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Abstract

We study the mean curvature motion of a droplet flowing by mean curvature on a horizontal
hyperplane with a possibly nonconstant prescribed contact angle. Using the solutions constructed
as a limit of an approximation algorithm of Almgren-Taylor-Wang and Luckhaus-Sturzenhecker,
we show the existence of a weak evolution, and its compatibility with a distributional solution.
We also prove various comparison results.

Résumé

Nous étudions le mouvement par courbure moyenne d’une goutte qui glisse par courbure moyenne
sur un hyperplan horizontal avec un angle de contact prescrit éventuellement non constant. En
utilisant les solutions construites comme limites d’un algorithme d’approximation d a Alm-
gren, Taylor et Wang et Luckhaus et Sturzenhecker, nous montrons 1’existence d’une évolution
faible, et sa compatibilité avec une solution au sens des distribution. Nous démontrons également
plusieurs résultats de comparaison.

Keywords: Mean curvature flow with prescribed contact angle, sets of finite perimeter,
capillary functional, minimizing movements
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1. Introduction

Historically, capillarity problems attracted attention because of their applications in physics,
for instance in the study of wetting phenomena [18| [22], energy minimizing drops and their
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adhesion properties [1}[17, 120} 48], as well as because of their connections with minimal surfaces,
see e.g. [14,[29] and references therein.

In this paper we are interested in the study of the evolution of a droplet flowing on a hori-
zontal hyperplane under curvature driven forces with a prescribed (possibly nonconstant) contact
angle. Although there are results in the literature describing the static and dynamic behaviours
of droplets [2, |12} 149], not too much seems to be known concerning their mean curvature mo-
tion. Various results have been obtained for mean curvature flow of hypersurfaces with Dirichlet
boundary conditions [35} 146, 47, 52] and zero-Neumann boundary condition [3} 34} 38| 51]]. It
is also worthwhile to recall that, when the contact angle is constant, the evolution is related to
the so-called mean curvature flow of surface clusters, also called space partitions (networks, in
the plane): in two dimensions local well-posedness has been shown in [16], and authors of [39]
derived global existence of the motion of grain boundaries close to an equilibrium configuration.
See also [43]] for related results. In higher space dimensions short time existence for symmet-
ric partitions of space into three phases with graph-type interfaces has been derived in [30} 31].
Very recently, authors of [26] have shown short time existence of the mean curvature flow of
three surface clusters.

If we describe the evolving droplet by a set E(f) c Q, ¢ > 0 the time, where Q = R" x
(0, +00) is the upper half-space in R™*!, the evolution problem we are interested in reads as

VZHE(Z) on QnﬁE(t), (1.1)

where V is the normal velocity and Hg is the mean curvature of JE(f), supplied with the
contact angle condition on the contact set (the boundary of the wetted area):

VE@) * €n+l = B on QNAIE(r) N o, (1.2)

where vg(,) is the outer unit normal to QN JE(r) at 0Q, and B : 0Q — [-1,1] is the cosine
of the prescribed contact angle. We do not allow JE(f) to be tangent to J€, i.e. we suppose
Bl <1 -2k on 9Q for some « € (0, %]. Following [38], in we show local well-
posedness of (T.1)-(T.2).

Short time existence describes the motion only up to the first singularity time. In order to
continue the flow through singularities one needs a notion of weak solution. Concerning the case
without boundary, there are various notions of generalized solutions, such as Brakke’s varifold-
solution [[15], the viscosity solution (see [32] and references therein), the Almgren-Taylor-Wang
[4] and Luckhaus-Sturzenhecker [41]] solution, the minimal barrier solution (see [[10] and refer-
ences therein); see also [27, 37] for other different approaches.

In the present paper we want to adapt the scheme proposed in [4} 41], and later extended to
the notions of minimizing movement and generalized minimizing movement by De Giorgi [25]]
(see also [6L[8]) to solve (T.I)-(T.2). Let us recall the definition.

Definition 1.1. Let S be a topological space, F : S X S X [1,+00) X Z — [—co,+0c0] be
a functional and u : [0,400) — S. We say that u is a generalized minimizing movement
associated to F,S (shortly GMM) starting from a € S and we write u € GMM(F, S, Z,a), if
there exist w : [1,+00) X Z — S and a diverging sequence {A;} such that

lim w(A4;,[4;t]) = u(®) forany t >0,
Jo+oo

and the functions w(d,k), A > 1, k € Z, are defined inductively as w(d,k) = a for k <0 and
Fw, k+ 1),w(d,k), A, k) = miSn F(s,w(A,k), A, k) Yk > 0.
SE,



If GMM(F,S,Z,a) consists of a unique element it is called a minimizing movement starting
from a.

In the sequel, we take S = BV(Q,{0,1}), F = Az : BV(Q,{0,1}) X BV(Q,{0, 1}) X [1, +00) X
Z — (—o0, +o0] defined by

A(E, Eo, A) = C4(E, Q) + A f dg, dx,

EAE,

where Ej € BV(£,{0, 1}) is the initial set, dg, is the distance to Q N JE( and
CHE.) = PED) - [ preart
o0

is the capillary functional. If Q = R"! (hence when the term fm By dH" is not present),
the weak evolution (GMM) has been studied in [4] and [41], see also [44] for the Dirichlet
case. Further, when no ambiguity appears we use GMM(Ej) to denote a GMM starting from
Ey € BV(Q,{0, 1}).

After setting in Section [2| the notation, and some properties of finite perimeter sets, in Sec-
tion E] we study the functional Cg(-,Q) and its level-set counterpart Cg(-, ), including lower
semicontinuity and coercivity, which will be useful in Section [6] In particular, the map E +>
A(E, Ep, ) is L'(Q) -lower semicontinuous if and only if [|]l. < 1 (Lemma. Although
we can also establish the coercivity of Ag(-, Ep, 4) (Proposition @), compactness theorems in
BV cannot be applied because of the unboundedness of Q. However, in Theorem 4.1| we prove
that if Ey € BV(£,{0,1}) is bounded and |8l < 1, then Ag(:, Ep,A) has a minimizer in
BV(Q, {0, 1}), and any minimizer is bounded. In Lemmaf.6|we study the behaviour of minimiz-
ers as A — +co. In Proposition @we show existence of constrained minimizers of Cg(-,2),
which will be used in the proof of existence of GMMs and in comparison principles. In[Ap-]
pend we need to generalize such existence and uniform boundedness results to minimizers
of functionals of type Cg(-, Q) + V' under suitable hypotheses on V.

In SectionE]we study the regularity of minimizers of Ag(-, £y, 1) (Theorem @ We point
out the uniform density estimates for minimizers of Ag(-, Ey, 4) and constrained minimizers of
Cp(-, Q) (Theorem|5.T|and Proposition[5.8), which are the main ingredients in the existence proof
of GMMs (Section , and in the proof of coincidence with distributional solutions (Section .

In Section @ we prove the following comparison principle for minimizers of Ag(-, Eo, 4)
(Theorem@: if Eo, Fo are bounded, Ey C Fy, ||Bille ||B2lle < 1 and By < B>, then

a) there exists a minimizer F of Apg, (-, Fo, ) containing any minimizer of Ag, (-, Eg, A);
b) there exists a minimizer E,, of Ag (-, Ey, A) contained in any minimizer of Apg, (-, Fo, ).

If in addition dist(Q N OEy, QN 0OFy) > 0, then all minimizers Ey and F, of Ag (-, Eg, 1) and
Ag, (-, Fo, 1) respectively, satisfy E; € F,. As a corollary, we show that if E* is a bounded
minimizer of Cg(-,Q) in the collection E(E*) of all finite perimeter sets containing E*, and
if ||Blle < 1, then for any Eo C E*, any minimizer E;, of Ag(-, Eo, ) satisfies E; C E*
(Proposition b)).

In Sectionwe apply the scheme in Definition E]to the functional Ag(:, Ey, A) : as in [41,
45]] we build a locally % -Holder continuous generalized minimizing movement ¢ € [0, +o0)
E(r) € BV(Q,{0,1}) starting from a bounded set Ey € BV(Q,{0,1}) (Theorem [7.1I). More-
over, using the results of Section [6] we prove that any GMM starting from a bounded set stays
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bounded. In general, for two GMMs one cannot expect a comparison principle (for example in
the presence of fattening). However, the notions of maximal and minimal GMM (Definition
are always comparable if the initial sets are comparable (Theorem[7.3)). This requires regularity
of minimizers of Ag(-, Ey, ) and Cp(-,Q), see Sections[z_f]and@ Finally, in Section@we prove
that, under a suitable conditional convergence assumption and if 1 < n < 6, our GMM solution
is, in fact, a distributional solution to (LI)-(T.2).

2. Some preliminaries

2.1. Notation
xr stands for the characteristic function of the Lebesgue measurable set F € R"™! and |F]|

denotes its Lebesgue measure. The set of L!(€) -functions having bounded total variation in an
open set Q C R™! is denoted by BV(Q), and

BV(Q,{0,1}) :={ECQ: yr € BV(Q)}.

Given E C BV(Q,{0,1}) we denote by P(E,Q) the perimeter of E in Q, i.e. P(E,Q) :=
fQ |[Dyel, by 0°E the essential boundary of E, and by vg(x) the measure-theoretical exterior
normal to E at x € 0"E. Since Lebesgue equivalent sets in Q have the same perimeter in €,
we assume that any set £ C Q we consider coincides with the set

xeR™ . lim 1B) N E| =1
—0+ B, (x)|

of points of density one, where B,(x) is the ball of radius r > 0 centered at x. Recall that
0*E = OE. For simplicity, set P(E,R"™") = P(E). We say that E ¢ R""! has locally finite
perimeter in R"*!, if P(E,Q’) < +oo for every bounded open set Q' c R"*!. The collection
of all sets of locally finite perimeter is denoted by BVi..(2,{0, 1}). We refer to [[7, 33] for a
complete information about BV -functions and sets of finite perimeter.

For a fixed nonempty Ej € BV(Q, {0, 1}) set

E(Ey) = {E € BV(Q,{0,1}): Eo C E}, 2.1)

which is L'(Q) -closed.
Given p > 0 and [ > 0 let CFZ) = Bp x (0,1) stand for the truncated cylinder in R"*! of

height /, whose basis is an open ball f?p C R”" centered at the origin of radius p > 0; also set
Q;:=R"x (0, D).

2.2. Some properties of sets of finite perimeter
By [23| Theorem II], for every E € BV)(£2, {0, 1}) the additive set function O — fo |DxEl
defined on the open sets O C Q extends to a measure B — fB |Dyg| defined on the Borel

o -algebra of Q. Moreover, P(-,Q) is strongly subadditive, i.e.
P(ENF,Q)+ P(EUF,Q)<P(E,Q)+ P(F,Q) forany E,F € BV(Q,{0,1}). (2.2)

Let Q be an open set with Lipschitz boundary and E € BV (R™1 {0, 1}). We denote the
interior and exterior traces of the set E on 0Q respectively by y7 and yz and we recall that
X5 € L! (0Q). Moreover, the integration by parts formula holds [23]:

loc

f)(Edngdxz—fg-D)(E+f 5 —Xp)g - vadH"  VgeC/R™ R™H,  (2.3)
Q Q 0Q
4



where vq is the outer unit normal to 0€.
If V € Q is an open set with Lipschitz boundary, then

P(E,Q) = P(E,V)+ P(E,Q\ V) + Iy — x5 dH".
QNovV

The trace set of £ C Q on dQ is denoted by Tr(E). With a slight abuse of notation we set
XTr(E) = xE- Note that

P(E,Q) := P(E,Q) + f ye dH" = P(E).
oQ

In general, even if E € BV(Q,{0,1}), the traces y3 are in L1 .(0Q), but not in LY(6Q).
For instance, if Q = (Rx(o +00))UA CR? and A = U(m Lm+ L) x (1,01, then

E = A € BV(Q,{0,1}), whereas H'(Tr(E)) = +co. In Lemma-we show that yz € L'(0Q)
for any E € BV(Q,{0, 1}), provided that Q is a half-space.

From now on we fix Q := R" X (0, +00); we often identify dQ = R" x {0} with R", so that
E c 0Q means E C R"?, and 7 : Q — 9dQ denotes the projection

Ak, Xpy1) = X, x= (X, Xp41) € Q.

2.3. Controlling the trace of a set by its perimeter

The following lemma shows that the L'(dQ)-norm of the trace of E € BV(Q,{0,1}) is
controlled by P(E, Q).

Lemma 2.1. For any E € BV(Q,{0, 1}) and for any S € L*(0Q) the inequalities

,BXE d?‘(n
0Q

< LLBOHI IDxel < 1Blles P(E, €2) (2.4)

hold. In particular, P(E) < +oo.

Proof. The last inequality of (2.4) is immediate. The first inequality is enough to be shown for
£=0.

If B is locally Lipschitz, then (2.4) follows from the divergence theorem. Indeed, suppose
that supp (8) is compact. Since div((8 o m)e,+1) = 0, we have

0= f div(B o m)eqs1) dx = f (Bom) Vi - et dH" — f By dH".
E QNI*E oQ

Hence nonnegativity of 8 implies that

f BxepdH" < f BomdH" = fﬁonlDXEI. (2.5)
o) QNIE Q

If supp (B) is not compact, we use n(|x)B(x) in (2.3)) instead of B(x), where n; : [0, +00) —
[0, +c0) is Lipschitz, linear in [k,k+ 1], . = 1 in [0, k] and 7 = 0 in [k + 1, +00). Now
(2-4) follows from the monotone convergence theorem. In particular, when 8 =1 we have

P(E) = P(E, Q) + f VpdH" < 2P(E, Q).
Q9



Assume that 8 = y, for some open set O C 9Q. Consider a sequence {§;} of nonnegative
locally Lipschitz functions converging H" -almost everywhere to 8 on 0Q such that 8 < S8

and suppf; C O. By Fatou’s lemma we get

k—+00

ByedH" < liminf BixedH" < lim inffﬁk om|DyEg| £ f,B o |DyEl.
o) o0 k=0 Jo Q

Finally, if 8 € L*(0Q) is any nonnegative function, then the statement of the lemma follows
by an approximation argument. O

From Lemma 2.1]it follows that E € BV(Q, {0, 1}) if and only if E € BV(R™*',{0, 1}).

Remark 2.2. If u € BV(Q), then its trace belongs to L'(0Q). Indeed, it is well-known that

0 +00
f |uldx = f f/\{{uq}(x) dxdt + f f/\{lu>,}(x) dxdt, (2.6)
Q —0 JQ 0 Q

0 +00
f |Du| = f P(u <t},Q)dt + f P({u > t},Q) dt, 2.7
Q —00 0

in particular, {u > t},{u < s} € BV(Q) forae. >0 and s < 0. Using 2.4) with g = 1, for
ae. t>0 and s <0 we get

f XusndH" < P({u > 1}, Q), f Xu<sidH" < P({u < 5}, €)
90 00

and whence

Iuld‘H”SfIDul.
o0 Q

Notice that for every 8 € L*(0Q) one has also

0 +00
Bu dH" = —f ﬁX{LKT] dH"dr + f f ﬁX[u>z] dH"dr. (2.8)
—0o0 JIQ 0 oQ

aQ
The following lemma is the analog to the comparison theorem in [6l page 216ﬂ

Lemma 2.3. Let Ey be a closed convex set such that vg,-e,1 20 H" -a.e. on QNIEy. Then
P(Ey, Q) < P(E,Q) for every E € E(Ey).

3. Capillary functionals

Let g € L*(9Q). The capillary functional Cg(-,€) : BV(LQ,{0,1}) — R and its “level set”
version Cg(+,Q2) : BV(Q) — R are defined as

Cs(E,Q) ;= P(E,Q) —f BxedH", (3.1)
0Q

'Forany E € BV(R™!,{0,1}) and any closed convex set C C R™! the inequality P(ENC) < P(E) holds; equality
occurs if and only if |[E\C|=0.
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and

Cp(u, Q) :=f|Du|—f BudH",
Q a0

respectively. Note that Cg(-,€2) is convex, Cg(u,Q) = C_g(-u,Q) for any u € BV(Q), and
Cp(E,Q) = Cg(yg, Q) for any E € BV(Q,{0,1}). Moreover, when |8l < 1, by (24) the
functional Cg(-,2) is nonnegative, and the same holds for Cg(-, Q) as by (2.6)-(2.8) one has

0 —+00
Cp(u, Q) = f Cp(fu <t},Q)dt + f Cs({u > 1}, Q) dt. (3.2)
—o0 0
The functional Cg(-,€2) will be useful for the comparison principles (Section @

3.1. Coercivity and lower semicontinuity

The next lemma is a localized version of [17, Lemma 4], which is needed to prove coercivity
of Cp(-,€) and Cg(-,€2) and will be frequently used (see for example the proofs of Theorem

and Theorem [5.T).

Lemma 3.1. Assume that |||l < 1 and E € BV(Q,{0,1}). Then for any open set A C Q with
A € BVioo(R™!,{0,1}) and

H'([x" (x(A)) \ AIN QN I"E) = 0 (3.3)
the inequality
P(E, A) - f Bxeom dH" > “es%pﬂ [P(E,A) + f YEna d'H”] (3.4)
0Q oQ

holds.

Proof. Let us first show that if F c Q has locally finite perimeter in R"*!, then
XF < Xn(F) H" -a.e. on OQ. 3.5)

Set G := {% € Ti(F) : Xnr)(X) = 0}. For any € > 0 take an open set O C 6Q such that G € O
and H"(O \ G) < &. Since H"(n(F) N G) = 0, one has

+00
For@l= [ rds= [ du [ rtnand )
16 0 ¢
+00 . —+00 .
- [ 160 G e P = [ HGARE D =0
0 0

Let Bp c R" denote the ball of radius p > 0 centered at the origin. Recall that for any y > 0
the following estimate [33} page 35] holds:

A 1
f XrdH" < P(F,(ON By) x(0,7) + = f XFdx.
0nB, Y J(©OnB,)x(©,y)



Then using G C Tr(F), we establish

H'GN By < f _xpdH" < P(F,(0 N By) x (0,7))

0nB,

1 1
+—fAA Xpdx+—fAA . xrdx
Y J(GnB,)x(0.y) Y J(0\G)NB,)x(0.y)

<P(F,0 % (0,7)) + % IFNna ' (G)+H"(O\G) < P(F,0x(0,y)) +&.

Now letting &,y — 0% we get H"(G N B,) = 0 and (3.5) follows from letting p — +co.
We have

1+Bonm 1+Bonm 1+Bonm
[wor =2 b= [ b= [ v G
Q 2 oy 2 a2
where in the second equality we used (3.3). Moreover, from (3.3) with F = A we get
1+ 1+ 1+
f LB pnart = [ a2y ar < f Xr(a) B veart (3.7)
o 2 00 2 00 2

Now, using Lemma[2.T|with S replaced with (1 + B)xx()/2, from (3.6) and (3.7) we obtain

1+ 1+Bom
f _ﬁXEﬁAdW”SfL|DXE|- (3.8)
0 2 A 2

Finally, adding the identities

1-Bonm 1+Bom
P(E. A) = f Dyel = f =L 1Dy + f LT Dy,
A A A

1+8

1
—f Bxena dH" = 2ﬂXEﬁA dH" - f
80 o0 a0

and using (3:8) we deduce

XEna dH",

1-Bom 1-
P(E, A) - f B dH" > f Ll ALYV f B o dH,
90 A 2 0 2

This relation yields (3.4). 0O

Proposition 3.2 (Coercivity of the capillary functionals). If -1 <8< 1-2«k H" -a.e. on 9Q
for some « € [0, %], then

kP(E) < Cp(E, Q) < P(E) VE € BV(Q,{0, 1}). (3.9)

Moreover, if ||Bll < 1 =2« for some « € [0, %], then

Kj;|Du| < Cp(u, Q) < ﬁlDul Yu € BV(Q). (3.10)
Q Q



Proof. The inequality «P(E) < Cg(E, Q) follows from Lemmawith A = Q. Moreover, by
virtue of Lemmal[2.1}

Bl <1 = Cs(E,Q) < P(E) VE € BV(Q,{0, 1}). (3.11)

Now (3.10) follows from the inequalities

kP({u < t},Q) + Kf

Xlu<t) dH" < C—ﬁ({u < [}, Q) < P({u < l},Q) + f Xlu<t) dH"
0Q oQ

fora.e. t <0 and

kP({u > t},Q) + Kf

0Q

fora.e. t >0, from (2.6)-2.8), (3-2) and by [33, Remark 2.14], possibly after extending u to 0
outside Q. O

Xiust) dH" < Clg({u > 1},Q) < P({u > t},Q) + f Xlust) dH"
oQ

Remark 3.3. From the proof of Proposition [3.2]it follows that if u > 0, then (3.10) holds for
any € L*(0Q) with -1 <B<1-2«; if u <0, (3.10) is valid whenever —1 +2«x < < 1.

Remark 3.4. If B > 1 on a set of infinite " -measure, then Cg(-,Q) is unbounded from
below. Note also that if [|8]l < 1, then 0 is the unique minimizer of Cg(-, Q) in BV(, {0, 1}).
Indeed, clearly,

0=Cs0.Q)= min  CyE Q).

If there were a minimizer E # 0 of Cg(-,Q), there would exist / > 0 such that |E \ €] > 0.
Now since Tr(E) = Tr(E N 5;), by [6 page 216] we have

0= Cs(E, Q) > Co(E N Qy, Q) >0,
a contradiction.

Lemma 3.5 (Lower semicontinuity). Assume that p € L*(0Q). Then the functionals Cg(-, )
and Cg(-,Q) are LY(Q) -lower semicontinuous if and only if ||Blle < 1.

Proof. Assume that |||l < 1. In this case the lower semicontinuity of Cg(-,£2) is proven in
[17, Lemma 2]. Let us prove the lower semicontinuity of Cg(-,2). Take wuy,u € BV() such
that u; — u in L'(Q). By (2.6) we may assume that fg Hur < t}A{u < t})]dx — 0 as k — +o0
fora.e. r € R. Then using the nonnegativity of summands, the lower semicontinuity of Cg(:, Q)
and Fatou’s Lemma in we establish

0 +00
lim inf Gy, ) > lim nf f Cpfug < 1), Q) dr + lim inf f Callue > 1), Q) dt
—+00 —+00 —co —+00 0

+00
> fQ liminf C_s({u < 1}, Q) dr + f lim inf Cs({uy > 1), Q)
—00 +00 0 —+00

k—
0 +00
Zf C_p({u <t},Q)dt + f Cp({u > 1}, Q) dt = Cg(u, Q).
NS 0

Now assume that ||8]lc > 1, i.e. the set {£ € dQ : |B(X)| > 1} has positive H" -measure.
Let for some &,8, > 0 the set A := {B > 1+ ¢} satisfy Al > 6. By Lusin’s theorem, for any
9



k> % there exists B € C(0Q) such that H"({8 # Bi}) < + and [|Belle < [|Blleo- Let k be so

large that H"({8r > 1 + &}) > §p/2 and choose an open set Oc {Br > 1 + &} of finite perimeter
such that 6y/4 < H"(O) < +o. Define the sequence of sets E,, := 0 x (0, #) c Q. Clearly,
E, — 0 in L'(Q) as m — +oco. Then, indicating by P(O) the perimeter of O in R”, from the
relations

Cs(Ep, Q) =% P(0) + H"(0) - f BAH"
[0}

sl P(O) + H"(O) — f BidH" + f 1B — BrldH"
m ) 9]

<L PO) = sH(0) + 2BIH O 0 (B # B} < ~ PO) - E2,
m m 4

we establish

m—+oo

0
liminf Cy(E,1, ) < =2 <0 = Cy(0. ).
Since Cg(xr, Q) = Cp(E, ), one has also liminf Cs(xg,,) < 0 = Cg(0,Q). Hence Cs(-, Q)

m—+oo
and Cg(-, Q) are not L'(Q) -lower semicontinuous.
Finally, the case |{8 < —1 — &}| > 0 can be treated in a similar way. O]

Remark 3.6. If Q is an arbitrary bounded open set with Lipschitz boundary and ||B|lc < 1,
then the lower semicontinuity of Cg(-,€2) is a consequence of [5) Theorem 3.4]. In this case
Cp(-, Q) is bounded from below by —H"(9Q). Hence again Fatou’s lemma and (3.2)) yield lower
semicontinuity of Cg(:, Q).

4. Capillary Almgren-Taylor-Wang-type functional

In the sequel, for a given nonempty set F' C Q, dp stands for the distance function from the
boundary of dF in Q :
dp(x) := dist(x, Q N OF).
The function
~ —d if x € F,
dp(a o= {1
dr(x) ifxeQ\F,
is called the signed distance function from OF in Q negative inside F. The distance from the

empty set is assumed to be equal to +oo.
Notice that for E,F CQ, F # 0,

f dpdxzf dpdx—f dexzfc?Fdx—chFdx,
EAF E\F F\E E F

provided f dpdx < +c0. Moreover, we assume f drdx := 0 whenever |[EAF| = 0.

ENF EAF

Given S € L*(0Q), Ey € BV(,{0,1}) and A > 1, recalling the definition of Cg(-,Q) in
(3.1), we define the capillary Almgren-Taylor-Wang-type functional Ag(-, Ey, 1) : BV(Q,{0,1}) —
[—o0, +00] with contact angle 3, as

A(E, Ep, A) := C4(E, Q) + A f dg, dx, 4.1
10 EAE,



so that
A(E, Ep, 1) =P(E, Q) + /lf JEU dx — f BxedH" — /lf JEO dx 4.2)
E 0Q

Ey

whenever f dp,dx < 400,
ENE,

4.1. Existence of minimizers of the functional Apg(-, Eg, A)
We always suppose that 4 > 1 and in this section we assume that

{EO € BV(€,{0, 1}) is nonempty and bounded , 4.3)

BeL @) and Ik € (0,4]: -1 <B <1-2«kH"-ae ondQ.

Hence, there exists a cylinder Cg = Bp x (0, H) containing E, whose basis is an open ball
Bp c R” of radius D > 0 and height

H=1 +rnax{x,,+| Dx =, x041) EE_O}.

Define

n+l
2 P(Ey)\ "
Ry := Ro(n, k, Eg) = D + 1 + max {8" ntl (%) s Ak, n)}, (4.4)

where u(k,n) = (1/ +2)" . The proof of the next result is essentially postponed to
[A] since the main idea does not differ too much from [17].

Theorem 4.1 (Existence of minimizers and uniform bound). Suppose that (4.3) holds. Then
the minimum problem

inf E,Ey A 4.5

Eem}gz,[o,u) FA(E, Eo, D (4.5)

has a solution E,. Moreover, any minimizer is contained in C ,i,’o .

Proof. Let f = /lJEO and
V: BV(Q,{0,1}) = (=00, +e0],  V(E) := f fdx.
E

Then V satisfies Hypothesis[A.T|and by Remark[A.4] Ry < Ry. Now the proof directly follows
from Theorem[A.3] O

Remark 4.2. If Ey = 0, then has a unique solution E,; = 0. Moreover, for some choices
of 2> 1 and 0 # Ey € BV(Q,{0, 1}), the empty set solves (@.3). For example, let B, be the
ball centered at x such that x,,; > 4p + 4. If Ap < n, then as in [11} [19], one can show that
E, = 0 is the unique minimizer of Ag(:, B,, ).

Remark 4.3. Let F minimize Ag(:, Ep, A) in BV(C’{) ,{0,1}). Then F is an unconstrained
minimizer, i.e.

F,Ey, Q) = i E,E, A). 4.6
Ap(F, Eo, 1) EeB\r/I(lglzl:l{O,l])ﬂﬁ( ,Eo, ) 4.6)

Indeed, let E; be any minimizer of Ag(:, Eo, A). Clearly, A(F, Ey, 1) > Ag(E4, Eog, A). On the
other hand, by Theorem E, C C;’O and by minimality of F in Cgo we have Ag(F, Ep, ) <
Ag(Ey, Ep, A), which implies (4.6).
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Recalling Remark@and definition (2.1)) of E(E() we have also the following result.

Proposition 4.4 (Existence of constrained minimizers of Cz). Under assumptions (4.3)) the
constrained minimum problem

inf E.Q 4.
EeBV(Q,{(I)H}),EES(EO)Cﬁ (E, Q) .7

has a solution. In addition, any minimizer E* satisfies E* C CH, where Ry is given by (.4),
and E* is also a solution of
inf Cs(E, Q).
E€BV(Q,{0,1}), E€E(E*)

Proof. Set

9 BV(Q.10.1)) — [0.400], V(E):= 10 T E€EE), 4.8)
' T Y T 4o if E € BV(Q,{0, 1) \ E(E). '

Then V satisfies Hypothesismand Ro < Ro. Now existence of a minimizer E* of Cs(-, Q)
in E(Ep) and the inclusion E* C CH follow from Theorem To show the last statement
we observe that the inclusion Ey C EJr implies E(E*) C 8(E ence the minimality of E*
yields the inequality Cg(E*, Q) < Cg(E, Q) forany E € E(E™). O

Solutions of 4.7) will be called constrained minimizers of Cg(-,€) in E(Ep).

Example 4.5. Suppose that Ey C Q is a closed convex set so that vg, - e,41 > 0 H"-a.e. on
QNJIEy. Then for every g € L*(0€,[-1,0]) the set Ey is a constrained minimizer of Cg(:, Q)
in E(Ey). Indeed, by Lemmal[2.3] P(Ey, Q) < P(E,Q) for all E € E(Ey), therefore

Cp(E, Q) — Cp(Ep, Q) = P(E,Q) — P(Ey,Q) + LQ(—ﬁ)XE\EOdW" > 0.

The following lemma shows the behaviour of E; as 1 — +co.

Lemma 4.6 (Asymptotics of E, as time goes to 0*). Assume @.3) and |Eo \ Eo| = 0. Then
any minimizer E, satisfies:

a) lim |E\AEg| = 0
A=+
D) lim CH(EL.Q) = Cy(Eo. Q.
¢) /IE)IIIDO A fE,iAEo dEO dx =0.
Proof. a) We have
kP(E)) < ﬂﬁ(E,l,Eo,/l) < ﬂlg(E(), Ey, ) = Cﬁ(E(),Q) < P(E)y).

Moreover, from Ag(Ey4, Ey, 1) < P(Ep) and (2.4) we get AJ‘EJAEO dg, dx < P(Ep), hence

lim dg, dx = 0. (4.9)
A—+0o0 E AE,

12



Recall from Theoremthat E, C Cg) for all 1 > 1. Hence, by compactness, from every
diverging sequence {4;} we can select a subsequence {4;} such that

E, — E. inL'(Q)

for some E,, € BV(C’{) ,{0,1}). From (4.9) we deduce that J‘; AE, dg,dx = 0, and thus, since
dg, > 0 and by assumption |Eo \ Eol = 0, we get |EAEp| = 0. Now the arbitrariness of {4;}
implies a).

b) Clearly, Cg(E4, Q) < A(E4, Ep, 1) < Cp(Ep, Q) for all 4 > 1. Then by a) and by the
L'(Q) -lower semicontinuity of Cs(-, Q) (Lemma we establish

Cy(Eo, ) < liminf Cy(Ey, Q) < lim sup Cs(Eq, Q) < Cy(Eo, Q).
—+00 1

—+00

and b) follows.
c) follows from b) and nonnegativity of A fEA A, dg, dx, since

lim sup/lf dg,dx < lim [Cg(Ep, Q) — Cp(E,, Q)] = 0.
E.AE, A=o0

A—+00

O
5. Density estimates and regularity of minimizers
In this section we assume that
Ey € BV(Q, {0, 1}) is nonempty and bounded , 5.1)
B e L0 and Tk € (0,17 : [IBllw < 1 -2k '
Define
1
n + (n+ D \? +1
R(n,x) = (2'”3 L,H)lwﬂ) . Y(n,K) = xn+ 1) . (52
Wp+1K VR, k)% + 4k(n + 1) + R(n, &)
and |
+ n
Cni) 1= 4 Doy + 20, + 2D e = e (5) (5.3)

where c,4; is the relative isoperimetric constant for the ball, i.e.
Cor1 min{|B, N F,|B,\ FI}#1 < P(F,B,),  r>0, F€BV(B,.{0,1)).

The aim of this section is to prove the following uniform density estimates for minimizers of
Ag(-, Ep, 2), needed to prove regularity of minimizers (Theorem@ and Proposition

Theorem 5.1. Assume that Eq and B are as in (5.1) and E, € BV(Q,{0,1}) is a minimizer of
As(-, Ey, A). Then either Ey =0 or

n+l n+l
(K) < |E, N B.(x)| <1- (5) ’ 5

Z U.)nJer'H'l 4
13



P(Ey, B/(x))

c(n, k) < < C(n, k) (5.5)
forevery x € 0E, and r € (0, yj?;f)). In particular,
H"(OE, \ 0°Ey) = 0. (5.6)

We postpone the proof after several auxiliary results. First we show a weaker version of
Theorem the difference stands in that Propositionholds for r < O(%) and 0(%) depends

on E,, whereas Theoremis valid for r < O(41z) and O(+) is independent of Eq.

Proposition 5.2. Under the assumptions of Theorem|5. 1| setting

A := A, n, &, P(Ey)) = Adiam(Bpgy1 X (=1, H + 1)),

for any nonempty E,, x € 0E; and r € (0,min{l, K(;XI)}), the density estimates (5.4)-(5.3)
hold.

Proof. For completeness we give the full proof of the proposition using the methods of [41}45].
‘We recall that one could also employ the density estimates for almost minimizers of the capillary
functional (see for instance [21, Lemma 2.8]).

Set rp := min{1, K(Z—XD}, and fix x € 0E,. Let B, := B,(x) be the ball of radius r € (0, ry)
centered at x, we can choose r such that

H"(OB, NIE,) = 0.
First we show that E, satisfies
kP(E, N B,) <2H"(E;NdB,) + A|E; N B,|. 5.7

Comparing Ag(E,, Eg, 1) with Ag(Ey\ B, Eg, 4), fora.e. s € (r,ry) we establish

P(E), By N Q)—f Bxe,ns, dH" + ﬂf dg,dy
B,n0Q E

ANB;

<P(E;,(B;\ B,) N Q) + H"(E; N 8B,).

Sending s — r* we get

P(E,, B, N Q) - By, dH" + A f dg,dy <H"(E, N 0B,). (5.8)
B,N0Q E,NB,

By Theorem{4.1| E, € Cy and thus, since ry < 1, forany y € B,
Adg, )| < Adiam(Bp,gy1 X (=1, H + 1)) = A. (5.9)

Moreover, using (3.9) for E, N B, we get (3.7):

kP(E, N B,) <P(E,, B, N Q) + H"(E, N 0B,) — f Bxe, dH"
B,NoQ

<QH"(E, N OB,) + AlE, N B,.
14



Now by the isoperimetric inequality,
1

P(E;NB,) > (n+ Dw™ |[E, N B,|#. (5.10)

n+l1

Set m(r) := |E,; N B,|. Then m is absolutely continuous, m(0) = 0, m(r) > 0 forall > 0 and
m'(r) = H"(E, N dB,) forae. r € (0,ry). Consequently, (5.7) and (3.10) give

L n n
k(n+ D" m(r)=1 < 2m'(r) + Am(r) = 2m’(r) + Am(r)mm(r)ﬁ. (5.11)
Since m(r) < Wy " and r < K(;XI), from the last inequality we obtain

L

2 (n+ D™ m(r)# < m'(r).

Integrating we get the lower volume density estimate

n+l
m(r)z(g) Wa1 7, Vr e (0, rg).

Let us prove the upper volume density estimate in (3.4). Since E, C Q if x € 0Q N J*E,,
the inequality

B\ E 1 n+1
IBAES 1 (K) Vr>0 (5.12)

(/.)n+17'n+1 -2

4

is trivial. So assume that x € QNG"E,. Since Ag(Ey, Eo, ) < Ag(E1UB,)NQ, Ey, A), arguing
as in the proof of (3.8) we get

P(E;,B,NQ) + f BX(B.NQ\E, dH" <H"(Q\ E}) NOB,) + /lf JEOd,V (5.13)
oQ (B, NO\E,

From the isoperimetric inequality, (3.9), (5.13)) and also (3.9), it follows that

1

k(n+ Dwrl (B, \ E) N QI < kP((B, \ E) N Q) < C4((B, \ E)) N Q, Q)
<P(E,,B,NQ) + f Bxs,none, dH" + H'(Q\ Ex) N OB,) (5.14)
oQ
L2QH™M((Q\ Ex) N0B,) + Al(B, \ E;) N Q.

Repeating the same arguments as before we establish

n+l
B KBAEDOGL, (61 g )

=\4

(/4)n+lrn+1 B (‘l)n+lrn+l

Let us now show (5.5). From (5.8) we get

P(E/I,Br) ZP(E),Ber)ﬂ-f XEAdq‘{n
B,NoQ

<H"(E,NIB,) + f (1 +B)wEg, dH" + AIEx N B,
B,NoQ
<@+ Dwpp1 7" + 2w, 1" + w1 ¥ (AF)
kn+1)
2

n

< (I’l + 1)wn+l + an + Wpyl
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for a.e r € (0,ry). Since P(E,,-) is a nonnegative measure, this inequality holds for all r €
(0, rp). This proves the upper perimeter estimate in (5.3).

The lower perimeter density estimate in (5.5)) follows from (5.4) and the relative isoperimetric
inequality (see for example [7, page 152]). O

Theorem 5.3 (Regularity of minimizers up to the boundary). Assume that Ey and 3 satisfy
(5-1). Then any nonempty minimizer E, is open in R"™' and QN d*E, is an n-dimensional
manifold of class C> for a suitable « € (0, 1), and H*(QN(OE,\0*E,)) = 0 forall s >n-1.
Moreover, if B € Lip(0QQ), then

a) H"((OEx N OQ)A(Tr(E,))) = 0;
b) OE,NOQ is a set of finite perimeter in 0Q and
H" N (B@OE, N Q) \ 8" (OE, N 6Q)) = 0,

where 0(OE, N 0Q) denotes the boundary of 0E; N 0Q in 0Q. Moreover, if M, =
QNAIE,, then
0(0E,; NOQ) = M, N OQ.

c) There exists a relatively closed set ¥ c My with H" ' (X N Q) = 0 such that in a
neighborhood of any x € (M; N OQ)\ X the set M, is a C"'/? -manifold with boundary,
and

VE, “enr1 =B on (MyNnoQ)\Z.

Proof. Since E, is a minimizer of Ag(:, Ep, A) in every ball B C Q, we can apply [44, Corol-
lary 3.1] to prove that E, is open and Q N 9*E, is C>* with QN JE; = Q N §*E, for
n=2,...,6, and H*(Q N (IE, \ 0*E,)) = 0 for all s >n—7. Moreover, if 8 € Lip(0Q2), by
@]) the remaning assertions follow from [21, Lemma 2.16, Theorem 1.10]. O

Remark 5.4. (Compare_with [41, Remark 1.4] and [45].)
a) Assume that x € E; and r > 0 are such that B.(x)NEy = 0. Then dg, > 0 in E,NB,(x)
and from (5.8) we get

P(E,, B, N Q) — By, dH" <H"(E, N OB,). (5.15)
B,NIQ

Then proceeding as in the proof of Propositionwe get |[E,; N B,| > (x/ 2Y"* Wy Y. More-
over, from (5.13)) it follows that

P(EA,Br N Q) < W”(EA N 63,) + f XE, dH" < [(n + 1)(1),1+1 + (A)n]l’ﬂ
B,NoQ

b) Similarly, if x € E; and B,(x) N (Q\ Eg) = 0, then [B, \ EJ| > (k/2)""! wpsi L.

Observe that in both cases r need not be in (0, min{1, K(’—”)}) and the assumption x € 9E,

1
. 2A
1S not necessary.

The following proposition is the analog of [41, Lemma 2.1] and [45, Proposition 3.2.1].
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Proposition 5.5 ( L™ -bound for the distance function). Assume that Ey and B are as in (5.1))
and E; € BV(Q,{0,1}) is a minimizer of Ag(-, Eo, A). Then

Valldg, =z a8, < R0, ©). (5.16)

Proof. Let R := R(n, k). Suppose by contradiction that there exist € >0, 4> 1 and x € E,AE,
such that dg,(x) > (R + £)A"12. Consider first the case x € E,; \ Ey. By regularity of E;
(Theorem@ we may assume that x € 0E,; \ Eqg. Note that B, N Ey = 0, where B, := B,(x),
p=([R+¢&A2/2. Since Ap(E,, Eo, 1) < A(Eq\ By, Ep, 1), and JEO(y) = dg,(y) > p for any
y € B, N E,, from (5.8) we establish

(R+¢&)a'?
— _|E,nB,l <2
2
E,NB

/9

This and Remark (a) yiel(ﬂ

(R + &)k"!
2n+2

JEOdy < ?{"(E,maBp)+f Bye, dH" < [wp1(n+1)+w,]p".
B,NoQ

Wt A2 < Wi (n+ 1) + w,]p0",

or equivalently, recalling the definition of p

2 w3 Wn +(+ Dwpyr
R+e) <2 — ——— =R",
(/.),H.]K’H'l

which is a contradiction. A similar contradiction is obtained when x € Ey \ E;. O

Corollary 5.6. Assume and |Eg \ Eol = 0. If ||Blle < 1, then QN JE, £a NOEy as

K
A — +oo, where — denotes Kuratowski convergence [40)].

Proof. Tt suffices to show that every diverging sequence {4;} has a subsequence {/l;} such that

K — lim QﬂaEﬁ;ZQﬂan.

jo+oo

Choose any sequence A; — +oco. By compactness of closed sets in Kuratowski convergence
[40, page 340], there exists a closed set C C Q such that up to a not relabelled subsequence
Q ﬂaE/lj £> C as j — +oo. Let us show first that QN JE, C C. Take any x € R™!'\ C; we
may suppose that x € Q. Since C is closed, there exists a ball B,(x) such that B,(x) N C = 0.
Since m 5 Cas J — +oo, we have B,(x) N m = 0 for j > 1 large enough.
Therefore, P(E,;, Bp(x) N Q) = 0, and by a) and lower semicontinuity, P(Eq, By(x) N Q) = 0.
This yields B,»(x) NQNIEy = 0 and thus R™'\ C € R™!\ QN IE,.

Now suppose that there exists x € C \ Q N JEq. Then there exists p > 0 such that B,(x) N
QNIE, = 0. Since x € C, there exists X; € m such that x; — x. Choose j € N so
large that x; € B,/4(x) and R(n, K)/l;.l/ 2< p/4, where R(n,«) is defined in (5.2). By Proposition

[5.3] we have

di,(x)) < R(n, 04" < g.
On the other hand, by construction, dg, (x) = 37", which leads to a contradiction. This yields
CCQNOE,. -

2 Since the upper bound for the radii in Propositionis of order O(/l{), in general, we cannot apply it with p.
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Proof of Theorem 5,1l We repeat the same procedures of the proof of Proposition[5.2 with im-
proved estimates for the volume term of Ag(-, Eg,A). Let R := R(n,k), y = y(n,«). Fix
x € 8"E,, and choose r € (0,y17'/?) such that H"(4B, N HE,) = 0. From (5.16) it follows

sup  dg, < RV
(Ex\Eo)NB,

Therefore, using the obvious inequality

sup dg, <2r+ sup dg, <2y +RA'?,

(EANEp)NB, (Eo\E)NB,
from (5.8) we establish that
P(E., B, N Q) — By, dH" <H"(E, N 0B,) + (R +2y)A*|E; 0 B,|. (5.17)
B,NoQ

Since m(r) := |[Ex N B,| < wye1 ™! and r < 5, similarly to 5TT)) from (G-17) we deduce

n L n
k(n + D™ m(r)#1 < 2m'(r) + (R + 2y)A 2ro™ m(r)#1, forae. r e (0,y1"/?).

By the definition of y one has
1
R+29)A"2r <(R+2y)y = 3 K+ D).

Thus,

1

g (n+ 1)w;:‘1m(r)"ifl <m'(r) forae. re(0,y1"'?).

Integrating this differential inequality we get the lower volume density estimate in (5.4).
Let us prove the upper volume density estimate in (3.4). Due to (5.12) we may suppose that
x € QN O"E,. As above one can estimate dg, in (B, \ E;) N Q as follows:

sup  dg, <2r+ sup dg, < 2y + R)A2. (5.18)
QN((B\E\Eo) E,AE,

Since dg, <0 in QN (B, \ E;) N Ey), plugging (5.18) in (5.13) and proceeding as above we
establish
1

g (n+ Dl (B \ E)) N QI < H'(Q\ Ex) N B,),

n+l1

from which the upper volume density estimates in (3.4) follows.
The proof of (3.9)) is exactly the same as the proof of perimeter density estimates in Proposi-
tion[5.2] Finally, (5.6) is a standard consequence of a covering argument. O

Let us prove the following L' -estimate for the minimizers of Ap(-, Eg, 4), the analog of [41,
Lemma 1.5] and [45] Proposition 3.2.3]. Notice carefully the exponent —1/2 of A in (5.19).

Proposition 5.7 ( L' -estimate). Assume that Ey and B satisfy (5.1) and the uniform volume
density estimates (5.4) holds for Ey. Then for any minimizer E, of Ag(-, Eo, A) the estimate

y(n, K))
/11/2

1
|EAAEo] < CrcP(Eo) £ + 5 f dg,dx, e (0, (5.19)

E AEy
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holds, where

n+1 .
Chx = (—) w1 b(n) Cpe (5.20)
K

and b(n) is the constant in Besicovitch covering theorem.

Proof. Set
A:={x€ E;AE) : dg,(x) > ¢}, B:={x€ E;AEy: dg,(x) <{}.

By Chebyshev inequality

1
Al < - f dg,dx.
€ JEaE,

Let us estimate |B|. Since E; is bounded, by Besicovitch covering theorem there exist at most
countably many balls {B/(x;)}, x; € 0Ey such that any point of 0E, belongs to at most b(n)
balls, 0E, C UB((X,') and B C Ung(xi). Since the balls {By/(x;)} cover B, by the density

1 l
estimates (5.4) and the relative isoperimetric inequality we get
n+1
|Bae(x) =2 w07 < 27 (;) min{|Be(x;) N Eol, 1B(x) \ Eol}

n+1
< (;) @™ € min{|Be(x;) N Eol, |Be(x;) \ Eol}7

8 n+1 e

Therefore

8 n+l 0 8 n+l 0
|B| < (;) W Cnsl fz P(Eo, Be(x)) < (;) w3, b(n) cper P(Ep) L.

Now (5.19) follows from the estimates for |Al,|B| and from |E AEo| < |A| + |Bl. O

A specific choice of ¢ will be made in the proof of Theorem [7.1] We conclude this section
with a proposition about the regularity of minimizers of Cg(:, £2).

Proposition 5.8 (Density estimates for constrained minimizers of Cg). Assume that Eq and

B satisfy (5.1) and there exist ci,ca,€ € (0,1) such that for every x € OEy and r € (0,&) the

inequalities

o< BWOEl
1B, (x)|

hold. Let E* be a constrained minimizer of Cp(-,Q) in E(Eo). Then for every x € OE* and

re(0,e
( ) K \n+1 |B (x) ﬂE+| K\l
(&) =T < -6
» E|+ ’éx)l (5.21)
Cn+leim(’</8)n < (’—nr(X)) < (n+ Dwpy1 + wy.
r

In particular, H"(OE* \ 8*E*) = 0.
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Proof. Let x € dE™, and r € (0, &) be such that H"(OB, N *E*) = 0, where B, := B,(x).

We start with the upper volume density estimate in (5.21). We may suppose x € Q N J*E*,
since the case x € 0Q N J*E™ is trivial. Using Cg(E™*, Q) < Cs((E* U B,) N Q,Q), as in (3.13)
we establish

P(E*,B,) + f B e ne dH" < H'(Q\ E*) N 8B,). (5.22)
oQ

Adding H"(8B, N (Q\ EY)) to both sides and proceeding as in (5.14) we get

k(n+ Dw™ (B, \ E*) N Q[+ < 2H"(Q\ E*) N dB,)

n+l

and hence as in the proof of Theorem[5.1]
n+1
B\ E*| > (2) Wi 7"

This implies the upper volume density estimate in (5.21).

The lower volume density estimate is a little delicate, since in general we cannot use the set
E = E*\ B, as a competitor since it need not belong to E(Ey). If d := dg,(x) = 0, then x € 9E,
and, hence, using EyN B, C E* N B, and the lower volume density estimate for E, we establish

|[EYN B, |EyN B, Kk\t!
> >e| = e (—)
|B/| |B|

If d >0 and r € (0, min{g, d}), we may use comparison set E*\ B, and as in the proof of (5.4)

we obtain E*N B N o
N B, K\" K\"
— > |- > - . 2

IB,] 4” —“Q) (5.23)

Suppose d < &. Since one can extend (5.23) to (0,d] by continuity, if r € (d, min{2d, &}), then

8

mwmA|Emm|wrl K\ K\
> 17) =) =al)

B/~ |Bdl r

Let r € [2d,&) and xp € QN JE, be such that d = |x — xp|. Then using B(x,r) D B(xy,r — d),
the lower density estimate for Ey and r —d > r/2, we obtain

+ _ n+l1 n+1 n+l
£ nBr|>|EonBr_d<xo)|_(r d) Zel(l) >e(3)

|B:| 1Br—a(x0)| r

Now the lower perimeter estimate follows from the volume density estimates and the relative
isoperimetric inequality. The upper perimeter estimate is obtained from (5.22)):

P(E*,B,) <H"(Q\E")NIB,) - f By enne dH" < (n+ Dwper + w,)r".
60

Finally, the relation H"(OE* \ *E*) = 0 is a consequence of the density estimates together
with a covering argument. O
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6. Comparison principles
The main result of this section is the following comparison between minimizers of Ag(-, Eg, ).

Theorem 6.1 (Comparison for minimizers of Ag). Assume that Eo, Fo, B, satisfy @.3).
Suppose that Ey C Fo and B < ;. Then

a) there exists a minimizer F) of Apg, (-, Fo,A) containing any minimizer of g, (-, Eo, 4);
b) there exists a minimizer E,, of Apg (-, Eo, A) contained in any minimizer of Apg, (-, Fo, A).

If in addition
dist(Q N IEy, Q N IF) > 0, (6.1)

then all minimizers E, and F, of A (-, Eo,A) and Ag,(-, Fo, 1) respectively, satisfy
E,CF,.
Remark 6.2. We do not exclude the case that either £, or F, is empty.

Remark 6.3. For any E,, f satisfying @.3), using Theorem[6.1|with B = 8, = 8 and Fj =
Ey, we establish the existence of unique minimizers E,, and E’ of A(-, Eo, 1), such that any
other minimizer E, satisfies E,, C E; C EY.

Definition 6.4 (Maximal and minimal minimizers). We call E} and E,, the maximal and
minimal minimizer of Apg(-, Ey, 1) respectively.

Before proving Theorem [6.1] we need the following observations. Given g satisfying @.3),
C = C’Z, h,r > 0 and v € Ly (€Q), v 20 ae. in Q \ C, define the convex functional
Bp(-,v,C) : BV(Q,[0,1]) — (—o0, +00], a sort of level-set capillary Almgren-Taylor-Wang-type
functional, as

Bp(u, v, C) = Cg(u, Q) + f uvdx.
Q

Set

Co(C, Q) + M=) |1\
8( ) + IVl o)l |) , 4;1(K,l’l)}, (6.2)

Ri(C,v) :=r+ 1 + max {8”2“’” (
K

where u(k,n) = (1/x + 2)% . By Examplethe functional
Vi BV(Q,{0,1)) = (—o0, +00],  V(E) := f vdx
E

satisfies Hypothesis Thus, by Theoremthe functional E € BV(Q,{0,1}) - Bs(ye,v,C) €
R has a minimizer, and every minimizer E, satisfies

E, S C (6.3)
Notice that by (2.8) and (3.2),
1
Bp(u,v,C) =f Bs(X(usn, v, C)dt  Yu € BV(Q, 0, 1), (6.4)
0

which yields that yg, is a minimizer of Bg(-,v,C) in BV(£, [0, 1]).
The following remark is in the spirit of [13, Section 1].
21



Remark 6.5 (Minimality of level sets). From (6.4) it follows that u € BV(€,[0, 1]) is a min-
imizer of Bg(-,v,C) in BV(Q,[0,1]) if and only if yy., is a minimizer of Bg(-,v,C) for
a.e. t € [0,1]. Indeed, let for some u € BV(Q,[0,1]) the function x>, be a minimizer of
Bp(-,v,C) forae. t € [0,1]. Then for any w € BV(£,[0,1]) and for a.e. t € [0,1] one has
Be(w,v,C) = B(xusy, v, C), therefore,

1
By(u, v, C) = f By usiys v> C)dt < By(w, v, C).
0

Conversely, if u € BV(Q,[0,1]) is a minimizer of Bg(-,v,C), then for a.e. ¢ € [0,1] one has
Bg(u,v,C) < By(xjusn, vs C). Hence, from (6.4) it follows that Bg(u, v, C) = Bs(x(usy, v, C) for
a.e. t € [0,1]. In particular, if u € BV(Q,[0, 1]) is a minimizer of Bg(-,v,C), then by (6.3)

u>1¢c C;lel(c,v) forae. r€[0,1], i.e. u=0 ae.in Q\ Cgel(c,v)' Hence,
min  Bg(u,v,C) = min Bs(u,v,C). (6.5)
ueBV(Q,[0,1]) A ueBV(Q,[0,1]), u =0 ae.in Q\ c;gl € s

Lemma 6.6. Let Eo, S satisfy @.3), and Ry be defined as in @.4). Then E, is a minimizer of

Ag(-, Eo, 1) if and only if xg, is a minimizer of Bg(:, véo, C;IO), where V;SIO = /l)(cgodEo.

Proof. By ([@.2)) we have

AR(E, Eo, A) = By(xp. v, Cp) — 4 fE dg,dx  YE € BV(Cq .{0,1}). (6.6)
0
Now if E, minimizes Ag(:, Ey, 4), we have E, C Cg) (Theorem and thus, for any
ue BV(Q,[0,1]) with u =0 ae.in Q\ Cg) from (6.4)-(6.6) we deduce

1 1
By(u, v, Clly = f By usr)s Vi Cib )t = f Agu > 1}, Eg, D dt + A f dg, dx
0 0

Ey

1
zf ﬂ,g(EA,Eo,/l)dt+/lf dg, dx = By(xg,. v}, CR )
0 Ey

By (6.3) x, is a minimizer of Bp(-, v’éo, Cg]).

Conversely, assume that yg, is a minimizer of Bg(-, vgo,Cg) ), then by @]) E, C C;’O is
a minimizer of Ag(-, Eg, ) in BV(CHL ,{0,1}). Hence, by Remark E, is a minimizer of
Ap(-, Eo, A). O]

Proposition 6.7 (Strong comparison for minimizers of B3). Assume that vi,v2 € L; (),
vi > vy ae in Q and v, > 0 ae in Q\ C. Suppose also that B; < B, satisfy {@.3).
Let uy,uy € BV(Q,[0,1]) be minimizers of Bg (-,v1,C) and Bg,(-,v2,C) respectively. Then

uy < upy a.e in Q.

Proof. Adding the inequalities Bg, (u1, v, C) < Bg, (w1 Auz,vi,C) and Bg,(uz,v2,C) < Bg, (u v
uy, vy, C) and using

f DG A )] + f DG V )] < f \Dur| + f \Dus),
Q Q Q Q
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we establish

f B2 — By —up)dH" < f (va = v — up) dx.

AQN{u1>us) {ur>ur}

Since v; > v, and B < B,, this inequality holds if and only if [{u; > uy}| =0, i.e. u; <u, a.e.
in Q. O

Proposition 6.8 (Comparison for minimizers of Bz). Assume that vi,v; € L5 (), vi 2
a.e.in Q and vy >0 a.e. in Q\ C. Suppose also that B < B, satisfy @3). Then:

a) there exists a minimizer uy, of Bg (-,v1,C) such that uy, < uy for any minimizer uy of
Bg, (-, v2,C);

b) there exists a minimizer w; of Bpg,(-,v2,C) such that u; < w; for any minimizer u; of
Bg, (-, v1,C).

Proof. a) Take € € (0,1). Since v; + & > v, ae. in Q, by Proposition [6.7] any minimizer
uj,up € BV(Q,[0,1]) of Bg (v +¢&,C) and Bg, (-, v, C) respectively, satisfies uj < up. Let
R := max{R;(C,v1),Ri(C, v2)}. By minimality, B, (u5,v) +&,C) < B, (0,v; +¢,C) =0, and
since by Remark ui =0 ae.in Q\ Chl, recalling (3.10) we get

y
KL|DM‘T| < (Millzsccy, ) + DICR, | < +oo.

By compactness, there exists u;, € BV(€,[0, 1]) such that, up to a (not relabelled) subsequence,
uj = up, in LY(Q) and a.e. in Q as € — 0*. Then any minimizer uy of Bg,(-,v2,C) satisfies
U, <up ae.in Q.

It remains to show that u,, is a minimizer of Bg, (-, v, C). By (6.5) we may consider only
those u € BV(€,[0,1]) with u =0 a.e.in Q\ Cf]{] as a competitor. In this case, the continuity

of um— fC% uvdx, the minimality of u{ and the lower semicontinuity of Cg(-, Q) imply
1
Bg, (u,v1,C) = li%l Bp, (u,vi +&,C) 2 lim(i)nfBﬁ] WS, vi+¢,0)
e—0* -0t
> lim(i)lgf Cp, (7, Q) + lirél+ f uj(vi + &)dx
E— E— C;le

Zcﬁl(umﬂ)+f ur.vidx = Bg (u1.,v1,C).
h

Ch,

b) can be proven in a similar manner. O

Proof of Theorem[6.1] Let R := max{R(E,),R(Fy)}, where R(E;) and R(F,) are defined as in
(#.4). Then by Theorem . T|any minimizer E, (resp. F,) of Ag, (-, Eo, A) (resp. Ag, (-, Fo, 1))
is contained in the cylinder C := I§’R X (0, H), where

H=1+ max{ max __ Xpi1, maxx,m}.
(X', xn11)EEq (X', Xn1)EF)

Set v; := vi(4, Eg) = Adg, and vy = vy(A,Fy) = Adp,. Since Ey € Fy C Q, we have
dg, > dF,. Moreover, by [@3) there exists a cylinder C := C# such that v, >0 in Q\ C.
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a) Since vy > v, and B < 3,, by Proposition@]b) there exists a minimizer u; := u3(4, Fo)
of Bg,(-,v2,C) such that any minimizer u; of Bg (-, v, C) satisfies

up < uj. (6.7)

By Remark@]there exists ¢t € (0,1) such that X s>t} is a minimizer of Bg,(-,v»,C). Then,
recalling the expression of v,, by Lemma F = {u} > t} is a minimizer of A, (-, Fo, 4).
Moreover, if E, is a minimizer of Ag, (-, Eg, 1), then by Lemma @] XE, 18 a minimizer of
Bg, (-,v1,C), and by XE, < u;. In particular,

E)={xg, >t Cluy > 1) = F}.

b) is analogous to a) using Proposition[6.8]a).
The last assertion follows with the same arguments from Lemma [6.6] and Proposition
since (6.1)) implies that dg, > dF,. O

One useful case is when E is a constrained minimizer of Cg(-,Q) in &(Ep): in this case
Ey acts as a barrier for minimizers of Ag(-, Eg, ).

Proposition 6.9. Assume that Ey,B1,B, satisfy @.3). Let By < By, Ey be a constrained min-
imizer of Cg,(-,Q) in E(Ey) and E; € BV(Q,{0,1}) be a minimizer of Ag (-, Ey, ). Then
E, C E_()

Proof. Comparing £, with Ey N E, we get

P(E), Q) + /lf

E)\Eo

JEO dx < P(ExNEy Q)+ f Bixene, dH".
0Q
From the constrained minimality of Ey we have Cg,(Ep, Q) < Cg,(Eq U E,,Q), i.e.

P(Ey, Q) < P(Eg UEy, Q) - f BoxEnE, dH".
aQ
Adding these inequalities we obtain

P(E), Q)+ P(Eg, Q) + /lf d, dx <P(E, U Eo,Q) + P(E) N Eo, Q)
E \Ey

+f B1 = BXENE, dH".
50

Then the condition B; < 3, and (2.2) yield that

Pl f dg, dx < 0.
E)\Eoy

Since JEO > 0 outside E, the last inequality is possible only if |E W\Eo| =0, ie. E;CEy,. O
Proposition[6.9] gives the following monotonicity principle.

Proposition 6.10 (Monotonicity). Assume that Eo,B satisfy @3), Eo is a constrained mini-
mizer of Cg(-,Q) in E(Ey) such that |E_0 \ Eg| =0 and E, € BV(Q,{0,1}) is a minimizer of
Ap(-, Eo, ) for « > 1. Then E, C E, forany 1 < A < u. Moreover, every Eo, a > 1 isalso
a constrained minimizer of Cg(-,Q) in E(E,).
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Proof. Comparison between E, and E,; N E, gives

P(E,, Q) +af

E)N\E,

(JEOd)CSP(E,lﬂEﬂ,Q)-Ff ﬁXE/I\Ep dH".
0
Similarly, for E, and E; U E,, we have

P(E,,Q) < P(E,UE,Q) +,uf
E\E,

d~EU dx — f ﬁXE,l\E“ dH".
o0
Adding the above inequalities and using (2.2)) we obtain

(A—p) dg, dx < 0. (6.8)

E)\E,

By hypothesis |Eo \ Eo| = 0, according to Proposition E, E, € Ey, Thus JEO <0 in
Ei\ E,. Butsince A <pu, is possible only if |[E, \ E,| =0, i.e. Ey C E,.

To prove the final assertion take any set E € &(E,). Then using Ag(E,, Eg, @) < Ag(E, N
Ey, Ey, @), af(EonE)\Eﬂ dg,dx >0, and E, C Eg N E, we get

Cp(Ea» Q) < C(Eq, Q) + f dg,dx < C4(E N Eo, Q).
(EoNE)\E,

Moreover, since Cg(Eo, Q) < Cs(E U Ey, Q), from ([2.2)) we obtain
C/;(Em Q) + Cﬁ(E(), Q) < Cﬁ(E() NE,Q)+ Cﬁ(Eo UE,Q) < Cﬁ(E, Q) + Cﬁ(E(), Q),
ie. Cs(EarQ) < C4(E., Q). O

Proposition 6.11 (Comparison between minimizers of C;z and Ag). Suppose that Ey and

B satisfy @3).

a) Let E* € BV(Q,{0,1}) be a constrained minimizer of Cg(-,2) in E(Ey). Then every
minimizer E; of Ag(-, Eo, 1) satisfies E, C E-.

b) Let E* € BV(Q,{0, 1}) be a bounded constrained minimizer of Cg(-,Q) in EE™). Then
forevery Eog C E* and for every minimizer Ey of Apg(-, Ey, A) one has E, C E*. More-
over, E* can be chosen such that |[E* \ E*| = 0.

Proof. a) By Proposition E™ is a constrained minimizer of Cg(-,Q) in E(E™). Let E7 be
the maximal minimizer of Ag(-, E*, 1) (Definition . By Proposition @ we have E7} C E*.
Take any minimizer E; of Apg(:, Ey, A). Since Ey C E*, by Theorem a) we have

E,CEl CE*.

b) The proof of the first part is exactly the same as the proof of a). To prove the second part,

we take any Ej € BV(€,{0, 1}) satisfying the hypotheses of Propositionand containing E.

By Theorem there exists a constrained minimizer E* of Cg(,€) in &(EY). In particular,

E™ is bounded, and by Proposition H"OE*) = P(E*) < +oo. Since E* \ E* C JE*, we

have |E* \ E*| =0. O
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7. Existence of a generalized minimizing movement

Consider the functional Eg 1 BV(Q,{0, 1)) x BV(Q,{0, 1}) X[1, +c0) X Z — [—00, +00] given
by
A(F,G, 1) if k>0,

A(F,G, 4, k) := .
IFAG] if k <0.

For any k € N we build the family of sets E,(k) iteratively as follows: E;(0) := Ey and
E,(k), k> 1, is a minimizer of Ag(-, E (k- 1),4,k) in BV(Q,{0, 1}); notice that existence of
minimizers follows from Theorem .11 . .

From now on, we omit the dependence on k of g, and we use the notation Ag(F, G, 1).

Theorem 7.1 (Existence). Ler Ey and § satisfy 0.1). Then GMM(Ey) is nonempty, i.e. there
exist amap t € [0, +00) = E(f) € BV(Q,{0, 1}) and a diverging sequence {A;} C [1,+00) such
that
.liI_El |Eq,([4;iDAE®)] = 0, t € [0, +00). (7.1)
oo

Moreover, every GMM t € [0, +o0) = E(t) starting from E is contained in a bounded set E*
depending only on Ey and 3, and belongs to C, 1/ 2((0, +00), L'(Q)), in the sense that

loc

|[E(DAE@)| < 0(n, K)P(E))t —11'*  forall t,f' >0, |t—1|< 1, (7.2)

where 0(n,k) = Cox 41 and C,x is defined in (5.20). If in addition |Eo \ Eo| = 0, then (7.2)

K

holds for any t,t' >0 with |t —t'| < 1. Finally,
VE,lj([/l/z])q{nI—a*EA/([Aj[]) = vE(t)?{”l_c?*E(t) forall t >0 as ﬂj — 400, (7.3)

Proof. Given k > 0 set di(-) := dist(-, Q N JE (k)). Then for k > 1 the minimality of E,(k)
entails
A(E(k), Ea(k — 1), 4) < Ag(Ea(k — 1), Eatk = 1), ),

ie.
Cp(Ea(k), Q) + /lf di—1dx < Cp(E (k- 1), Q). (7.4)
EA(K)AE, (k—1)
In particular, the sequence k € N U {0} — Cg(Ea(k), Q) is nonincreasing and
Cp(Ea(k), Q) < Cp(E(0), Q) = Cp(Ep, Q) < P(Ep). (7.5)
Let >0 and set k = [A7]. Then (3.9) yields
kP(E ([A2])) < Cp(Ea([A2]), €) < P(E). (7.6)
Take t;,, >0, #; <t andlet 1 > 1 be large enough that for some ko, N € N, N >3

ko =[A1], ko+N—1=[A1],

i.e.

k —
P LY. LY.
A A A
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Then
N-2 k+N-1-(k+1)

A A

Since all E;(s), s > 1 satisfy uniform density estimates (3.4)-(3.3) (Theorem [5.1)), by
Proposition we haveE|

<th—1. (1.7)

ko+N-2

|[EA([A DAEA([A0 D] = |Ea(ko + N — DAE (k)| < Z [EA()AE,(s + 1))
s (7.8)
kn+N*2 l kn+N*2
Scn,kg P(E;(s)) + - f dEA(S) dx
le;) t FZ,;J Ex(s+DAE(s)
for any ¢ € (0, yj’f,’f)). The first sum can be estimated using (7.6):
ko tN-2
P(Ep)
D PEA)) < == (N -1). (7.9)
s=ko K
Moreover, for any s € N, by (7.4)
1
f dE,(s)dx < Z(CB(EA(S), Q) - Cy(Ex(s + 1), Q).
Eny(s+DAE(s)
and thus
Ko+N—2 ko+N=2
> f deodx <~ D (CalEa(s).Q) = Co(En(s + 1), )
S JEs+naEs prre
1
== (Ca(Eatko). Q) = Cu(Eatko + N = 1), Q).
Using (7.3)) and the nonnegativity of Cg(-,Q) we get
k0+N—2
P(E
> f dp s dx < (Eo), (7.10)
S JEGHDAE z
Thus, from (7.8), (7.9) and (7.10)
C,.«P(Eyp) P(E
B DAE ()] < D v - e s 20 (7.11)

Now take A so large that

h—tHh>——,
2T YA

3Notice that at this point we use #; > 0; since a priori we do not know whether E satisfies the density estimates,
we cannot start summing from s =0 = kp.
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so that Propositionholds for € = W From (7.11) and (7.7) we obtain

CoxP(Ey) N-2 1 C,«P(Ep)
Aty =012 A Kty — |12

1 Cn,KP(E())

A Kty — 1|12

|EA(IA DAE([A0])] < + P(Eg) I — 11"
(7.12)

<6(n, K)P(Ep) Ity — t;]"* +

By Proposition [6.11]b) there exists a constrained minimizer E* 2 Eq of Cp(-,Q) in E(E")
such that [E* \ E*| = 0 and E, (1) C E*. By induction, we can show that E,(k) C E* for all
k > 1. Consider now an arbitrary diverging sequence {1;}. Compactness and a diagonal process
yield the existence of a subsequence (still denoted by {4;}) such that E, ([4;f]) converges in
L'(Q) toaset E(t) for any rational # > 0 as j — +oo.

If 11,6 € QN (0, +c0), with 0 < |t; — 1| < 1, letting A; — +oo in (7.12) we get

|E(t)AE(12)] < 6(n, €)P(Eo)lt, — 11]"/2. (7.13)

By completeness of L'(Q) we can uniquely extend {E(t) : t € Q N (0,+0)} to a family
{E(®) : t € (0,+00)} preserving the Holder continuity in (0,+0). Now we show (7.1).
If 1 =0, Eoy = E),(0) = E(0) in LY(Q) as j — 4oo. If t > 0, take any € € (0,1) and
te € QN (0, +0) such that |r —7,| < &. By the choice of {4;}, (7.I) holds for 7, and thus, using

[TTD-TT3) we et

limsup |E,, ([4;1DAE(D)] <limsup |Ey, ([4;1DAE,, ([t

Jj—=+oo jot+oo

+limsup |Ey, ([4;1:DAE(:)] + |E(1)AE(7)|

J—o+oo

<20(n, K)P(Ep)|t — t:]''* < 20(n, K)P(Ep) V.

Therefore, letting & — 0% we get (7.1).
When |Ey \ Eo| = 0, forany ¢ € (0, 1), choosing A sufficiently large, from (7.12) we obtain

IEA(LAIDAEO)] <|Ea([ArDAE (D] + [Ea(1AE)|

1 CucP(Eo) (7.14)

1172
< __
<0n. OPE) -+ AT T IEADAE

By Lemma4.6|a) the last term on the right hand side converges to 0 as A — +oco. Hence letting
A = +oo in (7.14) we get the (1/2)-Holder continuity of 7+ E(f) in [0, +0).
Now let us prove ([7.3). We need to show that for any ¢ € [0, +00)

lim ¢ ve, qmdH" = ¢ Ve dH" V$ € C.(R™ R,
J=re Jo By (L) o *E(D)

If ¢ € CLR™!,R™!), by the generalized divergence formula (2.3) and by (7.1)) we have

lim ¢ Ve, () dH" = lim divp dH"

J=re Jor By (141 J=re JEy (1)

= f div ¢ dH" = ¢ *VE@) dH".
E(1)

J*E(1)

(7.15)



In general, we approximate ¢ € C.(R"*!,R"!) uniformly with ¢, € C}R™! R*1), k > 1
and use the previous result.

Finally, if {E(t)}>0 € GMM(Ey), then by construction and Proposition [6.11] b) one has
Ey([4;1]) € E*, where E* := E*(Ep,p) is a bounded minimizer of Cg(-,Q) in E(E™); there-
fore E(t) C E* forall > 0. O

Definition 7.2 (Maximal and minimal GMM). Let Eg, satisfy (5.1), and {A;} be a diverging
sequence such that
E*(#) := lim E, ([4;t])" V>0
Jo+oo

exist in LY(Q), where E),([A;t])" is the maximal minimizer of Ag(-, Ea,([4;t] — 1)*,4;) with
(Eo)" := Ey (Definition . We call E*(t) the maximal GMM associated to the sequence {A;}.
Analogously,
E.(t) := ‘lir+n E) ([4;tDs Yt >0,
j*) {oe]

obtained using the minimal minimizers E, ([1;t]). of E(-, E),([4;t]= 1), 4) with (Ep). := Ej,
is called the minimal GMM associated to the sequence {A;}.

Observe that if # — E(f) is any GMM obtained by the sequence {4}, then according to the
proof of Theorem [7.1] (possibly passing to nonrelabelled subsequences) there exist the maximal
GMM ¢ — E*(¢) and the minimal GMM ¢ — E.(f) associated to {4;}. Now by Remark@]
one has E.(f) C E(t) C E*(¢) forall > 0.

Theorem 7.3 (Comparison principle for maximal and minimal GMM). Let Ey, Fy,1,05>
satisfy (3.1) with Eg C Fo and By < Ba. If E.(t) and F.(t) are minimal GMMs associated to a
sequence {A;}, then E.(t) C F.(t) forall t > 0. Analogously, if E*(t) and F*(t) are maximal
GMMs associated to {/l’/.}, then E*(t) C F*(t) forall t > 0.

Proof. Since Ey C Fy, and B; < 5, by definition of E (k)" and F,(k)* (resp. E,(k), and
F,(k), ) and by Theorem we have Ey.(k) C Fa.(k) (resp. Ey(k) € F(k)) which implies
E.(t) C F.(t) (resp. E*(t) C F*(t)) forall r > 0. O]

From the proof of Theorem|[7.1) and Propositions[6.9]{6.10| we get the following result (com-
pare with [11]])), that could be applied, for instance, to E, as in Example[d.5]

Theorem 7.4. Let Ey be a constrained minimizer of Cg(-,Q) in E(Ey) such that |Eo \ Eo| = 0.
Then every maximal (minimal) GMM t — E(t) starting from Eq satisfies E(t) C E(t") provided
t>t >0.

Proof. Applying Propositions andinductively to maximal minimizers E,(k)* of @(-,
E k- 1)",2) we get E (k)" C E)(k—1)* forall k> 1 and A > 1. Hence, if 1 > ¢ > 0 then
E ([At])* € E ([A7'])*. Now the assertion of the theorem follows from (7.1I). The arguments for
minimal minimizers are the same. O]

8. GMM as a distributional solution

The aim of this section is to prove that under suitable assumptions GMM is in fact a distribu-
tional solution of (I.1)-(1.2). Let us start with the following
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Definition 8.1 (Admissible variation). A vector field X = (X', X+1) € C},(ﬁ, R™1Y is called
admissible if X -e,1 =0 on 0Q.

Observe that if X € Cg(ﬁ, R™1) is admissible, then for any s € (—&,&) with £ > 0 suf-
ﬁcigntly imall, the vector field f; = Id+sX isa C 1 -diffeomorphism that satisfies f(QQ) = Q,
fs(Q) =Q.

Proposition 8.2 (First variation of Ay ). Suppose that Eo, B satisfy assumptions (5.1) and let
E € BV(Q,{0,1}) be bounded with Tr(E) € BV(R",{0, 1}). Then

iﬂ,;( f(E), Eo,/l)' - f (divX = v - (VX)vg) dH"
ds 5=0 QNO*E 8.1)

+2 f dg, X - v dH" - f BX Vi pdH™,
ONo°E & Tr(E)
where 0"Tr(E) is the essential boundary of Tr(E) on 0Q and V’Tr(E) is the outer unit normal
to Tr(E) c R".
Proof. From [42, Theorem 17.5]

iP(fX(E), Q)' = f (divX —vg - (VX)vg)dH".
ds =0 QNI*E

Moreover, [42, Theorem 17.8] and the admissibility of X imply that

70:f JEOX'VEdezf dEOX'VEdﬁn.
$= OE QNd*E

Finally, since Tr(E) is by assumption a set of finite perimeter in dQ = R”", again using [42}
Theorem 17.8] we get

d n
7 fa ProwdH

ds Jyk)

= f BX' Vi dH".
5=0 & Tr(E)
O

Remark 8.3. Under assumptions (3.I) and B € Lip(9Q), if E, is a minimizer of Ag(-, Ey, ),
and if QNJIE, isa C? -manifold with "~ - rectifiable boundary, then the mean curvature Hg,
of QN JE, is equal to —Adg,. Indeed, using the tangential divergence formula for manifolds
with boundary we have

f (divX - vg, - (VX)vg,) dH" = f Hg, X -vg, dH" + f X oV dH",
QNIE, QNAE, O*Tr(E;)

where n' = (n*’,n?, ) is the outer unit conormal to Q N JE, at Q N E, N Q. By minimality

of Ey, wehave £ Au(f,(E), Eo, )| =0, ie.

f (Hg, + Adg,) X - v, dH" + f X " = By dH = 0.
QNIE, " Tr(Ey)

This implies Hg, = —Adg, and n'' = BViyg,) Notice that from the latter in particular, we get

a1
B=n"" (V’I]"r(E/{y 0) = vE, - ens1,

accordingly for instance with Theorem [5.3]
30



Remark [8.3] motivates the following definition [9} 42]).

Definition 8.4 (Distributional mean curvature). Let E € BV(Q,{0,1}). The function Hg €
LY(Q N OE;H'L(Q N OE)) is called distributional mean curvature of Q N 9*E if for every
X € CH(Q, R the generalized tangential divergence formula holds:

f divX —vg - (VX)vg) dH" = f HpX -vgdH". (8.2)
QNI'E QNIE

Given x € R™! and > 0 set

—Adg (- ifr>1,
va(t, x) = Ear-n (%) 1 I
0 ifrefo,b).

Remark 8.5. By Theorem[5.3] Tr(E,([Ar])) € BV(R", {0, 1}).
The next result relates GMM with distributional solutions of (1. 1)-(1.2]).

Theorem 8.6 (GMM is a distributional solution). Let Eo,8 satisfy (G.1), |Eo \ Eol = O,
{E(D}=0 be a GMM starting from Eq obtained along the diverging sequence {A;}. Suppose
that

H'LQNGEy () > H'L(QNIEW) as j— + forae t>0.  (83)

Then there exist a function v : [0, +00) X Q — R with

f N f ") dH" dt < a(n, k) P(Ep), (8.4)
0 QNI*E(r)

and a (not relabelled) subsequence such that

+00 +00
lim f pva, dH"d1t = f f dv dH"dt, (8.5)
=t Jo QNI“E,; ([4;]) 0 QNI*E(1)

—+00 +00
Alim f f VA; VE, ([]) Y dH"dt = f f VYE® Y dH"dt (8.6)
Jmteo Jy QN Eq (11D ! 0 QNa*E(0)

forany ¢ € C.(Q), ¥ € C.([0,+0) X Q, R™1), where a(n,«) := Bl Dy +w, 100 Moreover,

(/2" W1

{E(®)}ss0 solves (1.1)-(L.2) with initial datum E, in the following sense:

(i) for a.e. t > 0 the set QN O*E(t) has distributional mean curvature Hgy = v, and if
1 <n<6, forevery ¢ € CL{[0,+0) X Q) :

+00 +00
f dpdxdt+ | ¢(0,x)dx = f f GHpw dH'dr,  (8.7)
0 E®) E(0) 0 QNI E()

(ii) if B € Lip(0Q) and there exists h € L\ ([0, +00)) such that

loc

P(Tr(E),([4,11))) < (1) forall j>1 anda.e. t >0, (8.8)
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then Tr(E(t)) € BV(R",{0, 1}) fora.e. t >0 and

f (diVX = VEQ@) (VX)VE(t)) dH"

QNI*E(f) (8.9)

= f Hgp X - vE@p dH" + f BX 'V,Tr(E(t)) dH"!
QN E(1)

O TH(E())
for every admissible X € C! (Q, R,

The need for assumption (8-3) is not surprising; see [41], 45]] for conditional results obtained
in other contexts in a similar spirit. We postpone the proof after several auxiliary results.

Proposition 8.7. Assume that Ey and 8 satisfy (5.1). Then for any A > 1 and a.e. t > 1/2
the function v(t,-) is the distributional mean curvature of E,([At]).

Proof. Set E := E ([A]). Remark[8.5]and (8.T)) imply that
f divX —vg - (VX)vg) dH" = f viX-vgdH".
QO*E QnO*E

Hence, it suffices to prove v (t,-) € L'(Q N 0*E; H"_Q N J*E) for ae. t € [1/4,+) and
since P(E(1),Q) < +oo, this follows from Lemma 8.9 below. O

Remark 8.8. From Definition[8.4] Proposition [8.7]and Lemma [8.9]it follows that
va(t, x) = Hg,qa(t,x) forae. t>1/4 and H" -a.e. x € QN IE ([A1]).
This is a discretized version of equation (T.I).

Lemma 8.9 (Uniform L? -bound of the approximate velocities). Under assumptions (5.1)) the

inequality
+00
f f (v)? dH"dt < a(n, k)P(E)
0 QNAE, ([Ar])
holds.

Proof. The proof is analogous to the proof of [45, Lemma 3.6]. Given € > 0 and E €
BV(Q,{0,1}) let
(OE)! := {x e R™" . dist(x, QN IE) < &).

For t € [/ll, +00) and ¢ € Z such that £ < 1 + [log,(R(n, k)A'72)], where R(n,«) is given by
(3.2), define

K(6) = {x € (OE.(141] - 1)) D20 < (] < 241,

+
R(n)A-172 "

By Proposition [5.3] E ([ANAE([A] — 1) € U¢K(€). Take x € K(€) N QN JE ([Ar]). Then
Boe-1 (x) N E ([At] — 1) = 0 and hence, by Remarkthe following density estimates hold:

n+1 2t-1 n+l
D 0 B (01 (5) wne (7) ,
/ (8.10)

£=1\"
H'(B 1 () N QN OEN[AD) < [(n+ Dwper + wy (7) :
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Using 2! < |vi(y, )] < 5-2¢°! forany y € By (x), from (§:10) we deduce
A

—-1\"
V)? dH" <25[(n + Dwpsr + 0,172 (2—)

fl;zzl (INQNIE.([Ar]) A
V.

25[(n + Dwyy1 + wy] ﬂf
(k/2)"™ Wy Byt (ONEL(ADAE([1]-1))
1

V.l dx.

Application of Besicovitch covering theorem to the collection of balls {B,-i1(x) : x € K({) N
A
OE (A1)} gives

5[ + Dwner + wnlbm)

f () dH" < " vl dx.
K(ONQNIE (1) (&/2)"* wpy (201 <l <242 (EL(ADAE, (A1)

Now summing up these inequalities over £ € Z with £ < 1 + [logz(R(n,K)/ll/ )], and using the
properties of K(£) and the definition of a(n, x) we get

f W)? dH" < a(n, k) A f vl dx.
QNIE ([A1]) E ([ADAE, ([A1]-1)

Observe that by (7.4) for any 7> 1/4 one has
f valdx < Cp(Ea([Ar] = 1), Q) — Cp(E([41]), Q).
E)([UDAE([Ar]-1)

Thus
f W) dH" < a(n, k) A(Ca(Ea(11] = 1), Q) = Co(Ea([A1]), Q).
QNIE([A1])

Fixing T > 0 and integrating this inequality in ¢ € [0, T] we get

[TA]+1

T
f f ) dH"dt <a(n, ) ), (CoEalk = 1),Q) = Co(Ea(h), Q)
0 QNOE,;([1t]) =1
<a(n, k) Cg(Ep, Q) < a(n, k) P(Eyp),

where we used (3.9). Now letting 7 — +oco completes the proof. O

Proposition 8.10. Let Eo,p satisfy (3.1), A > 1 and E* be as in Proposition|[6.11} Then

T n+1
b f EQUDAEA] - Didi < |E¥] + L0 | 2Ty Obm) b g gy
1/ y(n, &) ke(n, )

forany T > % Here b(n),y(n, «),c(n,«) are defined in Section

Proof. Let [AT] = N. Clearly,

T N
/lj;/ |[EA([AUDAE([At] = D] dt = Z [EA(K)AE (k= 1)|.
1 k=1
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We recall that E (k) c E* forall 4> 1 and k > 0, by Proposition|6.11
If k=1, then
[E:(DAE,(0)] < |ET]. (8.12)

Now if k > 2, we write E(k)AE (k— 1) as a union of A; and By, where

A ={x € E\RAE (k= 1) ¢ di,g1)(x) > €},

By ={x € Ex(WAEx(k 1) : d,g1)(x) < €.
where £ := 7(” ) By Chebyshev inequality |Ax| can be estimated using (7-4) as
A

Y1, K) JE(0AE (k=1

Hence, by (7.6)

|Arl <

1
di o1y < s (Ca B, ) = Cp(Ea(h). Q).

N

1
A Cp(E(k), Q) — Cs(E (k),Q)) <
;|k|<y(nk) (Co(EA(K), Q) — Co(Eak), D)) <

P(Ey)
y(n, k)’

Moreover, by definition B, can be covered by the family of balls {B/(x), x € dE(k — 1)}.
Thus, by Besicovitch covering theorem we can find at most countably many balls {B.(x;), x; €
OE (k—1)} covering QNAIE (k—1). Hence, the lower density estimate (5.3) for E (k—1) used
with £ implies

2n+1 "
Bo(x)) O Bil <" w1 OC" < % € P(E(k — 1), By(x))),
c(n, k

from which it follows that

Z 1Bl < Z D 1Boc(x) N Bl < “"” ¢ Z D P(E(k= 1), Bu(x))

k=2 j>1 k=2 j>1

< 2" b(n) Wy

c(n, k)

¢ Z P(E (k- 1), Q).
k=2

Therefore, using and N < AT, we get

N n+1
> 1B < 27 0w Y0 gy (8.13)

kc(n, k)

Finally, (8.11) follows from (8.12)-([8-13). O

The following error estimate is similar to error estimates shown in [41}45]].

Proposition 8.11 (Error estimate). Let 1 < n < 6. Under assumption 3), for every ¢ €
CL([0, +00) X Q) the following error-estimate holds:

+00
lim /lj(f(/\/E/{.([/ljtj)_/\/EA.([/ljt]1))¢dx_f dEd.([/l,tjl)(ﬁdq_{n)dt_)O- (8.14)
J=teo Ji/a, Q / / QMIEL (At '
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Proof. Let us assume that supp¢ cC [0,T) x Qf, Q° :=R" X (g, +00) € Q for some &, T > 0.
Let us take j so large that
4R/1;.”2 <e, (8.15)
where R := R(n,«) is defined in (5.2).
Given an integer k > 1 set

k1)), )
Ax(j) 1=f /lj(f(/\/Eaj(k)_)(EAJ.(k—l))‘pdx_f dE,[/.(k—l)‘pdﬁn)dt'
k/A; Q QNIE,, (k)

We need to estimate
T ) N;

f 4 (f E, (1) = XEy (;0-1) ¢ dX = f de, (an-1 ¢ dW") dt = Z Ar()),

1/, Qs QNOEL (1) =

where N; = [4,T].
First consider A;(j). By virtue of Proposition[5.5and (7.6),

2/4; -

AL (DI =’f 4 (f (YE,.(1) = XE,.(0) §dx —f dg, ©) ¢d7{n) dt
1/2; Qe ! ! Q°NIE; (1) !

R(n, k)

Va;

R(n, k)
K4
Hence, by Lemmafd.6|a), A;(j) = 0 as j — +co.

Recall that by Theorem 7.1 there exists a bounded set E* C Q (depending only on Ey and

B)suchthat E; (k) C E* forall j>1 and k > 1.
Our aim is now to show that given o := 42(23) € (1/2,1), oy € (1/2,05), there exists an

increasing function w € C([0, o)) with w(0) = 0, such that for any k € {2,...,N,},

SI|¢|Ioo(|E@(1)AEo| + P(E, (1), Q)) (8.16)

§||¢||oo(|E/l,-(1)AEO| + P(Eo))-

1A (I SC(n)(/llelVf/ﬁllm +(6w(1/4;) + C(mAT™7) ||¢|Ioo) |EA,(AE,, (k = D) @17

+ 1glleC(n, . diam(E*)A; " (Cp(Ey, (k = 1), Q) = Co(Ey, (), Q)
provided j is large enough, where C(n) and C(n,,diam(E™)) are universal constants.

We may suppose that E, (k) # 0 for any k = 2,...,N;. We divide the proof of (8.17) into
four steps, and in the first three steps we deal with the regions of “low-curvature” (assumption
(8:18)). In the final step we estimate the error in the “high-curvature” regions.

Step 1. For every o € (1/2,0,) there exists an increasing function w € C([0, o)) with
w(0) = 0 such that, if k € {2,...,N;} and x € Q° N GE, (k) satisfy

de,a-nO) S 47y € Bppie(x) 0 (Ey (MAE, (k= 1), (8.18)

then there is v, := vi(x) € S” such that

Ve, 9@ =il < w(l/4;), yE€ B/lj’_‘” (x) NOE,,(s), s=kk-1, (8.19)
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provided j is large enough satisfying also (8:19).
Indeed, fix r € (0, /1‘1.7‘_1/ 2. By (813), the ball B, -~ (x) does not intersect €, and hence
b J

P(E)(k), B, ;-1 (x)) < P(F, B, ;o1 (x)) + ﬁjf dg, (e-1dy
! ! FAEy()

for every F € BV(€,{0,1}) with FAE, (k) cC B, -« (x). Since dE/lf(k—l)(') is 1 -Lipschitz, by
virtue of Proposition |3E] (applied with E, (k — 1) instead of Ej ),

_ _ R+1
de, -0 < di, -0 + [x =yl < Rﬁjl/z + r/lj(r] < R y € FAE, (k),
j

whence
A f dg, 4-ndy < (R + 1)/1;/2|FAEAj(k)|
FAE, (k) !

and
P(Ey,(k), B, ;-1 (x)) < P(F, B, ;- (x)) + (R + 1)/1;/2|FAEﬁj(k)|. (8.20)

Let z, € OE,,(k — 1) be such that |x —z,| = dE/lj(k,l)(x). As k>2,
P(Ey,(k = 1), B, (z,)) < P(F, B, -1 (2)) + (R + DAY*IFAE, (k = 1)| (8.21)
whenever F € BV(Q,{0, 1}) satisfies FAE,,(k—1) cC B, ;-1 (z,). Set

Ey (k) —x
A

By virtue of (8:20)-(8:21)) these sets satisfy

P(ET!(5), B(0)) < P(F, B,(0) + ;> (R + DIFAES! (s)]

Ey(k—1) -2,

Ejj‘ k) = =
J

. EJke=1):=

for any r € (0, /1‘;“”2) and FAES'(s) cc B,(0), s =k k— 1. Hence EJ'(s), s =kk—1, is
an ((R+ 1)/1}/27”‘ , /l‘jr‘*l/z) -minimizer of the perimeter (see [42, Section 23]). Since o > 1/2,

/1;./2_‘71 (R+1) — 0 as j — +oo, and therefore, by compactness [42, Proposition 23.13], up to a
(not relabelled) subsequence,

Ry as j — +o0, s=kk—1,

loc

ET'(s) > E7'(s) in L;
J

where E7'(s), s = k,k — 1, is a local minimizer of the perimeter in R™!. Since n < 6, by
virtue of [33, Theorem 17.3] E'(k) and E?'(k — 1) are half-spaces. Moreover, by hypothesis

@.18),

dpr @) S A7, 2€ Bynn(0) N (ES (WAE] (k - 1),
j J J

RAT!
J
and, therefore, E7'(k) = E7'(k — 1), i.e. there exists v; € S" such that

E'k)=E" (k=1 ={zeR" : z-v <0}
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By [42, Theorem 26.6] Vg (s) = v uniformly in B;(0) as j — +co, and the existence of w

and the validity of (8:19) follow.
Besides (8.13), from now on we suppose j to be so large that w(1/4;) < 1/4.

Step 2. 1f k € {2,...,N;} and x € Q°NIE,, (k) satisfy (8-T8), then for any y € CH(CH(x,v)),

E, (0 = XE, (e-)Ydy = f JE/lj(k—l) 1/ dﬂ"‘

Cﬁ(x,v)ﬁ(?Eﬂl.(k)

< (A7 V o + 6w(1/27) 110 ) WE, ) = XE, G-ldy,
J Cg(x,v) j j

’ CP(x,v
o) (8.22)

where
p =212,

v = v isasin Step 1, and

Chx,v):i={yeR™ : [y-x) - vI<p, \/Iy—)c|2—|(y—x)-v|2 < p}.

For simplicity, suppose x = 0, v = e,41, and set Cj, := Cy(x,v). By Theorem there exist
f.g¢€ C2(3p) such that

ChNOE (k) ={(& f(}): £€B,} and  CHNOE,(k—1)={(% g®): %€B,),
where ﬁp is the ball in R" centered at 0 of radius p. Let us show that
F(R) = 8(®) = di, (& fFO) < 2w/ ADdE, (R, f(R),  F € B, (8.23)

Since the outer unit normal of (9E}j(s), s=kk-—1, in Cﬁ is “almost close” to e,41, f(X) —
g(%) and JEM(k_I)(fc, f(X)) have the same sign and thus, we may suppose that f(%) > g(%) and

d, 4-(& f(2)) = dg, 4-(&. f(R). Let (5.()) € OEy (k— 1) be such that

i, (& () = IR = 5P + 1) - 0P (8.24)
Denoting by a € (0,7/2) the angle between e,.; and VE,]j(k—l)()A’, 2(3)), by (8:19) we have
cosa > 1—1/2w*(1/4;) (8.25)
and
di,k-n(& f(®) sina = 2 - ]. (8.26)

From this and (8:24) it follows that
dg, -1)(&, f(X)) cosa = f(X) - g(9). (8.27)
By virtue of (8:19), [IVgllw < w(1/4,), thus by (8:27) and (8:23)),

[f (%) —g(® - JE/lj(kfl)()%, JEN < 1f(R) = 80) = di, a1y (&, FEDI + () = g2
< w(l/Apde, -1)(X, f(2) +[IVelleo|X = I| < 2w(1/A))dE, -1y (£, f(2)),
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since |% - 3| < dg, a1 (%, f(2)) by (8.26) and (8:23) is proven.
Now using w(1/4,) < 1/4, from (23) we deduce

di, -1 (X, f(2) < 2|f (%) = gD, (8.28)

thus
lf(X) - g(®) - JEAj(k—l)()ACa SOOI < 4wd/ApIf(E) — gR), %€B,. (8.29)

As in the proof of [43] Corollary 4.2.2], the left-hand-side of (8:22)) is represented as

£(2) y
r:= fB ([ wode = de, g FE) UG F@) Y1+ IVFDP) di. (8.30)

o 8%

Now we estimate (8:30) as follows:

()
Tl s] fB f (w(z,2) -, f(fc))dzdfc‘
p V8

(%)

+ fé (&, FEDIFR) =~ 8(B) = d, @-1(Rs fR)dR

+ fB i, ey (@ @) WG SO (1 + IVF@PR —1)di =:T; + T + T,

By the Lipschitz continuity of ,

f(%) 1
I <IVYlle f f |z — f(®)ldzd% = 3 [Vl f If (%) - g(®)Pdx
B, Jg(%) B,
(8.31)
<7 [Vl f £ - g,
Bﬂ
since by virtue of (8:23) and (8:18),
lf(X) —g® <1+ 2W(1//1;))d54/.(k71)(l?, f®) < 2/1_,_-02-
By 8.29),
I <4w(l/A4) [1Wlleo fé [f(®) — g(®)| dX. (8.32)

Finally, since ||V ]l < w(1/4;) by (8.19), from the elementary inequality +/1 + |al> < 1+al
and (8:28) we obtain

I3 < 2w(1/2)) [l jl; lf (%) — g(®)]dx. (8.33)

Now (8:22)) follows from the inequality |[' < Ty +I'; + I3, (8.31)-(8.33) and the relation

f:|f(f)—g()?)|d5€=f YE, k) — XE,. -D)dY.
B, o j j
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Step 3. Set

0 := {Cﬁ(x, vi(x)) : x € O (k) satisfies @)} and O:= U Cp(x, vi(x)),
Cﬁ(x,vk(x))EO

where
p = /1;."‘ /2.

Note that O is a covering for the region O N (E 1, (KAE, (k — 1)) with “low curvature”. By
Besicovitch covering theorem, we can extract a finite subcover {Cﬁ (x7,v(x7))} € O such that each
point of O N (E 1,(K)AE,;(k — 1)) belongs to at most b(n) cylinders. Let {n;} be an associated
partition of unity, i.e.

— e CX(Chx,v(x)), [0,1]), 1=1,2,...;

— Ym=11in ON(E,(KAEy, (k- 1)).
1
By (8.22) we have

A :=| f E, (0 = XEy (k-1)$dX = f ¢JE/lj(k’1)d7_{n'
0 OﬂaEaj(k)

< Z | f (XE, () = XEy (k-1)) $11 dX = f dg, k-1 pm dH"
i Ch(x1,v(x) c

(XI,V(XI))ﬂﬁE/l/ *)

< (47 IV + 6w M) [ e e ool
i Ch(x,v(x))

Since [IV(@mlleo < V6]l + Clillo/p and lgmills < ¢l by the property of the covering,
A < b(n) (57 9@l + 6W(1/2)) + Cn) A7 ™)l ) I (DAEy (k= DI (834)

Step 4. Now we estimate the error in Q° \ O. By Proposition |5:5] (applied with E, (k — 1)
instead of Ep ), (Q°\ O) N (E,,(k)AE,,(k — 1)) can be covered by the family of balls

B := {B,(x): x € Q°NIEy (k- 1)}, ri= R/l;l/z.

By Besicovitch covering theorem we can extract a finite collection {B,(x;)} € B such that each
point of Qf N (E,(k)AEy,(k — 1)) is covered with at most b(n) elements of {B,(x;)}. First we
handle the error in each B,(x;). By the definition, there exists y, € By -12(x;) N (E),(H)AE (k-

1)) such that dg, @1 (o) 2 A;7*. Then clearly,
dg, -1)(@) 2 /1;02/2, Z€ B/l;”l/z(yo)'

Note that if y, € Ey;(k) \ Ey (k= 1), then Ey (k= 1) N B2 5(3,) = 0, and by Remark@a),
(E () \ Ey (k= D)0 B2y (50)l = 1E3,(K) 0 By s 00)] = (/4)"™ i 4,70,

and if y, € Ej,(k— 1)\ E,,(k), then B - ,(y,) C E, (k= 1), and by Remark@b),

I(E2; (k= DN E3; (k) O Bz 15 000)l = 1Bz 15 (00) \ Eay (K] 2 (K/4)"“w,,+1/ljf"2(”+”,
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hence, by the choice of o,

K \+! w K\ o _n+5/2
f de, (-1 dz = (—) U"—;Lz) = (—) L“/lj L
B oy, G)N(Ey (OAEy (k=1)) 47 % 4 2
2 J J J
The definition of r and this inequality imply
—_1/2\n+1
fB( )b(E,]j(k) = XE (-] dX < Wy (R/lj / )
(X
4R n+l »
< (—) 2/lj/ f dE/lj(k_l) dz (8.35)
K B oy ,,(N(E;(WAE, (k=1)) :
J
4R n+l 34
< (—) 2/1/ f dg, (k1) dz,
K B,()N(Ey,(RAEy (k=1))

where we used B2 ,(,) S Br(x).
Since A(Ey,(k), En,(k — 1),4;) < Ag(E, (k) \ By(xi), Ex,(k = 1), 1)), By(x;) cC Q and
E, (k) C E", we have

P(E,, (k). B, (xi)) < C(n, diam(E")(RA; )",

whence, by Proposition [5.3]

f dg, @1y dH" < C(n, diam(E+))(R/l;” 2yl
B,(x)NIE, (k)

C(n,diam(E")) (4R\"™" (836)
oot (40" |
Wn+1 K B (a)N(Ey;(WAE, (k=1))
From (8:33) and (8:36) we get
f WE, 0 = XE, -1)$ dy = f d~E4/(k—1)¢ dwn‘
B (xi) B,(x)NOE (k)
j (8.37)

. 3/4
<l Cln. . diamENA [ e, g1y dz.
BL(eON(Ey (DAE, (k-1))

Inequality (8:37) and the property of the covering yield

high ~
A = ’f WE, 0 = XE, k-1 dy —f dg, k-1 ¢d‘H"|
Q°\0 g g (Q\O)NIE, (k) !

<b(n)|lleeC(n, &, diam(E)) 2} f dg, -1y dz.
’ Ep(AE,; (k=1)

By (7.4)

g i ety dz < A7V (CHEny k= 1,2) — Co(Ew (), D),
E1, (OAEy, (k1)
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and thus we have also

ALE" bl C(n, &, diam(E*)A;H(Co(Ey, (k = 1), Q) = Co(E, (k). Q). (8.38)

Now (8-T7) follows from the inequality [Ac(j)l < Al°Y + AT, (834) and (838).

Since N; < T4; < +co, by Proposition 8.10}

N;
Z |EA,(AE,, (k= D] < C(n, &, P(Eo), T)
k=2
and by (7.6),
N;
Z (C,B(E/l/-(k — 1), Q) — Cp(Ey, (k), Q)) < P(Ey).
k=2
Hence, from (8:17) we deduce
N;
Z 1Ak <C(n, &, P(Eo), T)(/I;UZHV(ﬁHoo +w(1/2) +A777) ||¢||oo)
- (8.39)
+ lIglleo C(n, &, diam(E*)) 47" P(Ep).
Now the error estimate (8:14) follows from (8:16) and (8-39). O

Proof of Theorem[8.6] Lemma [8.9] (8:3) and [36, Theorem 4.4.2] imply that there exist a (not
relabelled) subsequence and a function v : [0, +00) xQ — R satisfying (8.4)-(8.6). In particular,
from (8:4) it follows that Hgq := v(t, ')lma*E(t) € LX(Q N JE(@), H"L(Q N §*E(t))) for a.e.
t > 0. Let us prove that Hg, is the distributional mean curvature of E(¢) fora.e. ¢ > 0. Fixing
t > 0, by the divergence formula (2.3) for any ¢ € CL(R""!,R"*!) one has

f div (bdx - f ¢ . VE,Ij([/l/t]) dH" = ¢n+1d7‘(n.
Ej; (L4;tD QNG Ey;([4;t]) 0QNG*E,;([4;1])

Hence, from (7.1 and (7.3) we get

f div ¢pdx — f ¢ VEpdH" = lim Gnr1dH". (8.40)
E) QNIE(1)

J=re0 JTe(E, (1400
The left-hand-side of (8.40) is fTr(E(t)) ¢ni1dH", therefore,
H'LTH(E) ([A;1]) = H'LTe(E(D)  as j — +oo, (8.41)
Combining this with (8.3) we get
H'_G"Ey (A1) > H'LOE@) as j— +oo forae. 12 0.

Take n € C!([0, +0)) and an admissible X € C! (Q,R™1, By (8:3) and [45] formula (4.2)]
fora.e. >0 and for every F € C.(R™"' x R™!) one has

hm F(x, VE, _([,11.,])()6)) dH" = F()C, VE(I)(X)) dH". (842)
J=re Jang By (1) ! QNI*E()
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In particular, taking F € C.(QxR™!) such that F(x, &) =divX(x)—¢&-VX(x)¢é in Qx{|¢] <2},
by the dominated convergence theorem, (8.2) and (8.6), for W(z, x) = n(t)X(x) we establish

—+00 +00
f n(®) F(x, vE@p(x)dH"dt = lim f n(OF(x,ve, qam)dH"dt
0 QN E(r) 0 JonaE,qm

J—+

Jj—+oo

+00 +00
:f f VVE® Y(, x)d?-(”d[ = f U(t) HE(t)VE(t) - XdH"dt.
0 QNI*E(t) 0 QNI*E(1)

Since 17 € C.([0, +c0)) is arbitrary, for a.e. >0 we get

—+00
= lim f VLVEL () Y, X)d?’[ndl
0 o E (T

f (leX —VE@® * (VX)VE(,))dW” = f HE(r)VE(r) -Xd ”,
QNO*E(t) QNO*E(t)

hence Hg is the generalized mean curvature of QN J"E(?).
Let us show (8.7). Take ¢ € C1([0,+o0) x Q). By a change of variables we have

+00
f | f pdx— f ¢dx|dt
1/2; Ej;([2;th Ej;([4j11=-1)

= f " f (@, x) — ¢(t + 1/, x))dxdt — l ¢(x,0)dx.
14; JEy a0 1

J JE(©0)

Since E(0) = Ey, from (7.13) we get

+00 +00 O
lim f | f pdx — f ¢dx|dt = - f f —‘p(t,x)dxdt— #(x, 0)dx.
J=re Jiy, Ey(14;1) Ey(14;1-1) o Jew O Eo

Therefore, (8:14), (8.3) and the definition of Hp, imply

+00 +0o0
f 8,6 dxdt + f $(x,0)dx = lim f v, dH" dt
0 E®) Eo J=+ Jo QNIE,; ([4;1))

+00
= f f HE(,)(}S dH"dzt.
0 QO E()

(ii) Take an admissible X € C!(Q, R™*!) and 7 € C}([0, +0)). From (8.I)

+00
f T](I) (leX — VE/lj([/lij) . (VX)VEM(M_;'I‘J)) dH"dt
0 Qﬂa*EM([/ljt])
—+00
- f n(t) v, X - Ve, qan) dH"dt (8.43)
0 .Qﬂ(?*E/lj([/ljl])

+00
-
= f n(®) IBX/'V:Fr(EA.([/l;'l]))dq_{n ’
0 & Tr(Ex, (4;1) ’

Let {4;};>1 be any subsequence of {A;}. By the uniform bound @) on the perimeters and by
compactness there exists a further subsequence {4 i k=1 of {4;}>1 and a set Fe BV(R",{0, 1})
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such that Tr(E;, ([j, 1) — F in L'(R") an
V'Trw,i,.,k Wy, H' LG TH(Ey, (4, 1) =V H''LIF as k- +oo
fora.e. t > 0. By (841) for every ¢ € C.(R") we have

f ¢dH" = lim ¢dH" = qud(H”.
Tr(E(1)) F

k—+00 Te(Ey, (14, 1D) F
Whence, F = Tr(E(f)). Therefore
Vi, iy H' L0 THEL (D) = Vi H'™ LI TRE(®) as j — +oo.

Now taking limit in (8.43)), using (8:42)), (8.6) and applying the dominated convergence theorem
on the right-hand-side we get (8.9). O

Appendix A. Existence of minimizers for functionals of the form Cg + V

In this appendix we prove an existence result for minimum problems of type

EeBVi(Ig{O,ll)g’B(E)’ Gp(E) := Cp(E, Q) + V(E), (A1)

where V : BV(Q,{0,1}) — (—o0, +o0]. Since Cg(-,€2) is finite in BV(£2,{0, 1}), the functional
Ggs is well-defined in BV(Q, {0, 1}). We study (A.T)) under the following hypotheses on V :

Hypothesis A.1.  (a) V is bounded from below in BV(£, {0, 1}) and there exists a cylinder
CKX cQ, K> 1 suchthat V(CK) < +o0;

(b) V(E)=V(EN C/l) for any E € BV(Q,{0,1}), p € (r,+], and [ € (K- 1,K + 1);
(©) V(E)>V(E\(CK\ CK)) forany E € BV(Q,{0,1}) and r < py < p; < +00;
(d) V is LY(Q) -lower semicontinuous in BV(€, {0, 1}).

Example A.2. Besides (4.8)) the following functionals V : BV(Q, {0, 1}) — (—o0, +o0] satisfy
Hypothesis|A.1

1) given fe Ll (Q) with >0 ae.in Q\ C. for some r,1> 0,

loc

V(E) = f fdx.
E

In particular, we may take f = /IJEO with @ # Ey € BV(Q,{0,1}) and Ey C Cf so that
by @.2) Gy coincides with Ag(-, Eo, ) + on dg,dx.

2) Given a bounded set Ey € BV(Q,{0,1}), V(E) = |[EAEy”, p > 0.

4 Arguing, for example, as in (7.13).
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Given V satisfying Hypothesis set

a:=x"! sup inf Gp(E) — inf ‘V).
R>r E€BV(CK {0,1})
Clearly, ka < gﬁ(cff) —inf V, hence inf Gg < +oco.

In view of the previous observation, once we prove the next theorem, the proof of Theorem
H Tl follows.

Theorem A.3 (Existence of minimizers and uniform bound). Suppose that Hypothesis
holds. Suppose also B € L*(0Q) and there exists «k € (0, %] suchthat -1 < <1-2« H"-a.e
on 9Q. Then the minimum problem

inf E
EeBV(Q,{0,1}) Gs(E)

has a solution. Moreover, any minimizer is contained in CKU, wherfﬂ

Ro = r+ 1 +max (8" "1 ', du(x, n)} (A2)
and u(k,n) is defined in Section
Remark A.4. In case of Example[A.2] 1) with f = Adp, for some CK 2 E,,

Ka < K sup inf Ag(E, Ey, ) < kA(Ey, Eo, 1) = kCp(Ep, Q) < kP(Ey).
R>r E€BV(CK {0,1})

Hence, Ry < Ry, where Ry is defined in (.4). The same is true if V is as in (4.§).

The assumption on 8 and the L'(Q)-lower semicontinuity of Cs(-, Q) (Lemma imply
the L'(Q)-lower semicontinuity of Gg. Moreover, the coercivity (3.9) of Cg(-,Q), Hypothesis

[A.T)(a) and (3.11)) imply the coercivity of G :
Gs(E) > kP(E) +infV  VE € BV(Q,{0, 1)), (A3)

The main problem in the proof of existence of minimizers of Gz is the lack of compactness
due to the unboundedness of Q. However, for every R > 0 inequality (A3), the compact-
ness theorem in BV(CX, {0,1}) (see for instance [7, Theorems 3.23 and 3.39]) and the lower
semicontinuity of G imply that there exists a solution EX € BV(CX,{0,1}) of

inf  Ga(E).
EEBV(C,",(,{O,H)

To prove Theorem @] we mainly follow [[17, Section 4], where the existence of volume
preserving minimizers of Cg(-,€2) has been shown. We need two preliminary lemmas. As in
[L7, Section 3] first we show that one can choose a minimizing sequence consisting of bounded
sets.

30ne could refine the expression of Ry using the isoperimetric inequality [24], but we do not need this here.
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Lemma A.5 (Truncations with horizontal hyperplanes and vertical cylinders ). Suppose that
Hypothesis[A 1| holds. Then

inf E) = inf inf E).
E€BV(Q,{0,1}) gﬁ( )= R>OEeBV(C,’§,{0,1])gﬁ( )

(A4)

Proof. We need two intermediate steps. The first step concerns truncations with horizontal hy-

perplanes.

Step 1. We have
Gp(E) = Qp( )- (A.5)

EEBV(Q {0,1}) Ee BV(Q 4{0,1})

Indeed, it suffices to show that if E \ QK_% # 0, then
Gs(E) > Gs(EN QK_%).

Clearly, E and EN QK_% have the same trace on dQ and thus
[1+BlxgdH" = f [1+Blxpng— dH".
o0 0

From the comparison theorem of [6 page 216] we have

P(E) > P(E N Q).

By Hypothesis [A.T](b) we have also
V(E) = V(EN Q )

therefore from the definition of Gz we get even the strict inequality

Gp(E) > Gg(E N Q ) (A.6)

The second step is more delicate and concerns truncations with the lateral boundary of verti-

cal cylinders.
Step 2. For any ¢ € (0, 1) there exists R, > r and E. € BV(CX ,{0, 1}) such that

Go(E < inf  GH(E)+ .

Indeed, according to Step 1 and Hypothesis[A.T](a), given & > 0 there exists F, € BV(Qx, {0, 1})
with F, € Qg 1 such that

&
F inf E)+ = .
Gp(Fe) < EeB\}(Ig),go,l})gﬁ( )+ 2 St

Since |F| < +oo, for sufficiently large R > r one has

R+1 P
Fonchnehi= [ rEnachdp <.
R
Hence there exists R, € (R,R + 1) such that
H(F.n0CK) <2, HY(QNIF,NCE) =0,
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Now, let E, := F. N Cllei- Since H"(QNJ*F,. N 6CII§£) =0, we have

P(Eq, Q) =P(E., Q) = P(Fy, Q) + H'(F, 0 6CK ) = P(F, Qx \ CF)
—P(Fo, Q) + H"(Fe 0 9CK ) = P(Fo, Qk \ CF ).

By Hypothesis[A.T](a), V(F,) > V(E,), thus employing (A.7) we get
gﬁ(Fe) Zgﬁ(Es) - Wn(Fs N 6C£) + P(F£7 QK \ ng) - f BXFS\CI’; dH".
oQ e
By Lemmaapplied with E = F, and A = Qg \C_Kg, we have

P(Fg,QK\C]Ié)—f BXFF\C,’,? dq‘{n ZO
aQ s
Consequently, from the choice of F, and R, we get

n K :
Gp(Eg) <Gp(Fe) + H"(F. N oCg) < EEBX}(ISI{{O,I}) Gp(E) + &.

This concludes the proof of Step 2.
Now, observe that

inf  GuE)<inf inf  Gu(E).
peavityio.in 77 R>0 EeBV(CE 0.1) "

On the other hand, since the mapping

R € (0, +o0) inf  Gu(E)
E€BV(CK {0,1})

is nonincreasing, Step 2 implies

inf  Gg(E)>inf  inf  Gu(E),
EeBV(Q,{0,1}) ﬁ( ) R>0 EeBV(CK {0,1}) A

therefore (A.4) follows.

As in [17, Lemma 3] the following lemma holds.

(A7)

Lemma A.6 (Good choice of a radius). Suppose that 8 satisfies and Hypothesis
holds. Let ER be a minimizer of Gp in BV(CK,{0,1}). Then for any R > Ry there exists

tg € [r+ 1,Ro] such that
HER nock) =o.

Hence

P(ER, Q) = P(ER\ CK,Q) + P(ER n CK, Q).

(A.8)

Proof. The idea of the proof is to cut the E® with vertical cylinders, similarly to [17, Lemma 5]

where cuts with horizontal hyperplanes are performed.
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For R > R, by the isoperimetric-type inequality [23| Theorem V1], (A-3), the minimality of
ER and by the definition of a we have

. ER®y—infV 1
|ER|m SP(ER) < gﬁ()— —
K

- ( inf Gp(E) +inf V| < a.
K \EeBV(CK {0,1})

Thus, for any 0 < a < b one has
IER A (cK\ cF) < a7 (A.9)
Take r+1 < r; <ry, <rz <Ry such that
H'QNIE*nack) =0, i=1,2,3,
and set
v = ER N (CENCRY, v = 1ER 0 (CE\ X)),
m= lI:I}aéX3 HMER N 6Cf).

Step 1. We claim that

ntl

min{vy, v} < um (A.10)

where u := u(x,n) > 0.
It suffices to prove that

n
n+l

o
+vit < QU m.

Vi
We have
VT <P(ER 1 (CK\ TF)) < P(ER, €5\ TF) + H'(EF 1 oCF)
ne R K '
+H"(E* N GC,Z) + LQXERQ(C,_KZ\Cf]) dH
R K\ K !
<P(E",C,\C}) + LQXE’WC%\CWdﬂ -
Similarly,
VT <PERCENCE) + | Xpner i, dH" +2m.
00 ()
Hence
V{m . vf < P(ER,Cfi \ C{f) + fag)(ERm(Cg\C?]) dH" + 4m. (A.11)

Comparing E® \ (Cf \C_ff)) with ER, we get Gg(E®) < Gp(E® \ (CK \C_ff)), therefore from
Hypothesis[A.T](c) we obtain

P(ER) <P(E®\ (CK\ CK)) + f[l +ﬂ])(ERn(Cl<3\CT(]) dH". (A.12)
90
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Inserting in (A:12) the identity
P(ER\ (CK\ CK)) =P(EF) + H"(ER n 0CK) + H"(ER n aCK)
- P(EF,CE\ CK) - f Xpreerer) M

we get

P(ER,CK\ CK) - fa . BX penics ) dH" < 2m. (A.13)

By Lemmaapplied with A = CK\ CK and E = ER, the left-hand-side of (A-I3) is not less
than

kP(E®,CE\ CK )+KfQXERn(C§@)d7-{",

hence
2m

R K\ ~K _ n o =77
P(E ’sz\Crl)"'fm/\/ERm(Cfg\c{ﬁ)d?{ < P

Then from (AT it follows that

2m n_
vl+l +v"*l < (— +4m| = 2uTm.
K

This finishes the proof of Step 1.
Before going to Step 2 we need some preliminaries. Choose any R > Ry. Let ag = r + 1,
by = Ry. Given r+ 1 < ap < by <Ry, k€N, define

= [E* N (Ch, \ Cal.

By (A.0) E*\ Qg_1 =0, hence

|ERm(C,§\C§)|=f7{"(ERmac;f)dp, 0<a<b.

Therefore, for iy = %3% it is possible to find re; € (ax, ax + hy), rio € (U3 — & abe | h)

and ry3 € (by — hg, by) such that

H"(EF nack ) < h—" HQNIEFNICK)=0 for i=1,2,3. (A.14)
We choose
o) = (i, re2)  AFIERN(CE N\ CEDI < |E* N (CK,\ CF )L,
(ak+1, brsr) = R K\ K R K\ K
(reasre3) I [ETN(Cy \ C I > [ESN (G, \ G

Let
M = max H"(E*nacy).
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Step 2. Using the definition of Ry we show that
1 (L
my < (5) . (A.15)
Indeed, according to (A-10), (A-14) and the definition of (a,bx) one has

ntl Vi
Vi+1 S/Jmk” s my < h_
k

By construction, bgi1 — Gge1 = bkg”k, 1.e. Mgy >l . By induction one can check that

L > ol
2 jo! j=
mi < |87 (ﬁ) Yol (A.16)

where a := # Note that

Z]a/f<ch]afl ad )zzn(n+1).

j=1
Since ho = 2771 and vy < "7 by (AI), the choice of Ry in (A2) implies 8"+ vo/hy <
k
Yo
1/2. Moreover (/f—o)f’:‘ < 1, since 4. = R04r - < 1. Now (AT3) follows from these estimates

and (AT6).

Step 3. Let i, € {1,2,3} be such that m; = H"(EF néCK ) Since ap < r;, < b, {ai}
is nondecreasing and {b;} is nonincreasing, there exists fz € [r + 1,Ro] such that ry;, — fg
(possibly up to a subsequence). Then, by Step 2,

H'E*nack) = hm my = 0,

which concludes the proof of the lemma. [

Proof of Theorem[A.3] Let us prove the existence of a minimizer of Gs. For R > Ry let
tg € [r +1,R,] be as in Lemma Then from (A8) and V(E®) > V(ER N CF) we get

GH(ER) > Go(ER n CK) + P(ER\ CK, Q) - f BX g crdH". (A.17)
80 ®
By (3.9) and the isoperimetric-type inequality

| (A.18)

P(ER\ C,R, Q) - fa . B XgnE dH" > kP(E®\ CK) > «|ER \ CK
Thus from (A.17))
Gs(E®) > G(E* n CY).
Hence, FR := ERnCK C CK satisfies

g =

E F®.
ven Vr(nclpm Gp(E) = Gp(F™)
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From (3.9) and the minimality of FF we get
kP(F®) < Co(F®, Q) < Gp(F®) — inf V < ka,

and thus, by compactness there exists £ € BV(CX ,{0,1}) such that (up to a subsequence)
FR — E in L'(Q) as R — +co. From the L'(Q) -lower semicontinuity of G5 and from (A.4)
we conclude that E is a minimizer of Gg.

Now we prove that any minimizer E of Gg satisfies E C C7’§0. Arguing as in the proof of
one can show that E C @

Claim. There exists R > r + 1 (possibly depending on V and r) such that E C C,’g .

For any p > 1 such that H"(Q N F*E N 6C§) = 0, by the minimality of E we have
Gp(E) < Gp(EN Cf), ie.

P(E,Qx \ c_;f) - f Bxecx dH" < H'(E N 8Cy). (A.19)
oQ
By Lemma 3.1
P(E,Qk \ CK) - f Bypcx dH" 2 k(P(E, Qx \ CK) + f Xecx dH"). (A.20)
0Q Q

Moreover, by the isoperimetric-type inequality,
|E\ CK|#1 < P(E, Qg \ CK) + H"(E N ICK) + faQXE\CfE dH".

therefore, (A.19) and (A.20) imply
n +1
IE\ CK| < KTﬂ"(Emac;f). (A21)

Set m(p) = |[E '\ Cf |. Clearly, m : (1,+00) — [0, |E|]. Moreover, m is absolutely continuous,
nonincreasing, lim m(p) = 0 and H"(E N BC[’f) = —m'(p) forae. p > r+ 1. By (AZ])
p—+00

-m'(p) > % (n + Dm(p)#1. If E is unbounded, then m(p) > O for any p > r + 1, and thus,
for any p1,po >r+1, p; <p, we have

an 1 k+1
m(p)™T —mipy) T 2 = (02 = p1).

Now letting p, — +oo we obtain m(p;) = +oo, a contradiction. Consequently, there exists
R >r+1 suchthat m(R) =0, i.e. EC C{;.

From the claim it follows that E is a minimizer of Gz also in BV(C K 10,1)). By Lemma
we can find 7z € [r + 1,Ry] such that H"(E N 6C,’;) = 0. Then using V(E) > V(EN C,Ili ,
the relations - (A-18) applied with E in place of E® imply

Go(E) = Go(E N CK) + |E\ CK|™.

IR

Therefore, the minimality of E yields |E \C_{§| =0,ie EC C,’If . Since g < Ry, the conclusion
follows. [
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Appendix B. Local well-posedness

In this appendix we sketch the proof of short time existence and uniqueness of smooth hy-
persurfaces moving with normal velocity equal to their mean curvature in Q and meeting the
boundary 0Q at a prescribed (not necessarily constant) angle. The following theorem is a gen-
eralization of [38, Theorem 1], where short time existence and uniqueness have been proven for
constant S.

Theorem B.1 (Short time existence and uniqueness). Let 8 € C'**(0Q), |IBllo <1 -2, k€
(O, %] and Ey C Q be a bounded open set such that Ty = QN AEy isa C3* -hypersurface, o €

(0,1). Assume that U C R" is a bounded open set with C**® -boundary, p° € C3**(U,R"")
is a parametrization of Ty such that pg . >0in U, pg .1 =0 o0on 0U, and

—€u41 +ﬁ(p0)v0 = Dpo[no] on 0U, (B.1)

where n® = (n(l), ... ,ng) is the outward unit normal to OU, vy = v(po) is the outward unit
n

normal to Ty at p° and Dp°[n°] = 3 n?pg/_. Then there exists To = To(||Bllcreo, [|p°|c3wa) > 0,
j=1

a unique family of bounded open sets {E(t) ¢ Q : t € [0,Tol} with a parametrization p €
C+el22+e([0, To] X U, R™Y) of T(t) = QN JE(t) solving the parabolic system

p, = trace((Dp - (Dp)")'D*p) in (0,Ty) x U, (B.2)

where (Dp - (Dp)T)ij = po; * Po; and (sz)i_,- = Po;» coupled with the initial condition
p(0,-) = p°, the boundary conditions

{p,m(z, )=0 on OU for any t € [0, To], B3)
ene1 - V(p(t,) = B(p(t,-)) on dU forany 1 € [0, To],
and the orthogonality conditions

Dp°[n°] - 1o; = 0 on [0, To] X OU foreveryi=1,...,n—1, (B.4)
where v(p(t,-)) is the outward unit normal to T'(t) at p(t,-) and 7¢y,...,Ton-1 € R" X {0} isa

basis for the tangent space to Ty N 0Q at p°.

Remark B.2. Assumption on p° is not restrictive. Indeed, if ¢ : U — I[H N IQ is a
C3* parametrization of the contact set, we may extend it to a sufficiently small tubular neigh-
borhood S := {x € U : dist(x,0U) < &} of U in U with the properties that g isa C3*¢
diffeomorphism, ¢(S) c Iy and

(@) = q(s) + |0 = sl(enr1 = Blg()o(q(s)) + Ollo = s),

where ¢ is the projection of oo € § on dU. Since o = ¢ — |o — ¢|n’(¢), it follows

Va(s)n°(s) = —ens1 + Bq())vo(q(s)),

which is (B-I). Now we may arbitrarily extend ¢ to a C*** diffeomorphism in U such that
g(U) =T.
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Remark B.3. The unit normal to I'(¢) at the point p(t,01,...,0,) € ['(f) can be written with
an abuse of notation v = v(p(t,01,...,0,)) = \_ZI where

€y e . €n  €n+l
p(r]
V= 9(ps) = det Doy
Do,
Proof of Theorem[B.1] The idea of the proof is standard: first we linearize the equation around
the initial condition, then prove existence for the linearized system and finally we use a fixed

point argument.
__ Step 1. Let us linearize system (B:2) fixing some 7o > 0. Let X(f9) C C'**/22([0, £p] X
U, R™") be the nonempty convex set consisting of all functions w € C'**/22+¢([0, to]x U, R"*1)
such that
1) w(0,-) =p°,
2) wp1(t,-) =0 on 0U for any 1 € [0, 1o],
3 3 n‘]),ng -70; =0 on [0,7)] x OU forevery i=1,...,n—1.
=
For w € X(tp) set f(t,w) := trace[((Dw - (Dw)")™! — (Dp° - (Dp®)T)~")D?w]. Then (B2) is
equivalent to
w, = trace[(Dp° - (DP°)) ' D*w] + f(z, w).

Notice that
0
|f(t’ W)| < C(”P ”C‘(ﬂ))”W”COJ([O,t@]XT{)”W - pO”C’O,I([O’m]Xﬂ)s

where c¢(|| P()”Cl(ﬂ)) > 0. Now we linearize the contact angle condition. Since we have e,
v(p°) = B(p°), from Remark B.3]it follows that

ene1 - (Fwe) = H(pY)) = BW)[Hwo)l = BpOIF(pY. (B.5)
Let H,(t,w) := ¥(wo) — #(p5) — DH(pY)[ws — pY1, where
Dy,, 7! quf’l Dy, ¥ 9o @, oo (Gne)oy
Dp"'l )72 Dp”'2 172 DPrru 172 4o, (6]1)02 LR (Qn+l)0'2
Dy = ’ e =] . | = .
Dy, 7' Dy, 7 Dy, drd l@o, o @G,
and
_n r n n+l - J
Z D[’zr-f/1 “qo; Z . D(f’/)“'iv ’ (('Ij)"'i
i=1 i i=1 j=1
n - n n+l -
D l)[?(r[y "o D D(p,-)A,iV (g,
Dy[gs] = | =! =| =1j=1
S D, z ! -
Py B qa’_ E1 p= Dy, V' - (g,
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2
Clearly, [Hi(t.w)l = O(Iw =PIy, o o

) Moreover,
[F(we)l = PP+ v(p°) - DH(p)Iwe — 21 + Ha(t, w)

H 0112
with [Ha(ew)l = O(lw = I, o

BITwe)l = BT = B W(p°) - DH(pL)Iws — po1+ Hs(t,w),

) Finally, since 8 € C'**(0Q) we have

where Hi(f,w) = (||W POl

O (10,1 1)

) Thus, (B.3)) is equivalent to

(ens1 = BEPOW(P) - DIHPDwe] = (ens1 = BP WD) - DHPDIPL] + Ha(t, w),

where H,(t,w) = (IIW POl

cO-1([0.19] x‘ll))
Thus we have the following linear parabolic system of equations

L(0,0;,0,)w = fin (0,20) X U

subject to the boundary conditions Bg(s, d,-)w = F(t,¢) on [0, 1] X U, where

T
F(t,6) = [0, (ens1 = B W) - DHpLPY] + Ha(t,w), 0, ... ,0
———
(n—1)—times

and, under the notation {go}’ = {p). - pg} , Yo = (pl), Bo=BP") the m+1)x(n+1)-

matrices £(0,1,&,{) and Bp(s, &), &€ R” l e (C are defined as follows:

L0, 8 = diag|{ - ) gteit 0= ) g€k L- ) gk,
i,j=1

ij=1 ij=1
0 e 1
n+l n P ok n+l n
Zl Z( 6k n+1 IBOV())D(pl){TiV()‘fi o Zl Z( 6k n+1 IBOV())D(p,H])(T, Vké:t
i=1 i=1
0 1 0
Bﬁ(g,f) = Tol,‘;nié:i T01+ g:lnifi ,
1 .n 0 . 1 0
T0,-1 Zlnié:i cee n+ Z n; gt
i=

where the first row must be intended as [0,...,0, 1].
Step 2. Now we check the compatibility conditions [50]]. Take any ¢ € U and let 6 be in
the tangent space of U at ¢. Let Ay := Ay(s, ¢, 0) be a solution of the quadratic equation

hA;6,4,6) = { + Z gJ6,0; - 24 Z glom’ + 22 Z ginn =0
i,j=1 i,j=1
in A € C with positive imaginary part. Notice that det £ = (h(1;¢,Z,6))"*" and

L =(det£)L™" = diag(h(A;6,2,0))", ..., (h(A; 5,4, 0)").
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In order to prove the compatibility conditions we should prove that the rows of the matrix
By(s.i(6 = ) L(x, £,i(0 ~ An")

are linearly independent modulo the polynomial (1 — 19)"*' whenever R({) > 0, || > O.
According to the definitions of £ and Bz one checks [38] that the compatibility conditions are
equivalent to the conditions

n—1
~ 0 _ _ _ _ _
Ciens + CV(pY) + E CinT0, =0 &= c1=cr=...=¢cus1 =0.
i=1

Since a basis of the tangent space {Toi}?:_l] of Tp N 0Q belongs to the horizontal subspace

of R™! and #(p®) is normal to Ty N 9Q at p° we have c3 = ... = ¢,41 = 0. Moreover,
since |B] < 1 —2«, and Ty satisfies the contact angle condition, e,,; and f/(po) are linearly
independent, i.e. ¢; = ¢, = 0.

Step 3. By [50. Theorem 4.9] since U € C***, B € C'**(Q) and the compatibility
conditions hold, for any £, F € C**([0,19] X U), p® € C¥**(U) there exists a unique solution
w e C1*e/22+ ([0, £,] x U) such that

wy = te(Dp” - (DP°Y) ™' D*w) +

w(0,) = p°,

Wue1(t,) =0 on U for any ¢ € [0, #y],

(ene1 = BPOW(P™)) - D) we] = (ene1 = BP W(P®)) - DIHPDHIPY] + F(t,x)  on [0,1] x OU,

J

[anng]-foi =0  on[0,f]xdUandi=1,...,n—1.
j=1

Step 4. Finally, mimicking [28]] we can prove the existence of and uniqueness of a solution to
(B-2)-(B-4) in a time interval [0, Ty] for some sufficiently small Ty > 0 depending on ||8]|c1+
and ||p°|csre. O]

We call E(f) the smooth flow starting from E.

Proposition B.4 (Comparison for strong solutions). Let 8; € (-1, 1), E(()i) C Q be bounded

sets such that QN ﬁEg) are C3*% hypersurfaces, and the smooth flows EY(t) starting from
EY existin [0,Tol, i = 1,2. If Bi < > and dist(Q N 9E)’, QN IE) > 0, then dist(Q N
OED(1), QN IEP (1)) > 0 forall t € [0, Ty).

Proof. The proof is an adaptation of the classical one (see for instance [10]). L]
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