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ORIGINAL PAPER
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1 | INTRODUCTION

In the fields of science and engineering, it is common to encounter numerous models that involve the coupling of heat equations
and wave equations. Apart from the underlying mathematical attraction, the primary driving force for researching these systems
is their potential applications. In the study conducted in [38] in 1991, a thermoelasticity model of type II is proposed. This
model offers a framework for understanding and analyzing thermoelastic phenomena. The models under consideration have been
extensively examined in previous years. For a comprehensive analysis of the asymptotic behavior of these systems, see [44] and
the relevant literature cited therein. However, as mentioned in [19]], in 1941, the phenomenon of an earthquake is mathematically
represented by a three-dimensional nonlinear coupled heat-wave partial differential equation (PDE). In the study conducted in
[41], a simplified one-dimensional representation of an earthquake model is examined. The authors propose the utilization of a
sliding mode controller to mitigate instabilities, specifically to prevent the occurrence of earthquakes. Fluid-structure interaction
can also be represented mathematically as a coupled system of such a type. Such system can be viewed as linearisations of
more complex fluid-structure models arising in fluid mechanics; for an in-depth understanding see for instance [15} 56]. In
thermoelasticity, the stability of a system is important for preventing thermal buckling where a solid structure collapses due to
thermal expansion and to prevent deformations or failures in structures subjected to both thermal and mechanical loads. In [28]
the authors worked to produce a family of equations describing the evolution of the temperature in a rigid heat conductor by
using means of successive approximations of the Fourier law, via memory relaxations and integral perturbations. In [31], the
authors introduce a novel method for mathematically analyzing equations with memory that is based on the idea of a state that is,
the initial configuration of the system that can be clearly identified by knowing the dynamics of the future. They use the abstract
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form of an equation resulting from linear viscoelasticity as a model. Also, there are several papers that studies the stability of
different system under heat conduction, see [[L1, 12} |13} 14]

In [16], in 2016, the authors considered the wave-heat system with finite wave and heat parts coupled through the boundary
with Neumann boundary for the wave part. They showed an optimal energy decay rate of type t=*
in [55] for a similar one-dimensional problem in which the wave part satisfies a Dirichlet boundary condition rather than a
Neumann boundary condition at the endpoint of the wave. A work that considered extending the heat part of the coupled
wave-heat system is studied in 2020, in [50]. The authors established a sharper rate (+~2) which shows that extending the heat
part to infinity slows the rate of energy decay by a factor of #2. The crucial difference between the infinite and the finite systems
is that the damping provided by the heat part is significantly weaker in the infinite case.

. A similar result is obtained

The classical linear heat equation is conventionally derived from Fourier’s law, the constitutive equation, and the first law of
thermodynamics. However, this conventional theory exhibits two primary shortcomings. Firstly, it does not incorporate memory
effects, which are evident in certain materials. Secondly, it postulates that all thermal perturbations at a specific location within
the material are instantaneously transmitted throughout the entire body, implying that all disturbances propagate at an infinite
velocity. The study of heat conduction under diverse non-Fourier heat flux laws has been evolving since the 1940s. Let’s denote
the heat flux vector as q. As per the Gurtin-Pipkin theory [40], the linearized constitutive equation for q is established as follows:

(s

q) = - / g(5)0,(t — s)ds, ey
0
where g is the heat conductivity relaxation kernel. The presence of convolution term in (I)) entails finite propagation speed of
heat conduction, and consequently, the equation is of hyperbolic type. Note that (T)) reduces to the classical Fourier law when g
is the Dirac mass at zero. Furthermore, if we take g as a prototype kernel g(f) = e™*, k > 0, and differentiate (T)) with respect
to t, we can (formally) arrive at the so-called Cattaneo—Fourier law [23]]

q,(t) + kq = —6.(1). 2)

On the other hand, when the heat conduction is due to the Coleman—Gurtin theory [25]], the heat flux q depends on both the past
history and the instantaneous of the gradient of temperature:

(o]

q(t) = —p0.(x.1) —/g(S)Gx(X,t —s)ds, 3)
0

where f > 0 is the instantaneous diffusivity coefficient.
Both the Coleman-Gurtin and Gurtin-Pipkin heat conduction laws incorporate memory effects into heat transfer equations.
The Coleman-Gurtin model introduces memory effects through a time derivative term, providing a nuanced description of
how materials retain thermal memory, particularly valuable in scenarios with rapid temperature changes and non-classical heat
conduction. While, the Gurtin-Pipkin model employs fractional calculus to describe memory effects, making it well-suited
for materials with complex structures or fractal-like properties, allowing it to capture non-local heat conduction and extended
long-range interactions. For example, thermoacoustic devices like engines and refrigerators involve the interaction of acoustic
waves and heat transfer.

In 2014, in [54]] Zhang studied the stability of an interaction system comprised of a wave equation and a heat equation with
memory. An exponential stability of the interaction system is obtained when the hereditary heat conduction is of Gurtin—Pipkin
type and she showed the lack of uniform decay of the interaction system when the heat conduction law is of Coleman—Gurtin
type (see also [37] in 2001 where the model considered uses a Gurtin-Pipkin linearized heat flux rule to match the energy balance
with a nonlinear time-dependent heat source). In [30], the author studied the stability of Bresse and Timoshenko systems with
hyperbolic heat conduction. As a first step, the Bresse—Gurtin—Pipkin system is studied, providing a necessary and sufficient
condition for the exponential stability and the optimal polynomial decay rate when the condition is violated. As a second step,
in [30], the Timoshenko—Gurtin—Pipkin system is considered and the optimal polynomial decay rate is found. Later, in [29],
the authors studied the asymptotic behavior of solutions of a one-dimensional coupled wave-heat system with Coleman-Gurtin
thermal law. They proved an optimal polynomial decay rate of type ¢=2. In [1]] the author studied the stability of a system
of piezoelectric beams under (Coleman or Pipkin)-Gurtin thermal laws with magnetic effect. In particular, as a first step, the
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author explores the piezoelectric Coleman-Gurtin system, achieving exponential stability; as a second step, he considers the
piezoelectric Gurtin—Pipkin system, establishing a polynomial energy decay rate of type t=2 . The stabilization of Rao-Nakra
sandwich beams through Coleman-Gurtin’s thermal law and nonlinear damping has provided new insights into Timoshenko
systems and memory-type wave equations [4, 5, [7]]. Furthermore, recent studies on viscoelastic wave equations with past history
enhance the understanding of general decay behaviors [6]].

As far as our understanding goes, there appears to be no prior research on the examination of a system that combines a degen-
erate wave equation and a heat equation with memory. In pursuit of this objective, this paper explores this system, examining
various scenarios involving different heat conduction types. Several problems arising in Physics and Biology (see [46]), Biol-
ogy (see [21}133])), as well as Mathematical Finance (see [42]), are governed by degenerate parabolic equations. The extensive
literature dedicated to controlling and stabilizing of the nondegenerate wave equation using diverse damping methods is notably
comprehensive. This is reflected in the numerous citations, exemplified by references such as [24} 26| 27]] and others mentioned
therein.

Lately, the subject of controllability and stability in degenerate hyperbolic equations has gained significant attention, with vari-
ous advancements made in recent years. In this field the most important paper is [9] (see also the arxiv version of 2015), where
a general degenerate function is considered (see also [39], [S3]], and the references mentioned within). In [8], the authors es-
tablished a Carleman estimate for the one-dimensional degenerate heat equation and investigate the null controllability of the
semilinear degenerate parabolic equation over the interval [0, 1]. Meanwhile, in the work described in [34]], the authors formu-
late Carleman estimates for singular/degenerate parabolic Dirichlet problems, taking into account degeneracy and singularity
within the spatial domain’s interior (see also [35]]).

In [18] a one-dimensional degenerate wave equation with a boundary control condition of fractional derivative type is consid-
ered. The authors show that the problem is not uniformly stable by a spectrum method obtaining a polynomial stability. Recently,
in [36], the authors consider a degenerate wave equation in one dimension, with drift and in presence of a leading degenerate
operator which is in non-divergence form with homogeneous Dirichlet boundary condition where the degeneracy occurs and a
boundary damping is considered at the other endpoint. Specifically, they demonstrate uniform exponential decay of the solu-
tions under certain conditions. Later, a boundary controllability problem for a similar system is considered in [22]. In particular,
the authors studied the controllability of the system by providing some conditions for the boundary controllability of the solu-
tion of the associated Cauchy problem at a sufficiently large time. Recently in 2023, in [3] the authors considered two problems;
the first one a one-dimensional degenerate wave equation with degenerate damping, incorporating a drift term and a leading
operator in non-divergence form. In the second problem they considered a system that couples degenerate and non-degenerate
wave equations, connected through transmission and subject to a single dissipation law at the boundary of the non-degenerate
equation. In both scenarios, they reached exponential stability results. Recently, in [43]], a system consisting of one wave equation
and one degenerate heat equation in two connected regions is considered where the coupling is through certain transmission
conditions. The authors considered two cases, the first is on rectangular domain, the system is given as follows

-

u,(x,y,t) — Au(x, y,t) = 0, (x,y) €Q,,t>0,
w,(x,y,t) —div(@Vw)(x, y,t) =0, (x,y) € Q,,t >0,
u(-1,y,t) =w(l,y,t) =0 ye€0,1),t>0,
S u(x,0,t) =u(x,1,1)=0 x € (-1,0),t>0, @
w(x,0,t) =u(x,1,t) =0 xe€ (0,1),t>0,
u(x,y,0) = uy(x,y), w,(x,y,0) = vy(x, y), (x,y) € Q;,t >0,
w(x, y,0) = wy(x, y), u,(x,0) = vy(x), (x,y) €,,t>0,

L

with the transmission conditions at the interface line I" : x = 0, given by
u,(0,y,1) = w(0, y,1),u,(0,y,1) = (aw,)0,y,1), ye€(0,1)andt > 0.

Here the variable heat-diffusion coefficient a(x, y) degenerates near the interface line x = 0, as follows: a(x, y) = mx*, x € (0, 1]
with constants 0 < @ < 1, m > 0 and Where Q, =(-1,0)x(0,1)and , = (0, 1) X (0, 1). In this case, the authors established an
explicit polynomial decay rate of type 17+ for the solutions to the system. This decay rate depends only on the degeneration de-
gree of the diffusion coefficient of the heat equatlon near the interface line. The second case is the one-dimensional case where
they reached polynomial decay rate with rate ¢~ =3

This paper examines a one-dimensional coupled system wherein a wave equation and a heat equation with memory are intercon-
nected via transmission conditions established at the interface. Our investigation will focus on the system’s stability in various
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cases of heat conduction, which are dependent on the parameter m. The system is given as following

u, — a(x)u,, — b(x)u, =0, (x,1) € (0,1) xR,
yi—cl—m)y,, —cm / ()Y, (x,t —5)ds =0, (x,1) € (1,2) X IRI,
0
u,(1,1) = y(1,1), t eRY,
3 - %)
n(Du,(1,1) =c(1 —m)y, (1,1) + cm/g(s)yx(l,t— s)ds, t € IRI,
0
u(0,1) = y2,1) =0, te IRI,
u(x,0) = ug(x), u,(x,0) = vy(x), x € (0,1),
¥(x,0) = yy(x), ¥(x, =) = @y(x, s), x € (1,2),s > 0.

Here a,b € C°([0, 1]), with @ > 0 on (0, 1], a(0) = 0 and g e L'(0,1), Uy, Uy, ¥, are assigned data, ¢ is a strictly positive
constant and ¢, accounts for the so-called initial past history of y. The convolution kernel g : [0, co[— [0, o0) is a convex
integrable function (thus non-increasing and vanishing at infinity) of unit total mass, taking the explicit form

o

g(s) = /ﬂ(r)dr,s >0,

N

where the memory kernel y : (0, c0) — [0, c0) satisfies the following conditions

ue L'0,00)NC'(0,00) with / u(r)dr = g(0) > 0, u(0) = lim u(s) < oo, ©
0
u satisfies the Dafermos condition p'(s) < -K, u(s); K, > 0.
Also, let us recall the well-known absolutely continuous weight function
b
n(x) :=exp /ﬁds , x€[0,1]
a(s)
3
introduced by Feller in a related context [32]. We set the function o(x) := %, which is a continuous function in [0, 1],
n(x

independent of the possible degeneracy of a. Moreover, observe that if u is a sufficiently smooth function, e.g. u € I/Vli’c1 O, 1),
then we can write Bu := au,, + bu, as
Bu = o(nu,),.
The degeneracy at x = 0 is measured by the parameter K, defined by
K = sup NI
xe©,1]  a(x)

We say that a is weakly degenerate at 0, (WD) for short, if
ae C’0,11nC'(0,1] and K, €(0,1) (®)

(N

(for example a(x) = xX, with K € (0, 1)) and we say that a is strongly degenerate at 0, (SD) for short, if
a€C'0,1] and K, €[1,2) ©)

(for example a(x) = xK, with K € [1,2)). Here we assume K, < 2 since it is essential in the calculation that will be conducted
below.

In the model (3), m € (0, 1) is a fixed parameter and the temperatures obey the parabolic hyperbolic law introduced by Coleman
and Gurtin in [25]]. For the boundary cases for m:
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» For m = 0: The system corresponds to Fourier’s law.

» For m = 1: The system corresponds to Gurtin-Pipkin heat conduction law.

The main novelty in this paper is the consideration of the transmission problem of degenerate wave equation and under heat
conduction (Coleman or Pipkin)-Gurtin or Fourier law. Since we investigate the degenerate wave equation in this work, so we
can approach the system considered in [54]] if we choose specific functions a(x) = 1 and b(x) = 0. Additionally, this study
extends the findings presented in [29] by examining the degenerate wave equation as opposed to the classical wave equation,
while also incorporating the three thermal laws mentioned. The optimality of the decay rate in the context of the Coleman-
Gurtin or Fourier law is established when choosing a(x) = 1 and b(x) = 0 (as demonstrated in [29]). However, for the system
described in (3)), we propose that the energy decay rate is optimal.

This paper is organized as follows: in the first section we give some preliminary results and we establish the well posedness of
the system (§) if m € [0, 1] using a semigroup approach, after re-framing the system into an evolution system. In Section 3} we
investigate the stability of the system under (Coleman or Pipkin)-Gurtin thermal law in the case m € [0, 1]. Next, in Section 4]
we establish a polynomial stability under Coleman-Gurtin heat conduction law with decay rate of type r~* if m € [0, 1). Section
we prove the exponential stability of the system under Gurtin-Pipkin heat conduction law with the parameter m = 1. The
paper ends with a section devoted to recall some results needed for the proofs.

2 | PRELIMINARIES, FUNCTIONAL SPACES AND WELL-POSEDNESS

Hypothesis 2.1. Functions a and b are continuous in [0, 1] and such that b e L'(0,1).

Hypothesis 2.2. Hypothesis[2.1]holds. In addition, a is such that a(0) = 0, a > 0 on (0, 1] and there exists @ > 0 such that the

function
xa

X — (10)

a(x)
is non-decreasing in a right neighborhood of x = 0.

Remark 2.3. 1. If a is (WD) or (SD), then (T0) holds for all &« > K, and for all x € (0, 1).

2. We notice that, at this stage, @ may not degenerate at x = 0. However, if it is (WD) then l € L'(0, 1) and the assumption

é € L'(0, 1) is always satisfied. If a is (SD) then — ¢ L'(0, 1), hence, if we want é S L (0, 1) then b has to degenerate

at 0. In this case b can be (WD) or (SD).

We start by introducing the following spaces.
1
L3(0,1) := {y € L*(0, 1) lIyll: < 00}, (y.z)1 1= / Lyzdx, for every y,z € Li(0,1),
- o c o2 -

c

0
1

H;(0,1):=L30,DNnH'0,1), (y.z), :=(y.2)1 +/nyx2xdx, forevery y,ze H;(0,1),
o o o 0 o
H;0,1)={ue H'(0,1);u0) =0}, (. 2mion = (Vo Zod e forevery y,ze H} (0, 1),
and

The previous inner products induce related respective norms
1 1 1

1
lall? = / Liupax, =l + / Ml Pdx and [l = lull? + / olnuy), [2dx.

T 0 0
Also, we consider the following spaces

H; (0,)=L30.)NnH;0.1) and H] (0,1):= {y € H; (0,1):By e L7 (0, 1)}
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endowed with the previous inner products and related norms and we denote by || - || = || - || 12(1)- We also introduce

Hy(1,2) := {y € H'(1,2) : y2)=0)

2
I / P

We also introduce the memory space W, defined by

endowed with the following norm

2 o

W = LZ(R+,H;(1,2)) Y 70w = cm//y(s)yledsdx forall y,,y, € W.

Then, we reformulate system (3]) using the definition of ¢ and using the history framework of Dafermos. To this end, for s > 0,
we consider the auxiliary function

s

y(x,s) = / y(x,t —r)dr, x € (1,2)ands > 0.

0
Now, system (3) can be rewritten as
(u, — o(qu,), =0, (x.0) € (0, 1) X R¥,
Yo = e(l = )y, — cm / WS () =0, (x.1) € (1,2) XRY,
0
}/t+y5_y=05 (xat)e(laz)XR:’
u(1,1) = ¥(1,1), teRY,
; . (11)
n(Du,(1,8) = c(1 —m)y, (1,1) + cm/y(s)yx(l,s)ds, te Rj
0
u(0.1) = 0, y(2.1) = 0, rEeR?,
u(x3 O) = u()(x)9 ut(x3 O) = U()(x)’ X € (07 1)’
\y(x70)=y0('x)9y(x7 _S) =(Po(x’ S)v X € (172)’5 >0

Multiplying the first equation in (TI)) by lu_t and integrating over (0, 1), we get
o
1 1

21 [ Lpax+ [ x| R (rumm) o (12)
0 0

Multiplying the second equation in (IT] by y and integrating over (1, 2), we obtain

2 o
%di/lyl dx+c(1—m)/|yx| dx+§R(c(1—m)yX(1)y(1) +2R m//,u(s)yx(s)}x(x,t)dsdx
1 0 (13)

[*9)

+R|cm / u(s)y. (1, )y(1,ds | = 0.
0
Differentiating the third equation in (TT)) with respect to x, we obtain

Yo tVxs = Vx =0.
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Multiplying the above equation by cmpu(s)y ., integrating over (1,2) X (0, o), we get

2 o
1d //
——Ccm
2 dt

1 0

2 o

2 o
=R cm//,u(s)?x(s)yxdx .
10

Inserting (T4) in @]), we get

2 o
pPax+ 2 Lo / / w(s)ly,[Pdsdx + (1 = m) / P < / / W)y, Pdsdx
1 0

ld
2dt
1
2
L
2
1

0

1 0

2 o0

uolrPasax =2 [ [l Pasar+ 2| [ uoirpax
1 0

1

/ u(s)ly, PPdx +m(c(1—m)yx(1)§(1>)+m cm / u(s)r,(1, )3(Dds | = 0.

0

Adding equations (T2)) and (T3) and using the transmission conditions in (I}) and conditions (6], we get

1d

2dt

1

/ l|u,|2dx +/

1

nlu, Pdx |+ =—

2dt/lyl dx+——cm///4(S)Iny dsdx

= —c(l—m) / v, Pdx+ L / / W)y Pdsdx.

1

0

Thus, the energy of the system @I) can be written in the following form

and

1

2 2 o
£ =+ (1|u,|2+;1|ux|2)dx+l Iy|2dx + <7 u(s)ly,2dsdx
2/ \5 2 2
1 1 0

0

2 o 2
d cm
Eé‘(t):?//y’(s)|yx|2dsdx—c(l—m)/|yx|2dx.
1 0 1

Now, we define the Hilbert energy space by
H=H; 0,)xLi0HxL*1,2)xW

equipped with the following inner product

where U; =

(U, Up)y = /ﬂulxuzxdx+

(u;, 05, ¥, 7;) € H, i = 1,2. We denote

0

1 2 o
/lvlvzdx+/y1y2a’x+cm//y(s)yledsdx,
c
0 1 0
by

o

{=cl-my+ Cm/ u(s)y(s)ds.

Defining the unbounded linear operator .A by

and

D(A) =

0

.A(ll, v, Yy, J’)T = (U7 O-(nux))w élx)w _VS + y)T’

v, EW,

)

n(Du, (1) = £ (),

forall (u,v,y,7)" € D(A)

wv,y,y) EH;ve H| ,O. D, ue H} ,0. D), ye Hp(1,2), ¢ € H*(1,2),

and v(l) =y(1)

(14)

5)

(16)

a7

(18)

19)
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we can rewrite (TT)) as the following evolution equation

U =AU, U0 =U, (20)

N

where Uy = (ug, vy, Yo, y(,)T with y, = / @o(x,r)dr.
0

Proposition 2.4. Assume Hypotheses 2.1 and 2.2] and m € [0, 1]. The unbounded linear operator A is m-dissipative in the
energy space H.

Proof. ForallU = (u,v,y, T € D(A), using condition (]§[) and the fact that m € [0, 1], we get

R(AU.U)y) = S / / W)y, dsdx = c(1 —m) / Iy [Pdx <0,
1 0 1

which implies that A is dissipative. Now, we need to prove that A is maximal. For this aim, let F = (f}, f5, f3, f4(:, T eH,
we need to find U = (u,v,y,7)" € D(A) unique solution of

-AU =F. (21)
Equivalently, we have the following system
-v=fy (22)
—o(u,), = [, (23)
G = S5 (24)
Ys =¥ = f4(r9). (25)

From 22), we have v = —f,, thus v € Hl L(O, 1). From (23)), we get

y(,s) = sy(x) + / falx,T)d7. (26)
0
Using (26) and the definition of ¢, we get
{=c(l—-my+ cmy/ su(s)ds + cm//t(s)/f4(x, T)dtds. 27)
0 0 0

Let ¢, € H1 0, 1)and @, € H(1,2) such that ¢, (1) = @,(1). Multiplying @23) by 15 ~% and (29) by @, and integrating by
parts over (0, 1) and (1, 2), respectively, we get

1 2 1 2
I R 1 . — _
/nuxwlxdx + / Cepadx = / ;fz(mdx + / f30,dx. (28)
0 1 0 1
Using (27) and (28), we get
B((”! C)’ (¢]9 (pz)) = L"((p]’ (pz) fOr all (¢]9 (pz) € Hi L(O’ l) X H]lg(la 2)’ (29)
where
1 s 2
B((u, ©), (@, py)) = /ﬂuxfp_lxdx +le(l—m)+ cm/ su(s)ds /y ®,,dx,
0 1
and

(s8] N

1 2 2
1, — — _
E(qol,g02)=/;fz(pldx+/f3(p2dx+cm/ /y(s)/f4x(x,r)drds @, dx.
0 1 1 \o 0
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From (@), we have c¢(1—m)+cm / su(s)ds > 0; moreover, using Proposition|6.4{in the Appendix and the fact that f, € W', we
0

N

get that / f4(x,7)dt € W.Thus, Bis asesquilinear, continuous and coercive form on (H } L(O, l)xH}Q(l, 2))? and L is a linear
0 i

and continuous form on HLL(O, 1)x H (1, 2). using Lax-Milgram, admits a unique solution (i, y) € HLL(O, 1)x H (1,2).

So, using the fact that f, € L2l 0,1) we getu € H% L(O, 1). Since f4(-,s) € W and y € H}Q(I,Z), 75(-,s) € W. Now, in

(e

order to obtain that y(-, s) € W/, it is sufficient to prove that / US|y, G, s)||iz(1 2)ds < oo. For this aim, let £, &, > 0, using

0
Hypothesis (6)), we have

£ £

-1
/ My, (s S)||L2(1 2ds < X O] A S)”2Lz(1,2)ds~ (30)
£ g €1
Using integration by parts in (30), we obtain

€

1 2
/#(S)HYX( S)“L2(12) —K_/”(S)% (HYX(WS)HZZ(]’Q))dS
"

€1

1
+K_ﬂ (M(El)”yx( 5])“[}(]2) l’l(gz)”}/x( 82)”L7(12))

Now, from Young’s inequality we have

€19}

& £ 2
= [ 1L (B ) ds = = [ uR| [ 7,697, x| d
ol ST VG20 s= [ HE V(s )75, (s 8)dx |ds
”el Mel 1
€ &
1 2
M(s)”yx( S)IILZ(IZ) K2 ﬂ(s)”)/sx( S)”LZ(IZ)
51 51
Inserting the above inequality in (31]), we obtain
£ &
4
/ KO I s < / U7y 9Py 5 M(el)llyx( DIy~ M)y
1% M
£ €]

Taking the above inequality as e, — 0% and €, — o0, and using the fact that y,(-,s) € W, y(-,0) = 0 and condition @, we

obtain
(s8]

/M(S)||}’x(‘,s)||iz(1!2)ds < o,
0
ie., y(-,s) € W.Hence, U € D(A) and it is the unique solution of ZI). Then, A is an isomorphism. Moeover, using the fact

that p(A) is open set of C (see Theorem 6.7 (Chapter III) in [47]), we easily get R(AI — A) = H for a sufficiently small 4 > 0.
This, together with the dissipativeness of A, imply that D(.A) is dense in H and A is m-dissipative in H (see Theorem 4.5, 4.6
in [51]). The proof is thus complete.

O

3 | STRONG STABILITY

The aim of this section is to prove the strong stability of (TI). First, we denote the following

x a-b b
a

and M, = x (32)

L2(0,1) L>=(0, 1)
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Hypothesis 3.1. Assume Hypothesis[2:1] a (&) or (9) and the functions a and b such that
Ka Ka
Ml<1+7 and M2<1—7.
Example 3.2. Leta(x) = x*1 and b(x) = ¢, x*2, such that ¢, € R*. For Hypothesis@to be attained, we need to have p; —p, < 1

_H
and |¢,| < >

The main result of this section is the following theorem.

Theorem 3.3. Let m € [0, 1] and assume condition () and Hypothesis Then, the C,-semigroup of contractions (e’““)tZO is
strongly stable in M, i.e., for all U, € H, the solution of Z0) satisfies £ (t)t—> 0.

According to Theorem of Arendt-Batty [10], to prove Theorem 3.3 we need to prove that the operator .A has no pure imaginary
eigenvalues and 6(A) N iR is countable. The proof of Theorem 3.3| will be established based on the following proposition.

Proposition 3.4. Let m € [0, 1] and assume condition (6) and Hypothesis [3.1] we have
iR C p(A). (33)

We will prove Proposition[3.4]by a contradiction argument. Remark that, it has been proved in Proposition[2.4]that 0 € p(A).
Now, suppose that (33) is false, then there exists @ € R* such that i & p(A). According to Remark A.1 in [2]], page 25 in [49],
and Remark A.3 in [1]], there exists {4,, U" = (u", V", y", )/”)T},,Zl C R* x D(.A), such that

A,—w as n—-oo and [4,] <|ol, (34)
WUl = M@, 0", "y e = 1, (35)
and

(A, = AU"=F, :=(f,f5f.f}(.9) >0 in H, as n— oo. (36)

Detailing (36), we get
iAu'—0v" = f) in H, 0.1, (37)
id,0" = o(mid), = f; in L1(0,1), (38)
iz y' =l o= f] i L*(1,2), (39)
Ay Yy =Y = fliC,s) in W. (40)

We will proof condition (33) by finding a contradiction with (33) such as ||U"||;; — 0. The proof of this Proposition will rely
on the forthcoming Lemmas.

Lemma 3.5. Let m € [0, 1] and assume condition (6) and Hypothesis Then, the solution (¥",v",y",y")T € D(A) of

(37)-(40) satisfies
2 o
//—y'(s)|y;'|2dsdx———>0
10

2 o
[ [ wonrrasix—o.
1 0

2

3 /|y;|2dx—>0 41)
1

2
/ |y”|2dx-——> 0
n—oo
1
2

and/ 1" 1*dx— 0.
1

\
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Proof. e Firstly, for the case where m € (0, 1], we shall show the first and second limits in @ Regarding the case in which
m = 0, these terms vanish.
Taking the inner product of (36) with U in H and using the fact that|| F,||l;;, = 0 and [[U"||;; = 1, we obtain

2 o

// e dsdx+c<1—m>/|y Pdx = ~RUAU.UY) < Il IU” l— 0. “2)

Then, using the fact that m € (0, 1], we obtain the first limit in @IJ). Using conditions (6], we have

2 o 2 oo
n 1 n
/ / Hly *dsdx < 2= / / — ($)ly;*dsdx.
1 0 ”1 0

Then, using the above inequality and the first limit in we obtain the second limit in {T)).

» Now, we will prove the third and the fourth limits in T for the cases when m € [0, 1) and m = 1 separately.

For the case when m € [0, 1):

From (@2)) and the first limit in (1)), we get the third limit in @T). Using the Poincaré inequality and the above result, we deduce
the fourth limit in @T).

For the case when m = 1:

Differentiate (40) with respect to x, then multiply by u(s)y, and integrate over (1,2) X (0, o0), we obtain

2 2 oo 2 oo 2 oo
g(O)/|y:'(|2dx=iﬂ//y(s)y;'y_zdsdx+//ﬂ(s)ys"xy_;dsdx—//ﬂ(s)(f:)xy_gdsdx.
1 10 10 1o

Integrating by parts the second term on the right hand side in the above equation with respect to s and using the fact that
y(-,0) =0on (1,2) and (6)) , we get

2 2 o 2 o 2 o
g(0) / |y 17dx = iA / / u(s)y"y dsdx + / / —u'(s)y"y*dsdx — / / H()(fDyidsdx. (43)
1 1 0 1 0 1 0

Using the Young and the Cauchy-Schwarz inequalities, we get

2

2 o 2 o
— 0
ii//,u(s)y;’y;dsdx SZl/llz//y(s)ly:{’lzdsdx+%/|yz|2dx, (44)
10

1

2 o 2 o
/ / —W/ () Vidsdx| < \/u(0) / / —'()ly;Pdsdx / Vi Pdsdx
1 0 1 0
s”(o)// u<>|y|dsdx+g()/|y|d
g(0)

2 oo 2 o 2
i2 / / () (F4 T sdx| < 2 / / KO, Pdsdx -+ £ / Y Pdx. 46)
1 0 1 0 1

So, using (@4)-(46)) in [@3), the first and second limits in (T)), we obtain the third limit in (@T)). Using again the Poincaré inequality,
we deduce the fourth limit in @T).
» Now, we will prove the last limit in @T)) when m € [0, 1].

1/2

/\

(45)

and
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Applying the Young and the Cauchy-Schwarz inequalities, we obtain

[s)

2 2 2
/|C)’C'|2dx <21 —m)z/ |y:’C|2dx+2c2m /,u(s)ds //ﬂ(s)ly)flzdsdx
1 1 10

2

<2¢%(1 — m)? / 1y 17dx + 2> m?g(0) / / u(s)ly"*dsdx.
1 1 0

(47)

Then, using the first and third limits in (4I)) in the above inequality, we obtain the last limit in (I]). Thus the proof has been
completed. O

Lemma 3.6. Let m € [0, 1], assume conditon (6) and Hypothesis Then, the solution (u", v", y",y")T € D(A) of (37)-(@0)

satisfies | |

/n|u;|2dx—>o and /1|U"|2dx—> 0. (48)
n— oo o n— oo
0 0

Proof. The proof of this Lemma is divided into three steps.
Step 1. The aim of this step is to show that

|Au"(1)]— 0 and |u"(1)]— 0. (49)
Thanks to Lemma[3.3] we have that
2 2 172
s [ s [inrax] —o (50)
1 1

Now, using equation (39), the Gagliardo-Nirenberg inequality, Lemma and the fact that ||U"||; = 1, ||F,ll;; — O, and
[4,] = |w|, we obtain

1O < e G I2NENY2 + NS < egllay" = 1202 + llgll——0. (G
Using (37)), the transmission conditions in (TI)), (50) and the fact that

1
1 < 1 < -1 1 < -1
st [ihddx < ma D < | Sma et iE L = o (52
0

|4, (D] < [0"(D] + £ D] < YD) + |f,,1(1)|m> 0.
Now, using the transmission conditions and (3TJ), we get |[7(1)u’(1)| = |{7(1)]—— 0. Thus, we get (49).
Step 2. The aim of this step is to prove the first limit in @8). Substitute v" = i4,u" — ! into (38), we get

'+ o(qul), = —id, f} - f2. (53)

we obtain

— K _—_
Multiplying (33) by —2£u§ + Z—”u”, and integrating by parts over (0, 1), we obtain

1 1

’_
(1+—)/ 14| dx+(1——)/n|u 2dx—/— (“ b) 1A u2|2dx+/x9n|u;|2dx
o a a
0

K,
+n(1)|u” (thuu"(l)l2 (—n(l)u <1>u"<1>> / = frundx

K
+2911/1/ fu”dx— l—/ f,{u"— a/_fun.
2 c "

0
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Thus, we get

1 1
Ka 1 ni2 Ka ni2 n 2
(1+7—M1) ;Iﬂnu | dX+(1—7—M2) nlul|"dx < n(D]u ()]
0

- n 2
+ (1)|/1nu M-+

R <—i1(1)u (l)u"(1)>

+ [2R / f u"dx 54)

1 1 1

. X o1 .Ka 1 19 — Ka 1 —
+12R1i4, | =f uwdx||+[Rli— | =f Au || +|R|—=— | —f-u"
o "X 2 o' " 2 o "
0 0 0

Now, we consider the last four terms in (34). First, using the Cauchy-Schwarz inequality, the fact that || F,|| — 0, ||[U"|| = 1,

and the monotonicity of X in (0, 1], we get
a

IE 31U 30— 0. (35)

2R / = frurdx <2/——|f2| |u’|dx <
vr \/ a(l)

Applying the Cauchy-Schwarz and the Hardy-Poincaré inequalities, using the fact that || F,|| — O, ||U"|| = 1, |4,| — |®| and
again the monotonicity of L, we have

a
Co n
i, fu”dx <2|4,| 7—|f |\/nlujldx < 2|4, oy U = 0. (56)
1
Ko [1 4, = Ka » n
R = ;f,,/lnun SI/I,,ITCOHF,,”H”U ”HE’ 0, (57)
0
and |
K, 1 ,—| _ K, ,
R 5= [~ | < Sl B U — 0. (58)
2 o 2
0
where ¢y = , /Cyp max 51

x€[0,1]
Now, using and (55)-(@8) in (54) and the fact that 4, - w, we get

1 1
K K
(1+=F - Ml)/ £|,1nu"|2dx -t Mz)/nluj‘clzdxg 0. (59
0

Thus, using Hypothesis [3.1]in the above equation we get the desired result.
Step 4. The aim of this step is to prove the second limit in @8). From (37), and using (59), Hardy-Poincare inequality given in
Proposition[6.1]in the Appendix and the fact that || F, || — 0, we get
1 1
/ Lipax < 2/ 14w Pdx +2¢,p max ;1/ (), Pdx—— 0. (60)
o o x€[0,1] n n—oo
0 0 0
O

Proof of Proposition 3.4 From Lemmas[3.5|and 3.6 we obtain that ||U"||;;, — 0 as n — 0 which contradicts that [|[U"||;, = 1
in (33). Then, (33) holds true and the proof is complete.

Proof of Theorem [3.3| From Proposition 3.4} we have iR C p(A) and consequently 6(A) N iR = @. Therefore, according to
Arendt-Batty Theorem, we get the Cy-semigroup of contraction (e’A),ZO is strongly stable. The proof is thus complete.
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4 | POLYNOMIAL STABILITY IN THE CASE OF COLEMAN-GURTIN HEAT
CONDUCTION LAW

This section is devoted to study the polynomial stability of the system under consideration, specifically in the case of the
Coleman-Gurtin heat conduction law with the parameter m belonging to the interval (0, 1). The main result of this section is
presented in the following theorem.

Theorem 4.1. Assume condition (6), Hypothesis and m € (0, 1). Then, there exits C, > 0 such that for all U, € D(A) we
have

0] <& ||U0 t>0. ©61)

150

According to Theorem of Borichev and Tomilov [20] (see also [48]] and [17])), in order to prove Theorem@]we need to prove
that the following two conditions hold:

iR C p(A), (R1)
limsup ——[[GA1 — A)~!]| < co. (R2)
[A]-e0 12
Proposition 4.2. Under condition () and Hypothesis let (A, U = (u,v,y,7)") C R* x D(A), with |4] > 1 such that
(AL =AU = F := (1 2 2 ff o) € H, (62)
ie.
ilu—v = f1, (63)
ilv—o(qu), = f2, (64)
i3y =& = f7, (65)
i2y +r, =y = f1Cs). (66)
Then, we have the following inequality 1
Ul < Ky (1 + [AIDIF |l (67)

where K| is a constant independent of A to be determined.
In order to prove Proposition[#.2] we need the following Lemmas.

Lemma 4.3. Assume condition (6), Hypothesis m € (0,1) and |4| > 1. Then, the solution (4, v,y,7)" € D(A) of (62)
satisfies the following estimates

2 o
//—M'(S)Iyxlzdsdx < ko (IUIIIF Il + 1IFII5,) » (68)
1 0
2
/ yeldx < xy (W0l Fllye + IFIE,). 69)
1
2 o
//u<s>m| dsdx < x5 (1Ll + 1 FIE,) (70)
1 0
and
2
/|cx|2dxsfc3(||U||H||F||H+ IFIE,). a1
1
1 2 4cmg(0)

where k, = i, K| = and k3 = 2¢(1 —m) +
cm

T < K2 =
c(1—m) chM u

Proof. First taking the inner product of (62)) with U in H, we get

% / / —i' )|y, |Pdsdx + c(1 — m)/ |y, P dx = =REAU, U)y) < IFll3 U Iy, (72)
1 0 1
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From the above equation, using condition (6) and the fact that m € (0, 1), we obtain (68), (69) and

2 o 2 o
/ / W(oly, Pdsdx < - / / —W (3l [Pdsdx.
KM
1 0 1 0

Then, using the above inequality and (68), we obtain (70). Now, using the Cauchy-Schwarz inequality, we get

2 2 0 2 oo
/léxlzdx §2c2(1—m)2/|yX|2dx+202m2 /y(s)ds //M(s)lyxlzdsdx
1 1 0 1 0
2 o

2

32c2(1—m)2/|yx|2dx+2c2m2g(0)//y(s)|yx|2dsdx.
1 0

1
Using (69) and in the above inequality we obtain and the proof is complete. O

Lemma 4.4. Assume condition (6), Hypothesis|3.1, m € (0, 1) and |4| > 1. Then, the solution (4, v,y,7)" € D(A) of (62)
satisfies the following estimates

2
/ P < 5 (Ul F b+ 171y, 73)

where k, is a constant independent of A to be determined below.

Proof. Multiplying equation (63) by y, integrating over (1,2) and taking the real part, we have

/ ly*dx+R / £ yedx +m[ L3)| = / f7ydx|. (74)
Thanks to and (7)), we get
2
1
R L [ B || < 5 (LA IFIE). as)
1
and
2
1 - 1
R L [ r5ax|| < T (ULAFL PR 6)
1

where k5 = 4/k k3. Now, using the Gagliardo-Nirenberg inequality we can estimate the term R [%CX(I)E(I)] in the following
i
way

mL CORD] 1< o (@I + ol ) (sl 10 + iy

< 7 (R + ) (Ml + 1)

where f = max(e,, a,) max(a;, a,), a; > 0, i = 1,2,3,4. In order to estimate the terms in (77)), we will use (16_3]), the fact that
. . 1 .
[A| > 1 and the inequality x;x, < ex% + 4—x§ for € > 0. Thus, we obtain
€

(77
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B 3 98° 2
-—IICxxII ¢, Izl < NE | I| IIyII+—IIf Iz (I 1 Iyl S—IIC IIIIyII+ IIyII
| l/} I/lll/2 o3 I/1I ﬂ4|/1I
3 2 < 2, 2, 2 24 32 4 2
+— +—
4|/Hzllf (IS ¥l 16|/1|23|IC4II IIyII Iyll” + 8|/1I2 —| I+ 2|MZIIC ol
192 ﬁ 1 19°p 1
2 3 2 2 2 2
- — 21 + 28 (UL Fll + I F
< gl + oz I+ (2 = >M2|nc 17 < S0P + 5 (Il Fll + 1P
1 1 1 1 1
7 < 2 + 2173 2 I
|/”IICMII ¢, Iz Ilyxll Il I/1I1/2 VIS IIyXII I/H”f & IS Tyl NIl
—IIYI|2+ 195" ——I¢, Iy ||+—ﬂ2 V& IIIIYI|+—IIC Myl < —IIYII2+—(IIUII | | +|IF||2)
=19 4|4 204 214 = [A| HEETH
p 194 24 2 ¢ 2 2
o < — + 5 UL IF N, + I F
|MIICXIIIIyII_4M|2IICXII IIyII < 19IIyII ] (U N F Nl + 1 FNI,) »
p p? 2 24 2, 1 2
< — + — — + —
|/”IIC ||||yx|| IIyII2 < 2|/”IIC ol 2|/”IInyIIIyII < 2|/”IIC ol + 8|lelyxll 38IIyII
2 2
L+ 2 quiLFn, + 17
< g0+ % (WUl Fll + 1FIE)
1 1934 19254 1962 1 B2 19%k, Pr; 19
whereK6=<§+ 16 K3+T,K7: T+§ \/K1K3+7,K8= 1 andK9=T+Tl.

Inserting the above inequalities in (77), we obtain

1 — 1
B [ZEOFD]| < 3101 + T8 (W0 elFll + NI

|ﬂ|
9

where x|y = Z k;. Finally, using the above inequality, and (76)) in (74)), we obtain with k, =
i=6

Lemma 4.5. Assume condition (6] , Hypothesis m € (0,1) and |A| > 1. Then, the solution (u,v,y,7)" € D(A) of (62)
satisfies the following estimates

4(k;0+ K5+ 1)
3 .

O

1D < (L4 1415 (10l + TFIZ,) (78)
and 1
[y(DI* < xp(1+ [A12) (1T 31 F Ml + IFLI7,) (79)

where k|, k|, are constants independent of A to be determined.

Proof. First, multiplying equation (63) by 2(x — Z)EX, integrating over (1, 2) and taking the real part, we obtain

2 2 2
lc.(H> =R 2i,1/(x—2)2xydx +/|§’x|2dx—§R 2/(x—2)f3Exdx ) (80)
1 1 1

Thanks to and Lemma[4.4] the first and last terms on the right hand side in (80) can be estimated in the following way
2

— 1
R 2i/1/(x—2)nydx < &l 22 (U I F Nl + 1IF11Z,)

and
2

— 1
IR 2/(x =3¢ dx || 2 IF I WUl M Flly + U150 < g (WU Flly + 1UFLG,)

Where K13 = 2\/’(3’(4 and K14 = 3\/

Thus, using the above two 1nequahtles in (80), we obtain

G < (z<3 Kl ) (Il Fll + 1F 1) 81)
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and follows with x|, = max{x; + k4, k13 }. Now, differentiating equation (66) with respect to x, multiplying by x(s)y and
integrating over (1,2) X (0, o), we obtain
2

2 o
M//y(s)yxydsdx +R //,u(s)ysxidsdx —g(OR /yx}dx
1 0 1 (82)
=R //M(s)f ydsdx|.

Integrating the second term in the above equation with respect to s and using condition (6), we obtain

2 o 2 oo
SR =w| [ [ uorisasa|-n| [ [ o) - s asax| (83)
1 0 1 0

Thanks to Lemmas and 44| and the fact that |4| > 1 and f* € W, we can estimate the terms on the right hand side in (83)
in the following way
12, 5 1/2

2 o 2 o
R (i / / u(s)y ydsdx || < V)4l / / p(s)ly,[Pdsdx / |yI*dx
1 0 1 0 1

1
< kislAl (U 1F Nl + ILFN,) -

2 7w /2, , 1/2
R / / W () ydsdx || < /u0) / / —p ()|y,|*dsdx / ly|*dx
1 0 1 0 1
< w16 (N Flly + NFI,) »
and s

2 2 12/ 9
R / / p(s)fydsdx || < V/g(0) / / ()| f¢1dsdx / |yI*dx
1 0 0 1

ey

WU N Flly + IFN7,)

where k5 = 1/g(0)k,k, and k4 = /p(0)kyk,. Thus, using the above inequalities in ([§3), we obtain with k, =
% max{ks, k16 + V&(0)c~"m=1} and the proof of the Lemma is complete. O
g

Now, substituting equation (63)) into (64), we get
Pu+o(quy), = —GAf + f2). (84)
Using equation (63) and the Hardy-Ponicaré inequality given in Proposition[6.1] (see the Appendix), we get

Aull s < ol s+ /Crpll £l < max{l,c} (”U”L + le/ﬁf)ill) < et Ul + 1Nl (85)

where ¢; = max{1, ¢y} withcy, =, /Cyp max i1- 1(x).
xe

Lemma 4.6. Assume condition (), Hypothesis m € (0, 1) and || > 1. Then, the solution (u, v, y,y)" € D(A) of (62) are

such that |

/n|ux|2dx < kyy (L4 115 (10Tl Fllg + 1FIE,) (86)

0

and 1

1 1
/ —loPdx < w51+ 121 (10 Il Fll + I1E1G,) 87)
0
where k; and kg are constants independent of 4 to be determined below.
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Proof. For simplicity, we will divide the proof of this result into several steps. First of all ,we observe that thanks to Lemmal(6.3]
in the Appendix, we have that equation (146)) holds.
Step 1. The aim of the first step is to estimate the terms in (146)).

» Using the Cauchy-Schwarz inequality, the monotonicity of the function =~ in (0, 1] (being a (8) or (9)) and the fact that
a
1

. X —
K, <2, we can estimate the term 2R / f?=udx|as:
c
0

1

1
2%/52}(1 SZ/LLz 1dx < —2— (1Ol Flly + 1 FI%,) - (88)
Gfu x / \/E\/Elf [\/nluldx m(” I3l Flly + I FII,)

0

1

1
« Now, consider the term 2R | i / <i> /de]. We have

c
0

1 1 !
1 !/
2R i/(—xf > Audx| = 2R i/ff;/mdx +2R i/(f) [ Audx | (89)
o /. o o
0 0 0

. . . X .
Using again the monotonicity of — and (83]), we obtain
a

2¢

1 1
1 c
2R i/ Z L adx || < 2/ = il —=lauldx <
) o ) \Va NG Va()
Moreover, the second term in (§9) can be rewritten as
1 1 1
’ ’_
2R i/ <f) aadx | = 2% i/ Lt adx |+ 2m i/ x <“ b) Faadx|. 1)
o (o2 (o2 a
0 0 0
Using (83)) and the Hardy-Poincaré inequality, the first term in the right hand side of (91)) can be estimated as

(MUl LF Nl + IF1Z,) - (90)

1

1
. 1 _ 1 1 _
2R 1/;f1/1udx gz/—|fl|—|/1u|arx52c0c1 (U Flly + IF1IZ,) - (92)
J Vo A\fo
Now, using Hypothesis 3.1} we have the following estimate for the second term in the right hand side of (9T):
1
. "—b _
2R ,/g (" : >f‘/1udx <2M, [ W12 2wl < coer @+ K (10 IElly + 1 FIG,) (93)

Then, inserting (Q0), (92), and ©3) in (§9) we can conclude that
1

1
2R i/ <%> Aid x 5( - +Cocl(4+K“)> (||U||H||F||H+”F”?{)' O
0 X

Va(l)

« Now, using (83)) and the Cauchy-Schwarz and the Hardy-Poinacré inequalities, we get

1
&m WY <& F F|? 95
SR [ —fdudx| < 2coc1(||U||H|| 2+ ILF113,) (95)
0

and |

Rag| [ L poma| < Zac, (ot + 1712,) (96)
2 o —_— 2 1 H H H)
0
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Thus, using equations (88) and (94)-(96) in (146), we obtain

1

1
Ka 1 2 Ka 2 2
5= My ) [ —lauPdx+ (1= =0 =My ) [ nluPdx < o (10l Flly o+ IFIG,)
0 0

o7
2 2 K,
+EMM(1)I + (D ]u (D] + Elf (DI Au()] + —n(l)lu (DIfu(D],
+
Where Klg = M OCI(4+ K )+ KCocl + gcl.
Va(l)
Step 2. The aim of this step is to show (86)). Using the transmission conditions and Lemma@ we obtain
(Ol (DI < (1)(1 1A (10 Ll + 1F1,) (98)
and 1
oI < s (1+ 1213 (U115 I Flly + IFIG,) (99)
Using equation (63), @9) and the fact that | £(1)| < 1/ m[%u?] 77| F|l;,, we obtain
xel0,
2 2 1132 3 2
[ Au(DI* < 210D + 21 (DI < kg1 + 1412) (N 11 F Nl + IF1I5,) - (100)
where i,y = 2(k}, + max ;1_1). Now, using Young’s inequality we get
Elf (DI Au(D)] < — (1) I O+ EMu(l)F <k (L 112) (10 | Fly + 1F 1) (101
and K
a ~ 1
= M (Dflu(D] < &5, (1 +1412) (N3N Flly + I F13,) (102)
where k,; = 6(1 )(K'20 max, nHand g, = I; K“+— Finally, substituting equations (98)), (I00)-(102) into (97), we obtain

1 1

K 1 K
@+?—MJ/;MWW+@—3—MQ/M%WX

0 0
1
< k(L +1417) (Ul I Flly + 1F11Z,)

K

—_— —_— ] ] — 22
with K,y = kg + + + Ky + Ky, Therefore, using Hypothesis|3.1/in (T03), we obtain (86) with x;; = -—=—

(1)
Step 3. The aim 0’% this step is to show (87). From inequality (T03)), we deduce

1

Lo.on K ! 2
=|Aul"dx £ —————1 + [A]2) (Ul I Fll3 + I Fl5,) -
.0/ o 1+ % - M, (N Tl F e "
Then, using (63) and the above inequality, we get
1

1 K 1
/;|v|2dxsz—1 £ (L H I (W0 Pl + IFIG,) + 26511 F I
0 T3 M
2K,y

K
1+5-m

2

Therefore, we reach (87) with kg = +2¢;.

Proof of Propositiond.2] Adding estimations (70), (73), (86) and (87) and using the fact that | 4| > 1, we obtain
1
U3, < o314+ 1A12) (WUl I Flly + 1IFNS,)
where k,; = cmk, + k, + k|7 + k3. Thanks to Young’s inequality, we have

1 1
NUIE, < (a1 + 1215 + 2601+ 141 IFIE,,

(103)

(104)
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2
and using the fact that (K23(1 + |/1|%)2 + 2K55(1 + I/llé)) < <K23(1 + |/1|%) + 1) , we obtain

1
U113, < (kp3 + D1+ [AI2)?]FII3, (105)

Thus, ||U|l < K{(1+ [4] %)||F||H with K| = k,3 + 1 and the proof of the Proposition is thus completed.

Proof of Theorem 4.1} From Proposition[3.4] we get (RT). Next, we will prove (R2) by a contradiction argument. Suppose that
there exists (4,, U, = ", v," y",y")7) C R* X D(A), with |4, | > 1 such that |4,| = oo, |U,|l;; = 1 and there exists a sequence
F,= (fnl,fnz,fj,f;‘) € H such that

(it, ] =A)U,=F,—-0 in H as n—-0.
1
From Propositionand taking U = U,, F = A7 2F, and A = 4,, we can deduce that ||U,||;; — O, when |1,| — oo, which

contradicts ||U, |l;; = 1. Thus, condition (R2) holds true. The result follows from Huang-Priiss Theorem (see [45] and [52]) and
the proof is thus completed.

Remark 4.7. For the case m = 0, by proceeding with the same calculations as in the above section we reach same energy decay
rate.

S | EXPONENTIAL STABILITY IN THE CASE OF GURTIN-PIPKIN HEAT CONDUCTION
LAW

In this section we will study the exponential stability for the system, specifically in the case of the Gurtin-Pipkin heat conduction
law with the parameter m = 1. The following theorem gives the main result of this section.

Theorem 5.1. Assume conditions (6) and Hypothesis Then, the C,—semigroup of contractions (e’A) />0 18 exponentially
stable, i.e. there exist constants C; > 1 and 7; > 0 independent of U, such that

Je4vi], < et 120
According to Huang [45] and Pruss [52], we have to check if the following conditions hold:
iRCp(A) (106)

and

sup || GAT = A)™" [l gyy = OCD). (107)
AER

The following proposition is a technical finding that will be used to prove Theorem 5.1}

Proposition 5.2. Assume condition (6) and Hypothesis[3.T|and let (A, U := (u,v, y,7)) € R* x D(A), with |A| > 1, such that

(AT =AU =F :=(f', f% 1. f*C.9) e H, (108)
ie.
ilu—v = f1, (109)
i —o(uy), = f7, (110)
iAy=Coo = 1, (111)
ily +y,—y = fi.9). (112)
Then, we have the following inequality
NU e < Kol Fllys (113)
where K, is a suitable positive constant independent of 4 to be determined below. Here we note that in this case we have
{=c / H(s)y(s)ds. (114)

0
Proceeding as in Lemma[4.3] we have the next result.
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Lemma 5.3. Assume condition (6)), Hypothesishold, m =1 and || > 1. Then, the solution (u, v, y,y)" € D(A) of (T08)
satisfies the following estimates

2 o
/ / WG lrPdsdx < e (10Ul Fll + 1FI2,) (115)
1 0
2 o
//u<s>|yx|2dsdx < ey (Ul Flly + 1 FIE,) (116)
1 0
and
2
/|cx|2dx3e2(||vnunF||H+ IFI2,). a1
1
2
where e, = 2, e = L, and e, = Cg(o).
¢ I K,

Lemma 5.4. Assume condition (6)), Hypothesis m = 1l and || > 1. Then, the solution (4, v, y,7)" € D(A) of (T08) satisfies

2
/|yx|2dxSe3|x|2(||U||H||F||H+||F||;,), (118)
1

where e; is a constant independent of A to be determined below.

Proof. Solving (I12) we have

_ ks .
y = <1—i> y+F(s), where F(s)= / =) £ (1) d T, (119)
1
0

Differentiating the above equation with respect to x, multiplying by u(s) and integrating over (1, 2) X (0, o), we have

2 2 o 2 o
N#/Iyxlzdx§2///4(s)|yx|2dsdx+2//y(s)|Fx(s)|2dsdx, (120)
1 1 0 1 0

o0
where N = /M(s)ll — e7|2ds. Observe that, since f* € W, ||F|ly, < m,|lf*|ly with m; > 0 (see Proposition|6.4|in the
0

Appendix); moreover, inf N >m, > 0 (see Propositionin the Appendix). These two inequalities and (116)) imply

AER;|A|>e>0
2
m
ﬁ / yePdx < 2(ey + mie™) (WU Flly + LFN1G,) - azn
1
Hence (TT8) holds with e; = =(e; + m;c™). O
m

Lemma 5.5. Assume condition (6), Hypothesis m = 1 and |[A| > 1. Then, the solution (u,v,y,y)" € D(A) of (T08)

satisfies the following inequality
2

/ IPdx < ey (Ul I Fllz + ILF1IZ,) (122)
1
where e, is a constant independent of A to be determined below.

Proof. Multiplying (TTI)) by %}, integrating over (1, 2) and taking the real part, we obtain
i

2 2 2
e | L [ e5axl-m [ Loy 1 [ ey
/Iyl dx=-R M/nyxdx 2’1[1./1C;<(1)y(1)]+91 M/f ydx|. (123)
1 1 1
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Using Lemmas[5.3]and[5.4] and the fact that |A| > 1, we obtain
2

1 -
7/cxyxdx < veses (10l Flly + I FII,) (124)

and
2

1 _
7/f3ydx < (WUl IF Nl + ILF13,) (125)
1

Now, proceeding as in Lemma |4.4| for the term R [ ¢, (l)y(l)] using the Gagliardo-Nirenberg inequality, Lemmas and
(5-4) and the fact that || > 1, we obtain

B
IICXXII 15, II Iyl < _”y”2+e5(”U||H”F”H+||F||3.l)»
[A] 76
p I /32
|MIICMII IS, I| IInyI Iyllz < —9|IyII2 (es + =) (NU NN Flly + IFN5,) -
B
] — I Iyl < —IIyI|2 + e (”U“H”F”H +IFI3,)
and 19 pe
1 1 2 e3 32 2
- 4= U F F ,
n IIC IIIInyI Iyllz < 8IIyII ( s T >(II sl Fllz + ILFNI5,)

19344 194 1942 196%«
where e5 = <% + 16ﬂ > e, + Tﬁ’ e = <Tﬁ + %) v/ees, and e; = i 2 Then, using the above inequalities, we

obtain

B[ ZEOFD]| < 3101 + e (1WAl -+ 1F1). (126)

2
+1 19
where eg = e5 + eg + e; + b (e22 ) + 883. Thus, using (124), (I23) and (126) in (123, we get the desired result with

4
= 2(y/eye; + eg + 1). O
ey 3( ere; + eg )
Lemma 5.6. Assume condition (6)), Hypothesis m = 1and || > 1. Then, the solution (u, v, y,7)" € D(A) of (T08) satisfies
18D < eg (U1 Flly + I FIIG,) (127)
and
YDI> < eio (NI Fllye + 1F1I,) » (128)

where e, and e, are constants independent of A to be determined below.

Proof. Multiplying (TTI)) by 2(x — 2)¢ ., integrating over (1,2) and taking the real part, we obtain

2
c>=NR 2i,1/(x—2)2xydx +/|ij|2dx—2R 2/(x—2)f3Exdx ) (129)
1 1 1

From (T19), we have
iy = (1 — e ™)y +idF(s).

Differentiating the above equation with respect to x, multiplying by cu(s), integrating over (0, co) and using definition of ¢ in

(T14) we obtain

[s0)

iAl, =—-Qy, +ilc / HSF(s)ds,

0
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where Q = cg(0)—c / u(s)e'* ds. Multiplying the above equation by 2(x —2)y, integrating over (1, 2) and taking the real part,
0

we have

2 2 o0

2
R|2i1 / (x —2)¢ ydx |=R|-0Q / 2x — 2)yy.dx |+ R|2iAc / (x—2)y / u(s)F (s)dsdx
1

1 1 0

oo

= cg(0) / |y|*dx — cg(0)|y(D]* + R | 2c / u(s)e*ds / (x = 2)yy, dx
1 1

0
2 o

+R | 2iAc / (x =2)y / u(s)F (s)dsdx |.

i 0
Using the above equation in (129), one has
2 2 o 2
cg Oy + &> = Cg(O)/ |y|2dx+/ ¢ Pdx + R 26‘/#(S)e"“dS/(x —2)yy,dx
) . 1 1 ) 0 1 (130)

+R | 2iic /(x—Z)y/,u(s)fx(s)dsdx -R 2/(x—2)f32xdx .
1 0 1
Thanks to Lemmal[5.3] it results in
2

- 1
R 2/(x—2)f3ﬁfxdx < 3e; (U5 N Fllye + IFIZ,) - 13D
1
Integrating by parts we obtain
. . . 0 , 0
/,u(s)e”“ds = %/—,u’(s)e”“ds + 5ILTO %,u(s)e”“ - % = %/—;/(s)e’“ds - %;
0 0 0
hence -
; 2u(0
/,u(s)e”“ds < M
) 4]
Then, using the above inequality, Lemma[5.4] and Lemmal[5.5] we obtain
o0 2
iAs — 4ep(0) 2
B2 [ usrehds [ oo=2y7dx || < ZEEII < derO)y/ee (W0l Fll +IFIG) . (132
0 1
Since 0 < 7 < s < 0, integrating by parts with respect to s and using the definition of F given in (T19), we obtain
/ u(s)F(s)ds = l/{ / u(@) fHo)dr + 1/1 / / W ()e™ 0570 fH(1)d sdr. (133)
1 1
0 0 0
Now, for the last term on the right hand side in (I30), we have
2 0 0
R|2iAc /(x - 2)y/ M(s)fx(s)dsdx < 2c|Iyl /1/ y(s)fx(s)ds . (134)
1

0 0
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In order to estimate the last term in the above inequality, we will differentiate (T33)) and, using the fact that f* € W', we get

[~ (s8]

A / u(s)F (s)ds| < / M(T)f_j(f)df + / / y’(s)e”“—ﬂf_j(f)dsdf
0 0 7

0

-
[SIE

2

2 o ) ) 2
<|g0 / / US| fi@)*dedx| + / / lfi@l / | ()ldsdr | dx
1 0 0 T

1

2 co 2 2

< Vel + / / I fi@ldr | dx| <2vgO)c|Flly.

1 0

Thus, substituting the above inequality into (134), we obtain

2 o

R 2i/10/(x—2)y//4(S)$x(S)dsdx <4vgO)e (UM IFlly + IFI13,) -
1

0

Finally, using (I31)), (I32) and (I33)) in (I30) and thanks to Lemmas[5.3|and[5.5] we deduce that

cgO)|y(I* + 15D < eyy (U N Flly + IIFI3,)

L
where e;; = 3e; +4cu(0)y/esey +44/8(0)c + cg(0)ey + e,. Thus, (127) and (128) hold with ey = e;; and ¢;; =

(135)

(136)

O

cg(O) ’

Lemma 5.7. Assume condition (6)), Hypothesis m = 1 and |A| > 1. Then, the solution (u,v,y,y)T € D(A) of (T0)

satisfies the following estimates
1

/n|ux|2dx <epy (10 IFlly + IFIZ,).
0

and |

Lo 2 2
[ H1ekax < e (WAl -+ IFI).
0
where e, and e, are constants independent of A to be determined below.

Proof. Using similar arguments as in the Step 1 of the proof of Lemma4.6] we obtain

1 1
K, 1 K
<1+7_M1>/;|/1”|2dx+<1—70—M2>/77|”x|2dx3914(||U||H||F||H+||F||$1)
0 0

+ﬁ|'1”(1)|2 +n(D]u (D + (I)If DI Au(D)] + —n(l)lu (DIu(D],
2(c; + 1) K, K,
where ey, = ———— +4cyc; + —cyc; + —¢;.
Va(D) 2 2
Thanks to the transmission conditions and Lemma[5.6] we get

n(1)|u, (1)|2<E(||U||H||F||H+||F||H) and  [o(DI* < ey (IU 5 IIFlly + IIF113,) -
By (I09) and by the second estimation in (I40), we obtain
lAu(D* < 2lo(D* + 2| /D1 < eys (10N Flly + IIFI3,) .

where e|s = 2(e;y + max 71_1). Now, using Young’s inequality we get

Elf (DI Au(D)] < (l)lf (1)|2+W|M(1)|2 < eis (ULl Fllzg + I F1I3, )

137)

(138)

(139)

(140)

(141)

(142)
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and K, ) .
S Ol Du(D] < & (WUl IF Nl + IFNI5,) S (143)

2
(1)( 15+ max n)and &, = e et % Finally, substituting the first inequality in (T40), (I41), (T42) and (T43)
into (T39), we obtain

where e =

1

1
K, 1 K,
(1 5o M1> / ~laufdx + <1 -5t Mz) /n|ux|2dx < epr (Wl 1F I + 1FIE,) (144)
0 0

with e;; = ey + + e, + &;6. Therefore, using Hypothesis [3.1|in (T44), we obtain (I37) with e;, = —¢

e
1) (1) 1-5-M,"
From (63) and , we get

1

1 e
[ iekax < 2T (Wl + 1) + 2631 F
5 1
0

2
Hence, (138) holds with e ; = % +2¢p. O
1+5 - M,
Proof of Proposition[5.2] Adding estimates (TT6)), (122), (I37) and (I38) and using the fact that | 4| > 1, we obtain
U115, < exs (WU I1F 1y + IF1G,) (145)

where e;3 = me; + e, + e, + e;5. Thanks to Young’s inequality, we get ||U||$_[ < (e?8 + 2e18) ||F||§_l and using the fact that
(2 +2ep5) < (egg + 1)2, we deduce that ||U ||;; < K, || Fll;; with K, = e} + 1 and the result follows.

Proof of Theorem From Proposition we get (T06). Next, we will prove (T07) by a contradiction argument. Suppose
that there exists (4,,U, = ", v,"y",y")") C R* x D(A), with [A,| > 1 such that |4,| = oo, ||U,|l;; = 1 and there exists a
sequence F, = (f), f2, f7, 1) € H such that

(id, —A)U,=F,—>0 in H as n— .

By Proposition [5.2]and taking U = U,, F = F, and 4 = 4,, we can deduce that ||U, ||, = 0 as |4,| = oo, which contradicts
lU,ll;; = 1. Thus, condition (I07) holds true. The result follows from the Huang-Priiss Theorem (see [45] and [52]]) and the
proof is thus completed.

6 | APPENDIX

Proposition 6.1. (Hardy-Poincaré Inequality)(see [3]) Assume Hypothesis@ Then there exists Cy p > 0 such that
1 1

/uzldx < CHP/uidx Yue H} (0,1 (HP)
(o} 5
0 0

where Cpp = <% + m[%)i] <l> C P> m[%x n(x), Cp is the constant of the classical Poincaré inequality on (0,1) and f €
a xXE X€E

0, 1).

Lemma 6.2. (See Lemma 2.4 in [36])

1. Assume Hypothesis Ifue H*(0,1)andif v € H! ()(O’ 1), then lir% v(X)u, (x) =

o

2. Assume Hypothesis[2.2] If u € D(A), then xu,(qu,), € L'(0, 1).

3. Assume Hypothesis Ifu € D(A)and K, < 1, then lin(1)x|ux|2 =0.



26 | M. AKil ET AL

4. Assume Hypothesis Ifue D(A), K, > 1 and xb € L*=(0, 1), then lin(l)xluxl2 =0.
a X—

5. Assume Hypothesis Ifu € H}(0,1), then lim Xu))? = 0.
= x—=0 a

o

Lemma 6.3. Under Hypothesis the solution (u, v, y,7)" € D(A) of (62) satisfies the following equation
1 1

1 1
K K !/ _
1+ -2 /l|ﬂu|2dx+ —) /’7|ux|2dx=/£ a—-b |iu|2dx+/xé'7|u |2dx
2 o 2 o a
0 0 0
1 1 ' |
+2R /fzfﬁxdx -2R ,/<i> Audx ——ER / — f'Audx ——ER /
c
0 0

1
<—11(1)u (1>u<1>) + AP + 0Dl (1)|2+m< Tk zaa)).
oD (D)

(146)

Proof. Multiply (84) by 3 —2u, integrate over (0, 1), and take the real part, we obtain
o

(147)

Multiplying equation (84) by _—Zxﬁx, integrating over (0, 1), and taking the real part, we have
c

)]

1
1 1
/f “udx|-2R /<i> Aiidx +§R<2if 1) m > (148)
/o), =0

—2limR [mf (x)

1
/( )|,1u|2dx——|,1u(1)|2+1m—|,1u(x)|2 2R /(r/ux)xxﬁxdx
0 0

u(x)| .

( )

!/
Clearly, <£> = 1_x ( b) and ' —;1, then
o o

1 1 1

-
/ |,1u|2dx—/l|/1u|2dx—/f <"—b> | ul?dx (149)
(o3 (o3 a

0 0 0
and
1 1 1
—2R /(nux)xxﬁxdx =2R /nux(xﬁx)xdx —-2R [xnlux|2](l)=2/11|ux|2dx
0 0
1 1 1 1 5 (150)
—/(xr])’|ux|2dx -R [xn|ux|2]0 = /n|ux|2dx —/x;;ﬂuxlzdx
0 ;o , O 0
=n(D)]u, (1] +}(Lm0xn(x)|ux(x)| .
Using Lemma[6.2] we deduce
lim —— [Au(x)]? = 0, lim xn(x)|u,(x)[*=0, and lim R [1/1 f (x)ﬂu(X)] 0. (151)

o(x)



M. Akil ET AL 27

Thus, using equations (T49)-(I51)) in (I48)), we obtain
1 1 1 1 1

/_
/lllulzdx+/n|ux|2dx=/£<a b) |/lu|2dx+/xén|ux|2dx+2?i /fziﬁxdx
o o a a o
0 0 0 0 0

| (152)
1 1
2R i/ <i> Audx +L|,1u(1)|2+n(1)|ux(1)|2+m<2if (1)/15(1)>.
c /. o(l) o(1)
0
Finally, summing (I52) and (T47), we obtain (T46).
O]

Proposition 6.4. (See [54]], Proposition 2.2 (ii)) Let F(s) = / e ¢670 f4(1)dr, where f* € W and & € C. Then, for any

0
R(&) = 0, there exists m; > 0 such that

1Py < mllFA Sy (153)

Proposition 6.5. (See [54]) Assume condiftion (6). Then, for any ¢ > 0 there exists a constant m, > 0 such that

(o)

//l(S)ll — e Mds > m,.

0

inf
AER;|A|>e>0

CONCLUSION

This work aims to examine the stabilization of the transmission problem of degenerate wave equation and heat equation, specifi-
cally in relation to the Coleman-Gurtin heat conduction law or Gurtin-Pipkin law with memory effect. In this study, we examine
the polynomial stability of the system utilizing the Coleman-Gurtin heat conduction model. We establish that the system shows
a decay rate of the kind r~*. Afterwards, we prove that, when Gurtin-Pipkin heat conduction is employed, the system remains
exponentially stable. Regarding the optimality of the decay rate we conjecture it is optimal since it is complicated to prove it
with general consideration of our functions a and b.
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