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Abstract

The main proposals of this thesis concern the formulation of a new approach to
classic Machine Learning optimization procedures, so as to inspire some insights

about the recent rush to gold in most of the Artificial Intelligence applications.

Crucial aspects we would like to raise up can be associated to the current
thirst of data that characterizes popular approaches, above all in Deep Learn-
ing. These issues are related to the improvements obtained by Artificial Neural
Networks in last two decades, especially in their more complex forms exploiting
Convolutional and Recurrent architectures. The high representational power of
these kind of structures allows us to achieve state of the art results in most of
the existent Machine Learning benchmarks, provided that a lot of labeled data
are available in order to tune the large number of learnable parameters. All the
information about the analyzed phenomena is assumed to be available at the be-
ginning of the training and, usually, provided to the agent in a shuffled order to
improve the final result. However, when looking to the fundamental ambition of
Artificial Intelligence to simulate human behavior, it is straightforward to note
that these problems have been embedded in a framework which is completely
different from the biological environment. Indeed, living beings naturally exploit
the local temporal coherence in the incoming information, relying on very few
supervisions. Bearing these ideas in mind, one could regard the standard learn-
ing setting as an over—complication of reality, increasing the complexity of the

computations.

We will introduce these concepts in the framework of Computer Vision, be-
ing the field in which we have been cultivating these ideas in last years. Moreover,
because of the characteristics of the task, it seems (at least from our point of view)

to outline more directly the correspondence among theoretical feelings and prac-



tical issues. However, our formulation, inspired by natural behaviors in biology,
is related to general Regularization Methods for Machine Learning. As for other
natural phenomena, we tried to provide a model described by Laws of Physics,
taking into account the existent forces and the final goal of the problem. This
approach allows us to recreate, analogously to the studies on systems of particles
considered in Classical Mechanics, laws of motion that implement a regulariza-
tion effect based on the temporal smoothness of the environment. The results
came up to be a generalization of classical algorithms for discrete optimization,

empirically reinforcing the soundness of the theory.

In Chapter[2] we introduce the theoretical formulation. Starting from the ideas
first proposed in [1]], the integration of the concept of dissipation is analyzed,
even if the purely theoretical framework is fully described in [2]. The core of
the contribution is indeed focused on the experimental analysis. We derived an
algorithmic solution that allows a practical implementation and the possibility
to deal with real tasks. This allows us to perform an effective analysis on the
dependencies of the model related to its hyper-parameters. In this phase, an ex-
tensive experimentation was necessary [3|] to validate the theory and reproduce
the expected behaviors, working on the arrangement of the details so as to obtain
the optimal mode of operation. We then explore applications to general learning
structures [4], analyzing a parallel with standard optimization techniques, clearly
interpreting the proposed approach as a generalization of classic methodologies.
Inspired by the effects of the imposition of these kind of temporal constraints,
in Chapter [3] we introduce a more abstract theoretical approach, producing a for-
mulation of the learning procedure that strongly relies on the temporal dimen-
sion [S]. In this new analysis, the proposed regularization techniques are ex-
ploited in order to integrate these constraints in a structure [6] which is capable
to extend the classic concepts of Laplacian regularization for semi-supervised

learning to a purely on—line configuration.
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Introduction

Motivations and purposes

The core ideas of this work were born within the scope of the project Learn-
ing to see like children (LEASE) [], that came up with the assembly of a new
kind of learning architecture named Developmental Visual Agents (DVAs) [8 9l.
This framework originated in the field of Computer Vision, with the final aim to
provide a solution to semantic labeling for full scene understanding in an open
world recognition setting [10]. The proposed task is intrinsically complex and
represents one of the most studied open problems in Artificial Intelligence. More
general motivation in this work were targeted to consolidate some theoretical as-
pects and to give a practical implementation to Machine Learning approaches
driven by an understanding process that simulate natural behaviors inspired by

living being in biology.

Even if the dissertation will only skim the Computer Vision field, we will
briefly illustrate some steps just to sketch out the evolution of the ideas and to
better understand the motivations which generated the theories analyzed in this

work.

A first fundamental remark has to be done in order to underline the dis-
crimination between the general semantic scene understanding problem and task
oriented solutions concerning the processing of data represented by images or
videos. In Figure [I(a) we reported the outcome of an attempt to full scene de-
scription obtained with a DVA agentE] on a frame from the CamViaﬂ database [[11],

http://dva.diism.unisi.it/
3http://mi.eng.cam.ac.uk/research/projects/VideoRec/Camvid/
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Figure 1: (a) An example of full scene description outcome taken from the DVA
site. (b) Samples of 3 digits taken from the MNIST dataset.

providing different labeled videos from the perspective of a moving automobile.
In general, the complexity of the task is quite clear, since one has to deal with
variability and noise that are difficult to cope with, sometimes even for a human.
Moreover, the input is often provided to an agent by RGB channels expressed
at the pixel level, without any global information about the scene. To provide a
clear comparison with the other perspective, concerning specific tasks as images
classification, objects detection and so on, in Figure [I(b) we show three samples
of handwritten digits from the MNIST dataseﬂ each one to be assigned to the
correspondent class. In spite of the apparent triviality, the variability of the pro-
vided patterns can introduce some tricky configurations. However, engineering
approaches allow the development of a wide variety of techniques to solve this
kind of tasks, providing very efficient operative solutions to real-world problems
as for example in Object Detection [12] and Tracking [13]], Video Surveillance or
Medical Image Analysis [14].

Despite of the achieved results, higher ambitions were raised at the birth of
Computer Vision with the final goal of full scene understanding in open world
scenarios. However, the very first steps were characterized by a great underes-

timation of the actual problem. Indeed, at the first glance, the continuity of the

4http://yann.lecun.com/exdb/mnist/
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interaction with our visual system hides the intrinsic complexity of reproducing
a quite common activity that happens with great naturalness. Until one does not
focus on the details of the specific problem, it is difficult to appreciate how the
semantics associated with representational concepts makes our perceptual sys-
tem able to recognize an object in different situations and shapes, regardless of
transformations (in shape, color and movements for example), changes of light,
possible occlusions and so on. However, the representation of these kind of in-
variances becomes a crucial issue in the Computer Vision field and, despite of the
progress done, the solution of this general problem seems far away, especially

concerning methods trying to reproduce human behavior [15].

The first anecdotal event which can be linked to this field was in 1966, when
Marvin Minsky “hired a first-year undergraduate student and assigned him a
problem to solve over the summer: connect a television camera to a computer
and get the machine to describe what it sees” [16]. Whether or not Minsky was
aware of the ambiguity of the assigned task (and neglecting the misfortune of the
student addressed to solve a such riddle), we can locate the beginning of Com-
puter Vision in those years. Since then, extensive studies have been proposed. In
the first years, many hand-crafted approaches were developed, based on modeling
the skeleton of the objects (Constellation Models [17]), detecting the edges [18]
or finding a representation partitioned in the main components [19, [20]. The
progress on the studies on living being visual systems [21} 22] inspired the for-
mulation of the Neocognitron [23], the first algorithm which tried to reproduce
the principles of humans vision. This led, after few years, at the first systematic
work on Convolutional Neural Networks [24], introducing the first break through
in Handwritten Character Recognition (specifically regarding the task proposed
in Figure[I|(b)). These advances also contributed to the consolidation of a general
common structure among Computer Vision algorithms, composed by a feature
extraction part and a label-based classifier. Whereas general Machine Learning
algorithms have been used for the second task, Support Vector Machines (SVMs)
or Artificial Neural Networks (ANNs) in the simplest cases, many specific meth-
ods had been developed in order to detect discriminant features, as for example
Scale Invariant Feature Transform (SIFT) [25], Histogram of Oriented Gradi-
ents (HOG) [26l] and Speeded-Up Robust Features (SURF) [27]]]. The increase in

computational capabilities and the improvement of hardware and software envi-



ronments led to an extensive employment of Parallel Computing and Graphics
Processing Units (GPUs), producing the nowadays explosion of Deep Learning,
i.e. of architectures structured in several representational layers and millions of
learnable parameters. This success is also due to the introduction of new opti-
mization techniques based on unsupervised pre-training [28]], exploiting Random
Boltzmann Machines (RBM) [29]], Stacked Auto—Encoder [30]] and similar meth-
ods.

A common feature of these kinds of architectures is the need of a large num-
ber of labeled samples in the supervised fine—tuning phase, because of the huge
amount of free parameters, allowing us to reach top results in image classifica-
tion [31}[32]], as well as in other fields such as Speech Recognition [33]] and Nat-
ural Language Processing [34)]. The enormous representational power of these
structures makes them capable to learn, in some way, the majority of patterns
which are statistically well described in the input data distribution. Hence, trying
to provide data that contain, with a meaningful statistical evidence, the largest
amount of possible transformations, the scientific efforts focused on benchmark-
oriented approaches and on the generation of lager and lager dataset, as for ex-
ample ImageNet [31], Microsoft COCO [35] and Openlmage [36]].

In spite of the achieved performances, some criticism has been shown on
these methodologies [37]. Particular attention is paid to the importance of finding
a feature representation that is suitable for the goal [38]. Some works highlight
how, in spite of the variety of the provided cases, the acquired patterns are still
related to the presented data. In Figure 2| we report an example from [39], where
we can see how a small random perturbation, imperceptible to our sight, could

substantially compromise the prediction quality in these learning configurations.

These issues are the core motivations of the proposal of the project LEASE.
Indeed, when considering the biological approach to vision and the studies on the
evolution of children behavior in understanding [40], it is easy to see the rele-
vance of the temporal order of data, both to propagate information at a local level
and to present more difficult concepts as time goes by [41},42]. Despite of the fact
that nowadays learning structures does not have the same complexity of the liv-
ing beings brain, which is able to acquire and process information from different

sources, common approaches, processing a lot of labeled data in a shuffled order,



Figure 2: In the middle column of the two figures we can see the noise added
to the left column images to obtain its correspondent in the right ones. Even
if the images appear unchanged, the reported algorithm classifies correctly the
left ones, whereas the right ones are all assigned to the class ostrich with good
confidence.

could appear as an over complication of the problem. Previous work inspired by
biological principles [43] 44] and on the architecture of the human visual cor-
tex [45, [46] are available in the literature. However, the approach proposed by
DVA [47, 48, 149] is, to the best of our knowledge, the first in this field that tries
to overcome the standard Training—Test configuration, by transposing the learn-
ing process into a life-long scenario learning and predicting data on—line. The
agent is assumed to grow in an environment where a continuous stream of data is
available, but paired with very few labels, so as that the extraction of information

should rely substantially on unsupervised methods [50].

As already said, one of the most important characteristics of this framework
is the assumption of temporal smoothness in the evolution of the data sequence.
To give an idea of this, it could be useful to think at how vision works in reptiles,
for which the moving object tracking has a key role. The core of this work aims
at embedding these kind of information into the learning process, trying to for-
mulate a model that is able to represent similar concepts by means of meaningful

constraints.

In [51] we can find one of the first work trying to reproduce similar ideas,

exploiting the correlations among consecutive instances by maximizing the Mu-



tual Information. In [52], a coherence constraint is implemented directly on the
predictions between adjacent samples, whereas the complete exploitation of the
output is imposed by the Entropy maximization overall the outputs. Analogous
constraints are applied in [S3] and [54] within the feature extraction process, or

in [S3] on the activation of pooling units among consecutive frames.

The previous work is still bound to the batch configuration, whereas our work
completely focuses on the on—line setting, trying to formulate the learning as a
smooth process in time, modulating the interaction between the agent and its
own environment in real time. Nevertheless, it could be plausible that, in prac-
tice, such assumptions could not yields significant benefits for Machine Learn-
ing algorithms that, as a matter of facts, represent a mathematical instrument for

function approximation.

From a theoretical point of view, the aim of this work is more conceptual.
Indeed, we propose a study on a general formulation of the whole learning pro-
cess described by Physics laws modeled by a reinterpretation of the Principle of
Least Action, taking inspiration from the classic theory of Regularization Net-
works. These ideas should produce a learning procedure which is devised as a
truly temporal process, providing a flexible approach that can be suitable for dif-
ferent configurations, depending on the specific needs. In this way, one should
be able to efficiently deal with typical issues of life-long learning, where data are
not available at the beginning of the training and the number of incoming sam-
ples rapidly becomes difficult to be managed and store in memory. Moreover, the
approach with differential operators in the temporal domain, that allow us to de-
rived a closed form of the solution, should represents a general method to directly
include different kinds of constraints, which can be learned in an unsupervised
way and can extract intrinsic properties from data. The aim of the work is then
not only related to providing a regularization method for on—line learning which
is capable to exploit more global informations, but also to introduce a new way
to integrate additional knowledge in the learning process, inspired to principles

from Physics and Biology.



Main Contributions

A already said, the main ideas have been already introduced in [[1]], whereas in [2]
they provided a complete integration of the concept of dissipation. However, the
experimental analysis of this work contributed to a first actual validation and also
some theoretical aspects have been explored and consolidated during this pro-
cess. We provide the closed form of the solution and, in particular, its discretized
version, allowing us a feasible implementation, avoiding an overload of memory
or numerical approximations. The study of the stability issues produces empirical
results on the conditions that regulate the behavior of the model and, hence, the
convergence to suitable solutions. The application to existent learning structure,
and in particular to Artificial Neural Networks, allowed us to produce results
comparable with standard procedures and to provide a further consolidation of
the theory as a generalization of the standard Stochastic Gradient Descent case.
In this phase, an intensive experimentation has been necessary to find hyper-

parameters configurations solving well known issues about ANNS training.

The obtained results inspired the formulation of Chapter 3} for which a sim-
ilar experimental analysis has been explored. We also provide the integration
of the obtained dynamic system as an additional regularizer to an incremental
learning structure, merging standard regularization techniques on the spatial in-
put domain with the proposed approach. Even if similar agents have been already
developed in the framework of Laplacian manifold regularization [S6, 57, 58],
our formulation generate an optimization procedure that is completely on-line,
adapting the response and the memory to the specific problem, allowing to deal

with infinite stream of data and easily adaptable to multi-class problems.
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1 Background Literature

1.1 The Principle of Least Action

A first formulation of the concept of Action was introduced by Maupertuis (1744)
(see [59]) with the aim of motivating and unifying Physics laws proposed in var-
ious fields (Mechanics, Optics, etc.) under the principle that Nature acts as sim-
ply as possible. After about a century, Hamilton provided a more rigorous and
general formulation, related to variational principles. This leads to the modern
notions which form the basis of Hamilton Mechanics [60] describing laws of mo-
tions and continuous systems. The problem is formulated as the search of the
stationary points of a cost functional of the system trajectory, composed in rela-
tion to the existent forces. Given a spatio-temporal domain and the description in
terms of the Lagrangian coordinate ¢(t), the Hamilton Action S is defined by the

integral along the trajectory connecting two events (s, q(ts)) and (t, q(t.)):

te
S=/ L(t,q,q) dt (1.1)
ts

where ¢ = dq(t)/dt and L represent the Lagrangian, which in the simplest case
is given by:
L=K-V (1.2)

where K and V indicate the Kinetic and the Potential energies respectively. The
Hamilton’s principles states that the true trajectories are those that make S sta-

tionary, and hence must satisfy the condition:

0S5 =0. (1.3)



The first variation 4.5 introduced is obtained when operating a small perturbation

dq(t) on the true trajectory, with fixed endpoints, which gives:
S[q(t) + dq(t)] = Slq(t)] + 65 + %S + ... (1.4)

When approximating the variation to first order, the stationarity condition comes
clearly by satisfying the (I.3). However, further information on the nature of
critical points depends on the sign of the second variation §2S. The stationarity
can be a minimum (62S > 0) or a saddle point, but never a maximum [61]]. This
issue depends on the notation used to define the Lagrangian in (1.2). Indeed,
the same problem can be defined as the search of a maximum by a sign flip
in (I.2)) (we will analyze some practical issues in Section [2.3). However, with
this formulation, it is possible to obtain a minimum for the action only when
the trajectory is defined for a sufficiently short interval of time [S9], whereas in
general the stationarity is a saddle point. Within the framework of the Calculus

of Variations [62], the condition (1.3) leads to the Euler-Lagrange equations of

d [(OL oL
it (a‘q) “ 3¢ " (1)

that generate a second-order differential equation (a system of equations when

motion:

dealing with systems of particles) if the Lagrangian contains derivatives of ¢ up
to first order. The Euler-Lagrange equations in (I.5)) are classically expressed as
a boundary value problem at the points ¢, = ¢(ts) and ¢. = ¢(t.), that provides
the conditions to determine a unique solution from the set of the admissible ones.
Nevertheless, when analyzing dynamic systems it is more common to have avail-
able the initial conditions and, given that the Hamiltonian principle assumes a
prescribed travel time, it is possible to impose the conditions at ¢ and find the

solution of the correspondent boundary value problem.

The classic formulation introduced is developed under the assumption of con-
servative forces, in which the Lagrangian does not depend explicitly on time and
could be written as L(q, ¢). However, all the statements can be extended when
introducing the dependencies due to a time-variant Lagrangian, expressed by the
explicit dependence on time in the potential energy V (g, t) [59]. Even the gen-
eralization to the case in which higher order derivatives appear in the Lagrangian

can be introduced in a natural way [63]. In addition, in our work we are particu-



larly interested in the management of dissipative forces. In this case the existence
of the Lagrangian is not always guaranteed [64], but the formulation and further

analysis for our specific case is developed in [2].

1.2 Regularization Networks

Regularization Theory plays a central role in Machine Learning and Pattern Recog-
nition, especially when dealing with very complex algorithms and problems.
In [65] Poggio and Girosi provided a nice formulation of Supervised Learning
proposing a new paradigm, called Regularization Networks, following a parallel
with standard Approximation Theory. In this framework the problem of learn-
ing an input—output mapping from a set of data is cast as the approximation of
a multidimensional continuos non-linear function. Let us consider the case in
which data are described by a set of labeled points organized in a Training Set
L= {(zp,yx) €ERIxR, k=1,...,N}. The function f : R? — R often de-
pends on a fixed number of parameters, which have to be learned in order to find a
suitable approximation. A fundamental issue is represented by the requirement of
generalization, i.e. to find a solution which is still a good approximation in those
regions of space in which data are not available during the training phase. More-
over, collected data could often be affected by different kinds of noise, making
it counter-productive to build up solutions which work well only on the provided
samples, leading for example to over—fitting phenomena. In order to increase the
amount of information, it seems reasonable to exploit the common redundancy
of the world. This means that usually, in real problems, information does not
come completely at random, but follows a certain degree of coherence in a neigh-
borhood. This suggests the introduction of an a-priori smoothness assumption,
which seems extremely sound if we look for example at continuous hyper-surface
reconstruction problems, characterized by the fact that small changes in the in-
put should produce small changes in the output. Similar approaches are well
known in Standard Regularization, in which the smoothness soft-constraint is in-
cluded in the optimization within the framework of the Calculus of Variations.

The problem is formulated as the minimization of a cost functional composed by



two terms [66, 167, 168]], that can be written for example as:

N

() =1 NP+ 5 Do) — . (1.6
k=1

The second term measures the distance of the predictions from the Training data,
in this case by exploiting a quadratic loss function. The term || P f||* embodies the
assumed degree of smoothness. P is a general differential operator, whereas || - ||
could be for example the L? norm. The coefficient  is a (positive) regularization
parameter balancing the quality of interpolation on the given data with respect
to the smoothness requirement. In the simplest case, the differential operator P,
used to define the regularization term, is the gradient, but they also considered
a more general class of operators based on high-order derivatives depending on
some kind of hypothesis about the problem. The solution of is obtained by

satisfying the correspondent Euler-Lagrange equations:
N
PPf(x Z yk — f(2)0(x — x), (1.7)
k:

where P is the formal adjoint operator of P. The equation is developed within
the Theory of Distributions [69] and introduces the presence of the Dirac’s Delta
Function ¢, allowing us to write the solution exploiting the Green’s Function [[10]]
of the operator L = PP, defined as its response to the Dirac’s Delta Functio
Because of the translation property of 4, it is easy to write the solution as a super-

position of Green’s Functions centered at the supervised points x:

Z (yx — VG (x5 xp) - (1.8)

1

~QI>—‘

N
k=

This solution lies in the /N-dimensional subspace generated from the function
G(z; ) and it is written neglecting a term from the null space of L. The form of
this term depends on the choice of P and of the boundary conditions. However,
all the functions belonging to the kernel of P do not affect the value of the func-
tional in and then can be neglected in this analysis. The solution in can
be determined by determining the coefficients ¢, = (yr — f(xx))/7 by solving

'Tf G is the Green’s Function for L then LG = § must hold.



the linear system:
(G+D)c=y (1.9)

where I is the identity matrix, (G);; = G(z;z;), (¢)r = ¢ and (yx) = yx, with
k,7 = 1,...,N. The resolution depends on the characteristics of G, which is
often symmetric and positive definite, and can be considered as a Kernel, linking
the to the classic representer theorem of kernel machines [71. [72]].

Needless to say, the related mathematical and algorithmic framework has
played a crucial role in the development of the field of Machine Learning in the

last twenty years.

Recently, equation has been reformulated in a more general framework
in which, instead of dealing with intelligent agents that interact with the envi-
ronment only by supervised examples, their behavior is optimized also to satisfy
a given set of constraints [73l]. New representer theorems are given to express
the optimal solution for a large class of constraints. Some guidelines were pro-
vided to parallel the plain kernel-based solution of with cases where spe-
cial kernels arise from the marriage of regularization operators with specific con-
straints [74]]. A classic example of constraint studied in [73] is the one which
imposes the brightness invariance in computer vision, which makes possible to
estimate the optical flow [75]. Interestingly, the kernel-based approaches used so
far, along with their mathematical apparatus, are clearly the only viable solution.
As a matter of fact, the differential equation (1.7)), as well as the related Euler-
Lagrange equations derived in [73]], cannot be tackled with an efficient numerical
solution. They are in fact formulated in the features space, whose dimension
makes it unfeasible to grid the space for the classic discretization of the differen-
tial operato L = PP. This fundamental computational issue suggests that any
biological system involved in learning processes should obey to models which

somehow circumvent the curse of dimensionality related to equation (|1.7)).

These ideas drive the formulation analyzed in this work, looking at the pro-
cess of learning as a dynamic system and introducing new kind of regularizers

which can be interpret as Temporal Kernels.

2Methods like Runge-Kutta have a unmanageable complexity for the dimensions of interest in
Machine Learning.






2 Learning as a Temporal Dissipa-

tive Process

In this Chapter we analyze the transposition of the Principle of Least Action in-
troduced in Section [1.1|in its temporal counter part. The model, inspired by the
developmental process of biological systems, is proposed as driving principle for
a dynamical system simulating the learning process of an agent in an on-line set-
ting, as analyzed in [4} 3]]. Such agent is modeled by a set of parameters, that
evolve according to the information acquired from the environment. These con-
cepts can be naturally interpreted in a framework similar to the one introduced
in Section [I.2] by performing the regularization process in the temporal domain.
Indeed, from our point of view, it seems reasonable to extend the local redun-
dancy assumption in the spatial input space, to the events in a temporal sequence
of a real world scenario. These hypothesis are, as a matter of fact, a fundamen-
tal requirement for a living being to develop a meaningful interaction with its
own environment. The general idea is that this temporal regularization, together
with the coherence of the input data sequences, should allow the agent to yield a
smooth representation on the correspondent spatial domain. The process consists
of developing refined configurations through time, exploiting the natural evolvu-

tion of data with an essential reduction of the number of constraints.

2.1 The Principle of Least Cognitive Action

Since we want to model the behavior of an agent processing an input evolving

in a feature space in RY, it is convenient to describe data by a function of time

11



Variable  Learning Theory = Mechanics

w Weight Particle Lagrangian coordinate
Pw Weight variation Generalized velocity
" Weight mass Particle mass
K(Puw) Temporal smoothness  Generalized kinetic energy
V(w) Loss function Potential energy

F(t,w, Pw) Cognitive Lagrangian Mechanical Lagrangian

Alw] Cognitive Action Mechanical Action

Table 2.1: Links between learning on temporal manifolds and classical mechan-
ics.

u: T — R4 T C [0, +o0). Hence, the agent can be represented as a map-
ping to the output z € R™ by means of a representation function f such that
2(t) = f(w(t),u(t)). In a quite general case, we can assume 7" = [0, +00), sim-
ulating a real life agent starting to live and learn at ¢ = 0 and then evolving in an
on-line never-ending setting. Even though this hypothesis is consistent, to give a
clear formulation according to the one proposed in Section |1.1} it is convenient
to analyze the problem in a finite interval of time 7" = [0, t. ], assuming that the
information eventually becomes redundant after a finite period. This periodicity
assumption allows us to restrict the initial analysis to a finite set of data, even
if we will see that this restriction is not necessary in practice. For now, we do
not impose any constraint on the structure of f, which, for example, could be
implemented by a feedforward neural network, whose weights are stacked into
the vector w(t) at time ¢. The vector w(t) represents, in general, the parameters
modeling the behavior of the agent, which in fact will be considered as the parti-
cles of the dynamical system to be described. Hence, from a Machine Learning
point of view, the task is to learn the weights w(¢) € R™ giving the best represen-
tation for the function f. We formulate this online learning process by providing
the constraints that define the interactions with the environment, according to the
general framework defined in [73]. A quite general case is the one in which f
should satisfy the equation ¢( f(w(t), u(t)) ) = 0, where ¢(-) > 0 is the func-
tion modeling the information from the agent’s environment. The fulfillment of

the constraints during the learning process can be enforced by the minimizing the



penalty:
V(w) = o( f(w(t), u(t)) ). 2.1

In this work, we will restrict the analysis to the classic case of supervised learning.
Supervisions are provided by an external teacher at discrete time instants ¢; by
specifying a target value y,, where £ = 1,..., N and the instants are sorted
in increasing order so as that 0 < ¢, < -+ < ¢t < .-+ < ty < t.. The
supervised pairs (u(ty), yx ) are collected into the set £ = { (u(ty), v ) oy
and are provided while the agent’s input u(¢) evolves in time. This formulation
can be incorporated into this framework by posing:

V(w) = V(s flw(t),ut))) (2.2)

N
k=1
where V(y, s) is a general loss functiorﬂ We can look at V' as the potential en-
erg connected with the constraint ¢, such that the aim of learning is to develop
configurations of w with small potential. By following a parallel with Classical
Mechanics, the weights w can be thought of as the Lagrangian coordinates in a

virtual mechanical system, whose kinetic energy is defined as:

K=Y paiy;. (2.3)
=1
The value p;,7 = 1, ..., n, represents the mass of the particle associated with w;.

Taking inspiration from equation (I.6)), we may generalize the concept of velocity

by means of differential operator:

l dj
P=>" a7 (2.4)
=0

The coefficients a; of PP are the regularization weights related to the correspon-
dent order of derivative applied to w;(t), where we consider o; > 0, 7 =0,..., /.
The generalized velocity turns out to be Pw and the correspondent kinetic energy
is:

K(Pw) =Y pi(Pw;). (2.5)
=1

'For instance, V(y, s) can be the quadratic loss V(y, s) = 1 (y — s)*.

2When clear from the context, we will drop the dependencies to unload the notation.



Now we can provide a formulation which resembles the Principle of Least Action

in Physics by defining the Lagrangian:
F(w, Pw) = K(Pw) +~V(w), (2.6)

maintaining the split into the kinetic and the potential energies, respectively. We
introduced a regularization parameter ~ similar to the one in (1.6), that, in classi-
cal Machine Learning, balances the smoothness requirement on f with respect to
the satisfaction of the constraints. Indeed, while the potential energy represents
the environment constraints, the kinetic energy impose, via ; and «;, a unifor-
mity on the learning process along the input trajectory. Because of the presence
of these parameters in /K, balancing its regularization effect, we can reduce the
study to y==£1. Notice that in the Lagrangian of (I.2), coming from the formu-
lation proposed in Section we have y=—1, while here we also assume y=1
depending on the choice of the operator P, as shown in Section[2.3] The learning
process, defined on the horizon [0, . ], consists of determining the optimal value

of w in a given functional space F by:

*

w* = argmin Alw]
weF 2.7)

where A[w] is obtained by the composition of (2.6) with a dissipation function

Y (t), introducing the explicit dependence on time:

Afuw] = /0 () Flw(t), Pult)) dt 2.8)

even if we write Aw] instead of A(t, w(t), Pw(t)) . The functional in (2.8
is referred to as the Cognitive Action, accomplishing the parallel with the for-
mulation in Mechanics summarized in Table The introduction of a positive
monotonically increasing function () has an important impact on energy dis-
sipation. It is worth mentioning that the idea of weighing the Lagrangian by
a temporally growing exponential term has already been explored in studies on
dissipative Hamiltonian systems [[/6]. A clear interpretation of the concept of dis-
sipation in this framework and the relative formulation of the Lagrangian in (2.6)),
together with the correspondent action principle, are shown in [2]]. Intuitively, we

can interpret ¢ (¢) as a temporal weight, assigning different importance to the



constraints inside [0, ¢.] (the latest events are more important). A convenient
choice for the dissipation function, which will be assumed in the remainder, is
P(t)= e, In this case, the parameter ¢ > 0 measures the dissipation and, as we
will see later, the memory of the system. Indeed, the more the weight 1)(t) grows
rapidly in time, the more the agent becomes interested in the latest events seen,

forgetting, when in contrast with the new data, what learned in the past.

As already said, the formulation of as a minimization problem is co-
herent with standard Machine Learning approaches, even if, by following the
Hamilton principle, the incoming solution will satisfy only the condition for sta-
tionarity, without any guarantees on the quality of the determined critical point.
However, in many Machine Learning and Optimization problems could in gen-
eral not be straightforward to guarantee the conditions for a solution to be a min-
imum. In fact, a local minima or a saddle point is usually a good deal. To prove
the soundness of this approach, in the following we will experimentally show
that the results obtained by this solution are not too far from the standard ones
achieved by discrete optimization methods. Indeed, under particular configura-
tions, we find out the proposed formulation as an almost pure generalization of

classic procedures.

2.2 Euler-Lagrange Equations

Stationary conditions for the functional in (2.8) can be derived by the Eulero-
Lagrange equations, in a similar way to the case introduced in (I.1)) and (I.6).
In our case it can be easily shown (see Section that any stationary point of

A[w] must satisfy the system of differential equations:

P(Pw)+ LV, =0, i=1,..n, (2.9)
Hi
where V,,, represents the partial derivative of the potential V' in the (2.2)) with
respect to the variable w;. The operator P introduced as the formal adjoint of P

can be written as:



Y/
P = Z(—l)jaij

Jj=0

by posing D’/ = jTjj' Notice that, unlike equation , which is defined in the
feature space, equation (2.9) represents a system of ordinary differential equa-
tions describing the evolution of the parameters over time. The underlying as-
sumption is that the generation of the features by means of the function u(t)
evolves on a temporal manifold, allowing us to convert equation into a tem-
poral process for learning. The solutions, developed in the framework of the

Theory of Distributions, can be written as:

N

wi(t) = wf(t) + (i, 0) Y G- Gltsty) , i=1,...,n. (2.10)

k=1

The second term of the summation is the counterpart of the solution proposed
in (1.8), where again G(-) represents the Green’s Function of the differential op-
erator () such that Qu = P () Pw), for which QG(t) = 6(t) holds. Interestingly,
the Green’s function can be viewed as a temporal kernel, since it closely resem-
bles classic kernels in the features space [/1, [/2]]. Indeed, this time the notation
G(t; ti,) expresses the fact that the function G is centered around the instant ¢, in
which the correspondent supervision is placed. Within the standard formulation,
the obtained kernel GG has the well-known properties of positivity and symmetry.
However, the transposition of the formulation in the temporal domain, introduces
the concept of causality. Indeed, in the framework of Circuit Systems and Con-
trol Theory [77], the function G is referred to as the Impulse Response (and is
usually indicated by g(t¢), as we will do in the remainder underlying the differ-
ence with the spatial Green’s Function (7), since its shape defines the reaction
in time of the system to an impulse defined by the Dirac’s Delta function §(¢).
The oriented evolution of the temporal dimension and the outcoming concept of
causality impose the response to be considered null for ¢ < 0. This condition,
dropping the symmetry property, is coherent with the on-line learning setting,
since each supervision does not affect previous predictions (i.e. w(t) depends on
the pairs (u(tx), yx) only for ¢ > ;). Since we restricted the analysis to the case
of a linear differential operator of general order ¢, the equation in consists

in a linear differential equation of order 2/, with constant coefficients. The ob-



tained impulse response g(t), calculated by the Laplace Transform, is given by

by a summation of exponentials as:

20
g(t) = e’ (2.11)

q=1
where the \;, ¢ = 1,...,2¢ are the roots of the characteristic polynomial asso-

ciated to (2.9) and the coefficients ¢, are set so as to yield a unitary Dirac Delta
function when computing Qg(t). To complete the description of , the term
Cix represents the partial derivative of the penalty function V' with respect to w;,
evaluated at t;. The term 1(i,1) = (—1)*"1y/u;a? is a constant which depends

on the chosen order of the differential operator (as we will see later), leading to
0

the introduced sign-flip issues. The first term wy} () represents the solution to the
homogenous equation associated to (2.9), belonging to the kernel of the opera-
tor (). It can be written as an exponential expansion analogous to (2.11]), where
the correspondent coefficients are evaluated imposing the given Cauchy’s Condi-
tions. Under the hypothesis of asymptotic stability, imposed by the satisfaction of
the Routh-Hurwitz conditions, which we will analyze in details for the two sim-

ple cases in Sections [2.2.1]and [2.2.2] this term (as well as the impulse response)

eventually approaches 0. This allows us to neglect the first part of the (2.10) (as in
the classic case) and to drop the dependence from the Initial Cauchy’s Conditions,

so that the solution can be asymptotically approximated by:

N
wit) 20,0 Y Gu-gltity) , i=1,..n. (2.12)
k=1

Hence, we can start to understand how all the learning process is affected by the
shape of the impulse response ¢(t), i.e. by the choice of the regularizer P. In
the following Sections [2.2.1] and [2.2.2] we will analyze the dependence from the

obtained roots ), in the odd and even order cases, respectively (first and second
order in particular), starting to introduce the sign-flip issue, which we will explore
deeper in Section [2.3] In Section [2.4) we will show, by an extensive experimen-
tal analysis, how the dissipation can modulate the learning process tailoring a

parallel with different methods for standard discrete optimization.



2.2.1 First Order Operator

In this Section we start the analysis on some properties of the impulse response
g(t) considering the most simple case in which the order of P is ¢ = 1. As
already said, we restrict to the cases in which a; > 0, j = 0,..., so that the
operator can be generally written as P = « + a1 D, with correspondent formal
adjoint P = ay — ayD. The Euler-Lagrange equations in become (see
Section[A.2.1):

~

2
Hiy

D*w; + 0Dw; + Bw; — Uit)=0, i=1,..,n (2.13)

—a? . . .
where 6 and = 2001909 represent the coefficients of the characteristic polyno-

P)
a7

mial of the associated homogeneous equation, while U(t) = S~ (5 - 0(t — ty,)

the signals coming from the external input and the correspondent supervisions,

" OV (ye. F((0). (1))
) w ) U
G = Ok 5 (2.14)
Wi t=ty,
The characteristic polynomial p(\) correspondent to the (2.13) is:
pA) =N +O0A+B=0 (2.15)

for which the Routh-Hurwitz stability conditions implies (see Section the
satisfaction of the additional requirement § > «/ay, which results into the im-
position on the roots A;, A, to have a strictly negative real part, giving an impulse
response ¢(t) composed by exponentially decaying terms. Some examples of im-
pulse responses, obtained varying the model parameters 6, oy and «; are shown
in Figure As we can see, the impact of the coefficients of the regularizer P
is smaller than the one of the dissipation term 6, which in fact has a central role
in the system modeling. Its meaning, linked to the function (¢), is quite clear
from a theoretical point of view. Here we can observe how, when increasing the
dissipation, the impulse response approaches zero faster, forgetting more quickly
the information coming from each supervision, according to the role intended for

1) to assign more importance to the latest samples.

Another important issue is represented by the relation among the regularizer

parameters «; and the generated roots \,. The cases reported in Figure only
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Figure 2.1: Examples of impulse responses g(t) generated by a first order differ-
ential operator P, varying the coefficients oy, a; and the dissipation term 6 = 1,

analyse cases in which A\, have null imaginary part. Indeed, in the case in which
dg : I(A\;) > 0, the exponential decay scales a sinusoidal term. The produced
oscillations could in some case (as a for instance, when the frequency of the im-
pulses is high) compromise the stability of the system, due to a possible shifting
among the oscillation phases. Hence, in practice, it will be more safe to chose the
model, and then ¢(¢) actually, by assigning the roots of the characteristic polyno-
mial, instead fo the coefficients 0, a;, with the only requirement of generating a
response coherent with the hypothesis on the model. Obviously, the stability is
guaranteed by taking A\, with negative real part and null imaginary part. However,
the roots are related to the choice of ¢ and «; too, which are all assumed to be
positive. Then, we have to set them so as to generate a characteristic polynomial
compatible with these assumptions, as shown in details in Section For ex-
ample, since 6 represents the coefficient of the term of order one in (2.15), is easy

to see that:
6 — —(>\1 + )\2)

and this always agrees with the conditions 6 > 0 when the )\, satisfy the stability

conditions. Moreover, this relation allows us to give an idea of the dissipation



level, since # can be easily computed from the chosen roots.

A final remark has to be done on the sign-flip introduced by the higher order
term in ]5 which will be analyzed in Section

2.2.2 Second Order Operator

The case ¢ = 2 exploits the regularizer P = o + a1 D + apD?, with formal
adjoint operator P = oy — auD + ayD?. The correspondent Euler-Lagrange

equations are given by the system of fourth order linear differential equations:

D4w,- + 53D3wi + 52D2’wi + 611)21]Z + 50wi + i 5 U(t) =0 s 2:1, N

o (2.16)
where the coefficents (derived in Section|A.2.2) are:
62— 6+a}
50 _ Qo C(L)éoal ag
. a1a202+(2a0a270€)9
i o3 2.17
o a§62+a1a29+2a0a27(x% ( ) )
By =
63 - 20

This time the Routh-Hurwitz stability criterion imposes more conditions (see
again Section , which however are easy to be satisfied. Because of the
exponential form of ¢(t), the implication is again that the roots \,, ¢ = 1,...,4
have a strictly negative real part. However, in this case more configurations are
possible for the roots, due to the potential multiplicities. Again, possible prob-
lems arise when non null imaginary parts are present. Since at this point we need
some computations to find the roots, it is more convenient to use numerical tools,
which nevertheless could introduce some numerical error. This could produce a
non-null imaginary part in the roots even when the characteristic polynomial has
in fact only real roots. To avoid this problems and to simplify the setting up of
the model, in the remainder we will choose the desired response () by assigning
Ag» as introduced for the previous case. Again, these roots must be correlated to
meaningful values of the regularizer coefficients «;; and the dissipation parame-
ter 0, as shown in Section Even in this case, the dissipation parameter is



directly related to the roots since:
Ps =20 =—(A\1+Xa+ A3+ \y)

and hence 6 > 0 is automatically satisfied by the stability criterion and it is easy
to compute by checking directly the dissipation level. The shape of the impulse
response is the same of the one shown in Figure [2.1] for the first order. The only
difference is at the point ¢ = 0 connecting the constant part of g(¢) from the
negative semi-plane ¢ < 0 with the exponentials summation of the positive one.
Indeed, the originated solution g € C*72(0), since the operator D* introduces
the presence of the Dirac Delta function. Hence, the Heaviside Step functiorﬁ ap-
pears in the solution when applying D?~!, producing a jump discontinuity. This
condition on the order of the derivatives affects the smoothness of the response
in ¢(0), but the general trend is similar even when increasing the order ¢. For
these reasons, we restrict the analysis up to the second order, since we are more

interested in the relations between even and odd order than in its magnitude.

2.2.3 From Action Principle to Gradient Descent

The Gradient Descent (GD from now on) method plays a central role in many
optimization problems [78]. In particular, the pairing of GD with the Back-
Propagation rule ([[79], [80]) leads to a mayor breakthrough in the training proce-
dure of Multi-Layers Perceptron [81, 82] architectures and is the key to success
of the nowadays achievements of Artificial Neural Networks. In [1] the authors
propose a first analysis on the similarities between the classic discrete GD method
and a reformulation of learning as a continuous temporal process in the frame-
work of Variational Calculus. In the Supervised Learning case, classic GD pro-
poses an iterative solution to the minimization problem for a loss function similar
to the potential in (2.2). Starting form an initial configuration of the weight vector

w|0] at the step K = 0, the configuration at the step K + 1 can be computed by:

wK+ 1] =w[K] —n- AV, (2.18)

3In the classical Theory of Distribution, the Dirac Delta function can be interpreted as the
derivative of the Heaviside step function



where AV, in the simplest case, is the gradient vector of the penalty with re-
spect to the weights in w evaluated at step K. The parameter 7 > 0, referred to as
the learning rate, represents a scaling factor for the step of the gradient descent
steps. A plethora of enhancements have been studied within the Machine Learn-
ing field in order to make this process more efficient, as for example the adding of
a momentum term [83]], techniques to adapt the step during the optimization [84]
and different normalizations exploiting second order methods [85, 86]. However,
the exploration of such methods is out of the aim of this work and we will focus
on the parallel between the standard formula in and the one introduced
in (2.10). Indeed, the term (; in the is computed exactly as AV, in the
discrete version of (2.18).

As already said, a fundamental issue in the composition of 7(i, £) in (2.10)
is the role of the factor (—1)**1~. The optimization process, aiming to provide a
minimum for the penalty function V, relies on evaluating its gradient, which rep-
resents the direction of the steepest increase of the loss. Then, the parameters are
moved in the opposite direction to find regions with lower values of the penalty.
Assuming that, in the cost functional Aw], we want to minimize te summation
of the penalty and the regularizer, weighted by the positive parameter v = 1, our
formulation is coherent with the formula in (2.18) when operating in the case of
even order operator P. Indeed, the case analyzed in Section leads to an

updating formula of the kind of:

w;( ng glt:ty), i=1,...n (2.19)
M%

which is analogous to the classic case since all the coefficients are positive. How-
ever, when adopting an odd order operator, as explored in Section[2.2.1] the sign

between the two terms inside the correspondent solution is flipped, obtaining:

N
ng g(t:ty), i=1,..n. (2.20)
k=

The relation with the (2.18]) clearly leads the optimization towards a configuration
of maximum potential (as introduced in Section [I.T)) and in practice originates
divergent systems. The classic formula can be replicated by assuming v = —1,

as we will investigated more precisely in Section However, this drives our



dissertation towards models composed by even order operators.

At this point, the choice of the symbol 7(i, ¢) to indicate the scaling factor
should appear clear, since it acts in a way similar to the learning rate 7 in discrete
methods. Moreover, from and we can observe how the mass p; affects
the balance between regularization and fitting, by modulating the contribution of
the terms (;, and allowing the weight w; to change as faster as the smaller is
w; itself, providing a sound interpretation of the concept of inertia related to the
particle mass. An additional (time-variant) scaling factor for the gradient (; ;, is
represented by the function g(¢). However, given a regularizer and hence a shape
for g(t), we can regulate the magnitude of the system response by varying 7(i, £).
As already said, is more easy to skip the computation of the model from the
coefficients a; by assigning the roots \, defining ¢(¢) and, anyway, given oy, > 0,
we can always find an equivalent model after a normalization to oy, = 1. For
these reasons, in the remainder we will fix the model from the roots A\, and assign
a coefficient 7; which embeds the information about p; and oy, i.e. 7, = 1/ /MO&?,
referring properly to it as the learning rate of the model. Another simplification
is possible by dropping the dependence of ¢ and posing 7; = 7, i.e by assigning
the same learning rate, and hence the same mass p and inertia, to all the weights

in w.

2.2.4 On-line solution and discrete computation

The general form in provides an explicit way to evaluate the solution at any
instant of time ¢. Indeed, we can compute the exact value w(t) as a summation of
the impulse responses centered at ¢ — t;, each one multiplied by the gradient of
penalty evaluated at ¢, indicated by (; . The terms related to future instants of
time, for which ¢, > ¢, can be neglected since in these cases the causal impulsive
response is null, i.e g(t — t;) = 0. This configuration is tailored for on-line learn-
ing mode, since we assume to have not in advance all the input samples given, and
allows up a continuous evaluation of the function in real-time. However, in this
setting, we have to store all the computed gradients and, for each one, evaluate
the correspondent value of g(t — t;), that, in practice, could become unfeasible
when the number of samples grows. To reduce this computation, an approxima-

tion can be obtained exploiting the asymptotic stability of the response. Indeed,



the function ¢g(¢) — 0 when ¢ — +oc0. Hence, a possible approximated solution
can be computed by neglecting the term (; ;, when we decide that g(t — t) ~ 0,
depending on the decay time of g. As we show in Figure[2.1] the value of  mainly
affects the peak of G, i.e. the value of is maximum, fixing an upper bound for the
magnitude of the roots. Because of this, the dissipation affects the promptness of
the response too, since the higher is the magnitude of the roots, the faster is the
response to reach its maximum. This behavior, and in particular its relation with
the impulse frequency, will be deeply analyzed in Section [2.4] since it turns out
to be fundamental to determine the global learning mode. On the other hand, the
decay time is strictly related to the roots of p(\) closer to the origin, that origi-
nate the exponential decaying more slowly. This trend is related to the memory of
the system, since determines in some way when the contribution of each sample
disappears. Hence, in the remainder, we will refer to the root with smaller mag-
nitude as the memory one. When dealing with a real task, it seems reasonable to
exploit as much information as possible and, hence, to build up systems in order
to have the slower decay time as possible. Because of the relations among pa-

rameters and roots introduced in Sections [2.2.1|and [2.2.2] is easy to fix the roots

in order to have the desired promptness and memory. Nevertheless, the choice of
systems with long term memory makes the computation of the explicit solution
unfeasible in practice, since the rounding of g to zero is reasonable only after
large intervals of time. Like for any constraint, and in general any differential

equation, we could always provide a numerical solution.

However, we can derive a discretized version of w(t), which is not an ap-
proximation and allows the evaluation at any time instant without storing any of
the past values. From now, we drop the dependence on the parameter index ¢,
managing the case of a single weight. Indeed, even in the general case the equa-
tions differ only by the initial conditions and, hence, the computation is the same.
Let us define W (t) = [w(t), ..., D** 'w(t)]  such that any linear differential

equation is rewritten as:

W(t)=A-W(t)+B-U(t) (2.21)

where:



- - - ] -
0 1 ...
A= : S : , B= : (2.22)
0 0 0o ... 1 0
| b0 b1 =B .. =P | (=) |

being A the 2¢ x 2¢ companion matrix of the 2¢ order differential equation, map-
ping it into an equivalent system of 2/ differential equations of first order. B is the
vector that maps the scalar external input U (¢) (see for instance equations
and(2.16)), in order to add it to the correct equation of the system (i.e. the last
one). Exploiting a discretization process typical of classic linear state space mod-
els [87], the solution of this system of first order differential equations can be

compactly written as:
t
W(t) = e - W(0) + / A= . B U(s) ds (2.23)
0

exploiting the matrix exponential form e“?. In this expression, the weights at time
t still depend on all the supervisions provided at the instants ¢, < ¢, since the
integral in the second term still contains the impulses summation U (¢). However,
we can take advantage of a crucial simplification by restricting the computation to
case in which the solution is evaluated with a discrete time-sampling step. This is
not a limitation since in real problems even continuos data are always provided in
a discrete sampling, due to elaboration and evaluation processes (as a for instance
frames for videos). Hence, we assume the solution W (¢) to be updated with a
fixed time-sampling step 7, so that it can be computed in an iterative process
with a finite number of steps given by 7'/, arbitrarily assuming that the width of
the period 7" is a multiple of 7. Starting from the given initial Cauchy conditions
WI[0]=W(0), after K + 1 steps, K € N, we will have W[K +1]=W ((K +1)7).
By splitting the integral in in the two intervals [0, K'7] and [KT, (K + 1)7],
it is easy to see (Section[A.3) that
(K+1)1

WK +1] = e - W[K] + / A= B U(s)ds  (2.24)

Kt



K+l — eATeAKT - Without loss of generality, we

applying the property that e4(
can assume that each supervision eventually happens in the middle of a sample
interval, i.e. Vk 3K}, : t, =K}, + 5| 7, where we use k and K}, to index a super-
vision and the correspondent updating instant respectively. Hence, the integral
in equation computed in the interval [K, (K + 1)7] is either null, if no
supervision is present, or equal to the constant eZ - B - (;, when a label yj, is
provided for wu(t;), this because of the translation property of the Dirac’s Delta

function §(¢). The recurrent weights update formula can then be written as
WK +1) =" - W[K] +¢%2 - B- Ak (2.25)

where

Cp, if Fk:t, € [K7, (K+1)7]

Ag = (2.26)

0 otherwise
obtaining the configuration showed in Figure [2.2] As we can see, the instants of
updates and the instants of evaluations, in which a possible supervision comes,
are shifted by 7/2. By using this update rule, the trend of the solution depends
only on its last evaluation and a possible supervision. We do not need neither to
store any ( nor compute (¢ — t), since the impulses are implicitly embedded
in the evolution of the system. The matrices e*™ and % can be precomputed,

given the roots A, of the characteristic polynomial.
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Figure 2.2: Assumed temporal distribution of data and updatings.



2.3 On the sign flip of Back-Propagation

To carry out a preliminary study on the behavior of the learning equation in (2.25))
under different settings, we consider the implementation of a simple linear func-
tion, which can be computed by f(w(t), u(t) ) = m(t) - u(t) + b(t). As already
said, the function of time u : [0, T'] — R? describes the evolution of the input
in the feature space R?, whereas the set of weights w(t) = {m(t),b(t)} is com-
posed in this case by the slope m(¢) and the bias b(¢) of the line. Classic discrete
optimization methods are based on an iterative process allowing the parameters,
starting from random initial values, to converge to their correspondent optimum.
The procedure loops over the available supervised data, neglecting the truly di-
mension of time (samples are often randomly shuffled in practice). The restriction
of our formulation to the periodic case, i.e. data are assumed to be distributed in
the interval of time [0, 7] and then repeated, can be easily adapted in a similar
configuration in order to set up a simple comparison and an in—depth analysis of
the main properties. Indeed, for now, it is convenient to generate a static sam-
pling of data, arbitrarily assigning an artificial temporal distribution. Starting by
a simple regression task, the learning trajectory is generated by considering a set
of 2000 equally spaced points u(tx) in [—1, 1], such that u(t; = 0) = —1 and
u(ty =T) = 1. Targets are computed as y(t;) = 2 - u(ty) — 1 and supervisions
are provided every 100 steps (only 20 supervisions in the interval). Unsupervised
samples do not affect the weights trend but, in this initial phase, are useful to
produce plots with a dense sampling in order to have a high resolution in the
temporal domain to simplify the analysis. An additional parameter is represented
by the time width of the step 7, that determines also the duration of the period
T = 7N. In general, our formulation is designed to deal with on-line learning
scenarios in which the data distribution could also change in time, overcoming
common batch procedures in which the weights should converge to optimal val-
ues. However, in this setting the classic case is reproduced, requiring that even-
tually m(t) — m* = 2 and b(t) — b* = —1 exploiting the asymptotic stability
assumption. This process can be configured as a standard training by interpreting

the concepts of epoch as a sweep of the input function over the period 7. Hence,



the whole procedure can be organized in the sequence reported in Algorithm

Algorithm 1: Algorithm Sketch for linear case.

input Data : £ = {(u(ty), yr )} oy

output :m(t), b(t)

parameters : A\i, ..., Aoy, v, 17, T, epochs

initialization: Computation of A, B, €47, e4% from the chosen parameters;
Cauchy’s conditions : m = [0, 0, 0, 0], b=0, 0, 0, 0]’;

for epochs do

for K=1,...,7/7 do

if supervision then
A

mi"mr = e gm;

bimP = eA3b
f=my"Puty) + by
Cmk = (f — yr)u(te);
Coke = (f — Yr);

else

\ Cmk = Gk = 05
end

m=e'" - m+ et B (s
b=e4"-b+et2 B G

end

end

The initial Cauchy’s conditions m[0] = [0, 0, 0, 0], b[0] = [0, 0, 0, 0] are
arbitrary because of the asymptotic stability, as we will briefly analyze in Sec-
tion[2.3.3] The temporary variables m"™ and b are introduced to compute the
values of the parameters at the instant of the gradient evaluation at t;, = K + 7/2
when a supervision is provided. Indeed, since no external forces are applied at

t = K, they could be computed from their last values exploiting the homoge-
neous part of the (2.25)) with step 7/2.

2.3.1 Second Order Operator

We start the practical test by implementing a model with second order operator P,
since, as already said, the obtained solution is coherent with the classic GD rule.
We choose the memory root \; = —1078, whereas the other ones are selected
so as to give # = 1. This choice is arbitrary, since varying ¢ we obtain a scaled

response and we can always find an equivalent global configuration by adjusting



the other parameters. In this case, we chose Ay = —0.6,\3 = —0.65,\, =
—0.75 — A1 so as to satisfy the condition 20 = 2 = —(\; + Ao + A3 + \y)
introduced in Section From now on, we will always assume 6 = 1 in
order to drop some variability. The small memory root guarantees the impulse to
slowly approach zero, as we can see from Figure [2.3](b), and hence a model with
almost infinite memory. The concept of memory is in general related to the width
of the step 7 and the total number of updates, but we will adapt the parameters in
order to carry out the whole training process before the beginning of the decay of
the first impulse. The local behavior of the response near to the origin is shown
in Figure (a). Fixed 6, the promptness of g(¢) can be accelerated by selecting
the roots as equal as possible each to the other, so as to not have slow exponential
in the increasing phase (except from the one holding memory). This balancing
is not fundamental in practice, since we can always adapt the step 7 in order to
place the next update in the desired position, after the peak or during the rising of
g(t). If we set T enough large to have 7/2 after the peak, we can always exploit
the maximum response before the next updating. By setting infinite memory and
prompt response, we fully approximate a standard discrete Stochastic Gradient
Descent (SGD) algorithm. We will better analyze the dependence of the global
configuration from the parameters in Section but we give this introduction to

describe the working environment.

In Figure (a) we show the trend of the weights described by the presented
configuration. The step 7 = 40 guarantees a fully response between consecutive
samples. The linearity of the representation function f allows us to set a quite
big learning rate 77 = 0.1 and a fast convergence in this first case. Only 3 epochs
are indeed enough to find the expected values for m and b. The parameter -y is
assumed positive according to the previous argumentation on the parallelism with
classic GD formula. Indeed, when flipping the sign assuming v = —1, we obtain
the trend reported in Figure [2.4](b), exhibiting divergence both for the solution of
m(t) and b(t).

2.3.2 First Order Operator

In Figure 2.5 we show how the stability depending on g is flipped with respect to

the previous case when adopting a regularizer P of first order. All the parameters
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are the same of the previous case, except for the roots of p(\) chosen as \; =
—107% and \; &~ —1 — )y, so as to satisfy the condition § = —(\; + \y) = 1.
In Figure [2.5 (a) we show how the choice of v = 1 produces divergent solutions
because of the sign flip reported in (2.20). In this case, suitable solutions can
be re-established by assuming v = —1 in order to replicate the GD updating
formula. Indeed, as shown in Figure[2.5](b), the composition of the solution as the
summation of gradients, scaled by 7 and g(t), produces the achievement of good
results even if, from a theoretical point of view, the minus sign between the two
terms in the Lagrangian inside the expression in (2.8) originates a cost functional
which seems to be not well defined for a minimization problem. Despite of this
result, in the reminder we will focus on regularizer with order ¢ = 2 to deal with

models coherent with their theoretical formulation.

2.3.3 Initial Conditions

In this Section we carry out an experimentation to support the assumption that
asymptotic stability allows us to neglect the homogeneous term in the and,
hence, the dependence of the Initial Cauchy’s Conditions. We exploit the same
learning environment and parameters proposed in Section [2.3.1] In Table 2.2 we
report four different random choices for initialization of the parameter vectors.
The obtained solutions are shown in Figure (a) and (b) respectively for the
slope m(t) and the bias b(t). As we can see, after an initial phase in which
the trends are very different, depending on the starting points, eventually they
converge to the same value, which is again the desired one. The final values are
not clear from the figure because of the magnitude of the initial oscillations, but

we have in practice m(t) — 2 and b(t) — —1.
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Figure 2.5: Trajectory of two weights m(t) and b(t) of a linear model evolving
under the temporal regularization exploiting a first order differential operator.
The roots of the characteristic polynomial are { A\; = —107%, Ay ~ —0.9999 }.
The learning rate is 7 = 0.1, the sampling step 7 = 40 and the period width 1" =
TN = 40 - 2000. We show the flipped configurations with respect to Figure [2.4]
obtaining a divergent system in (a) when v = 1 and optimal solutions in (b) with

v=—1.
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Table 2.2: Configurations of the different Initial Cauchy Conditions tested in Fig-

ure @

2.4 Dissipation and Learning modes

The concept of dissipation is introduced in the definition of the cost functional
in by means of the function 9 (t) = ¢%. Its effect modulates the contribu-
tion of both the loss and the regularizer in A[w], assigning them a varying weight
along the temporal trajectory. The exponential function is a convenient choice
since the properties of its derivative simplifies the computation of the correspon-
dent Euler-Lagrange equations (see Section [A.2). However, fundamental char-
acteristics are the positivity and monotonic growth. These properties allow us to
assign an increasing weight to the events in time, such that most recent informa-
tion is more important with respect to the previous one. The suitability of such
behavior could in general depend on the features of the specific task to be faced,
but it can be easily tuned by the exponent 6. In particular, the periodic case faced
in our setting gives a clear idea of the role of dissipation. As already said, we
assume our data, and hence the global information about the environment, to be
distributed in the interval [0, T"|. At the beginning of the process, the weight as-
signed by the dissipation function () can be evaluated as ¢?° =1, whereas at the
end period it is given by /7 = ¢V, because of the discretization of the interval
with sampling step 7. In other words, given the horizon 7', the effect of dissipa-
tion can be controlled through the parameter #. At this point, if we want to set
up an environment which equally weights all the information provided along the
process, we consider a low dissipation configuration in which V7 ~ 1. When
considering the discrete implementation, the additional parameter 7, correspond-
ing to the sampling step, allows us to refer to dissipation as the agent processing

rate rather than to the absolute value of the time horizon 7'. In practice, since



the effect of dissipation depends on the product # N7, in the analysis we can as-
sume that # =1 and then 7 is accordingly set in order to obtain the desired effect.
In practice, this point of view can be explained by considering the time spacing
of data with respect to the behavior of the impulse response g(t) that describes
the evolution of w(t), whose shape generally depends on 6. In a low dissipation
configuration, as depicted in Figure (a), the sampling instants, in which the
function is computed, are close with respect to the response time of g(t). At
t =T = 7N the system has still to start to react to the impulse placed at t = 0.
In this setting the actual response is a combination of the impulses given by every
supervision provided, such that they have nearly the same influence on the initial
value. On the other hand, a high dissipation arrangement, which in general can be
achieved by a larger 6, imposes the response g(t) to be faster than the frequency
of the impulses and, hence, to develop itself for a while before the next update.
When dealing with responses of the kind of Figure [2.1} approaching zero rather
rapidly, this setting can lead to sterile configurations, since the weights tend to go
to zero between two consecutive impulses. This kind of behavior can be avoided
by the choice of a memory solution proposed in Section [2.2.4] generating re-
sponses such a that of Figure which slowly approaches zero and allows us to
develop all the learning process before the response disappears. In this case, we
obtain the configuration depicted in Figure (b). Two consecutive supervised
points come far enough to allow g(t) to yield a significant effect between the
samples, but the response can be considered almost flat after the initial increasing
phase. After the agent processed a point, the impulse rapidly (relatively to the
impulses rate) reacts and its contribution is already absorbed when receiving the
following supervision. The effect of an impulse is then strictly related to effect

of the previous one on the trajectory.

24.1 A simple example

To analyze the behavior of the learning equation in different settings, we exploit
again the simple learning scenario proposed in Section [2.3] The agent, via the
learnable weights m(t) and b(t), evolves according to the proposed differential

equations, obtained with ¢ = 2, v = 1 and roots

A={-1-10"% —0.6, —0.65, —0.754+1-10"°} (2.27)
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Figure 2.7: (a) Time spacing of inputs in the low dissipation configuration. The
supervisions are close one to the other and the correspondent contributions are
almost independent. The response of the system embeds the reaction to several
impulses together. (b) Time spacing of two consecutive inputs in the high dissi-
pation configuration. Each impulse comes after the system has had enough time
to respond to the previous one, such that the value of the weights at ¢, signifi-
cantly depends on the impulse at #.



so as to satisfy § = 1, giving the impulse response shown in Figure

In Figure [2.8] (a) we report the trend of the optimization process obtained by
a model driven by low dissipative configuration. Assuming # = 1, the sampling
step is set to 7 = 107 so as to obtain ¢ (T") = ¥(7N) = ¢ (0) = 1, balancing the
importance of the samples all over the interval. The choice of the learning rate n
in this case is quite crucial, since an accumulation of the delay of the overlapped
impulse responses (see Figure (a)) causes an overestimated reaction of the
system which compromises the convergence. In order to avoid this kind of prob-
lems, a small 7 has to be set to restore stability, requiring a sensible larger number
of training epochs to achieve the optimal values. Even if the oscillatory behav-
ior around the final asymptote (observable especially for the weight b()) is not
fully removed when balancing the delay effects, the obtained solutions are very
smooth trajectories reaching the desired values, due to the effective exploitation

of the regularization action of the operator P.

In Figure (b) we show the outcome of the learning process under a high
dissipative configuration, analogous to the one reported in Figure [2.4] (a). The
step 7 = 40 gives a very large period 7', which causes the exponential ¢)(7T") to
explode. Both the parameters show step-like trends, due to the distance between
consecutive responses, as depicted in Figure[2.7](b). This distance and the flatness
of the response after its initial peak allows us to set a relatively high learning rate
n = 0.2 that yields a fast convergence (only 2 epochs are enough) to the desired
values 2 and -1 respectively for m(t) and b(t). However, if we observe the trend
of the weights at the end of the first epoch, i.e. in the middle of the plot, we can
notice a local sub-convergence to the values { 1.5, —0.5 }. These values indeed,
are a better solution with respect to { 2, —1} in the neighborhood of u(t) = 1,
satisfying the target fitting and reducing the cost with respect to the regularizer
(since this have a lower magnitude). However the transition over other samples
restores the global optimal configuration. Due to the simple structure, this lo-
cal properties do not affect to much the process. However, when dealing with
more complex architectures, these properties could drive the optimization of the
parameters towards the basin of attraction of local minima, in which sometimes
the agent can get stuck, raising up well known issues related to the classic SGD

process.
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As we can see, in the previous case the regularization effect avoids the attrac-
tion of the local minima { 1.5, —0.5 } encountered in the high dissipation case,

taking into account the information all over the training data.

2.5 Experiments

Main motivations of this work aim to model a new approach to learning, exploit-
ing the additional information coming from the temporal coherence when dealing
with real world problems in which data describe phenomena evolving continu-
ously in time. The most suitable scenario for our formulation is represented by
those cases in which data are not available at the beginning of the process and
then the system assimilates labels and starts to react with its own predictions
at the same time. However, taking advantage of the periodicity assumption on
data distribution, we can always set up the agent training in a classic static en-
vironment, in order to evaluate the proposed methods on standard benchmarks.
Moreover, the smoothness assumption, embedded in the cost functional in (2.8)),
is reflected in the trajectories of the weights, so that further constraints on the

input evolution are in practice not necessary.

In order to enlighten both the generality and the flexibility of our proposal we
will test the learning procedure for training of Artificial Neural Networks. This
kind of structures had a large diffusion in the last 20 years, achieving state of the
art results in most of the Artificial Intelligence trending topics (Computer Vision,
Speech Processing, Natural Language Processing and so on). The complexity
of such architectures represents a crucial issue, combining a high representative
power and an intrinsic difficulty of the training process, which usually follows the
GD rule. As already said, several techniques have been developed to overcome
these harshnesses, producing a multiplicity of highly efficient methods. How-
ever, the analysis of this Section is developed around the two basic approaches
of SGD and Full Batch mode, even if in practice best results are achieved ex-
ploiting the intermediate compromise of mini-batch setting [88]. Indeed, we are
interested in the investigation of the parallel between these methods and different
configurations defined by the dissipation level in our formulation, as introduced

in Section 2.4l Since we are not interested in issues related to the architecture,



our tests are bounded to the most simple case of 2-Layer Artificial Neural Net-
works, optimized using the Mean Square Error as penalty function. We exploit
the Rectifier Linear Unit (ReLU) as activation function for the hidden layer, first
introduced as transfer function in [89]. As already said, we are primarily inter-
ested in the global behavior of the network within the comparison among standard
and proposed learning settings, rather than into the properties of single modules.
However it becomes necessary to exploit the capability of the quasi-linearity of
the ReLU preventing the neurons to saturate [90], i.e. to get stuck in regions
producing zero derivatives in the activation. Indeed, we found out that the ac-
cumulation of the delay in the impulse responses and the resulting oscillating
dynamic systems in the low dissipative cases, showed in Figure (a), often
drive sigmoidal activations functions to the saturation, compromising the opti-
mization process. Hence, we will start with a regression case in Section [2.5.1] in
which the simple setting allows us to set up the architecture by standard activa-
tion functions, quickly exploring some of the saturation issues. We will analyze

in Section [2.5.2] and [2.5.3] more complex classification tasks from an artificial

dataset and a standard benchmark, respectively.

2.5.1 Regression with ANNs

A preliminary test is carried out on a small artificial data set. We generated the
input data by taking a sampling of 1000 point in [ —7/2, 7/2], computing the
target by the function sin(u) perturbed by some small random noise, obtaining
the distribution shown in Figure (a). A sampling of 100 elements evaluated
by the noiseless function is used for test. The learning architecture is a 2-Layer
ANN with 5 units in the hidden layer and the hyperbolic tangent as activation
function in both the layers.

In order to unload the notation, we will use the following initials when referring

to different settings:

e FB : for standard full batch training
e SGD : for Stochastic Gradient Descent training

e HD : for high dissipative dynamic model



e LD : for low dissipative dynamic model

The dynamical system is obtained, exploiting a regularizer P of order ¢ = 2, with
the same parameters of the previous experiments by choosing the roots of the
characteristic polynomial as in (2.27)), so as to satisfy § = 1. The parameter vy is
then fixed to +1. In the high dissipation setting we still set 7 = 40, whereas in the
low dissipation we choose 7 = 0.001 so as to have eV = ¢! = e. In standard
settings the learning rate 7 is usually scaled up by a factor of max(g(t)) ~
3.5, because of the value of the impulse response of Figure SO as to obtain
similar modulation of the gradients and convergence of the training error, at least
in the HD and SGD comparison. To analyze the dependence of the algorithm
on the order in which data are presented, we trained the network under each
configuration both in the original order and after a random shuffling of the input
points. Indeed, even if data are not originated as a temporal sequence, we can
simulate a similar situation by feeding samples to the agent scanning the input
axis from the leftmost point —7 /2 to the last one /2, moving among consecutive
instances. In this way we can reproduce a stream presenting a good coherence of

information at a local level.

In Figure (b) we show the introduced analogy between the HD and SGD
settings which, after a rescaling of 7, lead to very similar configurations. We can
also notice the same behavior with respect to different sorting of training data.
The benefits achieved when presenting input samples in a random order are a
well known feature of the stochastic optimization process, maintaining the same
effect on the HD setting too, as we can observe by the sensible improvements in

the convergence speed (random data trends).

In Figure [2.10] (a) we showed how the same learning rate used in the HD
configuration is not suitable for the LD setting. Indeed, as already said, the ac-
cumulation of the delay of the impulse response compromises the stability of the

trajectory of the weights, as well as the optimization process.

In Figure (b) we can observe how a significant reduction of the parame-
ter 7 restores stability and allows the achievement of good fitting results in the LD
setting too. Despite of the fact that the idea behind the FB and LD configurations
are the same, is in fact impossible to obtain a specular behavior. Indeed, even

if the responses are delayed, in the dynamic system the optimization happens in



a continuos fashion, because of the smooth weight coming from the dissipation,
whereas in the FB setting, the accumulation of the gradients is cut off at the end
of the training set at each update (and, in our case, the component of the gradients
with highest magnitude normalized to 1). However, the effect of the data shuf-
fling is the same in both settings. Since each sample in the interval [0, 7] has
more or less the same weight and the system will react after the whole training
set has been seen at least once, changing the order of the samples does not affect

the training convergence, as exactly for the FB case.

2.5.2 Vowel classification

To generate the dataset for the first classification task, we recorded two different
audio tracks with the sequential pronunciations of the five Italian vowels. The
audio signal was processed to extract 40 auditory spectral coefficients using the
RASTA-PLP algorithm proposed in [91], which will be used as feature represen-
tation in the input space. The first track, of about 20 seconds, with one utterance
of each vowel, is used to train the model. We select 5 supervised instances per
clasﬂ neglecting the unsupervised samples. Indeed, when no label is provided in
the middle of the update interval, the system follows its natural evolution and the
computation becomes redundant if on-line predictions are not necessary (consid-
ering a rescaling of the sampling so as to obtain the desired dissipation config-
uration). The second track of about 20 seconds, with different pronunciation of
the vowels, is used as test set, providing about 250 labeled samples per class to

compute the performanceﬂ

We run the experiments on these data by using a 2-layer Artificial Neural
Network with 100 hidden units and 5 outputs, the ReLLU as activation for the
hidden layer, whereas the output function is linear. The cost function is the MSE.
The dynamical system is obtained, exploiting a regularizer P of order { = 2
with the roots of and # = 1, v = +1. In the high dissipation setting we
still set 7 = 40, whereas in the low dissipation we choose 7 = (.01 so as to

N

have eV = 0% ~ 1.28. Again, the learning rate 7 is scaled up by a factor

“Targets are provided in the one-hot encoding form.
SMatLab® scripts used for the implementation are available at the GitHub repository ht tps :
//github.com/alered87/NN-Training—as—-Dynamical-Process
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of max(g(t)) ~ 3.5 in the HD because of the value of the impulse response
of Figure so as to obtain similar convergence of the training error. In FB and
LD the learning rate is the same since the relation is not direct as in the SGD-
HD case. As already said, the learning rate has to be reduced in presence of low
dissipative configurations to balance the delay accumulation of the response and

avoid instability.

In Figure 2.11] we show the results obtained in the comparison, starting from
the same initialization of the weights of the network in each different setting. In
(b) and (d) we show the evaluation during training of MSE and Classification
Accuracy on the test set for SGD and HD cases, obtaining again very similar
outcomes. In (a) and (c) we report the same analysis on the FB and LD set-
tings, finding a similar behavior even if the global setting can not be completely

replicated.

2.5.3 MNIST

In this Section we propose a similar set of experiments on the MNIST data set
[24]. It is a well known classification problem on images representing handwrit-
ten digits and is extensively used to test and compare general Machine Learning
algorithms and Computer Vision methods. Data are provided as 28 x 28 pixels im-
ages of the grayscale levels, split in training and test sets containing respectively
60,000 and 10,000 instances. Data are available at the official siteﬂ together
with a list of results obtained by most common algorithms. We use the same
MatLab® implementation of the previous Section, exploiting the functions from
the mnistHe lperﬂpackage to extract data so as to obtain for each sample a 1-
Dimensional vector with 784 elements, containing the gray levels of the images
normalized from [0, 255] to [0, 1]. To speed up the computation, we used a por-
tion of the complete training set by randomly selecting 1, 000 instances for each
of the 10 classes (for a total of 10,000 samples, randomly sorted in the train-
ing sequence). Apart from computational issues, the excess of supervised data

could lead to some problems in the convergence of our formulation in the low

Shttp://yann.lecun.com/exdb/mnist/
Thttp://ufldl.stanford.edu/wiki/index.php/Using_the MNIST_
Dataset
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dissipation setting. Indeed, the accumulation of the delay of the huge amount of
impulses requires a very small learning rate, compromising the convergence to a
good configuration. Even after the data reduction, the LD setting required a learn-
ing rate of the order of 107>, against more standard values (n € {1073, 1071 })
used for SGD, HD and FB. In the dissipative cases, we used the same second
order operator P of the previous section (roots from (2.27)). Using the same no-
tation of Section[2.5.2]to refer to each experimental setting, the HD configuration

is obtained by 7 =40, whereas the LD one by 7=10"%, so as that e™N —=e.

Again, the experiments in the same comparison are carried out by starting
from the same initial configuration of the ANN weights. Figure 2.12] shows the
classification accuracy on the test set measured during the learning process in
both settings. In plot (a) we reported the comparison between the LD version of
the proposed algorithm and the FB gradient descent technique. In (b) we com-
pared the HD and SGD settings. Plot (a) shows that the results obtained with
the low dissipation configuration are similar to what attained in the classic batch
mode, even if the convergence is slower. As in the previous cases, plot (b) clearly
shows the analogy between the HD and SGD. We do not report the experiments
on the complete dataset, since the high number of data requires a small time
sampling-step (7 = 107°) and then a small learning rate (1) of order of 10~7) in
the LD case, that makes the convergence too slow. However, in the high dissipa-
tion case, we obtain an accuracy similar to the one presented in [24] for the same

architecture (about 3% of error).
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Figure 2.9: (a) The employed sampling of the training data and the true value for
the function sin(u). (b) Trend of the MSE evaluated on the test data during the
training in the SGD-HD comparison.
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Figure 2.10: Trend of the MSE evaluated on the test data during the training in :
(a) LD setting in unstable configuration (d) FB-LD comparison.
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Figure 2.11: Comparison of results achieved on the Vowel classification task by
a 2-layer ANN trained with the proposed formulation and standard methods in
different settings. In (a) and (c) we compare the classic Batch mode (FB) and
the Low Dissipation setting (LD) showing the trend of Classification Accuracy
and MSE respectively, evaluated on the test set during training. In (b) and (d)
we report the same comparison between the classic Stochastic Gradient Descent
method (SGD) and the High Dissipation setting (HD).
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Figure 2.12: Accuracy performance on classification evaluated on the test set
at the end of each epoch of training on the MNIST data. For each case, we
indicate the learning rate 7. (a) Low dissipation setting obtained with 7 = 1074
(LD), compared with the batch version of the classic Gradient Descent method
(FB). (b) High dissipation setting obtained with 7=40 (HD), compared with the
Stochastic Gradient Descent technique (SGD).






3 On-line Learning on Temporal Man-
ifolds

In this part, starting from the approach to Regularization and Learning proposed
in Chapter [2, we formulate a transposition of the optimization procedure which
completely relies on the continuity of the input data sequence. The whole process
is still expressed in the temporal domain, maintaining the fundamental structure
of the cost functional. We enforce the assumption that the input trajectory lies on
a temporal manifold that models the evolution of the function, thus reducing the
algorithm complexity. The hypothesis of local coherence in the input temporal
sequence is assumed to impose smoothness constraints directly on the behavior
of the representation function. Indeed, the previous formulation forces the devel-
opment of the learning parameters to be a smooth process in time. In fact, the
dependence on the input, left to the function itself an additional degree of free-
dom, producing possibly abruptly changes in the computed output stream due to
occasional discontinuities in the input trajectory. The proposed approach models
the trajectory of the prediction function by applying the Principle of Least Ac-
tion. The integration of the differential equations is moved from space to time,
without assuming the function to have a specific structure. The requirement of a
dissipative environment is still necessary to guarantee the stability to the resulting
system, even if few modifications can be applied to the dissipation function 1)(t)
in order to simplify the theoretical derivation. The model of the learning func-
tion that is independent of both the input and the parameters leads to a collapsing
of the dimensionality generating a single Eulero-Lagrange equation. This differs
from the system found in (2.9) which yields as many equations as the number of
parameters. The obtained solution still represents a dynamic system, describing

in this case the output trajectory. Again, the dependence on time produces an
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explicit expression allowing a continuous evaluation, but the computation can be

easily discretized to embed implicitly all the impulses and fit the data sampling.

In this formulation, the poorness of the representation function comes up to
be insufficient to embody the behavior of any phenomena. In fact, such equations
only model the smoothness in the output trajectory. To cope with this shortcom-
ing, we exploit the obtained trajectory itself as a regularizer for a graph, which
represents the skeleton of the architecture modeling the input-output mapping.
The nodes of the graph, developed in an incremental fashion, are visited in time
and store the information extracted from data during the learning process. The
access policy to the graph nodes allows an easy on—line update during the in-
put processing and a fast extraction of additional knowledge both from the input
evolution and provided supervisions, allowing a perfect synchronization with the
updates of the function f(t). The introduced structure makes it straightforward
to implement both spatial and temporal constraints on the function mapping, but
further generic knowledge can be added to the learning process, as for example
logical [92, 93] and statistical constraints [94]. To provide a set of data which
evolves according with the hypothesis of the model, we evaluate the proposed
learning scheme on a benchmark created from the MNIST dataset, generating an
artificial video that allows us to analyze the properties of the designed structure
and to have a feedback on the behavior with respect to target environments, as

reported in [6]. A first preliminary analysis of this work can be also found in [S]].

3.1 Regularization in the temporal domain

The input is still assumed to be described in a proper feature space R¢ by a func-
tion of time u : T — RY, with T C [0, +o00). External teaching signals are
expressed by labels y, provided in supervised pairs (u(ty), yx) coming at ¢, € T
Again, in the theoretical formulation is convenient to restrict the analysis to the
periodic case, so that we can assume 7' = [0, .| exploiting a redundancy hy-
pothesis on the global information on a widen horizon. Hence, data can be
collected in the finite set £ = { (u(tx), yx) }ff:l, where £k = 1,..., N and
0<t; <+ <t <--+ <ty <t Thetask is to learn a function f(¢t, u(t))
defined on f : [0, .| x R? — R™, whose output represents some kind of predic-



tion on data according to the provided labels. We work under the simplification
of one dimensional mapping space R (i.e m = 1), since we can easily general-
ize to the multi-dimensional output case by extending the same model. In the
new formulation the confidence on the local smoothness on the input requires to
enforce the assumptions on the continuity of «(¢), which can be mathematically
expressed by the condition u € C**( [0, t.], R?). The structure of the cost
functional is similar to the one reported in (1.6) for standard Regularization The-
ory, following the derivation presented in [95]. If we start by considering that,
relying on the C“*! requirement, the input trajectory defines a temporal manifold

A given by its graph:
AM={(t,u(t)) : te[0,t]}

which is in fact the domain of f(t, u(t)). If we consider the correspondent
mapping 7 : [0, t.] — .4 such that w(¢t) = (¢, u(t)), this can be viewed as
a C*—diffeomorphism from the manifold [0, t.] to the manifold .#. Skipping
analytical details, 7 can be used to generalize the fact that f : .# — R is of class
C* ata point p € .#, simply by requiring that f = fox : [0, t.] — Ris of class
C" in a neighborhood of 7~1(p). In a similar way (see [96]), it can be used to
translate the general linear differential operator P : C*( [0, t.]) — C°( [0, t.])
of order ¢ defined in into the correspondent operator P (D) : C*(#) —

C°(#) such that:
d d\ -
e () ven = (3)7

With these assumptions, the parametrization 7 can be used to push forward tan-
gent vectors from [0, ¢.] to tangent vectors in .#. Since the usual derivation
operator % is a smooth vector field in [0, ¢, |, its pushforward D = 7 % % gives
a way to translate a first order derivation operator from smooth real valued func-
tions to . :

D: CYtt) — C\( M) such that Df(p) = % F(r(t))

t=n"1(p)

and in the same way its general powers:

| & ,
D' f(p) = —5f(n(t)) forj=1,....¢.
t=m=1(p)



The same concept can be extended to a general linear differential operator P by

following the link:

[P(D)]OW—P(%) (fow)—P(%) f.

From now on we will indicate a general differential operator simply by P since
its domain will be specified from the context. At this point, joining the cost
functional in and the concept of dissipation introduced in (2.8) by means
of the function ¥ (¢), we can formulate the supervised learning environment as
a temporal process composing the regularization and the penalty term, so as to

obtain the functional:
N
o) = [ (PaPPods+2 Y vl (S -n)? GD
M Pt

where pr = 7 (t, u(ty) ) are points in the domain .# of f and ~ is the well
known regularization parameter. According to the principle analyzed in Chapter
2] a solution to (3.I) can be formulated in order to find stationary points of the
functional ®( f) by the Euler-Lagrange equations. However, finding a stationary

point f of ® is equivalent to find f as a stationary point of:

B(f) = / PR+ w0+ S 6 (Ft) — ) G2

where we pose 1) =1 or. The Euler-Lagrange equations, obtained by a derivation
specular to the one used for (2.9), require a stationary point of ® to satisfy the

necessary condition:

P Vit [ (t)|* Pf) +’72@Z)(tk> [ f(te) —yr |0t —t,) =0. (3.3)

Despite of the similarity with the (2.9)), in this form it is not straightforward to
obtain the explicit solution. Indeed the term b = b(u) = /1 + ||u/(¢)||* intro-
duces a direct dependence on «/(¢) in the resolution of (3.3). This derives from
the transposition of (3.1) in the temporal domain, representing the magnitude of
the distance in local variations of the input function u(t) (where || - || is intended
to be the Euclidean Norm). However, to deal with a manageable version of ,



a substantial simplification can be achieved by choosing:

e B o(t)

u) = =
VIHIeOIF 1+ @)

where we write ¢(t) = ¢’ to indicate the function embodying the same concept

of dissipation introduced in (2.8) modulated by the parameter § > (0. Hence, we
can rewrite the (3.3)) in a form more similar to the (2.9):

P(oPf) + 7 Zwtk —y) 6t — 1) = 0 (3.4)

where again the term [ fte) — yn ] represents the derivative of the penalty func-
tion, this time calculated with respect to f(t). The solution to (3.4) is analogous
to the one in (2.10)) and hence asymptotically given by:

K—&-l,y
f(t) ~ (W Zw!tk ui] 9(t: 1) (35)

keeping also the sign-flip term (—1)“*1. An apparent further complication is
introduced by the modification of the dissipation function from (t) = €% to
O(t, 1) = (/14 ||u/(t)])*)~". However, the expression in 1} still pro-
vides an explicit formula to evaluate the trajectory f(¢) at any instant of time,
re-introducing the computational issues seen in Section [2.2.4] Again, for same
reasons regarding the computation of the roots from «;, we will set the model
by assigning the correspondent roots. In this case, the parameter v will be used
as constant parameter modulating the response, acting with the same role of the
learning rate 7 in Chapter 2] From now on, with a light abuse of notation, we will
write 7 instead of (—1)*!y/a2. In an analogous way, we can replicate the dis-
cretization process proposed in Section [2.2.4] so as to obtain a formula to update

the solution f(t) with a discrete sampling step 7 analogous to the one in (2.25):
fIK +1) = e - f[K] + /2. B Ag (3.6)

where £(t) = [ f(t), ..., D*"'f(t)]'is the vector storing the derivatives of f(t)
from order 0 to 2¢ — 1. The matrices A and B come from the transformations

of the 2/ order differential equation in (3.5)) to a system with 2¢ equations of first



order. A slightly modification appears in Ag generated by the change in 15(75)
giving:

% [f(tk) — yk} , if yx is provided at ¢

Ag=q ™ (3.7)

0 otherwise.

Apart from the scaling term 1/b|;,, a formal modification has to be done in the
rate between the instant of time representing input samples and system updates,
generally referred to as ¢, and K respectively. Indeed, in Section [2.2.4]it is not
required that at each updating corresponds an input sample. On the contrary, in
this setting the updates and the input sampling has to be in one to one correspon-
dence, even if we have still to maintain the hypothesis that each sample comes
in the middle instant between two updates K and K + 1. Eventually we have
T/t = N. From now on we pose t, = K7 — 7/2, so that the first evaluation
of the system f[1] = f(7) is computed using u; = u(t;) , where we assumed
t; = 7/2. In the remainder, we will use the notation ¢; and ¢ to indicate the
instants K7 and K7 — 7/2 respectively, so that the will be modified by
shifting from f(k) to f(k + 1) when computing A.

The expression of f obtained in clearly shows the dependences describ-
ing its evolution. We assumed a general form of f, neglecting the structure of the
function that processes the input, bringing to a collapse of the dimensionality that
models the evolution of the output. At each instant of time in the discretized sam-
pling, the prediction of f depends on the incoming input u(¢) only via the term
b(t) that modulates the contribution, taking into account the variations in the in-
put space. The input—output relation is only supported by the provided targets yj.
When the system crosses unsupervised regions, the coherence in the predictions
should be kept by the imposed regularization, following the assumption that the
input is distributed on a trajectory describing a smooth temporal manifold. The
term b(t) helps to keep a connection between the two sources of information. In-
deed, when a supervision is given, the magnitude of the impulses received by the
system is inversely proportional to the input derivative, and, hence, to the distance
between the two points. That is, even in presence of an external teaching signal,
the system avoids abrupt changes when the input crosses high variability regions,
reducing problems due to possible noise in the input data. Nevertheless, the sys-

tem is not aware of specific information on the input, but only of the variability of



the current region of the manifold. In fact, we can interpret f as an agent without
memory, since is not capable to recognize information already processed in the
past. With this formulation, it seems to be able just to track the provided target,
performing good predictions in constant regions and possibly inaccurate predic-
tions in the transition phase among regions with different targets. To circumvent
this limitation, in the remainder we show how to exploit these regularization abil-

ities by blending different techniques in a more sophisticated learning structure.

3.2 Developmental Learning Structure

The dissertation of the previous Section underlines the necessity to pair the de-
rived prediction function with a scheme suitable to represent a some form of
memory, taking into account the landmarks in the input feature space. Such a
storage should be characterized by an incremental nature, possibly dealing with
a never-ending learning scenario. At the same time, a fast computation would
be desirable in on-line setting, allowing real-time reactions when processing the
incoming stream of data. In the Data Mining literature, several methods for data
splitting, allowing an efficient Nearest Neighbor search, have been widely studied
(see [97] for a survey), as for example many different graphical structures as KD-
trees [98]], Ball trees [99]], Cone trees [[100] and Cover trees [[101], together with
very efficient searching techniques [102], [103]], [104]. The proposed approach
is based on existing techniques formulated in the same learning configuration,
developing an incremental memory paired with the on-line regularization for-
mulation. The work in [1035], that represents a previous analysis assuming the
same on-line scenario, exploits the management of the memory with Random
Projection Trees, first formulated in [[106], that represent a very flexible structure
and provide a fast search procedure. However, we will adopt an implementation
similar to [58]], which we found out to better perform in the analyzed cases. The
memory is developed as e-Network, by linking fixed radius hyper-spheres in the
input feature space. Even if the search criteria could be in general slower with re-
spect to the architecture of [106], several techniques have been developed to make
the computation more efficient when dealing with a large amount of data [107]].
Even so, a common peculiarity of previous works is the fact that the optimiza-

tion of the representation function is accomplished on a buffer of the last samples



in the data streaming, adding an hyper-parameter which is strongly dependent
on the data distribution. Indeed, the buffer size should, from a theoretical point
of view, be adapted so as to cut pieces of information far enough to represent a
meaningful statistics on data, finding a compromise which guarantees a feasible

computational cost.

In our approach, this issue is overcome by relying on the statistical redun-
dancy of the input environment. The main idea is to develop in time a graph G,
whose nodes represent a flexible sampling of the input space, whereas different
kind of edges are used to diffuse information among these nodes. This process
has to interact, as time goes by, both with the sequence of the input data and the
dynamic system in (3.6). Anyway, this could be achieved in a natural way since
the sampling of the input sequence and the discretized updating of f(t) are al-
ready synchronized by the sampling step 7. Hence, when an input sample u(%)
comes, it is associated with a suitable node, in which the correspondent predic-
tion f(t;) is saved too. At this point, a crucial modification can be done to the
computation of the magnitude of the impulse A to be returned to the dynamic
system. The formula derived in (3.7, analogous to the one in provided
in Section[2.2.4] only computes A from the possible supervision on the current
sample. In particular, with the setting proposed in Section[2.2.4] the computation
on unlabeled data come up to be not necessary in the tested off—line learning ap-
proach, since no further modifications would be produced on the dynamic system
evolution. However, the new setting is strictly designed to process streams of
data which are not completely supervised. Indeed, if a label is never provided
on a node (i.e. all the samples assigned to it are unlabeled), the value of f(t)
predicted at the instant of the last visit is saved. This value is not only useful
to provide a prediction for the unsupervised samples associated to the node, but
also to propagate this information to its neighborhood. Indeed, to keep track of
the input trajectory in its feature space, the current output is compared with the
predictions stored in the closestﬂ nodes. Moreover, since in general this kind of
measure in high dimensional spaces could be plagued by well known ambigui-
ties, the evaluation on adjacent nodes in the input sequence, with respect to all
the previous occurrences of the current node, are taken into account too. From

a theoretical point of view, all these actions can be easily embedded in the cost

Iwith respect to the Euclidean distance in the space R.



functional in (3.2)) by writing:

Ds(f)=@(f) + (1 —n)S(f)+nT(f) (3.8)

where 1 € [0, 1] is used to tune the global contribution of terms S(f) and 7 (f),
representing the spatial and temporal contributions respectively. In the remainder
we will show the details of the computations and the interpretation of all these
concepts maintaining the conciseness of the (3.6). Furthermore, we will see how
this derivation is quite general and can be easily extended to embody additional

constraints.

3.2.1 Representational Graph

The graph G is defined and evolves as a fixed radius e-Radial Network. The
set of nodes will be referred to as V;, whereas we will introduce two different
sets of edges described by the correspondent adjacency matrices W and Ag,
representing the spatial and the temporal connections respectively. The elements
of G are updated with the same sampling step 7 of the input and the system,
starting from Vg = () at K = 0. At each step of computation K + 1, the input
sample u(try1) = w(KT + 7/2) = ug1 becomes available, together with its
supervision y(ty41) = y(K7 + 7/2) = yr4+1. Let us pose yx1 = NULL to
indicate a missing label for the point ux 1. At first step, the node v, is created
by assigning u[v1] = u(t1) = u;, where we introduce the notation u[v;] to refer
to the representative input of the node v;. This could in fact be interpreted as the
center of the hypersphere associated to the node in RY, since the norm used to
compute the distance will be the Euclidean one in the input space R¢. Assuming
that v € Vi is the node selected at step A, a new node of vy is determined at

K + 1 by a procedure similar to the one proposed in [38] as:

v, if [Jug i — ufvg]]| < ek, ex €R
vers = { v* = argmin uces — o, €355 Jures —uloll < ¢, ¢ €R
Vj € Vo

Unew S-t. W[Unew] — ug 1 otherwise.

(3.9



The parameter € represents the radius of the spheres of the graph. The indexes
assigned to € in means that, in a very general case, we could assume a vary-
ing radius depending on the sampling density of the region around each node.
From now on, we will drop the index from the notation since we exploit a fixed
radius. It is worth noticing that the update rule implements a sort of on—line Near-
est Neighbor, in order to speed up the computation. Indeed, at each step we do
not search Vi for the closest node, but we first try to assign the new input to last
selected one, provided that they are close enough, i.e. if the input ux ; belongs
to the hypersphere related to v, that can also be written by w1 € B(ufvgk], €).
Otherwise, the algorithm searches for a suitable sphere over the whole set V. If
none of the two is verified, a new element is added to Vi using uy 1 as repre-
sentative vector. A graphical explanation of the process is depicted in Figure [3.1]
Once we have selected the current node vy 1, the prediction f[vx 1] that will be

associated with the node is determined by:

f(tesr), if R[vgi] =0 and yx,, = NULL

flvk] = flugqa], if hlugia] >0 and ygiy = NULL (3.10)
f [UK+1h}[‘:£’Ji Ll-}l-i_yK L otherwise.

The counter A -] represents the number of supervised hits, counting the number
of supervised points assigned to each node. With this definition, each supervision
falling in a node is saved, and averaged if the node was labeled with a different
target in previous occurrences. If a supervision is never provided for a node,
the prediction of the system evaluated at the moment of the last visit will be
stored. This configuration is supposed to be the most frequent in our formulation.
Indeed, the main idea is to find suitable predictions for unlabeled elements by
refining this evaluation as time goes by, so as to converge to optimal values when
the representational power of the graph increases together with the stored amount

of knowledge.

After the node is selected and the correspondent prediction updated, the graph
G outputs a feedback of the current output f(¢) to the diagonal system, based on
its own awareness of the environment. If the correspond label is provided, a value
dependent on the derivative of the loss function with respect to f is evaluated and
scaled by the input derivative, as reported in equations and (3.7). However,
according to the (3.8)), two additional terms S( f) and 7 ( f) are taken into account,



that will be described in the following, together with the combination of all the

contributions.

3.2.2 Spatial Regularization

The term S(f) represents a constraint on the output function f forcing it to be
coherent with respect to the predictions stored in the nodes of the graph G that are
spatially close to the current node in the input space. As already said, f(t) does
not depend explicitly on the input «(¢) and is not able to memorize the regions of
the space that have been already visited in the past. The function f(t) can be then
interpreted as a short-term memory component. The information coming from
S(f) should encode the previous predictions in the neighborhood of the current
input, yielding a certain degree of smoothness in the spatial dimension. Thanks
to the synchronization assumption among the sampling of u(¢) and the updates
of G and f(t), this penalty can be expressed by:

-yt

k=1

Z Wy, ( — flon])? (3.11)

where Ny ={vy,,, ..., Un,, } represent the set of the nodes in the neighborhood of
node v[ K], sorted in decreasing order depending on their weights w. The param-
eter p € Njy,| sets the number of the nodes to be assigned to the neighborhood.
The quadratic penalty ( f(t4) — f[vn,s] )? requires the value of f(#;) to be as more
similar to the value stored in a node as more the node is close to v[K]. Indeed,
each term in the internal summation is scaled by the weight wy, ,, . and averaged
with respect to the size of A/. The weights w. . represent the elements of the spa-
tial adjacency matrix Wg € RIVeIxIVel containing a measure which is inversely
proportional to the distance between each pair of nodes in V(. In the remainder,
we will consider the elements of W calculated by the Gaussian distance as in
standard Manifold Regularization [56, 57]. This means that w;; representing the

correlation between the nodes v; and v; is given by:

[|utwit—uio;|?
Wi; = e 202 (312)
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Figure 3.1: Simplified visualization of the node selection process. At the top we
show the evolution of the prediction f in time. Below, the input sequence, in
which each frame is synchronized with the system updates. Then, at the bottom,
we show the structure of the graph. The dashed arrows (labeled by a..) indicate
the path generated by the input sequence on the graph nodes. The solid con-
nections (labeled by w..) represent the spatial links. We report the zoom of a
node (v3) in order to remark the fact that each node contains both a representative
vector (u[vs]) and the correspondent prediction (f[vs)).



|*. The deviation ¢ is a hyper-

which decreases with respect to ||u[v;] — u[v;]
parameter that, in our case, is computed as the mean of the Euclidean distances

among the nodes in V.

In our implementation the matrix W is evaluated on—the—fly by computing
only the weights related to the last added node to speed up the process, even if this
approach could introduce an approximation in the estimation of the neighborhood

of the oldest nodes.

3.2.3 Statistics on Temporal Correlations

The introduction of this term is strictly related to the development of this frame-
work aiming to face the processing of sequences of data and can be easily ex-
plained when considering the case of video streams. Let us consider for example
two consecutive frames representing the same moving object, provided that the
representation is not too different (i.e. the subject changes slowly with respect to
the frame rate). Let us assume that such a object can be located into the image
window in different frames, so as that we have to compare two different repre-
sentations for which we would like to predict the same class. A simplified case is
the one in which each image represents only one object, such that the comparison
between the two frames is straightforward. However, even when undergoing to
slow changes, two consecutive representations could be very different at pixels
level, because of possible translations, scaling, occlusions, changes of light, rota-
tions and so on. As a matter of fact, the comparison between input images from
consecutive frames by a distance measure could produce not very informative
results. Apart from the specific example presented, various problems, general-
ized under the concept of the curse of dimensionality [108]], arise when data are
represented in a high dimensional feature space. The input space could also be
characterized by regions with different density and, hence, the plain spatial in-
formation could be sometimes not completely informative, especially regarding
points close to the class boundaries. As a for instance, the exploitation of the tem-
poral adjacency could provide an approach trying to correct these variations and
discover further relations among the samples of the same class. Focussing on the
architecture of the network defined in Section[3.2.1] each node represents various

occurrences of similar input samples provided in different splits of the sequence.



We have to consider the possibility that points close to the boundary are probable
to be adjacent sometimes to nodes of other classes. Since the input trajectory
is assumed to be continuos, this happens each time the function u(t) crosses a
separation surface between two classes. In practice however, these kind of prob-
lems are usually introduced by some occasional discontinuity in the input (for
example a change of scene or an occlusion, considering again the video process-
ing). The assumption to process a large (and potentially infinite) amount of real
data, regardless of the number of labels, should allow us to acquire a statistically
meaningful variety of temporal patterns containing the same node. Eventually,
the occurrences of the correspondent class should overcome the others correcting

the spatial information. We introduced this idea in (3.8]) by the constraint:

Ca - Za,w — flv))% (3.13)

I
=
?\

Again, we impose a quadratic penalty on the output, weighted in this case by
the element ay; of the temporal adjacency matrix Ag € RIVelxIVal whose
entries represent the temporal correlations between nodes. The entries of Ag
are initialized to zero, then an element ay; is incremented by one every time the
input moves from node v; to node v,. The coefficient a;, in represents a
statistical normalization coefficient computed by:

max; (ay;)

ay = . (3.14)

max;; (ai;) - ZI =1 Qkj

The summation term Zl % ay; averages the contributions with respect to the ele-
ments in the row of the node vy,. The element max;; (aij) scales the single weights
with respect to the global absolute value of the temporal correlation. It is an index
of how much confident are the statistics of a node with respect to the most fre-
quent pair. Each row £ is multiplied by its maximum max;(ay;), SO as to assign
maximum weight 1 to the nodes in the row with the most significant statistics.
This normalization is also useful to balance the wrong correlations introduced in
the transition zones of the data sequence. An ideal situation should arise when,

at a certain point during the training, the size of V; becomes more or less stable.

ZWe remark that, at this point, we defined the correlation between the indexes k and K and
they are freely interchangeable to refer to the same node at step K.



At this point, the increasing of the statistics reliability, together with the spatial
regularization, should allow the system to refine the stored predictions at each
passes on the nodes, especially on the unlabeled ones, so as to improve final per-
formances by taking into account more and more informations. As already said,
this approach still relies on the number of available data, but, as a matter of fact, it
mainly exploits data without supervision, improving its confidence as time goes
by, without requiring to have all the data available at the beginning or to reset the

trained variables.

3.2.4 Composing the Impulse Response

As already said, the synchronization of all the contributions allows a simple
way to compose an iterative updating formula. Despite of the introduction of
multiple terms in the cost functional in (3.8), the correspondent distributional
Euler-Lagrange equation can be derived by simply adding the derivatives of the
quadratic loss in the new terms multiplied by the Dirac’s Delta impulse, as for the
the term coming from the supervision already present in (3.2)), since all the others
elements are in fact constants with respect to f. Once we define the details of

the computation of S(f) and 7 (f), we can derive the Euler-Lagrange equation

for (3.8) as:

N
% (,Opf Z tk —yk]é(t—tk) +
k=1
N p -
Z Z W, | — flonJ16(t —tx) + (3.15)
k= s=1

N Vel

0y Pl @ Z% — [lo) ot —tk) = o.

Starting from the (3.6), the discretized solution of the previous Euler-Lagrange

equation can be computed on-line with the updating formula:

fIK + 1] = " f[K] + ¢/ . B - E[K]. (3.16)
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Figure 3.2: Simplified visualization of the impulse generation process. After the
input sample presented at {5 is associated to a node vy, the system reacts with
an impulse ideally delayed by a step of 7/2. The magnitude of the impulse is

obtained by modulating the possible supervision, the contribution & (f) coming
from the spatial weights w and the term 7 () coming from the temporal connec-
tions. Then, the system is updated such that the prediction on the next sample at

t k11 takes into account the information processed at ¢ .



The term E[K]| represents the extension of the term A in the (3.7) and collects
the derivatives from all the contributions in (3.8)). It can be composed by a simple

summation as:

oV oS 0
BIK] = G2+ (1-n)3; +nr -

= [J?(tk)_yk} +

+ Zwk nke f[vnke]]
Vel ~
+ n-a- Zakj — flv]]- (3.17)

In Figure we tried to give a graphical explanation of the computation of all
the terms composing E[K].

It worths to remarking that the computation of the derivative of the input
function «/(¢) in the evaluation of the term b(t) = /1 + ||v/(¢)||*. Indeed, in
general is impossible to have the explicit form of a function which describes
the input trajectory. However, an approximation can be computed by the Finite
Differences Method [109]. Exploiting the first order formula, and the chosen

sampling step 7, we can write:

u(tk) — u(tk,l) '

U/(tk) =

Anyway, the precision of this approximation is not a central issue, since the term

(3.18)

represents a scaling factor among the impulses that should maintain the same rate

by changing the approximation order.

3.3 Experiments

The proposed theoretical formulation assumes the periodicity of data in time,
restricting the initial analysis to the trajectory optimization on a finite interval.
Nevertheless, the practical implementation allows a full open scenario, in which

the dynamic system elaborates data at a local level. Hence in this Section we
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Figure 3.3: Impulse Response and sample spacing.

propose an experimental analysis on data that embody a good statistical repre-
sentation without requiring to set up a direct periodicity by iterating over them.
Indeed, data will be organized in a single stream, in which all the information
is already assumed to be repeated many times in different situations, in order to
reply as well as possible real scenarios. We also try to propose a purely on-line
evaluation, in which we overcome the separation between training and test data.
Again, we start in Section[3.3.1|by a first exploration on an artificial dataset, in or-
der to better analyze the behavior of the algorithm with respect to each parameter.

Hence, in Section we propose a similar evaluation on a real data set.

In this case we found convenient to configure the dissipative model by setting

6 = 10 and a fourth order system with roots:
A={-0.1, -6, —=6.5, =7.4}

that give the impulse response of Figure Even if in practice the dissipation is
not only related to the absolute value of 4, but also to its product with the sampling
step 7, we found useful to increase 6 to guarantee stability. Indeed, an impulse

is produced at each step, due to summation of all the contributions, requiring the



magnitude of the response to be smaller, even if a similar regularization effect
could had been achieved by reducing the regularization parameter v too. The
memory of the system is set again by the first roots Ay = —0.1. This time the
value is not too small, since we would like each impulse to affect the model

predictions only on few incoming samples.

3.3.1 MNIST

To create an artificial sequence, which is easy to manage and, at the same time,
follows a natural-like behavior, we generated a video from the MNISTE] dataset [[24]].
This choice is due to several simplifications. The transformations on data are
quite simple and intuitive, obtaining a set of smooth deformations that seem to
be enough natural. The samples are completely labeled, allowing a precise eval-
uation and, since the proposed algorithm is at this step a pure classifier, to skip a
feature extraction part or others preprocessing that could, in some way, make the
comparison more difficult. We randomly selected 5240 points (equally distributed
per class) from the original training data (60000 examples of 28 x 28 images of
handwritten digits). We generated a sequence by applying 60 consecutive small
transformations on each sample. We obtained a video of 32400 frames in which
each sample, i.e. its various transformations, appears for 2 seconds.The sequence

of transformations is created by randomly selecting at each step among:

e rotation, angle in [—20°, 20°| with a step of 4°
e translation, up to 3 pixels in each possible direction
e scaling, few pixels bigger or smaller

e blurring, obtained by a Gaussian filter with parameter in {0.25,0.5,0.75, 1}

Since the images are 28 x 28 pixels and we feed the classifier with the 1-D vector
of grey levels (normalized in [0, 1]), these small transformations are sufficient
to yield a quite different descriptor, as shown in the few consecutive images in
Figure The changes are not so evident at the first sight, but they are rele-
vant at the feature level, as shown by the reported Euclidean distances from the
correspondent predecessor.

3 http://yann.lecun.com/exdb/mnist/
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Figure 3.4: Examples of consecutive images from the training video generated
by random transformations on a subset of the MNIST digits. Starting from the
second frame we indicate the magnitude of the Euclidean distance from the pre-
vious one, used to approximate v’ in (3.18). To compare the distances among
samples from different classes, we report 20 frames from positions 51 to 70 in
the sequence moving from class 3 to 1, ordered left to right and top to bottom.

We trained the agent with this sequence in different settings, by varying the
number of supervisions along the stream. In order to perform the comparisons,
the classification accuracy is evaluated on the original MNIST test set. After
the processing of the training sequence, the predictions are given by the values
of f stored in the graph, pairing each test sample with the best matching node,
after a simple Nearest Neighbor search among the nodes of V;. We report the
comparison with the plain k—Nearest Neighbor algorithm and a 2-layer Artificial
Neural Network, exploiting the correspondent Matlab built-in functionﬂ For the
first one we set £ = 10, which we found to achieve the best test performance
in {1, 5, 10, 25, 50, 100, 1000}. The network has 300 hidden units and the hy-

perbolic tangent as activation in the hidden layer, the softmax as output function

4fitcknn and patternnet respectively.
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Figure 3.5: Plots of classification accuracy on the MNIST test set, decreasing the
number of supervisions among the samples of the training sequence. We compare
our algorithm (TRG), varying n € {0, 0.5 }, with a k-Nearest Neighbors (kNN)
classifier and a 2-layer Artificial Neural Network (2-layer NN). We propose also
the results on TRG after the training on a sequence obtained by operating a ran-
dom permutation on the original one (Shuffled Data).

and the Cross-Entropy as penalty. The training function automatically selects a
part of data for the validation phase, preventing overfitting (which is useful be-
cause of the reduction of the training set). The radius of the e-Net spheres had
been tested in {107, 1, 3,5,8}. The smaller values generate graphs with more
nodes, increasing the representation capability and the computational cost but
not always the prediction performances. A good tradeoff was found at € = 3,
that generates a graph with about 8000 nodes (=~ 25% of the available samples).
The remaining parameters are chosen in a validation phase on the first 10% of the
sequence. A small regularization parameter v amplifies the response (improving
the performance) but leads to divergence (because of an accumulation of the de-
lay of the impulse responses). A good balance is found at v = 0.01 (combined
with the used impulse response). We selected o = 3 from {0.5,1,2,3}, 7 = 12
from {1,2,4,6,12,18}, and p = 5 from {1, 5, 10,25,50} so as to achieve the



best accuracy on the last 20% of the validation sequence. The value of 7 was
tried in {0, 0.5}. We neglected to report the case n = 1 since the spatial infor-
mation came out to be fundamental for reasonable predictions. The results are
reported in Table [3.1]and shown in Figure 3.5 with respect to the number of pro-
vided supervisions. We report also the running time for each experiment (for a
correct reading, notice that the proposed algorithm exploits also the unsupervised
samples). Each test is carried out 3 times with supervisions on different samples

(randomly chosen) and the results are averaged’]

The first consideration we would like to do regards the fact that the proposed
structure does not need to iterate on data to improve performance, despite of stan-
dard algorithms (as for example the compared ANNs) which in general require
several epochs of training. By analyzing results from Table we can notice
that the ANN is obviously faster when decreasing the number of supervisions
(since the unlabeled data are discarded), but the higher computational efficiency
does not balance the performances decay. On the opposite, the graph shows, for
a given ¢, the same running times and, even with the completely supervised set-
ting, time and performance are still good. We report the outcomes of training the
graph with a random shuffling of the sequence, leading to a worsening of results.
Indeed, despite of the formulation proposed in Chapter[2] in this case the smooth-
ness of data variations through the temporal dimension is an essential hypothesis.
Moreover, the computational time is quite bigger for the same case. This is due to
the fact that the on—line nearest neighbor search defined in @, avoids to search
for the actual nearest neighbor at each step, relying again in the temporal smooth-
ness of data. By randomizing the process, we forced the algorithm to leave the
last node and perform an exhaustive search almost at each step. We can notice
that the statistics about temporal patterns introduced in Section [3.2.3] assumed a
positive effect only in few cases, especially when decreasing both the labels and
the size of Vi;. This could be due to the fact that the sequence is artificially gener-
ated, such that is does not provide a large variety of different patterns containing

the same node to build up a meaningful statistics.

Starting to implement the learning scenario discussed in the introductory

steps, we propose an on—line evaluation of the algorithm directly on the train-

SMATLAB scripts and a part of the generated video from the MNIST dataset are available
athttps://github.com/alered87/Graph—-Regularization
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Figure 3.6: Plots of classification accuracy on half of the MNIST sequence, de-
creasing the number of supervisions among the others samples (test and training
samples are separated). We compare the on-line predictions of the proposed al-
gorithm (TRG) varying 7 € {0, 0.5} and a 2-layers Artificial Neural Network
(2-layer NN), trained in the standard setting.

ing sequence. We repeated 3 runs, averaging the results, for each different setting
obtained decreasing the number of supervisions. At each attempt, half of the
training data are randomly selected for the test set, halving the maximum num-
ber of supervisions available (from 32400 to 16200). Because of the poorness
of previous results, we neglected the ~—NN algorithm in the comparison. In this
configuration, the graph processes all the data once, and the prediction are evalu-
ated at the frame instants, so that the predictions at the beginning of the sequence
are in some way worse. However, to allow a feasible comparison the ANN is
trained in the standard setting, extracting and shuffling the supervised data from
the labeled ones. More than before, a crucial issue is a meaningful employment
of the validation set, preventing the network to overfit the training samples. This
time, we can notice, from Table and Figure how the use of temporal
statistics allows us to improve the performance when decreasing the number of

supervisions.



3.3.2 MusicNet

We evaluated the proposed model also on a benchmark based on audio signals that
are characterized by a natural continuous distribution and, at the same time, allow
us a straightforward feature extraction procedure. We employ data from Music-
Net [110], a large corpus containing 34 hours of chamber music performances
from 10 authors and 11 instruments under various studio and microphone condi-
tions, organized in 330 records. Over 1 million of labels are provided on segments
of these tracks, indicating instrument/note annotations. Following the procedure
explained at the official siteﬂ we extracted the first 5 sequences together with the

correspondent notes divided into 128 classes with possible multi-labels.

We exploited the spectral representation of the digital sampling in the Mel
frequency scale, as computed by the package librosa [111]. We generated a
vector of 40 features from each 2048 samples window, sliding with a step of
512 elements. We dropped several classes because of the dataset reduction and,
hence, we focused on the most frequent 30, obtaining a total of 123877 samples,
from which the last 20% (24775) is used for the test phase. We employ the dy-
namic system described at the beginning of Section[3.3] whereas the other param-
eters are determined in a validation step exploiting the first 10% of the training
sequence. This part of data is used to compute min and max to normalize the
features in [0, 1], which we found more convenient with respect to another nor-
malization since we have to compute Euclidean distances in a high dimensional
space. The mean of the distances among validation data (which we found ~ 1) is
used both to estimate o and e, that we fixed to 0.45 (slightly lower than the half
of its value) so as to store about 23000 nodes in the graph over the 99102 samples
from the training sequence (= 25%). In a setting analogous the one proposed
in previous experiments, we selected o = 1 from {0.75,1,1.25}, 7 = 3 from
{3,6,12,18}, p = 5 from {5,10,15} and A = 0.01 from {0.02,0.01,0.005}
so as to achieve the best accuracy on the last 20% of the validation sequence.
We compared the proposed model with a 2-Layer Artificial Neural Network, for
which we found the best configuration (searched by varying the transfer function
and both the size and the number of the layers) with 300 units in the hidden layer

and the ReLLU as activation. The output function and the penalty are forced to

Shttps://homes.cs.washington.edu/-thickstn/musicnet.html
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Figure 3.7: Plots of Precision-Recall average on the MusicNet test set (the last
20% portion of the sequence), decreasing the number of supervisions. We com-
pare our algorithm (TRG), varying 1, with a 2-layer Artificial Neural Network
(2-layer ANN).

logistic sigmoid and Mean Square Error respectively, since in this case we have
to deal with multi-label prediction (i.e. more than one note could appear in the
same frame). The optimization process exploits the resilient back-propagation
algorithm [112]] and GPU computing to speed up the computation (and hence in
this case we avoided the comparison on the training time). We found that a stan-
dard statistical normalization (zero-mean and standard deviation 1) yields a better
performance for this architecture. A first remark has to be done on this part. In
the neural network optimization the test set is normalized by using the mean and
the standard deviation evaluated on the training set, since the global normaliza-
tion should be more favorable in this case. Nevertheless, since we propose to
deal with a pure on—line setting, it is in practice not possible to have in advance
the true parameters for the global normalization of the training sequence for the
graph. Hence, both the training and the test sequence are normalized (almost) in

[0, 1] with respect to max and min evaluated on the correspondent validation set.
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Figure 3.8: Plots of Precision-Recall average on half of the MusicNet sequence,
decreasing the number of supervisions randomly selected among the others sam-
ples. We compare our algorithm (TRG), varying 7, with a 2-layer Artificial Neu-
ral Network (2-layer ANN).

In Table [3.3| and Figure |3.7| we report the average of Precision and Recall
evaluated over the 30 classes. All the proposed settings are tested on 5 trials by
randomly selecting the labels. The parameter 7, balancing spatial and temporal
contributions, is tested in {0,0.25,0.5,0.75,1}. However, even in this setting,
we can not appreciate any improvement when adding statistics on the sequence

temporal patterns.

As in the case of Section we report the results of an on-line evaluation
in Table|3.4|and Figure We considered the whole stream of 123877 elements
and randomly selected half of the samples for test, evaluating the predictions of
the graph on-line during the training, varying the number of supervisions on the
other half of data, averaging the performance over 5 trials for each setting. At
each run the 2-Layer Artificial Neural Network is trained and tested on the same
sample split in the standard setting. This time the contribution of the penalty
term 7 leads to a considerable improvement of performance, especially in the

most supervised case when the information propagated along the sequence is



more reliable. In this case, the representation in the feature space provided by the
graph nodes seems to be quite informative, making the contribution of the spatial

regularization from the term S not very significant.



Supervisions

€ n 0.1 1 5 10 25 50 100 % Nodes
30 320 1620 3240 8100 16200 32400 #
0 0.30 0.58 0.72 0.75 0.78 0.82 0.87
Accuracy
10 0.5 0.28 0.57 0.72 0.75 0.79 0.82 0.87 32400

5638.3 5860.8 5821.7 5590.6 5799.5 53954 5326.6 Time (sec.)
0.25 0.59 0.71 0.75 0.79 0.81 0.87

1 0.27 0.56 0.71 0.76 0.77 0.80 0.87 16500

1018.2 13375 1041.0 9989 1423.6 14633 5733
0.35 0.59 0.71 0.75 0.78 0.82 0.87

3 0.30 0.57 0.71 0.74 0.78 0.81 0.87 8000
360.95 30691 32942 412.67 431.24 41435 320.05
3 0.13 0.29 0.53 0.61 0.71 0.77 0.87
Shuffled 0.12 0.25 0.42 0.47 0.60 0.72 0.87 8600
Data 1434.6 12583 1369.8 1598.4 14414 1604.7 1430.1
0.34 0.55 0.67 0.73 0.77 0.79 0.85
5 0.35 0.56 0.69 0.73 0.76 0.80 0.85 3500

258.05 255.24 25493 22635 25459 258.48 228.81

0.27 0.50 0.61 0.66 0.67 0.69 0.70
8 0.33 0.52 0.64 0.65 0.68 0.68 0.70 300
13.3 11.31 11.68 10.87 10.59 10.77  10.95

015 023 044 050 055 058 060
k-NN (k = 10) _
044 126 481 1364 3470 6243 9811

0.12 0.45 0.67 0.73 0.79 0.82 0.83
2-layer ANN (HU= 300) -
2.14 4.05 17.09 7398 204.87 373.59 640.01

Table 3.1: Classification accuracy on the MNIST test set and training time de-
creasing the number of supervisions. We compare our algorithm (TRG), varying
€, with a k-Nearest Neighbors (kNN) classifier and a 2-layer Artificial Neural
Network (2-layer NN). The best case € = 3 is trained also on a sequence obtained
by a random permutation of the original one (Shuffled Data).



Supervisions
0.1 0.5 1 10 25 50 %
n 30 160 320 1620 3240 8100 16200 #
0 030 056 0.68 0.85 091 095 0.97
TRG
0.5 035 058 0.67 086 091 096 0.97
2-layer ANN (HU=300) || 0.18 0.53 0.62 0.82 092 098 0.99

Table 3.2: Classification accuracy on half of the MNIST sequence, decreasing
the number of supervisions among the others samples (test and training samples
are separated). We compare the on-line predictions of the proposed algorithm
(TRG) varying n € {0, 0.5} and a 2-layer Artificial Neural Network (2-layer
ANN) trained in the standard setting.

Supervisions
1 5 10 25 50 100 %
n 992 4956 9911 24776 49551 99102 #
0 0.1507 0.2038 0.2135 0.2192 0.2156 0.2116
0.25 0.1451 0.1992 0.2112 0.2183 0.2150 0.2116
TRG 0.5 0.1395 0.1931 0.2079 0.2163 0.2141 0.2028
0.75 0.1291 0.1834 0.2009 0.2124 0.2121 0.2038
1 0.1053 0.1570 0.1776 0.2040 0.2106 0.2116
2-layer ANN (HU=300) || 0.1566 0.1889 0.2025 0.2079 0.2110 0.2137

Table 3.3: Precision-Recall average on the MusicNet test set (the last 20% por-
tion of the sequence), decreasing the number of supervisions. We compare our
algorithm (TRG), varying 7, with a 2-layer Artificial Neural Network (2-layer

ANN).



Supervisions
5 12.5 25 50 %
i 6194 15485 30970 61938 #
0 0.5758 0.6648 0.7121 0.7594
0.25 0.5852 0.6729 0.7184 0.7690
TRG 0.5 0.5925 0.6808 0.7301 0.7889
0.75 0.5965 0.6964 0.7610 0.8293
1 0.6029 0.7340 0.8143 0.8691
2-layer ANN (HU=300) || 0.4834 0.5664 0.6107 0.6597

Table 3.4: Precision-Recall average on half of the MusicNet sequence, decreasing
the number of supervisions randomly selected among the others samples. We
compare the on—line predictions of the proposed algorithm (TRG) varying n €
{0, 0.25, 0.5, 0.75, 1 } and a 2-layer Artificial Neural Network (2-layer ANN),

trained in the standard setting.



4 Conclusions

We delimited the foundations of a new approach to Machine Learning optimiza-
tion methods aiming to face real configurations in which there is not a sharp cut
between training and test set. The learning agent is assumed to be immersed in
its own environment and should be able to process and interact with the incoming
information in real time. The formulation is proposed by devising a framework
typical of Classical Mechanics, in which the involved variables are interpreted
as a system of particles. Hence, outlining a parallel with the Principle of Least
Action, we found the equations of motions embedding the forces from the envi-
ronment, so as to obtain the resulting description of the optimal trajectory which
depicts the learning process. In this analysis, a fundamental hypothesis is the
interpretation of the optimization procedure in the dimension of time, allowing
to derive a manageable form of the solution. Moreover, this change of domain
simplifies the matching to real world scenarios in which data are characterized
by a precise temporal order. The result is an optimization procedure suitable for

almost any kind of parametric learning structure.

Starting from a clear outline of the theoretical formulation, we derived a
closed form of the equations describing the evolution of the analyzed system,
allowing us a feasible practical implementation and an empirical validation of
the soundness of the theory. In particular, the proposed experimental analysis
focused on the behavior of the model with respect to the different parameters,
showing the correspondence between practical results and theoretical principles.
Particular attention is paid to the crucial role of dissipation, which should em-
body the counter part of the memory in living being and regulate, in fact, the
whole learning mode. The exploration allow us to examine the stability condi-

tion and, moreover, the convergence towards suitable solutions. The application
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of the model to standard learning algorithms confirm the interpretation of the the-
ory as a good representation for their general formulation. Indeed, under specific
conditions, it allows us to express well known optimization procedures, as for
example the Stochastic Gradient Descent technique, by laws of motion described

within classical Physics frameworks.

The obtained results allow us to step up to a higher level of abstraction, mak-
ing use of the same laws to model a learning function characterized by an intrinsic
temporal smoothness as a fundamental driving principle. The nature of this agent
is then paired with a representational structure built as an incremental graph, act-
ing as an additional regularization term similar to the ones proposed in classic
Manifold Regularization on the input feature space. In this approach, the formu-
lation coming from Laplacian regularization, which allows to obtain the optimal
solution by defining a convex optimization problem, is lost. However, the pro-
posed framework easily integrate the on—line formulation, making it possible to
deal in a feasible way with infinite stream of data. Fundamental ideas exploiting
smoothness assumptions on spatial manifold are preserved by the inclusion of
correspondent constraints in the described cost functional. Similar concepts are
then extended to the temporal dimension by means of the introduced dynamic
system. New kind of constraints, learned in an unsupervised way, are embedded
in a simple and flexible way, making straightforward the exploitation of addi-

tional knowledge.

4.1 Future Directions

The theory introduced in Chapter 2] provides a method to tune the memory of the
reaction to the incoming data in the dynamical system. Even if could be inter-
esting to inspect similar applications in the fields of classical Control Theory, an
exploration in the field of Machine Learning could concern those frameworks in
which data evolves under the concept of drift [113)114]. A crucial issue is re-
lated to the changes in time of the data distribution and the consequent adaptation
of the learning agent. Indeed, the relation between the development of a global
permanent knowledge and a good flexibility to local behaviors represents a well

known problem, a.k.a. the stability-plasticity dilemma [115]]. The employment



of the proposed method to control the memory and the promptness of the learn-
ing system with respect to external changes could be straightforward, taking into

account the generality of the applicable constraints.

Similar proposals can be done on the work described in Chapter[3] The devel-
opmental structure proposed can be easily adapted to deal with problems which
require to tune the memory of the learning agent by varying the considered tem-
poral window (because of the drift). This problem is faced in many cases by
the employment of architectures similar to the one proposed in Section that
are developed at different levels defining the concepts of Long and Short Term
Memory [116}117].

Desired developments surely regard the embedding in more complex archi-
tectures focused on Computer Vision tasks. Indeed the structure is inspired in
some way to the high level classifier employed in [8]] and the flexibility of the
proposed structure could be reason of interest. However, to obtain a faster vali-
dation, we would like to investigate the application to simpler tasks in which data
ara characterized by a natural temporal evolution and provide a range of temporal
patterns allowing meaningful statistics. Another field of investigation could be
obtained by the application to configurations in which many objects are assumed
to appear in the same image. In this case, an approach similar to the one in [118]]
can be exploited to obtain a first roughly partitioning of the scene by bounding
boxes. Then, the development of logic reasonings on the environment can be
easily embedded in the graph of Section exploiting the same procedure ana-
lyzed for spatial and temporal constraints. As already said, important features of
the structure are its lightness and promptness of response, allowing us to process
data on-line. Even if the agent is in fact employed as a classifier, the capability
to interact with the environment in real time, taking into account both external
teaching and unsupervised constraints, could be exploited to provide feedbacks

for the creation of the feature descriptors or the image segmentation.






Appendix

A.1 Euler-Lagrange Equations

Stationary points for a functional of the kind of the one in (2.8)) can be found
by the satisfaction of the Euler-Lagrange equations, derived by imposing the first
variation to be null. In this section, in order to not make the notation too heavy, we
will restrict the analysis to a system with only one particle, referring to the only
element of the parameter vector by w. This does not affect the general derivation
since there are not interdependencies among the variables. We will use the same
approach proposed in the classic case introduced in Chapter|[I.1] The formulation
is set as a fixed end-point boundary value problem requiring to find w € F to be
the optimal trajectory for the functional Afw], where F is a suitable functional
space. If w(ty) = wo and w(t.) = w, are the boundary conditions for w, we

restrict the set of the solutions to:
S={f€F : flty) = woand f(t.) = w.} .
We will consider the correspondent space of test functions:
H={heF M) =nP(t)=0,k=1,....0-1}

such that if we take h € S and € € R, with € > 0 small enough, we have that a
perturbation w of the original trajectory w can be written as w = w + eh € S. In
this way w 1is still a solution belonging to the hypothesis space, i.e. w € S. The
condition for w to be a stationary point for A[w] is expressed by the first variation
d(A) to be null:

SA=1lim 2 "2 g wheH. (A1)



If we rewrite A[w] by the Taylor expansion approximated to the first order, ex-
ploiting the linearity of P so as that Plw + eh| = Pw + e Ph, we have:

Alw] = A[t, w+ eh, Pw+ ePh] =
= Alt,w, Pw]+e(h-Ay+ Ph- Apy) + o(¢”)

so that the (A.1]) can be written as:
JA=¢€(h-A,+ Ph-Ap,) =0 (A.2)

where A, = 0A/0w and Ap,, = JA/OPw. At this point, in order to provide a
general solution and a manageable notation, it is convenient to rewrite the
within the framework of the Theory of Distributions [69]. The basic idea is to
consider a class of functionals (the so called distributions) which map a set of
suitable functions into real numbers. In our case it is convenient to consider
the domain of such a functional as the set Zr of the functions from R to R"
(even if in practice we restricted the analysis to n = 1) that are integrable in
T = [to, t.|. Following the classic notation, we can generally define such a
functional I'y, : Zr — R as:

Lo(f) = (T, f) = / ht) - £(t) dt

R

where h € Zp and (-, -) defines a scalar product. Exploiting this notation, we

can write the (A.2) in the distributional form as:

<h7 <¢F)w> + <Ph7 <¢F>Pw> =0. (A.3)

By considering the properties of the adjoint operator P and its relation with the
the integration by part formul and the boundary conditions imposed on h be-
longing to the set [, the (A.3)) can be written as:

(hy, (WF)y) + (h, P()F)py) =0 (A.4)

. 5 b b
'In the simplest case of P = % and P = —4% we have that [, v Pu= vul) — [ Pv - u,
that can be written in its distributional form as (v, Pu) = vu|® + ( Pv, u)



and since we required the condition to hold Vi € H, we obtain that:
WF)w+ PWF)py = b (K+9V)y+ Pl (K +4V)pu] =
= ¢ (W) + P (K)pu] =
= W Vot P [w - (%M(PwV) Pw] =
- %w Vi + P(bPw) =0 (A.5)

where the (2.9) is derived by considering that /& and V' only depend on Pw and

w respectively.

A.2 Solutions to Euler-Lagrange and Routh-Hurwitz

Conditions

A.2.1 First Order Operator

Characteristic Polynomial

Starting from (2.9) that was derived in the previous Section, we can substitute the
general differential operator with the first order one P = « + a1 D, with formal
adjoint P=ay—aD. By dropping the explicit dependence from ¢ to make the

notation lighter we obtain:

P Pw) + LV, = [ao — ar D] [ (aow + an Dw)| + LYV, =
= ap (ahw + a1 Dw) — a1 D [appw + anp Dw] + 1YV, =
= agiw + apanp Dw — apar D[Ypw] — af D Dw| + 19V, =
= o2Yw + apayp Dw — agay (Yw + pDw) — 2(pDw + v D?w) + %@/}Vw

from which we can remove the second and the fourth elements as opposite. Be-
cause of the choice of 1(t) = e, we can notice that 1)(t) = fe® = 0i)(t), so



that we can divide the equation by v (¢) such that:

2w — apayhw — o2 Dw — o2 D?w + 1YV, =
= atw — apafw — o} Dw — of D*w + ng =

= D?>w + 0Dw + Pw — %Vw

where = 20919-0F and the last line is derived by dividing by —a?, obtaining

o1
the form of (2.13).

Routh-Hurwitz Conditions

The Routh-Hurwitz stability criterion for a second order characteristic polyno-
mials of the kind of the one in (2.15)) requires all the coefficients to be strictly
positive. This is always true for the coefficients of the second and first order
terms, which are 1 and 6 > 0 respectively. Hence, the stability conditions require

S to be positive so as to obtain the restriction:

g 20 (A.6)

aq

assuring all the roots to have negative real part.

From solutions to parameters

In this Section we will derive the formulas linking the parameters ¢, o ; to the
produced roots ), of the characteristic polynomial in (2.15). This allows us to
freely generate the desired impulse response directly by selecting )\, so as to

restrict the analysis to real roots Casesﬂ Indeed p(\) can be written as:

MAOA+B8=A=2)A =) = A2 = (A1 )X+ Ay

ZBecause of what said in Section about the rate between the sinusoidal trend of the
impulse response, due to possible complex roots, and the stability of the system.



and hence, by matching the coefficients of the same order, we find the conditions:

0 = —(A+X\)

2

oo — «
/B g —2 0 == )\1)\2 (A‘7)

a7

so that it is straightforward to select the roots in order to satisfy the first one.
To simplify the second condition we can always assume, as already said in Sec-
tion [2.2.3] the coefficients oy, = 1, since a similar regularization effect can be

restored by a proper rescaling of a; and . The (A.7) becomes:

o0 — o

= MA
Oé% 172
0509 — Oég = )\1)\2
Oé()(—)\l — )\2) — &g — )\1/\2 =0
Oég + Oéo()\l + )\2) + /\1/\2 = 0 (A8)

which yields the discriminant:

Ay = A4+ X)? =4\ =
- /\% —|— 2)\1)\2 —|— /\3 - 4)\1)\2 —
= M2,

We can then impose the condition to achieve a solution for the parameter oy by

Ay > 0 which means:

A2 - 20\
AN 2uh

PERIS U

v
o

v
o

from which we can derive the extremum for the rate z = A\; /), as:

2i2\/§:1i\/§

T1,2 =

and finally we have that:

A1 -V2 v ﬁz1+\/§
)\2 )\2



By solving (A.8) we can always find a suitable value for the free parameters as:

=M=+ VA,
— ; _

(%]

Since we want oy > 0, an additional possibility is available whe

A =X —VAyL > 0
(Ml +Pe)? > Ay
AT+ 200 > AT+ A3 — 20,
ANy > 0 (A.9)

which is always true when we take roots with negative real part.

Hence, since in general we would like to set the model from the roots A, in
the case of the differential operator of order ¢ = 1, the conditions to verify if the
chosen )\, are consistent with the model and the formula to find the correspondent

parameters are:

8 = —/\1—>\2

A1 — A E AN E N2 200
ap = 1 2 \/21+ 3 142 (A.10)
(03] =1

which would have generated the same model.

A.2.2 Second Order Operator

Characteristic Polynomial

When we decide to set up the model with the to the second order linear differential
operator P = ap + a1 D + a,D?, with formal adjoint P = g — oy D + asD?,

3The first step is possible since the stability conditions require A1, Ay to have negative real
part.



the (2.9) can be developed as:

P(wa) + %wVw = [ap — a1 D + o D?] [ (pw + oy Dw + ae D*w)] + %¢Vw =
= ayw + apa Dw + agagsth D*w — agay D[Ypw] — a2 D[ Dw] — ayae D[ D*w]+
+apae D?[Yw] + a1as D*[Y Dw] + a3 D*[ D*w] + 1YV, =
= ayw + apa Dw + agany D*w+
—apo (Yw + Y Dw) — o2(h Dw 4 Y D*w) — oy (Y D2w + 1 D3w)+
+apae D?[Yw] + aras D*[Y Dw] + a3 D*[Y D*w] + 14V, .

The application of the second order derivative operator D? gives:

D*[yw] = D -1/}w + wa} = Yw + pDw + Yy Dw + 1 D*w
D*wDw] = D |[dDw+ ¢D2w] — Dw + ¢ D*w + D*w + Y D3w
D[yD*w] = D |¢D%w+ ¢D3w} — $D*w + $D*w + Y D*w + D w

again from 1(t) = €’ we can derive ¥(t) = ¢’ = 64(t) and in the same way

P(t) = 0*)(t), so that, by dividing by () we have:

2
adw + gy Dw + apas D*w +

—apar (0w + Dw) — o2(0Dw + D*w) — ayan(0D*w + D3w)+

+agas(0*w + 20 Dw + ,EQE) + a0 (02 Dw + 20D*w + D*w)+
a3(0*D*w + 20D*w + D*'w) + 1V, =
a2Dw + 2020 D3w + (a30% + sl + 2apan — o) D*w+
+ (a90? + 20908 — a20) Dw + (apaaf? — aparf + o) w + %Vw =
D*w; + B3 D*w; + B D*w; + BrDw; + Bow; + LV,

where we obtain the (2.16]) by dividing the second to last line by o3 and by posing:

o aoa2027a0a10+a(2)
ﬁO - a2
2
. a1a292+(20¢00¢2—a%)9
B =
(A.11)
- a§92+a1a20+20¢0a2—a%
ﬁ2 - o2
2

ﬁg - 29



Routh-Hurwitz Conditions

For a fourth order linear differential equation with constant coefficients, the sta-

bility conditions requireﬂ:

/Bi > 0,2=0,...,3
B3fB2 > [ (A.12)
Bsfei > Bi+ B30

We avoid further derivations since these conditions should in fact be imposed on
the parameters ¢, o; so as to obtain roots with negative real part. As already said,
we found more convenient to build the model by directly assigning the roots and,
hence, the become in practice useless.

From solutions to parameters

In Section [A.2.1] we showed an explicit relation among the roots of the charac-
teristic polynomial and the parameters of the model generated by the first order
operator P. In this case, we will not able to write a similar explicit relation. How-
ever, we will show, assuming some simplifications, that it is in general possible
to find more than one admissible configuration of parameters generated by the
chosen roots. Indeed, by observing the (@), we can notice that the same poly-
nomial can be obtained when varying the «;, provided that the rates defined in
the coefficients (; are the same. A first strictly condition can be derived on (3 by
considering p(\) = H;Zl()\ — A\;)- We have that, once the roots ), are chosen,
is determined by:
20 = —(A1+ X2+ A3+ \y)

The expression of the others coefficients [3; are in general more difficult to be
managed and some simplifications are required. For example, we empirically
found out that a suitable responseE] is generated in some cases in which oy = .

Assuming this restriction, we can simplify the form of (A.TI) so as to obtain

“We obtain this configuration by substituting 3, = 1 in the general form.
SWe mean roots with negative real part and null imaginary part.



general conditions both on the rate oy /a; and on \,. For example:

* — 0+ af
Qg Qo +a0:92__9+1

a3 g

Bo =

from which:

ar 02+1— 5

a0
We can not only evaluate the rate vy /ap from [y and 6 (which are available from
Ag), but also give conditions on ),. Indeed, we want a; > 0 and then o Jag >0,
so that we can impose:

6> +1— 5y > 0.

Exploiting the fact that 3, is the numeric term of p, it can be written as:
A = A= A3 =M+ 1> A A3\

that is easy to be satisfied when one root is close to zero or, in general, when all

the roots are smaller than 1. The expression of the second coefficient gives:

02 + (20009 — 02)8 i
8 = agaef® + ( 630@2 i) _ ﬂez 4920 — O‘_;g
as 0% Qs

By posing v = a3 /s, we can find admissible solutions as:

0% + /0% — 4[0(—20 + B1)]
20

V1o =
that provides at least a positive value for the rate v when:
0 — 4[0(—20 + By)] = 0* + 80> — 403, > 0.

Again, it is easy to satisfy this condition when the roots )\, are smaller than one.
Similar conditions could be derived by (5. Finally, we should check all these con-
ditions to be compatible all together, but this is not feasible in practice, because of
the number of variables involved. Nevertheless, many configurations are in fact
similar and the same global behavior can be restored by adapting the parameters.
Hence, in the presented experiments we chose a model without proving the actual

consistency, since an equivalent consistent model should always exist.



A.3 Discrete Computation

As introduced in Section in order to deal with a solution of the differential
equations coming from that is manageable from a computational point of
view, it is more convenient to work with its discretized version. The analysis
will be again restricted to a single parameter w. This is not an approximation at
any level. Indeed, we provide a formulation that allows us to compute the exact
value of w(t) with a fixed time sampling step, according to the composition of
the training set £ and, in general, of any stream of data which will be discretized.
Regardless of the order of the chosen operator P, the (2.10) leads to a differential

equation of order greater than one, that can be generally written as:
D*w + Bog 1 D*Mw + -+ + Bow + (=1)n - U = 0.

Given a such equation of order 2/, it is always convenient to rewrite it as a system

of 2/ first order equations by the substitution:

wy = w
wy = wj
Wy = —Par1D* wyy — - — Bowy + (—1)Fyn - U
where w, = D@w. By posing W (t) = [w(t), ..., D* w(t)]’, the system can

be written as:

Wt)=A-W(t)+B-U(t) (A.13)
where:
_ . _ _ -
0 1
A= : , B=
0 0 0o ... 1 0
i —Bo =B —B2 ... —Pau i i (—1)H1777 )




By using the classic approach of linear state space models, it is convenient to
express the solution to the (A.13]) by the Lagrange formula:

t
W(t) = et - W(0) + / A9 B U(s) ds (A.14)
0

given the initial Cauchy’s conditions 17/ (0). If we decide to evaluate the obtained
equation at a discrete time-sampling step 7, starting from W [0] = W (0), we can

write:
KT
WI[K] = W(KT) = 7. W[0] —I—/ AET9 . B . U(s) ds
0
and, hence, the next step K + 1 can be computed by:

(K+1)T
WK +1] = MK W[0] + / eMETDT=9) . B . U(s)ds =
0
KT
— 6AKT i eA’T . W[O] ‘|‘/ 6A(KT+T—S) .B. U(S) ds +
0

(K+1)7
+/ AMETIT=9) . B . [(s) ds =
Kr

Kt
= M7 AT 0] + / AT AMET) B LU (s)ds +
0

(K+1)T1
+/ AMETDT=9) B . [(s)ds =
Kr

Kt
= A7 (eAKTW[O] +/ AKT=9) . B U(s)ds)
0

(K+1)T
+/ AN B U (s)ds =

Kt
(K+1)T

= AWIK] + / A= B U (s)ds . (A.15)

Kt

At this point, it is straightforward to find a formula of feasible computability by
the arbitrarily restriction that supervisions eventually come in the middle of two

updating. Such a condition can be formally written by:

We can notice that the term U(t) = S, (. - 6(t — t;) inside the integral is



composed by a summation of Dirac’s Delta functions 0(¢) and, because of the

translation property:
b
| #a)sta = = )

the integral term in the (A.T5) is either null, if no supervision is provided between
K7 and (K +1)7, orequal to e3 - B (}, if K = K, forsome k =1,..., N. In

this way, we finally obtain:
WK 4+ 1] =e* - W[K]+¢e*3 - B-Ag (A.16)

by posing
Ce, if bty € [Kr, (K +1)7]
Ak = (A.17)
0 otherwise
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