‖H1‖G‖H1 + 2m2‖G‖2
H1

≤ m3

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
,

(3.20)

with m3 = 2 max{1, m2}. Using (3.10), the Young inequality and (HP), we deduce

‖λu1‖ 1
σ

≤ ‖v‖ 1
σ

+√CHP ‖g1
x‖ ≤ m0

(
‖v1‖ 1

σ
+ ‖√ηg1

x‖
)

≤ m0
[‖U‖H1 + ‖G‖H1

]
, (3.21)

where m0 = max (1, m̃0) with m̃0 =
√

CHP max
x∈[0,1]

1

η
.

Using the equivalence between the norms given in Lemma 3.1 and the fact that G ∈ H1, we 
obtain

‖g3‖L2(1,L) ≤ ‖g3‖H 1(1,L) ≤ ‖G‖S ≤ √
1 + R‖G‖H1, (3.22)

with R defined in (3.6); thus by (3.22) and the equality iλy1 = z1 + g3, we obtain

‖λy1‖L2(1,L) ≤ ‖z1‖L2(1,L) + ‖g3‖L2(1,L) ≤ m̃1[‖U‖H1 + ‖G‖H1], (3.23)

where m̃1 = √
1 + R. Substituting v1 = iλu1 − g1 and z1 = iλy1 − g3 in (3.11) and (3.13), 

respectively, we have

λ2u1 + σ(ηu1
x)x = −(g2 + iλg1) and λ2y1 + y1

xx = −(g4 + iλg3). (3.24)

Now, we are able to prove Proposition 3.5.

Proof of Proposition 3.5. We divide the proof into several steps.

Step 1. The aim of this step is to show that the solution U = (u1, v1, y1, z1) ∈ D(A1) of (3.9)
satisfies the following estimates

L∫
1

(
|λy1|2 + |y1

x |2
)

dx ≤ m5

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
(3.25)

and

L∫
1

|z1|2dx ≤ 2(m5 + R + 1)
[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
, (3.26)

where m5 will be determined below. Let α, β ∈ R and define the function g(α,β)(x) := (α +
β)x − (α + βL).
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As a first step, multiply the second equation in (3.24) by −2g(α,β)(x)y1
x and integrate by parts 

over (1, L). Then, taking the real part, we have

L∫
1

g′
(α,β)(x)

(
|λy1|2 + |y1

x |2
)

dx − g(α,β)(L)
(
|λy1(L)|2 + |y1

x(L)|
)

+g(α,β)(1)
(
|λy1(1)|2+|y1

x(1)2|
)

=2�
⎛⎝ L∫

1

g4g(α,β)(x)y1
xdx

⎞⎠−2�
⎛⎝iλ

L∫
1

g3
xg(α,β)(x)y1dx

⎞⎠

−2�
⎛⎝iλ

L∫
1

g3g′
(α,β)(x)y1dx

⎞⎠+2�
[
iλg3(L)g(α,β)(L)y1(L)

]
−2�

[
iλg3(1)g(α,β)(1)y1(1)

]
.

(3.27)

Taking β = 0 and α = 1 in (3.27), we obtain

L∫
1

(
|λy1|2 + |y1

x |2
)

dx = (L − 1)|λy1(L)|2 + (L − 1)|y1
x(L)|2 + 2�

⎛⎝ L∫
1

g4g(1,0)(x)y1
xdx

⎞⎠
−2�

⎛⎝iλ

L∫
1

g3
xg(1,0)(x)y1dx

⎞⎠− 2�
⎛⎝iλ

L∫
1

g3y1dx

⎞⎠+ 2�
[
iλg3(L)g(1,0)(L)y1(L)

]
.

(3.28)
Now, we will estimate the terms on the right hand side of the above equation. To this aim, by 
(3.19), (3.20), (3.22) and (3.23), we have∣∣∣∣∣∣2�

⎛⎝ L∫
1

g4g(1,0)(x)y1
xdx

⎞⎠∣∣∣∣∣∣≤ 2(L − 1)‖U‖H1‖G‖H1, (3.29)

∣∣∣∣∣∣2�
⎛⎝iλ

L∫
1

g3
xg(1,0)(x)y1dx

⎞⎠∣∣∣∣∣∣≤ 2(L − 1)‖G‖H1‖λy1‖

≤ 2m̃1(L − 1)
[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
,

(3.30)

∣∣∣∣∣∣2�
⎛⎝iλ

L∫
1

g3y1dx

⎞⎠∣∣∣∣∣∣≤ 2‖g3‖‖λy1‖ ≤ 2
√

1 + R m̃1

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
, (3.31)

∣∣∣2�
[
iλg3(L)g(1,0)(L)y1(L)

]∣∣∣≤ (L − 1)2|λy1(L)|2 + |g3(L)|2

≤ m4

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
,

(3.32)

where m4 = (L − 1)2m3 + m2. Thus, from the above estimations, (3.16) and (3.20) we obtain 
the following one
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L∫
1

(
|λy1|2 + |y1

x |2
)

dx ≤ m5

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
,

where m5 = (L − 1) [Lm3 + 3 + 2m̃1] + 2
√

1 + R m̃1 + m2.

From the above inequality, (3.12) and the fact that 

L∫
1

|g3|2dx ≤ ‖G‖2
S ≤ (1 + R)‖G‖2

H1
we 

obtain

L∫
1

|z1|2dx ≤ 2

L∫
1

|λy1|2dx + 2

L∫
1

|g3|2dx ≤ 2(m5 + R + 1)
[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
.

Step 2. The aim of this step is to show that the solution U = (u1, v1, y1, z1) ∈ D(A1) of (3.9)
satisfies the following estimates

|λu1(1)|2 ≤ m7

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
and

|(ηu1
x)(1)|2 ≤ m8

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
, (3.33)

where m7 and m8 will be determined below.
Taking α = 0 and β = 1 in (3.27), we have

(L − 1)|λy1(1)|2 + (L − 1)|yx(1)|2 =
L∫

1

(
|λy1|2 + |y1

x |2
)

dx − 2�
⎛⎝ L∫

1

g4g(0,1)(x)y1
xdx

⎞⎠
+2�

⎛⎝iλ

L∫
1

g3
xg(0,1)(x)y1dx

⎞⎠+ 2�
⎛⎝iλ

L∫
1

g3y1dx

⎞⎠+ 2�
[
iλg3(1)g(0,1)(1)y1(1)

]
.

(3.34)
To estimate the last term in the right hand side of the above equation, we use the Young inequality 
and (3.18), obtaining

∣∣∣2�
[
iλg3(1)g(0,1)(1)y1(1)

]∣∣∣≤ (L − 1)

(
1

2
|λy1(1)|2 + 2|g3(1)|2

)
≤ 1

2
(L − 1)|λy1(1)|2+

2(L − 1)m2
1‖G‖2

H1
≤ 1

2
(L − 1)|λy1(1)|2 + 2(L − 1)m2

1

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
.

Now, using the above inequality, observing that estimates (3.29), (3.30), and (3.31) are true also 
for g(0,1)(x) and using (3.25) in (3.34), we obtain

1

2
(L − 1)|λy1(1)|2 + (L − 1)|y1

x(1)|2 ≤ m6

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
, (3.35)

where m6 = m5 + 2
√

1 + Rm̃1 + 2(L − 1)(1 + m̃1 + m2). Therefore,
1

1214



M. Akil, G. Fragnelli and I. Issa Journal of Differential Equations 416 (2025) 1178–1221
|λy1(1)|2 ≤ m7

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
and |y1

x(1)|2 ≤ m8

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
,

(3.36)

with m7 = 2

L − 1
m6 and m8 = 1

L − 1
m6. Now, using the transmission conditions y1(1) = u1(1)

and y1
x(1) = (ηu1

x)(1), we obtain (3.33).

Step 3. The aim of this step is to show that the solution U = (u1, v1, y1, z1) ∈ D(A1) of (3.9)
satisfies the following estimates

1∫
0

1

σ
|λu1|2dx ≤ m17

(
1 + 1

λ2

)[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
(3.37)

and

1∫
0

η|u1
x |2dx ≤ m18

(
1 + 1

λ2

)[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
, (3.38)

where m17 and m18 are positive constants to be determined below.

Multiplying the first equation in (3.24) by 
K

2σ
u1, integrating over (0, 1) and taking the real 

part, one has

K

2

1∫
0

1

σ
|λu1|2dx − K

2

1∫
0

η|u1
x |2dx + K

2
�
(
η(1)u1

x(1)u1(1)
)

− K

2
lim
x→0

ηu1
xu

1

= −�
⎛⎝K

2

1∫
0

1

σ
g2u1dx

⎞⎠− �
⎛⎝i

K

2

1∫
0

1

σ
g1λu1dx

⎞⎠ .

(3.39)

Now, multiplying the first equation in (3.24) by −2
x

σ
u1

x , integrating over (0, 1) and taking the 

real part, we have

1∫
0

( x

σ

)′ |λu1|2dx +
1∫

0

η|u1
x |2dx −

1∫
0

x
b

a
η|u1

x |2dx − η(1)|u1
x(1)|2 − 1

σ(1)
|λu1(1)|2

+λ2 lim
x→0

x

σ
|u1|2 = 2�

⎛⎝ 1∫
0

g2 x

σ
u1

xdx

⎞⎠+ 2�
⎛⎝iλ

1∫
0

g1 x

σ
u1

xdx

⎞⎠ .

(3.40)

Using Lemma 2.5 and the fact that 
( x )′ = 1

(
1 − x

(
a′ − b

))
, the above equation becomes
σ σ a

1215



M. Akil, G. Fragnelli and I. Issa Journal of Differential Equations 416 (2025) 1178–1221
1∫
0

(
1

σ
|λu1|2 + η|u1

x |2
)

dx =
1∫

0

x

σ

(
a′ − b

a

)
|λu1|2dx +

1∫
0

x
b

a
η|u1

x |2dx + η(1)|u1
x(1)|2

+ 1

σ(1)
|λu1(1)|2 + 2�

⎛⎝ 1∫
0

g2 x

σ
u1

xdx

⎞⎠+ 2�
⎛⎝iλ

1∫
0

g1 x

σ
u1

xdx

⎞⎠ .

(3.41)
Adding (3.39) and (3.41), we obtain

(
1 + K

2

) 1∫
0

1

σ
|λu1|2 +

(
1 − K

2

) 1∫
0

η|u1
x |2dx =

1∫
0

x

σ

(
a′ − b

a

)
|λu1|2dx

+
1∫

0

x
b

a
η|u1

x |2dx + η(1)|u1
x(1)|2 + 1

σ(1)
|λu1(1)|2

+2�
⎛⎝ 1∫

0

g2 x

σ
u1

xdx

⎞⎠+ 2�
⎛⎝iλ

1∫
0

g1 x

σ
u1

xdx

⎞⎠
−K

2
�
(
η(1)u1

x(1)u1(1)
)

− �
⎛⎝K

2

1∫
0

1

σ
g2u1dx

⎞⎠− �
⎛⎝i

K

2

1∫
0

1

σ
g1λu1dx

⎞⎠ .

(3.42)

Now, we need to estimate the terms on the left hand side of the above equation.

• As a first step, consider the term 2� 

⎛⎝ 1∫
0

g2 x

σ
u1

xdx

⎞⎠: using the Cauchy-Schwarz inequality 

and the monotonicity of the function 
x√
a

in (0, 1], we obtain

∣∣∣∣∣∣2�
⎛⎝ 1∫

0

g2 x

σ
u1

xdx

⎞⎠∣∣∣∣∣∣≤ 2�
1∫

0

x√
σ

|g2|
√

η√
a

|u1
x |dx ≤ m9

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
, (3.43)

where m9 = 2√
a(1)

.

• Now, for the term 2� 

⎛⎝iλ

1∫
0

g1 x

σ
u1

xdx

⎞⎠, we have

2�
⎛⎝iλ

1∫
0

g1 x

σ
u1

xdx

⎞⎠= −2�
⎛⎝iλ

1∫
0

x

σ
g1

xu
1dx

⎞⎠− 2�
⎛⎝iλ

1∫
0

( x

σ

)′
g1u1dx

⎞⎠
+2�

(
iλg1(1)

1
u1(1)

)
− 2 lim �

(
iλg1 x

u1
)

.

(3.44)
σ(1) x→0 σ
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Estimating the first term on the right hand side of (3.44), one has∣∣∣∣∣∣2�
⎛⎝iλ

1∫
0

x

σ
g1

xu
1dx

⎞⎠∣∣∣∣∣∣≤ 2√
a(1)

‖λu1‖ 1
σ
‖G‖H1 ≤ m10

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
, (3.45)

with m10 = 2√
a(1)

m0. Now for the second term on the right hand side in (3.44), using (3.21), we 
have

2�
⎛⎝iλ

1∫
0

( x

σ

)′
g1u1dx

⎞⎠= 2�
⎛⎝iλ

1∫
0

1

σ
g1u1dx

⎞⎠+ 2�
⎛⎝iλ

1∫
0

x

σ

(
a′ − b

a

)
g1u1dx

⎞⎠ .

(3.46)
Using (3.21) and the Hardy-Poincaré inequality, the last two terms in the above equation can be 
estimated in the following way∣∣∣∣∣∣2�

⎛⎝iλ

1∫
0

1

σ
g1u1dx

⎞⎠∣∣∣∣∣∣≤ 2‖λu1‖ 1
σ
‖ 1√

σ
g1‖ ≤ 2m0(‖U‖H1 + ‖G‖H1)m̃0‖√ηg1

x‖

≤ m11

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
and ∣∣∣∣∣∣2�

⎛⎝iλ

1∫
0

x

σ

(
a′ − b

a

)
g1u1dx

⎞⎠∣∣∣∣∣∣≤ 2N1

1∫
0

1√
σ

|λu1| 1√
σ

|g1|dx

≤ m12

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
,

where m11 = 2m0m̃0 and m12 = 2m0N1m̃0.
Then, thanks to the above two inequalities and (3.46), we obtain∣∣∣∣∣∣2�

⎛⎝iλ

1∫
0

( x

σ

)′
g1u1dx

⎞⎠∣∣∣∣∣∣≤ m13

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
, (3.47)

being m13 = m11 +m12. Now, consider the term 2� 
(

iλg1(1)
1

σ(1)
u1(1)

)
. Using the conditions 

g1(1) = g3(1), u1(1) = y1(1) and the inequalities (3.18) and (3.33), we have∣∣∣∣2�
(

iλg1(1)
1

σ(1)
u1(1)

)∣∣∣∣≤ 1

σ(1)

(
|g1(1)|2 + |λu1(1)|2

)
≤ m14

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
,

(3.48)

where m14 = 1
(m7 + m2

1).
σ(1)
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By (3.44), (3.45), (3.47), (3.48) and Lemma 2.5, it results∣∣∣∣∣∣2�
⎛⎝iλ

1∫
0

g1 x

σ
u1

xdx

⎞⎠∣∣∣∣∣∣≤ m15

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
(3.49)

where m15 = m10 + m13 + m14.
By using the Cauchy-Schwarz and the Young inequalities and (3.33), one has∣∣∣∣∣∣�

⎛⎝K

2

1∫
0

1

σ
g2u1dx

⎞⎠∣∣∣∣∣∣≤ K

2
m̃0

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
, (3.50)

∣∣∣∣∣∣�
⎛⎝i

K

2

1∫
0

1

σ
g1λu1dx

⎞⎠∣∣∣∣∣∣≤ K

2
m̃0m0

[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
(3.51)

and ∣∣∣∣K2 �
(
η(1)u1

x(1)u1(1)
)∣∣∣∣≤ m̃7

(
1 + 1

λ2

)[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
, (3.52)

where m̃7 = max

(
m8K

2

8
,
m7

2

)
. Hence, using (3.33), (3.43), (3.49), (3.50), (3.51) and (3.52) in 

(3.41), we obtain

1∫
0

(1 + K

2
− N1)

1

σ
|λu1|2dx +

1∫
0

(1 − K

2
− N2)η|u1

x |2dx

≤ m16

(
1 + 1

λ2

)[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
,

(3.53)

with m16 = max

(
m9 + m15 + 1

σ(1)
m7 + 1

η(1)
m8 + K

2
m̃0 + K

2
m̃0m0, m̃7

)
. Thus, we can con-

clude that (3.37) and (3.38) are satisfied with m17 = m16(1 + K
2 − N1)

−1 and m18 = m16(1 −
K
2 − N2)

−1.

Step 4. The aim of this step is to prove (3.14).
From (3.10), and by using Young’s inequality, (HP) and (3.37), we obtain

1∫
0

1

σ
|v1|2dx ≤ 2

1∫
0

1

σ
|λu1|2dx + 2CHP max

x∈[0,1]
1

η

1∫
0

η|g1
x |2dx

≤ 2 max{m17, m̃
2
0}
(

1 + 1

λ2

)[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
.

(3.54)

Moreover, by (3.25), (3.26), (3.38), and (3.54), we obtain
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‖U‖2
H1

≤ m19

(
1 + 1

λ2

)[
‖U‖H1‖G‖H1 + ‖G‖2

H1

]
, (3.55)

where m19 = 3m5 + 2(R + 1) + m18 + 2 max{m17, ̃m2
0}.

We have m19

(
1 + 1

λ2

)
‖U‖H1‖G‖H1 ≤ 1

4
‖U‖2

H1
+m2

19

(
1 + 1

λ2

)2

‖G‖2
H1

. Since m2
19

(
1 +

1

λ2

)2

+ m19

(
1 + 1

λ2

)
≤
(

m19 + 1

2
+ m19

λ2

)2

, then (3.55) becomes

‖U‖2
H1

≤ 4

3

(
m19 + 1

2
+ m19

λ2

)2

‖G‖2
H1

≤ 4

3

(
m19 + 1

2

)2(
1 + 1

λ2

)2

‖G‖2
H1

.

Thus, ‖U‖H1 ≤ m 
(

1 + 1

λ2

)
‖G‖H1 , with m = 1√

3
(2m19 + 1) and the proof of Proposition 3.5

is completed. �
Proof of Theorem 3.4. The proof of the conditions (R1) and (R2), is similar to the proof of 
(H1) and (H2) respectively in Theorem 2.11. And finally, we have the conclusion applying the 
Huang-Prüss (see [27,34]) Theorem. �
Remark 3. Thanks to the previous result we can improve the result given in [20]. Indeed if 
Hypothesis 4 in [20] is satisfied then the two assumptions taken on N1 and N2 in Hypothesis 3.2
satisfy N1 < 1 + K

2 and N2 < 1 − K
2 .

4. Conclusion

In this paper we study two systems. The first one is a degenerate wave equation in non 
divergence form with a drift term and localized internal degenerate damping. We prove the well-
posedness of this system and the exponential stability, without any restriction on the degeneracy 
of the damping coefficient (i.e. α1, α2 ≥ 0). The second system we consider consists of coupled 
degenerate and non-degenerate wave equations connected through transmission conditions with 
a drift term and a single boundary damping at the endpoint of the non-degenerate wave equation. 
Also for this system we prove well-posedness and exponential stability.
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