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Abstract

In this paper, we investigate the stabilization of transmission problem of degener-
ate wave equation and heat equation under Coleman-Gurtin heat conduction law or
Gurtin-Pipkin law with memory effect. We investigate the polynomial stability of this
system when employing the Coleman-Gurtin heat conduction, establishing a decay
rate of type 𝑡−4. Next, we demonstrate exponential stability in the case when Gurtin-
Pipkin heat conduction is applied.
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1 INTRODUCTION

In the fields of science and engineering, it is common to encounter numerous models that involve the coupling of heat equations
and wave equations. Apart from the underlying mathematical attraction, the primary driving force for researching these systems
is their potential applications. In the study conducted in [38] in 1991, a thermoelasticity model of type II is proposed. This
model offers a framework for understanding and analyzing thermoelastic phenomena. The models under consideration have been
extensively examined in previous years. For a comprehensive analysis of the asymptotic behavior of these systems, see [44] and
the relevant literature cited therein. However, as mentioned in [19], in 1941, the phenomenon of an earthquake is mathematically
represented by a three-dimensional nonlinear coupled heat-wave partial differential equation (PDE). In the study conducted in
[41], a simplified one-dimensional representation of an earthquake model is examined. The authors propose the utilization of a
sliding mode controller to mitigate instabilities, specifically to prevent the occurrence of earthquakes. Fluid-structure interaction
can also be represented mathematically as a coupled system of such a type. Such system can be viewed as linearisations of
more complex fluid-structure models arising in fluid mechanics; for an in-depth understanding see for instance [15, 56]. In
thermoelasticity, the stability of a system is important for preventing thermal buckling where a solid structure collapses due to
thermal expansion and to prevent deformations or failures in structures subjected to both thermal and mechanical loads. In [28]
the authors worked to produce a family of equations describing the evolution of the temperature in a rigid heat conductor by
using means of successive approximations of the Fourier law, via memory relaxations and integral perturbations. In [31], the
authors introduce a novel method for mathematically analyzing equations with memory that is based on the idea of a state that is,
the initial configuration of the system that can be clearly identified by knowing the dynamics of the future. They use the abstract
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form of an equation resulting from linear viscoelasticity as a model. Also, there are several papers that studies the stability of
different system under heat conduction, see [11, 12, 13, 14]

In [16], in 2016, the authors considered the wave-heat system with finite wave and heat parts coupled through the boundary
with Neumann boundary for the wave part. They showed an optimal energy decay rate of type 𝑡−4. A similar result is obtained
in [55] for a similar one-dimensional problem in which the wave part satisfies a Dirichlet boundary condition rather than a
Neumann boundary condition at the endpoint of the wave. A work that considered extending the heat part of the coupled
wave-heat system is studied in 2020, in [50]. The authors established a sharper rate (𝑡−2) which shows that extending the heat
part to infinity slows the rate of energy decay by a factor of 𝑡2. The crucial difference between the infinite and the finite systems
is that the damping provided by the heat part is significantly weaker in the infinite case.

The classical linear heat equation is conventionally derived from Fourier’s law, the constitutive equation, and the first law of
thermodynamics. However, this conventional theory exhibits two primary shortcomings. Firstly, it does not incorporate memory
effects, which are evident in certain materials. Secondly, it postulates that all thermal perturbations at a specific location within
the material are instantaneously transmitted throughout the entire body, implying that all disturbances propagate at an infinite
velocity. The study of heat conduction under diverse non-Fourier heat flux laws has been evolving since the 1940s. Let’s denote
the heat flux vector as 𝐪. As per the Gurtin-Pipkin theory [40], the linearized constitutive equation for 𝐪 is established as follows:

𝐪(𝑡) = −

∞

∫
0

𝑔(𝑠)𝜃𝑥(𝑡 − 𝑠)𝑑𝑠, (1)

where 𝑔 is the heat conductivity relaxation kernel. The presence of convolution term in (1) entails finite propagation speed of
heat conduction, and consequently, the equation is of hyperbolic type. Note that (1) reduces to the classical Fourier law when 𝑔
is the Dirac mass at zero. Furthermore, if we take 𝑔 as a prototype kernel 𝑔(𝑡) = 𝑒−𝑘𝑡, 𝑘 > 0, and differentiate (1) with respect
to 𝑡, we can (formally) arrive at the so-called Cattaneo–Fourier law [23]

𝐪𝑡(𝑡) + 𝑘𝐪 = −𝜃𝑥(𝑡). (2)

On the other hand, when the heat conduction is due to the Coleman–Gurtin theory [25], the heat flux 𝐪 depends on both the past
history and the instantaneous of the gradient of temperature:

𝐪(𝑡) = −𝛽𝜃𝑥(𝑥, 𝑡) −

∞

∫
0

𝑔(𝑠)𝜃𝑥(𝑥, 𝑡 − 𝑠)𝑑𝑠, (3)

where 𝛽 > 0 is the instantaneous diffusivity coefficient.
Both the Coleman-Gurtin and Gurtin-Pipkin heat conduction laws incorporate memory effects into heat transfer equations.
The Coleman-Gurtin model introduces memory effects through a time derivative term, providing a nuanced description of
how materials retain thermal memory, particularly valuable in scenarios with rapid temperature changes and non-classical heat
conduction. While, the Gurtin-Pipkin model employs fractional calculus to describe memory effects, making it well-suited
for materials with complex structures or fractal-like properties, allowing it to capture non-local heat conduction and extended
long-range interactions. For example, thermoacoustic devices like engines and refrigerators involve the interaction of acoustic
waves and heat transfer.

In 2014, in [54] Zhang studied the stability of an interaction system comprised of a wave equation and a heat equation with
memory. An exponential stability of the interaction system is obtained when the hereditary heat conduction is of Gurtin–Pipkin
type and she showed the lack of uniform decay of the interaction system when the heat conduction law is of Coleman–Gurtin
type (see also [37] in 2001 where the model considered uses a Gurtin-Pipkin linearized heat flux rule to match the energy balance
with a nonlinear time-dependent heat source). In [30], the author studied the stability of Bresse and Timoshenko systems with
hyperbolic heat conduction. As a first step, the Bresse–Gurtin–Pipkin system is studied, providing a necessary and sufficient
condition for the exponential stability and the optimal polynomial decay rate when the condition is violated. As a second step,
in [30], the Timoshenko–Gurtin–Pipkin system is considered and the optimal polynomial decay rate is found. Later, in [29],
the authors studied the asymptotic behavior of solutions of a one-dimensional coupled wave-heat system with Coleman-Gurtin
thermal law. They proved an optimal polynomial decay rate of type 𝑡−2. In [1] the author studied the stability of a system
of piezoelectric beams under (Coleman or Pipkin)–Gurtin thermal laws with magnetic effect. In particular, as a first step, the
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author explores the piezoelectric Coleman-Gurtin system, achieving exponential stability; as a second step, he considers the
piezoelectric Gurtin–Pipkin system, establishing a polynomial energy decay rate of type 𝑡−2 . The stabilization of Rao-Nakra
sandwich beams through Coleman-Gurtin’s thermal law and nonlinear damping has provided new insights into Timoshenko
systems and memory-type wave equations [4, 5, 7]. Furthermore, recent studies on viscoelastic wave equations with past history
enhance the understanding of general decay behaviors [6].

As far as our understanding goes, there appears to be no prior research on the examination of a system that combines a degen-
erate wave equation and a heat equation with memory. In pursuit of this objective, this paper explores this system, examining
various scenarios involving different heat conduction types. Several problems arising in Physics and Biology (see [46]), Biol-
ogy (see [21, 33]), as well as Mathematical Finance (see [42]), are governed by degenerate parabolic equations. The extensive
literature dedicated to controlling and stabilizing of the nondegenerate wave equation using diverse damping methods is notably
comprehensive. This is reflected in the numerous citations, exemplified by references such as [24, 26, 27] and others mentioned
therein.
Lately, the subject of controllability and stability in degenerate hyperbolic equations has gained significant attention, with vari-
ous advancements made in recent years. In this field the most important paper is [9] (see also the arxiv version of 2015), where
a general degenerate function is considered (see also [39], [53], and the references mentioned within). In [8], the authors es-
tablished a Carleman estimate for the one-dimensional degenerate heat equation and investigate the null controllability of the
semilinear degenerate parabolic equation over the interval [0, 1]. Meanwhile, in the work described in [34], the authors formu-
late Carleman estimates for singular/degenerate parabolic Dirichlet problems, taking into account degeneracy and singularity
within the spatial domain’s interior (see also [35]).
In [18] a one-dimensional degenerate wave equation with a boundary control condition of fractional derivative type is consid-
ered. The authors show that the problem is not uniformly stable by a spectrum method obtaining a polynomial stability. Recently,
in [36], the authors consider a degenerate wave equation in one dimension, with drift and in presence of a leading degenerate
operator which is in non-divergence form with homogeneous Dirichlet boundary condition where the degeneracy occurs and a
boundary damping is considered at the other endpoint. Specifically, they demonstrate uniform exponential decay of the solu-
tions under certain conditions. Later, a boundary controllability problem for a similar system is considered in [22]. In particular,
the authors studied the controllability of the system by providing some conditions for the boundary controllability of the solu-
tion of the associated Cauchy problem at a sufficiently large time. Recently in 2023, in [3] the authors considered two problems;
the first one a one-dimensional degenerate wave equation with degenerate damping, incorporating a drift term and a leading
operator in non-divergence form. In the second problem they considered a system that couples degenerate and non-degenerate
wave equations, connected through transmission and subject to a single dissipation law at the boundary of the non-degenerate
equation. In both scenarios, they reached exponential stability results. Recently, in [43], a system consisting of one wave equation
and one degenerate heat equation in two connected regions is considered where the coupling is through certain transmission
conditions. The authors considered two cases, the first is on rectangular domain, the system is given as follows

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑢𝑡𝑡(𝑥, 𝑦, 𝑡) − Δ𝑢(𝑥, 𝑦, 𝑡) = 0, (𝑥, 𝑦) ∈ Ω1, 𝑡 > 0,
𝑤𝑡(𝑥, 𝑦, 𝑡) − div (𝑎∇𝑤)(𝑥, 𝑦, 𝑡) = 0, (𝑥, 𝑦) ∈ Ω2, 𝑡 > 0,
𝑢(−1, 𝑦, 𝑡) = 𝑤(1, 𝑦, 𝑡) = 0 𝑦 ∈ (0, 1), 𝑡 > 0,
𝑢(𝑥, 0, 𝑡) = 𝑢(𝑥, 1, 𝑡) = 0 𝑥 ∈ (−1, 0), 𝑡 > 0,
𝑤(𝑥, 0, 𝑡) = 𝑢(𝑥, 1, 𝑡) = 0 𝑥 ∈ (0, 1), 𝑡 > 0,
𝑢(𝑥, 𝑦, 0) = 𝑢0(𝑥, 𝑦), 𝑤𝑡(𝑥, 𝑦, 0) = 𝑣0(𝑥, 𝑦), (𝑥, 𝑦) ∈ Ω1, 𝑡 > 0,
𝑤(𝑥, 𝑦, 0) = 𝑤0(𝑥, 𝑦), 𝑢𝑡(𝑥, 0) = 𝑣0(𝑥), (𝑥, 𝑦) ∈ Ω2, 𝑡 > 0,

(4)

with the transmission conditions at the interface line Γ : 𝑥 = 0, given by

𝑢𝑡(0, 𝑦, 𝑡) = 𝑤(0, 𝑦, 𝑡), 𝑢𝑥(0, 𝑦, 𝑡) = (𝑎𝑤𝑥)(0, 𝑦, 𝑡), 𝑦 ∈ (0, 1) and 𝑡 > 0.

Here the variable heat-diffusion coefficient 𝑎(𝑥, 𝑦) degenerates near the interface line 𝑥 = 0, as follows: 𝑎(𝑥, 𝑦) = 𝑚𝑥𝛼 , 𝑥 ∈ (0, 1]
with constants 0 ≤ 𝛼 < 1, 𝑚 > 0 and where Ω1 = (−1, 0)× (0, 1) and Ω2 = (0, 1)× (0, 1). In this case, the authors established an
explicit polynomial decay rate of type 𝑡

−1
3−𝛼 for the solutions to the system. This decay rate depends only on the degeneration de-

gree of the diffusion coefficient of the heat equation near the interface line. The second case is the one-dimensional case where
they reached polynomial decay rate with rate 𝑡−

2−𝛼
1−𝛼 .

This paper examines a one-dimensional coupled system wherein a wave equation and a heat equation with memory are intercon-
nected via transmission conditions established at the interface. Our investigation will focus on the system’s stability in various
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cases of heat conduction, which are dependent on the parameter 𝑚. The system is given as following
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑢𝑡𝑡 − 𝑎(𝑥)𝑢𝑥𝑥 − 𝑏(𝑥)𝑢𝑥 = 0, (𝑥, 𝑡) ∈ (0, 1) ×ℝ+
∗ ,

𝑦𝑡 − 𝑐(1 − 𝑚)𝑦𝑥𝑥 − 𝑐𝑚

∞

∫
0

𝑔(𝑠)𝑦𝑥𝑥(𝑥, 𝑡 − 𝑠)𝑑𝑠 = 0, (𝑥, 𝑡) ∈ (1, 2) ×ℝ+
∗ ,

𝑢𝑡(1, 𝑡) = 𝑦(1, 𝑡), 𝑡 ∈ ℝ+
∗ ,

𝜂(1)𝑢𝑥(1, 𝑡) = 𝑐(1 − 𝑚)𝑦𝑥(1, 𝑡) + 𝑐𝑚

∞

∫
0

𝑔(𝑠)𝑦𝑥(1, 𝑡 − 𝑠)𝑑𝑠, 𝑡 ∈ ℝ+
∗ ,

𝑢(0, 𝑡) = 𝑦(2, 𝑡) = 0, 𝑡 ∈ ℝ+
∗ ,

𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑢𝑡(𝑥, 0) = 𝑣0(𝑥), 𝑥 ∈ (0, 1),

𝑦(𝑥, 0) = 𝑦0(𝑥), 𝑦(𝑥,−𝑠) = 𝜑0(𝑥, 𝑠), 𝑥 ∈ (1, 2), 𝑠 > 0.

(5)

Here 𝑎, 𝑏 ∈ 𝐶0([0, 1]), with 𝑎 > 0 on (0, 1], 𝑎(0) = 0 and 𝑏
𝑎
∈ 𝐿1(0, 1), 𝑢0, 𝑣0, 𝑦0 are assigned data, 𝑐 is a strictly positive

constant and 𝜑0 accounts for the so-called initial past history of 𝑦. The convolution kernel 𝑔 ∶ [0,∞[→ [0,∞) is a convex
integrable function (thus non-increasing and vanishing at infinity) of unit total mass, taking the explicit form

𝑔(𝑠) =

∞

∫
𝑠

𝜇(𝑟)𝑑𝑟, 𝑠 ≥ 0,

where the memory kernel 𝜇 ∶ (0,∞) → [0,∞) satisfies the following conditions

⎧

⎪

⎨

⎪

⎩

𝜇 ∈ 𝐿1(0,∞) ∩ 𝐶1(0,∞) with
∞

∫
0

𝜇(𝑟)𝑑𝑟 = 𝑔(0) > 0, 𝜇(0) = lim
𝑠→0

𝜇(𝑠) < ∞,

𝜇 satisfies the Dafermos condition 𝜇′(𝑠) ≤ −𝐾𝜇 𝜇(𝑠); 𝐾𝜇 > 0.

(6)

Also, let us recall the well-known absolutely continuous weight function

𝜂(𝑥) ∶= exp

⎧

⎪

⎨

⎪

⎩

𝑥

∫
1
2

𝑏(𝑠)
𝑎(𝑠)

𝑑𝑠

⎫

⎪

⎬

⎪

⎭

, 𝑥 ∈ [0, 1]

introduced by Feller in a related context [32]. We set the function 𝜎(𝑥) ∶=
𝑎(𝑥)
𝜂(𝑥)

, which is a continuous function in [0, 1],

independent of the possible degeneracy of 𝑎. Moreover, observe that if 𝑢 is a sufficiently smooth function, e.g. 𝑢 ∈ 𝑊 2,1
𝑙𝑜𝑐 (0, 1),

then we can write 𝐵𝑢 ∶= 𝑎𝑢𝑥𝑥 + 𝑏𝑢𝑥 as
𝐵𝑢 = 𝜎(𝜂𝑢𝑥)𝑥.

The degeneracy at 𝑥 = 0 is measured by the parameter 𝐾𝑎 defined by

𝐾𝑎 ∶= sup
𝑥∈(0,1]

𝑥|𝑎′(𝑥)|
𝑎(𝑥)

. (7)

We say that 𝑎 is weakly degenerate at 0, (WD) for short, if

𝑎 ∈ 𝐶0[0, 1] ∩ 𝐶1(0, 1] and 𝐾𝑎 ∈ (0, 1) (8)

(for example 𝑎(𝑥) = 𝑥𝐾 , with 𝐾 ∈ (0, 1)) and we say that 𝑎 is strongly degenerate at 0, (SD) for short, if

𝑎 ∈ 𝐶1[0, 1] and 𝐾𝑎 ∈ [1, 2) (9)

(for example 𝑎(𝑥) = 𝑥𝐾 , with 𝐾 ∈ [1, 2)). Here we assume 𝐾𝑎 < 2 since it is essential in the calculation that will be conducted
below.

In the model (5), 𝑚 ∈ (0, 1) is a fixed parameter and the temperatures obey the parabolic hyperbolic law introduced by Coleman
and Gurtin in [25]. For the boundary cases for 𝑚:
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∙ For 𝑚 = 0: The system corresponds to Fourier’s law.
∙ For 𝑚 = 1: The system corresponds to Gurtin-Pipkin heat conduction law.
The main novelty in this paper is the consideration of the transmission problem of degenerate wave equation and under heat
conduction (Coleman or Pipkin)-Gurtin or Fourier law. Since we investigate the degenerate wave equation in this work, so we
can approach the system considered in [54] if we choose specific functions 𝑎(𝑥) = 1 and 𝑏(𝑥) = 0. Additionally, this study
extends the findings presented in [29] by examining the degenerate wave equation as opposed to the classical wave equation,
while also incorporating the three thermal laws mentioned. The optimality of the decay rate in the context of the Coleman-
Gurtin or Fourier law is established when choosing 𝑎(𝑥) = 1 and 𝑏(𝑥) = 0 (as demonstrated in [29]). However, for the system
described in (5), we propose that the energy decay rate is optimal.
This paper is organized as follows: in the first section we give some preliminary results and we establish the well posedness of
the system (5) if 𝑚 ∈ [0, 1] using a semigroup approach, after re-framing the system into an evolution system. In Section 3, we
investigate the stability of the system under (Coleman or Pipkin)-Gurtin thermal law in the case 𝑚 ∈ [0, 1]. Next, in Section 4,
we establish a polynomial stability under Coleman-Gurtin heat conduction law with decay rate of type 𝑡−4 if 𝑚 ∈ [0, 1). Section
5, we prove the exponential stability of the system under Gurtin-Pipkin heat conduction law with the parameter 𝑚 = 1. The
paper ends with a section devoted to recall some results needed for the proofs.

2 PRELIMINARIES, FUNCTIONAL SPACES AND WELL-POSEDNESS

Hypothesis 2.1. Functions 𝑎 and 𝑏 are continuous in [0, 1] and such that 𝑏
𝑎
∈ 𝐿1(0, 1).

Hypothesis 2.2. Hypothesis 2.1 holds. In addition, 𝑎 is such that 𝑎(0) = 0, 𝑎 > 0 on (0, 1] and there exists 𝛼 > 0 such that the
function

𝑥 →
𝑥𝛼

𝑎(𝑥)
(10)

is non-decreasing in a right neighborhood of 𝑥 = 0.

Remark 2.3. 1. If 𝑎 is (WD) or (SD), then (10) holds for all 𝛼 ≥ 𝐾𝑎 and for all 𝑥 ∈ (0, 1).

2. We notice that, at this stage, 𝑎 may not degenerate at 𝑥 = 0. However, if it is (WD) then 1
𝑎
∈ 𝐿1(0, 1) and the assumption

𝑏
𝑎
∈ 𝐿1(0, 1) is always satisfied. If 𝑎 is (SD) then 1

𝑎
∉ 𝐿1(0, 1), hence, if we want 𝑏

𝑎
∈ 𝐿1(0, 1) then 𝑏 has to degenerate

at 0. In this case 𝑏 can be (WD) or (SD).

We start by introducing the following spaces.

𝐿2
1
𝜎

(0, 1) ∶=
{

𝑦 ∈ 𝐿2(0, 1); ‖𝑦‖ 1
𝜎
< ∞

}

, ⟨𝑦, 𝑧⟩ 1
𝜎
∶=

1

∫
0

1
𝜎
𝑦𝑧̄𝑑𝑥, for every 𝑦, 𝑧 ∈ 𝐿2

1
𝜎

(0, 1),

𝐻1
1
𝜎

(0, 1) ∶= 𝐿2
1
𝜎

(0, 1) ∩𝐻1(0, 1), ⟨𝑦, 𝑧⟩1 ∶= ⟨𝑦, 𝑧⟩ 1
𝜎
+

1

∫
0

𝜂𝑦𝑥𝑧̄𝑥𝑑𝑥, for every 𝑦, 𝑧 ∈ 𝐻1
1
𝜎

(0, 1),

𝐻1
𝐿(0, 1) =

{

𝑢 ∈ 𝐻1(0, 1); 𝑢(0) = 0
}

, ⟨𝑦, 𝑧⟩𝐻1
𝐿(0,1)

= ⟨𝑦𝑥, 𝑧𝑥⟩𝐿2(0,1) for every 𝑦, 𝑧 ∈ 𝐻1
𝐿(0, 1),

and
𝐻2

1
𝜎

(0, 1) ∶=
{

𝑦 ∈ 𝐻1
1
𝜎

(0, 1);𝐵𝑦 ∈ 𝐿2
1
𝜎

(0, 1)
}

⟨𝑦, 𝑧⟩2 ∶= ⟨𝑦, 𝑧⟩1 + ⟨𝐵𝑦,𝐵𝑧⟩ 1
𝜎
.

The previous inner products induce related respective norms

‖𝑢‖21
𝜎

=

1

∫
0

1
𝜎
|𝑢|2𝑑𝑥, ‖𝑢‖21 = ‖𝑢‖21

𝜎

+

1

∫
0

𝜂|𝑢𝑥|
2𝑑𝑥 and ‖𝑢‖22 = ‖𝑢‖21 +

1

∫
0

𝜎|(𝜂𝑢𝑥)𝑥|2𝑑𝑥.

Also, we consider the following spaces

𝐻1
1
𝜎
,𝐿
(0, 1) = 𝐿2

1
𝜎

(0, 1) ∩𝐻1
𝐿(0, 1) and 𝐻2

1
𝜎
,𝐿
(0, 1) ∶=

{

𝑦 ∈ 𝐻1
1
𝜎
,𝐿
(0, 1);𝐵𝑦 ∈ 𝐿2

1
𝜎

(0, 1)
}



6 M. Akil ET AL

endowed with the previous inner products and related norms and we denote by ‖ ⋅ ‖ = ‖ ⋅ ‖𝐿2(0,1). We also introduce

𝐻1
𝑅(1, 2) ∶= {𝑦 ∈ 𝐻1(1, 2) ∶ 𝑦(2) = 0}

endowed with the following norm

‖𝑦‖2
𝐻1

𝑅(1,2)
=

2

∫
1

|𝑦𝑥|
2𝑑𝑥.

We also introduce the memory space 𝑊 , defined by

𝑊 = 𝐿2(ℝ+,𝐻1
𝑅(1, 2)) ⟨𝛾1, 𝛾2⟩𝑊 = 𝑐𝑚

2

∫
1

∞

∫
0

𝜇(𝑠)𝛾1𝑥𝛾2𝑥𝑑𝑠𝑑𝑥 for all 𝛾1, 𝛾2 ∈ 𝑊 .

Then, we reformulate system (5) using the definition of 𝜎 and using the history framework of Dafermos. To this end, for 𝑠 > 0,
we consider the auxiliary function

𝛾(𝑥, 𝑠) =

𝑠

∫
0

𝑦(𝑥, 𝑡 − 𝑟)𝑑𝑟, 𝑥 ∈ (1, 2) and 𝑠 > 0.

Now, system (5) can be rewritten as
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑢𝑡𝑡 − 𝜎(𝜂𝑢𝑥)𝑥 = 0, (𝑥, 𝑡) ∈ (0, 1) ×ℝ+
∗ ,

𝑦𝑡 − 𝑐(1 − 𝑚)𝑦𝑥𝑥 − 𝑐𝑚

∞

∫
0

𝜇(𝑠)𝛾𝑥𝑥(𝑠)𝑑𝑠 = 0, (𝑥, 𝑡) ∈ (1, 2) ×ℝ+
∗ ,

𝛾𝑡 + 𝛾𝑠 − 𝑦 = 0, (𝑥, 𝑡) ∈ (1, 2) ×ℝ+
∗ ,

𝑢𝑡(1, 𝑡) = 𝑦(1, 𝑡), 𝑡 ∈ ℝ+
∗ ,

𝜂(1)𝑢𝑥(1, 𝑡) = 𝑐(1 − 𝑚)𝑦𝑥(1, 𝑡) + 𝑐𝑚

∞

∫
0

𝜇(𝑠)𝛾𝑥(1, 𝑠)𝑑𝑠, 𝑡 ∈ ℝ+
∗ ,

𝑢(0, 𝑡) = 0, 𝑦(2, 𝑡) = 0, 𝑡 ∈ ℝ+
∗ ,

𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑢𝑡(𝑥, 0) = 𝑣0(𝑥), 𝑥 ∈ (0, 1),

𝑦(𝑥, 0) = 𝑦0(𝑥), 𝑦(𝑥,−𝑠) = 𝜑0(𝑥, 𝑠), 𝑥 ∈ (1, 2), 𝑠 > 0.

(11)

Multiplying the first equation in (11) by 1
𝜎
𝑢𝑡 and integrating over (0, 1), we get

1
2
𝑑
𝑑𝑡

⎛

⎜

⎜

⎝

1

∫
0

1
𝜎
|𝑢𝑡|

2𝑑𝑥 +

1

∫
0

𝜂|𝑢𝑥|
2𝑑𝑥

⎞

⎟

⎟

⎠

−ℜ
(

𝜂(1)𝑢𝑥(1)𝑢𝑡(1)
)

= 0. (12)

Multiplying the second equation in (11) by 𝑦 and integrating over (1, 2), we obtain

1
2
𝑑
𝑑𝑡

2

∫
1

|𝑦|2𝑑𝑥 + 𝑐(1 − 𝑚)

2

∫
1

|𝑦𝑥|
2𝑑𝑥 +ℜ

(

𝑐(1 − 𝑚)𝑦𝑥(1)𝑦(1)
)

+ℜ
⎛

⎜

⎜

⎝

𝑐𝑚

2

∫
1

∞

∫
0

𝜇(𝑠)𝛾𝑥(𝑠)𝑦𝑥(𝑥, 𝑡)𝑑𝑠𝑑𝑥
⎞

⎟

⎟

⎠

+ℜ
⎛

⎜

⎜

⎝

𝑐𝑚

∞

∫
0

𝜇(𝑠)𝛾𝑥(1, 𝑠)𝑦(1, 𝑡)𝑑𝑠
⎞

⎟

⎟

⎠

= 0.

(13)

Differentiating the third equation in (11) with respect to 𝑥, we obtain

𝛾𝑥𝑡 + 𝛾𝑥𝑠 − 𝑦𝑥 = 0.
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Multiplying the above equation by 𝑐𝑚𝜇(𝑠)𝛾𝑥, integrating over (1, 2) × (0,∞), we get

1
2
𝑑
𝑑𝑡

𝑐𝑚

2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥 − 𝑐𝑚
2

2

∫
1

∞

∫
0

𝜇′(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥 + 𝑐𝑚
2

⎡

⎢

⎢

⎣

2

∫
1

𝜇(𝑠)|𝛾𝑥|2𝑑𝑥
⎤

⎥

⎥

⎦

∞

0

= ℜ
⎛

⎜

⎜

⎝

𝑐𝑚

2

∫
1

∞

∫
0

𝜇(𝑠)𝛾𝑥(𝑠)𝑦𝑥𝑑𝑥
⎞

⎟

⎟

⎠

.

(14)

Inserting (14) in (13), we get

1
2
𝑑
𝑑𝑡

2

∫
1

|𝑦|2𝑑𝑥 + 1
2
𝑑
𝑑𝑡

𝑐𝑚

2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥 + 𝑐(1 − 𝑚)

2

∫
1

|𝑦𝑥|
2𝑑𝑥 − 𝑐𝑚

2

2

∫
1

∞

∫
0

𝜇′(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥

+𝑐𝑚
2

⎡

⎢

⎢

⎣

2

∫
1

𝜇(𝑠)|𝛾𝑥|2𝑑𝑥
⎤

⎥

⎥

⎦

∞

0

+ℜ
(

𝑐(1 − 𝑚)𝑦𝑥(1)𝑦(1)
)

+ℜ
⎛

⎜

⎜

⎝

𝑐𝑚

∞

∫
0

𝜇(𝑠)𝛾𝑥(1, 𝑠)𝑦(1)𝑑𝑠
⎞

⎟

⎟

⎠

= 0.

(15)

Adding equations (12) and (15) and using the transmission conditions in (11) and conditions (6), we get

1
2
𝑑
𝑑𝑡

⎛

⎜

⎜

⎝

1

∫
0

1
𝜎
|𝑢𝑡|

2𝑑𝑥 +

1

∫
0

𝜂|𝑢𝑥|
2𝑑𝑥

⎞

⎟

⎟

⎠

+ 1
2
𝑑
𝑑𝑡

2

∫
1

|𝑦|2𝑑𝑥 + 1
2
𝑑
𝑑𝑡

𝑐𝑚

2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥

= −𝑐(1 − 𝑚)

2

∫
1

|𝑦𝑥|
2𝑑𝑥 + 𝑐𝑚

2

2

∫
1

∞

∫
0

𝜇′(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥.

(16)

Thus, the energy of the system (11) can be written in the following form

(𝑡) = 1
2

1

∫
0

( 1
𝜎
|𝑢𝑡|

2 + 𝜂|𝑢𝑥|
2
)

𝑑𝑥 + 1
2

2

∫
1

|𝑦|2𝑑𝑥 + 𝑐𝑚
2

2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥 (17)

and

𝑑
𝑑𝑡

(𝑡) = 𝑐𝑚
2

2

∫
1

∞

∫
0

𝜇′(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥 − 𝑐(1 − 𝑚)

2

∫
1

|𝑦𝑥|
2𝑑𝑥. (18)

Now, we define the Hilbert energy space by

 = 𝐻1
1
𝜎
,𝐿
(0, 1) × 𝐿2

1
𝜎

(0, 1) × 𝐿2(1, 2) ×𝑊

equipped with the following inner product

⟨𝑈1, 𝑈2⟩ =

1

∫
0

𝜂𝑢1𝑥𝑢2𝑥𝑑𝑥 +

1

∫
0

1
𝜎
𝑣1𝑣2𝑑𝑥 +

2

∫
1

𝑦1𝑦2𝑑𝑥 + 𝑐𝑚

2

∫
1

∞

∫
0

𝜇(𝑠)𝛾1𝑥𝛾2𝑥𝑑𝑠𝑑𝑥,

where 𝑈𝑖 = (𝑢𝑖, 𝑣𝑖, 𝑦𝑖, 𝛾𝑖) ∈ , 𝑖 = 1, 2. We denote by

𝜁 = 𝑐(1 − 𝑚)𝑦 + 𝑐𝑚

∞

∫
0

𝜇(𝑠)𝛾(𝑠)𝑑𝑠. (19)

Defining the unbounded linear operator  by

(𝑢, 𝑣, 𝑦, 𝛾)⊤ = (𝑣, 𝜎(𝜂𝑢𝑥)𝑥, 𝜁𝑥𝑥,−𝛾𝑠 + 𝑦)⊤; for all (𝑢, 𝑣, 𝑦, 𝛾)⊤ ∈ 𝐷()

and

𝐷() =

⎧

⎪

⎨

⎪

⎩

(𝑢, 𝑣, 𝑦, 𝛾) ∈ ; 𝑣 ∈ 𝐻1
1
𝜎
,𝐿
(0, 1), 𝑢 ∈ 𝐻2

1
𝜎
,𝐿
(0, 1), 𝑦 ∈ 𝐻1

𝑅(1, 2), 𝜁 ∈ 𝐻2(1, 2),

𝛾𝑠 ∈ 𝑊 , 𝛾(⋅, 0) = 0, 𝜂(1)𝑢𝑥(1) = 𝜁𝑥(1), and 𝑣(1) = 𝑦(1)

⎫

⎪

⎬

⎪

⎭

,
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we can rewrite (11) as the following evolution equation

𝑈𝑡 = 𝑈, 𝑈 (0) = 𝑈0 (20)

where 𝑈0 =
(

𝑢0, 𝑣0, 𝑦0, 𝛾0
)⊤ with 𝛾0 =

𝑠

∫
0

𝜑0(𝑥, 𝑟)𝑑𝑟.

Proposition 2.4. Assume Hypotheses 2.1 and 2.2 and 𝑚 ∈ [0, 1]. The unbounded linear operator  is m-dissipative in the
energy space .

Proof. For all 𝑈 = (𝑢, 𝑣, 𝑦, 𝛾)⊤ ∈ 𝐷(), using condition (6) and the fact that 𝑚 ∈ [0, 1], we get

ℜ(⟨𝑈,𝑈⟩) =
𝑐𝑚
2

2

∫
1

∞

∫
0

𝜇′(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥 − 𝑐(1 − 𝑚)

2

∫
1

|𝑦𝑥|
2𝑑𝑥 ≤ 0,

which implies that  is dissipative. Now, we need to prove that  is maximal. For this aim, let 𝐹 = (𝑓1, 𝑓2, 𝑓3, 𝑓4(⋅, 𝑠))⊤ ∈ ,
we need to find 𝑈 = (𝑢, 𝑣, 𝑦, 𝛾)⊤ ∈ 𝐷() unique solution of

−𝑈 = 𝐹 . (21)

Equivalently, we have the following system

−𝑣 = 𝑓1, (22)
−𝜎(𝜂𝑢𝑥)𝑥 = 𝑓2, (23)

−𝜁𝑥𝑥 = 𝑓3, (24)
𝛾𝑠 − 𝑦 = 𝑓4(⋅, 𝑠). (25)

From (22), we have 𝑣 = −𝑓1, thus 𝑣 ∈ 𝐻1
1
𝜎
,𝐿
(0, 1). From (25), we get

𝛾(⋅, 𝑠) = 𝑠𝑦(𝑥) +

𝑠

∫
0

𝑓4(𝑥, 𝜏)𝑑𝜏. (26)

Using (26) and the definition of 𝜁 , we get

𝜁 = 𝑐(1 − 𝑚)𝑦 + 𝑐𝑚𝑦

∞

∫
0

𝑠𝜇(𝑠)𝑑𝑠 + 𝑐𝑚

∞

∫
0

𝜇(𝑠)

𝑠

∫
0

𝑓4(𝑥, 𝜏)𝑑𝜏𝑑𝑠. (27)

Let 𝜑1 ∈ 𝐻1
1
𝜎
,𝐿
(0, 1) and 𝜑2 ∈ 𝐻1

𝑅(1, 2) such that 𝜑1(1) = 𝜑2(1). Multiplying (23) by 1
𝜎
𝜑1 and (24) by 𝜑2 and integrating by

parts over (0, 1) and (1, 2), respectively, we get
1

∫
0

𝜂𝑢𝑥𝜑1𝑥𝑑𝑥 +

2

∫
1

𝜁𝑥𝜑2𝑥𝑑𝑥 =

1

∫
0

1
𝜎
𝑓2𝜑1𝑑𝑥 +

2

∫
1

𝑓3𝜑2𝑑𝑥. (28)

Using (27) and (28), we get

((𝑢, 𝜁), (𝜑1, 𝜑2)) = (𝜑1, 𝜑2) for all (𝜑1, 𝜑2) ∈ 𝐻1
1
𝜎
,𝐿
(0, 1) ×𝐻1

𝑅(1, 2), (29)

where

((𝑢, 𝜁), (𝜑1, 𝜑2)) =

1

∫
0

𝜂𝑢𝑥𝜑1𝑥𝑑𝑥 +
⎛

⎜

⎜

⎝

𝑐(1 − 𝑚) + 𝑐𝑚

𝑠

∫
0

𝑠𝜇(𝑠)𝑑𝑠
⎞

⎟

⎟

⎠

2

∫
1

𝑦𝑥𝜑2𝑥𝑑𝑥,

and

(𝜑1, 𝜑2) =

1

∫
0

1
𝜎
𝑓2𝜑1𝑑𝑥 +

2

∫
1

𝑓3𝜑2𝑑𝑥 + 𝑐𝑚

2

∫
1

⎛

⎜

⎜

⎝

∞

∫
0

𝜇(𝑠)

𝑠

∫
0

𝑓4𝑥(𝑥, 𝜏)𝑑𝜏𝑑𝑠
⎞

⎟

⎟

⎠

𝜑2𝑥𝑑𝑥.
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From (6), we have 𝑐(1−𝑚)+𝑐𝑚

𝑠

∫
0

𝑠𝜇(𝑠)𝑑𝑠 > 0; moreover, using Proposition 6.4 in the Appendix and the fact that 𝑓4 ∈ 𝑊 , we

get that
𝑠

∫
0

𝑓4(𝑥, 𝜏)𝑑𝜏 ∈ 𝑊 . Thus,  is a sesquilinear, continuous and coercive form on (𝐻1
1
𝜎
,𝐿
(0, 1)×𝐻1

𝑅(1, 2))
2 and  is a linear

and continuous form on 𝐻1
1
𝜎
,𝐿
(0, 1)×𝐻1

𝑅(1, 2). using Lax-Milgram, (29) admits a unique solution (𝑢, 𝑦) ∈ 𝐻1
1
𝜎
,𝐿
(0, 1)×𝐻1

𝑅(1, 2).

So, using the fact that 𝑓2 ∈ 𝐿2
1
𝜎

(0, 1) we get 𝑢 ∈ 𝐻2
1
𝜎
,𝐿
(0, 1). Since 𝑓4(⋅, 𝑠) ∈ 𝑊 and 𝑦 ∈ 𝐻1

𝑅(1, 2), 𝛾𝑠(⋅, 𝑠) ∈ 𝑊 . Now, in

order to obtain that 𝛾(⋅, 𝑠) ∈ 𝑊 , it is sufficient to prove that
∞

∫
0

𝜇(𝑠)‖𝛾𝑥(⋅, 𝑠)‖2𝐿2(1,2)𝑑𝑠 < ∞. For this aim, let 𝜀1, 𝜀2 > 0, using

Hypothesis (6), we have
𝜀2

∫
𝜀1

𝜇(𝑠)‖𝛾𝑥(⋅, 𝑠)‖2𝐿2(1,2)𝑑𝑠 ≤
−1
𝐾𝜇

𝜀2

∫
𝜀1

𝜇′(𝑠)‖𝛾𝑥(⋅, 𝑠)‖2𝐿2(1,2)𝑑𝑠. (30)

Using integration by parts in (30), we obtain
𝜀2

∫
𝜀1

𝜇(𝑠)‖𝛾𝑥(⋅, 𝑠)‖2𝐿2(1,2)𝑑𝑠 ≤
1
𝐾𝜇

𝜀2

∫
𝜀1

𝜇(𝑠) 𝑑
𝑑𝑠

(

‖𝛾𝑥(⋅, 𝑠)‖2𝐿2(1,2)

)

𝑑𝑠

+ 1
𝐾𝜇

(

𝜇(𝜀1)‖𝛾𝑥(⋅, 𝜀1)‖2𝐿2(1,2) − 𝜇(𝜀2)‖𝛾𝑥(⋅, 𝜀2)‖2𝐿2(1,2)

)

.

(31)

Now, from Young’s inequality we have

1
𝐾𝜇

𝜀2

∫
𝜀1

𝜇(𝑠) 𝑑
𝑑𝑠

(

‖𝛾𝑥(⋅, 𝑠)‖2𝐿2(1,2)

)

𝑑𝑠 = 2
𝐾𝜇

𝜀2

∫
𝜀1

𝜇(𝑠)ℜ
⎛

⎜

⎜

⎝

2

∫
1

𝛾𝑥(⋅, 𝑠)𝛾𝑠𝑥(⋅, 𝑠)𝑑𝑥
⎞

⎟

⎟

⎠

𝑑𝑠

≤ 1
2

𝜀2

∫
𝜀1

𝜇(𝑠)‖𝛾𝑥(⋅, 𝑠)‖2𝐿2(1,2)𝑑𝑠 +
2
𝐾2

𝜇

𝜀2

∫
𝜀1

𝜇(𝑠)‖𝛾𝑠𝑥(⋅, 𝑠)‖2𝐿2(1,2)𝑑𝑠.

Inserting the above inequality in (31), we obtain
𝜀2

∫
𝜀1

𝜇(𝑠)‖𝛾𝑥(⋅, 𝑠)‖2𝐿2(1,2)𝑑𝑠 ≤
4
𝐾2

𝜇

𝜀2

∫
𝜀1

𝜇(𝑠)‖𝛾𝑠𝑥(⋅, 𝑠)‖2𝐿2(1,2)𝑑𝑠 +
2
𝐾𝜇

𝜇(𝜀1)‖𝛾𝑥(⋅, 𝜀1)‖2𝐿2(1,2) −
2
𝐾𝜇

𝜇(𝜀2)‖𝛾𝑥(⋅, 𝜀2)‖2𝐿2(1,2).

Taking the above inequality as 𝜀1 → 0+ and 𝜀2 → ∞, and using the fact that 𝛾𝑠(⋅, 𝑠) ∈ 𝑊 , 𝛾(⋅, 0) = 0 and condition (6), we
obtain ∞

∫
0

𝜇(𝑠)‖𝛾𝑥(⋅, 𝑠)‖2𝐿2(1,2)𝑑𝑠 < ∞,

i.e., 𝛾(⋅, 𝑠) ∈ 𝑊 . Hence, 𝑈 ∈ 𝐷() and it is the unique solution of (21). Then,  is an isomorphism. Moeover, using the fact
that 𝜌() is open set of ℂ (see Theorem 6.7 (Chapter III) in [47]), we easily get 𝑅(𝜆𝐼 −) =  for a sufficiently small 𝜆 > 0.
This, together with the dissipativeness of , imply that 𝐷() is dense in  and  is m-dissipative in  (see Theorem 4.5, 4.6
in [51]). The proof is thus complete.

3 STRONG STABILITY

The aim of this section is to prove the strong stability of (11). First, we denote the following

𝑀1 =
‖

‖

‖

‖

‖

𝑥
(

𝑎′ − 𝑏
𝑎

)

‖

‖

‖

‖

‖𝐿∞(0,1)

and 𝑀2 =
‖

‖

‖

‖

𝑥𝑏
𝑎
‖

‖

‖

‖𝐿∞(0,1)
. (32)
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Hypothesis 3.1. Assume Hypothesis 2.1, 𝑎 (8) or (9) and the functions 𝑎 and 𝑏 such that

𝑀1 < 1 +
𝐾𝑎

2
and 𝑀2 < 1 −

𝐾𝑎

2
.

Example 3.2. Let 𝑎(𝑥) = 𝑥𝜇1 and 𝑏(𝑥) = 𝑐𝑏𝑥𝜇2 , such that 𝑐𝑏 ∈ ℝ∗. For Hypothesis 3.1 to be attained, we need to have 𝜇1−𝜇2 < 1
and |𝑐𝑏| < 1 − 𝜇1

2
.

The main result of this section is the following theorem.

Theorem 3.3. Let 𝑚 ∈ [0, 1] and assume condition (6) and Hypothesis 3.1. Then, the 𝐶0-semigroup of contractions (𝑒𝑡)𝑡≥0 is
strongly stable in , i.e., for all 𝑈0 ∈ , the solution of (20) satisfies (𝑡) ←←←←←←←←←←←←←←←←←←→

𝑡→∞
0.

According to Theorem of Arendt-Batty [10], to prove Theorem 3.3, we need to prove that the operator  has no pure imaginary
eigenvalues and 𝜎() ∩ 𝑖ℝ is countable. The proof of Theorem 3.3 will be established based on the following proposition.

Proposition 3.4. Let 𝑚 ∈ [0, 1] and assume condition (6) and Hypothesis 3.1, we have

𝑖ℝ ⊂ 𝜌(). (33)

We will prove Proposition 3.4 by a contradiction argument. Remark that, it has been proved in Proposition 2.4 that 0 ∈ 𝜌().
Now, suppose that (33) is false, then there exists 𝜔 ∈ ℝ∗ such that 𝑖𝜔 ∉ 𝜌(). According to Remark A.1 in [2], page 25 in [49],
and Remark A.3 in [1], there exists {𝜆𝑛, 𝑈 𝑛 = (𝑢𝑛, 𝑣𝑛, 𝑦𝑛, 𝛾𝑛)⊤}𝑛≥1 ⊂ ℝ∗ ×𝐷(), such that

𝜆𝑛 → 𝜔 as 𝑛 → ∞ and |𝜆𝑛| < |𝜔|, (34)

‖𝑈 𝑛
‖ = ‖(𝑢𝑛, 𝑣𝑛, 𝑦𝑛, 𝛾𝑛)⊤‖ = 1, (35)

and
(𝑖𝜆𝑛𝐼 −)𝑈 𝑛 = 𝐹𝑛 ∶= (𝑓 1

𝑛 , 𝑓
2
𝑛 , 𝑓

3
𝑛 , 𝑓

4
𝑛 (⋅, 𝑠)) → 0 in , as 𝑛 → ∞. (36)

Detailing (36), we get

𝑖𝜆𝑛𝑢
𝑛 − 𝑣𝑛 = 𝑓 1

𝑛 in 𝐻1
1
𝜎
,𝐿
(0, 1), (37)

𝑖𝜆𝑛𝑣
𝑛 − 𝜎(𝜂𝑢𝑛𝑥)𝑥 = 𝑓 2

𝑛 in 𝐿2
1
𝜎

(0, 1), (38)

𝑖𝜆𝑛𝑦
𝑛 − 𝜁𝑛𝑥𝑥 = 𝑓 3

𝑛 in 𝐿2(1, 2), (39)
𝑖𝜆𝑛𝛾

𝑛 + 𝛾𝑛𝑠 − 𝑦𝑛 = 𝑓 4
𝑛 (⋅, 𝑠) in 𝑊 . (40)

We will proof condition (33) by finding a contradiction with (35) such as ‖𝑈 𝑛
‖ → 0. The proof of this Proposition will rely

on the forthcoming Lemmas.

Lemma 3.5. Let 𝑚 ∈ [0, 1] and assume condition (6) and Hypothesis 3.1. Then, the solution (𝑢𝑛, 𝑣𝑛, 𝑦𝑛, 𝛾𝑛)⊤ ∈ 𝐷() of
(37)-(40) satisfies

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

2

∫
1

∞

∫
0

−𝜇′(𝑠)|𝛾𝑛𝑥|
2𝑑𝑠𝑑𝑥 ←←←←←←←←←←←←←←←←←←←→

𝑛→∞
0

2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑛𝑥|
2𝑑𝑠𝑑𝑥 ←←←←←←←←←←←←←←←←←←←→

𝑛→∞
0,

2

∫
1

|𝑦𝑛𝑥|
2𝑑𝑥 ←←←←←←←←←←←←←←←←←←←→

𝑛→∞
0

2

∫
1

|𝑦𝑛|2𝑑𝑥 ←←←←←←←←←←←←←←←←←←←→
𝑛→∞

0

and
2

∫
1

|𝜁𝑛𝑥 |
2𝑑𝑥 ←←←←←←←←←←←←←←←←←←←→

𝑛→∞
0.

(41)
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Proof. ∙ Firstly, for the case where 𝑚 ∈ (0, 1], we shall show the first and second limits in (41). Regarding the case in which
𝑚 = 0, these terms vanish.
Taking the inner product of (36) with 𝑈 in  and using the fact that‖𝐹𝑛‖ → 0 and ‖𝑈 𝑛

‖ = 1 , we obtain

𝑐𝑚
2

2

∫
1

∞

∫
0

−𝜇′(𝑠)|𝛾𝑛𝑥|
2𝑑𝑠𝑑𝑥 + 𝑐(1 − 𝑚)

2

∫
1

|𝑦𝑛𝑥|
2𝑑𝑥 = −ℜ(⟨𝑈,𝑈⟩) ≤ ‖𝐹𝑛‖‖𝑈

𝑛
‖ ←←←←←←←←←←←←←←←←←←←→

𝑛→∞
0. (42)

Then, using the fact that 𝑚 ∈ (0, 1], we obtain the first limit in (41). Using conditions (6), we have
2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑛𝑥|
2𝑑𝑠𝑑𝑥 ≤ 1

𝐾𝜇

2

∫
1

∞

∫
0

−𝜇′(𝑠)|𝛾𝑛𝑥|
2𝑑𝑠𝑑𝑥.

Then, using the above inequality and the first limit in (41) we obtain the second limit in (41).
∙ Now, we will prove the third and the fourth limits in (41) for the cases when 𝑚 ∈ [0, 1) and 𝑚 = 1 separately.
For the case when 𝐦 ∈ [𝟎, 𝟏):
From (42) and the first limit in (41), we get the third limit in (41). Using the Poincaré inequality and the above result, we deduce
the fourth limit in (41).
For the case when 𝐦 = 𝟏:
Differentiate (40) with respect to 𝑥, then multiply by 𝜇(𝑠)𝑦𝑥 and integrate over (1, 2) × (0,∞), we obtain

𝑔(0)

2

∫
1

|𝑦𝑛𝑥|
2𝑑𝑥 = 𝑖𝜆

2

∫
1

∞

∫
0

𝜇(𝑠)𝛾𝑛𝑥𝑦𝑛𝑥𝑑𝑠𝑑𝑥 +

2

∫
1

∞

∫
0

𝜇(𝑠)𝛾𝑛𝑠𝑥𝑦𝑛𝑥𝑑𝑠𝑑𝑥 −

2

∫
1

∞

∫
0

𝜇(𝑠)(𝑓 4
𝑛 )𝑥𝑦𝑛𝑥𝑑𝑠𝑑𝑥.

Integrating by parts the second term on the right hand side in the above equation with respect to 𝑠 and using the fact that
𝛾(⋅, 0) = 0 on (1, 2) and (6) , we get

𝑔(0)

2

∫
1

|𝑦𝑛𝑥|
2𝑑𝑥 = 𝑖𝜆

2

∫
1

∞

∫
0

𝜇(𝑠)𝛾𝑛𝑥𝑦𝑛𝑥𝑑𝑠𝑑𝑥 +

2

∫
1

∞

∫
0

−𝜇′(𝑠)𝛾𝑛𝑥𝑦𝑛𝑥𝑑𝑠𝑑𝑥 −

2

∫
1

∞

∫
0

𝜇(𝑠)(𝑓 4
𝑛 )𝑥𝑦𝑛𝑥𝑑𝑠𝑑𝑥. (43)

Using the Young and the Cauchy-Schwarz inequalities, we get
|

|

|

|

|

|

|

𝑖𝜆

2

∫
1

∞

∫
0

𝜇(𝑠)𝛾𝑛𝑥𝑦𝑛𝑥𝑑𝑠𝑑𝑥
|

|

|

|

|

|

|

≤ 2|𝜆|2
2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑛𝑥|
2𝑑𝑠𝑑𝑥 +

𝑔(0)
8

2

∫
1

|𝑦𝑛𝑥|
2𝑑𝑥, (44)

|

|

|

|

|

|

|

2

∫
1

∞

∫
0

−𝜇′(𝑠)𝛾𝑛𝑥𝑦𝑛𝑥𝑑𝑠𝑑𝑥
|

|

|

|

|

|

|

≤
√

𝜇(0)
⎛

⎜

⎜

⎝

2

∫
1

∞

∫
0

−𝜇′(𝑠)|𝛾𝑛𝑥|
2𝑑𝑠𝑑𝑥

⎞

⎟

⎟

⎠

1∕2
⎛

⎜

⎜

⎝

2

∫
1

|𝑦𝑛𝑥|
2𝑑𝑠𝑑𝑥

⎞

⎟

⎟

⎠

1∕2

≤ 𝜇(0)
𝑔(0)

2

∫
1

∞

∫
0

−𝜇′(𝑠)|𝛾𝑛𝑥|
2𝑑𝑠𝑑𝑥 +

𝑔(0)
4

2

∫
1

|𝑦𝑛𝑥|
2𝑑𝑥,

(45)

and
|

|

|

|

|

|

|

𝑖𝜆

2

∫
1

∞

∫
0

𝜇(𝑠)(𝑓 4
𝑛 )𝑥𝑦𝑛𝑥𝑑𝑠𝑑𝑥

|

|

|

|

|

|

|

≤ 2

2

∫
1

∞

∫
0

𝜇(𝑠)|(𝑓 4
𝑛 )𝑥|

2𝑑𝑠𝑑𝑥 +
𝑔(0)
8

2

∫
1

|𝑦𝑛𝑥|
2𝑑𝑥. (46)

So, using (44)-(46) in (43), the first and second limits in (41), we obtain the third limit in (41). Using again the Poincaré inequality,
we deduce the fourth limit in (41).
∙ Now, we will prove the last limit in (41) when 𝑚 ∈ [0, 1].
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Applying the Young and the Cauchy-Schwarz inequalities, we obtain
2

∫
1

|𝜁𝑛𝑥 |
2𝑑𝑥 ≤ 2𝑐2(1 − 𝑚)2

2

∫
1

|𝑦𝑛𝑥|
2𝑑𝑥 + 2𝑐2𝑚2

⎛

⎜

⎜

⎝

∞

∫
0

𝜇(𝑠)𝑑𝑠
⎞

⎟

⎟

⎠

2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑛𝑥|
2𝑑𝑠𝑑𝑥

≤ 2𝑐2(1 − 𝑚)2
2

∫
1

|𝑦𝑛𝑥|
2𝑑𝑥 + 2𝑐2𝑚2𝑔(0)

2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑛𝑥|
2𝑑𝑠𝑑𝑥.

(47)

Then, using the first and third limits in (41) in the above inequality, we obtain the last limit in (41). Thus the proof has been
completed.

Lemma 3.6. Let 𝑚 ∈ [0, 1], assume conditon (6) and Hypothesis 3.1. Then, the solution (𝑢𝑛, 𝑣𝑛, 𝑦𝑛, 𝛾𝑛)⊤ ∈ 𝐷() of (37)-(40)
satisfies

1

∫
0

𝜂|𝑢𝑛𝑥|
2𝑑𝑥 ←←←←←←←←←←←←←←←←←←←→

𝑛→∞
0 and

1

∫
0

1
𝜎
|𝑣𝑛|2𝑑𝑥 ←←←←←←←←←←←←←←←←←←←→

𝑛→∞
0. (48)

Proof. The proof of this Lemma is divided into three steps.
Step 1. The aim of this step is to show that

|𝜆𝑛𝑢
𝑛(1)| ←←←←←←←←←←←←←←←←←←←→

𝑛→∞
0 and |𝑢𝑛𝑥(1)| ←←←←←←←←←←←←←←←←←←←→𝑛→∞

0. (49)

Thanks to Lemma 3.5, we have that

|𝑦𝑛(1)| ≤

2

∫
1

|𝑦𝑛𝑥|𝑑𝑥 ≤
⎛

⎜

⎜

⎝

2

∫
1

|𝑦𝑛𝑥|
2𝑑𝑥

⎞

⎟

⎟

⎠

1∕2

←←←←←←←←←←←←←←←←←←←→
𝑛→∞

0. (50)

Now, using equation (39), the Gagliardo-Nirenberg inequality, Lemma 3.5 and the fact that ‖𝑈 𝑛
‖ = 1, ‖𝐹𝑛‖ → 0, and

|𝜆𝑛| → |𝜔|, we obtain

|𝜁𝑛𝑥 (1)| ≤ 𝑐1‖𝜁
𝑛
𝑥𝑥‖

1∕2
‖𝜁𝑛𝑥‖

1∕2 + 𝑐2‖𝜁
𝑛
𝑥‖ ≤ 𝑐1‖𝜆𝑛𝑦

𝑛 − 𝑓 3
𝑛 ‖

1∕2
‖𝜁𝑛𝑥‖

1∕2 + 𝑐2‖𝜁
𝑛
𝑥‖ ←←←←←←←←←←←←←←←←←←←→

𝑛→∞
0. (51)

Using (37), the transmission conditions in (11), (50) and the fact that

|𝑓 1
𝑛 (1)| ≤

1

∫
0

|(𝑓 1
𝑛 )𝑥|𝑑𝑥 ≤

√

max
𝑥∈[0,1]

𝜂−1‖
√

𝜂(𝑓 1
𝑛 )𝑥‖ ≤

√

max
𝑥∈[0,1]

𝜂−1‖𝐹𝑛‖ → 0, (52)

we obtain
|𝜆𝑛𝑢

𝑛(1)| ≤ |𝑣𝑛(1)| + |𝑓 1
𝑛 (1)| ≤ |𝑦𝑛(1)| + |𝑓 1

𝑛 (1)| ←←←←←←←←←←←←←←←←←←←→𝑛→∞
0.

Now, using the transmission conditions and (51), we get |𝜂(1)𝑢𝑛𝑥(1)| = |𝜁𝑛𝑥 (1)| ←←←←←←←←←←←←←←←←←←←→𝑛→∞
0. Thus, we get (49).

Step 2. The aim of this step is to prove the first limit in (48). Substitute 𝑣𝑛 = 𝑖𝜆𝑛𝑢𝑛 − 𝑓 1
𝑛 into (38), we get

𝜆2𝑛𝑢
𝑛 + 𝜎(𝜂𝑢𝑛𝑥)𝑥 = −𝑖𝜆𝑛𝑓 1

𝑛 − 𝑓 2
𝑛 . (53)

Multiplying (53) by −2𝑥
𝜎
𝑢𝑛𝑥 +

𝐾𝑎

2𝜎
𝑢𝑛, and integrating by parts over (0, 1), we obtain

(1 +
𝐾𝑎

2
)

1

∫
0

1
𝜎
|𝜆𝑛𝑢

𝑛
|

2𝑑𝑥 + (1 −
𝐾𝑎

2
)

1

∫
0

𝜂|𝑢𝑛𝑥|
2𝑑𝑥 =

1

∫
0

𝑥
𝜎

(

𝑎′ − 𝑏
𝑎

)

|𝜆𝑛𝑢
2
|

2𝑑𝑥 +

1

∫
0

𝑥𝑏
𝑎
𝜂|𝑢𝑛𝑥|

2𝑑𝑥

+𝜂(1)|𝑢𝑛𝑥(1)|
2 + 1

𝜎(1)
|𝜆𝑛𝑢

𝑛(1)|2 −ℜ
(

𝐾𝑎

2
𝜂(1)𝑢𝑛𝑥(1)𝑢𝑛(1)

)

+ 2ℜ
⎛

⎜

⎜

⎝

1

∫
0

𝑥
𝜎
𝑓 2
𝑛 𝑢𝑛𝑥𝑑𝑥

⎞

⎟

⎟

⎠

+2ℜ
⎛

⎜

⎜

⎝

𝑖𝜆𝑛

1

∫
0

𝑥
𝜎
𝑓 1
𝑛 𝑢𝑛𝑥𝑑𝑥

⎞

⎟

⎟

⎠

−ℜ
⎛

⎜

⎜

⎝

𝑖
𝐾𝑎

2

1

∫
0

1
𝜎
𝑓 1
𝑛 𝜆𝑛𝑢𝑛

⎞

⎟

⎟

⎠

−ℜ
⎛

⎜

⎜

⎝

𝐾𝑎

2

1

∫
0

1
𝜎
𝑓 2
𝑛 𝑢𝑛

⎞

⎟

⎟

⎠

.
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Thus, we get

(1 +
𝐾𝑎

2
−𝑀1)

1

∫
0

1
𝜎
|𝜆𝑛𝑢

𝑛
|

2𝑑𝑥 + (1 −
𝐾𝑎

2
−𝑀2)

1

∫
0

𝜂|𝑢𝑛𝑥|
2𝑑𝑥 ≤ 𝜂(1)|𝑢𝑛𝑥(1)|

2

+ 1
𝜎(1)

|𝜆𝑛𝑢
𝑛(1)|2 +

|

|

|

|

|

ℜ
(

𝐾𝑎

2
𝜂(1)𝑢𝑛𝑥(1)𝑢𝑛(1)

)

|

|

|

|

|

+
|

|

|

|

|

|

|

2ℜ
⎛

⎜

⎜

⎝

1

∫
0

𝑥
𝜎
𝑓 2
𝑛 𝑢𝑛𝑥𝑑𝑥

⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

+
|

|

|

|

|

|

|

2ℜ
⎛

⎜

⎜

⎝

𝑖𝜆𝑛

1

∫
0

𝑥
𝜎
𝑓 1
𝑛 𝑢𝑛𝑥𝑑𝑥

⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

+
|

|

|

|

|

|

|

ℜ
⎛

⎜

⎜

⎝

𝑖
𝐾𝑎

2

1

∫
0

1
𝜎
𝑓 1
𝑛 𝜆𝑛𝑢𝑛

⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

+
|

|

|

|

|

|

|

ℜ
⎛

⎜

⎜

⎝

𝐾𝑎

2

1

∫
0

1
𝜎
𝑓 2
𝑛 𝑢𝑛

⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

.

(54)

Now, we consider the last four terms in (54). First, using the Cauchy-Schwarz inequality, the fact that ‖𝐹𝑛‖ → 0, ‖𝑈 𝑛
‖ = 1,

and the monotonicity of 𝑥
√

𝑎
in (0, 1], we get

|

|

|

|

|

|

|

2ℜ
⎛

⎜

⎜

⎝

1

∫
0

𝑥
𝜎
𝑓 2
𝑛 𝑢𝑛𝑥𝑑𝑥

⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤ 2

1

∫
0

𝑥
√

𝑎
1

√

𝜎
|𝑓 2

𝑛 |
√

𝜂|𝑢𝑛𝑥|𝑑𝑥 ≤ 2
√

𝑎(1)
‖𝐹𝑛‖‖𝑈

𝑛
‖ ←←←←←←←←←←←←←←←←←←←→

𝑛→∞
0. (55)

Applying the Cauchy-Schwarz and the Hardy-Poincaré inequalities, using the fact that ‖𝐹𝑛‖ → 0, ‖𝑈 𝑛
‖ = 1, |𝜆𝑛| → |𝜔| and

again the monotonicity of 𝑥
√

𝑎
, we have

|

|

|

|

|

|

|

2ℜ
⎛

⎜

⎜

⎝

𝑖𝜆𝑛

1

∫
0

𝑥
𝜎
𝑓 1
𝑛 𝑢𝑛𝑥𝑑𝑥

⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤ 2|𝜆𝑛|

1

∫
0

𝑥
√

𝑎
1

√

𝜎
|𝑓 1

𝑛 |
√

𝜂|𝑢𝑛𝑥|𝑑𝑥 ≤ 2|𝜆𝑛|
√

𝑐0
𝑎(1)

‖𝐹𝑛‖‖𝑈
𝑛
‖ ←←←←←←←←←←←←←←←←←←←→

𝑛→∞
0, (56)

ℜ
⎛

⎜

⎜

⎝

𝑖
𝐾𝑎

2

1

∫
0

1
𝜎
𝑓 1
𝑛 𝜆𝑛𝑢𝑛

⎞

⎟

⎟

⎠

≤ |𝜆𝑛|
𝐾𝑎

2
𝑐20‖𝐹𝑛‖‖𝑈

𝑛
‖ ←←←←←←←←←←←←←←←←←←←→

𝑛→∞
0, (57)

and

ℜ
⎛

⎜

⎜

⎝

𝐾𝑎

2

1

∫
0

1
𝜎
𝑓 2
𝑛 𝑢𝑛

⎞

⎟

⎟

⎠

≤
𝐾𝑎

2
𝑐0‖𝐹𝑛‖‖𝑈

𝑛
‖ ←←←←←←←←←←←←←←←←←←←→

𝑛→∞
0. (58)

where 𝑐0 =
√

𝐶𝐻𝑃 max
𝑥∈[0,1]

𝜂−1.
Now, using (49) and (55)-(58) in (54) and the fact that 𝜆𝑛 → 𝜔, we get

(1 +
𝐾𝑎

2
−𝑀1)

1

∫
0

1
𝜎
|𝜆𝑛𝑢

𝑛
|

2𝑑𝑥 + (1 −
𝐾𝑎

2
−𝑀2)

1

∫
0

𝜂|𝑢𝑛𝑥|
2𝑑𝑥 ←←←←←←←←←←←←←←←←←←←→

𝑛→∞
0. (59)

Thus, using Hypothesis 3.1 in the above equation we get the desired result.
Step 4. The aim of this step is to prove the second limit in (48). From (37), and using (59), Hardy-Poincare inequality given in
Proposition 6.1 in the Appendix and the fact that ‖𝐹𝑛‖ → 0, we get

1

∫
0

1
𝜎
|𝑣𝑛|2𝑑𝑥 ≤ 2

1

∫
0

1
𝜎
|𝜆𝑛𝑢

𝑛
|

2𝑑𝑥 + 2𝐶𝐻𝑃 max
𝑥∈[0,1]

𝜂

1

∫
0

|(𝑓 1
𝑛 )𝑥|

2𝑑𝑥 ←←←←←←←←←←←←←←←←←←←→
𝑛→∞

0. (60)

Proof of Proposition 3.4 From Lemmas 3.5 and 3.6, we obtain that ‖𝑈 𝑛
‖ → 0 as 𝑛 → 0 which contradicts that ‖𝑈 𝑛

‖ = 1
in (35). Then, (33) holds true and the proof is complete.

Proof of Theorem 3.3 From Proposition 3.4, we have 𝑖ℝ ⊂ 𝜌() and consequently 𝜎() ∩ 𝑖ℝ = ∅. Therefore, according to
Arendt-Batty Theorem, we get the C0-semigroup of contraction (𝑒𝑡)𝑡≥0 is strongly stable. The proof is thus complete.
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4 POLYNOMIAL STABILITY IN THE CASE OF COLEMAN-GURTIN HEAT
CONDUCTION LAW

This section is devoted to study the polynomial stability of the system under consideration, specifically in the case of the
Coleman-Gurtin heat conduction law with the parameter 𝑚 belonging to the interval (0, 1). The main result of this section is
presented in the following theorem.

Theorem 4.1. Assume condition (6), Hypothesis 3.1 and 𝑚 ∈ (0, 1). Then, there exits 𝐶0 > 0 such that for all 𝑈0 ∈ 𝐷() we
have

(𝑡) ≤
𝐶0

𝑡4
‖𝑈0‖

2
𝐷(), 𝑡 > 0. (61)

According to Theorem of Borichev and Tomilov [20] (see also [48] and [17]), in order to prove Theorem 4.1 we need to prove
that the following two conditions hold:

𝑖ℝ ⊂ 𝜌(), (R1)
lim sup
|𝜆|→∞

1

𝜆
1
2

‖(𝑖𝜆𝐼 −)−1‖ < ∞. (R2)

Proposition 4.2. Under condition (6) and Hypothesis 3.1, let (𝜆, 𝑈 = (𝑢, 𝑣, 𝑦, 𝛾)⊤) ⊂ ℝ∗ ×𝐷(), with |𝜆| ≥ 1 such that

(𝑖𝜆𝐼 −)𝑈 = 𝐹 ∶= (𝑓 1, 𝑓 2, 𝑓 3, 𝑓 4(⋅, 𝑠))⊤ ∈ , (62)

i.e.

𝑖𝜆𝑢 − 𝑣 = 𝑓 1, (63)
𝑖𝜆𝑣 − 𝜎(𝜂𝑢𝑥)𝑥 = 𝑓 2, (64)

𝑖𝜆𝑦 − 𝜁𝑥𝑥 = 𝑓 3, (65)
𝑖𝜆𝛾 + 𝛾𝑠 − 𝑦 = 𝑓 4(⋅, 𝑠). (66)

Then, we have the following inequality
‖𝑈‖ ≤ 𝐾1(1 + |𝜆|

1
2 )‖𝐹‖ , (67)

where 𝐾1 is a constant independent of 𝜆 to be determined.

In order to prove Proposition 4.2, we need the following Lemmas.

Lemma 4.3. Assume condition (6), Hypothesis 3.1, 𝑚 ∈ (0, 1) and |𝜆| ≥ 1. Then, the solution (𝑢, 𝑣, 𝑦, 𝛾)⊤ ∈ 𝐷() of (62)
satisfies the following estimates

2

∫
1

∞

∫
0

−𝜇′(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥 ≤ 𝜅0
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (68)

2

∫
1

|𝑦𝑥|
2𝑑𝑥 ≤ 𝜅1

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (69)

2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥 ≤ 𝜅2
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

(70)

and
2

∫
1

|𝜁𝑥|
2𝑑𝑥 ≤ 𝜅3

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (71)

where 𝜅0 =
2
𝑐𝑚

, 𝜅1 =
1

𝑐(1 − 𝑚)
, 𝜅2 =

2
𝑐𝑚𝐾𝜇

, and 𝜅3 = 2𝑐(1 − 𝑚) +
4𝑐𝑚𝑔(0)

𝐾𝜇
.

Proof. First taking the inner product of (62) with 𝑈 in , we get

𝑐𝑚
2

2

∫
1

∞

∫
0

−𝜇′(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥 + 𝑐(1 − 𝑚)

2

∫
1

|𝑦𝑥|
2𝑑𝑥 = −ℜ(⟨𝑈,𝑈⟩) ≤ ‖𝐹‖‖𝑈‖ . (72)
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From the above equation, using condition (6) and the fact that 𝑚 ∈ (0, 1), we obtain (68), (69) and
2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥 ≤ 1
𝐾𝜇

2

∫
1

∞

∫
0

−𝜇′(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥.

Then, using the above inequality and (68), we obtain (70). Now, using the Cauchy-Schwarz inequality, we get
2

∫
1

|𝜁𝑥|
2𝑑𝑥 ≤ 2𝑐2(1 − 𝑚)2

2

∫
1

|𝑦𝑥|
2𝑑𝑥 + 2𝑐2𝑚2

⎛

⎜

⎜

⎝

∞

∫
0

𝜇(𝑠)𝑑𝑠
⎞

⎟

⎟

⎠

2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥

≤ 2𝑐2(1 − 𝑚)2
2

∫
1

|𝑦𝑥|
2𝑑𝑥 + 2𝑐2𝑚2𝑔(0)

2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥.

Using (69) and (70) in the above inequality we obtain (71) and the proof is complete.

Lemma 4.4. Assume condition (6), Hypothesis 3.1, 𝑚 ∈ (0, 1) and |𝜆| ≥ 1. Then, the solution (𝑢, 𝑣, 𝑦, 𝛾)⊤ ∈ 𝐷() of (62)
satisfies the following estimates

2

∫
1

|𝑦|2𝑑𝑥 ≤
𝜅4
|𝜆|

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (73)

where 𝜅4 is a constant independent of 𝜆 to be determined below.

Proof. Multiplying equation (65) by 1
𝑖𝜆
𝑦, integrating over (1, 2) and taking the real part, we have

2

∫
1

|𝑦|2𝑑𝑥 +ℜ
⎛

⎜

⎜

⎝

1
𝑖𝜆

2

∫
1

𝜁𝑥𝑦𝑥𝑑𝑥
⎞

⎟

⎟

⎠

+ℜ
[ 1
𝑖𝜆
𝜁𝑥(1)𝑦(1)

]

= ℜ
⎛

⎜

⎜

⎝

1
𝑖𝜆

2

∫
1

𝑓 3𝑦𝑑𝑥
⎞

⎟

⎟

⎠

. (74)

Thanks to (69) and (71), we get
|

|

|

|

|

|

|

ℜ
⎛

⎜

⎜

⎝

1
𝑖𝜆

2

∫
1

𝜁𝑥𝑦𝑥𝑑𝑥
⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤
𝜅5
|𝜆|

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (75)

and
|

|

|

|

|

|

|

ℜ
⎛

⎜

⎜

⎝

1
𝑖𝜆

2

∫
1

𝑓 3𝑦𝑑𝑥
⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤ 1
|𝜆|

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (76)

where 𝜅5 =
√

𝜅1𝜅3. Now, using the Gagliardo-Nirenberg inequality we can estimate the term ℜ
[ 1
𝑖𝜆
𝜁𝑥(1)𝑦(1)

]

in the following
way

|ℜ
[ 1
𝑖𝜆
𝜁𝑥(1)𝑦(1)

]

| ≤ 1
|𝜆|

(

𝛼1‖𝜁𝑥𝑥‖
1
2
‖𝜁𝑥‖

1
2 + 𝛼2‖𝜁𝑥‖

)(

𝛼3‖𝑦𝑥‖
1
2
‖𝑦‖

1
2 + 𝛼4‖𝑦‖

)

≤ 𝛽
|𝜆|

(

‖𝜁𝑥𝑥‖
1
2
‖𝜁𝑥‖

1
2 + ‖𝜁𝑥‖

)(

‖𝑦𝑥‖
1
2
‖𝑦‖

1
2 + ‖𝑦‖

)

,
(77)

where 𝛽 = max(𝛼1, 𝛼2) max(𝛼3, 𝛼4), 𝛼𝑖 > 0, 𝑖 = 1, 2, 3, 4. In order to estimate the terms in (77), we will use (65), the fact that
|𝜆| ≥ 1 and the inequality 𝑥1𝑥2 ≤ 𝜖𝑥21 +

1
4𝜖

𝑥22 for 𝜖 > 0. Thus, we obtain
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∙
𝛽
|𝜆|

‖𝜁𝑥𝑥‖
1
2
‖𝜁𝑥‖

1
2
‖𝑦‖ ≤ 𝛽

|𝜆|1∕2
‖𝑦‖

1
2
‖𝜁𝑥‖

1
2
‖𝑦‖ +

𝛽
|𝜆|

‖𝑓 3
‖

1
2
‖𝜁𝑥‖

1
2
‖𝑦‖ ≤ 19𝛽2

4|𝜆|
‖𝜁𝑥‖‖𝑦‖ +

1
19

‖𝑦‖2

+
19𝛽2

4|𝜆|2
‖𝑓 3

‖‖𝜁𝑥‖ +
1
19

‖𝑦‖2 ≤ 193𝛽4

16|𝜆|2
‖𝜁𝑥‖

2 + 1
76

‖𝑦‖2 + 2
19

‖𝑦‖2 +
192𝛽4

8|𝜆|2
‖𝑓 3

‖

2 + 1
2|𝜆|2

‖𝜁𝑥‖
2

≤ 9
76

‖𝑦‖2 +
192𝛽4

8|𝜆|2
‖𝑓 3

‖

2 +
(

1
2
+

193𝛽4

16

)

1
|𝜆2|

‖𝜁𝑥‖
2 ≤ 9

76
‖𝑦‖2 +

𝜅6
|𝜆|

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

,

∙
𝛽
|𝜆|

‖𝜁𝑥𝑥‖
1
2
‖𝜁𝑥‖

1
2
‖𝑦𝑥‖

1
2
‖𝑦‖

1
2 ≤ 𝛽

|𝜆|1∕2
‖𝑦‖‖𝜁𝑥‖

1
2
‖𝑦𝑥‖

1
2 +

𝛽
|𝜆|

‖𝑓 3
‖

1
2
‖𝜁𝑥‖

1
2
‖𝑦𝑥‖

1
2
‖𝑦‖

1
2

≤ 1
19

‖𝑦‖2 +
19𝛽2

4|𝜆|
‖𝜁𝑥‖‖𝑦𝑥‖ +

𝛽2

2|𝜆|
‖𝑓 3

‖‖𝑦‖ + 1
2|𝜆|

‖𝜁𝑥‖‖𝑦𝑥‖ ≤ 1
19

‖𝑦‖2 +
𝜅7
|𝜆|

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

,

∙
𝛽
|𝜆|

‖𝜁𝑥‖‖𝑦‖ ≤ 19𝛽2

4|𝜆|2
‖𝜁𝑥‖

2 + 1
19

‖𝑦‖2 ≤ 1
19

‖𝑦‖2 +
𝜅8
|𝜆|

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

,

∙
𝛽
|𝜆|

‖𝜁𝑥‖‖𝑦𝑥‖
1
2
‖𝑦‖

1
2 ≤ 𝛽2

2|𝜆|
‖𝜁𝑥‖

2 + 1
2|𝜆|

‖𝑦𝑥‖‖𝑦‖ ≤ 𝛽2

2|𝜆|
‖𝜁𝑥‖

2 + 19
8|𝜆|2

‖𝑦𝑥‖
2 + 1

38
‖𝑦‖2

≤ 1
38

‖𝑦‖2 +
𝜅9
|𝜆|

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

,

where 𝜅6 =
(

1
2
+

193𝛽4

16

)

𝜅3 +
192𝛽4

8
, 𝜅7 =

(

19𝛽2

4
+ 1

2

)

√

𝜅1𝜅3 +
𝛽2

2
, 𝜅8 =

19𝛽2𝜅3
4

and 𝜅9 =
𝛽2𝜅3
2

+
19𝜅1
8

.
Inserting the above inequalities in (77), we obtain

|

|

|

|

ℜ
[ 1
𝑖𝜆
𝜁𝑥(1)𝑦(1)

]

|

|

|

|

≤ 1
4
‖𝑦‖2 +

𝜅10
|𝜆|

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

,

where 𝜅10 =
9
∑

𝑖=6
𝜅𝑖. Finally, using the above inequality, (75) and (76) in (74), we obtain (73) with 𝜅4 =

4(𝜅10 + 𝜅5 + 1)
3

.

Lemma 4.5. Assume condition (6) , Hypothesis 3.1, 𝑚 ∈ (0, 1) and |𝜆| ≥ 1. Then, the solution (𝑢, 𝑣, 𝑦, 𝛾)⊤ ∈ 𝐷() of (62)
satisfies the following estimates

|𝜁𝑥(1)|2 ≤ 𝜅11(1 + |𝜆|
1
2 )
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (78)
and

|𝑦(1)|2 ≤ 𝜅12(1 + |𝜆|
1
2 )
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (79)
where 𝜅11, 𝜅12 are constants independent of 𝜆 to be determined.

Proof. First, multiplying equation (65) by 2(𝑥 − 2)𝜁𝑥, integrating over (1, 2) and taking the real part, we obtain

|𝜁𝑥(1)|2 = ℜ
⎛

⎜

⎜

⎝

2𝑖𝜆

2

∫
1

(𝑥 − 2)𝜁𝑥𝑦𝑑𝑥
⎞

⎟

⎟

⎠

+

2

∫
1

|𝜁𝑥|
2𝑑𝑥 −ℜ

⎛

⎜

⎜

⎝

2

2

∫
1

(𝑥 − 2)𝑓 3𝜁𝑥𝑑𝑥
⎞

⎟

⎟

⎠

. (80)

Thanks to (71) and Lemma 4.4, the first and last terms on the right hand side in (80) can be estimated in the following way
|

|

|

|

|

|

|

ℜ
⎛

⎜

⎜

⎝

2𝑖𝜆

2

∫
1

(𝑥 − 2)𝜁𝑥𝑦𝑑𝑥
⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤ 𝜅13|𝜆|
1
2
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

and

|ℜ
⎛

⎜

⎜

⎝

2

2

∫
1

(𝑥 − 2)𝑓 3𝜁𝑥𝑑𝑥
⎞

⎟

⎟

⎠

| ≤ 2𝜅
1
2
3 ‖𝐹‖(‖𝑈‖‖𝐹‖ + ‖𝐹‖

2
)

1∕2 ≤ 𝜅14
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

,

where 𝜅13 = 2
√

𝜅3𝜅4 and 𝜅14 = 3
√

𝜅3.
Thus, using the above two inequalities in (80), we obtain

|𝜁𝑥(1)|2 ≤
(

𝜅3 + 𝜅14 + 𝜅13|𝜆|
1
2

)

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

(81)
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and (78) follows with 𝜅11 = max{𝜅3 + 𝜅14, 𝜅13}. Now, differentiating equation (66) with respect to 𝑥, multiplying by 𝜇(𝑠)𝑦 and
integrating over (1, 2) × (0,∞), we obtain

ℜ
⎛

⎜

⎜

⎝

𝑖𝜆

2

∫
1

∞

∫
0

𝜇(𝑠)𝛾𝑥𝑦𝑑𝑠𝑑𝑥
⎞

⎟

⎟

⎠

+ℜ
⎛

⎜

⎜

⎝

2

∫
1

∞

∫
0

𝜇(𝑠)𝛾𝑠𝑥𝑦𝑑𝑠𝑑𝑥
⎞

⎟

⎟

⎠

− 𝑔(0)ℜ
⎛

⎜

⎜

⎝

2

∫
1

𝑦𝑥𝑦𝑑𝑥
⎞

⎟

⎟

⎠

= ℜ
⎛

⎜

⎜

⎝

2

∫
1

∞

∫
0

𝜇(𝑠)𝑓 4
𝑥𝑦𝑑𝑠𝑑𝑥

⎞

⎟

⎟

⎠

.

(82)

Integrating the second term in the above equation with respect to 𝑠 and using condition (6), we obtain

𝑔(0)
2

|𝑦(1)|2 = ℜ
⎛

⎜

⎜

⎝

2

∫
1

∞

∫
0

𝜇(𝑠)𝑓 4
𝑥𝑦𝑑𝑠𝑑𝑥

⎞

⎟

⎟

⎠

−ℜ
⎛

⎜

⎜

⎝

2

∫
1

∞

∫
0

(𝑖𝜆𝜇(𝑠) − 𝜇′(𝑠))𝛾𝑥𝑦𝑑𝑠𝑑𝑥
⎞

⎟

⎟

⎠

. (83)

Thanks to Lemmas 4.3 and 4.4 and the fact that |𝜆| ≥ 1 and 𝑓 4 ∈ 𝑊 , we can estimate the terms on the right hand side in (83)
in the following way

|

|

|

|

|

|

|

ℜ
⎛

⎜

⎜

⎝

𝑖𝜆

2

∫
1

∞

∫
0

𝜇(𝑠)𝛾𝑥𝑦𝑑𝑠𝑑𝑥
⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤
√

𝑔(0)|𝜆|
⎛

⎜

⎜

⎝

2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥
⎞

⎟

⎟

⎠

1∕2
⎛

⎜

⎜

⎝

2

∫
1

|𝑦|2𝑑𝑥
⎞

⎟

⎟

⎠

1∕2

≤ 𝜅15|𝜆|
1
2
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

,

|

|

|

|

|

|

|

ℜ
⎛

⎜

⎜

⎝

2

∫
1

∞

∫
0

𝜇′(𝑠)𝛾𝑥𝑦𝑑𝑠𝑑𝑥
⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤
√

𝜇(0)
⎛

⎜

⎜

⎝

2

∫
1

∞

∫
0

−𝜇′(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥
⎞

⎟

⎟

⎠

1∕2
⎛

⎜

⎜

⎝

2

∫
1

|𝑦|2𝑑𝑥
⎞

⎟

⎟

⎠

1∕2

≤ 𝜅16
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

,
and

|

|

|

|

|

|

|

ℜ
⎛

⎜

⎜

⎝

2

∫
1

∞

∫
0

𝜇(𝑠)𝑓 4
𝑥𝑦𝑑𝑠𝑑𝑥

⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤
√

𝑔(0)
⎛

⎜

⎜

⎝

2

∫
1

∞

∫
0

𝜇(𝑠)|𝑓 4
𝑥 |

2𝑑𝑠𝑑𝑥
⎞

⎟

⎟

⎠

1∕2
⎛

⎜

⎜

⎝

2

∫
1

|𝑦|2𝑑𝑥
⎞

⎟

⎟

⎠

1∕2

≤
√

𝑔(0)
𝑐𝑚

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

,

where 𝜅15 =
√

𝑔(0)𝜅2𝜅4 and 𝜅16 =
√

𝜇(0)𝜅0𝜅4. Thus, using the above inequalities in (83), we obtain (78) with 𝜅12 =
2

𝑔(0)
max{𝜅15, 𝜅16 +

√

𝑔(0)𝑐−1𝑚−1} and the proof of the Lemma is complete.

Now, substituting equation (63) into (64), we get

𝜆2𝑢 + 𝜎(𝜂𝑢𝑥)𝑥 = −(𝑖𝜆𝑓 1 + 𝑓 2). (84)

Using equation (63) and the Hardy-Ponicaré inequality given in Proposition 6.1 (see the Appendix), we get

‖𝜆𝑢‖ 1
𝜎
≤ ‖𝑣‖ 1

𝜎
+
√

𝐶𝐻𝑃‖𝑓
1
𝑥‖ ≤ max{1, 𝑐0}

(

‖𝑣‖ 1
𝜎
+ ‖

√

𝜂𝑓 1
𝑥‖

)

≤ 𝑐1
[

‖𝑈‖ + ‖𝐹‖
]

, (85)

where 𝑐1 = max{1, 𝑐0} with 𝑐0 =
√

𝐶𝐻𝑃 max
𝑥∈[0,1]

𝜂−1(𝑥).

Lemma 4.6. Assume condition (6), Hypothesis 3.1, 𝑚 ∈ (0, 1) and |𝜆| ≥ 1. Then, the solution (𝑢, 𝑣, 𝑦, 𝛾)⊤ ∈ 𝐷() of (62) are
such that

1

∫
0

𝜂|𝑢𝑥|
2𝑑𝑥 ≤ 𝜅17(1 + |𝜆|

1
2 )
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

(86)

and
1

∫
0

1
𝜎
|𝑣|2𝑑𝑥 ≤ 𝜅18(1 + |𝜆|

1
2 )
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (87)

where 𝜅17 and 𝜅18 are constants independent of 𝜆 to be determined below.
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Proof. For simplicity, we will divide the proof of this result into several steps. First of all ,we observe that thanks to Lemma 6.3
in the Appendix, we have that equation (146) holds.
Step 1. The aim of the first step is to estimate the terms in (146).
∙ Using the Cauchy-Schwarz inequality, the monotonicity of the function 𝑥

√

𝑎
in (0, 1] (being 𝑎 (8) or (9)) and the fact that

𝐾𝑎 < 2, we can estimate the term 2ℜ
⎛

⎜

⎜

⎝

1

∫
0

𝑓 2 𝑥
𝜎
𝑢𝑥𝑑𝑥

⎞

⎟

⎟

⎠

as:

|

|

|

|

|

|

|

2ℜ
⎛

⎜

⎜

⎝

1

∫
0

𝑥
𝜎
𝑓 2𝑢𝑥𝑑𝑥

⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤ 2

1

∫
0

𝑥
√

𝑎
1

√

𝜎
|𝑓 2

|

√

𝜂|𝑢𝑥|𝑑𝑥 ≤ 2
√

𝑎(1)

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

. (88)

∙ Now, consider the term 2ℜ
⎛

⎜

⎜

⎝

𝑖

1

∫
0

(

𝑥𝑓 1

𝜎

)

𝑥
𝜆𝑢̄𝑑𝑥

⎞

⎟

⎟

⎠

. We have

2ℜ
⎛

⎜

⎜

⎝

𝑖

1

∫
0

(

𝑥𝑓 1

𝜎

)

𝑥
𝜆𝑢𝑑𝑥

⎞

⎟

⎟

⎠

= 2ℜ
⎛

⎜

⎜

⎝

𝑖

1

∫
0

𝑥
𝜎
𝑓 1
𝑥𝜆𝑢𝑑𝑥

⎞

⎟

⎟

⎠

+ 2ℜ
⎛

⎜

⎜

⎝

𝑖

1

∫
0

(𝑥
𝜎

)′
𝑓 1𝜆𝑢𝑑𝑥

⎞

⎟

⎟

⎠

. (89)

Using again the monotonicity of 𝑥
√

𝑎
and (85), we obtain

|

|

|

|

|

|

|

2ℜ
⎛

⎜

⎜

⎝

𝑖

1

∫
0

𝑥
𝜎
𝑓 1
𝑥𝜆𝑢̄𝑑𝑥

⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤ 2

1

∫
0

𝑥
√

𝑎

√

𝜂|𝑓 1
𝑥 |

1
√

𝜎
|𝜆𝑢|𝑑𝑥 ≤

2𝑐1
√

𝑎(1)

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

. (90)

Moreover, the second term in (89) can be rewritten as

2ℜ
⎛

⎜

⎜

⎝

𝑖

1

∫
0

(𝑥
𝜎

)′
𝑓 1𝜆𝑢̄𝑑𝑥

⎞

⎟

⎟

⎠

= 2ℜ
⎛

⎜

⎜

⎝

𝑖

1

∫
0

1
𝜎
𝑓 1𝜆𝑢̄𝑑𝑥

⎞

⎟

⎟

⎠

+ 2ℜ
⎛

⎜

⎜

⎝

𝑖

1

∫
0

𝑥
𝜎

(

𝑎′ − 𝑏
𝑎

)

𝑓 1𝜆𝑢̄𝑑𝑥
⎞

⎟

⎟

⎠

. (91)

Using (85) and the Hardy-Poincaré inequality, the first term in the right hand side of (91) can be estimated as
|

|

|

|

|

|

|

2ℜ
⎛

⎜

⎜

⎝

𝑖

1

∫
0

1
𝜎
𝑓 1𝜆𝑢̄𝑑𝑥

⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤ 2

1

∫
0

1
√

𝜎
|𝑓 1

|

1
√

𝜎
|𝜆𝑢̄|𝑑𝑥 ≤ 2𝑐0𝑐1

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

. (92)

Now, using Hypothesis 3.1, we have the following estimate for the second term in the right hand side of (91):
|

|

|

|

|

|

|

2ℜ
⎛

⎜

⎜

⎝

𝑖

1

∫
0

𝑥
𝜎

(

𝑎′ − 𝑏
𝑎

)

𝑓 1𝜆𝑢̄𝑑𝑥
⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤ 2𝑀1‖𝑓
1
‖ 1

𝜎
‖𝜆𝑢‖ 1

𝜎
≤ 𝑐0𝑐1(2 +𝐾𝑎)

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

. (93)

Then, inserting (90), (92), and (93) in (89) we can conclude that
|

|

|

|

|

|

|

2ℜ
⎛

⎜

⎜

⎝

𝑖

1

∫
0

(

𝑥𝑓 1

𝜎

)

𝑥
𝜆𝑢̄𝑑𝑥

⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤

(

2𝑐1
√

𝑎(1)
+ 𝑐0𝑐1(4 +𝐾𝑎)

)

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

. (94)

∙ Now, using (85) and the Cauchy-Schwarz and the Hardy-Poinacré inequalities, we get

𝐾𝑎

2
ℜ

⎛

⎜

⎜

⎝

𝑖

1

∫
0

1
𝜎
𝑓 1𝜆𝑢𝑑𝑥

⎞

⎟

⎟

⎠

≤
𝐾𝑎

2
𝑐0𝑐1

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

(95)

and
𝐾𝑎

2
ℜ

⎛

⎜

⎜

⎝

1

∫
0

1
𝜎
𝑓 2𝑢𝑑𝑥

⎞

⎟

⎟

⎠

≤
𝐾𝑎

2
𝑐1
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

. (96)
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Thus, using equations (88) and (94)-(96) in (146), we obtain
(

1 +
𝐾𝑎

2
−𝑀1

)

1

∫
0

1
𝜎
|𝜆𝑢|2𝑑𝑥 +

(

1 −
𝐾𝑎

2
−𝑀2

)

1

∫
0

𝜂|𝑢𝑥|
2𝑑𝑥 ≤ 𝜅19

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

+ 1
𝜎(1)

|𝜆𝑢(1)|2 + 𝜂(1)|𝑢𝑥(1)|2 +
2

𝜎(1)
|𝑓 1(1)||𝜆𝑢(1)| +

𝐾𝑎

2
𝜂(1)|𝑢𝑥(1)||𝑢(1)|,

(97)

where 𝜅19 =
2(𝑐1 + 1)
√

𝑎(1)
+ 𝑐0𝑐1(4 +𝐾𝑎) +

𝐾
2
𝑐0𝑐1 +

𝐾
2
𝑐1.

Step 2. The aim of this step is to show (86). Using the transmission conditions and Lemma 4.5, we obtain

𝜂(1)|𝑢𝑥(1)|2 ≤
𝜅11
𝜂(1)

(1 + |𝜆|
1
2 )
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

(98)

and
|𝑣(1)|2 ≤ 𝜅12(1 + |𝜆|

1
2 )
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

. (99)

Using equation (63), (99) and the fact that |𝑓 1(1)| ≤
√

max
𝑥∈[0,1]

𝜂−1‖𝐹‖ , we obtain

|𝜆𝑢(1)|2 ≤ 2|𝑣(1)|2 + 2|𝑓 1(1)|2 ≤ 𝜅20(1 + |𝜆|
1
2 )
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (100)

where 𝜅20 = 2(𝜅12 + max
𝑥∈[0,1]

𝜂−1). Now, using Young’s inequality we get

2
𝜎(1)

|𝑓 1(1)||𝜆𝑢(1)| ≤ 1
𝜎(1)

|𝑓 1(1)|2 + 1
𝜎(1)

|𝜆𝑢(1)|2 ≤ 𝜅21(1 + |𝜆|
1
2 )
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

(101)

and
𝐾𝑎

2
𝜂(1)|𝑢𝑥(1)||𝑢(1)| ≤ 𝜅̃21(1 + |𝜆|

1
2 )
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (102)

where 𝜅21 =
1

𝜎(1)
(𝜅20+ max

𝑥∈[0,1]
𝜂−1) and 𝜅̃21 =

𝐾2

8
𝜅11+

𝜅20
2

. Finally, substituting equations (98), (100)-(102) into (97), we obtain

(

1 + 𝐾
2

−𝑀1

)

1

∫
0

1
𝜎
|𝜆𝑢|2𝑑𝑥 +

(

1 − 𝐾
2

−𝑀2

)

1

∫
0

𝜂|𝑢𝑥|
2𝑑𝑥

≤ 𝜅22(1 + |𝜆|
1
2 )
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

,

(103)

with 𝜅22 = 𝜅19 +
𝜅11
𝜂(1)

+
𝜅20
𝜎(1)

+ 𝜅21 + 𝜅̃21. Therefore, using Hypothesis 3.1 in (103), we obtain (86) with 𝜅17 =
𝜅22

1− 𝐾
2
−𝑀2

.
Step 3. The aim of this step is to show (87). From inequality (103), we deduce

1

∫
0

1
𝜎
|𝜆𝑢|2𝑑𝑥 ≤

𝜅22
1 + 𝐾

2
−𝑀1

(1 + |𝜆|
1
2 )
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

.

Then, using (63) and the above inequality, we get
1

∫
0

1
𝜎
|𝑣|2𝑑𝑥 ≤ 2

𝜅22
1 + 𝐾

2
−𝑀1

(1 + |𝜆|
1
2 )
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

+ 2𝑐20‖𝐹‖

2
 .

Therefore, we reach (87) with 𝜅18 =
2𝜅22

1 + 𝐾
2
−𝑀1

+ 2𝑐20 .

Proof of Proposition 4.2. Adding estimations (70), (73), (86) and (87) and using the fact that |𝜆| ≥ 1, we obtain

‖𝑈‖

2
 ≤ 𝜅23(1 + |𝜆|

1
2 )
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (104)

where 𝜅23 = 𝑐𝑚𝜅2 + 𝜅4 + 𝜅17 + 𝜅18. Thanks to Young’s inequality, we have

‖𝑈‖

2
 ≤

(

𝜅23(1 + |𝜆|
1
2 )2 + 2𝜅23(1 + |𝜆|

1
2 )
)

‖𝐹‖

2
 ,
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and using the fact that
(

𝜅23(1 + |𝜆|
1
2 )2 + 2𝜅23(1 + |𝜆|

1
2 )
)

≤
(

𝜅23(1 + |𝜆|
1
2 ) + 1

)2
, we obtain

‖𝑈‖

2
 ≤ (𝜅23 + 1)2(1 + |𝜆|

1
2 )2‖𝐹‖

2
 , (105)

Thus, ‖𝑈‖ ≤ 𝐾1(1 + |𝜆|
1
2 )‖𝐹‖ with 𝐾1 = 𝜅23 + 1 and the proof of the Proposition is thus completed.

Proof of Theorem 4.1. From Proposition 3.4, we get (R1). Next, we will prove (R2) by a contradiction argument. Suppose that
there exists (𝜆𝑛, 𝑈𝑛 = (𝑢𝑛, 𝑣,𝑛 𝑦𝑛, 𝛾𝑛)⊤) ⊂ ℝ∗ ×𝐷(), with |𝜆𝑛| ≥ 1 such that |𝜆𝑛| → ∞, ‖𝑈𝑛‖ = 1 and there exists a sequence
𝐹𝑛 = (𝑓 1

𝑛 , 𝑓
2
𝑛 , 𝑓

3
𝑛 , 𝑓

4
𝑛 ) ∈  such that

(

𝑖𝜆𝑛𝐼 −
)

𝑈𝑛 = 𝐹𝑛 → 0 in  as 𝑛 → 0.

From Proposition 4.2 and taking 𝑈 = 𝑈𝑛, 𝐹 = 𝜆−
1
2𝐹𝑛 and 𝜆 = 𝜆𝑛, we can deduce that ‖𝑈𝑛‖ → 0, when |𝜆𝑛| → ∞, which

contradicts ‖𝑈𝑛‖ = 1. Thus, condition (R2) holds true. The result follows from Huang-Prüss Theorem (see [45] and [52]) and
the proof is thus completed.

Remark 4.7. For the case 𝑚 = 0, by proceeding with the same calculations as in the above section we reach same energy decay
rate.

5 EXPONENTIAL STABILITY IN THE CASE OF GURTIN-PIPKIN HEAT CONDUCTION
LAW

In this section we will study the exponential stability for the system, specifically in the case of the Gurtin-Pipkin heat conduction
law with the parameter 𝑚 = 1. The following theorem gives the main result of this section.

Theorem 5.1. Assume conditions (6) and Hypothesis 3.1. Then, the 𝐶0−semigroup of contractions
(

𝑒𝑡
)

𝑡≥0 is exponentially
stable, i.e. there exist constants 𝐶1 ≥ 1 and 𝜏1 > 0 independent of 𝑈0 such that

‖

‖

‖

𝑒𝑡𝑈0
‖

‖

‖
≤ 𝐶1𝑒

−𝜏1𝑡
‖𝑈0‖ , 𝑡 ≥ 0.

According to Huang [45] and Pruss [52], we have to check if the following conditions hold:

𝑖ℝ ⊆ 𝜌 () (106)

and
sup
𝜆∈ℝ

‖ (𝑖𝜆𝐼 −)−1 ‖() = 𝑂(1). (107)

The following proposition is a technical finding that will be used to prove Theorem 5.1.

Proposition 5.2. Assume condition (6) and Hypothesis 3.1 and let (𝜆, 𝑈 ∶= (𝑢, 𝑣, 𝑦, 𝛾)) ∈ ℝ∗ ×𝐷(), with |𝜆| ≥ 1, such that

(𝑖𝜆𝐼 −)𝑈 = 𝐹 ∶= (𝑓 1, 𝑓 2, 𝑓 3, 𝑓 4(⋅, 𝑠)) ∈ , (108)

i.e.

𝑖𝜆𝑢 − 𝑣 = 𝑓 1, (109)
𝑖𝜆𝑣 − 𝜎(𝜂𝑢𝑥)𝑥 = 𝑓 2, (110)

𝑖𝜆𝑦 − 𝜁𝑥𝑥 = 𝑓 3, (111)
𝑖𝜆𝛾 + 𝛾𝑠 − 𝑦 = 𝑓 4(⋅, 𝑠). (112)

Then, we have the following inequality
‖𝑈‖ ≤ 𝐾2‖𝐹‖ , (113)

where 𝐾2 is a suitable positive constant independent of 𝜆 to be determined below. Here we note that in this case we have

𝜁 = 𝑐

∞

∫
0

𝜇(𝑠)𝛾(𝑠)𝑑𝑠. (114)

Proceeding as in Lemma 4.3, we have the next result.
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Lemma 5.3. Assume condition (6), Hypothesis 3.1 hold, 𝑚 = 1 and |𝜆| ≥ 1. Then, the solution (𝑢, 𝑣, 𝑦, 𝛾)⊤ ∈ 𝐷() of (108)
satisfies the following estimates

2

∫
1

∞

∫
0

−𝜇′(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥 ≤ 𝑒0
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (115)

2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥 ≤ 𝑒1
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

(116)

and
2

∫
1

|𝜁𝑥|
2𝑑𝑥 ≤ 𝑒2

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (117)

where 𝑒0 =
2
𝑐

, 𝑒1 =
2

𝑐𝐾𝜇
, and 𝑒2 =

2𝑐𝑔(0)
𝐾𝜇

.

Lemma 5.4. Assume condition (6), Hypothesis 3.1, 𝑚 = 1 and |𝜆| ≥ 1. Then, the solution (𝑢, 𝑣, 𝑦, 𝛾)⊤ ∈ 𝐷() of (108) satisfies
2

∫
1

|𝑦𝑥|
2𝑑𝑥 ≤ 𝑒3|𝜆|

2 (
‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (118)

where 𝑒3 is a constant independent of 𝜆 to be determined below.

Proof. Solving (112) we have

𝛾 =
(

1 − 𝑒−𝑖𝜆𝑠

𝑖𝜆

)

𝑦 +  (𝑠), where  (𝑠) =

𝑠

∫
0

𝑒−𝑖𝜆(𝑠−𝜏)𝑓 4(𝜏)𝑑𝜏. (119)

Differentiating the above equation with respect to 𝑥, multiplying by 𝜇(𝑠) and integrating over (1, 2) × (0,∞), we have

 1
|𝜆|2

2

∫
1

|𝑦𝑥|
2𝑑𝑥 ≤ 2

2

∫
1

∞

∫
0

𝜇(𝑠)|𝛾𝑥|2𝑑𝑠𝑑𝑥 + 2

2

∫
1

∞

∫
0

𝜇(𝑠)|𝑥(𝑠)|2𝑑𝑠𝑑𝑥, (120)

where  =

∞

∫
0

𝜇(𝑠)|1 − 𝑒−𝑖𝜆𝑠|2𝑑𝑠. Observe that, since 𝑓 4 ∈ 𝑊 , ‖‖𝑊 ≤ 𝑚1‖𝑓 4
‖𝑊 with 𝑚1 > 0 (see Proposition 6.4 in the

Appendix); moreover, inf
𝜆∈ℝ;|𝜆|≥𝜀>0

 ≥ 𝑚2 > 0 (see Proposition 6.5 in the Appendix). These two inequalities and (116) imply

𝑚2

|𝜆|2

2

∫
1

|𝑦𝑥|
2𝑑𝑥 ≤ 2(𝑒1 + 𝑚1𝑐

−1)
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

. (121)

Hence (118) holds with 𝑒3 =
2
𝑚2
(𝑒1 + 𝑚1𝑐−1).

Lemma 5.5. Assume condition (6), Hypothesis 3.1, 𝑚 = 1 and |𝜆| ≥ 1. Then, the solution (𝑢, 𝑣, 𝑦, 𝛾)⊤ ∈ 𝐷() of (108)
satisfies the following inequality

2

∫
1

|𝑦|2𝑑𝑥 ≤ 𝑒4
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (122)

where 𝑒4 is a constant independent of 𝜆 to be determined below.

Proof. Multiplying (111) by 1
𝑖𝜆
𝑦, integrating over (1, 2) and taking the real part, we obtain

2

∫
1

|𝑦|2𝑑𝑥 = −ℜ
⎛

⎜

⎜

⎝

1
𝑖𝜆

2

∫
1

𝜁𝑥𝑦𝑥𝑑𝑥
⎞

⎟

⎟

⎠

−ℜ
[ 1
𝑖𝜆
𝜁𝑥(1)𝑦(1)

]

+ℜ
⎛

⎜

⎜

⎝

1
𝑖𝜆

2

∫
1

𝑓 3𝑦𝑑𝑥
⎞

⎟

⎟

⎠

. (123)
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Using Lemmas 5.3 and 5.4, and the fact that |𝜆| ≥ 1, we obtain

ℜ
⎛

⎜

⎜

⎝

1
𝑖𝜆

2

∫
1

𝜁𝑥𝑦𝑥𝑑𝑥
⎞

⎟

⎟

⎠

≤
√

𝑒2𝑒3
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

(124)

and

ℜ
⎛

⎜

⎜

⎝

1
𝑖𝜆

2

∫
1

𝑓 3𝑦𝑑𝑥
⎞

⎟

⎟

⎠

≤
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (125)

Now, proceeding as in Lemma 4.4 for the term ℜ
[ 1
𝑖𝜆
𝜁𝑥(1)𝑦(1)

]

, using the Gagliardo-Nirenberg inequality, Lemmas 5.3 and
(5.4) and the fact that |𝜆| ≥ 1, we obtain

𝛽
|𝜆|

‖𝜁𝑥𝑥‖
1
2
‖𝜁𝑥‖

1
2
‖𝑦‖ ≤ 9

76
‖𝑦‖2 + 𝑒5

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

,

𝛽
|𝜆|

‖𝜁𝑥𝑥‖
1
2
‖𝜁𝑥‖

1
2
‖𝑦𝑥‖

1
2
‖𝑦‖

1
2 ≤ 1

19
‖𝑦‖2 + (𝑒6 +

𝛽2

2
)
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

,

𝛽
|𝜆|

‖𝜁𝑥‖‖𝑦‖ ≤ 1
19

‖𝑦‖2 + 𝑒7
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

and
𝛽
|𝜆|

‖𝜁𝑥‖‖𝑦𝑥‖
1
2
‖𝑦‖

1
2 ≤ 1

38
‖𝑦‖2 +

(

19𝑒3
8

+
𝛽2𝑒2
2

)

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

,

where 𝑒5 =
(

1
2
+

193𝛽4

16

)

𝑒2 +
192𝛽4

8
, 𝑒6 =

(

19𝛽2

4
+ 1

2

)

√

𝑒2𝑒3, and 𝑒7 =
19𝛽2𝜅3

4
. Then, using the above inequalities, we

obtain
|

|

|

|

ℜ
[ 1
𝑖𝜆
𝜁𝑥(1)𝑦(1)

]

|

|

|

|

≤ 1
4
‖𝑦‖2 + 𝑒8

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (126)

where 𝑒8 = 𝑒5 + 𝑒6 + 𝑒7 +
𝛽2(𝑒2 + 1)

2
+

19𝑒3
8

. Thus, using (124), (125) and (126) in (123), we get the desired result with

𝑒4 =
4
3
(
√

𝑒2𝑒3 + 𝑒8 + 1).

Lemma 5.6. Assume condition (6), Hypothesis 3.1, 𝑚 = 1 and |𝜆| ≥ 1. Then, the solution (𝑢, 𝑣, 𝑦, 𝛾)⊤ ∈ 𝐷() of (108) satisfies

|𝜁𝑥(1)|2 ≤ 𝑒9
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

(127)

and
|𝑦(1)|2 ≤ 𝑒10

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (128)
where 𝑒9 and 𝑒10 are constants independent of 𝜆 to be determined below.

Proof. Multiplying (111) by 2(𝑥 − 2)𝜁𝑥, integrating over (1, 2) and taking the real part, we obtain

|𝜁𝑥(1)|2 = ℜ
⎛

⎜

⎜

⎝

2𝑖𝜆

2

∫
1

(𝑥 − 2)𝜁𝑥𝑦𝑑𝑥
⎞

⎟

⎟

⎠

+

2

∫
1

|𝜁𝑥|
2𝑑𝑥 −ℜ

⎛

⎜

⎜

⎝

2

2

∫
1

(𝑥 − 2)𝑓 3𝜁𝑥𝑑𝑥
⎞

⎟

⎟

⎠

. (129)

From (119), we have
𝑖𝜆𝛾 = (1 − 𝑒−𝑖𝜆𝑠)𝑦 + 𝑖𝜆 (𝑠).

Differentiating the above equation with respect to 𝑥, multiplying by 𝑐𝜇(𝑠), integrating over (0,∞) and using definition of 𝜁 in
(114) we obtain

𝑖𝜆𝜁𝑥 = −𝑦𝑥 + 𝑖𝜆𝑐

∞

∫
0

𝜇(𝑠)𝑥(𝑠)𝑑𝑠,
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where  = 𝑐𝑔(0)− 𝑐

∞

∫
0

𝜇(𝑠)𝑒𝑖𝜆𝑠𝑑𝑠. Multiplying the above equation by 2(𝑥−2)𝑦, integrating over (1, 2) and taking the real part,

we have

ℜ
⎛

⎜

⎜

⎝

2𝑖𝜆

2

∫
1

(𝑥 − 2)𝜁𝑥𝑦𝑑𝑥
⎞

⎟

⎟

⎠

= ℜ
⎛

⎜

⎜

⎝

−

2

∫
1

2(𝑥 − 2)𝑦𝑦𝑥𝑑𝑥
⎞

⎟

⎟

⎠

+ℜ
⎛

⎜

⎜

⎝

2𝑖𝜆𝑐

2

∫
1

(𝑥 − 2)𝑦

∞

∫
0

𝜇(𝑠)𝑥(𝑠)𝑑𝑠𝑑𝑥
⎞

⎟

⎟

⎠

= 𝑐𝑔(0)

2

∫
1

|𝑦|2𝑑𝑥 − 𝑐𝑔(0)|𝑦(1)|2 +ℜ
⎛

⎜

⎜

⎝

2𝑐

∞

∫
0

𝜇(𝑠)𝑒𝑖𝜆𝑠𝑑𝑠

2

∫
1

(𝑥 − 2)𝑦𝑦𝑥𝑑𝑥
⎞

⎟

⎟

⎠

+ℜ
⎛

⎜

⎜

⎝

2𝑖𝜆𝑐

2

∫
1

(𝑥 − 2)𝑦

∞

∫
0

𝜇(𝑠)𝑥(𝑠)𝑑𝑠𝑑𝑥
⎞

⎟

⎟

⎠

.

Using the above equation in (129), one has

𝑐𝑔(0)|𝑦(1)|2 + |𝜁𝑥(1)|2 = 𝑐𝑔(0)

2

∫
1

|𝑦|2𝑑𝑥 +

2

∫
1

|𝜁𝑥|
2𝑑𝑥 +ℜ

⎛

⎜

⎜

⎝

2𝑐

∞

∫
0

𝜇(𝑠)𝑒𝑖𝜆𝑠𝑑𝑠

2

∫
1

(𝑥 − 2)𝑦𝑦𝑥𝑑𝑥
⎞

⎟

⎟

⎠

+ℜ
⎛

⎜

⎜

⎝

2𝑖𝜆𝑐

2

∫
1

(𝑥 − 2)𝑦

∞

∫
0

𝜇(𝑠)𝑥(𝑠)𝑑𝑠𝑑𝑥
⎞

⎟

⎟

⎠

−ℜ
⎛

⎜

⎜

⎝

2

2

∫
1

(𝑥 − 2)𝑓 3𝜁𝑥𝑑𝑥
⎞

⎟

⎟

⎠

.

(130)

Thanks to Lemma 5.3, it results in
|

|

|

|

|

|

|

ℜ
⎛

⎜

⎜

⎝

2

2

∫
1

(𝑥 − 2)𝑓 3𝜁𝑥𝑑𝑥
⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤ 3𝑒
1
2
2

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

. (131)

Integrating by parts we obtain
∞

∫
0

𝜇(𝑠)𝑒𝑖𝜆𝑠𝑑𝑠 = 1
𝑖𝜆

∞

∫
0

−𝜇′(𝑠)𝑒𝑖𝜆𝑠𝑑𝑠 + lim
𝑠→∞

1
𝑖𝜆
𝜇(𝑠)𝑒𝑖𝜆𝑠 −

𝜇(0)
𝑖𝜆

= 1
𝑖𝜆

∞

∫
0

−𝜇′(𝑠)𝑒𝑖𝜆𝑠𝑑𝑠 −
𝜇(0)
𝑖𝜆

;

hence
|

|

|

|

|

|

|

∞

∫
0

𝜇(𝑠)𝑒𝑖𝜆𝑠𝑑𝑠
|

|

|

|

|

|

|

≤ 2𝜇(0)
|𝜆|

.

Then, using the above inequality, Lemma 5.4, and Lemma 5.5, we obtain
|

|

|

|

|

|

|

ℜ
⎛

⎜

⎜

⎝

2𝑐

∞

∫
0

𝜇(𝑠)𝑒𝑖𝜆𝑠𝑑𝑠

2

∫
1

(𝑥 − 2)𝑦𝑦𝑥𝑑𝑥
⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤ 4𝑐𝜇(0)
|𝜆|

‖𝑦‖‖𝑦𝑥‖ ≤ 4𝑐𝜇(0)
√

𝑒3𝑒4
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

. (132)

Since 0 < 𝜏 < 𝑠 < ∞, integrating by parts with respect to 𝑠 and using the definition of  given in (119), we obtain
∞

∫
0

𝜇(𝑠) (𝑠)𝑑𝑠 = 1
𝑖𝜆

∞

∫
0

𝜇(𝜏)𝑓 4(𝜏)𝑑𝜏 + 1
𝑖𝜆

∞

∫
0

∞

∫
𝜏

𝜇′(𝑠)𝑒−𝑖𝜆(𝑠−𝜏)𝑓 4(𝜏)𝑑𝑠𝑑𝜏. (133)

Now, for the last term on the right hand side in (130), we have
|

|

|

|

|

|

|

ℜ
⎛

⎜

⎜

⎝

2𝑖𝜆𝑐

2

∫
1

(𝑥 − 2)𝑦

∞

∫
0

𝜇(𝑠)𝑥(𝑠)𝑑𝑠𝑑𝑥
⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤ 2𝑐‖𝑦‖
‖

‖

‖

‖

‖

‖

‖

𝜆

∞

∫
0

𝜇(𝑠)𝑥(𝑠)𝑑𝑠
‖

‖

‖

‖

‖

‖

‖

. (134)
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In order to estimate the last term in the above inequality, we will differentiate (133) and, using the fact that 𝑓 4 ∈ 𝑊 , we get
‖

‖

‖

‖

‖

‖

‖

𝜆

∞

∫
0

𝜇(𝑠)𝑥(𝑠)𝑑𝑠
‖

‖

‖

‖

‖

‖

‖

≤
‖

‖

‖

‖

‖

‖

‖

∞

∫
0

𝜇(𝜏)𝑓 4
𝑥 (𝜏)𝑑𝜏

‖

‖

‖

‖

‖

‖

‖

+
‖

‖

‖

‖

‖

‖

‖

∞

∫
0

∞

∫
𝜏

𝜇′(𝑠)𝑒𝑖𝜆(𝑠−𝜏)𝑓 4
𝑥 (𝜏)𝑑𝑠𝑑𝜏

‖

‖

‖

‖

‖

‖

‖

≤
⎛

⎜

⎜

⎝

𝑔(0)

2

∫
1

∞

∫
0

𝜇(𝑠)|𝑓 4
𝑥 (𝜏)|

2𝑑𝜏𝑑𝑥
⎞

⎟

⎟

⎠

1
2

+

⎛

⎜

⎜

⎜

⎝

2

∫
1

⎛

⎜

⎜

⎝

∞

∫
0

|𝑓 4
𝑥 (𝜏)|

∞

∫
𝜏

|𝜇′(𝑠)|𝑑𝑠𝑑𝜏
⎞

⎟

⎟

⎠

2

𝑑𝑥

⎞

⎟

⎟

⎟

⎠

1
2

≤
√

𝑔(0)‖𝑓 4
‖𝑊 +

⎛

⎜

⎜

⎜

⎝

2

∫
1

⎛

⎜

⎜

⎝

∞

∫
0

𝜇(𝑠)|𝑓 4
𝑥 (𝜏)|𝑑𝜏

⎞

⎟

⎟

⎠

2

𝑑𝑥

⎞

⎟

⎟

⎟

⎠

1
2

≤ 2
√

𝑔(0)𝑐−1‖𝐹‖ .

Thus, substituting the above inequality into (134), we obtain
|

|

|

|

|

|

|

ℜ
⎛

⎜

⎜

⎝

2𝑖𝜆𝑐

2

∫
1

(𝑥 − 2)𝑦

∞

∫
0

𝜇(𝑠)𝑥(𝑠)𝑑𝑠𝑑𝑥
⎞

⎟

⎟

⎠

|

|

|

|

|

|

|

≤ 4
√

𝑔(0)𝑐
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

. (135)

Finally, using (131), (132) and (135) in (130) and thanks to Lemmas 5.3 and 5.5, we deduce that

𝑐𝑔(0)|𝑦(1)|2 + |𝜁𝑥(1)|2 ≤ 𝑒11
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (136)

where 𝑒11 = 3𝑒
1
2
2 + 4𝑐𝜇(0)

√

𝑒3𝑒4 + 4
√

𝑔(0)𝑐 + 𝑐𝑔(0)𝑒4 + 𝑒2. Thus, (127) and (128) hold with 𝑒9 = 𝑒11 and 𝑒10 =
𝑒11
𝑐𝑔(0)

.

Lemma 5.7. Assume condition (6), Hypothesis 3.1, 𝑚 = 1 and |𝜆| ≥ 1. Then, the solution (𝑢, 𝑣, 𝑦, 𝛾)⊤ ∈ 𝐷() of (108)
satisfies the following estimates

1

∫
0

𝜂|𝑢𝑥|
2𝑑𝑥 ≤ 𝑒12

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (137)

and
1

∫
0

1
𝜎
|𝑣|2𝑑𝑥 ≤ 𝑒13

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (138)

where 𝑒12 and 𝑒13 are constants independent of 𝜆 to be determined below.

Proof. Using similar arguments as in the Step 1 of the proof of Lemma 4.6, we obtain
(

1 +
𝐾𝑎

2
−𝑀1

)

1

∫
0

1
𝜎
|𝜆𝑢|2𝑑𝑥 +

(

1 −
𝐾𝑎

2
−𝑀2

)

1

∫
0

𝜂|𝑢𝑥|
2𝑑𝑥 ≤ 𝑒14

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

+ 1
𝜎(1)

|𝜆𝑢(1)|2 + 𝜂(1)|𝑢𝑥(1)|2 +
2

𝜎(1)
|𝑓 1(1)||𝜆𝑢(1)| +

𝐾𝑎

2
𝜂(1)|𝑢𝑥(1)||𝑢(1)|,

(139)

where 𝑒14 =
2(𝑐1 + 1)
√

𝑎(1)
+ 4𝑐0𝑐1 +

𝐾𝑎

2
𝑐0𝑐1 +

𝐾𝑎

2
𝑐1.

Thanks to the transmission conditions and Lemma 5.6, we get

𝜂(1)|𝑢𝑥(1)|2 ≤
𝑒9
𝜂(1)

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

and |𝑣(1)|2 ≤ 𝑒10
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

. (140)

By (109) and by the second estimation in (140), we obtain

|𝜆𝑢(1)|2 ≤ 2|𝑣(1)|2 + 2|𝑓 1(1)|2 ≤ 𝑒15
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (141)

where 𝑒15 = 2(𝑒10 + max
𝑥∈[0,1]

𝜂−1). Now, using Young’s inequality we get

2
𝜎(1)

|𝑓 1(1)||𝜆𝑢(1)| ≤ 1
𝜎(1)

|𝑓 1(1)|2 + 1
𝜎(1)

|𝜆𝑢(1)|2 ≤ 𝑒16
(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

(142)
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and
𝐾𝑎

2
𝜂(1)|𝑢𝑥(1)||𝑢(1)| ≤ 𝑒16

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (143)

where 𝑒16 =
1

𝜎(1)
(𝑒15+ max

𝑥∈[0,1]
𝜂−1) and 𝑒16 =

𝐾2
𝑎

8
𝑒9+

𝐞𝟏𝟓
𝟐 . Finally, substituting the first inequality in (140), (141), (142) and (143)

into (139), we obtain
(

1 +
𝐾𝑎

2
−𝑀1

)

1

∫
0

1
𝜎
|𝜆𝑢|2𝑑𝑥 +

(

1 −
𝐾𝑎

2
−𝑀2

)

1

∫
0

𝜂|𝑢𝑥|
2𝑑𝑥 ≤ 𝑒17

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (144)

with 𝑒17 = 𝑒14 +
𝑒9
𝜂(1)

+
𝑒15
𝜎(1)

+ 𝑒16 + 𝑒16. Therefore, using Hypothesis 3.1 in (144), we obtain (137) with 𝑒12 =
𝑒17

1− 𝐾
2
−𝑀2

.
From (63) and (144), we get

1

∫
0

1
𝜎
|𝑣|2𝑑𝑥 ≤ 2

𝑒17
1 + 𝐾

2
−𝑀1

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

+ 2𝑐20‖𝐹‖

2
 .

Hence, (138) holds with 𝑒13 =
2𝑒17

1 + 𝐾
2
−𝑀1

+ 2𝑐20 .

Proof of Proposition 5.2. Adding estimates (116), (122), (137) and (138) and using the fact that |𝜆| ≥ 1, we obtain

‖𝑈‖

2
 ≤ 𝑒18

(

‖𝑈‖‖𝐹‖ + ‖𝐹‖

2

)

, (145)

where 𝑒18 = 𝑚𝑒1 + 𝑒4 + 𝑒12 + 𝑒13. Thanks to Young’s inequality, we get ‖𝑈‖

2
 ≤

(

𝑒218 + 2𝑒18
)

‖𝐹‖

2
 and using the fact that

(

𝑒218 + 2𝑒18
)

≤
(

𝑒18 + 1
)2, we deduce that ‖𝑈‖ ≤ 𝐾2‖𝐹‖ with 𝐾2 = 𝑒18 + 1 and the result follows.

Proof of Theorem 5.1. From Proposition 5.2, we get (106). Next, we will prove (107) by a contradiction argument. Suppose
that there exists (𝜆𝑛, 𝑈𝑛 = (𝑢𝑛, 𝑣,𝑛 𝑦𝑛, 𝛾𝑛)⊤) ⊂ ℝ∗ × 𝐷(), with |𝜆𝑛| ≥ 1 such that |𝜆𝑛| → ∞, ‖𝑈𝑛‖ = 1 and there exists a
sequence 𝐹𝑛 = (𝑓 1

𝑛 , 𝑓
2
𝑛 , 𝑓

3
𝑛 , 𝑓

4
𝑛 ) ∈  such that

(

𝑖𝜆𝑛𝐼 −
)

𝑈𝑛 = 𝐹𝑛 → 0 in  as 𝑛 → ∞.

By Proposition 5.2 and taking 𝑈 = 𝑈𝑛, 𝐹 = 𝐹𝑛 and 𝜆 = 𝜆𝑛, we can deduce that ‖𝑈𝑛‖ → 0 as |𝜆𝑛| → ∞, which contradicts
‖𝑈𝑛‖ = 1. Thus, condition (107) holds true. The result follows from the Huang-Prüss Theorem (see [45] and [52]) and the
proof is thus completed.

6 APPENDIX

Proposition 6.1. (Hardy-Poincaré Inequality)(see [3]) Assume Hypothesis 2.2. Then there exists 𝐶𝐻𝑃 > 0 such that
1

∫
0

𝑢2 1
𝜎
𝑑𝑥 ≤ 𝐶𝐻𝑃

1

∫
0

𝑢2𝑥𝑑𝑥 ∀ 𝑢 ∈ 𝐻1
1
𝜎
,0
(0, 1). (HP)

where 𝐶𝐻𝑃 =
(

4
𝑎(1)

+ max
𝑥∈[𝛽,1]

(1
𝑎

)

𝐶𝑃

)

max
𝑥∈[0,1]

𝜂(𝑥), 𝐶𝑃 is the constant of the classical Poincaré inequality on (0, 1) and 𝛽 ∈

(0, 1).

Lemma 6.2. (See Lemma 2.4 in [36])

1. Assume Hypothesis 2.1. If 𝑢 ∈ 𝐻2
1
𝜎

(0, 1) and if 𝑣 ∈ 𝐻1
1
𝜎
,0
(0, 1), then lim

𝑥→0
𝑣(𝑥)𝑢𝑥(𝑥) = 0.

2. Assume Hypothesis 2.2. If 𝑢 ∈ 𝐷(), then 𝑥𝑢𝑥(𝜂𝑢𝑥)𝑥 ∈ 𝐿1(0, 1).

3. Assume Hypothesis 2.2. If 𝑢 ∈ 𝐷() and 𝐾𝑎 ≤ 1, then lim
𝑥→0

𝑥|𝑢𝑥|
2 = 0.
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4. Assume Hypothesis 2.2. If 𝑢 ∈ 𝐷(), 𝐾𝑎 > 1 and 𝑥𝑏
𝑎

∈ 𝐿∞(0, 1), then lim
𝑥→0

𝑥|𝑢𝑥|
2 = 0.

5. Assume Hypothesis 2.2. If 𝑢 ∈ 𝐻1
1
𝜎

(0, 1), then lim
𝑥→0

𝑥
𝑎
|𝑢(𝑥)|2 = 0.

Lemma 6.3. Under Hypothesis 3.1, the solution (𝑢, 𝑣, 𝑦, 𝛾)⊤ ∈ 𝐷() of (62) satisfies the following equation
(

1 +
𝐾𝑎

2

)

1

∫
0

1
𝜎
|𝜆𝑢|2𝑑𝑥 +

(

1 −
𝐾𝑎

2

)

1

∫
0

𝜂|𝑢𝑥|
2𝑑𝑥 =

1

∫
0

𝑥
𝜎

(

𝑎′ − 𝑏
𝑎

)

|𝜆𝑢|2𝑑𝑥 +

1

∫
0

𝑥𝑏
𝑎
𝜂|𝑢𝑥|

2𝑑𝑥

+2ℜ
⎛

⎜

⎜

⎝

1

∫
0

𝑓 2 𝑥
𝜎
𝑢𝑥𝑑𝑥

⎞

⎟

⎟

⎠

− 2ℜ
⎛

⎜

⎜

⎝

𝑖

1

∫
0

(

𝑥𝑓 1

𝜎

)

𝑥
𝜆𝑢𝑑𝑥

⎞

⎟

⎟

⎠

−
𝐾𝑎

2
ℜ

⎛

⎜

⎜

⎝

𝑖

1

∫
0

1
𝜎
𝑓 1𝜆𝑢𝑑𝑥

⎞

⎟

⎟

⎠

−
𝐾𝑎

2
ℜ

⎛

⎜

⎜

⎝

1

∫
0

1
𝜎
𝑓 2𝑢𝑑𝑥

⎞

⎟

⎟

⎠

−ℜ
(

𝐾𝑎

2
𝜂(1)𝑢𝑥(1)𝑢(1)

)

+ 1
𝜎(1)

|𝜆𝑢(1)|2 + 𝜂(1)|𝑢𝑥(1)|2 +ℜ
(

2𝑖
𝑓 1(1)
𝜎(1)

𝜆𝑢(1)
)

.

(146)

Proof. Multiply (84) by
𝐾𝑎

2𝜎
𝑢, integrate over (0, 1), and take the real part, we obtain

𝐾𝑎

2

1

∫
0

1
𝜎
|𝜆𝑢|2𝑑𝑥 −

𝐾𝑎

2

1

∫
0

𝜂|𝑢𝑥|
2𝑑𝑥 = −ℜ

(

𝐾𝑎

2
𝜂(1)𝑢𝑥(1)𝑢(1)

)

−
𝐾𝑎

2
ℜ

⎛

⎜

⎜

⎝

𝑖

1

∫
0

1
𝜎
𝑓 1𝜆𝑢𝑑𝑥

⎞

⎟

⎟

⎠

−
𝐾𝑎

2
ℜ

⎛

⎜

⎜

⎝

1

∫
0

1
𝜎
𝑓 2𝑢𝑑𝑥

⎞

⎟

⎟

⎠

.

(147)

Multiplying equation (84) by −2𝑥
𝜎

𝑢𝑥, integrating over (0, 1), and taking the real part, we have

1

∫
0

(𝑥
𝜎

)′
|𝜆𝑢|2𝑑𝑥 − 1

𝜎(1)
|𝜆𝑢(1)|2 + lim

𝑥→0

𝑥
𝜎(𝑥)

|𝜆𝑢(𝑥)|2 − 2ℜ
⎛

⎜

⎜

⎝

1

∫
0

(𝜂𝑢𝑥)𝑥𝑥𝑢𝑥𝑑𝑥
⎞

⎟

⎟

⎠

= 2ℜ
⎛

⎜

⎜

⎝

1

∫
0

𝑓 2 𝑥
𝜎
𝑢𝑥𝑑𝑥

⎞

⎟

⎟

⎠

− 2ℜ
⎛

⎜

⎜

⎝

𝑖

1

∫
0

(

𝑥𝑓 1

𝜎

)

𝑥
𝜆𝑢̄𝑑𝑥

⎞

⎟

⎟

⎠

+ℜ
(

2𝑖
𝑓 1(1)
𝜎(1)

𝜆𝑢(1)
)

−2 lim
𝑥→0

ℜ
[

𝑖𝜆𝑓 1(𝑥) 𝑥
𝜎(𝑥)

𝑢̄(𝑥)
]

.

(148)

Clearly,
(𝑥
𝜎

)′
= 1

𝜎
− 𝑥

𝜎

(

𝑎′ − 𝑏
𝑎

)

and 𝜂′ = 𝑏
𝑎
𝜂, then

1

∫
0

(𝑥
𝜎

)′
|𝜆𝑢|2𝑑𝑥 =

1

∫
0

1
𝜎
|𝜆𝑢|2𝑑𝑥 −

1

∫
0

𝑥
𝜎

(

𝑎′ − 𝑏
𝑎

)

|𝜆𝑢|2𝑑𝑥 (149)

and

−2ℜ
⎛

⎜

⎜

⎝

1

∫
0

(𝜂𝑢𝑥)𝑥𝑥𝑢̄𝑥𝑑𝑥
⎞

⎟

⎟

⎠

= 2ℜ
⎛

⎜

⎜

⎝

1

∫
0

𝜂𝑢𝑥(𝑥𝑢̄𝑥)𝑥𝑑𝑥
⎞

⎟

⎟

⎠

− 2ℜ
[

𝑥𝜂|𝑢𝑥|
2]1

0 = 2

1

∫
0

𝜂|𝑢𝑥|
2𝑑𝑥

−

1

∫
0

(𝑥𝜂)′|𝑢𝑥|2𝑑𝑥 −ℜ
[

𝑥𝜂|𝑢𝑥|
2]1

0 =

1

∫
0

𝜂|𝑢𝑥|
2𝑑𝑥 −

1

∫
0

𝑥𝑏
𝑎
𝜂|𝑢𝑥|

2𝑑𝑥

−𝜂(1)|𝑢𝑥(1)|2 + lim
𝑥→0

𝑥𝜂(𝑥)|𝑢𝑥(𝑥)|2.

(150)

Using Lemma 6.2, we deduce

lim
𝑥→0

𝑥
𝜎(𝑥)

|𝜆𝑢(𝑥)|2 = 0, lim
𝑥→0

𝑥𝜂(𝑥)|𝑢𝑥(𝑥)|2 = 0, and lim
𝑥→0

ℜ
[

𝑖𝜆𝑓 1(𝑥) 𝑥
𝜎(𝑥)

𝑢̄(𝑥)
]

= 0. (151)
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Thus, using equations (149)-(151) in (148), we obtain
1

∫
0

1
𝜎
|𝜆𝑢|2𝑑𝑥 +

1

∫
0

𝜂|𝑢𝑥|
2𝑑𝑥 =

1

∫
0

𝑥
𝜎

(

𝑎′ − 𝑏
𝑎

)

|𝜆𝑢|2𝑑𝑥 +

1

∫
0

𝑥𝑏
𝑎
𝜂|𝑢𝑥|

2𝑑𝑥 + 2ℜ
⎛

⎜

⎜

⎝

1

∫
0

𝑓 2 𝑥
𝜎
𝑢𝑥𝑑𝑥

⎞

⎟

⎟

⎠

−2ℜ
⎛

⎜

⎜

⎝

𝑖

1

∫
0

(

𝑥𝑓 1

𝜎

)

𝑥
𝜆𝑢𝑑𝑥

⎞

⎟

⎟

⎠

+ 1
𝜎(1)

|𝜆𝑢(1)|2 + 𝜂(1)|𝑢𝑥(1)|2 +ℜ
(

2𝑖
𝑓 1(1)
𝜎(1)

𝜆𝑢(1)
)

.

(152)

Finally, summing (152) and (147), we obtain (146).

Proposition 6.4. (See [54], Proposition 2.2 (ii)) Let  (𝑠) =

𝑠

∫
0

𝑒−𝜉(𝑠−𝜏)𝑓 4(𝜏)𝑑𝜏, where 𝑓 4 ∈ 𝑊 and 𝜉 ∈ ℂ. Then, for any

ℜ(𝜉) = 0, there exists 𝑚1 > 0 such that
‖ (𝑠)‖𝑊 ≤ 𝑚1‖𝑓

4(𝑠)‖𝑊 . (153)

Proposition 6.5. (See [54]) Assume condiftion (6). Then, for any 𝜖 > 0 there exists a constant 𝑚2 > 0 such that

inf
𝜆∈ℝ;|𝜆|≥𝜖>0

∞

∫
0

𝜇(𝑠)|1 − 𝑒−𝑖𝜆𝑠|𝑑𝑠 ≥ 𝑚2.

CONCLUSION

This work aims to examine the stabilization of the transmission problem of degenerate wave equation and heat equation, specifi-
cally in relation to the Coleman-Gurtin heat conduction law or Gurtin-Pipkin law with memory effect. In this study, we examine
the polynomial stability of the system utilizing the Coleman-Gurtin heat conduction model. We establish that the system shows
a decay rate of the kind 𝑡−4. Afterwards, we prove that, when Gurtin-Pipkin heat conduction is employed, the system remains
exponentially stable. Regarding the optimality of the decay rate we conjecture it is optimal since it is complicated to prove it
with general consideration of our functions 𝑎 and 𝑏.

ACKNOWLEDGMENT

The authors would like to thank the Project Horizon Europe Seeds STEPS: STEerability and controllability of PDES in Agri-
cultural and Physical models and the Project PEPS JCJC-FMHF- FR2037.
Genni Fragnelli is also a member of the Gruppo Nazionale per l’Analisi Matematica, la Probabilitá e le loro Applicazioni
(GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM) and a member of UMI “Modellistica Socio-Epidemiologica
(MSE)”. She is partially supported by the GNAMPA project 2023 Modelli differenziali per l’evoluzione del clima e i suoi impatti
and by FFABR Fondo per il finanziamento delle attività base di ricerca 2017.

Conflict of interest
The authors declare no potential conflict of interests.

References

[1] M. Akil, Stability of piezoelectric beam with magnetic effect under (coleman or pipkin)–gurtin thermal law, Zeitschrift für
angewandte Mathematik und Physik 73 (2022), no. 6, 236. URL https://doi.org/10.1007/s00033-022-01867-w.

https://doi.org/10.1007/s00033-022-01867-w


28 M. Akil ET AL

[2] M. Akil, H. Badawi, and A. Wehbe, Stability results of a singular local interaction elastic/viscoelastic coupled wave
equations with time delay, Communications on Pure and Applied Analysis 20 (2021), no. 9, 2991–3028. URL /article/id/
50437e38-50f8-45ab-99c1-49e308c85186.

[3] M. Akil, G. Fragnelli, and I. Issa, Stability for degenerate wave equations with drift under simultaneous degenerate
damping, 2023.

[4] M. M. Al-Gharabli, S. Al-Omari, and A. M. Al-Mahdi, Stabilization of a rao–nakra sandwich beam system by cole-
man–gurtin’s thermal law and nonlinear damping of variable-exponent type, Journal of Mathematics 2024 (2024), no. 1,
1615178. URL https://onlinelibrary.wiley.com/doi/abs/10.1155/2024/1615178.

[5] A. M. Al-Mahdi, New decay results for timoshenko system in the light of the second spectrum of frequency with infinite
memory and nonlinear damping of variable exponent type, Asymptotic Analysis 138 (2024), no. 1–2, 101–133. URL
http://dx.doi.org/10.3233/ASY-231892.

[6] A. M. Al-Mahdi, M. M. Al-Gharabli, and S. A. Messaoudi, New general decay result for a system of viscoelastic wave
equations with past history, Communications on Pure and Applied Analysis 20 (2021), no. 1, 389–404.

[7] A. M. Al-Mahdi, M. M. Al-Gharabli, and M. Zahri, Theoretical and computational decay results for a memory type wave
equation with variable-exponent nonlinearity, Mathematical Control and Related Fields 13 (2023), no. 2, 605–630. URL
https://www.aimsciences.org/article/id/6231b8042d80b774078da876.

[8] F. Alabau-Boussouira, P. Cannarsa, and G. Fragnelli, Carleman estimates for degenerate parabolic operators with ap-
plications to null controllability, Journal of Evolution Equations 6 (2006), no. 2, 161–204. URL https://doi.org/10.1007/
s00028-006-0222-6.

[9] F. Alabau-Boussouira, P. Cannarsa, and G. Leugering, Control and stabilization of degenerate wave equations, SIAM
Journal on Control and Optimization 55 (2017), no. 3, 2052–2087. URL https://doi.org/10.1137/15M1020538.

[10] W. Arendt and C. J. K. Batty, Tauberian theorems and stability of one-parameter semigroups, Transactions of the American
Mathematical Society 306 (1988), no. 2, 837–852. URL http://www.jstor.org/stable/2000826.

[11] G. Avalos and I. Lasiecka, Exponential stability of a thermoelastic system with free boundary conditions without me-
chanical dissipation, SIAM Journal on Mathematical Analysis 29 (1998), no. 1, 155–182. URL http://dx.doi.org/10.1137/
S0036141096300823.

[12] G. Avalos and I. Lasiecka, Boundary controllability of thermoelastic plates via the free boundary conditions, SIAM Journal
on Control and Optimization 38 (2000), no. 2, 337–383. URL https://doi.org/10.1137/S0363012998339836.

[13] G. Avalos and I. Lasiecka, The null controllability of thermoelastic plates and singularity of the associated minimal energy
function, Journal of Mathematical Analysis and Applications 294 (2004), no. 1, 34–61. URL https://www.sciencedirect.
com/science/article/pii/S0022247X04001118.

[14] G. Avalos, I. Lasiecka, and R. Triggiani, Heat–wave interaction in 2–3 dimensions: Optimal rational decay rate, Journal of
Mathematical Analysis and Applications 437 (2016), no. 2, 782–815. URL https://www.sciencedirect.com/science/article/
pii/S0022247X15011841.

[15] G. Avalos and R. Triggiani, Mathematical analysis of pde systems which govern fluid-structure interactive phenomena
25(1-2), no. 3, 17–36.

[16] C. Batty, L. Paunonen, and D. Seifert, Optimal energy decay in a one-dimensional coupled wave–heat system, Journal of
Evolution Equations 16 (2016), no. 3, 649–664. URL https://doi.org/10.1007/s00028-015-0316-0.

[17] C. J. K. Batty and T. Duyckaerts, Non-uniform stability for bounded semi-groups on Banach spaces, J. Evol. Equ. 8 (2008),
no. 4, 765–780. URL http://dx.doi.org/10.1007/s00028-008-0424-1.

[18] A. Benaissa and C. Aichi, Energy decay for a degeneratewave equation under fractional derivative controls, Filomat 32
(2018), no. 17, 6045–6072. URL https://doi.org/10.2298/fil1817045b.

/article/id/50437e38-50f8-45ab-99c1-49e308c85186
/article/id/50437e38-50f8-45ab-99c1-49e308c85186
https://onlinelibrary.wiley.com/doi/abs/10.1155/2024/1615178
http://dx.doi.org/10.3233/ASY-231892
https://www.aimsciences.org/article/id/6231b8042d80b774078da876
https://doi.org/10.1007/s00028-006-0222-6
https://doi.org/10.1007/s00028-006-0222-6
https://doi.org/10.1137/15M1020538
http://www.jstor.org/stable/2000826
http://dx.doi.org/10.1137/S0036141096300823
http://dx.doi.org/10.1137/S0036141096300823
https://doi.org/10.1137/S0363012998339836
https://www.sciencedirect.com/science/article/pii/S0022247X04001118
https://www.sciencedirect.com/science/article/pii/S0022247X04001118
https://www.sciencedirect.com/science/article/pii/S0022247X15011841
https://www.sciencedirect.com/science/article/pii/S0022247X15011841
https://doi.org/10.1007/s00028-015-0316-0
http://dx.doi.org/10.1007/s00028-008-0424-1
https://doi.org/10.2298/fil1817045b


M. Akil ET AL 29

[19] M. A. Biot, General theory of three-dimensional consolidation, Journal of Applied Physics 12 (1941), 155–164. URL
https://api.semanticscholar.org/CorpusID:17238537.

[20] A. Borichev and Y. Tomilov, Optimal polynomial decay of functions and operator semigroups, Math. Ann. 347 (2010),
no. 2, 455–478. URL http://dx.doi.org/10.1007/s00208-009-0439-0.

[21] I. Boutaayamou and G. Fragnelli, A degenerate population system: Carleman estimates and controllability, Nonlinear
Analysis 195 (2020), 111742. URL https://doi.org/10.1016/j.na.2019.111742.

[22] I. Boutaayamou, G. Fragnelli, and D. Mugnai, Boundary controllability for a degenerate wave equation in nondivergence
form with drift, SIAM Journal on Control and Optimization 61 (2023), no. 4, 1934–1954. URL https://doi.org/10.1137/
22m151491x.

[23] C. Cattaneo, Sulla conduzione del calore 3 (1948), 83–101.

[24] B. Chentouf, C. Xu, and G. Sallet, On the stabilization of a vibrating equation, Nonlinear Analysis: Theory, Methods &
Applications 39 (2000), no. 5, 537–558. URL https://www.sciencedirect.com/science/article/pii/S0362546X9800220X.

[25] B. D. Coleman and M. E. Gurtin, Equipresence and constitutive equations for rigid heat conductors, Zeitschrift für
angewandte Mathematik und Physik ZAMP 18 (1967), no. 2, 199–208. URL https://doi.org/10.1007/bf01596912.

[26] F. Conrad and B. Rao, Decay of solutions of the wave equation in a star-shaped domain with nonlinear boundary feedback,
Asymptotic Analysis 7 (1993), 159–177. URL https://api.semanticscholar.org/CorpusID:120844823.

[27] B. d’Andréa Novel et al., Feedback stabilization of a hybrid pde-ode system: Application to an overhead crane, Mathematics
of Control, Signals and Systems 7 (1994), 1–22. URL https://api.semanticscholar.org/CorpusID:32651309.

[28] F. Dell’Oro and V. Pata, A hierarchy of heat conduction laws, Discrete and Continuous Dynamical Systems - S 16, no. 10,
2636–2648.

[29] F. Dell’Oro, L. Paunonen, and D. Seifert, Optimal decay for a wave-heat system with coleman–gurtin thermal law, Jour-
nal of Mathematical Analysis and Applications 518 (2023), no. 2, 126706. URL https://www.sciencedirect.com/science/
article/pii/S0022247X2200720X.

[30] F. Dell’Oro, On the stability of bresse and timoshenko systems with hyperbolic heat conduction, Journal of Differential
Equations 281 (2020), 148–198. URL https://api.semanticscholar.org/CorpusID:226236817.

[31] M. Fabrizio, C. Giorgi, and V. Pata, A new approach to equations with memory, Archive for Rational Mechanics and
Analysis 198 (2010), 189–232.

[32] W. Feller, The parabolic differential equations and the associated semi-groups of transformations, Annals of Mathematics
55 (1952), no. 3, 468–519. URL http://www.jstor.org/stable/1969644.

[33] G. Fragnelli, Null controllability for a degenerate population model in divergence form via carleman estimates, Advances
in Nonlinear Analysis 9 (2020), no. 1, 1102–1129. URL https://doi.org/10.1515/anona-2020-0034.

[34] G. Fragnelli and D. Mugnai, Carleman estimates for singular parabolic equations with interior degeneracy and non-smooth
coefficients, Advances in Nonlinear Analysis 6 (2016), no. 1, 61–84. URL https://doi.org/10.1515/anona-2015-0163.

[35] G. Fragnelli and D. Mugnai, Control of degenerate and singular parabolic equations. Carleman Estimates and Observ-
ability, BCAM SpringerBrief, 2021.

[36] G. Fragnelli and D. Mugnai, Linear stabilization for a degenerate wave equation in non divergence form with drift, 2022.

[37] C. Giorgi and V. Pata, Asymptotic behavior of a nonlinear hyperbolic heat equation with memory, Nonlinear Differential
Equations and Applications NoDEA 8 (2001), 157–171.

[38] A. E. Green and P. M. Naghdi, A re-examination of the basic postulates of thermomechanics, Proceedings of the
Royal Society of London. Series A: Mathematical and Physical Sciences 432 (1991), no. 1885, 171–194. URL https:
//royalsocietypublishing.org/doi/abs/10.1098/rspa.1991.0012.

https://api.semanticscholar.org/CorpusID:17238537
http://dx.doi.org/10.1007/s00208-009-0439-0
https://doi.org/10.1016/j.na.2019.111742
https://doi.org/10.1137/22m151491x
https://doi.org/10.1137/22m151491x
https://www.sciencedirect.com/science/article/pii/S0362546X9800220X
https://doi.org/10.1007/bf01596912
https://api.semanticscholar.org/CorpusID:120844823
https://api.semanticscholar.org/CorpusID:32651309
https://www.sciencedirect.com/science/article/pii/S0022247X2200720X
https://www.sciencedirect.com/science/article/pii/S0022247X2200720X
https://api.semanticscholar.org/CorpusID:226236817
http://www.jstor.org/stable/1969644
https://doi.org/10.1515/anona-2020-0034
https://doi.org/10.1515/anona-2015-0163
https://royalsocietypublishing.org/doi/abs/10.1098/rspa.1991.0012
https://royalsocietypublishing.org/doi/abs/10.1098/rspa.1991.0012


30 M. Akil ET AL

[39] M. Gueye, Exact boundary controllability of 1-d parabolic and hyperbolic degenerate equations, SIAM Journal on Control
and Optimization 52 (2014), no. 4, 2037–2054. URL https://doi.org/10.1137/120901374.

[40] M. E. Gurtin and A. C. Pipkin, A general theory of heat conduction with finite wave speeds, Archive for Rational Mechanics
and Analysis 31 (1968), no. 2, 113–126. URL https://doi.org/10.1007/bf00281373.

[41] D. Gutiérrez-Oribio et al., Advances in sliding mode control of earthquakes via boundary tracking of wave and diffusion
pdes, 2022 16th International Workshop on Variable Structure Systems (VSS), 231–236, .

[42] P. S. Hagan and D. E. Woodward, Equivalent black volatilities, Applied Mathematical Finance 6 (1999), no. 3, 147–157.
URL https://doi.org/10.1080/135048699334500.

[43] Z.-J. Han, H.-Q. Song, and K. Yu, Sharp decay rates of degenerate hyperbolic-parabolic coupled system: Rectangular
domain vs one-dimensional domain, Journal of Differential Equations 349 (2023), 53–82. URL https://www.sciencedirect.
com/science/article/pii/S0022039622007082.

[44] Z.-J. Han and E. Zuazua, Decay rates for elastic-thermoelastic star-shaped networks, Networks and Heterogeneous Media
12 (2017), no. 3, 461–488. URL https://www.aimsciences.org/article/id/c9f73ae0-1814-4bf7-a714-ff6619021885.

[45] F. L. Huang, Characteristic conditions for exponential stability of linear dynamical systems in Hilbert spaces, Ann.
Differential Equations 1 (1985), no. 1, 43–56.

[46] N. I. Karachalios and N. B. Zographopoulos, On the dynamics of a degenerate parabolic equation: global bifurcation of
stationary states and convergence, Calculus of Variations and Partial Differential Equations 25 (2005), no. 3, 361–393.
URL https://doi.org/10.1007/s00526-005-0347-4.

[47] T. Kato, Perturbation Theory for Linear Operators, Springer Berlin Heidelberg, 1995, . URL https://doi.org/10.1007/
978-3-642-66282-9.

[48] Z. Liu and B. Rao, Characterization of polynomial decay rate for the solution of linear evolution equation, Z. Angew.
Math. Phys. 56 (2005), no. 4, 630–644. URL http://dx.doi.org/10.1007/s00033-004-3073-4.

[49] Z. Liu and S. Zheng, Semigroups associated with dissipative systems, Chapman & Hall/CRC Research Notes in
Mathematics, vol. 398, x+206 , Chapman & Hall/CRC, Boca Raton, FL, 1999.

[50] A. C. Ng and D. Seifert, Optimal energy decay in a one-dimensional wave-heat system with infinite heat part, Journal of
Mathematical Analysis and Applications 482 (2020), no. 2, 123563. URL https://www.sciencedirect.com/science/article/
pii/S0022247X19308315.

[51] A. Pazy, Semigroups of linear operators and applications to partial differential equations, Applied Mathematical Sciences,
vol. 44, viii+279 , Springer-Verlag, New York, 1983, . URL http://dx.doi.org/10.1007/978-1-4612-5561-1.

[52] J. Prüss, On the spectrum of 𝐶0-semigroups, Trans. Amer. Math. Soc. 284 (1984), no. 2, 847–857. URL http://dx.doi.org/
10.2307/1999112.

[53] M. Zhang and H. Gao, Null controllability of some degenerate wave equations, Journal of Systems Science and Complexity
30 (2015), 1027–1041. URL https://api.semanticscholar.org/CorpusID:1948280.

[54] Q. Zhang, Stability analysis of an interactive system of wave equation and heat equation with memory, Zeitschrift für
angewandte Mathematik und Physik 65 (2013), no. 5, 905–923. URL https://doi.org/10.1007/s00033-013-0366-5.

[55] X. Zhang and E. Zuazua, Polynomial decay and control of a 1−d hyperbolic–parabolic coupled system, Journal of Differen-
tial Equations 204 (2004), no. 2, 380–438. URL https://www.sciencedirect.com/science/article/pii/S0022039604000610.

[56] X. Zhang and E. Zuazua, Long-time behavior of a coupled heat-wave system arising in fluid-structure interaction, Archive
for Rational Mechanics and Analysis 184 (2006), no. 1, 49–120. URL https://doi.org/10.1007/s00205-006-0020-x.

https://doi.org/10.1137/120901374
https://doi.org/10.1007/bf00281373
https://doi.org/10.1080/135048699334500
https://www.sciencedirect.com/science/article/pii/S0022039622007082
https://www.sciencedirect.com/science/article/pii/S0022039622007082
https://www.aimsciences.org/article/id/c9f73ae0-1814-4bf7-a714-ff6619021885
https://doi.org/10.1007/s00526-005-0347-4
https://doi.org/10.1007/978-3-642-66282-9
https://doi.org/10.1007/978-3-642-66282-9
http://dx.doi.org/10.1007/s00033-004-3073-4
https://www.sciencedirect.com/science/article/pii/S0022247X19308315
https://www.sciencedirect.com/science/article/pii/S0022247X19308315
http://dx.doi.org/10.1007/978-1-4612-5561-1
http://dx.doi.org/10.2307/1999112
http://dx.doi.org/10.2307/1999112
https://api.semanticscholar.org/CorpusID:1948280
https://doi.org/10.1007/s00033-013-0366-5
https://www.sciencedirect.com/science/article/pii/S0022039604000610
https://doi.org/10.1007/s00205-006-0020-x

	The energy decay rate of a transmission system governed by degenerate wave equation with drift and under heat conduction with memory effect
	Abstract
	Introduction
	Preliminaries, Functional spaces and Well-Posedness
	Strong Stability
	Polynomial stability in the case of Coleman-Gurtin Heat conduction law 
	Exponential stability in the case of Gurtin-Pipkin Heat conduction law 
	Appendix
	Conclusion
	Acknowledgment
	References


